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ÀÍÎÒÀÖIß

Ðàòóøíÿê Ñ. Ï. Ôðàêòàëüíi ôóíêöi¨ i ðîçïîäiëè ¨õ çíà÷åíü. �Êâàëi-

ôiêàöiéíà íàóêîâà ïðàöÿ íà ïðàâàõ ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ äîêòîðà ôiëîñîôi¨ çà ñïåöi-

àëüíiñòþ 111 �Ìàòåìàòèêà. � Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â,

2021.

Äèñåðòàöiéíå äîñëiäæåííÿ âèêîíàíå â ãàëóçi êîíñòðóêòèâíî¨ òåîði¨ äié-

ñíèõ ôóíêöié ç ëîêàëüíî ñêëàäíèìè òîïîëîãî-ìåòðè÷íèìè i ôðàêòàëüíèìè

âëàñòèâîñòÿìè. Âîíî ïðèñâÿ÷åíå ôóíêöiÿì, îçíà÷åíèì íà âiäðiçêó [0; 1] â

òåðìiíàõ äâîñèìâîëüíîãî Q2-çîáðàæåííÿ ÷èñåë, ùî ¹ ñàìîïîäiáíèì óçà-

ãàëüíåííÿì êëàñè÷íîãî äâiéêîâîãî çîáðàæåííÿ, òà éîãî íåñàìîïîäiáíîãî

óçàãàëüíåííÿ � Q∗2-çîáðàæåííÿ ÷èñåë.

Ôóíêöi¨ ç ëîêàëüíî ñêëàäíîþ ñòðóêòóðîþ � ïîïóëÿðíèé îá'¹êò ó ñó÷à-

ñíèõ íàóêîâèõ äîñëiäæåííÿõ (ñóòî ìàòåìàòè÷íèõ òà ïðèêëàäíèõ). Ñåðåä

íåïåðåðâíèõ ôóíêöié äî òàêèõ âiäíîñÿòüñÿ ñèíãóëÿðíi (ôóíêöi¨, ïîõiäíà

ÿêèõ ìàéæå ñêðiçü ó ðîçóìiííi ìiðè Ëåáåãà ðiâíà íóëþ), íiäå íå ìîíîòîí-

íi (òàêi, ùî íå ìàþòü ïðîìiæêiâ ìîíîòîííîñòi) òà íiäå íå äèôåðåíöiéîâíi

ôóíêöi¨. Äî öüîãî êëàñó òàêîæ âiäíîñÿòü ôóíêöi¨, ùî ìàþòü ¾ìàñèâíi¿

ìíîæèíè îñîáëèâîñòåé ðiçíîãî õàðàêòåðó òà ìíîæèíè ðiâíiâ; ôóíêöi¨, ùî

çáåðiãàþòü ÷àñòîòè öèôð ó òié ÷è iíøié ñèñòåìi ÷èñëåííÿ; ôóíêöi¨, ÿêi

òðàíñôîðìóþòü ìiðó òà ìåòðè÷íi ðîçìiðíîñòi áîðåëiâñüêèõ ìíîæèí òîùî.

Äëÿ ¨õ âèâ÷åííÿ øèðîêî çàëó÷àþòüñÿ çàñîáè òåîði¨ ôðàêòàëiâ (ôðàêòàëü-

íî¨ ãåîìåòði¨ òà ôðàêòàëüíîãî àíàëiçó), iäå¨ ñàìîïîäiáíîñòi, ñàìîàôiííîñòi,

àâòîìîäåëüíîñòi ìíîæèí i ðiçíi ñèñòåìè êîäóâàííÿ (çîáðàæåííÿ) äiéñíèõ

÷èñåë ç âèêîðèñòàííÿì ðiçíèõ àëôàâiòiâ (ñêií÷åííèõ i íåñêií÷åííèõ, ñòàëèõ
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i çìiííèõ, òðàäèöiéíèõ i íàäëèøêîâèõ). Äâîñèìâîëüíi ñèñòåìè êîäóâàííÿ

÷èñåë âèêîðèñòîâóþòü àëôàâiò {0, 1} = A. Âîíè çàáåçïå÷óþòü òåõíi÷íi

çðó÷íîñòi â îá÷èñëþâàëüíié òåõíiöi i êîäóâàííi iíôîðìàöi¨. Â ñèëó ðiçíèõ

ïðè÷èí çàñëóãîâóþòü íà îêðåìó (ñàìîñòiéíó) óâàãó.

