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ÀÍÎÒÀÖIß.

Ìàðêiòàí Â.Ï. Ñòîõàñòè÷íi òà äâi÷i ñòîõàñòè÷íi ìàòðèöi â çà-

äà÷àõ ôðàêòàëüíîãî àíàëiçó ôóíêöié.� Êâàëiôiêàöiéíà íàóêîâà ïðà-

öÿ íà ïðàâàõ ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ êàíäèäàòà ôiçèêî-ìàòåìàòè-

÷íèõ íàóê çà ñïåöiàëüíiñòþ 01.01.01 � ìàòåìàòè÷íèé àíàëiç (111 � ìàòå-

ìàòèêà). � Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, 2020.

Ðîáîòà âèêîíàíà ó ëàáîðàòîði¨ ôðàêòàëüíîãî àíàëiçó âiääiëó äèíàìi-

÷íèõ ñèñòåì i ôðàêòàëüíîãî àíàëiçó Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè.

Äèñåðòàöiéíà ðîáîòà âèêîíàíà â ãàëóçi êîíñòðóêòèâíî¨ òåîði¨ ôóíêöié

i ïðèñâÿ÷åíà ôóíêöiÿì i ðîçïîäiëàì âèïàäêîâèõ âåëè÷èí iç íåîäíîðiäíîþ

ëîêàëüíîþ ñòðóêòóðîþ i ôðàêòàëüíèìè âëàñòèâîñòÿìè ç âèêîðèñòàííÿì

ñòîõàñòè÷íèõ òà äâi÷i ñòîõàñòè÷íèõ ìàòðèöü é ðiçíèõ ñèñòåì êîäóâàííÿ

äiéñíèõ ÷èñåë, à òàêîæ ìíîæèíàì, ñóòò¹âèì äëÿ ôóíêöié òà ðîçïîäiëiâ.

Çíåäàâíà âñå ÷àñòiøå â ìîäåëÿõ ðåàëüíèõ ïðîöåñiâ òà ÿâèù ç'ÿâëÿþòüñÿ

ôóíêöi¨ ç �íåòðèâiàëüíèìè� ëîêàëüíèìè âëàñòèâîñòÿìè. Äî òàêèõ ôóíêöié

íàëåæàòü: ñèíãóëÿðíi, íiäå íå äèôåðåíöiéîâíi, íiäå íå ìîíîòîííi ôóíêöi¨.

Ïîòóæíå çíàðÿääÿ äëÿ ¨õíüîãî äîñëiäæåííÿ çàáåçïå÷óþòü ôðàêòàëüíà ãåî-

ìåòðiÿ i ôðàêòàëüíèé àíàëiç, ãåîìåòðè÷íà òåîðiÿ äiéñíèõ ÷èñåë. Äëÿ àíà-

ëiòè÷íîãî çàäàííÿ ôðàêòàëüíèõ ôóíêöié (çi ñêëàäíèìè ëîêàëüíèìè âëà-

ñòèâîñòÿìè ñòðóêòóðíîãî, âàðiàöiéíîãî, äèôåðåíöiàëüíîãî õàðàêòåðó), ðîç-

ïîäiëiâ âèïàäêîâèõ âåëè÷èí i ìíîæèí, äëÿ íèõ ñóòò¹âèõ, ñüîãîäíi øèðî-

êî âèêîðèñòîâóþòü ðiçíi ñèñòåìè êîäóâàííÿ (çîáðàæåííÿ) äiéñíèõ ÷èñåë.

Çîêðåìà òàêi, ÿêi ó ñâî¨é êîíñòðóêöi¨ âèêîðèñòîâóþòü ñòîõàñòè÷íi òà äâi÷i

ñòîõàñòè÷íi ñêií÷åííi é íåñêií÷åííi ìàòðèöi.

Äèñåðòàöiéíà ðîáîòà ñêëàäà¹òüñÿ ç àíîòàöié óêðà¨íñüêîþ é àíãëiéñüêîþ

ìîâàìè, ïåðåëiêó ñêîðî÷åíü i óìîâíèõ ïîçíà÷åíü, âñòóïó, ï'ÿòüîõ ðîçäiëiâ,

ïîäiëåíèõ íà ïiäðîçäiëè, âèñíîâêiâ äî êîæíîãî ðîçäiëó é çàãàëüíèõ âèñíîâ-

êiâ, ñïèñêó âèêîðèñòàíèõ äæåðåë i äîäàòêà.
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Îñíîâíèìè îá'¹êòàìè äîñëiäæåííÿ ¹:

� ôóíêöi¨, ÿêi ¹ ïðîåêòîðàìè öèôð:

à) äâîñèìâîëüíîãî ìàðêîâñüêîãî çîáðàæåííÿ, âèçíà÷åíîãî äâi÷i ñòî-

õàñòè÷íîþ ìàòðèöåþ, ó êëàñè÷íå äâiéêîâå çîáðàæåííÿ;

á) íåãà-äâiéêîâîãî çîáðàæåííÿ â ìàðêîâñüêå çîáðàæåííÿ;

� ôóíêöi¨, ùî ìàþòü âèä

f(x = ∆Q∗2
α1α2...αk...

) =
∞∑
k=1

αkdk

i ðîçïîäië âèïàäêîâî¨ âåëè÷èíè

ξ =
∞∑
k=1

dkξk,

âèçíà÷åíi äëÿ äâîõ êëàñiâ çáiæíèõ äîäàòíèõ ðÿäiâ
∞∑
k=1

dk ç ïåâíè-

ìè óìîâàìè îäíîðiäíîñòi, à òàêîæ ïîâåäiíêà ìîäóëÿ õàðàêòåðèñòè-

÷íî¨ ôóíêöi¨ íåñêií÷åííî¨ çãîðòêè Áåðíóëëi, êåðîâàíî¨ ðÿäîì
∞∑
k=1

dk

ç îäíîãî çi êëàñiâ.

� ñïåêòð ôóíêöi¨ ðîçïîäiëó íåïåðåðâíî¨ âèïàäêîâî¨ âåëè÷èíè

τ = ∆Q∗∞
τ1τ2...τn...

ç íåçàëåæíèìè îäíàêîâèìè ðîçïîäiëåíèìè ñèìâîëàìè τn ¨¨ Q∗∞-çîá-

ðàæåííÿ, âèçíà÷åíîãî íåñêií÷åííîþ äîäàòíîþ äâi÷i ñòîõàñòè÷íîþ

ìàòðèöåþ çà óìîâè, ùî îäíà ç êîîðäèíàò ñòîõàñòè÷íîãî âåêòîðà

p = (p0, p1, . . . , pn, . . .), ùî çàäà¹ ðîçïîäië, äîðiâíþ¹ 0;

� ìíîæèíè ç çàáîðîíàìè âæèâàííÿ ïåâíèõ êîìáiíàöié öèôð äëÿ äâî-

ñèìâîëüíîãî ìàðêîâñüêîãî çîáðàæåííÿ äðîáîâî¨ ÷àñòèíè äiéñíîãî

÷èñëà, âèçíà÷åíîãî äâi÷i ñòîõàñòè÷íîþ ìàòðèöåþ.

Ó âñòóïi îá ðóíòîâàíî àêòóàëüíiñòü äîñëiäæåííÿ, âèçíà÷åíî îá'¹êò, ïðå-

äìåò, ìåòó é çàâäàííÿ, çàçíà÷åíî íàóêîâó íîâèçíó îäåðæàíèõ ðåçóëüòàòiâ

i îñîáèñòèé âíåñîê çäîáóâà÷êè.
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Ó ïåðøîìó ðîçäiëi ïîäàíî îãëÿä ëiòåðàòóðè ç òåìàòèêè äîñëiäæåííÿ é

âèêëàäåíî îñíîâíi ïîíÿòòÿ i òâåðäæåííÿ, ïîòðiáíi äëÿ ïðîâåäåííÿ äîñëi-

äæåííÿ. Ó öüîìó ðîçäiëi ñèñòåìàòèçîâàíî îñíîâíi âiäîìîñòi ùîäî ñòîõà-

ñòè÷íèõ òà äâi÷i ñòîõàñòè÷íèõ ìàòðèöü, äåÿêèõ çîáðàæåíü äiéñíèõ ÷èñåë

(Q∗∞-çîáðàæåííÿ, ìàðêîâñüêîãî çîáðàæåííÿ, íåãà-äâiéêîâîãî çîáðàæåííÿ),

òåîði¨ ôðàêòàëiâ, òåîði¨ ðÿäiâ, òåîði¨ ðîçïîäiëiâ âèïàäêîâèõ âåëè÷èí òîùî.

Ó äðóãîìó ðîçäiëi ñêîíñòðóéîâàíî êîíòèíóàëüíó ñiì'þ íåñêií÷åííèõ

äâi÷i ñòîõàñòè÷íèõ äîäàòíèõ ìàòðèöü, çàëåæíèõ âiä îäíîãî ïàðàìåòðà. Âè-

â÷åíî ãåîìåòðiþ i âëàñòèâîñòi Q∗∞-çîáðàæåííÿ, âèçíà÷åíîãî ìàòðèöåþ çi

âêàçàíî¨ ñiì'¨. Îïèñàíî âëàñòèâîñòi ñïåêòðà ôóíêöi¨ ðîçïîäiëó íåïåðåðâíî¨

âèïàäêîâî¨ âåëè÷èíè τ = ∆
Q∗∞
τ1τ2...τn... iç íåçàëåæíèìè îäíàêîâèìè ðîçïîäi-

ëåíèìè ñèìâîëàìè τn ¨¨ Q∗∞-çîáðàæåííÿ, âèçíà÷åíîãî íåñêií÷åííîþ äâi÷i

ñòîõàñòè÷íîþ ìàòðèöåþ çà óìîâè, ùî îäíà ç êîîðäèíàò ñòîõàñòè÷íîãî âå-

êòîðà p = (p0, p1, . . . , pn, . . .), ùî çàäà¹ ðîçïîäië, äîðiâíþ¹ 0. Çîêðåìà, âñòà-

íîâëåíî, ùî ñïåêòðîì ¹ íiäå íå ùiëüíà ìíîæèíà äîäàòíî¨ ìiðè Ëåáåãà.

Ó òðåòüîìó ðîçäiëi âèâ÷àþòüñÿ äâi ôóíêöi¨, ÿêi âñòàíîâëþþòü çâ'ÿçîê

ìiæ ÷èñëàìè âiäðiçêà [0; 1]. Ïåðøà ôóíêöiÿ îçíà÷åíà ïðÿìèì ïðîåêòó-

âàííÿì öèôð ìàðêîâñüêîãî çîáðàæåííÿ, âèçíà÷åíîãî äâi÷i ñòîõàñòè÷íîþ

ìàòðèöåþ, ó öèôðè êëàñè÷íîãî äâiéêîâîãî çîáðàæåííÿ, à äðóãà � íåãà-

äâiéêîâîãî â ìàðêîâñüêå çîáðàæåííÿ, âèçíà÷åíå äâi÷i ñòîõàñòè÷íîþ ìàòðè-

öåþ. Âñòàíîâëåíî óìîâè ¨õíüî¨ íåïåðåðâíîñòi, ìîíîòîííîñòi, ñèíãóëÿðíîñòi,

à òàêîæ çíàéäåíî ñèñòåìó ôóíêöiîíàëüíèõ ðiâíÿíü, ðîçâ'ÿçêîì ÿêî¨ ¹ äðóãà

ôóíêöiÿ. Ó öüîìó ðîçäiëi äëÿ ìíîæèí êàíòîðiâñüêîãî òèïó, îçíà÷åíèõ çà-

áîðîíàìè âæèâàííÿ ñèìâîëiâ ó ìàðêîâñüêîìó äâîñèìâîëüíîìó çîáðàæåííi

äðîáîâî¨ ÷àñòèíè äiéñíîãî ÷èñëà, âèçíà÷åíîãî äâi÷i ñòîõàñòè÷íîþ ìàòðè-

öåþ, âñòàíîâëåíî ¨õíþ íóëü-ìiðíiñòü (ó ðîçóìiííi ìiðè Ëåáåãà) i çíàéäåíî

ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à.

Ó ÷åòâåðòîìó ðîçäiëi âèâ÷àþòüñÿ ôóíêöi¨ é ðîçïîäiëè âèïàäêîâèõ âå-

ëè÷èí, ïîâ'ÿçàíi ç çàäàíèì çáiæíèì äîäàòíèì ðÿäîì
∞∑
k=1

dk. Ðîçãëÿäà¹òüñÿ
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ôóíêöiÿ

f(x) = f(∆
Q∗2
α1(x)α2(x)...αk(x)...) =

∞∑
k=1

αk(x)dk,

äå αk = αk(x) � k -òà öèôðà Q∗2-çîáðàæåííÿ ÷èñëà x ∈ [0, 1]. Îêðiì ðÿäó,

ôóíêöiþ âèçíà÷à¹ íåñêií÷åííà ñòîõàñòè÷íà ìàòðèöÿ ||qik||, ÿêà çàäà¹ Q∗2-

çîáðàæåííÿ ÷èñåë iç âiäðiçêà [0, 1]. Ìíîæèíîþ çíà÷åíü ôóíêöi¨ f ¹ ìíîæè-

íà íåïîâíèõ ñóì E{dn} ðÿäó
∞∑
k=1

dk.

Ó öüîìó ðîçäiëi íàâåäåíî êîíñòðóêöiþ ñiì'¨ çáiæíèõ äîäàòíèõ ðÿäiâ,

äëÿ ÷ëåíiâ ÿêèõ âèêîíó¹òüñÿ óìîâà

lim
n→∞

dn
rn

= +∞.

Äîâåäåíî, ùî ìíîæèíà íåïîâíèõ ñóì êîæíîãî ç óêàçàíèõ ðÿäiâ, à îòæå,

é ìíîæèíà çíà÷åíü ôóíêöi¨ f(x) � öå ñóïåðôðàêòàëüíà ìíîæèíà. Äîñëi-

äæåíî âëàñòèâîñòi íåñêií÷åííî¨ çãîðòêè Áåðíóëëi ξ =
∞∑
n=1

dnξn, êåðîâàíî¨

ðÿäîì çi âêàçàíî¨ ñiì'¨ é âèçíà÷åíî¨ íåñêií÷åííîþ ñòîõàñòè÷íîþ ìàòðè-

öåþ. Äîâåäåíî êðèòåðié ¨¨ äèñêðåòíîñòi, âèâ÷åíî ¨¨ ëåáåãiâñüêó ñòðóêòó-

ðó, òîïîëîãî-ìåòðè÷íi i ôðàêòàëüíi âëàñòèâîñòi. Äëÿ âêàçàíî¨ íåñêií÷åííî¨

çãîðòêè Áåðíóëëi äîñëiäæåíî ïîâåäiíêó ìîäóëÿ ¨¨ õàðàêòåðèñòè÷íî¨ ôóí-

êöi¨ íà íåñêií÷åííîñòi, âñòàíîâëåíî ñèíãóëÿðíiñòü ðîçïîäiëó ξ i éîãî áëèçü-

êiñòü çà âëàñòèâîñòÿìè äî äèñêðåòíîãî. Ðîçãëÿíóòî àâòîçãîðòêè âêàçàíèõ

íåñêií÷åííèõ çãîðòîê Áåðíóëëi. Âèâ÷åíî âëàñòèâîñòi ¨õíüîãî ñïåêòðà ðîç-

ïîäiëó òà óìîâè ñèíãóëÿðíîñòi ðîçïîäiëó.

Ó ï'ÿòîìó ðîçäiëi ïðîäîâæó¹òüñÿ âèâ÷åííÿ ìíîæèí çíà÷åíü ôóíêöié òà

ðîçïîäiëiâ âèïàäêîâèõ âåëè÷èí, ÿêi ðîçãëÿäàëèñü ó ÷åòâåðòîìó ðîçäiëi. Ïî-

áóäîâàíî êîíòèíóàëüíó ñiì'þ äîäàòíèõ ðÿäiâ, âèçíà÷åíèõ äâîìà çðîñòàþ-

÷èìè ïîñëiäîâíîñòÿìè íàòóðàëüíèõ ÷èñåë, ìíîæèíà íåïîâíèõ ñóì êîæíîãî

ç ÿêèõ ¹ êàíòîðâàëîì, ìiðà Ëåáåãà ÿêîãî â çàëåæíîñòi âiä âèáîðó ïîñëiäîâ-

íîñòåé ìîæå áóòè ÿê çàâãîäíî áëèçüêîþ äî 1.

Äîäàòîê ìiñòèòü ñïèñîê ïóáëiêàöié çäîáóâà÷êè íà òåìó äèñåðòàöi¨ é

âiäîìîñòi ïðî àïðîáàöiþ ðåçóëüòàòiâ äèñåðòàöi¨.
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Êëþ÷îâi ñëîâà: ñòîõàñòè÷íi ìàòðèöi, ñêií÷åííi é íåñêií÷åííi äâi÷i ñòî-

õàñòè÷íi ìàòðèöi, Q∗∞-çîáðàæåííÿ äiéñíîãî ÷èñëà, ìàðêîâñüêå çîáðàæåííÿ

äiéñíîãî ÷èñëà, ñèíãóëÿðíà ôóíêöiÿ, êàíòîðâàë, ìíîæèíà íåïîâíèõ ñóì,

ôðàêòàëüíi ìíîæèíè.

Markitan V.P. Stochastic and doubly stochastic matrices in the

problems of fractal analysis of functions. � Manuscript.

Candidate of Sciences (PhD) Thesis, Physical and Mathematical Scienses,

speciality 01.01.06 � Mathematical Analysis (111 � Mathematics). � Institute

of Mathematics of National Academy of Sciences of Ukraine, Kyiv, 2020.

The work is prepared at Laboratory of Fractal Analysis of Department,

Department of Dynamical Systems and Fractal Analysis, Institute of Mathemati-

cs of National Academy of Sciences of Ukraine.

The dissertation is carried out in the �eld of constructive theory of functions.

It is devoted to the study of functions and distributions of random variables

with inhomogeneous local structure and fractal properties using stochastic and

doubly stochastic matrices and di�erent systems of encoding of real numbers,

as well as to the study of certain sets which are essential for functions and

distributions.

In recent years, functions with �nontrivial� local properties very often appear

in models of real processes and phenomena. In particular, such functions include

singular, nowhere di�erentiated, and nowhere monotonic functions. Various

systems of encoding of real numbers are widely used nowadays for analytic

representations of fractal functions (with complex local properties of structural,

variational, and di�erentiable nature), distributions of random variables and

their signi�cant sets. For instance, systems of encoding of real numbers use in

its construction stochastic and doubly stochastic �nite and in�nite matrices.

The thesis consists of abstracts in Ukrainian and English, a list of abbreviati-

ons and symbols, introduction, �ve sections, divided into subsections, conclusi-

ons for each section and general conclusions, a list of sources used, and appendix.
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The main objects of research are:

� functions that are projectors of numbers

a) of a binary Markov representation de�ned by a doubly stochastic

matrix into a classical binary representation, and

b) of non-binary representation into a Markov representation;

� functions having the form

f(x = ∆Q∗2
α1α2...αk...

) =
∞∑
k=1

αkdk,

the distribution of a random variable

ξ =
∞∑
k=1

dkξk

de�ned for two classes of convergent positive series
∞∑
k=1

dk with some

homogeneity conditions, and the behavior of the absolute value of the

characteristic function of the in�nite Bernoulli convolution managed by

the series
∞∑
k=1

dk from one of the classes;

� spectrum of the distribution function of a continuous random variable

τ = ∆Q∗∞
τ1τ2...τn...

with independent identical distributed symbols τn of its Q∗∞-represen-

tation; the latter is de�ned by an in�nite positive doubly stochastic

matrix provided that one of the coordinates of the stochastic vector

p = (p0, p1, . . . , pn, . . .) specifying the distribution is zero;

� sets with prohibitions on the use of certain combinations of numbers for

a binary Markov representation of the fractional part of a real number

de�ned by a doubly stochastic matrix.

