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ÇÀÃÀËÜÍÀ ÕÀÐÀÊÒÅÐÈÑÒÈÊÀ ÐÎÁÎÒÈ

Äèñåðòàöiéíå äîñëiäæåííÿ ïðîâåäåíî ó ãàëóçi ìåòðè÷íî¨ òåîði¨ ÷èñåë.
Âîíî ïðèñâÿ÷åíå ðîçâèòêó òîïîëîãi÷íî¨, ìåòðè÷íî¨, éìîâiðíiñíî¨ i ôðà-
êòàëüíî¨ òåîðié äiéñíèõ ÷èñåë, ùî  ðóíòóþòüñÿ íà äâîñèìâîëüíié ñèñòåìi
êîäóâàííÿ ÷èñåë (G2�çîáðàæåííÿ), ÿêà ¹ àíàëîãîì âiäîìî¨ äâîîñíîâíî¨ ñè-
ñòåìè (Q2�çîáðàæåííÿ). Îáèäâi îñíîâè äðóãî¨ ñèñòåìè äîäàòíi, à ïåðøî¨
� îäíà îñíîâà äîäàòíà, à äðóãà âiä'¹ìíà. Äëÿ äðóãî¨ ñèñòåìè çàïðîïîíî-
âàíî íîâi çàñòîñóâàííÿ, à äëÿ ïåðøî¨ ñòâîðåíî íîâó öiëiñíó òåîðiþ, ÿêà
ìà¹ ðÿä ïðèíöèïîâèõ âiäìiííîñòåé âiä ðàíiøå âiäîìèõ.

Àêòóàëüíiñòü äîñëiäæåííÿ. Ñüîãîäíi â ìàòåìàòèöi i ¨¨ çàñòîñóâàí-
íÿõ âèêîðèñòîâóþòü ðiçíi ñèñòåìè êîäóâàííÿ (çîáðàæåííÿ) äiéñíèõ ÷èñåë:
çi ñêií÷åííèì i íåñêií÷åííèì, ñòàëèì i çìiííèì àëôàâiòàìè; ç íóëüîâîþ,
åêñòðàíóëüîâîþ é íåíóëüîâîþ íàäëèøêîâiñòþ. Íà îêðåìó óâàãó çàñëóãî-
âóþòü äâîñèìâîëüíi ñèñòåìè, ÿêi âèêîðèñòîâóþòü àëôàâiò A = {0; 1} i
ìàþòü çà êîä (ôîðìàëüíèé çàïèñ) ÷èñëà ïîñëiäîâíiñòü íóëiâ i îäèíèöü.
�õíÿ ðîëü ó íàóöi é òåõíiöi âàãîìà. Ñåðåä íèõ iñòîðè÷íî ïåðøîþ áóëà
êëàñè÷íà äâiéêîâà ñèñòåìà (Ôî Ãi, 4 ñò. äî í.å.), ÿêà âèêîðèñòîâó¹ îñíîâó
2, ìà¹ ïðîñòó àðèôìåòèêó (Ã. Ëåéáíiö, 1697 ð.) i ãåîìåòðiþ, ¹ óíiâåðñàëü-
íèì ñïîñîáîì êîäóâàííÿ iíôîðìàðìàöi¨ â öèôðîâié òåõíiöi (Äæîí ôîí
Íåéìàí, 1946 ð.). Ìîäåëëþ äiéñíîãî ÷èñëà ó öié ñèñòåìi ¹ äîäàòíèé äâié-
êîâèé ðÿä. Çãîäîì âèíèêëà íåãà�äâiéêîâà ñèñòåìà (Âiòòîðiî Ãðþíâàëüä,
1885 ð.), îñíîâîþ ÿêî¨ ¹ ÷èñëî (−2), à ìîäåëëþ ÷èñëà � ëàêóíàðíèé çíà-
êîïî÷åðåæíèé ðÿä. Iùå ïiçíiøå äî ðîçãëÿäó áóëè ââåäåíi ñèñòåìè çi äðî-
áîâîþ (i íàâiòü iððàöiîíàëüíîþ) îñíîâîþ (Äæ. Áåðãìàí, 1957 ð.). Çíå-
äàâíà ïî÷àëè âèêîðèñòîâóâàòè äâîîñíîâíi (Ïðàöüîâèòèé Ì.Â., 1986 ð.) i
ïîëiîñíîâíi (Ïðàöüîâèòèé Ì.Â., Òîðáií Ã.Ì., 1992 ð.) ñèñòåìè, à òàêîæ
áåçîñíîâíi ñèñòåìè: ôiáîíà÷i¹âå (Ñòàõîâ À.Ï., Âàñèëåíêî Í.Ì., Ïðàöüîâè-
òèé Ì.Â.), ìåäiàíòíå çîáðàæåííÿ (Ïðàöüîâèòèé Ì.Â., Äìèòðåíêî Ñ.Î.),
ìàðêîâñüêå (Ïðàöüîâèòèé Î.Ì.) çîáðàæåííÿ, ëàíöþãîâå A2�çîáðàæåííÿ
(Äìèòðåíêî Ñ.Î., Êþð÷åâ Ä.Â., Ïðàöüîâèòèé Ì.Â., 2009 ð.) òà ií. Êî-
æíà ç äâîñèìâîëüíèõ ñèñòåì ìà¹ ñâîþ ñïåöèôiêó, ãåîìåòðiþ (ìåòðè÷íó
i ïîçèöiéíó), íiøó ïðîäóêòèâíèõ çàñòîñóâàíü i ïåðñïåêòèâè äëÿ ðîçâè-
òêó òà çàñòîñóâàíü. Íåïåðåðâíà ìàòåìàòèêà âçà¹ìîäi¹ ç êîíòèíóàëüíèìè
ìíîæèíàìè i íåïåðåðâíèìè âiäîáðàæåííÿìè é ìiðàìè. Ïîòåíöiàë äâîñèì-
âîëüíèõ ñèñòåì çîáðàæåííÿ ÷èñåë äëÿ íå¨ íåâè÷åðïíèé.

Ñèñòåìè êîäóâàííÿ ÷èñåë çàáåçïå÷óþòü iíñòðóìåíòàðié äëÿ ðîçâèòêó
òåîði¨ ÷èñåë, òåîði¨ ôðàêòàëiâ, êîíñòðóêòèâíî¨ òåîði¨ ëîêàëüíî ñêëàäíèõ
ôóíêöié, ñèíãóëÿðíèõ ìið, ðîçïîäiëiâ éìîâiðíîñòåé íà ôðàêòàëàõ, äè-
íàìi÷íèõ ñèñòåì çi ôðàêòàëüíèìè àòðàêòîðàìè òîùî. Äåòàëüíèé îïèñ
ãåîìåòðè÷íèõ âëàñòèâîñòåé (ãåîìåòði¨) çîáðàæåííÿ, à ñàìå: âëàñòèâîñòåé
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öèëiíäðè÷íèõ i õâîñòîâèõ ìíîæèí, ìåòðè÷íèõ âiäíîøåíü, ðîçâ'ÿçêiâ ìå-
òðè÷íèõ çàäà÷, äà¹ çìîãó êîìïàêòèçóâàòè çàäàííÿ îá'¹êòiâ, âèâ÷àòè ¨õíi
ñòðóêòóðó i âëàñòèâîñòi, îïèñóâàòè äèíàìiêó é ôiíàëüíi ñòàíè. Ðîçâèòîê
òåîði¨ âiäîìèõ ñèñòåì êîäóâàííÿ ÷èñåë ïîñèëþ¹ iíòåðåñ äî íîâèõ ïåðñïå-
êòèâíèõ äëÿ çàñòîñóâàíü ñèñòåì, ïðèíöèïîâî âiäìiííèõ âiä íàÿâíèõ.

Ó öié ðîáîòi, ïðîäîâæóþ÷è äîñëiäæåííÿ i ðîçãëÿä íîâèõ çàñòîñóâàíü
âiäîìèõ ñèñòåì êîäóâàííÿ ÷èñåë, ìè çàïðîâàäæó¹ìî íîâó ñèñòåìó, ÿêà
¹ ïåâíèì àíàëîãîì íàÿâíèõ (Q2�çîáðàæåííÿ, íåãà�äâiéêîâå çîáðàæåí-
íÿ), àëå ìà¹ ñâî¨ ñïåöèôi÷íi îñîáëèâîñòi òîïîëîãî�ìåòðè÷íîãî õàðàêòå-
ðó.Âîäíî÷àñ öå ïîòóæíèé iíñòðóìåíò ðîçâèòêó ôðàêòàëüíî¨ ãåîìåòði¨ òà
ôðàêòàëüíîãî àíàëiçó (ìíîæèí, ôóíêöié, ìið òîùî).

Äâi ñèñòåìè êîäóâàííÿ ÷èñåë íàçèâàþòüñÿ òîïîëîãi÷íî åêâiâàëåíòíè-
ìè, ÿêùî ïðîåêòîð öèôð çîáðàæåííÿ ÷èñëà â ïåðøié ñèñòåìi íà òi ñàìi
öèôðè iíøî¨ ñèñòåìè � öå íåïåðåðâíà ñòðîãî ìîíîòîííà ôóíêöiÿ.

Êëàñè÷íà òåîðiÿ ðÿäiâ Ôóð'¹ ïîâ'ÿçàíà ç ðîçêëàäàìè ôóíêöié çà ñè-
íóñî¨äàëüíèìè ãàðìîíiêàìè. Àëüòåðíàòèâíîþ òåîði¹þ ðîçêëàäiâ ôóíêöié
ó ðÿäè çà îðòîíîðìîâàíîþ ñèñòåìîþ ôóíêöié ¹ òåîðiÿ ðÿäiâ Óîëøà. Ñè-
ñòåìó ôóíêöié Óîëøà, ãðàôiê ÿêèõ ¹ ¾ïðÿìîêóòíi¿ õâèëi, ââiâ 1923 ðîêó
àìåðèêàíñüêèé ìàòåìàòèê Äæ. Óîëø. ßê ç'ÿñóâàëîñü, â òåîði¨ ïåðåäà-
÷i ñèãíàëiâ òàêi õâèëi ìàþòü ñóòò¹âi ïåðåâàãè. Iñíó¹ íå ëèøå ãëèáîêèé
ïàðàëåëiçì ìiæ òåîði¹þ ðÿäiâ Óîëøà i êëàñè÷íîþ òåîði¹þ òðèãîíîìåòðè-
÷íèõ ðÿäiâ, à é ïðèíöèïîâi âiäìiííîñòi. Ñèñòåìà ôóíêöié Óîëøà, áóâøè
îäíèì iç íàéïðîñòiøèõ ïðèêëàäiâ ïîâíî¨ îðòîíîðìîâàíî¨ ñèñòåìè, öiêà-
âà ç ïîãëÿäó òåîði¨ çàãàëüíèõ îðòîãîíàëüíèõ ðÿäiâ. Çà ìèíóëi ïiâñòîði÷-
÷ÿ ç'ÿâèëîñü ÷èìàëî ðîáiò, ïîâ'ÿçàíèõ iç çàñòîñóâàííÿìè ôóíêöié i ðÿ-
äiâ Óîëøà â îá÷èñëþâàëüíié ìàòåìàòèöi, â òåîði¨ êîäóâàííÿ, â öèôðîâié
îáðîáöi ñèãíàëiâ òîùî. Îäíèì iç ïðèðîäíèõ øëÿõiâ óçàãàëüíåííÿ ôóí-
êöié Ðàäåìàõåðà é Óîëøà, ïåðåòâîðåíü i ðÿäiâ Óîëøà, ÿêi òiñíî ïîâ'ÿçàíi
çi êëàñè÷íèì äâiéêîâèì çîáðàæåííÿì ÷èñåë, ¹ âèêîðèñòàííÿ çàãàëüíiøèõ
äâîñèìâîëüíèõ çîáðàæåíü ÷èñåë, çîêðåìà Q2�çîáðàæåííÿ ÷èñåë. Öÿ iäåÿ
ðåàëiçó¹òüñÿ ó íàøié ðîáîòi.