Ñòâîðåíi ó ðîáîòàõ Ïðàöüîâèòîãî Ì.Â. i Òîðáiíà Ã.Ì. òîïîëîãî-ìåòðè÷íà

i éìîâiðíiñíà òåîði¨ Q∗2-çîáðàæåííÿ ÷èñåë çíàéøëè áàãàòî÷èñåëüíi çàñòî-

ñóâàííÿ ó ðiçíèõ ãàëóçÿõ ìàòåìàòèêè, çîêðåìà ó òåîði¨ äèíàìi÷íèõ ñè-

ñòåì êîíôëiêòó, ÿêà ðîçâèâà¹òüñÿ ó ðîáîòàõ Êîøìàíåíêà Â.Ä. òà éîãî

ó÷íiâ. Ìè âèêîðèñòàëè öþ ñèñòåìó äëÿ ðîçâèòêó êîíñòðóêòèâíî¨ òåîði¨

ôóíêöié, ÿêi ìàþòü ôðàêòàëüíi âëàñòèâîñòi, ùî âiäîáðàæàþòüñÿ ó ¨õ ìíî-

æèíàõ ðiâíiâ, ãðàôiêàõ, ñóòò¹âèõ äëÿ ôóíêöi¨ ìíîæèíàõ (ìíîæèíà çíà-

÷åíü, ìíîæèíà ðiçíîãî ðîäó îñîáëèâîñòåé ôóíêöi¨ òîùî). Äàíà äèñåðòà-

öiéíà ðîáîòà, â çíà÷íié ìiði, ¹ ïðîäîâæåííÿì äîñëiäæåíü âëàñòèâîñòåé ëî-

êàëüíî ñêëàäíèõ ôóíêöié, ÿêi ïðîâîäèëè Ïðàöüîâèòèé Ì.Â. òà éîãî ó÷íi:

Áàðàíîâñüêèé Î.Ì., Âàñèëåíêî Í.À., Âàñèëåíêî Í.Ì., Ãîí÷àðåíêî ß.Â.,

Çàìðié I.Â., Iñà¹âà Ò.Ì., Êàëàøíiêîâ À.Â., Êàðâàöüêèé Ä.Ì., Âàñüêåâè÷

(Êëèì÷óê) Ñ.O., Ìàêàð÷óê Î.Ï., Ìàðêiòàí Â.Ï., Ìàñëîâà Þ.Ï., Ñàâ÷åí-

êî I.Î., Ñâèí÷óê Î.Â., Ïàíàñåíêî Î.Á., ×óéêîâ À.Ñ. òà ií.

Q∗2-çîáðàæåííÿ ÷èñåë âiäðiçêà [0; 1] âèçíà÷à¹òüñÿ íåñêií÷åííîþ äâîðÿä-

êîâîþ ñòîõàñòè÷íîþ ìàòðèöåþ ‖qik‖ ç äîäàòíèìè åëåìåíòàìè (qik > 0,

q0k + q1k = 1), ÿêà çàäîâîëüíÿ¹ óìîâó
∞∏
k=1

max{q0k, q1k} = 0. Âîíî ãðóí-

òó¹òüñÿ íà ðîçêëàäi ÷èñëà â ðÿä:

x = α1q1−α1,1 +
∞∑
k=2

(αkq1−αk,k

k−1∏
i=1

qαi,i) ≡ ∆Q∗2
α1α2...αk...

,

äå αk ∈ A, k ∈ N . Ïðè öüîìó αk ∈ A íàçèâà¹òüñÿ k-îþ Q∗2-öèôðîþ çîáðà-

æåííÿ ∆
Q∗2
α1α2...αn... ÷èñëà x.

ßêùî qik = qi, òî Q∗2-çîáðàæåííÿ íàçèâà¹òüñÿ Q2-çîáðàæåííÿ i ó âèïàä-

êó q0k = 1
2 = q1k ¹ êëàñè÷íèì äâiéêîâèì çîáðàæåííÿì.