The introduction substantiates the relevance of the investigation, de�nes

the object, subject, purpose and objectives, indicates the scienti�c novelty of

the results and personal contribution of the applicant.
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The �rst section provides an overview of the literature on the subject of

research and sets out the basic concepts and statements that are necessary

for the study. This section systematizes the basic information on stochastic

and doubly stochastic matrices, some representations of real numbers (Q∗∞-

representation, Markov representation, non-binary representation), fractal theory,

series theory, distributions of random variables theory etc.

In the second section it is constructed a continuum family of in�nitely

doubly stochastic positive matrices dependent on one parameter. The geometry

and properties of Q∗∞-representation de�ned by a matrix from the speci�-

ed family are studied. It is described the properties of the spectrum of the

distribution function of a continuous random variable τ = ∆
Q∗∞
τ1τ2...τn... with

independent identical distributed symbols τn of its Q∗∞-representation de�ned

by an in�nitely double stochastic matrix provided that one of the coordinates

of the stochastic vector p = (p0, p1, . . . , pn, . . .) specifying the distribution is

equal to 0. In particular, it is established that the spectrum is nowhere dense

set of a positive Lebesgue measure.

Studied in the third section are two functions that establish a relationship

between the numbers of the segment [0; 1]. The �rst function is characterized

by the direct projection of digits of the Markov representation de�ned by a

doubly stochastic matrix into the digits of the classical binary representation.

The second function is given by the direct projection of digits of the non-binary

representation into the Markov representation de�ned by the doubly stochastic

matrix. Obtained here are the conditions of their continuity, monotony, si-

ngularity. The system of functional equations, the solution of which is the second

function, is found. Established in the section is zero-dimensionality (in the sense

of Lebesgue measure) of Cantor-type sets denoted by prohibitions on the using

of symbols in the binary Markov representation of the the fractional part of a

real number de�ned by a doubly stochastic matrix. The Hausdor�-Besicovitch

dimension of the sets is found.

Studied in the fourth section are the functions and distributions of random
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variables associated with a given convergent positive series
∑∞

k=1 dk. Considered

here is a function

f(x) = f(∆
Q∗2
α1(x)α2(x)...αk(x)...) =

∞∑
k=1

αk(x)dk,

where αk = αk(x) is the k-th digit ofQ∗2-representation of the number x ∈ [0, 1].

In addition to the series, this function is de�ned by an in�nite stochastic matrix

||qik|| specifying Q∗2-representation of the number x ∈ [0, 1].

The set of values of the function f is the set of incomplete sums E{dn} of
the series

∑∞
k=1 dk. Given here is a construction of a convergent positive series

family for which the following condition holds

lim
n→∞

dn
rn

= +∞.

It is proved that the set of incomplete speci�ed series, and hence the set of

values of the function f(x), is a superfractal set.

Consider in the section is a Bernoulli's in�nite convolution

ξ =
∞∑
n=1

dnξn

which is managed by the series of the speci�ed family and de�ned by an in�-

nite stochastic matrix. The criterion of its discreteness is proved. Its Lebesgue

structure, topological, metric and fractal properties are studied. Investigated

here is the behavior of the absolute value of the characteristic function at in�-

nity of this in�nite Bernoulli convolution. The singularity of the distribution

ξ and its proximity in terms of properties to the discrete one are established.

Autoconvolutions of the speci�ed in�nite Bernoulli convolutions are considered.

The properties of their distribution spectrum and the conditions of the distri-

bution singularity are studied.

In the �fth section, the study of sets of values of functions and the di-

stribution of random variables, which were considered in the fourth section,

continues. Constructed here is a continuum family of positive series de�ned by
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two increasing sequences. It is proved that one of the above classes consists of

series whose sets of incomplete sums are cantorvals, and the Lebesgue measures

of those cantorvals can be arbitrary close to 1.

The appendix contains a list of the applicant's publications on the topic of

the dissertation and information about the approbation of the results presented

in the dissertation.

Key words: stochastic matrices, �nite and in�nite doubly stochastic matri-

ces,Q∗∞-representation of a real number, Markov representation of a real number,

singular function, Cantorval, set of incomplete sums, fractal sets.
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ÏÅÐÅËIÊ ÑÊÎÐÎ×ÅÍÜ I ÓÌÎÂÍÈÕ ÏÎÇÍÀ×ÅÍÜ

N � ìíîæèíà íàòóðàëüíèõ ÷èñåë;

R � ìíîæèíà äiéñíèõ ÷èñåë;

â.â. � âèïàäêîâà âåëè÷èíà;

ô.ð. � ôóíêöiÿ ðîçïîäiëó;

� � êiíåöü äîâåäåííÿ;

(an) � ÷èñëîâà ïîñëiäîâíiñòü;

E{dn} � ìíîæèíà íåïîâíèõ ñóì ðÿäó
∑∞

n=1 dn ;

λ(E) � ìiðà Ëåáåãà ìíîæèíè E;

Hα(E) � α-ìiðíà ìiðà Ãàóñäîðôà ìíîæèíè E;

α0(E) � ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à ìíîæèíè E;

∆
Q∗∞
a1a2...an... � Q∗∞-çîáðàæåííÿ äiéñíîãî ÷èñëà x;

∆M
a1a2...an...

� ìàðêîâñüêå çîáðàæåííÿ äiéñíîãî ÷èñëà x;

∆
2

α1(x)α2(x)...αn(x)... � íåãà-äâiéêîâå çîáðàæåííÿ äiéñíîãî ÷èñëà x;

∆c1...ck � öèëiíäð ðàíãó k, ùî âiäïîâiäà¹ ïåâíîìó

çîáðàæåííþ ÷èñåë, âiäîìîìó ç êîíòåêñòó;

|∆Q∗∞
c1...cn| � äîâæèíà öèëiíäðà Q∗∞-çîáðàæåííÿ;

∇c1...ck � iíòåðâàë, ùî ¹ âíóòðiøíiñòþ ∆c1...ck ;

∆α1...αk... � òî÷êà ÷èñëîâî¨ îñi (÷èñëî), ñïiëüíà äëÿ âñiõ öèëiíäðiâ ∆α1...αk
;

(c1c2 . . . cn) � íàáið ñèìâîëiâ c1c2 . . . cn ó ïåðiîäi;

Sξ � ñïåêòð âèïàäêîâî¨ âåëè÷èíè ξ (ìiíiìàëüíèé çàìêíåíèé íîñié

ðîçïîäiëó);

A
k∼ B � ìíîæèíà A, ãåîìåòðè÷íî ïîäiáíà äî B ç êîåôiöi¹íòîì k;

P(E) � éìîâiðíiñòü ïîäi¨ (ìíîæèíè) E;

D[Q∗∞, ij] � ìíîæèíà äiéñíèõ ÷èñåë, ó Q∗∞-çîáðàæåííi ÿêèõ çàáîðîíÿ¹òüñÿ

êîìáiíàöiÿ íàïåðåä çàäàíèõ ñèìâîëiâ i òà j;

≡ � ðiâíiñòü çà îçíà÷åííÿì.
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ÂÑÒÓÏ

Äèñåðòàöiéíà ðîáîòà ïðèñâÿ÷åíà âèâ÷åííþ ìàòåìàòè÷íèõ îá'¹êòiâ çi

ôðàêòàëüíèìè âëàñòèâîñòÿìè (ìíîæèí, ôóíêöié, ðîçïîäiëiâ âèïàäêîâèõ

âåëè÷èí, îçíà÷åíèõ ó òåðìiíàõ ðiçíèõ çîáðàæåíü äiéñíèõ ÷èñåë, ÿêi âèêî-

ðèñòîâóþòü ñòîõàñòè÷íi òà äâi÷i ñòîõàñòè÷íi ìàòðèöi).

Àêòóàëüíiñòü òåìè. Iíòåðåñ äî ëîêàëüíî ñêëàäíèõ íåïåðåðâíèõ ôóí-

êöié (ñèíãóëÿðíèõ, íiäå íå ìîíîòîííèõ, íåäèôåðåíöiéîâíèõ òîùî) ìà¹ äîâ-

ãîòðèâàëó i ÿñêðàâó iñòîðiþ, ïîâ'ÿçàíó ç iìåíàìè âèäàòíèõ íàóêîâöiâ: Ê. Âå-

é¹ðøòðàññ, Ã. Ìiíêîâñüêèé [31], Å. Ãåëií åð, Ã. Êàíòîð [13, 68], Â. Ñåðïií-

ñüêèé, Ð. Ñàëåì [41], Ñ. Áàíàõ [7], Ñ. Ìàçóðêåâè÷ [30] òà ií. Ñüîãîäíi òàêi

ôóíêöi¨ � öå îá'¹êò ïiäâèùåíî¨ íàóêîâî¨ óâàãè çàâäÿêè ðiçíèì îáñòàâèíàì.

Îêðiì âíóòðiøíüî¨ ëîãiêè ðîçâèòêó ìàòåìàòèêè óâàãó äî íèõ ïðèâåðòà¹

òå, ùî âiäíåäàâíà âîíè äåäàëi ÷àñòiøå ç'ÿâëÿþòüñÿ â ìîäåëÿõ ðåàëüíèõ

ïðîöåñiâ i ÿâèù. Àëå ãîëîâíå ó ëàíöþçi àðãóìåíòàöi¨ òå, ùî ç'ÿâèëèñü íîâi

ïîòóæíi çàñîáè äëÿ ¨õíüîãî òåîðåòè÷íîãî àíàëiçó. Öå ðiçíi ñèñòåìè êîäó-

âàííÿ äiéñíèõ ÷èñåë, çîêðåìà òàêi, ùî  ðóíòóþòüñÿ íà âèêîðèñòàííi ñòî-

õàñòè÷íèõ òà äâi÷i ñòîõàñòè÷íèõ ìàòðèöü, à òàêîæ òåîðiÿ ôðàêòàëiâ (ôðà-

êòàëüíà ãåîìåòðiÿ i ôðàêòàëüíèé àíàëiç) iç iäåÿìè ñàìîàôiííîñòi é àâòî-

ìîäåëüíîñòi. Äîäàòêîâèì àðãóìåíòîì iíòåðåñó äî ïåâíèõ êëàñiâ ëîêàëüíî

ñêëàäíèõ ôóíêöié ¹ ôóíäàìåíòàëüíi ðåçóëüòàòè ùîäî ¨õíüî¨ ìàñèâíîñòi ó

ìåòðè÷íèõ i òîïîëîãi÷íèõ ïðîñòîðàõ. Äî òàêèõ íàëåæàòü: òåîðåìà Áàíàõà-

Ìàçóðêåâè÷à (1931) [7, 30], ÿêà òâåðäèòü, ùî ìíîæèíà íiäå íå äèôåðåíöi-

éîâíèõ ôóíêöié ó ïðîñòîði C[0,1] ¹ ìíîæèíîþ äðóãî¨ êàòåãîði¨ Áåðà; òåîðåìà

Çàìôiðåñêó (1981) [49], ÿêà òâåðäèòü, ùî ñèíãóëÿðíi ôóíêöi¨ ó ìåòðè÷íî-

ìó ïðîñòîði âñiõ íåïåðåðâíèõ ìîíîòîííèõ ôóíêöié iç ñóïðåìóì-ìåòðèêîþ

óòâîðþþòü ìíîæèíó äðóãî¨ êàòåãîði¨ Áåðà òîùî. Ñèíãóëÿðíi ôóíêöi¨ áóëè
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îá'¹êòàìè äîñëiäæåííÿ ó ðîáîòàõ Ë. Øâàðöà [43], Í. Âiíåðà òà À. Âiíòíå-

ðà [48], Â. Äæåññåíà é À. Âiíòíåðà [25], ß. Ô. Âèííèøèíà [54,55], Ì. Â. Ïðà-

öüîâèòîãî [76, 81, 80, 78], Ì. Â. Ïðàöüîâèòîãî, Ã. Ì. Òîðáiíà i ß. Â. Ãîí÷à-

ðåíêî [62], À. À. Äîâãîøåÿ [16], Ì. Â. Ïðàöüîâèòîãî é À. Â. Êàëàøíiêî-

âà [65, 82], Ì. Â. Ïðàöüîâèòîãî é Î. Â. Êîñîïëüîòêiíî¨ [84], Ì. Â. Ïðàöüî-

âèòîãî òà Î. Â. Ñâèí÷óê [85,86] òà ií.

Âåëèêà ãðóïà êè¨âñüêèõ ìàòåìàòèêiâ (Òîðáií Ã.Ì. [95], Áàðàíîâñüêèé

Î.Ì. [50], Âàñèëåíêî Í.Ì. [53], Ãåòüìàí Á.I. [57] , Ãîí÷àðåíêî ß.Â. [58],

Æèõàð¹âà Þ.I. [63], Iñà¹âà Ò.Ì. [64], Êþð÷åâ Ä.Â. [67], Ëèñåíêî I.Ì. [74],

Ïðàöüîâèòèé Ì.Â. [81], Ôåùåíêî Î.Þ. [98], Õâîðîñòiíà Þ.Â. [99] òà ií.)

ðîçðîáëÿ¹ íîâi ñèñòåìè êîäóâàííÿ (çîáðàæåííÿ) äiéñíèõ ÷èñåë, ÿêi  ðóí-

òóþòüñÿ íà ðîçêëàäàõ ÷èñåë ó ðÿäè, ëàíöþãîâi äðîáè, íåñêií÷åííi äîáóòêè

òîùî. Òàêi ñèñòåìè âèêîðèñòîâóþòü ñêií÷åííîñèìâîëüíèé, çîêðåìà äâî-

ñèìâîëüíèé, àáî íåñêií÷åííèé àëôàâiòè, ìàþòü îäíó àáî êiëüêà îñíîâ, ìà-

þòü íóëüîâó àáî íåíóëüîâó íàäëèøêîâiñòü. Ó öié ðîáîòi ìè âèêîðèñòîâó¹ìî

ñèñòåìè çîáðàæåííÿ äiéñíèõ ÷èñåë, ÿêi âîíè ðîçðîáèëè: Q∗∞-çîáðàæåííÿ,

ìàðêîâñüêå çîáðàæåííÿ òîùî.

Îêðåìèé êëàñ ëîêàëüíî ñêëàäíèõ ôóíêöié óòâîðþþòü òi, ìíîæèíè çíà-

÷åíü ÿêèõ ¹ ôðàêòàëàìè. Çîêðåìà, äî òàêèõ íàëåæàòü ôóíêöi¨, ÷è¨ ìíîæè-

íè çíà÷åíü çáiãàþòüñÿ çi ìíîæèíàìè íåïîâíèõ ñóì àáñîëþòíî çáiæíèõ ÷è-

ñëîâèõ ðÿäiâ. Òîïîëîãî-ìåòðè÷íi âëàñòèâîñòi ìíîæèí íåïîâíèõ ñóì ðÿäiâ

¹ âiäîáðàæåííÿì âiäïîâiäíèõ âëàñòèâîñòåé ôóíêöié. Öå îäèí iç îñíîâíèõ

àñïåêòiâ ó íàøîìó äîñëiäæåííi. Âàðòî çàçíà÷èòè, ùî ìíîæèíà íåïîâíèõ

ñóì ðÿäó ÿê îá'¹êò ìåòðè÷íîãî ïðîñòîðó R1 ïîòåíöiéíî ¹ ëiíiéíèì ôðàêòà-

ëîì àáî ìíîæèíîþ çi ôðàêòàëüíèìè ëîêàëüíèìè âëàñòèâîñòÿìè. Öå ðîáèòü

¨¨ îá'¹êòîì ñàìîñòiéíîãî íàóêîâîãî ðîçãëÿäó [1,60,75,66,35,92,93,94,89,90].

Ìíîæèíè íåïîâíèõ ñóì iç ïîãëÿäó òåîði¨ éìîâiðíîñòåé (òåîði¨ ðîçïîäiëiâ

âèïàäêîâèõ âåëè÷èí i òåîði¨ âèïàäêîâèõ ïðîöåñiâ) âèñòóïàþòü ó ðîëi ñïå-

êòðiâ i íîñi¨â ðîçïîäiëiâ (ñèíãóëÿðíèõ, íåòðèâiàëüíèõ ñóìiøåé ñèíãóëÿðíèõ

i àáñîëþòíî íåïåðåðâíèõ). Ìíîæèíè íåïîâíèõ ñóì ðÿäiâ ó òåîði¨ íåñêií÷åí-
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íèõ çãîðòîê Áåðíóëëi (ñèìåòðè÷íèõ i íåñèìåòðè÷íèõ) òàêîæ âiäiãðàþòü

âàæëèâå çíà÷åííÿ. Âïðîäîâæ ìàéæå ñòîði÷íî¨ iñòîði¨ ðîçâèòêó òåîði¨ íà-

ðàçi âiäêðèòèì ¹ ðÿä ñêëàäíèõ éìîâiðíiñíèõ ïðîáëåì, ïîâ'ÿçàíèõ iç ¨õíüîþ

ëåáåãiâñüêîþ ñòðóêòóðîþ, òîïîëîãî-ìåòðè÷íèìè i ôðàêòàëüíèìè âëàñòèâî-

ñòÿìè íîñi¨â (çîêðåìà, ñóòò¹âèõ íîñi¨â ùiëüíîñòi) [36, 37,69,3, 15,97] òîùî.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè.

Ðîáîòà âèêîíàíà ó ðàìêàõ äîñëiäæåíü ìàòåìàòè÷íèõ îá'¹êòiâ çi ñêëàäíîþ

ëîêàëüíîþ áóäîâîþ i ôðàêòàëüíèìè âëàñòèâîñòÿìè, ùî ïðîâîäÿòüñÿ ó âiä-

äiëi äèíàìi÷íèõ ñèñòåì òà ôðàêòàëüíîãî àíàëiçó Iíñòèòóòó ìàòåìàòèêè

ÍÀÍ Óêðà¨íè é íà êàôåäði âèùî¨ ìàòåìàòèêè Íàöiîíàëüíîãî ïåäàãîãi÷íîãî

óíiâåðñèòåòó iìåíi Ì. Ï. Äðàãîìàíîâà. Äîñëiäæåííÿ ïðîâîäèëîñü ó ðàìêàõ

òàêèõ íàóêîâî-äîñëiäíèõ òåì:

� ôðàêòàëüíèé àíàëiç íåïåðåðâíèõ ôóíêöié i ìið (� äåðæàâíî¨ ðå¹-

ñòðàöi¨ 0111U000053);

� ôðàêòàëüíèé àíàëiç ìàòåìàòè÷íèõ îá'¹êòiâ çi ñêëàäíîþ ëîêàëüíîþ

áóäîâîþ (� äåðæàâíî¨ ðå¹ñòðàöi¨ 0107U000583);

� ôðàêòàëüíà ãåîìåòðiÿ ÷èñëîâèõ ðÿäiâ i ôðàêòàëüíèé àíàëiç ñòîõà-

ñòè÷íèõ îá'¹êòiâ, ç íèìè ïîâ'ÿçàíèõ (� äåðæàâíî¨ ðå¹ñòðàöi¨

0118U002059).

Îá'¹êòîì äîñëiäæåííÿ ¹ ëîêàëüíî ñêëàäíi ôóíêöi¨ çi ôðàêòàëüíèìè

âëàñòèâîñòÿìè, âèçíà÷åíi ç âèêîðèñòàííÿì ñòîõàñòè÷íèõ òà äâi÷i ñòîõàñòè-

÷íèõ ìàòðèöü.

Ïðåäìåòîì äîñëiäæåííÿ ¹ ñòðóêòóðíi, àâòîìîäåëüíi, òîïîëîãî-ìå-

òðè÷íi òà iíøi âëàñòèâîñòi ôóíêöié.

