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dikariitna HayKoBa 1palisd Ha MMpaBax PYKOIUCY.

Jucepraliiss Ha 3700yTTs HAYKOBOT'O CTYyIIEHs JJOKTOpa (ijocodil 3a crerri-
ampuicTio 111 — Maremaruka. — [ncruryr maremaruku HAH Vkpainn, Kuis,

2021.

HucepraniitHe JTOCTiXKeHHs BUKOHAHE B TaJly3i KOHCTPYKTUBHOI TeOpil JTiii-
CHUX (PYHKIIII 3 JIOKAJBbHO CKJIATHUMU TOIMOJONO-METPUIHUMU 1 (ppaKTaIbHIMI
B1acTUBOCTSIMU. BOHO 1pucssidene QyHkiisivm, o3nadenum Ha Bijgpisky [0;1] B
TepMiHAX JBOCUMBOJILHOTO (J9-300parkeHHsi 4uces, M0 € CaMOIOJII0HNM y3a-
raJibHeHHSIM KJIACHIHOTO JIBIHKOBOrO 300parkeHHsI, Ta, HOro Hecamoro1i0HOTro
y3arajbHeHHA — ()5-300paKeHHsT IUCe.

DyHKINT 3 JJOKAJBHO CKJIAIHOI CTPYKTYPOIO — IOIIYJSPHU 00’€KT ¥ cyda-
CHUX HAYKOBUX JIOCJI/ZKEHHSX (CyTO MaTeMaTudHux Ta npukiajiaux). Cepej
HerepepBHUX (DYHKIIH 10 TaKUX BUIHOCATHCsE cuHPYJIsipHl (DyHKIT, moxijHa
SKUX Maji’ke CKpi3h y po3yminui mipu Jlebera pisna HyJ110), Hijle He MOHOTOH-
Hi (Taki, 1Mo He MalTh MPOMIXKKIB MOHOTOHHOCTI) Ta Hije He JudepeHIiioBHi
dynkmii. JIo 1mporo Kjacy TaKoXK BIJIHOCATH (PYHKIII, 10 MalTh «MaCHBHI»
MHOXKUHK O0CODJIMBOCTEHl PI3HOIO XapakKTepy Ta MHOXKUHK PiBHIB; QPYHKILII, 1110
30epiraroTh dactoTu 1udp y T 4u iHIE cUcTeM] YUC/IeHHs; (PYHKIIT, siKi
TPaHCHOPMYIOTH MIPY Ta METPUIHI PO3MIPHOCTI OOPEJIIBCHKUX MHOYKWH TOIIIO.
Jljts1 iX BUBUEHHS MIHPOKO 3aJIyUarOThCs 3acobu Teopil dbpakTaiis (pparrasib-
HOI reoMeTpil Ta (hpakTaJIbHOTO aHATI3Y ), iJ1el caMonoIibHOCT], caMoadiHHOCTI,
ABTOMOJICJILHOCTI MHOXKMH 1 Pi3Hl cucreMu KojyBaHHst (300paxkeHHst) JIHCHUX

qucesl 3 BHKOPUCTAHHSIM Pi3HuX ajiaBitiB (CKIHUEHHNX 1 HECKIHUEHHUX, CTAJINX



1 3MIHHUX, TPaJUIIHHIX 1 HAJUIUIIKOBUX ). JIBOCHMBOJIBHI CHCTEME KOJTyBaHHS
auces BukopuctoByioTh ajidasit {0,1} = A. Boun 3abesnedyiors TexHiuHi
3py4YHOCTI B 004YMC/IIOBaJIbHINA TexHinl 1 KojyBauHl indopmarlil. B cuiy piznux
IPUYKH 3aCJIyTOBYIOTh HA OKpeMy (caMocTifiny) yBary.