4

×èñëà, ùî ìàþòü äâà Q∗2-çîáðàæåííÿ, òîáòî ÷èñëà âèäó ∆
Q∗2
α1α2...αm0(1) =

∆
Q∗2
α1α2...αm1(0), íàçèâàþòüñÿ Q

∗
2-áiíàðíèìè, à ÷èñëà, ùî ìàþòü ¹äèíå çîáðàæå-

ííÿ � Q∗2-óíàðíèìè. Î÷åâèäíî, ùî Q
∗
2-áiíàðíi ÷èñëà óòâîðþþòü çëi÷åííó

ìíîæèíó, Q∗2-óíàðíi � êîíòèíóàëüíó.

Ó ðîáîòi äîñëiäæóþòüñÿ ôóíêöi¨ äâîõ êîíòèíóàëüíèõ êëàñiâ:

1. f(x = ∆
Q∗2
α1α2...αn...) = ∆

Q∗2
ϕ1(α1,α2)ϕ2(α3,α4)...ϕn(α2n−1,α2n)...;

2. f(x = ∆
Q∗2
α1α2...αn...) = ∆

Q∗2
ϕ1(α1,α2)ϕ2(α2,α3)...ϕn(αn,αn+1)...,

äå ϕn(a, b) � ôiíiòíà ôóíêöiÿ äâîõ çìiííèõ, ÿêà îçíà÷åíà íà A×A
i íàáóâà¹ çíà÷åíü ç A, n ∈ N .

Äèñåðòàöiÿ ñêëàäà¹òüñÿ ç àíîòàöié óêðà¨íñüêîþ òà àíãëiéñüêîþ ìîâàìè,

ïåðåëiêó óìîâíèõ ïîçíà÷åíü, âñòóïó, ÷îòèðüîõ ðîçäiëiâ îñíîâíî¨ ÷àñòèíè,

ðîçáèòèõ íà ïiäðîçäiëè, âèñíîâêiâ äî ðîçäiëiâ òà çàãàëüíèõ âèñíîâêiâ, ñïè-

ñêó äæåðåë òà îäíîãî äîäàòêó, ÿêèé ìiñòèòü ñïèñîê ïóáëiêàöié àâòîðà.

Ó âñòóïi îáãðóíòîâàíî àêòóàëüíiñòü òåìè äîñëiäæåííÿ, ñôîðìóëüîâàíî

ìåòó, îá'¹êò, ïðåäìåò, çàâäàííÿ i ìåòîäè äîñëiäæåííÿ, çàçíà÷åíî íàóêîâó

íîâèçíó îòðèìàíèõ ðåçóëüòàòiâ, ¨õ ïðàêòè÷íå çíà÷åííÿ, çâ'ÿçîê ðîáîòè ç

íàóêîâèìè òåìàìè é îñîáèñòèé âíåñîê çäîáóâà÷à, âêàçàíî òàêîæ, äå áóëî

àïðîáîâàíî òà îïóáëiêîâàíî ðåçóëüòàòè äèñåðòàöi¨.

Ó ïåðøîìó ðîçäiëi çäiéñíåíî ñèñòåìàòèçàöiþ âiäîìîñòåé, ùî ñòîñóþ-

òüñÿ òîïîëîãî-ìåòðè÷íèõ i ôðàêòàëüíèõ âëàñòèâîñòåé Q2-çîáðàæåííÿ i Q∗2-

çîáðàæåííÿ äiéñíèõ ÷èñåë âiäðiçêà [0; 1], ¨õ ãåîìåòði¨, îñíîâ ôðàêòàëüíîãî

àíàëiçó òà ôðàêòàëüíî¨ ãåîìåòði¨, ïðîâåäåíî îãëÿä ëiòåðàòóðè çà òåìàòè-

êîþ äèñåðòàöiéíîãî äîñëiäæåííÿ.