Ìåòà äîñëiäæåííÿ ïîëÿãà¹ ó ìîäåëþâàííi é äîñëiäæåííi ôóíêöié i

ðîçïîäiëiâ âèïàäêîâèõ âåëè÷èí iç íåîäíîðiäíîþ ëîêàëüíîþ ñòðóêòóðîþ i

ôðàêòàëüíèìè âëàñòèâîñòÿìè ç âèêîðèñòàííÿì ñòîõàñòè÷íèõ òà äâi÷i ñòî-

õàñòè÷íèõ ìàòðèöü i ðiçíèõ ñèñòåì êîäóâàííÿ äiéñíèõ ÷èñåë, à òàêîæ ó

çäiéñíåííi òîïîëîãî-ìåòðè÷íîãî àíàëiçó ìíîæèí, ñóòò¹âèõ äëÿ ôóíêöié i
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ðîçïîäiëiâ.

Îñíîâíèìè çàâäàííÿìè äèñåðòàöiéíîãî äîñëiäæåííÿ ¹:

� ñêîíñòðóþâàòè ñiì'þ W äîäàòíèõ íåñêií÷åííèõ äâi÷i ñòîõàñòè÷íèõ

ìàòðèöü, çàëåæíèõ âiä îäíîãî ïàðàìåòðà;

� äëÿ Q∗∞-çîáðàæåíü, ùî  ðóíòóþòüñÿ íà ìàòðèöÿõ iç W , äîñëiäè-

òè òîïîëîãî-ìåòðè÷íi âëàñòèâîñòi ñïåêòðà (ìíîæèíè òî÷îê ðîñòó)

ôóíêöi¨ ðîçïîäiëó íåïåðåðâíî¨ âèïàäêîâî¨ âåëè÷èíè τ = ∆
Q∗∞
τ1τ2...τn...

iç íåçàëåæíèìè îäíàêîâèìè ðîçïîäiëåíèìè ñèìâîëàìè τn ¨¨ Q∗∞-

çîáðàæåííÿ çà óìîâè, ùî îäíà ç êîîðäèíàò ñòîõàñòè÷íîãî âåêòîðà

p = (p0, p1, . . . , pn, . . .), ùî çàäà¹ ðîçïîäië, äîðiâíþ¹ 0;

� äëÿ äâîñèìâîëüíîãî ìàðêîâñüêîãî çîáðàæåííÿ äðîáîâî¨ ÷àñòèíè äié-

ñíîãî ÷èñëà, âèçíà÷åíîãî äâi÷i ñòîõàñòè÷íîþ ìàòðèöåþ, âèâ÷èòè

ôðàêòàëüíi âëàñòèâîñòi ìíîæèí iç çàáîðîíàìè âæèâàííÿ ïåâíèõ

êîìáiíàöié öèôð;

� âèâ÷èòè âëàñòèâîñòi ôóíêöié, ùî ¹ ïðîåêòîðàìè öèôð:

à) äâîñèìâîëüíîãî ìàðêîâñüêîãî çîáðàæåííÿ, âèçíà÷åíîãî äâi÷i ñòî-

õàñòè÷íîþ ìàòðèöåþ, ó êëàñè÷íå äâiéêîâå çîáðàæåííÿ;

á) íåãà-äâiéêîâîãî çîáðàæåííÿ â ìàðêîâñüêå çîáðàæåííÿ;

� äëÿ äâîõ êëàñiâ çáiæíèõ äîäàòíèõ ðÿäiâ
∞∑
k=1

dk ç ïåâíèìè óìîâàìè

îäíîðiäíîñòi âèâ÷èòè âëàñòèâîñòi ôóíêöi¨ f(x = ∆
Q∗2
α1α2...αk...) =

=
∞∑
k=1

αkdk i ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè ξ =
∞∑
k=1

dkξk;

� âèâ÷èòè ïîâåäiíêó ìîäóëÿ õàðàêòåðèñòè÷íî¨ ôóíêöi¨ íåñêií÷åííî¨

çãîðòêè Áåðíóëëi, êåðîâàíî¨ ðÿäîì
∞∑
k=1

dk ç îäíîãî çi êëàñiâ.

Ìåòîäè äîñëiäæåííÿ. Ó ðîáîòi âèêîðèñòîâóâàëèñü ìåòîäè ìàòåìà-

òè÷íîãî àíàëiçó, òåîði¨ ôóíêöié, òåîði¨ éìîâiðíîñòåé, ìåòðè÷íî¨ òåîði¨ ÷è-

ñåë, ôðàêòàëüíîãî àíàëiçó i ôðàêòàëüíî¨ ãåîìåòði¨.

Íàóêîâà íîâèçíà îäåðæàíèõ ðåçóëüòàòiâ. Îñíîâíi íàóêîâi ðå-

çóëüòàòè, ùî âèíîñÿòüñÿ íà çàõèñò:

� ñêîíñòðóéîâàíî ñiì'þ äîäàòíèõ íåñêií÷åííèõ äâi÷i ñòîõàñòè÷íèõ ìà-
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òðèöü i îïèñàíî òîïîëîãî-ìåòðè÷íi âëàñòèâîñòi ñïåêòðà ôóíêöi¨ ðîç-

ïîäiëó íåïåðåðâíî¨ âèïàäêîâî¨ âåëè÷èíè, çàäàíî¨ Q∗∞-çîáðàæåííÿì

÷èñåë, ÿêå âèçíà÷à¹òüñÿ íåñêií÷åííîþ äâi÷i ñòîõàñòè÷íîþ ìàòðè-

öåþ;

� äîñëiäæåíî ôðàêòàëüíi âëàñòèâîñòi ìíîæèí ÷èñåë iç çàáîðîíàìè

âæèâàííÿ êîìáiíàöié ñèìâîëiâ ó ¨õíüîìó ìàðêîâñüêîìó çîáðàæåííi,

âèçíà÷åíîìó äâi÷i ñòîõàñòè÷íîþ ìàòðèöåþ;

� çíàéäåíî íåîáõiäíi é äîñòàòíi óìîâè ñèíãóëÿðíîñòi ôóíêöi¨, ÿêà ïðî-

åêòó¹ öèôðè:

� ìàðêîâñüêîãî çîáðàæåííÿ ó öèôðè êëàñè÷íîãî äâiéêîâîãî çîáðà-

æåííÿ;

� íåãà-äâiéêîâîãî çîáðàæåííÿ ó öèôðè ìàðêîâñüêîãî çîáðàæåííÿ;

Äëÿ çàçíà÷åíî¨ âèùå ôóíêöi¨ çíàéäåíî ñèñòåìó ôóíêöiîíàëüíèõ ðiâ-

íÿíü, ÿêà ¨¨ îäíîçíà÷íî âèçíà÷à¹.

� âèâ÷åíî ëåáåãiâñüêó ñòðóêòóðó, òîïîëîãî-ìåòðè÷íi i ôðàêòàëüíi âëà-

ñòèâîñòi íåñêií÷åííî¨ çãîðòêè Áåðíóëëi, êåðîâàíî¨ çáiæíèì äîäà-

òíèì ðÿäîì iç ñóïåðôðàêòàëüíîþ ìíîæèíîþ ïiäñóì; ïîâåäiíêó ìî-

äóëÿ ¨¨ õàðàêòåðèñòè÷íî¨ ôóíêöi¨ íà íåñêií÷åííîñòi; äîâåäåíî êðèòå-

ðié äèñêðåòíîñòi; âèâ÷åíî ôðàêòàëüíi âëàñòèâîñòi àâòîçãîðòîê öi¹¨

íåñêií÷åííî¨ çãîðòêè Áåðíóëëi.

� Îïèñàíî òîïîëîãî-ìåòðè÷íi âëàñòèâîñòi íåñêií÷åííî¨ çãîðòêè Áåð-

íóëëi, êåðîâàíî¨ íîðìîâàíèì äîäàòíèì ðÿäîì, âèçíà÷åíèì äâîìà

çðîñòàþ÷èìè ïîñëiäîâíîñòÿìè íàòóðàëüíèõ ÷èñåë; äîâåäåíî, ùî ¨¨

ñïåêòðîì ¹ êàíòîðâàë, ìiðà Ëåáåãà ÿêîãî çàëåæíî âiä âèáîðó ïàðà-

ìåòðiâ ìîæå áóòè ÿê çàâãîäíî áëèçüêîþ äî 1.

Îäåðæàíi ðåçóëüòàòè ¹ íîâèìè, ñòðîãî i öiëêîì îá ðóíòîâàíèìè.

Ïðàêòè÷íå çíà÷åííÿ îäåðæàíèõ ðåçóëüòàòiâ. Äèñåðòàöiéíà ðî-

áîòà ìà¹ òåîðåòè÷íèé õàðàêòåð. Îäåðæàíi ðåçóëüòàòè � öå ïåâíèé âíåñîê ó

òåîðiþ ôóíêöié äiéñíî¨ çìiííî¨, ôðàêòàëüíîãî àíàëiçó i ôðàêòàëüíî¨ ãåîìå-
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òði¨, òåîði¨ ðîçïîäiëiâ âèïàäêîâèõ âåëè÷èí. Çàïðîïîíîâàíi ó äèñåðòàöi¨ ïðè-

éîìè é ìåòîäè ìîæóòü áóòè âèêîðèñòàíi ïðè äîñëiäæåííi iíøèõ ëîêàëüíî

ñêëàäíèõ ìàòåìàòè÷íèõ îá'¹êòiâ (ìíîæèí, ôóíêöié, ìið) çi ôðàêòàëüíèìè

âëàñòèâîñòÿìè.

Îñîáèñòèé âíåñîê çäîáóâà÷êè. Óñi ïîëîæåííÿ i ðåçóëüòàòè, ÿêi

âèíîñÿòüñÿ íà çàõèñò, íàëåæàòü àâòîðöi é îòðèìàíi ñàìîñòiéíî. Ó ðîáîòàõ,

îïóáëiêîâàíèõ ó ñïiâàâòîðñòâi ç íàóêîâèì êåðiâíèêîì, ÏðàöüîâèòîìóÌ. Â.

íàëåæèòü çàãàëüíà ïîñòàíîâêà çàäà÷, ðåäàãóâàííÿ i ïåðåâiðêà îäåðæàíèõ

ðåçóëüòàòiâ. Ó ðîáîòi [3a] Ñàâ÷åíêó I.Î. íàëåæèòü iäåÿ äîâåäåííÿ òåîðåìè 4.

Ó ðîáîòi [4a] Ñàâ÷åíêó I.Î. é Âèííèøèíó ß.Ô. íàëåæàòü iäå¨ äîâåäåííÿ ëåì

3.2 i 3.3.

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Ðåçóëüòàòè äèñåðòàöiéíîãî äî-

ñëiäæåííÿ äîïîâiäàëèñÿ íà êîíôåðåíöiÿõ ðiçíèõ ðiâíiâ i íàóêîâèõ ñåìiíà-

ðàõ, à ñàìå:

� Âñåóêðà¨íñüêà íàóêîâî-ìåòîäè÷íà êîíôåðåíöiÿ �Ñó÷àñíi íàóêîâî-

ìåòîäè÷íi ïðîáëåìè ìàòåìàòèêè ó âèùié øêîëi� (Êè¨â, 2016);

� ÕI Ëiòíÿ øêîëà �Àëãåáðà, Òîïîëîãiÿ, Àíàëiç� (Îäåñà, 2016);

� Ìiæíàðîäíà êîíôåðåíöiÿ �Ãåîìåòðiÿ i òîïîëîãiÿ â Îäåñi-2016� (Îäå-

ñà, 2016);

� International Conference �Modern Advances in Geometry and Topology�

(Kharkiv, 2016);

� The International Conference dedicated to the 120-th anniversary of

Kazimierz Kuratowski (Lviv, 2016);

� Øîñòà Âñåóêðà¨íñüêà êîíôåðåíöiÿ ìîëîäèõ â÷åíèõ ç ìàòåìàòèêè òà

ôiçèêè (Êè¨â, 2017);

� Ìiæíàðîäíà êîíôåðåíöiÿ �Ãåîìåòðiÿ i òîïîëîãiÿ â Îäåñi-2017� (Îäå-

ñà, 2017)

� Ìiæíàðîäíà êîíôåðåíöiÿ ìîëîäèõ ìàòåìàòèêiâ, ïðèñâÿ÷åíà 100-

ði÷÷þ íàðîäæåííÿ àêàäåìiêà ÍÀÍ Óêðà¨íè Þ.Î. Ìèòðîïîëüñêîãî
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(1917-2008) (Êè¨â, 2017);

� ÕII Ëiòíÿ øêîëà �Àëãåáðà, Òîïîëîãiÿ, Àíàëiç� (Êîëî÷àâà, 2017);

� International Conference in Functional Analysis dedicated to the 125th

anniversary of STEFAN BANACH (Lviv, 2017);

� Ñüîìà Âñåóêðà¨íñüêà êîíôåðåíöiÿ ìîëîäèõ â÷åíèõ ç ìàòåìàòèêè òà

ôiçèêè (Êè¨â, 2018);

� International scienti�c conference �Algebraic and geometric methods of

analysis� (Odesa, 2018);

� The 13th Summer School �Analysis, Topology and Applications� (Vyzh-

nytsya, 2018);

� The Sixth International Conference on Analytic Number Theory and

Spatial Tessellations (Kyiv, 2018);

� Ìiæíàðîäíà êîíôåðåíöiÿ ìîëîäèõ ìàòåìàòèêiâ (Êè¨â, 2019);

� International scienti�c conference �Algebraic and Geometric Methods

of Analysis� (Odesa, 2019);

� The 14th Summer School �Analysis, Topology, Algebra and Applicati-

ons� (Pidzakharychi, 2019);

� ñåìiíàð ç ôðàêòàëüíîãî àíàëiçó, Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè

òà ÍÏÓ iìåíi Ì.Ï. Äðàãîìàíîâà (êåðiâíèê: ä-ð ôiç.-ìàò. íàóê, ïðîô.

Ì. Â. Ïðàöüîâèòèé);

� ñåìiíàð âiääiëó òåîði¨ ôóíêöié Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè

(êåðiâíèê: ä-ð ôiç.-ìàò. íàóê, ïðîô. À. Ñ. Ðîìàíþê);

� ñåìiíàð ¾Ñòàòèñòè÷íi ïðîáëåìè äëÿ âèïàäêîâèõ ïðîöåñiâ i ïîëiâ¿

êàôåäðè ìàòåìàòè÷íîãî àíàëiçó òà òåîði¨ éìîâiðíîñòåé ÊÏI iìåíi

Iãîðÿ Ñiêîðñüêîãî (êåðiâíèêè: ä-ð ôiç.-ìàò. íàóê, ïðîô. Î.I. Êëåñîâ,

ä-ð ôiç.-ìàò. íàóê, ïðîô. Î.Â. Iâàíîâ).

Ïóáëiêàöi¨. Îñíîâíi ðåçóëüòàòè äîñëiäæåííÿ âèêëàäåíî ó ÷îòèðüîõ

ñòàòòÿõ [2a] � [5a], îïóáëiêîâàíèõ ó âèäàííÿõ, ùî âíåñåíi äî ïåðåëiêó íàó-

êîâèõ ôàõîâèõ âèäàíü Óêðà¨íè, ç íèõ 2 ñòàòòi [3a,4a] � ó íàóêîâèõ âèäàííÿõ,
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ùî âõîäÿòü äî ìiæíàðîäíî¨ íàóêîìåòðè÷íî¨ áàçè äàíèõ Scopus, i äîäàòêîâî

âiäîáðàæåíî â ìàòåðiàëàõ êîíôåðåíöié [6a] � [23a].

Ñòðóêòóðà ðîáîòè. Äèñåðòàöiéíà ðîáîòà ñêëàäà¹òüñÿ ç àíîòàöi¨, ïå-

ðåëiêó ñêîðî÷åíü i óìîâíèõ ïîçíà÷åíü, âñòóïó, ï'ÿòüîõ ðîçäiëiâ, âèñíîâêiâ,

ñïèñêó âèêîðèñòàíèõ äæåðåë (102 íàéìåíóâàííÿ) i äîäàòêà, ÿêèé ìiñòèòü

ñïèñîê ïóáëiêàöié çäîáóâà÷êè çà òåìîþ äèñåðòàöi¨ é âiäîìîñòi ïðî àïðîáà-

öiþ ðåçóëüòàòiâ äèñåðòàöi¨. Çàãàëüíèé îáñÿã äèñåðòàöi¨ � 144 ñòîðiíêè.

Îñíîâíèé çìiñò ðîáîòè. Ó âñòóïi îá ðóíòîâàíî àêòóàëüíiñòü äè-

ñåðòàöiéíîãî äîñëiäæåííÿ, âèâ÷åíî éîãî îá'¹êò, ïðåäìåò, ìåòó i çàâäàííÿ,

âèñâiòëåíî íàóêîâó íîâèçíó, ïðàêòè÷íå çíà÷åííÿ, àíîíñîâàíî îñíîâíi íàó-

êîâi ðåçóëüòàòè.

Ðîçäië 1 ¾Êîíöåïòóàëüíi îñíîâè äîñëiäæåííÿ é îãëÿä ëiòåðà-

òóðè¿ ìà¹ âñòóïíèé õàðàêòåð. Ó íüîìó ñôîðìóëüîâàíî îçíà÷åííÿ ñòîõà-

ñòè÷íèõ òà äâi÷i ñòîõàñòè÷íèõ ìàòðèöü ÿê öåíòðàëüíîãî îá'¹êòà äîñëiäæå-

ííÿ.

Îçíà÷åííÿ 1.1. Ìàòðèöÿ P = ||pij|| ðîçìiðîì n × n íàçèâà¹òüñÿ

ñòîõàñòè÷íîþ, ÿêùî

pij > 0 òà
∑
i

pij = 1 àáî
∑
j

pij = 1, i, j = 1, . . . , n.

Îçíà÷åííÿ 1.2.Ìàòðèöÿ P = ||pij|| ðîçìiðîì n×n íàçèâà¹òüñÿ äâi÷i

ñòîõàñòè÷íîþ, ÿêùî

pij > 0,
∑
i

pij = 1,
∑
j

pij = 1, i, j = 1, . . . , n.

Ó öüîìó ðîçäiëi îïèñàíî âiäîìå íåñêií÷åííîñèìâîëüíå Q∗∞-çîáðàæåí-íÿ

äiéñíèõ ÷èñåë iç [0; 1), ùî ¹ óçàãàëüíåííÿì Q∞-çîáðàæåííÿ, ÿêå ¹ ñèñòå-

ìîþ êîäóâàííÿ ÷èñåë iç íóëüîâîþ íàäëèøêîâiñòþ (êîæíå ÷èñëî ìà¹ ¹äè-

íå çîáðàæåííÿ). Îïèñàíî éîãî âëàñòèâîñòi, íåîáõiäíi äëÿ ïîäàëüøîãî êîí-

ñòðóþâàííÿ é äîñëiäæåííÿ ôóíêöié. Òóò òàêîæ ïðîâåäåíî îãëÿä îêðåìèõ

äâîñèìâîëüíèõ ñèñòåì ÷èñëåííÿ.
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Íåõàé A = {0, 1, 2, . . .} � àëôàâiò ñèñòåìè ÷èñëåííÿ, L = A× A× . . . �
ïðîñòið ïîñëiäîâíîñòåé;Q∗∞ = ||qik|| � çàäàíà íåñêií÷åííà äîäàòíà ìàòðèöÿ,
ÿêà ìà¹ âëàñòèâîñòi: 1)

∞∑
i=0

qik = 1; 2) äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi ÷èñåë

(αn) ∈ L:
∞∏
n=1

qαnn = 0.

Îçíà÷åííÿ 1.3. Ðîçêëàä ÷èñëà x ∈ [0; 1) ó ðÿä

x = βα11 +
∞∑
k=2

[
βαkk

k−1∏
j=1

qαjj

]
≡ ∆Q∗∞

α1...αk...
,

äå β0k ≡ 0, βik ≡
∑i−1

j=0 qjk, i ∈ N, k ∈ N íàçèâà¹òüñÿ Q∗∞-ïðåäñòàâëåííÿì,

à ñêîðî÷åíèé éîãî çàïèñ ∆
Q∗∞
α1...αk... � Q

∗
∞-çîáðàæåííÿì ÷èñëà õ, âèçíà÷åíîãî

ìàòðèöåþ Q∗∞. Ïðè öüîìó αn = αn(x) íàçèâà¹òüñÿ n-îþ öèôðîþ (ñèìâî-

ëîì) öüîãî çîáðàæåííÿ.