CrBopeni y poborax I1parsosuroro M.B. 1 Topbina I.M. Tonosoro-merpuana,
1 fimoBipHicHa Teopii ()3-300parkeHHst Yuces 3HARILIN OAraTOINCesbHI 3aCTOCY-
BaHHsI Y PI3HUX TaJy3sX MaTeMaTUKH, 30KpeMa y Teopil NUHAMITHUX CHCTEM
KOH(MDJIIKTY, dKa PO3BUBAEThCA y poborax Kommanmenka B./. Ta #ioro yuHis.
Mu BuKOpHCTAJIH 110 CUCTEMY JIJIsi PO3BUTKY KOHCTPYKTHBHOI Teopil (DyHKIII,
sIKi MalOTh (ppaKTaJibHI BJIACTUBOCTI, IO BiJIOOPAYKAIOTHCs Y 1X MHOYXKHUHAX PiB-
HiB, rpadikax, cyTTeBux it DYHKINT MHOXKUHAX (MHOKUHA 3HAYCHD, MHOXKI-
Ha pi3HOrO pojy ocobsmpocreit dyukiil Tormo). Jana muceprarmiiina pobora, B
3HATHIA Mipl, € TPOJOBXKEHHIM JOCTIIKEHb BIACTUBOCTEl JTOKAJILHO CKJIATHAX
dyukuiit, siki npopojuiu IIpamnposuruit M.B. Ta #ioro yuni: Bapanoscbkuit
O.M., Bacunenko H.A., Bacunenko H.M., I'onuapenko f.B., Icaea T.M., 3a-
mpiit 1.B., Kamammnikos A.B., Kapsanpkuit JI.M., Kimmvayk C.JI., Makapuayk
O.I1., Mapkiran B.II., Macnosa FO.II., Capuenko 1.0O., Ceunuyk O.B., ITana-
cenko O.B., Uyiikos A.C. Ta iH.

()3-300pazkentst uucest Bijpiska [0; 1] BusHAUa€THCs HECKIHYEHHOIO JIBOPS/I-
KOBOIO CTOXaCTHYHOIO Marpuieo ||gx| 3 momarauvu enemenramu (g > 0,

o

qor + qir = 1), aka 3ajgoBosbasie ymoBy | ] max{qor,qx} = 0. Bono rpys-

k=1
TYETLCA Ha PO3KJIaJl YUCJIa B PAL:

00 k-1
k=2 i=1

ne ar € A, k€ N. llpu nubomy oy € A nazuBaerbes k-oto Q3-nudporo 306pa-
KCHHA A%OQ,,,@“,,, YUCJIA L.
Axmo g, = qi, To (Q5-300parKeHHsT HA3NBAECTHCS (Jo-300pakKeHHs 1 y BUTA/-

KY Qok = % = @1} € KJACUYHUM JIBITKOBUM 300Pa’KE€HHSIM.



Q3

ara...an0(1)

Hucuia, 1mo MaoTh jBa (Q5-300paxkents, To6To uncsa Bujgy A
Q3

oty 1(0)) HASUBAIOTHCA (Q5-OlHApHUMM, & TUCJIa, IO MaIOTh €/TNHe 300pazke-

HHs — Q5-ynapuumu. OueBujino, 110 (Q5-0lHapHi unc/a yTBOPIOIOTH 3J1YeHHY
MHOXKHUHY, (J5-yHAPHI — KOHTUHYaJIbHY.

Y poboTi HOCHIIKYIOTHC (DYHKIIT JIBOX KOHTHHYAJbHUX KJIACIB:

1. flz =A%, o) =A%

o1 (o1,a2)p2(asz,04)...0n (0on—1,00p)...7

. .
2. f(.CU = Agﬁa?"'an") = Aglz(al,ozg)cpg(ag,ag)...wn(an,an+1)...’
ne pn(a,b) — diniTaa GyHKIis 1BOX 3MIHHUX, siKa 03HavYeHa Ha A X A
1 nabyBae 3nadenb 3 A, n € N.

Hucepraliisi CKJIaIA€THC 3 AHOTAIl YKPAIHCHKOIO Ta, aHTJIICHKOI0 MOBaMHU,
IepeiKy YMOBHHUX IO3Ha4Y€Hb, BCTYILY, YOTUPHOX PO3/ILJIiB OCHOBHOI YaCTHHHU,
pPO30UTHX HAa IiJIPO3/I1J1, BUCHOBKIB JI0 PO3JIIJIB Ta 3araJbHUX BUCHOBKIB, CIIH-
CKY JI2KepeJl Ta, OJHOrO JIOJAATKY, KU MICTUTh CIHUCOK IIyOJIiKalliil aBTOpa.