Ó äðóãîìó ðîçäiëi êîíñòðóêòèâíî îïèñàíî êîíòèíóàëüíèé êëàñ íåïå-

ðåðâíèõ íiäå íå ìîíîòîííèõ ôóíêöié, àðãóìåíò i çíà÷åííÿ ÿêèõ îçíà÷åíi

â òåðìiíàõ Q2-çîáðàæåííÿ ÷èñåë, ùî ìàþòü âñþäè ùiëüíi ìíîæèíè åêñ-

òðåìóìiâ, ÿê â òî÷êàõ Q2-áiíàðíèõ, òàê i â òî÷êàõ Q2-óíàðíèõ. Âèâ÷åíî ¨õ

ñòðóêòóðíi, âàðiàöiéíi, àâòîìîäåëüíi òà iíòåãðî-äèôåðåíöiàëüíi âëàñòèâî-

ñòi, à òàêîæ âèñâiòëåíî âëàñòèâîñòi ìíîæèí ðiâíiâ. Îòðèìàíî óìîâè íiäå
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íå äèôåðåíöiéîâíîñòi ôóíêöié. Íiäå íå ìîíîòîííi ôóíêöi¨ äðóãîãî ðîçäiëó

¹ àíàëîãàìè Òðèáií-ôóíêöi¨, íiäå íå äèôåðåíöiéîâíèõ ôóíêöié Âóíäåðëiõà

òà Áóøà. Íà âiäìiíó âiä ôóíêöié Òàêàãi, Îêàìîòî, âîíè äîñÿãàþòü åêñòðå-

ìóìiâ íå ëèøå ó Q2-áiíàðíèõ òî÷êàõ.

Ó òðåòüîìó ðîçäiëi íàâåäåíî êîíñòðóêöiþ êëàñó ôóíêöié, àðãóìåíò i

çíà÷åííÿ ÿêèõ ïîäàþòüñÿ ó ôîðìiQ∗2-çîáðàæåííÿ ÷èñåë âiäðiçêà [0; 1] (çîêðå-

ìà, Q2-çîáðàæåííÿ) îäèíè÷íîãî âiäðiçêà, à çàëåæíiñòü öèôð âèçíà÷à¹òüñÿ

ïîñëiäîâíiñòþ ôiíiòíèõ ôóíêöié ϕk : A×A→ A ≡ {0, 1} íà ëàíöþãó ñêði-
ïëåíèõ ïàð ïîñëiäîâíèõ öèôð çîáðàæåííÿ àðãóìåíòà. Îêðåìà óâàãà ïðè-

äiëåíà ÿñêðàâîìó ïðåäñòàâíèêó öüîãî êëàñó ôóíêöié � iíâåðñîðó öèôð

Q∗2-çîáðàæåííÿ ÷èñåë, ùî ¹ íåïåðåðâíîþ ñòðîãî ñïàäíîþ, â ïåðåâàæíié

áiëüøîñòi âèïàäêiâ ñèíãóëÿðíîþ ôóíêöi¹þ, äâî¨ñòîþ äî òîòîæíîãî ïåðå-

òâîðåííÿ âiäðiçêà.

×åòâåðòèé ðîçäië ïðèñâÿ÷åíî äâîì çàäà÷àì: 1) ïðî ðîçïîäiëè öèôð Q2-

çîáðàæåííÿ âèïàäêîâî¨ âåëè÷èíè ç çàäàíèì ðîçïîäiëîì; 2) ïðî ðîçïîäië

âèïàäêîâî¨ âåëè÷èíè, ïîðîäæåíî¨ ðîçïîäiëàìè öèôð ¨¨ Q2-çîáðàæåííÿ, ïðè

óìîâi íàÿâíîñòi ó íüîãî äîäàòíî¨ ùiëüíîñòi ó êîæíié òî÷öi äåÿêîãî âiäðiç-

êà. Ó íüîìó âè÷åðïíî ðîçâ'ÿçàíî äðóãó çàäà÷ó i îòðèìàíî âiäïîâiäü íà

ïèòàííÿ ñòîñîâíî íåçàëåæíîñòi öèôð Q2-çîáðàæåííÿ âèïàäêîâî¨ âåëè÷èíè

ç çàäàíèì åêñïîíåíöiéíèì ðîçïîäiëîì íà îäèíè÷íîìó âiäðiçêó.

Äîäàòîê ìiñòèòü ñïèñîê ïóáëiêàöié çäîáóâà÷à çà òåìîþ äèñåðòàöi¨ òà

âiäîìîñòi ïðî àïðîáàöiþ ðåçóëüòàòiâ äîñëiäæåííÿ.