Ó ðîçäiëi îïèñàíî îñíîâíi ôàêòè ñòîñîâíî ñèíãóëÿðíèõ ôóíêöié ðîçïî-

äiëó éìîâiðíîñòåé, âèïàäêîâèõ âåëè÷èí îêðåìèõ òèïiâ, à òàêîæ âèñâiòëåíî

àêòóàëüíi ðåçóëüòàòè äîñëiäæåííÿ ìíîæèí íåïîâíèõ ñóì ÷èñëîâèõ ðÿäiâ,

ÿêå ïðîäîâæóâàòèìåòüñÿ â ïîäàëüøèõ ðîçäiëàõ.

Íåõàé ∞∑
n=1

an = a1 + a2 + ...+ an + ...− (1)

äåÿêèé ÷èñëîâèé ðÿä, à M � äîâiëüíà ïiäìíîæèíà ìíîæèíè íàòóðàëüíèõ

÷èñåë N. ×èñëî

x = x(M) =
∑

n∈M⊂N

an =
∞∑
n=1

anεn, äå εn =

 1, ÿêùî n ∈M,

0, ÿêùî n /∈M,

íàçèâà¹òüñÿ íåïîâíîþ ñóìîþ (ïiäñóìîþ) ðÿäó (1), à êîæåí ðÿä âèäó∑
n∈M⊂N

an íàçèâà¹òüñÿ ïiäðÿäîì ðÿäó (1).

Ìíîæèíó âñiõ íåïîâíèõ ñóì ðÿäó (1) ïîçíà÷à¹ìî ÷åðåç E{an}, òîáòî

E{an} ≡

{
x : x =

∑
n∈M

an, M ∈ 2N

}
=

=

{
x : x =

∞∑
n=1

εnan, (εn) ∈ A∞, A = {0, 1}

}
,
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i íàçèâà¹ìî ìíîæèíîþ íåïîâíèõ ñóì (ìíîæèíîþ ïiäñóì) ðÿäó (1).

Ó äðóãîìó ðîçäiëi ¾Q∗∞-çîáðàæåííÿ äiéñíèõ ÷èñåë, âèçíà÷åíå äâi-

÷i ñòîõàñòè÷íèìè ìàòðèöÿìè, é ôóíêöi¨, ç íèìè ïîâ'ÿçàíi¿ ó ïiä-

ðîçäiëi 2.1 îçíà÷óþòüñÿ íåñêií÷åííi äâi÷i ñòîõàñòè÷íi ìàòðèöi é äîâîäèòüñÿ

êîíòèíóàëüíiñòü ñiì'¨ íåñêií÷åííèõ äâi÷i ñòîõàñòè÷íèõ ìàòðèöü.

Îçíà÷åííÿ 2.1. Íåñêií÷åííîþ äâi÷i ñòîõàñòè÷íîþ ìàòðèöåþ íàçèâà-

þòü ìàòðèöþ ||qik||, åëåìåíòè ÿêî¨ ¹ íåâiä'¹ìíèìè, à ñóìà åëåìåíòiâ êîæíî-
ãî ðÿäêà i êîæíîãî ñòîâïöÿ äîðiâíþ¹ 1, òîáòî âîäíî÷àñ âèêîíóþòüñÿ óìîâè:

qik > 0;
∞∑
k=1

qik = 1 =
∞∑
i=0

qik.

Ëåìà 2.2. ßêùî äëÿ ìàòðèöi ||qik|| âèêîíóþòüñÿ óìîâè:

1. q01 = b ∈ (0; 1);

2. b+ q = 1;

3. qik = bqi+k−1 äëÿ âñiõ i 6= k − 1, k ∈ N ;

4. qik = bq2(k−1) + 1 − qk−1 äëÿ âñiõ i = k − 1, k ∈ N , òî âîíà ¹ äâi÷i

ñòîõàñòè÷íîþ.

Ó ïiäðîçäiëàõ 2.3 i 2.4 óòî÷íþþòüñÿ ðåçóëüòàòè äëÿ Q∗∞-çîáðàæåííÿ

äiéñíèõ ÷èñåë, ÿêi çäîáóâ Ïðàöüîâèòèé Ì.Â., äëÿ âèïàäêó, êîëè ìàòðèöÿ

äâi÷i ñòîõàñòè÷íà i âèçíà÷à¹òüñÿ îäíèì ïàðàìåòðîì.

Ó ïiäðîçäiëi 2.5. ðîçãëÿäà¹òüñÿ âèïàäêîâà âåëè÷èíà τ = ∆
Q∗∞
τ1τ2...τn..., çà-

äàíà ñâî¨ì Q∗∞-çîáðàæåííÿì, âèçíà÷åíèì íåñêií÷åííîþ äâi÷i ñòîõàñòè÷íîþ

ìàòðèöåþ, çàëåæíîþ âiä îäíîãî ïàðàìåòðà, äå τn � íåçàëåæíi îäíàêîâî ðîç-

ïîäiëåíi âèïàäêîâi âåëè÷èíè

P{τi = i} = pi, i ∈ N ∪ {0},
∞∑
i=0

pi = 1.

Òåîðåìà 2.1. ßêùî pc = 0 i pj 6= 0 ïðè j 6= c, òî ñïåêòðîì (ìíîæè-

íîþ òî÷îê ðîñòó) ôóíêöi¨ ðîçïîäiëó Fτ(x) = P{τ < x} ¹ ìíîæèíà

Dc ≡ [Q∗∞; c̄] =
{
x : x = ∆Q∗∞

α1α2...αk...
, äå αk 6= c ∈ {0, 1, 2, 3, . . .} ∀k ∈ N

}
,

ÿêà ¹ íiäå íå ùiëüíîþ ìíîæèíîþ äîäàòíî¨ ìiðè Ëåáåãà.



28

Íàñëiäîê 2.1. Äëÿ ìiðè Ëåáåãà ìíîæèíè Dc (c 6= 0) ñïðàâåäëèâî

q2c+1 − (1− qc + qc+1)2q3c+1 < λ(Dc) < 1 +
q3c+2 − qc

1 + q
− q4(c+1)−2

1 + qc
.

Ðîçäië 3 ¾Ôðàêòàëüíi âëàñòèâîñòi ìíîæèí i ôóíêöié, ïîâ'ÿçàíèõ

çi äâiéêîâèìè çîáðàæåííÿì äiéñíèõ ÷èñåë, âèçíà÷åíèì äâi÷i ñòî-

õàñòè÷íîþ ìàòðèöåþ¿ ïðèñâÿ÷åíèé äîñëiäæåííþ ìàðêîâñüêîãî äâîñèì-

âîëüíîãî çîáðàæåííÿ äðîáîâî¨ ÷àñòèíè äiéñíîãî ÷èñëà, âèçíà÷åíîãî äâi÷i

ñòîõàñòè÷íîþ ìàòðèöåþ, ñèíãóëÿðíèõ ôóíêöié, ïîâ'ÿçàíèõ iç öèì çîáðà-

æåííÿì òîùî. Íåõàé A = {0, 1} � àëôàâiò ñèñòåìè ÷èñëåííÿ; q = (q0, q1) �

óïîðÿäêîâàíèé íàáið äîäàòíèõ ÷èñåë, ïðè÷îìó q0 + q1 = 1; L = A×A× . . .
� ïðîñòið ïîñëiäîâíîñòåé àëôàâiòó; Q = ||qik|| � äîäàòíà ñòîõàñòè÷íà ìà-
òðèöÿ. Ôîðìàëüíèé (ñêîðî÷åíèé) çàïèñ ∆M

α1α2...αn...
ðÿäó

x = βα1
+ qα1

∞∑
k=1

(
βαkαk+1

k−1∏
j=1

qαjαj+1

)
≡ ∆M

α1α2...αk...
,

äå βα1
= α1q1−α1

, βαkαk+1
= (αk+1)qαk,1−αk+1

,

i éîãî ñóìè õ íàçèâàþòü ìàðêîâñüêèì çîáðàæåííÿì ÷èñëà õ, ÿêå ¹ éîãî

êîäóâàííÿì çàñîáàìè äâîñèìâîëüíîãî àëôàâiòó A.

Ó ïiäðîçäiëi 3.1 äëÿ ìíîæèí ÷èñåë iç çàáîðîíàìè âæèâàííÿ ñèìâîëiâ ó

¨õíüîìó ìàðêîâñüêîìó çîáðàæåííi, âèçíà÷åíîìó äîäàòíîþ äâi÷i ñòîõàñòè-

÷íîþ ìàòðèöåþ Q = ||qik|| =

 a 1− a
1− a a

 , äîâåäåíî ôàêòè.

Òåîðåìà 3.1. Ìíîæèíà

C =
{
x : x = ∆M

c1c2...cn...
, c2k−1c2k ∈ {00, 11} ∀k ∈ N

}
¹

íóëü-ìíîæèíîþ Ëåáåãà, ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à ÿêî¨ ¹ êîðå-

íåì ðiâíÿííÿ ax(ax + (1− a)x) = 1.

Òåîðåìà 3.2. Ìíîæèíà

D = {x : x = ∆c1c2...cn..., ck + ck+1 + ck+2 6= 1 ∀k ∈ N} ¹



29

íóëü-ìíîæèíîþ Ëåáåãà, ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à ÿêî¨ ¹ êîðå-

íåì ðiâíÿííÿ (a(1− a)2)x + ax = 1.

Ó ïiäðîçäiëi 3.2. ââîäèòüñÿ äî ðîçãëÿäó ôóíêöiÿ G é äîñëiäæóþòüñÿ ¨¨

âëàñòèâîñòi.

Îçíà÷åííÿ 3.2. Ôóíêöiÿ G îçíà÷ó¹òüñÿ ðiâíiñòþ:

G(x) = G(∆M
α1α2...αn...

) := ∆2
α1α2...αn...

.

Âîíà ÷èñëó x = ∆M
α1α2...αn...

iç âiäðiçêà [0; 1] (çàäàíîãî ñâî¨ì ìàðêîâñüêèì

çîáðàæåííÿì) ñòàâèòü ó âiäïîâiäíiñòü ÷èñëî ç âiäðiçêà [0; 1], äâiéêîâå

çîáðàæåííÿ ÿêîãî çàïèñàíå òèìè ñàìèìè ñèìâîëàìè (∆2
α1α2...αn...

=

=
∑∞

i=1
αi
2i ).

Òåîðåìà 3.4. Ôóíêöiÿ G(x) ¹ íåïåðåðâíîþ, ñòðîãî çðîñòàþ÷îþ;

1. êóñêîâî-ëiíiéíîþ, ÿêùî q00 = q01 =
1

2
, ïðè÷îìó ëiíiéíîþ, ÿêùî

q0 = q00 = q01 =
1

2
;

2. ñèíãóëÿðíîþ, â ðåøòi âèïàäêiâ.

Ó ïiäðîçäiëi 3.3 âèâ÷à¹òüñÿ ñèíãóëÿðíà ìîíîòîííà ôóíêöiÿ (ïðîåêòîð

öèôð íåãà-äâiéêîâîãî çîáðàæåííÿ äðîáîâî¨ ÷àñòèíè äiéñíîãî ÷èñëà â ìàð-

êîâñüêå), ÿêà âèçíà÷à¹òüñÿ çáiæíèì äîäàòíèì ðÿäîì 1 = 2
3 +

∞∑
n=1

1
(−2)n =

= 2
3 −

1
2 + 1

22 −
1
23 + . . . i äîäàòíîþ äâi÷i ñòîõàñòè÷íîþ ìàòðèöåþ ‖pik‖ =

=

p00 p01

p10 p11

 :

F (x) = F (∆
2
α1(x)α2(x)...αn(x)...) =

= βα1(x) +
1

2

∞∑
k=1

(β
(k)
αk(x)αk+1(x)

k−1∏
i=1

pαi(x)αi+1(x)), (2)

äå βα1(x) =

 0, ÿêùî α1(x) = 1,

1
2 , ÿêùî α1(x) = 0,
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β
(2n−1)
α2n−1(x)α2n(x) = β

(1)
α2n−1(x)α2n(x) =


0, ÿêùî α2n(x) = 0,

p00, ÿêùî α2n−1(x) 6= α2n(x) = 1,

p10, ÿêùî α2n−1(x) = α2n(x) = 1,

β
(2n)
α2n(x)α2n+1(x) = β

(0)
α2n(x)α2n+1(x) =


0, ÿêùî α2n+1(x) = 1,

p01, ÿêùî α2n(x) = α2n+1(x) = 0,

p00, ÿêùî α2n(x) 6= α2n+1(x) = 0,

i αk(x) � öå k-à íåãà-äâiéêîâà öèôðà çîáðàæåííÿ ÷èñëà x.

Ëåìà 3.2. Äëÿ ôóíêöi¨ F (x), îçíà÷åíî¨ ðiâíiñòþ (2), îáðàçîì öèëiíäðà

∆
2
c1c2...cm

íåãà-äâiéêîâîãî çîáðàæåííÿ ¹ âiäðiçîê [a; b], äå

a = βc1 +
1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
, b = a+

1

2

m−1∏
j=1

qcjcj+1
.

Òåîðåìà 3.5. Îáðàçè ðiçíèõ öèëiíäðiâ îäíîãî ðàíãó ïðè âiäîáðàæåííi

F íå ïåðåêðèâàþòüñÿ i â îá'¹äíàííi äàþòü óâåñü âiäðiçîê [0, 1].

Òåîðåìà 3.6. Ôóíêöiÿ F (x), îçíà÷åíà ðiâíiñòþ (2), ¹:

1) êîðåêòíî îçíà÷åíîþ,

2) íåïåðåðâíîþ,

3) ñòðîãî çðîñòàþ÷îþ,

4) ïðè÷îìó ëiíiéíîþ ïðè p00 = 0, 5 i ñèíãóëÿðíîþ ïðè p00 6= 0, 5 (ìà¹

ïîõiäíó, ÿêà äîðiâíþ¹ íóëþ ìàéæå ñêðiçü ó ðîçóìiííi ìiðè Ëåáåãà).

Òåîðåìà 3.7. Ôóíêöiÿ y = F (x), îçíà÷åíà ðiâíiñòþ (2), ¹ ôóíêöi-

¹þ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè ξ, öèôðè ξk íåãà-äâiéêîâîãî çîáðàæåííÿ

∆
2
ξ1ξ2ξ3ξ4...ξn...

ÿêî¨ ¹ âèïàäêîâèìè âåëè÷èíàìè, ÿêi íàáóâàþòü çíà÷åíü 0 é 1

i óòâîðþþòü îäíîðiäíèé ëàíöþã Ìàðêîâà ç ïî÷àòêîâèìè éìîâiðíîñòÿìè

1
2 é 1

2 i ìàòðèöåþ ïåðåõiäíèõ éìîâiðíîñòåé ‖pik‖ =

p00 p01

p10 p11

 .

Òåîðåìà 3.8. Ôóíêöiÿ F (x), îçíà÷åíà ðiâíiñòþ (2), çàäîâîëüíÿ¹ ñè-
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ñòåìó ôóíêöiîíàëüíèõ ðiâíÿíü:

F (δij(x)) =



F ( 1
4x+ 1

3 ) = 1
2p

2
01 − 1

2p01p00 + p01p00F0(x),

ÿêùî x = ∆
2

0α2α3..., δij(x) = ∆
2

100α2α3...,

F ( 1
4x+ 1

2 ) = 1
2 + 1

2p00p01 −
1
2p

2
00 + p200F0(x),

ÿêùî x = ∆
2

0α2α3..., δij(x) = ∆
2

000α2α3...,

F ( 1
4x+ 3

4 ) = 1
2 + 1

2p00 + 1
2p00p01 −

1
2p

2
01 + p201F0(x),

ÿêùî x = ∆
2

0α2α3..., δij(x) = ∆
2

010α2α3...,

F ( 1
4x+ 1

4 ) = 1
2p01 + 1

2p
2
00 − 1

2p00p01 + p00p01F0(x),

ÿêùî x = ∆
2

0α2α3..., δij(x) = ∆
2

110α2α3...,

F ( 1
4x+ 1

2 ) = 1
2 + p00p01F1(x),

ÿêùî x = ∆
2

1α2α3..., δij(x) = ∆
2

001α2α3...,

F ( 1
4x+ 3

4 ) = 1
2 + 1

2p00 + p00p01F1(x),

ÿêùî x = ∆
2

1α2α3..., δij(x) = ∆
2

011α2α3...,

F ( 1
4x) = p201F1(x),

ÿêùî x = ∆
2

1α2α3..., δij(x) = ∆
2

101α2α3...,

F ( 1
4x+ 1

4 ) = 1
2p01 + p200F1(x),

ÿêùî x = ∆
2

1α2α3..., δij(x) = ∆
2

111α2α3....

Ðîçäië 4 ¾Ìíîæèíà íåïîâíèõ ñóì çáiæíîãî ðÿäó ÿê ìíîæèíà

çíà÷åíü ôóíêöi¨ é íîñié ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè¿ ïðèñâÿ-

÷åíèé ôóíêöiÿì i ðîçïîäiëàì âèïàäêîâèõ âåëè÷èí, ïîâ'ÿçàíèõ iç çàäàíèì

çáiæíèì äîäàòíèì ðÿäîì d1+d2+. . . =
∞∑
k=1

dk i âèçíà÷åíèìè íåñêií÷åííèìè

ñòîõàñòè÷íèìè ìàòðèöÿìè, à ñàìå:

1) ìíîæèíàì çíà÷åíü ôóíêöi¨ f , âèçíà÷åíî¨ íà âiäðiçêó [0; 1] i îçíà÷åíî¨

ðiâíiñòþ

f(x = ∆Q∗2
α1...αk...

) =
∞∑
k=1

αkdk, (3)

2) ñïåêòðîâi ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè

ξ =
∞∑
k=1

ξkdk, (4)

äå (ξk) � ïîñëiäîâíiñòü íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí, ïðè÷îìó ξk íà-

áóâà¹ çíà÷åíü 0 i 1 çi éìîâiðíîñòÿìè p0k é p1k âiäïîâiäíî.

Ëåìà 4.1. Ìíîæèíîþ çíà÷åíü ôóíêöi¨ (3) ¹ ìíîæèíà íåïîâíèõ ñóì

E{dk} ðÿäó
∞∑
k=1

dk.
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Ðîçãëÿäà¹òüñÿ ðÿä:

r0 =
∞∑
k=1

dk = c1 + ...+ c1︸ ︷︷ ︸
a1

+ c2 + ...+ c2︸ ︷︷ ︸
a2

+ . . .+ cn + ...+ cn︸ ︷︷ ︸
an

+r̃n = 1, (5)

äëÿ ÿêîãî âèêîíó¹òüñÿ óìîâà

cn
r̃n
≡ bn, n = 1, 2, 3, ... ,

äå r̃n = cn+1 + ...+ cn+1︸ ︷︷ ︸
an+1

+ cn+2 + ...+ cn+2︸ ︷︷ ︸
an+2

+...,

ïðè÷îìó (an) i (bn) � íåñïàäíi ïîñëiäîâíîñòi íàòóðàëüíèõ ÷èñåë.

Òåîðåìà 4.1. Çàãàëüíèé ÷ëåí ðÿäó (5) ìà¹ âèãëÿä: cn = bn
n∏
k=1

1
akbk+1 .

Íàñëiäîê 4.1. Äëÿ ÷ëåíiâ i çàëèøêiâ ðÿäó (5) ñïðàâåäëèâi ñïiââiäíî-

øåííÿ:

r̃n =
n∏
k=1

1

akbk + 1
;
cn+1

cn
=

bn+1

bn(an+1 + 1)
,
r̃n+1

r̃n
=

1

an+1bn+1 + 1
.