Íåïåðåðâíi íiäå íå ìîíîòîííi ôóíêöi¨ âiäíåäàâíà ñòàëè îá'¹êòàìè ïiä-
âèùåíîãî íàóêîâîãî iíòåðåñó ÿê iç áîêó òåîði¨ ôðàêòàëiâ, òàê i ç áîêó òåî-
ði¨ ôóíêöi¨ ç ëîêàëüíî ñêëàäíèìè âëàñòèâîñòÿìè, îñêiëüêè ç'ÿâèëèñÿ íîâi
çàñîáè ¨õíüîãî òåîðåòè÷íîãî àíàëiçó. Äëÿ ïîãëèáëåííÿ ¨õíüî¨ iíäèâiäóàëü-
íî¨ é çàãàëüíî¨ òåîði¨ øèðîêî âèêîðèñòîâóþòüñÿ ðiçíi ñèñòåìè êîäóâàííÿ
÷èñåë. Ïîíàä òå, òàêi ôóíêöi¨ âñå ÷àñòiøå ôiãóðóþòü ó äîñëiäæåííÿõ iç
iíøèõ ãàëóçåé íàóêè. Äëÿ êîíñòðóþâàííÿ i äîñëiäæåííÿ øèðîêîãî êëà-
ñó íåïåðåðâíèõ íiäå íå ìîíîòîííèõ ôóíêöié íåîáìåæåíî¨ âàðiàöi¨ ó öié
ðîáîòi ìè âèêîðèñòîâó¹ìî ïîëiîñíîâíå Q∗s�çîáðàæåííÿ ÷èñåë.
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Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè.
Ðîáîòà âèêîíàíà ó ðàìêàõ äîñëiäæåíü ìàòåìàòè÷íèõ îá'¹êòiâ çi ñêëà-
äíîþ ëîêàëüíîþ áóäîâîþ, ùî ïðîâîäÿòüñÿ íà êàôåäði âèùî¨ ìàòåìàòèêè
Íàöiîíàëüíîãî ïåäàãîãi÷íîãî óíiâåðñèòåòó iìåíi Ì. Ï. Äðàãîìàíîâà é ó
ëàáîðàòîði¨ ôðàêòàëüíîãî àíàëiçó Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè.
Äîñëiäæåííÿ ïðîâîäèëîñü ó ðàìêàõ òàêèõ íàóêîâî�äîñëiäíèõ òåì:

� Äîñëiäæåííÿ åâîëþöiéíèõ äåòåðìiíîâàíèõ òà ñòîõàñòè÷íèõ ñèñòåì
ñêëàäíî¨ òîïîëîãî�ìåòðè÷íî¨ ñòðóêòóðè. Ôðàêòàëüíi âëàñòèâîñòi,
êåðîâàíiñòü (íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0115U00557);

� Ìîäåëþâàííÿ òà ôðàêòàëüíèé àíàëiç äèíàìi÷íèõ ñèñòåì ç ëîêàëü-
íî ñêëàäíèìè âiäîáðàæåííÿìè (íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨
0116U00850);

� Ôðàêòàëüíà ãåîìåòðiÿ ÷èñëîâèõ ðÿäiâ i ôðàêòàëüíèé àíàëiç ñòîõà-
ñòè÷íèõ îá'¹êòiâ, ç íèìè ïîâ'ÿçàíèõ (íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨
0118U002059);

� Ñòàòèñòèêà ñèíãóëÿðíèõ ðîçïîäiëiâ éìîâiðíîñòåé i ôðàêòàëüíi íå-
ïåðåðâíi ôóíêöi¨ âèïàäêîâèõ âåëè÷èí (íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨
0119U002582).

Îá'¹êò äîñëiäæåííÿ. Äâîîñíîâíi ñèñòåìè êîäóâàííÿ äiéñíèõ ÷èñåë
çàñîáàìè äâîñèìâîëüíîãî àëôàâiòó, ¨õíÿ ãåîìåòðiÿ i çàñòîñóâàííÿ.

Ïðåäìåòîì äîñëiäæåííÿ ¹ âëàñòèâîñòi (òîïîëîãi÷íi, ìåòðè÷íi, ôðà-
êòàëüíi, éìîâiðíiñíi òîùî) çîáðàæåíü äiéñíèõ ÷èñåë, ÿêi  ðóíòóþòüñÿ íà
äâîîñíîâíèõ ðîçêëàäàõ ÷èñåë ó ðÿäè (äîäàòíi àáî çíàêîçìiííi). Îñíîâàìè
äëÿ ðîçêëàäó ÷èñåë ¹ äâà äîäàòíi ÷è äâà ðiçíîçíàêîâi ÷èñëà. Ñêëàäîâîþ
ïðåäìåòó äîñëiäæåííÿ ¹ ðiçíîïëàíîâi çàñòîñóâàííÿ öèõ äâîñèìâîëüíèõ
ñèñòåì êîäóâàííÿ äiéñíèõ ÷èñåë ó ìåòðè÷íié i éìîâiðíiñíié òåîðiÿõ ÷èñåë
i êîíñòðóêòèâíié òåîði¨ ôóíêöié.

Ìåòà. Îá ðóíòóâàòè íîâó äâîîñíîâíó ñèñòåìó êîäóâàííÿ äiéñíèõ ÷è-
ñåë çàäàíîãî âiäðiçêà çàñîáàìè äâîñèìâîëüíîãî àëôàâiòó, ÿêà íå ¹ òîïî-
ëîãi÷íî åêâàëåíòíîþ äî êëàñè÷íî¨ äâiéêîâî¨ ñèñòåìè, ïðîòå ¹ ìåòðè÷íèì
àíàëîãîì Q2�çîáðàæåííÿì ÷èñåë. Äåòàëüíî âèâ÷èòè ¨¨ ãåîìåòðiþ (ãåî-
ìåòðè÷íèé çìiñò öèôð, âëàñòèâîñòi öèëiíäðè÷íèõ i õâîñòîâèõ ìíîæèí,
òîïîëîãî�ìåòðè÷íi âëàñòèâîñòi ìíîæèí ÷èñåë, âèçíà÷åíèõ îáìåæåííÿìè
íà âæèâàííÿ öèôð), çíàéòè ïðèðîäíi çàñòîñóâàííÿ â ðiçíèõ ãàëóçÿõ ìà-
òåìàòèêè.

Çàâäàííÿ äèñåðòàöiéíîãî äîñëiäæåííÿ ïîëÿãà¹ â ïîäàëüøîìó.
1. Äëÿ íîâî¨ äâîîñíîâíî¨ i äâîñèìâîëüíî¨ ñèñòåìè êîäóâàííÿ äiéñíèõ

÷èñåë ïîáóäóâàòè öiëiñíó òîïîëîãî�ìåòðè÷íó i ôðàêòàëüíó òåîði¨;
ðîçâ'ÿçàòè áàçèñíi çàäà÷i âiäïîâiäíî¨ éìîâiðíiñíî¨ òåîði¨; ïðîäå-
ìîíñòðóâàòè åôåêòèâíiñòü íîâî¨ ñèñòåìè äëÿ ðîçâèòêó êîíñòðó-
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êòèâíî¨ òåîði¨ íåïåðåðâíèõ ëîêàëüíî ñêëàäíèõ ôóíêöié i òåîði¨
äèíàìi÷íèõ ñèñòåì.

2. Ðîçãëÿíóòè ïåðåòâîðåííÿ, ùî çáåðiãàþòü õâîñòè çîáðàæåííÿ ÷èñåë
ó íîâié ñèñòåìi, âèâ÷èòè ¨õíi ãðóïîâi âëàñòèâîñòi é iíâàðiàíòè.

3. Çàïðîïîíóâàòè óçàãàëüíåííÿ ôóíêöié i ðÿäiâ Óîëøà íà îñíîâi âè-
êîðèñòàííÿ âiäîìî¨ äâîîñíîâíî¨ ñèñòåìè çîáðàæåííÿ ÷èñåë (Q2�
çîáðàæåííÿ) i âèâ÷èòè ¨õíi âëàñòèâîñòi.

4. Íà îñíîâi òðèñèìâîëüíîãî Q3�çîáðàæåííÿ äiéñíèõ ÷èñåë ïîáóäó-
âàòè àíàëîã íåïåðåðâíî¨ íiäå íå äèôåðåíöiéîâíî¨ ôóíêöi¨ Áóøà
� Âóíäåðëiõà i Òðèáií�ôóíêöi¨ ç äåòàëüíèì îá ðóíòóâàííÿ äèôå-
ðåíöiàëüíèõ âëàñòèâîñòåé.

Ìåòîäè äîñëiäæåííÿ. Ó ðîáîòi âèêîðèñòîâóâàëèñü ìåòîäè ìåòðè-
÷íî¨ é éìîâiðíiñíî¨ òåîði¨ ÷èñåë, ìàòåìàòè÷íîãî àíàëiçó, ôðàêòàëüíî¨ ãåî-
ìåòði¨ i ôðàêòàëüíîãî àíàëiçó, êîíñòðóêòèâíî¨ òåîði¨ ëîêàëüíî ñêëàäíèõ
ôóíêöié.

Íàóêîâà íîâèçíà îäåðæàíèõ ðåçóëüòàòiâ. Îñíîâíi íàóêîâi ðå-
çóëüòàòè, ùî âèíîñÿòüñÿ íà çàõèñò, òàêi.

1. Ðîçðîáëåíî àíàëiòè÷íó ñèñòåìó êîäóâàííÿ (G2-çîáðàæåííÿ) ÷èñåë
âiäðiçêà [0; g0] çàñîáàìè äâîñèìâîëüíîãî àëôàâiòó A ≡ {0; 1} iç
äâîìà ðiçíîçíàêîâèìè îñíîâàìè: g0 ∈ (0; 1) i g1 = g0 − 1, ÿêà  ðóí-
òó¹òüñÿ íà ðîçêëàäi ÷èñëà ó ðÿä; âèâ÷åíî ¨¨ ãåîìåòðiþ (ãåîìåòðè-
÷íèé çìiñò öèôð, âëàñòèâîñòi öèëiíäðè÷íèõ i õâîñòîâèõ ìíîæèí,
ãåîìåòðè÷íèõ ïåðåòâîðåíü, ùî çáåðiãàþòü õâîñòè çîáðàæåííÿ).

2. Îïèñàíî âëàñòèâîñòi îïåðàòîðiâ ëiâîñòîðîííüîãî i ïðàâîñòîðîí-
íüîãî çñóâiâ i ç ¨õíiìè âèêîðèñòàííÿì ïîáóäîâàíî íåñêií÷åííó íå-
êîìóòàòèâíó ãðóïó ïåðåòâîðåíü âiäðiçêà, ÿêi çáåðiãàþòü õâîñòè
G2�çîáðàæåííÿ ÷èñåë. Ïðè öüîìó äîâåäåíî, ùî îïåðàòîð ëiâîñòî-
ðîííüîãî çñóâó öèôð G2�çîáðàæåííÿ � öå íåïåðåðâíà ôóíêöiÿ,
ùî ïðèíöèïîâî âiäðiçíÿ¹ òàêå çîáðàæåííÿ âiä ðàíiøå âèâ÷åíèõ.

3. Çäiéñíåíî ïîðiâíÿëüíèé àíàëiç âëàñòèâîñòåéG2�çîáðàæåííÿ çi äâî-
îñíîâíèì Q2�çîáðàæåííÿì (îáèäâi îñíîâè äîäàòíi) ÷åðåç ïðîåêòîð
öèôð îäíîãî çîáðàæåííÿ íà iíøå.

4. Äîâåäåíî, ùî iíâåðñîð öèôð G2�çîáðàæåííÿ öèôð íå ìà¹ âëàñòè-
âîñòåé íåïåðåðâíîñòi é ìîíîòîííîñòi. Öå ïðèíöèïîâî âiäðiçíÿ¹ öå
çîáðàæåííÿ âiä iíøèõ, ðàíiøå âèâ÷åíèõ.