Îñíîâíi ðåçóëüòàòè, ÿêi âèçíà÷àþòü íàóêîâó íîâèçíó äèñåðòàöiéíîãî

äîñëiäæåííÿ:

� îïèñàíî ñòðóêòóðíi, âàðiàöiéíi, iíòåãðî-äèôåðåíöiàëüíi òà ôðàêòàëü-

íi âëàñòèâîñòi êîíòèíóàëüíîãî êëàñó íåïåðåðâíèõ íiäå íå ìîíîòîí-

íèõ ôóíêöié, îçíà÷åíèõ â òåðìiíàõ îäíîãîQ2-çîáðàæåííÿ (àðãóìåí-

òà i çíà÷åííÿ ôóíêöi¨), ùî ìàþòü íåñêií÷åííi ìíîæèíè åêñòðåìóìiâ,

ÿê â Q2-áiíàðíèõ òî÷êàõ, òàê i â Q2-óíàðíèõ òî÷êàõ;
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� îòðèìàíî óìîâè íåäèôåðåíöiéîâíîñòi ôóíêöié âêàçàíîãî êëàñó;

� ïðè çàäàíîìó Q2-çîáðàæåííi ÷èñåë äîâåäåíî iñíóâàííÿ âîñüìè êîí-

ñòðóêöié ôóíêöié ç àíàëîãi÷íèìè âëàñòèâîñòÿìè;

� êîíñòðóêòèâíî îïèñàíî êîíòèíóàëüíèé êëàñ ôóíêöié, âèçíà÷åíèõ

ëàíöþãîâîþ çàëåæíiñòþ Q∗2-öèôð çîáðàæåííÿ çíà÷åííÿ ôóíêöi¨ âiä

ïàð ïîñëiäîâíèõ Q∗2-öèôð çîáðàæåííÿ àðãóìåíòà;

� äëÿ íàâåäåíîãî êëàñó äîâåäåíî, ùî iñíó¹ ëèøå 16 ôóíêöié, âèçíà÷å-

íèõ ñòàëèìè ïîñëiäîâíîñòÿìè, ÿêi ïðèðîäíiì ÷èíîì ïîäiëÿþòüñÿ íà

ïàðè äâî¨ñòèõ ôóíêöié, çi ¾ñõîæèìè¿, àëå íå iäåíòè÷íèìè äèôåðåí-

öiàëüíèìè âëàñòèâîñòÿìè. Çàïðîïîíîâàíî ìàòðè÷íèé ñïîñiá çàäàí-

íÿ êëàñó öèõ ôóíêöié i äîâåäåíî, ùî ëèøå äâi ç íèõ ¹ íåïåðåðâíèìè.

Îêðåìà óâàãà ïðèäiëÿ¹òüñÿ óçàãàëüíåííþ iíâåðñîðà Q2-çîáðàæåííÿ

÷èñåë. Äëÿ íüîãî âñòàíîâëåíî çâ'ÿçîê ç ôóíêöi¹þ ðîçïîäiëó âèïàä-

êîâî¨ âåëè÷èíè äâiéêîâi öèôðè ÿêî¨ ¹ íåçàëåæíèìè, à ðîçïîäiëè âè-

çíà÷àþòüñÿ ñïðÿæåíîþ ìàòðèöåþ äàíîãî Q∗2-çîáðàæåííÿ. Äëÿ âè-

ïàäêó, êîëè Q∗2-çîáðàæåííÿ ¹ Q2-çîáðàæåííÿ, îïèñàíî ñàìîàôiííi

âëàñòèâîñòi ãðàôiêà òà iíòåãðàëüíi âëàñòèâîñòi ôóíêöi¨;

� âñòàíîâëåíî, ùî çà óìîâè, êîëè âèïàäêîâà âåëè÷èíà ξ ìà¹ åêñïî-

íåíöiéíèé ðîçïîäië íà îäèíè÷íîìó âiäðiçêó, òî ðîçïîäiëè öèôð ¨¨

Q2-çîáðàæåííÿ, âiäìiííîãî âiä êëàñè÷íîãî äâiéêîâîãî, ¹ çàëåæíèìè

âèïàäêîâèìè âåëè÷èíàìè ç çàëåæíiñòþ, ñêëàäíiøîþ ìàðêîâñüêó;