Y Beryill 0OrpyHTOBAHO aKTyaJIbHICTH TEMU JIOCJIJIXKEHHST, CPOPMYTHOBAHO
MeTy, 00’€KT, MpeJIMET, 3aB/aHHs 1 METOJM JIOC/IJPKEHHS, 3a3HAaUYEHO HAYKOBY
HOBU3HY OTPUMAaHUX PE3YJbTaTiB, X NpaKTUIHE 3HAUYEHHS, 3B’s30K pobOTH 3
HAyKOBUMM TeMaMHU i 0cOOMCTHI BHECOK 37100yBava, BKa3aHO TaKOXK Je Oyso
arpobOBAHO Ta, ONMYOJIKOBAHO PE3YILTATH JUCEPTAILil.

Y 1epiioMy po3jiJi 3JIIHCHEHO CUCTEMATU3ali0 BiJIOMOCTEM, 110 CTOCYIO-
ThCs1 TOTIOJIOIO-METPUIHKX 1 hpaKTAIHLHUX BJIACTHBOCTEN (Jo-300pakents 1 (J5-
300parkenHs jiificaux wuces Bigpiska [0; 1], ix reomerpil, ocHOB GpaKTaIbHOTO
aHaJi3y Ta (ppaKTaJbHOI reoMeTpil, IPOBEJEHO OIJIsL)] JITEPATypu 3a TEeMaTHU-
KOIO JTUCEPTAIIIHOTO JTOCIIXKEHHSI.

Y JIpyromy po3zjiijii KOHCTPYKTUBHO OIMCAHO KOHTUHYAJIbHUN KJAC Helle-
pPEPBHUX Hijle HE MOHOTOHHUX (PYHKIH, apryMeHT 1 3HAUEHHsI STKUX O3HAYEHI
B TepMiHax (Jo-300parkKeHHsI IUCeJI, 10 MAalOTh BCIOAU IMIJIbHI MHOMKHHU €KC-
TPEMYMIB, sIK B TOUKaX (Jo-OlHApHMX, TaK 1 B ToUuKaxX (Jo-yHapHuX. BuBueHo ix
CTPYKTYPHI, BapialliiiHi, aBTOMOJEIbHI Ta IHTerpo-audepeHiiajibHl BJIaCTHBO-

CTl, a TaKOX BUCBITJIEHO BJIACTUBOCTI MHOXKMH PiBHIB. OTpUMaHO yMOBH Hije



He judepenniiopaocti Gyukiiit. Hije He MoHOTOHHI (DYHKIIT IPYTrOro posiiiy
€ anajoramu Tpubin-pyHKIII, Hijle He qudepeniiiiopaux GyukIiii Bynaepixa
ta byma. Ha Biminy Bij dynkimiit Takari, OkamMoTO BOHM JIOCSTAIOThH €KCTPE-
MyMiB He Jiniiie y (Qo-OlHapHUX TOUKAX.

Y TperhoMy pO3JiiJii HaBeJIEHO KOHCTPYKIIO KJjacy (QyHKI#H, aprymenT i
SHAUEHHS AKX T0Ia0Thes y hopmi (Q3-300pakenns dnces Bijgpiska [0; 1] (30xpe-
Ma, (Q9-300payKeHHsT) OJMHIIHOTO BiJIPi3Ka, a 3aJ€KHICTh MU(hD BU3HATAECTHCS
nocTioBHicTIO GiniTHEX yHKIR @ : A X A — A = {0, 1} ua nanmory ckpi-
IJICHUX Tap TMOCaLI0BHUX U p 300parkennsi aprymenTa. OKpema yBara, 1npu-
JIlJIeHa, sICKpaBOMY TMPEJICTaBHUKY 1HOI'0 KJacy (PyHKIII — iHBepcopy mnudp
(Q5-300pazkeHts 4uces, M0 € HelepepBHOIO CTPOro CIAJHOI0, B IepeBaKHii
OLIBIIOCT] BUIIAJKIB CUHIYJISIPHOIO (DYHKIIIEIO, JIBOICTOIO JIO TOTOXKHOI'O Iepe-
TBOPEHHS BI1JIPi3Ka.