5. Çàêëàäåíî îñíîâè éìîâiðíiñíî¨ òåîði¨ G2�çîáðàæåííÿ äiéñíèõ ÷è-
ñåë ç âèêîðèñòàííÿì ñïîðiäíåíîñòi G2� i Q2�çîáðàæåíü.

6. Çàïðîïîíîâàíî óçàãàëüíåííÿ ôóíêöié Ðàäåìàõåðà é Óîëøà, ÿêi
 ðóíòóþòüñÿ íà Q2-çîáðàæåííi äiéñíèõ ÷èñåë, ùî ¹ ñàìîïîäiáíèì,
òîïîëîãi÷íî åêâiâàëåíòíèì óçàãàëüíåííÿì êëàñè÷íîãî äâiéêîâîãî
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çîáðàæåííÿ ÷èñåë x ∈ [0; 1]. Äîñëiäæåíî iíòåãðàëüíi âëàñòèâîñòi
öèõ ôóíêöié, çîêðåìà äîâåäåíî, ùî óçàãàëüíåíi ôóíêöi¨ Ðàäåìà-
õåðà óòâîðþþòü îðòîãîíàëüíó ñèñòåìó ôóíêöié. Äëÿ êîæíî¨ óçà-
ãàëüíåíî¨ ôóíêöi¨ Óîëøà çíàéäåíî ¨¨ àíàëiòè÷íèé âèðàç.

7. Çàïðîïîíîâàíî òðiéêîâèé àíàëîã ôóíêöié Ðàäåìàõåðà i éîãî óçà-
ãàëüíåííÿ íà îñíîâi Q3�çîáðàæåííÿ äiéñíèõ ÷èñåë âiäðiçêà [0; 1],
ùî ¹ òðèñèìâîëüíèì ñàìîïîäiáíèì êîäóâàííÿì ÷èñåë iç íóëüîâîþ
íàäëèøêîâiñòþ. Äîâåäåíî êiëüêà ñïiââiäíîøåíü, ùî ñòîñóþòüñÿ
íîâîãî ïîíÿòòÿ.

8. Çàïðîïîíîâàíî óçàãàëüíåííÿ íåïåðåðâíèõ íåäèôåðåíöiéîâíèõ ôóí-
êöié Áóøà, Âóíäåðëiõà, Òðèáií�ôóíêöi¨, ÿêå  ðóíòó¹òüñÿ íà Q∗s�
çîáðàæåííi ÷èñåë âiäðiçêà [0; 1] çi çáåðåæåííÿì âëàñòèâîñòåé íå-
ïåðåðâíîñòi, íiäå íå ìîíîòîííîñòi, àâòîìîäåëüíîñòi. Âèâ÷åíî âàði-
àöiéíi âëàñòèâîñòi ôóíêi¨, îïèñàíî âëàñòèâîñòi ¨¨ ðiâíiâ, çîêðåìà
¨õíþ ìàñèâíiñòü.

Îäåðæàíi ðåçóëüòàòè íîâi, ñòðîãî i öiëêîì îá ðóíòîâàíi.
Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ. Ðîáîòà ìà¹ òåîðå-

òè÷íèé õàðàêòåð, àëå îòðèìàíi ðåçóëüòàòè ìîæóòü áóòè âèêîðèñòàíi â
ïîäàëüøèõ äîñëiäæåííÿõ ó ðiçíèõ ãàëóçÿõ ìàòåìàòèêè: òåîði¨ ÷èñåë, òåî-
ði¨ ñèíãóëÿðíèõ ðîçïîäiëiâ éìîâiðíîñòåé, êîíñòðóêòèâíié òåîði¨ ôóíêöié
ç ôðàêòàëüíèìè âëàñòèâîñòÿìè, òåîði¨ äèíàìi÷íèõ ñèñòåì.

Îñîáèñòèé âíåñîê çäîáóâà÷êè. Íàóêîâi ðåçóëüòàòè, ÿêi âèíîñÿòüñÿ
íà çàõèñò, îòðèìàëà àâòîðêà ñàìîñòiéíî. Íàóêîâîìó êåðiâíèêó íàëåæàòü
ïîñòàíîâêè çàäà÷, äåÿêi iäå¨ ùîäî ìåòîäiâ îá ðóíòóâàííÿ ãiïîòåòè÷íèõ
òâåðäæåíü i ïåðåâiðêà ¨õíüîãî äîâåäåííÿ. Ñïiâàâòîðàì ñïiëüíèõ ïóáëiêà-
öié íàëåæàòü òâåðäæåííÿ, ÿêi äî äèñåðòàöi¨ íå ââiéøëè.

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Ðåçóëüòàòè äèñåðòàöiéíîãî äî-
ñëiäæåííÿ äîïîâiäàëèñÿ íà êîíôåðåíöiÿõ ðiçíèõ ðiâíiâ i íàóêîâèõ ñåìiíà-
ðàõ, à ñàìå:

1. IV âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ ìîëîäèõ â÷åíèõ ç ìàòåìà-
òèêè òà ôiçèêè, Êè¨â, 23 � 25 êâiòíÿ 2015;

2. Ìiæíàðîäíà íàóêîâî�ìåòîäè÷íà êîíôåðåíöiÿ ¾Ñó÷àñíi íàóêîâî�
ìåòîäè÷íi ïðîáëåìè ìàòåìàòèêè ó âèùié øêîëi¿, Êè¨â, 25�26 ÷åðâ-
íÿ 2015;

3. V âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ ìîëîäèõ â÷åíèõ ç ìàòåìàòè-
êè òà ôiçèêè ¾Àêòóàëüíi ïðîáëåìè ñó÷àñíî¨ ìàòåìàòèêè i ôiçèêè
òà ìåòîäèêè ¨õ íàâ÷àííÿ¿, Êè¨â, 25�26 êâiòíÿ 2016;

4. Âñåóêðà¨íñüêà íàóêîâî�ìåòîäè÷íà êîíôåðåíöiÿ ¾Ñó÷àñíi íàóêîâî�
ìåòîäè÷íi ïðîáëåìè ìàòåìàòèêè ó âèùié øêîëi¿, Êè¨â, 7�8 æîâòíÿ
2016;
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5. VI âñåóêðà¨íñüêà êîíôåðåíöiÿ ìîëîäèõ â÷åíèõ ç ìàòåìàòèêè òà
ôiçèêè, Êè¨â, 21�22 êâiòíÿ 2017;

6. Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ ¾Àñèïòîòè÷íi ìåòîäè â òåîði¨
äèôåðåíöiàëüíèõ ðiâíÿíü¿, Êè¨â, 13�14 ãðóäíÿ 2017;

7. Ìiæíàðîäíà íàóêîâà-ïðàêòè÷íà êîíôåðåíöiÿ ¾Ñó÷àñíi ïðîáëåìè
ôiçèêî-ìàòåìàòè÷íî¨ îñâiòè i íàóêè¿, Êè¨â, 25�26 òðàâíÿ 2017;

8. VII âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ ñòóäåíòiâ, àñïiðàíòiâ òà
ìîëîäèõ â÷åíèõ ç ìàòåìàòèêè, Êè¨â, 19�20 êâiòíÿ 2018;

9. VIII âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ ìîëîäèõ â÷åíèõ ç ìàòå-
ìàòèêè òà ôiçèêè ¾Àêòóàëüíi ïðîáëåìè ñó÷àñíî¨ ìàòåìàòèêè i ôi-
çèêè òà ìåòîäèêè ¨õ íàâ÷àííÿ¿, Êè¨â, 23 òðàâíÿ 2019;

10. Sixth International Conference on Analytic Number Theory and Spati-
al Tesellatons, Kyiv, September 24�28, 2018;

11. The XII International Algebraic Conference in Ukraine dedicated to
the 215th anniversary of V. Bunyakovsky, Vinnytsia, July 02�06, 2019.

12. IX Âñåóêðà¨íñüêà êîíôåðåíöiÿ ñòóäåíòiâ, àñïiðàíòiâ òà ìîëîäèõ
â÷åíèõ ç ìàòåìàòèêè, Êè¨â, 10�11 êâiòíÿ 2020;

13. V Ìiæíàðîäíà íàóêîâî-ïðàêòè÷íà êîíôåðåíöiÿ ¾Âiäêðèòi åâîëþ-
öiîíóþ÷i ñèñòåìè¿, Êè¨â, 19�21 òðàâíÿ, 2020;

14. Ñåìiíàð ç ôðàêòàëüíî àíàëiçó Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨-
íè òà ÍÏÓ iìåíi Ì.Ï. Äðàãîìàíîâà (êåðiâíèê: ä�ð ôiç.�ìàò. íàóê,
ïðîôåñîð Ïðàöüîâèòèé Ì.Â.).

Ïóáëiêàöi¨. Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ îïóáëiêîâàíî â 7 ñòàòòÿõ
[1]�[7] ó íàóêîâèõ âèäàííÿõ, ÿêi âõîäÿòü äî ïåðåëiêó ôàõîâèõ âèäàíü ÌÎÍ
Óêðà¨íè, ñåðåä íèõ îäíà ñòàòòÿ [4] � ó æóðíàëi, ÿêèé iíäåêñó¹òüñÿ ìiæíà-
ðîäíîþ íàóêîìåòðè÷íîþ áàçîþ ¾MathSciNet¿, ñòàòòÿ [7] � ó æóðíàëi, ùî
âõîäèòü äî ìiæíàðîäíî¨ íàóêîìåòðè÷íî¨ áàçè äàíèõ Scopus. Ðåçóëüòàòè
äîñëiäæåííÿ íàâåäåíi òàêîæ ó ìàòåðiàëàõ êîíôåðåíöié [8]�[20].

Ñòðóêòóðà é îáñÿã äèñåðòàöi¨. Äèñåðòàöiÿ ñêëàäà¹òüñÿ ç àíîòàöi¨,
âñòóïó, ÷îòèðüîõ ðîçäiëiâ, ðîçáèòèõ íà ïiäðîçäiëè, âèñíîâêiâ äî êîæíîãî
ðîçäiëó é çàãàëüíèõ âèñíîâêiâ, ñïèñêó âèêîðèñòàíèõ äæåðåë (140 íàéìå-
íóâàíü) i äîäàòêà (ñïèñîê ïóáëiêàöi¨ àâòîðêè, 20 íàéìåíóâàíü), ñïèñêó
óìîâíèõ ïîçíà÷åíü. Çàãàëüíèé îáñÿã ðîáîòè � 136 ñòîðiíîê.

ÎÑÍÎÂÍÈÉ ÇÌIÑÒ ÐÎÁÎÒÈ

Ó âñòóïi îá ðóíòîâàíî àêòóàëüíiñòü äîñëiäæåííÿ, âèçíà÷åíî éîãî
îá'¹êò, ïðåäìåò, ìåòó i çàâäàííÿ, çàçíà÷åíî íàóêîâó íîâèçíó îäåðæàíèõ
ðåçóëüòàòiâ, îñîáèñòèé âíåñîê çäîáóâà÷êè, âèñâiòëåíî àïðîáàöiþ ðåçóëü-
òàòiâ äèñåðòàöiéíî¨ ðîáîòè é âèñâiòëåííÿ ¨õ ó ïóáëiêàöiÿõ.
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Ïåðøèé ðîçäië ¾Îãëÿä ëiòåðàòóðè é êîíöåïòóàëüíi çàñàäè
äîñëiäæåííÿ¿ ìà¹ âñòóïíèé õàðàêòåð. Ó íüîìó ñèñòåìàòèçîâàíî âiäî-
ìîñòi, ùî ñòîñóþòüñÿ ¾ãåîìåòði¨¿ Q∗s-çîáðàæåííÿ äiéñíèõ ÷èñåë, ÿêå äà-
ëi âèêîðèñòîâó¹òüñÿ äëÿ êîíñòðóþâàííÿ é äîñëiäæåííÿ ëîêàëüíî ñêëà-
äíèõ ôóíêöié, ïðîâåäåíî îãëÿä ëiòåðàòóðè i íàâåäåíî ôàêòè, íåîáõiäíi
äëÿ ïîäàëüøîãî äîñëiäæåííÿ îá'¹êòiâ.