Òåîðåìà 4.3. Ìíîæèíà íåïîâíèõ ñóì ðÿäó

r0 =
∞∑
k=1

dk = c1 + c2 + c2︸ ︷︷ ︸
2

+ c3 + c3 + c3 + c3︸ ︷︷ ︸
4

+...+ cn + ...+ cn︸ ︷︷ ︸
2n−1

+r̃n, (6)

äëÿ ÿêîãî âèêîíó¹òüñÿ óìîâà cn
r̃n

= n+ 1 = dm
rm
, m = 2k−1, k = 1, 2, 3, ... ,

¹ ñóïåðôðàêòàëüíîþ ìíîæèíîþ.

Ó ïiäðîçäiëi 4.2 äîñëiäæåíî ëåáåãiâñüêó ñòðóêòóðó (âìiñò äèñêðåòíî¨,

àáñîëþòíî íåïåðåðâíî¨ é ñèíãóëÿðíî¨ êîìïîíåíò) i âëàñòèâîñòi íåñêií÷åííî¨

çãîðòêè Áåðíóëëi, êåðîâàíî¨ ðÿäîì (6).

Òåîðåìà 4.4. Ðîçïîäië âèïàäêîâî¨ âåëè÷èíè (4), âèçíà÷åíî¨ ðÿäîì (6),

¹ ÷èñòèì, ïðè÷îìó ÷èñòî äèñêðåòíèì òîäi i òiëüêè òîäi, êîëè

M =
∞∏
k=1

max{p0k, p1k} > 0.

Ó âèïàäêó äèñêðåòíîñòi ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè (4) éîãî òî-

÷êîâèé ñïåêòð ñêëàäà¹òüñÿ ç òî÷êè

x0 =
∞∑
k=1

α∗kkn, äå pα∗kk > p[1−α∗k]k,



33

é óñiõ òàêèõ òî÷îê x, ùî

x =
m∑
k=1

αkdk +
∞∑

k=m+1

α∗kdk,

äå αk ∈ {0, 1}, pαkk 6= 0 ïðè k 6 m.

Ëåìà 4.2. ßêùî pik > 0 äëÿ âñiõ i ∈ {0, 1} i âñiõ k ∈ N, òî ñïåêòðîì

Sξ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè ξ ¹ ìíîæèíà E{dk} âñiõ íåïîâíèõ ñóì

ðÿäó (6), òîáòî Sξ = E{dk} ≡
{
x : x =

∑
k∈M dk, M ∈ 2N

}
.

Íàñëiäîê 4.2. Äëÿ ñïåêòðà Sξ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè ξ ñïðà-

âåäëèâå âêëþ÷åííÿ Sξ ⊂ E{dk}.
Íàñëiäîê 4.3. Ñïåêòð Sξ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè ξ ¹ ñóïåð-

ôðàêòàëüíîþ ìíîæèíîþ.

Òåîðåìà 4.5. Ó âèïàäêó íåïåðåðâíîñòi (M = 0) ðîçïîäië âèïàäêîâî¨

âåëè÷èíè ξ ¹ ñèíãóëÿðíèì ðîçïîäiëîì êàíòîðiâñüêîãî òèïó iç ñóïåðôðà-

êòàëüíèì ñïåêòðîì.

Ó ïiäðîçäiëi 4.3 äîñëiäæåíî àñèìïòîòè÷íi âëàñòèâîñòi õàðàêòåðèñòè÷íî¨

ôóíêöi¨ ðîçïîäiëó.

Òåîðåìà 4.6. Äëÿ âèïàäêîâî¨ âåëè÷èíè ξ, âèçíà÷åíî¨ ðÿäîì (6), ñïðà-

âåäëèâà ðiâíiñòü Lξ = lim
|t|→∞

sup |fξ(t)| = 1.

Ïiäðîçäië 4.4 ïðèñâÿ÷åíî äîñëiäæåííþ àâòîçãîðòîê íåñêií÷åííî¨ çãîð-

òêè Áåðíóëëi.

Àâòîçãîðòêîþ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè ξ íàçèâàþòü ðîçïîäië

âèïàäêîâî¨ âåëè÷èíè ψ2 = ξ(1) + ξ(2), à s�êðàòíîþ çãîðòêîþ ðîçïîäiëó

âèïàäêîâî¨ âåëè÷èíè ξ � ðîçïîäië âèïàäêîâî¨ âåëè÷èíè

ψs = ξ(1) + ξ(2) + ...+ ξ(s),

äå ξ(j) � íåçàëåæíi é îäíàêîâî ðîçïîäiëåíi âèïàäêîâi âåëè÷èíè, ðîçïîäië

êîæíî¨ ç ÿêèõ çáiãà¹òüñÿ ç ðîçïîäiëîì ξ.

Ëåìà 4.4. Ñïåêòð Sψs ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè ψs ¹ ïiäìíî-

æèíîþ âiäðiçêà [0, s] i íàëåæèòü îá'¹äíàííþ
n∏
k=0

(s · 2k + 1) içîìåòðè÷íèõ

âiäðiçêiâ äîâæèíè sr̃n, n = 1, 2, 3, . . . .
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Òåîðåìà 4.7. Ó âèïàäêó íåïåðåðâíîñòi (M = 0) âèïàäêîâî¨ âåëè÷èíè

ξ ðîçïîäië âèïàäêîâî¨ âåëè÷èíè ψs, äëÿ áóäü-ÿêîãî íàòóðàëüíîãî s > 2 ¹

ñèíãóëÿðíèì ðîçïîäiëîì êàíòîðiâñüêîãî òèïó ç ñóïåðôðàêòàëüíèì ñïå-

êòðîì.

Ðîçäië 5 ¾Íåñêií÷åííi çãîðòêè Áåðíóëëi, ñïåêòðè ÿêèõ ¹ êàí-

òîðâàëàìè¿ ïðèñâÿ÷åíèé äîñëiäæåííþ ìíîæèíè íåïîâíèõ ñóì, à ñàìå:

ç'ÿñîâó¹òüñÿ, ÿêî¨ íàéáiëüøî¨ ìàñèâíîñòi (ó ðîçóìiííi ìiðè Ëåáåãà) ìîæå

äîñÿãàòè ìíîæèíà íåïîâíèõ ñóì äîäàòíîãî ìîíîòîííîãî ðÿäó
∞∑
n=1

an, äëÿ

ÿêîãî âèêîíó¹òüñÿ óìîâà lim
n→∞

an
rn

= +∞. Îñíîâíèì ðåçóëüòàòîì öüîãî ðîç-

äiëó ¹ òåîðåìà

Òåîðåìà 5.4. Äëÿ äîâiëüíîãî ε > 0 iñíóþòü ïîñëiäîâíîñòi (sn), (mn), i

(an), òàêi, ùî âèêîíóþòüñÿ íàñòóïíi óìîâè:

1.
∞∑
n=1

dn = 1;

2. r̃n =
2an
mn

äëÿ êîæíîãî n ∈ N, äå r̃n =
∑
k>n

(sk +mk)ak;

3. lim
n→∞

dn
∞∑
k=1

dn+k

=∞;

4. ìíîæèíà E{dn} � öå êàíòîðâàë, ìiðà Ëåáåãà ÿêîãî áiëüøà, íiæ

1− ε.
Ó öüîìó ðîçäiëi âèâ÷àþòüñÿ íåñêií÷åííi çãîðòêè Áåðíóëëi, êåðîâàíi ðÿ-

äàìè, ìíîæèíàìè íåïîâíèõ ñóì ÿêèõ ¹ êàíòîðâàëè.

Ïîäÿêà. Âèñëîâëþþ ãëèáîêi ñëîâà âäÿ÷íîñòi ìî¹ìó ñåíñåþ, ëþäèíi ç

âåëèêèì ñåðöåì, âiäêðèòîþ äóøåþ i ùèðiñòþ ó â÷èíêàõ � íàóêîâîìó êå-

ðiâíèêó, äîêòîðó ôiçèêî-ìàòåìàòè÷íèõ íàóê,ïðîôåñîðó Ì. Â. Ïðàöüî-

âèòîìó çà ïîñòàíîâêó çàäà÷, ïîñòiéíó óâàãó äî öi¹¨ ïðàöi, ïiäòðèìêó é

äîïîìîãó.

Ïðèñâÿ÷ó¹òüñÿ ñâiòëié ïàì'ÿòi ìîãî áàòüêà � Ìàðêiòàíà Ïåòðà Âà-

ñèëüîâè÷à.



35

ÐÎÇÄIË 1

ÊÎÍÖÅÏÒÓÀËÜÍI ÎÑÍÎÂÈ ÄÎÑËIÄÆÅÍÍß É ÎÃËßÄ

ËIÒÅÐÀÒÓÐÈ

Öåé ðîçäië ìà¹ âñòóïíèé õàðàêòåð. Ó íüîìó ñèñòåìàòèçîâàíî âiäîìîñòi,

ùî ñòîñóþòüñÿ ñòîõàñòè÷íèõ òà äâi÷i ñòîõàñòè÷íèõ ìàòðèöü; ñèñòåì êîäó-

âàííÿ äiéñíèõ ÷èñåë, òåîði¨ ôðàêòàëiâ òîùî. Íàâåäåíî ôàêòè, íåîáõiäíi äëÿ

ïîäàëüøîãî äîñëiäæåííÿ îá'¹êòiâ çi ñêëàäíîþ ëîêàëüíîþ áóäîâîþ.

1.1. Ñòîõàñòè÷íi òà äâi÷i ñòîõàñòè÷íi ìàòðèöi

Ñòîõàñòè÷íi ìàòðèöi ñòàëè îäíèì iç îá'¹êòiâ äîñëiäæåíü íàóêîâöiâ ó ãà-

ëóçi òåîði¨ éìîâiðíîñòåé ç ïî÷àòêó ÕÕ ñò. Öå âèâ÷åííÿ çàïî÷àòêóâàâ ðîñié-

ñüêèé ìàòåìàòèê Ìàðêîâ À.À., äîñëiäæóþ÷è â ñåði¨ ðîáiò (1907 - 1912 ð.ð.)

[71,72] éìîâiðíiñíi ìîäåëi (ñüîãîäíi âiäîìi ÿê �ëàíöþãè Ìàðêîâà�), äå ïîðî-

äæóâàëüíèì åëåìåíòîì ôiãóðó¹ ñòîõàñòè÷íà ìàòðèöÿ. Òåîðiÿ ñòîõàñòè÷íèõ

ìàòðèöü ìà¹ ïåâíèé áëîê êëàñè÷íèõ ðåçóëüòàòiâ, ÿêèé óâiéøîâ äî íàéáiëüø

âiäîìèõ åíöèêëîïåäè÷íèõ ìîíîãðàôié Bellman R. [9], Ãàíòìàõåðà Ô. [56] ,

Õîðíà Ð. i Äæîíñîíà ×. [101], Bapat R.B. i Raghavan T.E.S. [6] òà ií.

Îçíà÷åííÿ 1.1. Ìàòðèöÿ P = ||pij|| ðîçìiðîì n× n íàçèâà¹òüñÿ ñòî-

õàñòè÷íîþ, ÿêùî

pij > 0 äëÿ i, j = 1, . . . , n

i ∑
i

pij = 1 àáî
∑
j

pij = 1, i, j = 1, . . . , n.

ßêùî ó ñòîõàñòè÷íî¨ ìàòðèöi ùå é ñóìà åëåìåíòiâ ïî ñòîâïöÿì äîðiâíþ¹

îäèíèöi, òî ìàòðèöþ íàçèâàþòü äâi÷i ñòîõàñòè÷íîþ, òîáòî
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Îçíà÷åííÿ 1.2. Ìàòðèöÿ P = ||pij|| ðîçìiðîì n× n íàçèâà¹òüñÿ äâi÷i

ñòîõàñòè÷íîþ, ÿêùî

pij > 0 äëÿ i, j = 1, . . . , n

i ∑
i

pij = 1,
∑
j

pij = 1, i, j = 1, . . . , n. (1.1)

Ó òåðìiíàõ âåêòîðà e = (1, . . . , 1) óìîâà (1.1) ìà¹ áiëüø êîìïàêòíó

ôîðìó

eP = e; Pe′ = e′.

Òàêèì ÷èíîì, 1 � öå âëàñíå çíà÷åííÿ P, ùî âiäïîâiäà¹ âëàñíîìó âåêòîðó e.

Òåðìií �ñòîõàñòè÷íà ìàòðèöÿ� áåðå ñâié ïî÷àòîê ïðèíàéìíi ç äîñëi-

äæåíü Ðîìàíîâñüêîãî [39,40], äå âií â îäíié iç ðîáiò ïèøå: �Ìàòðèöi ç öèìè

âëàñòèâîñòÿìè âiäiãðàþòü âàæëèâó ðîëü ó òåîði¨ äèñêðåòíèõ ìàðêîâñüêèõ

ëàíöþãiâ. Îñü ÷îìó ìè íàçèâà¹ìî öi ìàòðèöi ñòîõàñòè÷íèìè�. Âàðòî çà-

çíà÷èòè, ùî äâi÷i ñòîõàñòè÷íi ìàòðèöi íàçèâàþòüñÿ òàêîæ ïåðåòâîðåííÿ-

ìè Øóðà [8, ñ. 31], àáî áiñòîõàñòè÷íèìè ìàòðèöÿìè [10, ñ. 180]. Ïåâíî,

íàéïðîñòiøèé ïðèêëàä äâi÷i ñòîõàñòè÷íî¨ ìàòðèöi � öå ìàòðèöÿ ðîçìiðîì

n× n, ó ÿêî¨ êîæåí åëåìåíò äîðiâíþ¹ 1
n . Öå ¹äèíà íåçâiäíà (iäåìïîòåíòíà)

äâi÷i ñòîõàñòè÷íà ìàòðèöÿ ðîçìiðîì n×n [44]. Âëàñòèâîñòi òàêèõ ìàòðèöü
äåòàëüíî âèêëàäåíî ó Ìàðøàëà é Îëêiíà [29]. Îñîáëèâî öiêàâèìè ïðèêëà-

äàìè ¹ ìàòðèöi ïåðåñòàíîâîê. Êâàäðàòíó ìàòðèöþ
∏

íàçèâàþòü ìàòðèöåþ

ïåðåñòàíîâîê, ÿêùî êîæåí iç ¨¨ ðÿäêiâ i ñòîâïöiâ ìiñòèòü ¹äèíèé îäèíè-

÷íèé åëåìåíò, à âñi iíøi åëåìåíòè � íóëi. Iñíó¹ n! òàêèõ ìàòðèöü ðîçìiðîì

n× n, êîæíà ç ÿêèõ îòðèìàíà øëÿõîì ïåðåñòàíîâêè ðÿäêiâ (àáî ñòîâïöiâ)

îäèíè÷íî¨ ìàòðèöi. Ìíîæèíà n× n äâi÷i ñòîõàñòè÷íèõ ìàòðèöü îïóêëà, à

ìàòðèöi ïåðåñòàíîâîê � åêñòðåìàëüíi òî÷êè öi¹¨ ìíîæèíè.

Òåîðåìà 1.1 (Òåîðåìà Áiðêãîôà [11]). Ìíîæèíà äâi÷i ñòîõàñòè-

÷íèõ ìàòðèöü ¹ îïóêëîþ îáîëîíêîþ ìàòðèöü ïåðåñòàíîâîê. Iíàêøå êà-
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æó÷è, ìíîæèíà âñiõ äâi÷i ñòîõàñòè÷íèõ ìàòðèöü � öå îïóêëèé áàãàòî-

ãðàííèê iç âåðøèíàìè, ùî ¹ ìàòðèöÿìè ïåðåcòàíîâîê.

Áàãàòîãðàííèê óñiõ äâi÷i ñòîõàñòè÷íèõ ìàòðèöü ðîçìiðîì n × n íà-

çèâà¹òüñÿ áàãàòîãðàííèêîì Áiðêãîôà, ïðè÷îìó éîãî ðîçìiðíiñòü äîðiâíþ¹

(n−1)2. Iñòîðè÷íå îáãîâîðåííÿ òåîðåìè Áiðêîôà ìîæíà çóñòðiòè ó ïðàöÿõ

Àíäî [4] é Áàïàòà i Ðàãõàâàíà [6].

Ñiíêãîðí äîâiâ òâåðäæåííÿ ó 1964 ðîöi [45] ïðî òå, ùî äâi÷i ñòîõàñòè-

÷íó ìàòðèöþ ìîæíà îòðèìàòè ç äîâiëüíî¨ äîäàòíî¨ êâàäðàòíî¨ ìàòðèöi çà

êiëüêà êðîêiâ. Çà êîæåí òàêèé êðîê ìîæíà ïîìíîæèòè áóäü-ÿêèé ðÿäîê

àáî ñòîâïåöü íà äîäàòíå ÷èñëî.

1.2. Ñèñòåìè êîäóâàííÿ äiéñíèõ ÷èñåë

Çíà÷íèé êëàñ ìàòåìàòè÷íèõ îá'¹êòiâ çi ñêëàäíîþ ëîêàëüíîþ áóäîâîþ

(ìíîæèí, ôóíêöié, ðîçïîäiëiâ éìîâiðíîñòåé, ïåðåòâîðåíü ïðîñòîðó, äèíà-

ìi÷íèõ ñèñòåì òîùî) âiäíîñíî ïðîñòî ìîæíà îïèñàòè i âèâ÷èòè çàâäÿêè âè-

êîðèñòàííþ ðiçíèõ ñèñòåì ÷èñëåííÿ [81, 96]: çi ñêií÷åííèì i íåñêií÷åííèì

àëôàâiòîì, ñóòò¹âî íàäëèøêîâèõ i ç íóëüîâîþ íàäëèøêîâiñòþ, ç ñàìîïîäi-

áíîþ ãåîìåòði¹þ i íåñàìîïîäiáíîþ òîùî. Öå s-àäè÷íi ðîçêëàäè (äâiéêîâà,

òðiéêîâà, äåñÿòêîâà ñèñòåìè ÷èñëåííÿ), ëàíöþãîâi äðîáè, ìåäiàíòíå, ïî-

äàííÿ Ôiáîíà÷÷i, ïîäàííÿ çà äîïîìîãîþ ðÿäiâ (Ëþðîòà [63], Åíãåëÿ [57],

Êàíòîðà, Îñòðîãðàäñüêîãî-Ñåðïiíñüêîãî-Ïiðñà [51], Îñòðîãðàäñüêîãî 2-ãî

âèäó [74] àáîùî) òà ií. Êîæíèé ñïîñiá ôîðìàëüíîãî çîáðàæåííÿ äiéñíèõ

÷èñåë ìà¹ ñâié àëôàâiò A (íàáið ñèìâîëiâ, öèôð).

1.2.1. Q∗∞-çîáðàæåííÿ äiéñíîãî ÷èñëà. Q∗∞-çîáðàæåííÿ äiéñíîãî

÷èñëà ç ïiââiäðiçêà [0; 1), áóäó÷è óçàãàëüíåííÿì Q∞-çîáðàæåííÿ, ÿê ñèñòå-

ìà ÷èñëåííÿ ç íåñêií÷åííèì àëôàâiòîì i íóëüîâîþ íàäëèøêîâiñòþ (êîæíå

÷èñëî ìà¹ ¹äèíå çîáðàæåííÿ) âiâ Ïðàöüîâèòèé Ì.Â. [81]. Íàãàäà¹ìî éîãî

ñóòü.
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ÍåõàéA = {0, 1, 2, . . .} � àëôàâiò ñèñòåìè ÷èñëåííÿ, L = A×A××A . . . �
ïðîñòið ïîñëiäîâíîñòåé; Q∗∞ = ||qik|| � çàäàíà ìàòðèöÿ, ÿêà ìà¹ âëàñòèâîñòi:

1. ìiñòèòü íåñêií÷åííó êiëüêiñòü ðÿäêiâ i ñòîâïöiâ;

2. qik > 0 ∀i ∈ A, ∀k ∈ N ;

3.
∞∑
i=0

qik = 1;

4. äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi ÷èñåë (αn) ∈ L:
∞∏
n=1

qαnn = 0.