� äëÿ âèïàäêîâî¨ âåëè÷èíè ç íåçàëåæíèìè öèôðàìè Q2-çîáðàæåííÿ,

ôóíêöiÿ ðîçïîäiëó ÿêî¨ ìà¹ äîäàòíó ïîõiäíó â êîæíié òî÷öi äåÿêîãî

âiäðiçêà, äîâåäåíî, ùî ¨¨ ðîçïîäië ¹ ðiâíîìiðíèì àáî åêñïîíåíöié-

íèì, ïðè÷îìó ïåðøèé âèïàäîê ìà¹ ìiñöå òîäi i òiëüêè òîäi, êîëè öè-

ôðè çîáðàæåííÿ ìàþòü îäíàêîâi ðîçïîäiëè, âèçíà÷åíi ïàðàìåòðàìè

Q2-çîáðàæåííÿ; â äðóãîìó âèïàäêó çîáðàæåííÿ ¹ êëàñè÷íèì äâié-

êîâèì, ðîçïîäiëè öèôð âèçíà÷àþòüñÿ ãåîìåòðè÷íîþ ïðîãðåñi¹þ çi

çíàìåííèêîì 1
2 .
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Äèñåðòàöiéíà ðîáîòà ìà¹ òåîðåòè÷íèé õàðàêòåð, îòðèìàíi ðåçóëüòàòè ìî-

æóòü áóòè âèêîðèñòàíi â ïîäàëüøèõ äîñëiäæåííÿõ, à òàêîæ ïðè âèâ÷å-

íi ìàòåìàòè÷íèõ îá'¹êòiâ ç ôðàêòàëüíèìè âëàñòèâîñòÿìè, îçíà÷åííÿ ÿêèõ

âèêîðèñòîâóþòü äâîñèìâîëüííi êîäóâàííÿ äiéñíèõ ÷èñåë ç íóëüîâîþ íà-

äëèøêîâiñòþ, âiäìiííi âiä Q∗2-çîáðàæåííÿ.

Îñîáëèâiñòþ ðîáîòè ¹ òå, ùî â íié âïåðøå çàïðîïîíîâàíî ìàòðè÷íèé

ïiäõiä äî âèçíà÷åííÿ ôóíêöié äðóãîãî êëàñó i êîíñòðóêòèâíî îïèñàíî âñi

ôóíêöi¨ çi ñòàëîþ ïîðîäæóþ÷îþ ïîñëiäîâíiñòþ ôiíiòíèõ ôóíêöié (ϕk), à

äëÿ ïåðøîãî êëàñó çíàéäåíî âñi íåïåðåðâíi ôóíêöi¨ ç ôiêñîâàíîþ çàëåæíi-

ñòþ Q2-öèôð çíà÷åíü ôóíêöi¨.

Êëþ÷îâi ñëîâà: Q2-çîáðàæåííÿ, Q∗2-çîáðàæåííÿ, ñàìîïîäiáíà ìíîæèíà,

ñàìîïîäiáíà ðîçìiðíiñòü, ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à, ôðàêòàëüíà

ôóíêöiÿ, iíâåðñîð öèôð Q∗2-çîáðàæåííÿ, îïåðàòîðè ëiâîñòîðîííüîãî i ïðà-

âîñòîðîííüîãî çñóâó öèôð, ìíîæèíà ðiâíÿ ôóíêöi¨, ðîçïîäië çíà÷åíü ôóí-

êöi¨, ëåáåãiâñüêà ñòðóêòóðà ðîçïîäiëó.
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The thesis belongs to the field of constructive theory of real functions with

locally complicated topological, metric and fractal properties. It is devoted

to the functions defined on the segment [0; 1] in terms of the two-symbol

Q2-representation of numbers, which is a self-similar generalization of the

classic binary representation, and its non-self-similar generalization — Q∗2-

representation of numbers.

Functions with a locally complicated structure is a popular object in mod-

ern research (purely mathematical and applied). Singular (functions whose

derivative is equal to zero almost everywhere with respect to Lebesgue mea-

sure), nowhere monotonic (those that have no intervals of monotonicity) and

non-differentiable functions are among continuous functions of a such type.