Äðóãèé ðîçäië ¾Íîâà äâîîñíîâíà ñèñòåìà êîäóâàííÿ ÷èñåë
âiäðiçêà [0; g0] iç ðiçíîçíàêîâèìè îñíîâàìè¿ ó äèñåðòàöi¨ îñíîâíèé.
Ó íüîìó îá ðóíòîâóþòü äâîîñíîâíå i äâîñèìâîëüíå G2�çîáðàæåííÿ ÷è-
ñåë [0; g0] ⊂ [0; 1] iç îñíîâàìè g0 ∈ ( 1

2 ; 1) i g1 ≡ g0 − 1 < 0; äîâåäåíî, ùî
ïåðåâàæíà êiëüêiñòü ÷èñåë ìà¹ ¹äèíå çîáðàæåííÿ (G2�óíàðíèìè ÷èñëà-
ìè), à ÷èñëà çëi÷åííî¨ ìíîæèíè ìàþòü ¨õ äâà: ∆G2

c1...cm01(0) = ∆G2

c1...cm11(0)

(G2�áiíàðíèìè ÷èñëàìè); âèâ÷à¹òüñÿ ¨¨ ãåîìåòðiÿ, ðîçâ'ÿçóþòüñÿ ïîçè-
öiéíi é ìåòðè÷íi çàäà÷i, ñèñòåìíî âèáóäîâóþòüñÿ îñíîâè ìåòðè÷íî¨ òà
éìîâiðíiñíî¨ òåîðié ÷èñåë ó öüîìó çîáðàæåííi. Âñòàíîâëåíî ïðàâèëà ïî-
ðiâíÿííÿ ÷èñåë çà ¨õíiìè çîáðàæåííÿìè, çäiéñíåíî ïîðiâíÿëüíèé àíà-
ëiç G2�çîáðàæåííÿ ç Q2�çîáðàæåííÿì (çîêðåìà îáãðóíòîâàíî âëàñòèâîñòi
ïðîåêòîðà öèôð îäíîãî çîáðàæåííÿ íà iíøå), âèâ÷åíî âëàñòèâîñòi îïå-
ðàòîðiâ: ω � ëiâîñòîðîííüîãî é τ0 i τ1 � ïðàâîñòîðîííiõ çñóâiâ öèôð:
ω(∆G2

α1α2...αn...) = ∆G2
α2α3...αn..., τi

(
∆G2
α1α2...αn...

)
= ∆G2

iα1α2...αn...
. Äîâåäåíî,

ùî îïåðàòîð ëiâîñòîðîííüîãî çñóâó öèôð çîáðàæåííÿ ÷èñåë íåïåðåðâíèé,
à iíâåðñîð öèôð çîáðàæåííÿ I(∆G2

α1α2...αn...) = ∆G2

[1−α1][1−α2]...[1−αn]... � öå
âñþäè ðîçðèâíà, íiäå íå ìîíîòîííà ôóíêöiÿ. Öi äâà ôàêòè ïðèíöèïîâî
âiäðiçíÿþòü öå çîáðàæåííÿ âiä iíøèõ âiäîìèõ äâîñèìâîëüíèõ çîáðàæåíü.

Ó öüîìó ðîçäiëi âèâ÷àþòüñÿ âëàñòèâîñòi õâîñòîâèõ ìíîæèí i íåïåðåðâ-
íi ïåðåòâîðåííÿ âiäðiçêà (ái¹êòèâíi âiäîáðàæåííÿ âiäðiçêà íà ñåáå), ÿêi
çáåðiãàþòü õâîñòè çîáðàæåííÿ ÷èñåë. Äîâåäåíî, ùî ìíîæèíà âñiõ íåïå-
ðåðâíèõ ïåðåòâîðåíü âiäðiçêà [0; g0], ÿêi çáåðiãàþòü õâîñòèG2�çîáðàæåííÿ
÷èñåë, ñòîñîâíî îïåðàöi¨ ¾êîìïîçèöiÿ¿ (ñóïåðïîçèöiÿ), óòâîðþ¹ íåñêií-
÷åííó íåêîìóòàòèâíó ãðóïó, íåòðèâiàëüíó ïiäãðóïó ÿêî¨ óòâîðþþòü çðî-
ñòàþ÷i ôóíêöi¨. Äîâåäåíî, ùî ïðè îá÷èñëåííi ôðàêòàëüíî¨ ðîçìiðíîñòi
Ãàóñäîðôà�Áåçèêîâè÷à äîâiëüíî¨ ïiäìíîæèíè âiäðiçêà [0; g0] äîñòàòíüî
ðîçãëÿäàòè ïîêðèòòÿ öi¹¨ ìíîæèíè G2�öèëiíäðàìè. Îïèñàíî ôðàêòàëüíi
âëàñòèâîñòi ìíîæèí òèïó Áåçèêîâè÷à�Åããëñòîíà, âèçíà÷åíèõ îáìåæåííÿ-
ìè äëÿ ÷àñòîò öèôð G2�çîáðàæåííÿ ÷èñåë.

Òåîðåìà 2.1.2. Äëÿ áóäü-ÿêî¨ ïîñëiäîâíîñòi (αn) ∈ L = A × A × ...,
ÿêà ìiñòèòü íåñêií÷åííó êiëüêiñòü îäèíèöü, ðÿä

δα1 +

∞∑
k=2

(δαk

k−1∏
j=1

gαj ) =

∞∑
k=1

vk, δαk
= αkg1−αk

, (1)
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¹ àáñîëþòíî çáiæíèì çíàêîïî÷åðåæíèì i éîãî ñóìà íå ïåðåâèùó¹ ïåð-
øîãî íåíóëüîâîãî äîäàíêà v1 = gm0 , äå αm = 1, àëå αj = 0 ïðè j < m.

Òåîðåìà 2.1.3. Äëÿ áóäü-ÿêîãî x ∈ [0; g0] iñíó¹ (αn) ∈ L, òàêà, ùî

x = δα1 +

∞∑
k=2

(δαk

k−1∏
j=1

gαj ) ≡ ∆G2
α1α2...αk...

(2)

Çàóâàæåííÿ. Ðÿä (2) ìiñòèòü äîäàíêè äîäàòíi, âiä'¹ìíi i ÿêi äîðiâ-
íþþòü íóëþ, ïðè÷îìó ÷èííå òâåðäæåííÿ: äëÿ áóäü�ÿêîãî íàáîðó
(α1, α2, ..., αn) íóëiâ i îäèíèöü çíà÷åííÿ âèðàçó un+1,

äå u1 ≡ δα1
, un+1 ≡ δαn+1

n∏
j=1

gαj
= δαn+1

gN0
0 gN1

1

� ¹ íóëåì òîäi i òiëüêè òîäi, êîëè αn+1 = 0;
� äîäàòíèì ÷èñëîì, ÿêùî αn+1 = 1 i êiëüêiñòü îäèíèöü ñåðåä ÷èñåë

α1, α2, ..., αn � öå ïàðíå ÷èñëî;
� âiä'¹ìíèì ÷èñëîì, ÿêùî αn+1 = 1 i êiëüêiñòü îäèíèöü ñåðåä ÷èñåë

α1, α2, ..., αn � öå íåïàðíå ÷èñëî, ïðè÷îìó |un+1| < |un|.
Îçíà÷åííÿ 2.2.×èñëà âiäðiçêà [0, g0], ùî ìàþòü äâà G2�çîáðàæåííÿ,

íàçèâàþòüñÿ G2�áiíàðíèìè.
Ëåìà 2.2.1. Ìíîæèíà B âñiõ G2�áiíàðíèõ ÷èñåë âè÷åðïó¹òüñÿ ÷è-

ñëàìè ç G2�çîáðàæåííÿìè âèäó: ∆G2

c1...cm01(0) = ∆G2

c1...cm11(0).

Ëåìà 2.5.1. ßêùî ðàöiîíàëüíå G2�çîáðàæåííÿ ÷èñëà
x = ∆G2

c1...cm(cm+1...cm+p) ïåðiîäè÷íå, òî ÷èñëî x ðàöiîíàëüíå.

Ó ïóíêòi ¾Ïîðiâíÿííÿ ÷èñåë çà ¨õíiìè G2�çîáðàæåííÿìè¿ âè-
÷åðïíî âèâ÷àþòüñÿ âiäíîøåííÿ ÷èñåë ′′ =, >,<′′ çà ¨õíiìèG2�çîáðàæåííÿ-
ìè.

Òåîðåìà 2.6.1. ßêùî x1 6= x2 i m(x1, x2) = m � íîìåð ìiñöÿ ïåðøî¨
ç íåñïiâïàäàþ÷èõ öèôð, òî ÷èñëà

∆G2

c1c2...cm1d1d2...
= x1 i x2 = ∆G2

c1c2...cm0d′1d
′
2...

ïåðåáóâàþòü ó âiäíîøåííi x1 > x2, ÿêùî c1 + c2 + . . .+ cm = 2k, x1 6 x2,
ÿêùî c1 + c2 + . . .+ cm = 2k − 1.

Îçíà÷åííÿ 2.4. Íåõàé (cn) ∈ L2, G2�öèëiíäðîì ðàíãó m iç îñíîâîþ
c1c2...cm íàçèâà¹òüñÿ ìíîæèíà ∆G2

c1c2...cm óñiõ ÷èñåë x ∈ [0; g0], ÿêi ìà-
þòü òàêå G2�çîáðàæåííÿ: x = ∆G2

c1c2...cmαm+1αm+2...αm+k...
, αm+j ∈ A,

òîáòî ∆G2
c1c2...cm = {x : αi(x) = ci, i = 1,m}.
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Ëåìà 2.7.1. Öèëiíäð ∆G2
c1c2...cm � öå âiäðiçîê, ïðè÷îìó 1) [a; b], ÿêùî

N1 = c1 + c2 + · · ·+ cm � ïàðíå, 2) [b; a], ÿêùî N1 � íåïàðíå, äå

a = δc1 +
m∑
k=2

(δck
k−1∏
j=1

gcj ), b = a+ g0

m∏
j=1

gcj .

Òåîðåìà 2.8.1. Îïåðàòîð ω ëiâîñòîðîííüîãî çñóâó öèôð G2�çîáðà-
æåííÿ ÷èñåë âiäðiçêà [0; g0], ÿêèé îçíà÷ó¹òüñÿ ðiâíiñòþ ω(∆G2

α1α2...αn...) =
∆G2
α2α3...αn..., àíàëiòè÷íî çàäà¹òüñÿ ôîðìóëîþ

ω(x) =
1

gα1(x)
x−

δα1(x)

gα1(x)
, (3)

� öå íåïåðåðâíà êîðåêòíî îçíà÷åíà íà [0; g0] ôóíêöiÿ, ëiíiéíà íà êîæíî-
ìó ç öèëiíäðiâ 1�ãî ðàíãó, çðîñòà¹ íà ∆G2

0 i ñïàäà¹ íà ∆G2
1 .

Òåîðåìà 2.9.1. Ôóíêöiÿ ωn � öå êîðåêòíî îçíà÷åíà ðiâíiñòü

ω(ωn−1(x)) = ωn(x = ∆G2

α1(x)α2(x)...αn(x)...) ≡ ∆G2

αn+1(x)αn+2(x)...,

ÿêà ìà¹ àíàëiòè÷íèé âèðàç ωn(x) =
1

Pn
x− Bn

Pn
, äå Pn =

n∏
j=1

gαj(x),

Bn = δα1(x) +
n∑
k=2

(δαk(x)

k−1∏
j=1

gαj(x)); âîíà íåïåðåðâíà íà âiäðiçêó [0; g0], ëi-

íiéíà íà êîæíîìó öèëiíäði ðàíãó n.
Îçíà÷åííÿ 2.5. Ôóíêöiÿ τi, îçíà÷åíà íà [0; g0] ðiâíiñòþ

τi(x) = τi

(
∆G2

α1(x)α2(x)...αn(x)...