Îçíà÷åííÿ 1.3. Ðîçêëàä ÷èñëà x ∈ [0; 1) ó ðÿä

x = βα11 +
∞∑
k=2

[
βαkk

k−1∏
j=1

qαjj

]
≡ ∆Q∗∞

α1...αk...
, (1.2)

äå β0k ≡ 0, βik ≡
i−1∑
j=0

qjk, i ∈ N, k ∈ N

íàçèâà¹òüñÿ Q∗∞-ïðåäñòàâëåííÿì, à ñêîðî÷åíèé éîãî çàïèñ ∆
Q∗∞
α1...αk... � Q

∗
∞-

çîáðàæåííÿì ÷èñëà õ, âèçíà÷åíîãî ìàòðèöåþ Q∗∞. Ïðè öüîìó αn = αn(x)

íàçèâà¹òüñÿ n-îþ öèôðîþ (ñèìâîëîì) öüîãî çîáðàæåííÿ. Öèôðà ¹ ñèìâî-

ëîì ó çîáðàæåííi ÷èñëà i íå âiäiãðà¹ ðîëi ÷èñëà ó âèðàçi ðÿäó (1.2). Âàðòî

çàçíà÷èòè, ÿêùî âñi ñòîâïöi ìàòðèöi Q∗∞ ¹ îäíàêîâèìè, òî Q∗∞-çîáðàæåííÿ

¹ Q∞-çîáðàæåííÿì.

Çàäà÷à, ùî ïðèâîäèòü äî Q∗∞-çîáðàæåííÿ. Ðîçãëÿíüìî äâiéêîâå

çîáðàæåííÿ äîâiëüíîãî äiéñíîãî ÷èñëà x ∈ (0; 1] i çäiéñíèìî ïåðåêîäóâàííÿ

éîãî ñèìâîëiâ çà òàêèì ïðàâèëîì:

x = ∆2
0 . . . 0︸ ︷︷ ︸

a1

10 . . . 0︸ ︷︷ ︸
a2

1...10 . . . 0︸ ︷︷ ︸
ak

1...
= ∆2∞

a1a2...ak...
, (1.3)

äå ∆2∞
a1a2...ak...

� ôîðìàëüíèé çàïèñ ðîçêëàäó ÷èñëà x ó ðÿä:

x = ∆2∞

a1a2...ak...
=

∞∑
k=1

1

2a1+a2+...+ak+k
,

Çàïèñ (1.3) âñòàíîâëþ¹ âiäïîâiäíiñòü ìiæ êëàñè÷íèì äâiéêîâèì çîáðàæå-

ííÿì äiéñíîãî ÷èñëà x ∈ (0; 1] çi äâîñèìâîëüíèì àëôàâiòîì A2 = {0, 1} i êî-
äóâàííÿì éîãî çàñîáàìè íåñêií÷åííîñèìâîëüíîãî àëôàâiòóA = {0, 1, 2, 3, ...} .
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Ðîçãëÿíüìî âèïàäêîâó âåëè÷èíó

ξ = ∆2∞

η1η2...ηk...

äå ηk � íåçàëåæíi âèïàäêîâi âåëè÷èíè, ÿêi íàáóâàþòü çíà÷åíü 0, 1, 2, . . . , i, . . .

ç éìîâiðíîñòÿìè p0k, p1k, p2k, ...pik, ... âiäïîâiäíî (p0k + p1k + p2k + . . .+ pik +

+ . . . = 1, k ∈ N).

Òåîðåìà 1.2. Ôóíêöiÿ ðîçïîäiëó Fξ âèïàäêîâî¨ âåëè÷èíè ξ ïîäà¹òüñÿ

ó âèãëÿäi

Fξ (x) = βa1(x)1 +
∞∑
k=2

[
βak(x)k

k−1∏
j=1

paj(x)j

]
, äå βak(x)k ≡

∞∑
j=ak+1

pjk, k ∈ N.

Äîâåäåííÿ. Çà îçíà÷åííÿì ôóíêöi¨ ðîçïîäiëó Fξ(x) = P {ξ < x}. Âðà-
õîâóþ÷è, ùî x1 < x2 ⇔ ∃ m : am(x1) > am(x2) i ai(x1) = ai(x2), ïðè i < m

òî ïîäiþ {ξ < x} ìîæíà ïîäàòè ó âèãëÿäi îá'¹äíàííÿ íåñóìiñíèõ ïîäié:

{ξ < x} = {η1 > a1(x)} ∪ {η1 = a1(x) ∧ η2 > a2(x)} ∪ . . .

. . . ∪
{
ηj = aj(x), j = 1, k + 1 ∧ ηk > ak(x)

}
. . . .

Òîìó:

Fξ(x) = P {ξ < x} = P
{
{η1 > a1(x)} ∪ {η1 = a1(x) ∧ η2 > a2(x)}∪

. . . ∪
{
ηj = aj(x), j = 1, k − 1 ∧ ηk > ak(x)

}
. . .
}

= P {η1 > a1(x)}+

+ P {η1 = a1(x) ∧ η2 > a2(x)}+ . . .+

+ P
{
ηj = aj(x), j = 1, k − 1 ∧ ηk > ak(x)

}
+ . . .

Âðàõóâàâøè íåçàëåæíiñòü ïîäié ηk, îòðèìà¹ìî:

Fξ(x) = P {η1 > a1(x)}+ P {η1 = a1(x)} · P {η2 > a2(x)}+ . . .+

+ P {η1 = a1(x)} · P {η2 = a2(x)} · . . . · P {ηk−1 = ak−1(x)} · P {ηk > ak(x)}+

+ . . . =
∞∑

k=a1+1

pk1 + pa1(x)1 ·
∞∑

k=a2+1

pk2 + . . .+
k−1∏
j=1

paj(x)j ·
∞∑

k=ak+1

pkk + . . . =

= βa1(x)1 + βa2(x)2 · pa1(x)1 + . . .+ βak(x)k ·
k−1∏
j=1

paj(x)j + . . . =

= βa1(x)1 +
∞∑
k=2

[
βak(x)k

k−1∏
j=1

paj(x)j

]
,
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ùî ïîòðiáíî áóëî äîâåñòè.

Íåõàé 1 < s ∈ N � ôiêñîâàíå ÷èñëî é As = {0, 1, . . . , s − 1} � àëôàâiò
s-êîâî¨ ñèñòåìè ÷èñëåííÿ, Q∗s = ‖qij‖ � íåñêií÷åííà ñòîõàñòè÷íà ìàòðèöÿ ç

äîäàòíèìè åëåìåíòàìè, j ∈ N , i ∈ As, òîäi ïîäàííÿ ÷èñëà (1.2) íàçèâà¹òüñÿ

éîãî Q∗s-ïðåäñòàâëåííÿì, à éîãî ñèìâîëi÷íèé çàïèñ x = ∆
Q∗s
α1(x)...αk(x)...− Q∗s-

çîáðàæåííÿì. Ïîíÿòòÿ j-¨ Q∗s-öèôðè ÷èñëà x íå ¹ êîðåêòíî îçíà÷åíèì,

îñêiëüêè äåÿêi ÷èñëà ìàþòü äâà Q∗s-çîáðàæåííÿ. Öå ÷èñëà âèäó

∆
Q∗s
α1...αk−1αk(0) = ∆

Q∗s
α1...αk−1[αk−1](s−1).

�õ íàçèâàþòü Q∗s-ðàöiîíàëüíèìè. ×èñëà, ùî íå ìiñòÿòü ïåðiîäó (0) àáî

(s− 1), ìàþòü ¹äèíå Q∗s-çîáðàæåííÿ i íàçèâàþòüñÿ Q
∗
s-iððàöiîíàëüíèìè.

ßêùî äëÿ âñiõ i ∈ As, j ∈ N âèêîíó¹òüñÿ qij = qi, òîáòî âñi ñòîâïöi ìà-

òðèöi ‖qij‖ îäíàêîâi, òîQ∗s-çîáðàæåííÿ íàçèâà¹òüñÿQs-çîáðàæåííÿì, ÿêùî

æ ïðè öüîìó qi = 1
s ,òî Qs-çîáðàæåííÿ ¹ çâè÷àéíèì s-êîâèì çîáðàæåííÿì.

1.2.2. Äåÿêi äâîñèìâîëüíi ñèñòåìè ÷èñëåííÿ. Iñíó¹ áàãàòî ïðèí-

öèïîâî ðiçíèõ äâîñèìâîëüíèõ ñèñòåì çîáðàæåííÿ (êîäóâàííÿ) äiéñíèõ ÷è-

ñåë. Íàéïîøèðåíiøîþ é øèðîêîâæèâàíîþ ñèñòåìîþ, ùî îáñëóãîâó¹ ìíî-

æèíó äiéñíèõ ÷èñåë, ¹ êëàñè÷íà äâiéêîâà ñèñòåìà, â ÿêié àëôàâiò (íàáið

öèôð) ìiñòèòü äâà åëåìåíòè 0 i 1 i äiéñíå ÷èñëî x ïîäà¹òüñÿ (ïðåäñòàâëÿ-

¹òüñÿ) ÿê ñóìà ñâî¹¨ öiëî¨ i äðîáîâî¨ ÷àñòèí: x = [x] + {x} = ±u + {x}, äå
u ∈ N i

u = an2
n + an−12

n−1 + . . .+ a12 + a0 ≡ (anan−1an−2 . . . a1a0)2, aj ∈ {0; 1},

{x} =
α1

2
+
α2

22
+ . . .+

αn
2n

+ . . . ≡ ∆2
α1α2...αn...

, αj ∈ {0; 1},

àáî êîìïàêòíiøå:

x = ±

( ∞∑
n=−∞

an2
n

)
, an ∈ A.

Äâiéíèêîì êëàñè÷íî¨ äâiéêîâî¨ ñèñòåìè ÷èñëåííÿ ¹ íåãî-äâiéêîâà ñè-

ñòåìà, îñíîâîþ ÿêî¨ ¹ ÷èñëî −2. Öþ ñèñòåìó ÷èñëåííÿ, éìîâiðíî, âïåðøå

îïèñàâ Âiòòîðiî Ãðþíâàëüäîì [23].
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Òðàäèöiéíî ìíîæèíó A = {0; 1} íàçèâàþòü àëôàâiòîì äâiéêîâî¨ é íåãà-

äâiéêîâî¨ ñèñòåì ÷èñëåííÿ, à ¨¨ åëåìåíòè �� öèôðàìè. Öèôðè âèêîíóþòü

äâi ôóíêöi¨:

1) ôóíêöiþ öiëîãî ÷èñëà, ÿêå ìîæíà äîäàâàòè äî iíøèõ ÷èñåë i íà ÿêå

ìîæíà ìíîæèòè iíøi ÷èñëà;

2) ôóíêöiþ ñèìâîëà äëÿ ôîðìàëüíîãî (ñêîðî÷åíîãî) çàïèñó âèðàçiâ

(ïðåäñòàâëåííÿ ÷èñëà).

1.3. Íåïåðåðâíi ôóíêöi¨ çi ôðàêòàëüíèìè âëàñòèâîñòÿìè

Ôóíêöiÿ ìà¹ ôðàêòàëüíi âëàñòèâîñòi, ÿêùî âèêîíó¹òüñÿ ïðèíàéìíi îäíà

ç óìîâ:

1) ôóíêöiÿ ìà¹ õî÷à á îäíó ôðàêòàëüíó ìíîæèíó ðiâíÿ;

2) ôóíêöiÿ ìà¹ ôðàêòàëüíèé ãðàôiê (ÿê ìíîæèíó â R2);

3) ôóíêöiÿ ìà¹ ôðàêòàëüíó ìíîæèíó íåñòàëîñòi;

4) ôóíêöiÿ ìà¹ ôðàêòàëüíó ìíîæèíó îñîáëèâîñòåé (äèôåðåíöiàëüíîãî

÷è iíøîãî õàðàêòåðó);

5) ôóíêöiÿ ¾òðàíñôîðìó¹¿ ôðàêòàëüíó ðîçìiðíiñòü ïðèíàéìíi îäíi¹¨

áîðåëiâñüêî¨ ìíîæèíè âiäðiçêà [0, 1];

6) ðîçïîäië çíà÷åíü ôóíêöi¨ ïðè ðiâíîìiðíîìó ðîçïîäiëi ¨¨ àðãóìåíòó

çîñåðåäæåíèé íà ôðàêòàëi òîùî.

Ñïîñîáè çàäàííÿ ôóíêöié çi ôðàêòàëüíèìè âëàñòèâîñòÿìè:

1) ñèñòåìîþ ôóíêöiîíàëüíèõ ðiâíÿíü;

2) ÿê ôóíêöiþ ðîçïîäiëó éìîâiðíîñòåé íà ëiíiéíîìó ôðàêòàëi;

3) ìåòîäîì iòåðîâàíèõ ôóíêöié;

4) ïåðåòâîðåííÿì öèôð îäíi¹¨ ñèñòåìè çîáðàæåííÿ â iíøó, ç òèì ñàìèì

àëôàâiòîì, àëå ïðèíöèïîâî ç ðiçíèìè ãåîìåòðiÿìè;

5) iíâàðiàíòàìè öèôð òîùî.

Îçíà÷åííÿ 1.4. Íåïåðåðâíà ôóíêöiÿ, âiäìiííà âiä êîíñòàíòè, íàçèâà¹-

òüñÿ ñèíãóëÿðíîþ (ñèíãóëÿðíî íåïåðåðâíîþ), ÿêùî ¨¨ ïîõiäíà ìàéæå ñêðiçü
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(ó ðîçóìiííi ìiðè Ëåáåãà) äîðiâíþ¹ 0.

Ñåðåä ñèíãóëÿðíèõ ôóíêöié iñíóþòü ìîíîòîííi, çîêðåìà ñòðîãî ìîíî-

òîííi, é íåìîòîííi ôóíêöi¨.

Îçíà÷åííÿ 1.5. Ôóíêöiÿ íàçèâà¹òüñÿ íiäå íå ìîíîòîííîþ, ÿêùî âîíà

íå ìà¹ æîäíîãî ïðîìiæêó ìîíîòîííîñòi.

Îçíà÷åííÿ 1.6. Ôóíêöiÿ íàçèâà¹òüñÿ íiäå íå äèôåðåíöiéîâíîþ, ÿêùî

âîíà íå ìà¹ ïîõiäíî¨ â æîäíié òî÷öi îáëàñòi âèçíà÷åííÿ.

Òåîðåìà 1.3 (Áàíàõà-Ìàçóðêåâè÷à, 1931). Íiäå íå äèôåðåíöiéîâíi

ôóíêöi¨ ó ïðîñòîði C[0;1] óòâîðþþòü ìíîæèíó äðóãî¨ êàòåãîði¨ Áåðà.

Òåîðåìà 1.4 (Çàìôiðåñêó, 1981). Ñèíãóëÿðíi ôóíêöi¨ â ìåòðè÷íîìó

ïðîñòîði âñiõ íåïåðåðâíèõ ìîíîòîííèõ ôóíêöié çi ñóïðåìóì-ìåòðèêîþ

óòâîðþþòü ìíîæèíó äðóãî¨ êàòåãîði¨ Áåðà.

1.4. Cèíãóëÿðíi ðîçïîäiëè éìîâiðíîñòåé

Ñèíãóëÿðíi ðîçïîäiëè éìîâiðíîñòåé � öå íàéìåíø âèâ÷åíèé òèï ðîçïîäi-

ëiâ. Ñó÷àñíèé ïiäâèùåíèé iíòåðåñ äî íèõ ïðîäèêòîâàíèé ðîçâèòêîì íàóêè

é òiñíèì çâ'ÿçêîì çi ôðàêòàëàìè.

Íåõàé (R1,B,P) � éìîâiðíiñíèé ïðîñòið (B � σ-àëãåáðà áîðåëiâñüêèõ

ìíîæèí i P � éìîâiðíiñíà ìiðà), íà ÿêîìó çàäàíî âèïàäêîâó âåëè÷èíó ξ,

Fξ = P{ξ < x} � ¨¨ ôóíêöiÿ ðîçïîäiëó. ßê âiäîìî, ôóíêöiÿ ðîçïîäiëó

âiäîáðàæà¹ âëàñòèâîñòi ðîçïîäiëó.

Îçíà÷åííÿ 1.7. Ðîçïîäië â.â. ξ íàçèâà¹òüñÿ äèñêðåòíèì, ÿêùî âií çî-

ñåðåäæåíèé íà íå áiëüø íiæ çëi÷åííié ìíîæèíi, òîáòî iñíó¹ íå áiëüø íiæ

çëi÷åííà ìíîæèíà E ∈ B, òàêà, ùî P(E) = 1.

Ôóíêöiþ ðîçïîäiëó äèñêðåòíî¨ â.â. ξ ìîæíà çàïèñàòè:

Fξ(x) =
∑
k:xk<x

p(xk), äå p(xk) = P {ξ = xk} .

Ôóíêöiÿ äèñêðåòíîãî ðîçïîäiëó çðîñòà¹ âèêëþ÷íî ñòðèáêàìè.
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Îçíà÷åííÿ 1.8. Ðîçïîäië â.â. ξ íàçèâà¹òüñÿ íåïåðåðâíèì, ÿêùî éìî-

âiðíiñòü áóäü-ÿêî¨ îäíîòî÷êîâî¨ ìíîæèíè äîðiâíþ¹ íóëþ.

Ôóíêöiÿ ðîçïîäiëó íåïåðåðâíî¨ âèïàäêîâî¨ âåëè÷èíè Fξ(x) íåïåðåðâíà

íà âñié ÷èñëîâié îñi.

Îçíà÷åííÿ 1.9. Ðîçïîäië â.â. ξ íàçèâà¹òüñÿ àáñîëþòíî íåïåðåðâíèì,

ÿêùî P(E) = 0 äëÿ êîæíî¨ ìíîæèíè E íóëüîâî¨ ìiðè Ëåáåãà.

Îçíà÷åííÿ 1.10. Ðîçïîäië íåïåðåðâíî¨ â.â. ξ íàçèâà¹òüñÿ ñèíãóëÿð-

íèì, ÿêùî iñíó¹ òàêà ìíîæèíà E íóëüîâî¨ ìiðè Ëåáåãà, ùî P(E) = 1.

Ôóíêöiÿ ðîçïîäiëó ñèíãóëÿðíî¨ âèïàäêîâî¨ âåëè÷èíè íåïåðåðâíà i ¨¨ ïî-

õiäíà ìàéæå ñêðiçü ó ðîçóìiííi ìiðè Ëåáåãà äîðiâíþ¹ 0.

Îçíà÷åííÿ 1.11. Ñïåêòðîì Sξ (ðiâíîñèëüíî ìiíiìàëüíèé çàìêíåíèé

íîñié ðîçïîäiëó) ôóíêöi¨ ðîçïîäiëó Fξ â.â. ξ (ðîçïîäiëó â.â. ξ) íàçèâà¹òüñÿ

ìíîæèíà âñiõ òî÷îê çðîñòàííÿ ôóíêöi¨ Fξ, òîáòî

Sξ = SFξ = {x : Fξ(x+ ε)− Fξ(x− ε) > 0 ∀ ε > 0} =

= {x : P {ξ ∈ (x− ε;x+ ε)} > 0 ∀ ε > 0} . (1.4)

Îçíà÷åííÿ 1.12. Òî÷êîâèì ñïåêòðîì ðîçïîäiëó â.â. ξ ç ôóíêöi¹þ ðîç-

ïîäiëó Fξ íàçèâà¹òüñÿ ìíîæèíà Dξ = DFξ éîãî àòîìiâ, òîáòî ìíîæèíà âñiõ

òî÷îê, ó ÿêèõ âiäáóâàþòüñÿ ñòðèáêè Fξ.