This class also includes functions having ¡¡massive¿¿ sets of features of dif-

ferent nature and level sets; functions preserving the frequency of digits in

a numeral system; functions that transform the measure and metric dimen-

sions of Borel sets, etc. To study them, the methods of fractal theory (fractal

geometry and fractal analysis), ideas of self-similarity, self-affinity and scale-

invariant of sets as well as various systems of encoding (representations) of

real numbers with different alphabets (finite and infinite, constant and vari-

able, traditional and redundant) are widely used. Two-symbol systems of
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encoding of numbers use the alphabet {0, 1} = A. They provide technical

convenience in computer technology and encoding of information. Due to

various reasons, they deserve special (particular) attention.

Topological, metric and probability theories of Q∗2-representation of num-

bers, which are created in the works of M.V. Pratsiovytyi and G.M. Torbin,

are numerously applied in various fields of mathematics, in particular in the

theory of dynamical systems of conflict, which is developing in the works of

V.D. Koshmanenko and his followers. We used this system to develop a con-

structive theory of functions with fractal properties, which are reflected in

their level sets, graphs, and sets essential for the function (e.g., set of values,

set of various kinds of singularities of functions, etc.).

The thesis is largely a continuation of research of the properties of lo-

cally complicated functions, which was conducted by M.V. Pratsiovytyi and

his followers: O.M. Baranovskyi, N.A. Vasylenko, N.M. Vasylenko, Ya.V.

Goncharenko, T.M. Isaieva, I.V. Zamriy, A.V. Kalashnikov, D.M. Karvatsky,

S.O. Vaskevych (Klymchuk), O.P. Makarchuk, V.P. Markitan, Yu.P. Maslova,

I.O. Savchenko, O.V.Svynchuk, O.B. Panasenko, A.S. Chuikov and others.

We consider Q∗2-representation of numbers of segment [0; 1] defined by

an infinite two-row stochastic matrix ‖qik‖ with positive elements (qik > 0,

q0k + q1k = 1) satisfying the identity
∞∏
k=1

max{q0k, q1k} = 0. It is based on the

expansion of a number in a series:

x = α1q1−α1,1 +
∞∑
k=2

(αkq1−αk,k

k−1∏
i=1

qαi,i) ≡ ∆Q∗2
α1α2...αk...

,

where αk ∈ A, k ∈ N . In this case, αk ∈ A is called the k-th Q∗2-digit of

representation ∆
Q∗2
α1α2...αn... of a number x.

If qik = qi, then a Q∗2-representation is called a Q2-representation. In the

case q0k = 1
2 = q1k, Q

∗
2-representation is a classic binary representation.

Numbers allowing twoQ∗2-representations, i.e., numbers of the form ∆
Q∗2
α1α2...αm0(1) =
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∆
Q∗2
α1α2...αm1(0), are calledQ∗2-binary; and numbers having a uniqueQ∗2-representation

are called Q∗2-unary. It is obvious that set of Q∗2-binary numbers is countable,

while set of Q∗2-unary numbers is a continuum set.

In the thesis we consider functions of two continuous classes:

1. f(x = ∆
Q∗2
α1α2...αn...) = ∆

Q∗2
ϕ1(α1,α2)ϕ2(α3,α4)...ϕn(α2n−1,α2n)...;

2. f(x = ∆
Q∗2
α1α2...αn...) = ∆

Q∗2
ϕ1(α1,α2)ϕ2(α2,α3)...ϕn(αn,αn+1)...,

where ϕn(a, b) : A × A → A is a function taking only finitely many distinct

values for any n ∈ N .

The thesis consists of the abstract in Ukrainian and in English, list of

notations, introduction, four chapters, divided into sections, conclusions for

each chapter and general conclusions, bibliography, and appendix.

The introduction substantiates the relevance of the research topics, for-

mulates the purpose, object, subject, tasks and methods of research, outlines

the scientific novelty of the obtained results, their practical significance, the

connection of the work with scientific programs and the personal contribu-

tion of the author and also points out where the results of thesis have been

discussed and published.

In the first chapter, we systematized information related to topological,

metric and fractal properties of Q2-representation and Q∗2-representation of

real numbers of segment [0; 1], geometry of these representations, foundation

of fractal analysis and fractal geometry, and reviewed the literature on the

topic of thesis.