)
= ∆G2

iα1(x)α2(x)...αn(x)...,

äå i ∈ {0; 1}, íàçèâà¹òüñÿ îïåðàòîðîì ïðàâîñòîðîííüîãî çñóâó öèôð G2�
çîáðàæåííÿ ÷èñåë iç ïàðàìåòðîì i.

Ëåìà 2.10.1. Ôóíêöiÿ τi íåïåðåðâíà â êîæíié òî÷öi âiäðiçêà [0; g0] i
àíàëiòè÷íî âèðàæà¹òüñÿ τi(x) = δi + gix.

Ëåìà 2.11.1. Îïåðàòîð τi1i2...in ìà¹ àíàëiòè÷íèé âèðàç

τi1i2...in(x) = δi1 +

n∑
k=1

δik k−1∏
j=1

gij

+

 n∏
j=1

gij

x

i ¹ ëiíiéíîþ ôóíêöi¹þ, çðîñòàþ÷îþ, ÿêùî Pn =
∏n
j=1 gij > 0 (ðiâíîñèëüíî

i1 + i2 + . . . + in � ïàðíå ÷èñëî), i ñïàäíîþ, ÿêùî Pn < 0 (ðiâíîñèëüíî
i1 + i2 + . . .+ in � íåïàðíå ÷èñëî).

Îçíà÷åííÿ 2.6. Êàæóòü, ùî G2�çîáðàæåííÿ ÷èñåë x = ∆G2
α1α2...αn...

i y = ∆G2

β1β2...βn...
ìàþòü îäíàêîâèé õâiñò, ÿêùî iñíóþòü íàòóðàëüíi k
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i m, òàêi, ùî αk+j = βm+j äëÿ áóäü�ÿêîãî j ∈ N . ßêùî k i m � íàé-
ìåíøi ÷èñëà, äëÿ ÿêèõ âèêîíó¹òüñÿ âêàçàíà óìîâà, òî ÷èñëî z ≡ x∧ y =
∆G2
αk+1αk+2...

= ∆G2

βm+1βm+2...
, íàçèâà¹òüñÿ ñïiëüíèì õâîñòîì ÷èñåë x òà y.

Òåîðåìà 2.12.1. Ìíîæèíà âñiõ ÷èñåë, ÿêi ìàþòü îäíàêîâèé õâiñò
G2�çîáðàæåííÿ (õâîñòîâà ìíîæèíà), ¹ çëi÷åííîþ âñþäè ùiëüíîþ ó [0; g0]
ìíîæèíîþ. Ìíîæèíà W óñiõ õâîñòîâèõ ìíîæèí � êîíòèíóàëüíà.

Çàóâàæåííÿ 2.12.2. Ïðèíöèïîâîþ âiäìiííiñòþ G2�çîáðàæåííÿ ÷è-
ñåë âiä iíøèõ äâîñèìâîëüíèõ ñèñòåì ¹ òå, ùî âñi G2�áiíàðíi ÷èñëà óòâî-
ðþþòü îäíó õâîñòîâó ìíîæèíó, òîäi ÿê äëÿ êëàñè÷íî¨ äâiéêîâî¨ ñèñòå-
ìè, íåãà�äâiéêîâî¨, Q2 �, Q∗2 � çîáðàæåííÿ ÷èñåë âîíè íàëåæàòü ðiçíèì
õâîñòîâèì ìíîæèíàì.

Îçíà÷åííÿ 2.7. Êàæóòü, ùî ôóíêöiÿ y = f(x) çáåðiãà¹ õâîñòè G2�
çîáðàæåííÿ ÷èñåë âiäðiçêà [0; g0], ÿêùî ÷èñëà x i y = f(x) ìàþòü îäíà-
êîâèé õâiñò G2�çîáðàæåííÿ äëÿ êîæíîãî x iç îáëàñòi âèçíà÷åííÿ.

Ïðèêëàäàìè ôóíêöié, ùî çáåðiãàþòü õâîñòè G2�çîáðàæåííÿ ÷èñåë, ¹
îïåðàòîðè ëiâîñòîðîííüîãî i ïðàâîñòîðîííüîãî çñóâó öèôð.

Îçíà÷åííÿ 2.8. Ïiä ïåðåòâîðåííÿì âiäðiçêà [0; g0], ùî çáåðiãà¹ õâî-
ñòè G2�çîáðàæåííÿ ÷èñåë (äàëi õâîñòîâèì ïåðåòâîðåííÿì), ìè ðîçó-
ìi¹ìî ái¹êòèâíå âiäîáðàæåííÿ ϕ âiäðiçêà íà ñåáå, ïðè ÿêîìó x i ϕ(x)
ìàþòü îäíàêîâó ñóòü äëÿ êîæíîãî x ∈ [0; g0].

Òåîðåìà 2.16.1. (Îñíîâíèé ðåçóëüòàò). Ìíîæèíà C âñiõ íåïå-
ðåðâíèõ ái¹êöié âiäðiçêà [0; g0], ÿêi çáåðiãàþòü õâîñòè G2�çîáðàæåííÿ
÷èñåë, ùîäî îïåðàöi¨ ◦ � �êîìïîçèöiÿ� (ñóïåðïîçèöiÿ), óòâîðþ¹ íåñêií-
÷åííó íåêîìóòàòèâíó ãðóïó, íåòðèâiàëüíó ïiäãðóïó ÿêî¨ óòâîðþþòü
çðîñòàþ÷i ôóíêöi¨.

Îçíà÷åííÿ 2.9. Ôóíêöiÿ I, ÿêà îçíà÷åíà ðiâíiñòþ I(∆G2
α1α2...αn...) =

∆G2

[1−α1][1−α2]...[1−αn]..., íàçèâà¹òüñÿ iíâåðñîðîì G2�çîáðàæåííÿ ÷èñåë.

Îçíà÷åííÿ ôóíêöi¨ ¹ êîðåêòíå äëÿ òî÷îê, ùî ìàþòü ¹äèíåG2�çîáðàæåí-

íÿ. Îñêiëüêè
g0(1 + g2

1)

1− g1
= I(∆G2

01(0)) 6= I(∆G2

11(0)) =
g3

0

1− g1
, òî âîíî íå

êîðåêòíå áåç äîìîâëåíîñòi âèêîðèñòîâóâàòè ëèøå îäíå ç äâîõ iñíóþ÷èõ
çîáðàæåíü G2�áiíàðíèõ òî÷îê. Òîìó äîìîâèìîñü íå âèêîðèñòîâóâàòè çî-
áðàæåííÿ ∆G2

c1...cm11(0).

Òåîðåìà 2.18.1. (Îñíîâíèé ðåçóëüòàò). Iíâåðñîð I ¹ íiäå íå ìîíî-
òîííîþ íåïåðåðâíîþ çà ìíîæèíîþ G2�óíàðíèõ òî÷îê âiäðiçêà [0; g0].

Îçíà÷åííÿ 2.10. Ôóíêöiÿ p, ÿêà ÷èñëó x = ∆Q2
α1...αn... ñòàâèòü ó âiä-

ïîâiäíiñòü ÷èñëî y = ∆G2
α1...αn..., íàçèâà¹òüñÿ ïðîåêòîðîì Q2�çîáðàæåí-

íÿ íà G2�çîáðàæåííÿ.

Îçíà÷åííÿ 2.11.G2�çîáðàæåííÿ i Q2�çîáðàæåííÿ ÷èñåë iç îñíîâàìè
(g0, g1) i (q0, q1) âiäïîâiäíî íàçèâàþòüñÿ äâî¨ñòèìè, ÿêùî g0 = q0.
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Òåîðåìà 2.19.1. ßêùî Q2�çîáðàæåííÿ i G2�çîáðàæåííÿ äâî¨ñòi, òî
ôóíêöiÿ p, îçíà÷åíà ðiâíiñòþ p

(
∆Q2
α1α2...αn...

)
= ∆G2

α1α2...αn..., ¹ íiäå íå ìî-
íîòîííîþ íåïåðåðâíîþ â êîæíié Q2�óíàðíié òî÷öi. Â Q2�áiíàðíié òî÷öi
x0 = ∆Q2

c1...cm−101(0) ôóíêöiÿ p ìà¹ ñêií÷åííèé ñòðèáîê

2g0(1− g0)

2− g0

m−1∏
j=1

|gcj |.

Ó òðåòüîìó ðîçäiëi ¾Óçàãàëüíåííÿ ôóíêöié Ðàäåìàõåðà é ðÿ-
äiâ Óîëøà¿ ïðîïîíóþòüñÿ óçàãàëüíåííÿ ôóíêöié Ðàäåìàõåðà:

r∗0(x) =


1 ïðè x ∈ ∆2

0 ≡
[
0,

1

2

)
;

−1 ïðè x ∈ ∆2
1 ≡

[
1

2
, 1

)
,

r∗k(x) ≡ r∗0
(
{2kx}

)
, äå {2kx} � äðîáîâà ÷àñòèíà ÷èñëà 2kx; i Óîëøà, ùî

¹ âñåìîæëèâèìè äîáóòêàìè ôóíêöié Ðàäåìàõåðà. Âîíè  ðóíòóþòüñÿ íà
Q2�çîáðàæåííi ÷èñåë âiäðiçêà [0; 1] çàìiñòü êëàñè÷íîãî äâiéêîâîãî. Ó ðîç-
äiëi âèâ÷åíî iíòåãðàëüíi âëàñòèâîñòi îòðèìàíèõ óçàãàëüíåíü i ïîáóäîâàíî
ñèñòåìó îðòîãîíàëüíèõ ôóíêöié iç âèêîðèñòàííÿì íóìåðàöi¨ Ïåëëi.

Îçíà÷åííÿ 3.1. Íà ïiââiäðiçêó [0;1) îçíà÷ìî ïîñëiäîâíiñòü ôóíêöié

(rn)
∞
n=0 :

r0(x) ≡ (−1)α1(x) · 2q1−α1(x) =

=

{
2q1, ÿêùî x ∈ [0; q0) = ∆Q2

0 ⇔ α1(x) = 0;

−2q0, ÿêùî x ∈ [q0; 1) = ∆Q2

1 ⇔ α1(x) = 1;

rn(x) ≡ r0

(
∆Q2

αn+1(x)αn+2(x)...

)
, n ∈ N.

Ôóíêöi¨ rn � öå óçàãàëüíåííÿ ôóíêöié Ðàäåìàõåðà, ÿêi ñïiâïàäàþòü ç

íèìè ïðè q0 =
1

2
.

Çàóâàæåííÿ 3.2.1 Ôóíêöiÿ rn íàáóâà¹ ëèøå äâîõ çíà÷åíü 2q1 i −2q0,
ïðè÷îìó íà êîæíîìó öèëiíäði ðàíãó n âîíà ñòàëà, à îòæå, ñòàëà íà
êîæíîìó ç öèëiíäðiâ ðàíãó m > n.

Òåîðåìà 3.2.1. Äëÿ óçàãàëüíåííÿ rn ôóíêöi¨ Ðàäåìàõåðà r∗n ìà¹ ìiñöå
ðiâíiñòü:

∫
x∈∆

Q2
c1...cn

rn(x)dx = 0 ïðè äîâiëüíîìó íàáîði (c1, c2, . . . , cn) ç 0

òà 1.
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Íàñëiäîê 3.2.1. Âèêîíó¹òüñÿ ðiâíiñòü
1∫
0

rn(x)dx = 0.

Òåîðåìà 3.2.2 Ñèñòåìà ôóíêöié Ðàäåìàõåðà îðòîãîíàëüíà, à ñàìå:

1∫
0

rn(x)rm(x)dx =

{
0, ÿêùî n 6= m,

4q0q1, ÿêùî n = m.