Ñïåêòð � ãðóáà õàðàêòåðèñòèêà ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè, ÿêà íå-

óçãîäæåíà ç ëåáåãiâñüêîþ êëàñèôiêàöi¹þ ÷èñòèõ ðîçïîäiëiâ.

1.5. Âèïàäêîâi âåëè÷èíè Äæåññåíà-Âiíòíåðà é òèïó

Äæåññåíà-Âiíòíåðà

Ðîçãëÿíüìî äâi íåçàëåæíi â.â. ξ1 i ξ2 iç âiäïîâiäíèìè äëÿ íèõ ôóíêöiÿìè

ðîçïîäiëó F1 i F2, õàðàêòåðèñòè÷íèìè ôóíêöiÿìè f1 i f2, éìîâiðíiñíèìè

ìiðàìè µ1 i µ2.

Îçíà÷åííÿ 1.13. Çãîðòêîþ (àáî êîìïîçèöi¹þ) ðîçïîäiëiâ íåçàëåæíèõ

âèïàäêîâèõ âåëè÷èí ξ1 i ξ2 (àáî ìið µ1 i µ2, àáî ôóíêöié ðîçïîäiëó F1
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i F2) íàçèâà¹òüñÿ ðîçïîäië (àáî ìiðà, àáî ôóíêöiÿ ðîçïîäiëó) âèïàäêîâî¨

âåëè÷èíè ξ = ξ1 + ξ2.

Òåîðåìà 1.5 ( [69]). Ôóíêöiÿ ðîçïîäiëó F ¹ çãîðòêîþ ôóíêöié ðîçïî-

äiëó F1 i F2, òîáòî

F (z) =

+∞∫
−∞

F1(z − x)dF2(x) =

+∞∫
−∞

F2(z − x)dF1(x),

òîäi é òiëüêè òîäi, êîëè âiäïîâiäíi õàðàêòåðèñòè÷íi ôóíêöi¨ çàäîâîëüíÿ-

þòü ðiâíiñòü

f(t) = f1(t)f2(t).

ßêùî F1, F2, . . . , Fk � ôóíêöi¨ ðîçïîäiëó, òî ¨õíþ çãîðòêó ïîçíà÷àþòü

k∏
j=1

∗

Fj = F1 ∗ F2 . . . ∗ Fk.

Òåîðåìà 1.6 (Äæåññåí-Âiíòíåð [25]). Íåõàé

F =
∞∏
k=1

∗

Fk

çáiæíà íåñêií÷åííà çãîðòêà ÷èñòî äèñêðåòíèõ ôóíêöié ðîçïîäiëó Fk. Òîäi

F ¹ ÷èñòîþ, òîáòî àáî ÷èñòî äèñêðåòíîþ, àáî ÷èñòî ñèíãóëÿðíîþ, àáî

÷èñòî àáñîëþòíî íåïåðåðâíîþ ôóíêöi¹þ ðîçïîäiëó.

Öå òâåðäæåííÿ â òåðìiíàõ âèïàäêîâèõ âåëè÷èí ôîðìóëþ¹òüñÿ òàêèì

÷èíîì:

Òåîðåìà 1.7 (Äæåññåíà-Âiíòíåðà [25,81,100]). Íåõàé (ξn) � ïîñëi-

äîâíiñòü íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí, ÿêi ìàþòü äèñêðåòíèé ðîçïî-

äië. Òîäi ç éìîâiðíiñòþ 1 çáiæíèé ðÿä

ξ = ξ1 + ξ2 + . . .

ìà¹ ÷èñòèé ëåáåãiâñüêèé òèï ðîçïîäiëó (÷èñòî äèñêðåòíèé, ÷èñòî àáñî-

ëþòíî íåïåðåðâíèé, ÷èñòî ñèíãóëÿðíèé).
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Îçíà÷åííÿ 1.14. Âèïàäêîâà âåëè÷èíà, ÿêà ¹ ñóìîþ çáiæíîãî ç éìîâið-

íiñòþ 1 ðÿäó ç íåçàëåæíèõ äèñêðåòíî ðîçïîäiëåíèõ âèïàäêîâèõ âåëè÷èí,

íàçèâà¹òüñÿ âèïàäêîâîþ âåëè÷èíîþ òèïó Äæåññåíà-Âiíòíåðà.

Çãiäíî ç òåîðåìîþ (1.7), êîæíà âèïàäêîâà âåëè÷èíà òèïó Äæåññåíà-

Âiíòíåðà ìà¹ ÷èñòèé ðîçïîäië, ïðîòå ïèòàííÿ, ÿêèé ñàìå ç ðîçïîäiëiâ (÷èñòî

äèñêðåòíèé, ÷èñòî ñèíãóëÿðíèé, ÷èñòî àáñîëþòíî íåïåðåðâíèé) ìà¹ ìiñöå

çàëèøà¹ âiäêðèòèì.

Òåîðåìà 1.8 (Ëåâi [28]). Íåõàé

F =
∞∏
k=1

∗

Fk

çáiæíà íåñêií÷åííà çãîðòêà i pk ìàêñèìàëüíèé ñòðèáîê ôóíêöi¨ ðîçïîäiëó

Fk. Òî÷êîâèé ñïåêòð DF = ∅ òîäi i òiëüêè òîäi, êîëè

∞∏
k=1

pk = 0.

Íåõàé B(x) � ôóíêöiÿ ðîçïîäiëó äèñêðåòíî¨ âèïàäêîâî¨ âåëè÷èíè, ÿêà

íàáóâà¹ çíà÷åíü �1 i 1 ç iìîâiðíîñòÿìè 1
2 i

1
2 . Âiäïîâiäíîþ õàðàêòåðèñòè÷íîþ

ôóíêöi¹þ ¹ ôóíêöiÿ b(t) = cost. Ðîçãëÿíüìî ïîñëiäîâíiñòü (rk) äîäàòíèõ

÷èñåë i ïîñëiäîâíiñòü ôóíêöié ðîçïîäiëó Fk(x) = B(x/rk).

Îçíà÷åííÿ 1.15. Íåñêií÷åííà çãîðòêà

∞∏
k=1

∗

Fk =
∞∏
k=1

∗

B

(
x

rk

)
íàçèâà¹òüñÿ ñèìåòðè÷íîþ çãîðòêîþ Áåðíóëëi àáî ïðîñòî çãîðòêîþ Áåð-

íóëëi.

Òåîðåìà 1.9 ( [69]). Ñèìåòðè÷íà çãîðêà Áåðíóëëi (1.15) ¹ çáiæíîþ

òîäi i òiëüêè òîäi, êîëè çáiæíèì ¹ ðÿä

∞∑
k=1

r2
k.
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1.6. Ëåáåãiâñüêà ñòðóêòóðà ôóíêöi¨ îáìåæåíî¨ âàðiàöi¨ é

ðîçïîäiëó éìîâiðíîñòåé

Îçíà÷åííÿ 1.16. ×èñëî

V b
a (f) = sup

T
V b
a (T ; f),

äå V b
a (T ; f) =

n−1∑
k=0

|f(xk+1) − f(xk)|, n ∈ N i âåðõíÿ ãðàíü áåðåòüñÿ çà âñi-

ìà ìîæëèâèìè T -ðîçáèòòÿìè âiäðiçêà [a; b], íàçèâà¹òüñÿ âàðiàöi¹þ ôóíêöi¨

f(x) íà âiäðiçêó [a; b]. ßêùî ÷èñëî V b
a (f) < +∞, òî ôóíêöiþ f(x) íà-

çèâàþòü ôóíêöi¹þ îáìåæåíî¨ âàðiàöi¨ íà âiäðiçêó [a; b], ó ïðîòèëåæíîìó

âèïàäêó � íåîáìåæåíî¨ âàðiàöi¨.

Òåîðåìà 1.10 (Ëåáåãà). Áóäü-ÿêà ôóíêöiÿ îáìåæåíî¨ âàðiàöi¨ f , âè-

çíà÷åíà íà [a; b], ïîäà¹òüñÿ ó âèãëÿäi

f(x) = d(x) + f1(x) = d(x) + ϕ(x) + r(x), (1.5)

äå d � ôóíêöiÿ ñòðèáêiâ (äèñêðåòíà ôóíêöiÿ), f1 � íåïåðåðâíà ôóíêöiÿ,

ϕ � àáñîëþòíî íåïåðåðâíà ôóíêöiÿ (ϕ(x) =
∫ x
−∞ ϕ

′(t)dt), r � ñèíãóëÿðíà

ôóíêöiÿ àáî 0. Çà óìîâè f(a) = f1(a) = ϕ(a), ðîçêëàä (1.5) � ¹äèíèé.

Ðîçêëàä (1.5) íàçèâà¹òüñÿ ëåáåãiâñüêîþ ñòðóêòóðîþ ôóíêöi¨ îáìåæåíî¨

âàðiàöi¨ f .

Òåîðåìà 1.11 (Ëåáåãà). Êîæíó ôóíêöiþ ðîçïîäiëó Fξ(x) ìîæíà ¹äè-

íèì ÷èíîì ïîäàòè ó âèãëÿäi ëiíiéíî¨ êîìáiíàöi¨

Fξ(x) = α1Fd(x) + αFc(x) = α1Fd(x) + α2Fa.c(x) + α3Fs(x), (1.6)

äå Fd � äèñêðåòíà, Fc � íåïåðåðâíà, Fa.c � àáñîëþòíî íåïåðåðâíà, Fs �

ñèíãóëÿðíà ôóíêöiÿ ðîçïîäiëó, αi > 0 (i = 1, 2, 3), α1 +α = 1, α = α2 +α3.

Ðîçêëàä (1.6) íàçèâàþòü ëåáåãiâñüêîþ ñòðóêòóðîþ ôóíêöi¨ Fξ(x) àáî

ëåáåãiâñüêîþ ñòðóêòóðîþ ðîçïîäiëó â.â. ξ. ßêùî îäèí iç êîåôiöi¹íòiâ αi



47

äîðiâíþ¹ 1, òî ðîçïîäië íàçèâà¹òüñÿ ÷èñòèì: ÷èñòî äèñêðåòíèì, ÿêùî

α1 = 1; ÷èñòî àáñîëþòíî íåïåðåðâíèì, ÿêùî α2 = 1; ÷èñòî ñèíãóëÿðíèì,

ÿêùî α3 = 1.

1.7. Íåñêií÷åííi çãîðòêè Áåðíóëëi

Îçíà÷åííÿ 1.17. Íåõàé
∑∞

n=1 an � çáiæíèé ÷èñëîâèé ðÿä. Ðîçïîäië â.â.

ξ =
∞∑
n=1

ξnan,

äå ξn � ïîñëiäîâíiñòü íåçàëåæíèõ â.â., ÿêi íàáóâàþòü äâîõ çíà÷åíü c < 1 i 1

ç éìîâiðíîñòÿìè p0n i p1n âiäïîâiäíî, íàçèâà¹òüñÿ íåñêií÷åííîþ çãîðòêîþ

Áåðíóëëi, êåðîâàíîþ ðÿäîì
∑∞

n=1 an.

ßêùî c = −1, à p0n = 1
2 = p1n, òî ðîçïîäië ξ íàçèâà¹òüñÿ íåñêií÷åííîþ

ñèìåòðè÷íîþ çãîðòêîþ Áåðíóëëi.

Ïîíàä ñòîði÷÷ÿ ïðîâîäÿòüñÿ äîñëiäæåííÿ íåñêií÷åííèõ ñèìåòðè÷íèõ

çãîðòîê Áåðíóëëi é ¨õíiõ ðiçíîïëàíîâèõ óçàãàëüíåíü, çîêðåìà íåñêií÷åííèõ

çãîðòîê Áåðíóëëi ç ðiçíèìè ïîðóøåííÿìè ñèìåòði¨. Öå ðîçïîäië âèïàäêîâî¨

âåëè÷èíè

ξ =
∞∑
n=1

dnξn,

äå (ξn) � ïîñëiäîâíiñòü íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí iç ðîçïîäiëàìè:

P{ξn = 0} = p0n > 0, P{ξn = 1} = p1n > 0, p0n + p1n = 1.

Çðîçóìiëî, ùî âëàñòèâîñòi ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè ξ îäíîçíà÷íî

âèçíà÷àþòüñÿ ïîñëiäîâíiñòþ (dn) ÷ëåíiâ ðÿäó, òî÷íiøå � ðÿäîì, i íåñêií÷åí-

íîþ ñòîõàñòè÷íîþ ìàòðèöåþ ‖pin‖. Âàðòî çàçíà÷èòè, ùî iíòåðåñ äî òàêèõ
ðîçïîäiëiâ âèïàäêîâèõ âåëè÷èí ÷åðåç ðiçíîìàíiòíi ïðè÷èíè âiäíåäàâíà çíà-

÷íî ïîñèëèâñÿ [1, 36, 35, 46, 51, 59, 87]. Çîêðåìà, öå ïîâ'ÿçàíî, ç äîñëiäæåí-

íÿìè ¨õíiõ ôðàêòàëüíèõ âëàñòèâîñòåé [61]. Iç òåîðåìè Äæåññåíà�Âiíòíåðà
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(1.7) âèïëèâà¹, ùî âèïàäêîâà âåëè÷èíà ξ ìà¹ ÷èñòèé ëåáåãiâñüêèé òèï ðîç-

ïîäiëó, òîáòî ¨¨ ôóíêöiÿ ðîçïîäiëó àáî ÷èñòî äèñêðåòíà, àáî ÷èñòî àáñî-

ëþòíî íåïåðåðâíà, àáî ñèíãóëÿðíà. Âiäîìà òåîðåìà Ï. Ëåâi [28] ðàçîì ç

òåîðåìîþ Äæåññåíà�Âiíòíåðà äà¹ íåîáõiäíi é äîñòàòíi óìîâè äèñêðåòíîñòi

é íåïåðåðâíîñòi ðîçïîäiëó ξ. Òà ðîçäiëèòè âèïàäêè àáñîëþòíî¨ íåïåðåðâíî-

ñòi é ñèíãóëÿðíîñòi â çàãàëüíié ïîñòàíîâöi çàäà÷i äî öüîãî ÷àñó íiêîìó íå

âäàëîñü. Õî÷ öå óñïiøíî çðîáëåíî äëÿ ïåâíèõ êëàñiâ ðÿäiâ, ùî âîëîäiþòü

ïåâíèìè âëàñòèâîñòÿìè îäíîðiäíîñòi [89, 90].

Ó òåîði¨ íåñêií÷åííèõ çãîðòîê Áåðíóëëi iñíó¹ ðÿä ñêëàäíèõ éìîâið-

íiñíèõ ïðîáëåì [76, 79]. Îäíi¹þ ç íèõ ¹ ïðîáëåìà ïîãëèáëåííÿ òåîðåìè

Äæåññåíà-Âiíòíåðà [2], ÿêà ñòâåðäæó¹ ëåáåãiâñüêó ÷èñòîòó (äèñêðåòíiñòü,

àáñîëþòíó íåïåðåðâíiñòü, ñèíãóëÿðíiñòü) ðîçïîäiëó ñóìè ç éìîâiðíiñòþ 1

çáiæíîãî âèïàäêîâîãî ðÿäó ç íåçàëåæíèìè äèñêðåòíî ðîçïîäiëåíèìè äî-

äàíêàìè, ïðîòå íå äà¹ âiäïîâiäi íà ïèòàííÿ: êîëè ÿêèé? Iíøà ïðîáëåìà ñòî-

ñó¹òüñÿ òîïîëîãî-ìåòðè÷íèõ i ôðàêòàëüíèõ âëàñòèâîñòåé ñïåêòðà ðîçïîäi-

ëó (ìíîæèíè òî÷îê ðîñòó ôóíêöi¨ ðîçïîäiëó), ÿêà áåçïîñåðåäíüî ïîâ'ÿçàíà

ç òîïîëîãî-ìåòðè÷íèìè âëàñòèâîñòÿìè ìíîæèíè íåïîâíèõ ñóì ðÿäó. Òðå-

òÿ ñòîñó¹òüñÿ ïîâåäiíêè ìîäóëÿ õàðàêòåðèñòè÷íî¨ ôóíêöi¨ íà íåñêií÷åííî-

ñòi [51,79]. Ïîêè ùî âîíè íå ïiääàþòüñÿ ðîçâ'ÿçàííþ â çàãàëüíié ïîñòàíîâöi,

à òîìó äîñëiäíèêè ¨õ ðîçãëÿäàþòü â îêðåìèõ êëàñàõ.

1.8. Òåîðiÿ ôðàêòàëiâ

Äëÿ òîíøî¨ õàðàêòåðèçàöi¨ ìíîæèí íóëüîâî¨ ìiðè Ëåáåãà ìîæíà (äî-

öiëüíî) âèêîðèñòîâóâàòè àïàðàò òåîði¨ ôðàêòàëiâ (ôðàêòàëüíî¨ ãåîìåòði¨

i ôðàêòàëüíîãî àíàëiçó). Íàãàäà¹ìî äåÿêi òåîðåòè÷íi âiäîìîñòi ç öi¹¨ ãà-

ëóçi, çîêðåìà, îçíà÷åííÿ Hα−ìiðè Ãàóñäîðôà i ðîçìiðíîñòi Ãàóñäîðôà-

Áåçèêîâè÷à ìíîæèíè M ⊂ R1.

ÍåõàéM � îáìåæåíà ïiäìíîæèíà ìåòðè÷íîãî ïðîñòîðó (X, ρ). Âåëè÷è-

íà d(M) ≡ sup{ρ(x, y) : x, y ∈ M} íàçèâà¹òüñÿ äiàìåòðîì ìíîæèíè M .
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Äiàìåòð ëiíiéíî¨ ìíîæèíè M äàëi ïîçíà÷àòèìåìî ÷åðåç |M |.

Îçíà÷åííÿ 1.18. Íåõàé ε � äîäàòíà êîíñòàíòà. Ñêií÷åííå àáî çëi÷åí-

íå ñiìåéñòâî {Mj} ìíîæèí íàçèâà¹òüñÿ ε-ïîêðèòòÿì ìíîæèíè M , ÿêùî

M ⊂
⋃
j

Mj, äå

d(Ej) 6 ε, Ej ∈ X, ∀j ∈ N.

Îçíà÷åííÿ 1.19. Íåõàé α i ε � äîäàòíi ÷èñëà, α − ε-ìiðîþ Ãàóñäîðôà

(íàáëèæàþ÷îþ ìiðîþ ïîðÿäêó ε) îáìåæåíî¨ ìíîæèíè M íàçèâà¹òüñÿ

Hα
ε (M) ≡ inf

d(Mj)6ε

{∑
j

dα(Mj)

}
,

äå iíôiìóì áåðåòüñÿ çà âñiìà íå áiëüø íiæ çëi÷åííèìè ε-ïîêðèòòÿìè {Mj}
ìíîæèíè M ìíîæèíàìè Mj ⊂ X.

Îçíà÷åííÿ 1.20. Íåõàé α � ôiêñîâàíå äîäàòíå ÷èñëî, α-âèìiðíîþ ìi-

ðîþ (Hα-ìiðîþ) Ãàóñäîðôà îáìåæåíî¨ ìíîæèíè M íàçèâà¹òüñÿ çíà÷åííÿ

ôóíêöi¨ ìíîæèíè, âèçíà÷åíî¨ ðiâíiñòþ

Hα(M) ≡ lim
ε→0
Hα
ε (M) = sup

ε>0
Hα
ε (M),

i òî÷íà íèæíÿ ãðàíü âèçíà÷à¹òüñÿ çà âñiìà ìîæëèâèìè íå áiëüø íiæ çëi-

÷åííèìè ïîêðèòòÿìè ìíîæèíè M âiäðiçêàìè Mj, äiàìåòðè d(Mi) ÿêèõ íå

ïåðåâèùóþòü ε. Çðîçóìiëî, ùî ãðàíèöÿ Hα(M) çàâæäè iñíó¹, õî÷à é ãðà-

íè÷íå çíà÷åííÿ ìîæå áóòè (i çàçâè÷àé ¹) 0 àáî ∞.