Yerepruii po3/ill IpUCBAYEHO JBOM 3ajiadam: 1) 1po posnojiam nudp Qo-
300parKeHHsl BUIAIKOBOI BEJIMYMHU 3 3aJIAHUM DPO3MOJLIOM; 2) TPO PO3IOILI
BUIIAKOBOI BEJIMUNHH, IOPOIZKEHOT po3HoiaaMu mudp 11 (Jo-300parkenHsi, mpu
YMOBI HagIBHOCT1 y HBHOT'O JIOJATHOI MIJILHOCT] Y KOXKHIN TOUI JESIKOTO BlJIPi3-
Ka. Y HBOMY BUYEPIIHO PO3B’S3aHO JIPYTY 3aJady 1 OTpUMAaHO BIiJIMOBIIbL HA
MUTAHHS CTOCOBHO HE3aJIeKHOCTI IUdp (Jo-300parkeHHsi BUIAIKOBOI BEJTUINHI
3 3aJIAHUM €KCIIOHEHIIIHHUM PO3TMOJILIOM Ha OJUHUTHOMY BIJIPI3KY.

JopaTok MICTUTH CHMCOK IIyOJiiKariil 37100yBada 3a TEMOM jucepTaliil Ta
BIJIOMOCTI PO anpobaliiio pe3yabTariB JOCJIIXKEHHSI.

OcHOBHI pe3yJbTAaTH, AKI BU3HAYAIOTH HAYKOBY HOBU3HY JIMCEPTAIIHOTO
JIOCJILJI2KEHHSI:

— OIKCAaHO CTPYKTYPHI, Bapialliiini, iHnTerpo-jaudepeniiaibHi Ta ppakTaib-

HI BJIACTUBOCT] KOHTUHYAJbHOI'O KJacy HellepepBHUX HiJle He MOHOTOH-
HUX (DYHKIII, O3HAUECHUX B TEPMIHAX OTHOTO (J9-300paskeHHsT (apryMeH-
Ta 1 3HAYEHHsT (DYHKIIIT), 10 MatOTh HECKIHIEHHI MHOKUHE eKCTPEMY MiB,

sIK B (Qo-OlHAPHUX TOUYKAX, TakK 1 B (Jo-yHAPHUX TOUYKAX;



OTPUMAaHO YMOBH HeJiepeHIiioBHOCTI (PYHKIN BKA3aHOTO KJIACY;
pHU 3aJaHOMY (Jo-300parKeHHsT YUCes JOBEJEeHO ICHYBaHHS BOCbMU KOH-
CTPYKIIH (DYHKIIN 3 aHAJOITYHUMK BJIACTUBOCTSIMMU;

KOHCTPYKTHBHO OIIMCAHO KOHTHUHYAJbHUI KJac (DYHKIN, BU3HAYEHUX
JIAHITIOTOBOIO 3aJ1esKHICTIO (Q3-11dp 300pakents 3nadeHHs QyHKIT Bl
nap nocjaioBHuX Q5-1udp 300paKeHHs apryMeHnTa;