Ñèñòåìó óçàãàëüíåíèõ ôóíêöié Óîëøà {ωn(x)}∞n=0 ìè áóäó¹ìî, âèêîðè-
ñòîâóþ÷è òðàäèöiéíó íóìåðàöiþ Ïåëëi, ïîêëàâøè ω0(x) ≡ 1. Äëÿ îçíà÷å-
ííÿ ôóíêöi¨ ωn(x) ÷èñëî n ïðåäñòàâëÿ¹òüñÿ ó äâiéêîâié ñèñòåìi ÷èñëåííÿ:
n = 2k+εk−12k−1 + . . .+ε121 +ε0 = (1εk−1...ε1ε0)2, εi ∈ A2. Çâiäcè áà÷èìî,
ùî 2k 6 n < 2k+1, äå k = k(n). Òåïåð îçíà÷ó¹ìî ôóíêöiþ ωn ðiâíiñòþ:

ωn(x) ≡
k∏
i=0

rεii (x) = rk(x)

k−1∏
i=0

rεii (x).

Çàóâàæåííÿ 3.3.1. Óçàãàëüíåííÿ ôóíêöié Óîëøà, ÿê i ñàìi ôóíêöi¨
Óîëøà, â òî÷êàõ ðîçðèâó íåïåðåðâíi ñïðàâà. Àëå êëàñè÷íi ôóíêöi¨ Óî-
ëøà íàáóâàþòü ëèøå äâîõ çíà÷åíü 1 i -1, ùî íå çáåðåãëîñÿ äëÿ ùîéíî
ââåäåíîãî ¨õíüîãî óçàãàëüíåííÿ.

Òåîðåìà 3.3.1. ßêùî 2k 6 n < 2k+1, òîáòî

n = 2k + εk−12k−1 + . . .+ ε12 + ε020,

òî óçàãàëüíåíà ôóíêöiÿ Óîëøà ωn(x) = rk(x)r
εk−1

k−1 (x) . . . rε00 (x) íà êîæíî-

ìó öèëiíäði (k+1)-ãî ðàíãó ñòàëà, ïðè÷îìó íà öèëiíäði ∆
q−1
0
c1c2...ckck+1 âîíà

íàáóâà¹ çíà÷åííÿ ωn(x) = (−1)c2sqc0q
s−c
1 , äå s = 1 + εk−1 + . . . + ε1 + ε0�

êiëüêiñòü öèôð �1� ó çîáðàæåííi ÷èñëà n, c = ε0c1 + . . .+ εk−1ck + ck+1 �
êiëüêiñòü j, òàêèõ, ùî εj = 1 = cj+1 ñåðåä 0, 1, . . . , k.

Òåîðåìà 3.3.2. Äëÿ óçàãàëüíåíî¨ ôóíêöi¨ Óîëøà ωn ïðè 2k 6 n <
2k+1, òîáòî n = 2k + εk−12k−1 + . . . + ε12 + ε020 i êîæíîãî öèëiíäðà

∆Q2
c1...ckck+1

ìà¹ ìiñöå ðiâíiñòü
∫

x∈∆
Q2
c1...ckck+1

ωn(x)dx = 0 =
1∫
0

ωn(x)dx.

Çàóâàæåííÿ 3.3.2. ßêùî n < m,
(
1ε′k−1ε

′
k−2 . . . ε

′
1ε
′
0

)
2
� äâiéêîâå çî-

áðàæåííÿ ÷èñëà n, à (1εm−1εm−2 . . . ε1ε0)2 � äâiéêîâå çîáðàæåííÿ ÷èñëà
m, i ïðè öüîìó εjε

′
i = 0 äëÿ âñiõ j 6 k − 1, òî äîáóòîê ωnωm ôóíêöié

Óîëøà ¹ ôóíêöi¹þ Óîëøà ç íîìåðîì l = (1εm−1 . . . εk+11δk−1 . . . δ1δ0)2, äå



13

δj = ε′j + εj , j = 1, k − 1. Äëÿ òàêèõ n i m âèêîíó¹òüñÿ ðiâíiñòü:

1∫
0

ωn(x)ωm(x) = 0.

Ëåìà 3.4.3. ßêùî αk(t) � k�òà òðiéêîâà öèôðà ÷èñëà t ∈ [0; 1),

vk(t) ≡ 1− αk(t) =


1, ÿêùî αk(t) = 0,

0, ÿêùî αk(t) = 1,

−1, ÿêùî αk(t) = 2,

(4)

òî
1∫
0

exp

(
ix
vk(t)

3k

)
dt =

1 + 2 cos x
3k

3
.

Îçíà÷åííÿ 3.2. Ôóíêöi¨ vk(x), k = 0, 1, 2, . . . , âèçíà÷åíi ðiâíiñòþ (4),
íàçèâàþòüñÿ R3�ôóíêöiÿìè, öå òðiéêîâi àíàëîãè ôóíêöié Ðàäåìàõåðà.

Òåîðåìà 3.4.1. ßêùî αk(t) � k�òà òðiéêîâà öèôðà ÷èñëà t ∈ [0; 1), à

vk(t) = 1− αk(t) =


1, ÿêùî αk(t) = 0,

0, ÿêùî αk(t) = 1,

−1, ÿêùî αk(t) = 2,

òî

1∫
0

∞∏
k=1

exp

(
ix
vk(t)

3k

)
dt =

∞∏
k=1

1∫
0

exp

(
ix
vk(t)

3k

)
dt.

Òåîðåìà 3.4.2. R3�ôóíêöi¨ ìàþòü âëàñòèâîñòi:

∫
x∈∆3

c1...cm

vk(x)dx =

0, ÿêùî k > m,
1− ck

3m
, ÿêùî k 6 m,

1∫
0

vk(x)dx = 0,

1∫
0

vk(x)vmdx =

{
0, ÿêùî k 6= m,
2
3 , ÿêùî k = m.

Íåõàé Q3 = (q0, q1, q2) � çàäàíèé óïîðÿäêîâàíèé íàáið äîäàòíèõ ÷èñåë,
ñóìà ÿêèõ äîðiâíþ¹ 1, β0 = 0, β1 = q0, β2 = q0 + q1, β3 = q0 + q1 + q2 = 1.

ßêùî q0 = q2, òî Q3 � çîáðàæåííÿ íàçèâà¹òüñÿ ñèìåòðè÷íèì. Î÷åâè-
äíî, ùî êëàñè÷íå òðiéêîâå çîáðàæåííÿ � öå ñèìåòðè÷íå Q3 � çîáðàæåííÿ.
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Ëåìà 3.5.1. ßêùî αk(t) � k�òà öèôðà ñèìåòðè÷íîãî Q3 � çîáðàæå-
ííÿ ÷èñëà t ∈ [0; 1), òîáòî

t = βα1(t) +
∞∑
k=2

βαk(t)

k−1∏
j=1

qαj(t)

 = βα1(t)+

+

∞∑
k=1

βαk(t)q
N0(t,k)
0 q

N1(t,k)
1 q

N2(t,k)
2 ≡ ∆Q3

α1α2...αk...
,

uk(t) = 1− αk(t) =


1, ÿêùî αk(t) = 0,

0, ÿêùî αk(t) = 1,

−1, ÿêùî αk(t) = 2,

(5)

òî äëÿ áóäü�ÿêîãî äiéñíîãî ÷èñëà x ÷èííà ðiâíiñòü

1∫
0

exp (ixAuk(t)) dt = q1 + 2q0 cosAx.

Çàóâàæåííÿ 3.5.1. Ôóíêöi¨ uk(x), k = 1, 2, . . . , âèçíà÷åíi ðiâíiñòþ
(5), íàçèâàþòüñÿ R∗3�ôóíêöiÿìè, âîíè ¹ óçàãàëüíåííÿì R3�ôóíêöié íà
îñíîâi ñèìåòðè÷íîãî Q3�çîáðàæåííÿ ÷èñåë.

Òåîðåìà 3.5.1. Äëÿ R∗3�ôóíêöié äiéñíi ðiâíîñòi:

∫
x∈∆

Q3
c1...ck−1

uk(x)dx = 0,

∫
x∈∆

Q3
c1...cm

uk(x)dx =

0 ïðè k > m,

(1− ck)
m∏
j=1

qcj ïðè k 6 m,

1∫
0

uk(x)dx = 0,

1∫
0

uk(x)um(x)dx =

{
0, ÿêùî k 6= m,

2q0, ÿêùî k = m.

Îá'¹êòîì äîñëiäæåííÿ ÷åòâåðòîãî ðîçäiëó ¾Óçàãàëüíåííÿ Òðèáií�
ôóíêöi¨¿ ¹ ôóíêöiÿ f , îçíà÷åíà â òåðìiíàõ ïîëiîñíîâíîãîQ∗s�çîáðàæåííÿ
÷èñåë, âèçíà÷åíîãî íåñêií÷åííîþ äîäàòíîþ ñòîõàñòè÷íîþ ìàòðèöåþ Q∗s =

‖qik‖, q0k+q1k+· · ·+qs−1,k = 1,
∞∏
k=1

max
i
{qik} = 0, à ñàìå: x = ∆

Q∗s
α1α2...αk... =

βα11 +
∞∑
k=2

(βαkk

k−1∏
j−1

qαjj), äå αk ∈ As = {0, 1, . . . , s − 1}, βik =
i−1∑
j=0

qjk, ÿêà



15

îçíà÷ó¹òüñÿ ðiâíiñòþ

y = f(∆
Q∗s
α1α2...αk...) = ∆

G∗s
γ1γ2...γk... = ∆

G∗2
γ1γ2...γk... = δγ11 +

∞∑
k=2

(δγkk

k−1∏
j−1

gγjj),

äå (g0k) � ïîñëiäîâíiñòü ÷èñåë, ìåíøèõ âiä 1, g1k ≡ 1 − g0k, δ0k = 0,
δ1k = g0k,

γ1 =

{
0, ÿêùî α1 = 0,

1, ÿêùî α1 6= 0,
γn+1 =

{
γn, ÿêùî αn+1 = αn,

1− γn, ÿêùî αn+1 6= αn,
n ∈ N.

(6)
Òåîðåìà (Îñíîâíèé ðåçóëüòàò). Ôóíêöiÿ f íåïåðåðâíà â êîæíié

òî÷öi âiäðiçêà [0;1], íiäå íå ìîíîòîííà, ìà¹ íåîáìåæåíó âàðiàöiþ ïðè
áóäü�ÿêèõ ìàòðèöÿõ Q∗s =‖ qik ‖ i G∗2 =‖ gjk ‖.

Ëåìà 4.3.1. 1) Îáðàçîì Q∗s-öèëiíäðà ∆
Q∗s
α1α2...αm ïðè âiäîáðàæåííi f

¹ G∗2-öèëiíäð ∆
G∗2
γ1γ2...γm , äå γi çíàõîäÿòü çà ôîðìóëàìè (6);

2) max
x∈∆

Q∗s
c1c2...cm

f(x) =

{
f(∆

Q∗s
c1...cm−1(cm)) = ∆

G∗2
γ1...γm−1(1), ÿêùî γm(y) = 1,

f(∆
Q∗s
c1...cm(i)) = ∆

G∗2
γ1...γm−10(1), ÿêùî γm(y) = 0,

äå i 6= cm (â îñòàííüîìó âèïàäêó ìàêñèìóìiâ s− 2);

3) min
x∈∆

Q∗s
c1c2...cm

f(x) =

{
f(∆

Q∗s
c1...cm−1(cm)) = ∆

G∗2
γ1...γm−1(0), ÿêùî γm(y) = 0,

f(∆
Q∗s
c1...cm(i)) = ∆

G∗2
γ1...γm−11(0), ÿêùî γm(y) = 1,

äå i 6= cm (â îñòàííüîìó âèïàäêó ìiíiìóìiâ s− 2).