In the second chapter, we constructively described a continuum class of

continuous nowhere monotonic functions the argument and values of which

are defined in terms of Q2-representation of numbers. These functions have

everywhere dense sets of extrema at Q2-binary points as well as at Q2-unary

ones. Their structural, variational, self-similar, integral and differential prop-

erties were studied, also the properties of level sets were highlighted. We



11

have obtained the conditions for nowhere differentiability of the functions.

Nowhere monotonic functions of the second chapter are analogous to the

Tribin function, nowhere differentiable functions of Wunderlich and Bush.

Unlike Takagi and Okamoto functions, they reach extrema not only at Q2-

binary points.

In the third chapter, we present the construction of a class of functions

the argument and values of which are given in the form of Q∗2-representation

of numbers (in particular, Q2-representation) of a unit segment. The depen-

dence of digits is determined by a sequence of finite functions ϕk : A× A→
A ≡ {0, 1} on a chain of joint pairs of consecutive digits of the representation

of the argument. Special attention is paid to the inversor of digits of the

representation of the argument, which is the very interesting element of this

class of functions. Inversor is a continuous strictly decreasing function (in

fact, singular for most cases) being dual to the identical transformation of

the segment.

In the fourth chapter, we consider two problems: 1) distributions of digits

of Q2-representation of a random variable with a given distribution; 2) distri-

bution of a random variable generated by the distributions of digits of its Q2-

representation, under assumption that its probability distribution function

has a positive derivative at each point of some segment. We comprehensively

solve the second problem and answer the question about the independence

of digits of Q2-representation of a random variable with a given exponential

distribution on a unit segment.

The appendix contains a list of the applicant’s publications on the topic

of the thesis and information on the approbation of the research results.

The main results determining the scientific novelty of the thesis are the

following:

— the structural, variational, integral, differential and fractal properties

of a continuum class of continuous nowhere monotonic functions de-
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fined in terms of one Q2-representation having infinite sets of extrema

(being either Q2-binary or Q2-unary) are described;

— the conditions for nowhere differentiability of functions of the specified

class are obtained;

— for a given Q2-representation of numbers, the existence of eight con-

structions of functions with similar properties is proved;

— the continuum class of functions defined by the chain dependence of

Q∗2-digits of the representation of the value of the function on pairs of

consecutive Q∗2-digits of the argument representation is constructively

described;

— for the given class, it is proved that there are only 16 functions defined

by constant sequences, which are naturally divided into pairs of dual

functions with ¡¡similar¿¿ but not identical differential properties. A

matrix method of definition of the class of these functions has been

proposed. It is proved that only two of them are continuous. Par-

ticular attention is paid to the generalization of the inversor of the

Q2-representation of numbers. We have established a connection of

the inversor with the probability distribution function of a random

variable whose binary digits are independent and the distributions

are determined by the conjugate matrix of a given Q∗2-representation.

For the case when the Q∗2-representation is a Q2-representation, the

self-affine properties of the graph and the integral properties of the

function are described.

— it is established that if a random variable ξ has an exponential dis-

tribution on a unit segment, then the distributions of digits of its

Q2-representation that is not the classic binary representation are de-

pendent random variables, and the dependence is more complex than

the Markov one;

— for a random variable with independent digits of Q2-representation,
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the probability distribution function of which has a positive deriva-

tive at each point of some segment, it is proved that its distribution

is uniform or exponential, and the first case occurs if and only if the

digits of the representation have the same distributions defined by the

parameters of Q2-representation; in the second case, the representa-

tion is a classic binary representation and the distributions of digits

are determined by a geometric progression with the common ratio 1
2 .

Thesis is a theoretical investigation. The obtained results can be used in

further research, as well as in the study of mathematical objects with fractal

properties, whose definitions use two-symbol encoding of real numbers with

zero redundancy, which is distinct from the Q∗2-representation.

The peculiarity of the thesis is that at the first time it proposes a matrix

approach to the definition of functions of the second class and constructively

describes all functions with a fixed generating sequence of finite functions

(ϕk), and for the first class all continuous functions with fixed dependence of

Q2-digits of values of function were found.

Key words : Q2-representation, Q∗2-representation, self-similar set, self-

similar dimension, Hausdorf-Bezikovich dimension, fractal function, inversor

of digits of Q∗2-representation, left shift operator, right shift operator, level

set of function, distribution of values of function, Lebesgue structure of prob-

ability distribution.