JIUIsl HaBeJeHOro KJacy JO0BeeHO, 110 icHye jumie 16 (yHKIi, BU3HA-
YEeHUX CTAJUMU MOCJLOBHOCTIMHE, K1 MPUPOJHIM YMHOM MOILISIIOTHCS
Ha [apu JIBOICTUX (DYHKIIINA, 31 «CXOKUMUY, aJie He 1JIeHTUIHUMU JIU-
depeHiajIbHIMI BIACTUBOCTSIMKA. 3alPOIOHOBAHO MATPUUHMIA CIIOCIO
3aJIaHHs KJiacy uX (PYHKIIN 1 JIOBEJIEHO, 1110 JIMIIE JIBl 3 dKUX € Helle-
pepaEMHU. OKpeMa yBara IpUIIseThcs y3arajJbHEHHIO iIHBepcopa (o-
300paxkeHus uncesi. s el BCTaHOBJIEHO 3B 130K 3 (DYHKINIO PO3IOJILITY
BUIIA/IKOBOI BEJIMYUHU JIBINKOBI IU(PHU sIKOT € HE3AJIEXKHUMU, & PO3IIO/Ii-
JIM BU3HAYAIOTHCSI CIPSKEHOI0 MaTpuIieio jlanoro (Q3-300parkentst. s
BUIAJIKY, KO (5-300paxkeHHs: € (Jo-300parkeHHs1, OucaHo camoaddinmi
BJIACTUBOCTI I'padika Ta IHTerpaJibHi BJaCTUBOCTI (DYHKIIIT;
BCTAHOBJICHO, 1110 33 YMOBH, KOJIM BHUIIAJKOBa BeJUUMHA & MaE €KCIIO-
HEHIIAHUI PO3IOJILJI Ha OJMHUYHOMY BIJIPI3KY, TO PO3HOiian 1udp ii
()2-300parkeHHst, BIIMIHHOIO BiJI KJIACUIHOTO JIBIHKOBOTO, € 3aJIEXKHUMNI
BUIIQIKOBUMH BEJUIUHAMHU 3 3aJIE2KHICTIO CKJIQIHIIIOI0 MapKOBCHKOI;
JIUIsl BUIIAJIKOBOI BEJMUMHE 3 He3aJexKHUMU nudpamu (Jo-300parkeHHsl,
GYHKIIIST PO3MOILIY KOl Ma€ AOJATHY MOXIIHY B KOXKHINA TOUIIl JESKOr0
BIJIpi3Ka, JOBEJECHO, IO 11 pO3HOALI € PIBHOMIPpHUM ab0 €KCIIOHEHIIii-
HUAM, IPUYIOMY MEPINUI BUTIQJ0K Ma€ MICIIEe TO/1 1 TIJILKU TO/I1, KOJIW 11~
¢pu 300pakeHHs MalOTh OJIHAKOBI PO3IIOJII/IN, BU3HAUECH] [TapaMeTpaMu
()2-300pazkeHHs; B JIpyrOMY BHIIQJIKy 300parkKeHHs € KJIACUIHUM JIBiii-
KOBHUM, PO3IOILIN IU(P BU3HAUAIOTHCI NEOMETPUIHOI0 MPOrPEeciero 3i

3HaAaMEHHUKOM %



Juceprariiina poboTa Mae TEOPETUUHUX XapaKTep, OTPUMaHI Pe3yJabTaTh MO-
J)KYyTh OyTH BUKOPHUCTAHI B MOJAJBIINX JOCIJIXKEHHAX, a TaKOXK IIPU BUBYE-
Hi MareMaTuiHuX 00'€KTiB 3 (PpaKTaJbHUMU BJIACTUBOCTAMU, O3HAUEHHS SIKUX
BUKOPUCTOBYIOTH JIBOCUMBOJIbHHI KOJIyBaHHs JIIICHUX YUCE] 3 HYJILOBOIO Ha-
JUTATITKOBICTIO, BiIMIHHI Biji (Q5-300pakennsi.

OcobJiuBicTiO pobOTH € Te, MO0 B Hiil BIieplle 3alIPOIIOHOBAHO MaTpPUIHUIA
HiJIX1J1 10 BU3HAUEHHs (DYHKIINA APYTOro Kjacy i KOHCTPYKTUBHO OINKCAHO BCI
hYHKIT 31 €TATIO0 MOPOKYIOUO0 MOCTIOBHICTIO (biHiTHUX QyHKIH (@), a
JIUIs TIEePIIOro KJIacy 3HalijieHO BCl HerepepBHi (PYHKINT 3 (PIKCOBAHOIO 3aJ1exKHi-
ctio Qo-1inhp 3HAUEHD (DYHKITIT.

Kmowosi caosa: (Qe-300parkentsi, (Q5-300pazkentst, caMoliojiibHa MHOXKHMHA,
camoriojiibHa po3MipHicTb, po3mipuicTh [ayciopda-besnkosuua, gppakraibaa
dbyukiis, inBepcop nudp QQ3-300parkentsi, ornepaTopu JiBOCTOPOHHKOIO 1 Mpa-
BOCTOPOHHBLOI'O 3CYBY (P, MHOXKUHA PiBHS (DYHKIIIT, PO3IOILI 3HAYCHDb (DYH-

KIIil, J1IeOeriBChbKa CTPYKTYpa PO3IOJILIY.



ABSTRACT

Ratushniak S. P. Fractal functions and distributions of their values. —
Qualification scientific work in the form of manuscript.

Thesis for doctor of philosophy degree in speciality 111 — Mathematics. —
Institute of Mathematics of the National Academy of Sciences of Ukraine,
Kyiv, 2021.