Íàñëiäîê 4.3.1. Êîëèâàííÿ ψf ôóíêöi¨ f íà öèëiíäði ∆
Q∗s
α1α2...αm äîðiâ-

íþ¹ äîâæèíi öèëiíäðà ∆
G∗2
γ1γ2...γm = f(∆

Q∗s
α1α2...αm), òîáòî: ψf (∆

Q∗s
α1α2...αm) =

|∆G∗2
γ1γ2...γm | =

m∏
j=1

gγjj .

Ëåìà 4.3.2. Êiëüêiñòü k ïðîîáðàçiâ öèëiíäðà ∆
G∗2
γ1...γm îá÷èñëþ¹òüñÿ

çà ôîðìóëîþ

k = k(∆
G∗2
γ1γ2...γm) =

{
(s− 1)σm , ÿêùî γ1 = 0,

(s− 1)1+σm , ÿêùî γ1 6= 0,

äå σm � öå êiëüêiñòü òàêèõ j, ùî γj 6= γj+1, j = 1,m− 1.
Íàñëiäîê 4.3.2. Íàéáiëüøó êiëüêiñòü ïðîîáðàçiâ ñåðåä öèëiíäðiâ m�

ãî ðàíãó ìà¹ G∗2�öèëiíäð ∆
G∗2
1010...c, äå c = 0, ÿêùî m � ïàðíå, i c = 1, ÿêùî

m � íåïàðíå.
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ÂÈÑÍÎÂÊÈ

Äâîñèìâîëüíi ñèñòåìè êîäóâàííÿ äiéñíèõ ÷èñåë � öå äîáðèé çàñiá äëÿ
ðîçâèòêó òåîði¨ ÷èñåë (ìåòðè÷íî¨ é éìîâiðíiñíî¨), îïèñó i äîñëiäæåííÿ
ìíîæèí, ôóíêöié, ìið iç ëîêàëüíî ñêëàäíèìè âëàñòèâîñòÿìè òîïîëîãî�
ìåòðè÷íîãî õàðàêòåðó, äëÿ âäîñêîíàëåííÿ iíñòðóìåíòàðiþ òåîði¨ ôðàêòà-
ëiâ (ôðàêòàëüíî¨ ãåîìåòði¨ i ôðàêòàëüíîãî àíàëiçó). Òàê ïîíàä òðè äå-
ñÿòèði÷÷ÿ äâîñèìâîëüíå Q2�çîáðàæåííÿ ÷èñåë, ÿêå  ðóíòó¹òüñÿ íà ¨õíié
ðîçêëàäàõ ó ðÿäè çà äâîìà äîäàòíèìè îñíîâàìè, ðiçíîïëàíîâî âèêîðèñòî-
âóâàëîñü äëÿ ðîçâèòêó òåîði¨ äiéñíèõ ÷èñåë, òåîði¨ ñèíãóëÿðíèõ ðîçïîäi-
ëiâ éìîâiðíîñòåé, òåîði¨ ôóíêöié, òåîði¨ ôðàêòàëiâ. Ìè éîãî âèêîðèñòàëè
äëÿ óçàãàëüíåííÿ ôóíêöié i ðÿäiâ Ðàäåìàõåðà é Óîëøà çi çáåðåæåííÿì
¨õíiõ îñíîâíèõ âëàñòèâîñòåé i ìà¹ìî íàäiþ íà ¨õí¹ ïîäàëüøå ïðàêòè÷íå
çàñòîñóâàííÿ.

Íîâå äâîñèìâîëüíå G2�çîáðàæåííÿ ÷èñåë, ÿêå ìè ââåëè, âèêîðèñòîâó¹
äâi îñíîâè ðiçíîãî çíàêó. Âîíî ¹ àíàëîãîì Q2�çîáðàæåííÿ ÷èñåë, ìà¹ ñõî-
æó ìåòðè÷íó òà éìîâiðíiñíó ñêëàäîâi òåîði¨, ùî ¹ íàñëiäêîì çáiãó îñíîâ-
íèõ ìåòðè÷íèõ âiäíîøåíü, àëå iíøi òîïîëîãi÷íi âëàñòèâîñòi (ïîçèöiéíó
ñêëàäîâó ãåîìåòði¨ çîáðàæåííÿ). Öå çîáðàæåííÿ ìà¹ ïðèíöèïîâi âiäìií-
íîñòi íå ëèøå ç Q2�çîáðàæåííÿì, à é iç iíøèìè ðàíiøå âèâ÷åíèìè äâîñèì-
âîëüíèìè çîáðàæåííÿìè. Îäíi¹þ ç òàêèõ âiäìiííîñòåé ¹ òå, ùî îïåðàòîð
ëiâîñòîðîííüîãî çñóâó öèôð íåïåðåðâíèé, à öå âàæëèâî äëÿ åðãîäè÷íî¨
òåîði¨, ÿêà  ðóíòó¹òüñÿ íà òàêîìó çîáðàæåííi, à òàêîæ äëÿ êîíñòðóêòèâ-
íî¨ òåîði¨ íiäå íå ìîíîòîííèõ i íåäèôåðåíöiéîâíèõ ôóíêöié. Iíøîþ îñî-
áëèâiñòþ G2�çîáðàæåííÿ ¹ òå, ùî iíâåðñîð öèôð � öå íiäå íå ìîíîòîííà
âñþäè ðîçðèâíà ôóíêöiÿ, à ÷èñëà, ùî ìàþòü äâà çîáðàæåííÿ (G2�áiíàðíi
÷èñëà), íàëåæàòü îäíié õâîñòîâié ìíîæèíi. Çðåøòîþ, ãðóïà íåïåðåðâíèõ
ïåðåòâîðåíü âiäðiçêà, ùî çáåðiãàþòü õâîñòè G2�çîáðàæåííÿ ÷èñåë, ìà¹
íåòðèâiàëüíó ïiäãðóïó çðîñòàþ÷èõ ôóíêöié.

Äëÿ çàïðîïîíîâàíîãî ó ðîáîòi óçàãàëüíåííÿ íåïåðåðâíèõ íåäèôåðåí-
öiéîâíèõ ôóíêöié Áóøà, Âóíäåðëiõà, Òðèáií�ôóíêöi¨, ÿêå  ðóíòó¹òüñÿ íà
Q∗s�çîáðàæåííi ÷èñåë âiäðiçêà [0; 1], äîâåäåíî íåïåðåðâíiñòü, íiäå íå ìîíî-
òîííiñòü, íåîáìåæåíiñòü âàðiàöi¨ é îïèñàíî âëàñòèâîñòi ðiâíiâ ïðè áóäü�
ÿêîìó íàáîði ïàðàìåòðiâ (à ¨õ � êîíòèíóàëüíà êiëüêiñòü). Ïðè öüîìó çà-
ëèøèëèñü ïîçà óâàãîþ äèôåðåíöiàëüíi, iíòåãðàëüíi i ôðàêòàëüíi âëàñòè-
âîñòi ôóíêöi¨. À âîíè ¹ îá'¹êòîì ñàìîñòiéíîãî íàóêîâîãî iíòåðåñó, ÿêèé
ìè ïëàíó¹ìî ó ìàéáóòíüîìó ðîçâèâàòè.
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19�21 òðàâíÿ 2020. Êè¨â. 2020. Ñ. 251�256.

ÀÍÎÒÀÖIß

Ìàñëîâà Þ.Ï. Òîïîëîãî�ìåòðè÷íà òà ôðàêòàëüíà òåîðiÿ äâî-
îñíîâíîãî G2�çîáðàæåííÿ ÷èñåë i ¨¨ çàñòîñóâàííÿ. � Ðóêîïèñ.

Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ êàíäèäàòà ôiçèêî-ìàòåìà-
òè÷íèõ íàóê çà ñïåöiàëüíiñòþ 01.01.06 � àëãåáðà òà òåîðiÿ ÷èñåë. � Ií-
ñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, 2020.

Äèñåðòàöiéíå äîñëiäæåííÿ ïðîâåäåíî ó ãàëóçi ìåòðè÷íî¨ òåîði¨ ÷èñåë.
Âîíî ïðèñâÿ÷åíå ðîçâèòêó òîïîëîãi÷íî¨, ìåòðè÷íî¨, éìîâiðíiñíî¨ i ôðà-
êòàëüíî¨ òåîðié äiéñíèõ ÷èñåë, ùî  ðóíòóþòüñÿ íà äâîñèìâîëüíié ñèñòåìi
êîäóâàííÿ ÷èñåë (G2�çîáðàæåííÿ), ÿêà ¹ àíàëîãîì âiäîìî¨ äâîîñíîâíî¨ ñè-
ñòåìè (Q2�çîáðàæåííÿ). Îáèäâi îñíîâè äðóãî¨ ñèñòåìè äîäàòíi, à ïåðøî¨
� îäíà îñíîâà äîäàòíà, à äðóãà âiä'¹ìíà. Äëÿ äðóãî¨ ñèñòåìè çàïðîïîíî-
âàíî íîâi çàñòîñóâàííÿ, à äëÿ ïåðøî¨ ñòâîðåíî íîâó öiëiñíó òåîðiþ, ÿêà
ìà¹ ðÿä ïðèíöèïîâèõ âiäìiííîñòåé.

G2�çîáðàæåííÿ ÷èñåë âiäðiçêà [0; g0], äå g0 ∈ ( 1
2 ; 1), âèçíà÷à¹òüñÿ ðîç-

êëàäîì ÷èñëà â ëàêóíàðíèé çíàêîïî÷åðåæíèé ðÿä

x = δα1 +

∞∑
k=2

(δαk

k−1∏
j=1

gαj ) ≡ ∆G2
α1α2...αk...

,

äå αk ∈ {0; 1}, g1 ≡ g0− 1, δi = ig1−i. Îáèäâà çîáðàæåííÿ ÷èñåë ôîðìàëü-
íî îäíîòèïíi, àëå íå ¹ òîïîëîãi÷íî åêâiâàëåíòíèìè. Âîíè ìàþòü îäíàêî-
âi îñíîâíi ìåòðè÷íi âiäíîøåííÿ i ñõîæó ìåòðè÷íó ñêëàäîâó òåîði¨, àëå
ïðèíöèïîâî ðiçíi âëàñòèâîñòi ñïåöiàëüíèõ ôóíêöié: îïåðàòîðiâ ëiâîñòî-
ðîííüîãî i ïðàâîñòîðîííüîãî çñóâiâ, iíâåðñîðà. Äîâåäåíî, ùî îïåðàòîð
ëiâîñòîðîííüîãî çñóâó öèôð ω(∆G2

α1α2...αn...) = ∆G2
α2α3...αn... íåïåðåðâíèé,

iíâåðñîð öèôð çîáðàæåííÿ ÷èñåë I(∆G2
α1...αn...) = ∆G2

[1−α1]...[1−αn]... ¹ âñþäè
ðîçðèâíà, íiäå íå ìîíîòîííà ôóíêöiÿ, à îïåðàòîðè ïðàâîñòîðîííüîãî çñó-
âó öèôð τ0

(
∆G2
α1α2...αn...

)
= ∆G2

0α1α2...αn...
, τ1

(
∆G2
α1α2...αn...