The thesis belongs to the field of constructive theory of real functions with
locally complicated topological, metric and fractal properties. It is devoted
to the functions defined on the segment [0;1] in terms of the two-symbol
(Qo-representation of numbers, which is a self-similar generalization of the
classical binary representation, and its non-self-similar generalization — @3-
representation of numbers.

Functions with a locally complicated structure is a popular object in mod-
ern research (purely mathematical and applied). Among the continuous func-
tions such are singular (functions whose derivative is almost everywhere in
the sense of Lebesgue measure equal to zero), nowhere monotonic (those that
have no intervals of monotony) and non-differentiable functions. This class
also includes functions having "massive” sets of features of different nature
and sets of levels; functions preserving the frequency of digits in a numeri-
cal system; functions that transform the measure and metric dimensions of
Borel sets, etc. To study them, the methods of fractal theory (fractal geome-
try and fractal analysis), ideas of self-similarity, self-affinity sets and various
systems of encoding (representations) of real numbers using different alpha-
bets (finite and infinite, constant and variable, traditional and redundant)

are widely used. Two-symbol systems of encoding of number use the alpha-



bet {0,1} = A. They provide technical convenience in computer technology
and encoding of information. Due to various reasons, they deserve special
(independent) attention.

Created in the works of M.V. Pratsiovytyi and G.M. Torbin topological,
metric and probability theories of ()5-representation of numbers have found
numerous applications in various fields of mathematics, in particular in the
theory of dynamical systems of conflict, which is developing in the works
of V.D. Koshmanenko and his followers. We used this system to develop a
constructive theory of functions with fractal properties, which are reflected
in their sets of levels, graphs, and sets essential for the function (e.g. set of
values, sets of various kinds of singularities of functions, etc.).

The thesis is largely a continuation of research of the properties of lo-
cally complicated functions, which was conducted by M.V. Pratsiovytyi and
his followers: O.M. Baranovskyi, N.A. Vasylenko, N.M. Vasylenko, Ya.V.
Goncharenko, T.M. Isaieva I.V. Zamriy, A.V. Kalashnikov, D.M. Karvatsky,
S.L. Klimchuk, O.P. Makarchuk, V.P. Markitan, Yu.P. Maslova, 1.O. Savchenko,
O.V. Svinchuk, O.B. Panasenko, A.I. Chuikov and others.

We consider @Q;-representation of numbers of segment [0; 1] determined by
an infinite two-line stochastic matrix ||q;;|| with positive elements (g;x > 0,
qor + qur = 1), satisfying the identity ]O_O[ max{qor, q1x} = 0. It is based on

k=1
the expansion of numbers in a series:

o0 k—1
T = 141—a4,1 + E (@kQI—ak,k H qaui) = Agfag...ak..ﬁ
k=2 =1

where o, € A, k € N. In this case, o € A is called the k-th Q3-digits
representation A§§a2,,,an,,, of a number z.

If gir = ¢, then a Qj-representation is called a (Qo-representation. In the
case qor = % = qir, (J5-representation is a classical binary representation.

Numbers admitting two ()5-representations, i.e. numbers of the form
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Q3 _ A@3

s am0(1) = Do, .am1(0)7 BTC called @)5-binary and number having a unique

Q5-representation are called Q)3-unary. It is obvious that set of ()5-binary
numbers is countable, while the number of Q)3-unary numbers is continuum.

In the thesis we consider functions of two continuous classes:

1. flz =A%, . )=A%

1 (0,00)p2(az,04)...0n (Q2n—1,027)...”

2. f(x = A, a,.) = Aglz(al,a2)<p2(ag,ag,)...gon(ozmanJrl)...’
where @, (a,b) : A x A — A is a function taking only finitely many distinct
values for n € N.

The thesis consists of the annotation in Ukraine and in English, list of
notations, introduction, four sections, divided into subsections, conclusions
for each section and general conclusions, list of sources, and appendix.

The introduction substantiates the relevance of the research topics, for-
mulates the purpose, object, subject, tasks and methods of research, outlines
the scientific novelty of the results obtained, their practical significance, the
connection of the work with scientific programs and the personal contribution
of the applicant, and also points out where the results of thesis have been
discussed and published.

In the first section, we systematized information related to topological,
metric and fractal properties of (Qo-representations and ()5-representations of
real numbers of segment [0; 1], geometry of these representations, foundation
of fractal analysis and fractal geometry, and reviewed the literature on the
topic of thesis.