)
= ∆G2

1α1α2...αn...
,

áóâøè ëiíiéíèìè ôóíêöiÿìè, ìàþòü ðiçíó ìîíîòîííiñòü i îäíàêîâi çíà÷åí-
íÿ â òî÷öi g0. Öå êàòåãîðè÷íî âiäðiçíÿ¹ G2�çîáðàæåííÿ âiä iíøèõ âiäîìèõ
äâîñèìâîëüíèõ çîáðàæåíü, çîêðåìà íåãà�äâiéêîâîãî.
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Ó ðîáîòi çàïðîïîíîâàíî óçàãàëüíåííÿ ôóíêöié Ðàäåìàõåðà é Óîëøà,
ÿêi  ðóíòóþòüñÿ íà Q2-çîáðàæåííi ÷èñåë. Äîñëiäæåíî ¨õ iíòåãðàëüíi âëà-
ñòèâîñòi; äîâåäåíî, ùî óçàãàëüíåíi ôóíêöi¨ Ðàäåìàõåðà óòâîðþþòü îð-
òîãîíàëüíó ñèñòåìó ôóíêöié. Äëÿ êîæíî¨ óçàãàëüíåíî¨ ôóíêöi¨ Óîëøà
çíàéäåíî ¨¨ àíàëiòè÷íèé âèðàç. Çàïðîïîíîâàíî óçàãàëüíåííÿ íåïåðåðâ-
íèõ íåäèôåðåíöiéîâíèõ ôóíêöié Áóøà, Âóíäåðëiõà, Òðèáií�ôóíêöi¨, ÿêå
 ðóíòó¹òüñÿ íà Q∗s�çîáðàæåííi ÷èñåë âiäðiçêà [0; 1], çi çáåðåæåííÿì âëà-
ñòèâîñòåé íåïåðåðâíîñòi, íiäå íå ìîíîòîííîñòi, àâòîìîäåëüíîñòi. Âèâ÷åíî
éîãî âàðiàöiéíi âëàñòèâîñòi, îïèñàíî âëàñòèâîñòi ðiâíiâ, çîêðåìà ¨õíþ ìà-
ñèâíiñòü.

Êëþ÷îâi ñëîâà: ñèñòåìà êîäóâàííÿ (çîáðàæåííÿ) äiéñíèõ ÷èñåë; Q2�
çîáðàæåííÿ; G2�çîáðàæåííÿ; öèëiíäðè; îïåðàòîð ëiâîñòîðîííüîãî çñóâó;
îïåðàòîð ïðàâîñòîðîííüîãî çñóâó; iíâåðñîð öèôð çîáðàæåííÿ; óçàãàëü-
íåííÿ ôóíêöié Ðàäåìàõåðà é Óîëøà; Òðèáií�ôóíêöiÿ i ¨¨ óçàãàëüíåííÿ;
íåïåðåðâíi ïåðåòâîðåííÿ, ÿêi çáåðiãàþòü õâîñòè G2�çîáðàæåííÿ ÷èñåë.

ÀÍÍÎÒÀÖÈß

ÌàñëîâàÞ.Ï. Òîïîëîãî � ìåòðè÷åñêàÿ è ôðàêòàëüíàÿ òåîðèÿ äâóõ-
îñíîâíîãî G2 � èçîáðàæåíèå öèôð è ¼¼ ïðèìåíåíèå. � Ðóêîïèñü.

Äèññåðòàöèÿ íà ñîèñêàíèå ó÷¼íîé ñòåïåíè êàíäèäàòà ôèçèêî-ìàòåìà-
òè÷åñêèõ íàóê ïî ñïåöèàëüíîñòè 01.01.06 � àëãåáðà è òåîðèÿ ÷èñåë. �Èí-
ñòèòóò ìàòåìàòèêè ÍÀÍ Óêðàèíû, Êèåâ, 2020.

Äèññåðòàöèîííîå èññëåäîâàíèå ïðîâåäåíî â îáëàñòè ìåòðè÷åñêîé òåî-
ðèè ÷èñåë. Îíî ïîñâÿùåíî ðàçâèòèþ òîïîëîãè÷åñêîé, ìåòðè÷åñêîé, âå-
ðîÿòíîñòíîé è ôðàêòàëüíîé òåîðèè äåéñòâèòåëüíûõ ÷èñåë, îñíîâàíà íà
äâóõñèìâîëüíîé ñèñòåìå êîäèðîâàíèÿ ÷èñåë (G2�èçîáðàæåíèå), êîòîðàÿ
ÿâëÿåòñÿ àíàëîãîì èçâåñòíîé äâóõîñíîâíîé ñèñòåìû (Q2 � èçîáðàæåíèå).
Îáå îñíîâû âòîðîé ñèñòåìû ÿâëÿþòñÿ ïîëîæèòåëüíûìè, à ïåðâîé � îä-
íà îñíîâà ïîëîæèòåëüíàÿ, à âòîðàÿ îòðèöàòåëüíàÿ. Äëÿ âòîðîé ñèñòåìû
ïðåäëîæåíû íîâûå ïðèìåíåíèÿ, à äëÿ ïåðâîé ñîçäàíà íîâàÿ öåëîñòíàÿ
òåîðèÿ, êîòîðàÿ èìååò ðÿä ïðèíöèïèàëüíûõ îòëè÷èé.

G2�èçîáðàæåíèå ÷èñåë îòðåçêà [0; g0], ãäå g0 ∈ ( 1
2 ; 1) îïðåäåëÿåòñÿ ðàñ-

ïèñàíèåì ÷èñëà â ðÿä

x = δα1 +

∞∑
k=2

(δαk

k−1∏
j=1

gαj ) ≡ ∆G2
α1α2...αk...

,

ãäå αk = {0; 1}, g1 ≡ g0 − 1, δ0 = 0, δ1 = g0. Îáà èçîáðàæåíèÿ ÷èñåë ôîð-
ìàëüíî îäíîòèïíûå, íî íå ÿâëÿþòñÿ òîïîëîãè÷åñêè ýêâèâàëåíòíûìè. Îíè
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èìåþò îäèíàêîâûå îñíîâíûå ìåòðè÷åñêèå îòíîøåíèÿ è ïîõîæóþ ìåòðè-
÷åñêóþ ñîñòàâëÿþùóþ òåîðèè, íî ïðèíöèïèàëüíî ðàçíûå ñâîéñòâà ñïåöè-
àëüíûõ ôóíêöèé: îïåðàòîðîâ ëåâîñòîðîííåãî è ïðàâîñòîðîííåãî ñäâèãîâ,
èíâåðñîðîâ. Äîêàçàíî, ÷òî îïåðàòîð ëåâîñòîðîííåãî ñäâèãà öèôð èçîáðà-
æåíèÿ ÷èñåë ω(∆G2

α1α2...αn...) = ∆G2
α2α3...αn... ÿâëÿåòñÿ íåïðåðûâíûì, èíâåð-

ñîðû öèôð èçîáðàæåíèÿ ÷èñåë I(∆G2
α1...αn...) = ∆G2

[1−α1]...[1−αn]... åñòü âåçäå
ðàçðûâíîé, íèãäå íå ìîíîòîííîé ôóíêöèåé, à îïåðàòîðû ïðàâîñòîðîííå-
ãî ñäâèãà öèôð τ0

(
∆G2
α1α2...αn...

)
= ∆G2

0α1α2...αn...
,

τ1
(
∆G2
α1α2...αn...

)
= ∆G2

1α1α2...αn...
, áóäó÷è ëèíåéíûìè ôóíêöèÿìè, èìåþò

ðàçíóþ ìîíîòîííîñòü è îäèíàêîâûå çíà÷åíèÿ â òî÷êå g0. Ýòî êàòåãîðè-
÷åñêè îòëè÷àåò G2 � èçîáðàæåíèå îò äðóãèõ èçâåñòíûõ äâóõñèìâîëüíûõ
èçîáðàæåíèé, â ÷àñòíîñòè íåãà�äâîè÷íîãî.

Â ðàáîòå ïðåäëîæåíî îáîáùåíèå ôóíêöèé Ðàäåìàõåðà è Óîëøà, êîòî-
ðûå îñíîâûâàþòñÿ íà Q2�èçîáðàæåíèè ÷èñåë. Èññëåäîâàíî èíòåãðàëüíûå
ñâîéñòâà ýòèõ ôóíêöèé, äîêàçàíî, ÷òî îáîáù¼ííûå ôóíêöèè Ðàäåìàõå-
ðà îáðàçóþò îðòîãîíàëüíóþ ñèñòåìó ôóíêöèé. Äëÿ êàæäîé îáîáù¼ííîé
ôóíêöèè Óîëøà íàéäåíî å¼ àíàëèòè÷åñêîå âûðàæåíèå. Ïðåäëîæåíî îáîá-
ùåíèå íåïðåðûâíûõ íåäèôôåðåíöèðîâàííûõ ôóíêöèé Áóøà, Âóíäåðëè-
õà, Òðèáèí�ôóíêöèè, îñíîâàííîå íà Q∗s�èçîáðàæåíèè öèôð îòðåçêà [0; 1]
ñ ñîõðàíåíèåì ñâîéñòâ íåïðåðûâíîñòè, íèãäå íå ìîíîòîííîñòè, àâòîìî-
äåëüíîñòè. Èçó÷åíû âàðèàöèîííûå ñâîéñòâà ôóíêöèè, îïèñàíû ñâîéñòâà
å¼ óðîâíåé, â òîì ÷èñëå èõ ìàññèâíîñòü.

Êëþ÷åâûå ñëîâà: Ñèñòåìà êîäèðîâàíèÿ (èçîáðàæåíèå) äåéñòâèòåëü-
íûõ ÷èñåë; Q2 � èçîáðàæåíèå; G2 � èçîáðàæåíèå; öèëèíäðû; îïåðàòîð ëå-
âîñòîðîííåãî ñäâèãà; îïåðàòîð ïðàâîñòîðîííåãî ñäâèãà; èíâåðñîðû öèôð
èçîáðàæåíèÿ; îáîáùåíèå ôóíêöèé Ðàäåìàõåðà è Óîëøà; Òðèáèí � ôóíê-
öèÿ è ¼¼ îáîáùåíèå; íåïðåðûâíûå ïðåîáðàçîâàíèÿ, êîòîðûå ñîõðàíÿþò
õâîñòû G2 � èçîáðàæåíèå ÷èñåë.
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The thesis belongs to the field of metric number theory. In the work,
we develop topological, metric, probabilistic, and fractal theory of real num-
bers based on two-symbol system of encoding of numbers (G2-representation).
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This representation is an analogue of the known two-base system (Q2-represen-
tation). Both bases of the latter system are positive but, for the former sys-
tem, one base is positive and other base is negative. For the latter system, we
give new applications and, for the former system, we create a new complete
theory having some essential differences.

G2-representation for numbers of closed interval [0, g0], where g0 ∈ ( 1
2 , 1),

is defined by expansion of a number to a lacunary alternating series

x = δα1
+
∞∑
k=2

(δαk

k−1∏
j=1

gαj
) ≡ ∆G2

α1α2...αk...
,

where αk ∈ {0, 1}, g1 ≡ g0 − 1, δi = ig1−i. Both representations are of
the same type formally, however they are not topologically equivalent. They
have the same basic metric relations and similar metric component of the
theory but some special functions (left and right shift operators, inversor)
have essentially different properties. We prove that the left shift operator
ω(∆G2

α1α2...αn...) = ∆G2
α2α3...αn... is continuous, the inversor of digits of the

representation I(∆G2
α1...αn...) = ∆G2

[1−α1]...[1−αn]... is everywhere discontinuous

nowhere monotonic function and the right shift operators τ0
(
∆G2
α1α2...αn...

)
=

∆G2
0α1α2...αn...

, τ1
(
∆G2
α1α2...αn...

)
= ∆G2

1α1α2...αn...
are linear functions with dif-

ferent monotonicity and the same values at point g0. This is an essential
difference between the G2-representation and other known two-symbol repre-
sentations, particularly nega-binary representation.

In the thesis, we propose a generalization of Rademacher and Walsh func-
tions based on the Q2-representation of numbers. Their integral properties
are studied. We prove that generalized Rademacher functions form an orthog-
onal system of functions. For every generalized Walsh function, its analytical
expression is found. We give a generalization of continuous non-differentiable
Bush, Wunderlich, and Tribin functions based on Q∗s-representation of num-
bers of closed interval [0, 1] such that properties of continuity, nowhere mono-
tonicity, and self-similarity are preserved. Its variational properties are stud-
ied. We also describe the properties of level sets, particularly their massivity.

Key words: coding (representation) system of real numbers; Q2-represen-
tation; G2-representation; cylinders; left shift operator; right-hand shift oper-
ator; representation digit inversor; Rademacher functions and Walsh functions
and their generalizations; Tribine-function and its generalization; continuous
transformations that keep the tails G2-representationof numbers.
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