In the second section, we constructively described a continuum class of
continuous nowhere monotonic functions, the argument and values of which
are defined in terms of ()o-representative of numbers having everywhere dense
sets of extrema at (Qo-binary points as well as at ()o-unary ones. Their struc-
tural, variational, self-similar, integral and differential properties were stud-

ied, also the properties of level sets were highlighted. We have obtained
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the conditions for nowhere differentiability of functions. Nowhere monotonic
functions of the second section are analogous to the Tribine function, nowhere
differential functions of Wunderlich and Bush. Unlike Takagi and Okamoto
functions, they reach extremes not only at ()o-binary points.

In the third section, we presents the construction of a class of functions,
the argument and values of which are given in the form of ()5-representation
of numbers (in particular, Qo-representation) of a unit segment. The depen-
dence of digits is determined by a sequence of finite functions ¢ : A x A —
A = {0, 1} on a chain of joint pairs of consecutive digits of the representation
of the argument. Special attention is paid to the inversor of digits of the
representation of the argument, which is the very interesting element of this
class of functions. Inversor is a continuous strictly decreasing function (in
fact singular for most functions) being dual to the identical transformation
of the segment.

In the fourth section, we consider two problems: 1) distributions of digits
(Qo-representation of a random variable with a given distribution; 2) dis-
tribution of a random variable generated by the distributions of digits of its
(Qo-representation, under assumption that its distribution function has a pos-
itive derivative at each point of some segment. It comprehensively solves the
second problem and answers the question about the independence of digits of
(Qo-representation of a random variable with a given exponential distribution
on a unit segment.

The appendix contains a list of the applicant’s publications on the topic
of the thesis and information on the approbation of the research results.

The main results determining the scientific novelty of the thesis are the
following:

— the structural, variational, integral, differential and fractal properties

of a continuum class of continuous nowhere monotonic functions de-

fined in terms of one (Js-representation having infinite sets of extrema
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(being either (Qo-binary or (Qo-unary) are described;

— the conditions for nowhere differentiability of functions of the specified
class are obtained;

— for a given ()s-representation of numbers the existence of eight con-
structions of functions with similar properties is proved;

— the continuum class of functions defined by the chain dependence of
(Q5-digits of the representation of the value of the function on pairs of
consecutive (J5-digits of the argument representation is constructively
described,;

— for the given class it is proved that there are only 16 functions de-
fined by constant sequences, which are naturally divided into pairs
of dual functions, with ”similar” but not identical differential prop-
erties. A matrix method of definition of the class of these functions
has been proposed. It is proved that only two of them are continuous.
Particular attention is paid to the generalization of the inversor of
the QQo-representation of numbers. We have established a connection
of the inversor with the distribution function of a random variable
whose binary digits are independent, and the distributions are deter-
mined by the conjugate matrix of a given (J5-representation. For the
case when the ()5-representation is a (Qo-representation, the self-affine
properties of the graph and the integral properties of the function are
described.

— it is established that if a random variable ¢ has an exponential dis-
tribution on a unit segment, then the distributions of digits of its
(Qo-representation other than the classical binary are dependent ran-
dom variables, and the dependence is more complex than the Markov;

— for a random variable with independent digits ()o-representation, the
distribution function of which has a positive derivative at each point

of some segment, it is proved that its distribution is uniform or ex-
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ponential, and the first case occurs if and only if the digits of the
representation have the same distributions defined by the parameters
(Qo-representation; in the second case, the representation is a classic
binary and the distributions of digits are determined by a geometric
progression with the common ratio %

Thesis is a theoretical investigation. The obtained results can be used in
further research, as well as in the study of mathematical objects with fractal
properties, whose definitions use two-symbol encoding of real numbers with
zero redundancy, distinct from the Q)3-representation.

The peculiarity of the thesis is that at the first time it proposes a matrix
approach to the definition of functions of the second class and constructively
describes all functions with a fixed generating sequence of finite functions

(), and for the first class all continuous functions with fixed dependence of

(Qo-digits of values of function were found.

Key words: (Qo-representation, ()5-representation, self-similar set, self-
similar dimension, Hausdorf-Bezikovich dimension, fractal function, inversor
of digits (J5-representation, left shift operator, right shift operator, level set of

function, distribution of values of function, Lebesgue distribution structure.