Äëÿ α-âèìiðíî¨ ìiðè Ãàóñäîðôà ñïðàâåäëèâi âëàñòèâîñòi [18]. Çàôiêñó-

¹ìî β > α > 0, ÿêùî:

1. Hα(M) <∞, òî Hβ(M) = 0;

2. Hβ(M) > 0, òî Hα(M) =∞;

3. M ⊂M ′, òî Hα(M) 6 Hα(M ′);

4. M ⊂
⋃
j∈N

Mj, òî Hα(M) 6
∑
j∈N
Hα(Mj).

Îçíà÷åííÿ 1.21. Íåâiä'¹ìíå ÷èñëî

α0(M) = sup {α : Hα(M) = +∞} = inf {α : Hα(M) = 0}
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íàçèâà¹òüñÿ ðîçìiðíiñòþ Ãàóñäîðôà-Áåçèêîâè÷à ìíîæèíè M .

Äëÿ ðîçìiðíîñòi Ãàóñäîðôà-Áåçèêîâè÷à ñïðàâåäëèâi âëàñòèâîñòi :

1. α0(M) = 0 äëÿ äîâiëüíî¨ íå áiëüø íiæ çëi÷åííî¨ ìíîæèíè M ;

2. ÿêùî M1 ⊂M2, òî α0(M1) 6 α0(M2);

3. ÿêùî M1 i M2 � àôiííî åêâiâàëåíòíi (çîêðåìà ãåîìåòðè÷íî ïîäiáíi)

ìíîæèíè, òî α0(M1) = α0(M2);

4. α0

(⋃
n
Mn

)
= sup

n
α0(Mn).

Îñêiëüêè α-âèìiðíà ìiðà Ãàóñäîðôà ó ïðîñòîði R1 ïðè α = 1 ¹ çîâíi-

øíüîþ ìiðîþ Ëåáåãà, òî ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à ìíîæèí äîäà-

òíî¨ ìiðè Ëåáåãà äîðiâíþ¹ 1.

Îçíà÷åííÿ 1.22 ( [81]). Ôðàêòàëîì íàçèâà¹òüñÿ êîæíà êîíòèíóàëüíà

îáìåæåíà ìíîæèíà ïðîñòîðó R1, ÿêà ìà¹ òðèâiàëüíó (ùî äîðiâíþ¹ 0 àáî

∞) Hα-ìiðó Ãàóñäîðôà, ïîðÿäîê α ÿêî¨ äîðiâíþ¹ òîïîëîãi÷íié ðîçìiðíîñòi.

Îçíà÷åííÿ 1.23. Ìíîæèíè íóëüîâî¨ ìiðè Ëåáåãà ïðîñòîðó R1, ðîçìið-

íiñòü Ãàóñäîðôà-Áåçèêîâè÷à ÿêèõ äîðiâíþ¹ 1, íàçèâàþòüñÿ ñóïåðôðàêòàëü-

íèìè, à êîíòèíóàëüíi ìíîæèíè, ùî ìàþòü íóëüîâó ðîçìiðíiñòü Ãàóñäîðôà-

Áåçèêîâè÷à, � àíîìàëüíî ôðàêòàëüíèìè.

Íàéïðîñòiøèé êëàñ ôðàêòàëiâ � öå ñàìîïîäiáíi ôðàêòàëè. Âiäîáðàæå-

ííÿ g ìåòðè÷íîãî ïðîñòîðó R1 íà ñåáå, ïðè ÿêîìó âiäñòàíi ìiæ òî÷êàìè

çìiíþþòüñÿ â òîìó ñàìîìó âiäíîøåííi k > 0, íàçèâà¹òüñÿ ïåðåòâîðåííÿì

ïîäiáíîñòi. Ïðè öüîìó ÷èñëî k íàçèâàþòü êîåôiöi¹íòîì ïîäiáíîñòi.

Êàæóòü, ùî ìíîæèíà E ⊂ R1 ïîäiáíà ìíîæèíi E ′ ⊂ R1 ç êîåôiöi¹íòîì

ïîäiáíîñòi k > 0, ÿêùî iñíó¹ âiäîáðàæåííÿ g : E → E ′, òàêå, ùî

|g(x2)− g(x1)|
|x2 − x1|

= k äëÿ âñiõ x1, x2 ∈ E.

Ñèìâîëi÷íî öå çàïèñóþòü òàê: E k∼ E ′.

Îçíà÷åííÿ 1.24 ( [81]). Íåïîðîæíÿ îáìåæåíà ìíîæèíà E ïðîñòîðó
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R1 íàçèâà¹òüñÿ ñàìîïîäiáíîþ, ÿêùî
1) E = E1 ∪ ... ∪ En, n > 1,

2) E
ki∼ Ei, i = 1, n,

3) α0(Ei ∩ Ej) < α0(E) ∀i 6= j,

òîáòî ìíîæèíà E ñàìîïîäiáíà, ÿêùî ¨¨ ìîæíà ïîäàòè ó âèãëÿäi ñêií÷åííîãî

îá'¹äíàííÿ âëàñíèõ ïiäìíîæèí Ei, ÿêi ïîäiáíi E (çàãàëîì, êîæíà çi ñâî¨ì

êîåôiöi¹íòîì ïîäiáíîñòi ki), ïðè÷îìó ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à

ïåðåòèíó äîâiëüíèõ äâîõ òàêèõ ïiäìíîæèí ìåíøà, íiæ ðîçìiðíiñòü ñàìî¨

ìíîæèíè E. Íàéìåíøå òàêå ÷èñëî n íàçèâà¹òüñÿ ïîêàçíèêîì ñàìîïîäiáíî-

ñòi, à (K,n) � çàêîíîì ñàìîïîäiáíîñòi K = {k1, ..., kn}.

Îçíà÷åííÿ 1.25 ( [81]). ßêùî E � ñàìîïîäiáíà ìíîæèíà ç çàêîíîì ñà-

ìîïîäiáíîñòi (K,n), K = {k1, ..., kn}, òî äîäàòíå ÷èñëî α, ÿêå ¹ ðîçâ'ÿçêîì
ðiâíÿííÿ

kx1 + ...+ kxn = 1, (1.7)

íàçèâà¹òüñÿ ñàìîïîäiáíîþ ðîçìiðíiñòþ ìíîæèíè E i ïîçíà÷à¹òüñÿ αs(E).

Îñêiëüêè ðiâíÿííÿ (1.7) çàâæäè ìà¹ ¹äèíèé äîäàòíèé êîðiíü, òî îçíà-

÷åííÿ ñàìîïîäiáíî¨ ðîçìiðíîñòi êîðåêòíå.

Ëåìà 1.1 ( [81]). ßêøî E � ñàìîïîäiáíà ìíîæèíà, iñíó¹ òàêå α, ùî

0 < Hα(E) < ∞, òî ¨¨ ñàìîïîäiáíà ðîçìiðíiñòü äîðiâíþ¹ ðîçìiðíîñòi

Ãàóñäîðôà-Áåçèêîâè÷à, òîáòî αs(E) = α0(E).

Òåîðåìà 1.12 ( [81]). ßêùî E � îáìåæåíà çàìêíåíà ñàìîïîäiáíà ìíî-

æèíà ïðîñòîðó R1, òî ¨¨ ñàìîïîäiáíà ðîçìiðíiñòü äîðiâíþ¹ ðîçìiðíîñòi

Ãàóñäîðôà-Áåçèêîâè÷à.

Îçíà÷åííÿ 1.26. ×èñëî

αE(x0) = lim
n→∞

α0(E ∩On(x0)),

äå {On(x0)} � äîâiëüíà ïîñëiäîâíiñòü îêîëiâ òî÷êè x0 ∈ M , ÿêi ìîíî-

òîííî ñòÿãóþòüñÿ äî x0, íàçèâà¹òüñÿ ëîêàëüíîþ ðîçìiðíiñòþ Ãàóñäîðôà-

Áåçèêîâè÷à ìíîæèíè E â òî÷öi x0.
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Òåîðåìà 1.13 ( [81]). Êîæíà îáìåæåíà çàìêíåíà ìíîæèíà E òðè-

âèìiðíîãî åâêëiäîâîãî ïðîñòîðó ìiñòèòü òî÷êó x0 ∈ E, òàêó, ùî

αE(x0) = α0(E).

Îäíèì iç íàïðÿìiâ çàñòîñóâàííÿ òåîði¨ ôðàêòàëiâ ¹ ôðàêòàëüíèé àíà-

ëiç: ôóíêöié (ñèíãóëÿðíèõ, íåïåðåðâíèõ íiäå íå ìîíîòîííèõ); íåïîâíèõ ñóì

÷èñëîâèõ ðÿäiâ; çîáðàæåíü ÷èñåë, ùî  ðóíòóþòüñÿ íà ðiçíèõ ñèñòåìàõ êî-

äóâàííÿ.

1.9. Ãåîìåòðiÿ ÷èñëîâèõ ðÿäiâ

Ãåîìåòðiÿ ÷èñëîâèõ ðÿäiâ âèâ÷à¹ òîïîëîãî-ìåòðè÷íi i ôðàêòàëüíi âëà-

ñòèâîñòi ìíîæèí íåïîâíèõ ñóì àáñîëþòíî çáiæíèõ ÷èñëîâèõ ðÿäiâ, ¨õ àðè-

ôìåòè÷íi ñóìè òîùî.

Ðîçãëÿäà¹òüñÿ ÷èñëîâèé ðÿä

∞∑
n=1

an = a1 + a2 + ...+ an + ... . (1.8)

Íåõàé M � äîâiëüíà ïiäìíîæèíà ìíîæèíè íàòóðàëüíèõ ÷èñåë N.

Îçíà÷åííÿ 1.27. ×èñëî

x = x(M) =
∑

n∈M⊂N

an =
∞∑
n=1

anεn, äå εn =

 1, ÿêùî n ∈M,

0, ÿêùî n /∈M,

íàçèâà¹òüñÿ íåïîâíîþ ñóìîþ (ïiäñóìîþ) ðÿäó (1.8), à êîæåí ðÿä âèäó∑
n∈M⊂N

an íàçèâà¹òüñÿ ïiäðÿäîì ðÿäó (1.8).

Ìíîæèíó âñiõ íåïîâíèõ ñóì ðÿäó (1.8) ïîçíà÷à¹ìî ÷åðåç E{an}, òîáòî

E{an} ≡

{
x : x =

∑
n∈M

an, M ∈ 2N

}
=

=

{
x : x =

∞∑
n=1

εnan, (εn) ∈ A∞, A = {0, 1}

}
,



53

i íàçèâà¹ìî ìíîæèíîþ íåïîâíèõ ñóì (ìíîæèíîþ ïiäñóì) ðÿäó (1.8).

Çðîçóìiëî, ùî âñi ÷àñòèííi ñóìè Sn ≡
n∑
k=1

ak i çàëèøêè rn ≡
∞∑

k=n+1

ak

ðÿäó (1.8) � öå éîãî íåïîâíi ñóìè. ßêùî ðÿä (1.8) çáiæíèé çíàêîäîäàòíèé,

òî E{an} ⊆ [0, r0]. ßêùî ðÿä (1.8) çíàêîçìiííèé i àáñîëþòíî çáiæíèé, òî

E{an} ⊆ [α, β], äå

α ≡
∑
an<0

an i β ≡
∑
an>0

an.

Íåâàæêî ïåðåêîíàòèñÿ, ùî ìíîæèíà íåïîâíèõ ñóì ðÿäó (1.8) êîíòèíóàëü-

íà.

ßê îêðåìèé îá'¹êò âèâ÷åííÿ ìíîæèíà ïiäñóì àáñîëþòíî çáiæíîãî ðÿäó

ôiãóðó¹ â äîñëiäæåííÿõ iç 1914 ðîêó, êîëè áóëà îïóáëiêîâàíà ïiîíåðñüêà â

öüîìó íàïðÿìi ðîáîòà ÿïîíñüêîãî ìàòåìàòèêà Ñîi÷i Êàêåÿ [27] (�Ïðî íåïîâ-

íi ñóìè íåñêií÷åííèõ ðÿäiâ�), äå âií îïèñàâ ñòðóêòóðó ìíîæèíè íåïîâíèõ

ñóì, íå íàäàâøè ïðè öüîìó ñòðîãèõ äîâåäåíü. 1941 ðîêó ðåçóëüòàòè Êà-

êåÿ ïåðåâiäêðèâ Ã. Ãîðíè÷ [24], à 1948 ðîêó Ï. Ê. Ìåíîí [33]; îñíîâíèé

ðåçóëüòàò òîãî ÷àñó ñôîðìóëüîâàíî òàê:

Òåîðåìà 1.14. Ìíîæèíà íåïîâíèõ ñóì E{an} àáñîëþòíî çáiæíîãî

ðÿäó
∞∑
n=1

an ¹ äîñêîíàëîþ ìíîæèíîþ.

1. Áiëüø òîãî, E{an} ¹ ñêií÷åííèì îá'¹äíàííÿì âiäðiçêiâ òîäi é ëèøå

òîäi, êîëè

|an| 6 rn ≡ |an+1|+ |an+2|+ |an+3|+ · · ·

äëÿ âñiõ n, ïî÷èíàþ÷è ç äåÿêîãî íîìåðó (E{an} ¹ âiäðiçêîì òîäi é

ëèøå òîäi, êîëè |an| 6 rn äëÿ âñiõ n ∈ N).

2. ßêùî æ

|an| > |an+1|+ |an+2|+ |an+3|+ · · ·

äëÿ âñiõ äîñòàòíüî âåëèêèõ n, òî E{an} ãîìåîìîðôíà êëàñè÷íié

ìíîæèíi Êàíòîðà.

Ó çãàäàíié ðîáîòi [27] Ñ. Êàêåÿ âèñóíóâ ïðèïóùåííÿ, ùî íåîáõiäíîþ i

äîñòàòíüîþ óìîâîþ íiäå íå ùiëüíîñòi ìíîæèíè E{an} ¹ iñíóâàííÿ çëi÷åííî¨
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êiëüêîñòi ÷ëåíiâ ðÿäó, äëÿ ÿêèõ |an| > rn. Ïåðøèé êîíòðïðèêëàä äî öi¹¨

ãiïîòåçè íàâåëè 1980 ð. À. Ä. Âàéíøòåéí i Á. Ç. Øàïiðî [52]. Ó ðîáîòi [38]

Ô. Ïðóñ-Âiøíüîâñüêèé, âèçíàþ÷è ñïðîñòóâàííÿ ãiïîòåçè Êàêåÿ âêàçàíèìè

àâòîðàìè, çàçíà÷à¹, ùî ¨õíÿ ðîáîòà ìiñòèòü i õèáíi òâåðäæåííÿ. 1984 ð.

Ö. Ôåðåíñ [21] íàâiâ iíøèé êîíòðïðèêëàä äëÿ ñïðîñòóâàííÿ ãiïîòåçè Êàêåÿ,

à çîâñiì ïðîñòèé ïðèêëàä ðÿäó 1988 ð. íàâåëè Äæ. �àòði i Äæ. Íiìàí [22]:

3

4
+

2

4
+

3

42
+

2

42
+

3

43
+

2

43
+ · · · (1.9)

Äëÿ öüîãî ðÿäó, ÿê i äëÿ ðÿäiâ iç íàâåäåíèõ âèùå ðîáiò, íåðiâíîñòi an > rn i

an 6 rn âèêîíóþòüñÿ íåñêií÷åííó êiëüêiñòü ðàçiâ, à ìíîæèíà íåïîâíèõ ñóì

ðÿäó (1.9) ìiñòèòü âiäðiçîê [2
3 , 1], àëå íå ¹ ñêií÷åííèì îá'¹äíàííÿì âiäðiç-

êiâ [12]. Ìíîæèíà íåïîâíèõ ñóì ðÿäó (1.9) ãîìåîìîðôíà ìíîæèíi

T ≡ C ∪
∞⋃
n=1

G2n−1 = [0, 1] \
∞⋃
n=1

G2n,

äå C � êëàñè÷íà ìíîæèíà Êàíòîðà (òîáòî ìíîæèíà ÷èñåë ç âiäðiçêà [0, 1],

ÿêi çàïèñóþòüñÿ ó òðiéêîâié ñèñòåìi ÷èñëåííÿ ç âèêîðèñòàííÿì äâîõ öèôð

0 i 2, àáî, ùî ðiâíîñèëüíî � öå ìíîæèíà íåïîâíèõ ñóì ãåîìåòðè÷íîãî ðÿ-

äó
∞∑
k=1

2
3k
), Gk � âiäêðèòà ìíîæèíà âñiõ ÷èñåë âiäðiçêà [0, 1], ÿêi ìàþòü ó

ñâî¹ìó òðiéêîâîìó çîáðàæåííi k-òó öèôðó 1, ÿêùî âñi ïîïåðåäíi öèôðè

çîáðàæåííÿ � 0 àáî 2.

Çàâåðøàëüíèìè ó íàïðÿìi êëàñèôiêàöi¨ iñíóþ÷èõ �òîïîëîãi÷íèõ òèïiâ�

ìíîæèí íåïîâíèõ ñóì àáñîëþòíî çáiæíèõ ðÿäiâ ñòàëè ðîáîòè [22, 34], äå

äîâåäåíî íàñòóïíèé ôàêò.

Òåîðåìà 1.15. Ìíîæèíà E{an} íåïîâíèõ ñóì çáiæíîãî äîäàòíîãî ðÿ-

äó
∞∑
n=1

an àáî

1. ¹ ñêií÷åííèì îá'¹äíàííÿì âiäðiçêiâ, àáî

2. ãîìåîìîðôíà ìíîæèíi Êàíòîðà, àáî

3. ãîìåîìîðôíà ìíîæèíi T .

Îçíà÷åííÿ 1.28. [5,38] Ñèìåòðè÷íèì êàíòîðâàëîì (àáîM -êàíòîð-

âàëîì) íàçèâà¹òüñÿ ìíîæèíà, ÿêà ãîìåîìîðôíà ìíîæèíi T .
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Òåðìií �êàíòîðâàë� çàïðîïîíóâàëè áðàçèëüñüêi ìàòåìàòèêè Ï. Ìåíäåñ

i Ô. Îëiâåéðà ó ðîáîòi [32], ïðèñâÿ÷åíié âèâ÷åííþ òîïîëîãi÷íî¨ ñòðóêòóðè

àðèôìåòè÷íî¨ ñóìè äâîõ ìíîæèí êàíòîðiâñüêîãî òèïó (íåïîðîæíiõ îáìå-

æåíèõ äîñêîíàëèõ íóëü-ìíîæèí Ëåáåãà ç R). Ó öié ðîáîòi àâòîðè äàëè

êàíòîðâàëàì äåùî iíàêøå îçíà÷åííÿ.

Îçíà÷åííÿ 1.29. [32]M -êàíòîðâàëîì íàçèâà¹òüñÿ äîñêîíàëà ïiäìíî-

æèíà ÷èñëîâî¨ ïðÿìî¨ R òàêà, ùî êîæåí ñóìiæíèé iíòåðâàë öi¹¨ ìíîæèíè

íàêîïè÷ó¹ ïî îáèäâà áîêè íåñêií÷åííó êiëüêiñòü ñâî¨õ íåòðèâiàëüíèõ êîì-

ïîíåíò çâ'ÿçíîñòi é ñóìiæíèõ iíòåðâàëiâ.

Ëåìà 1.2. Äîâiëüíi äâà ñèìåòðè÷íi êàíòîðâàëè ¹ ãîìåîìîðôíèìè.

Çàäëÿ âèâ÷åííÿ âëàñòèâîñòåé ìíîæèíè E{an} íåïîâíèõ ñóì ðÿäó (1.8),

êîðèñíi ïîíÿòòÿ öèëiíäðà é öèëiíäðè÷íîãî âiäðiçêà.

Îçíà÷åííÿ 1.30. Íåõàé (c1, c2, ..., cm) � ôiêñîâàíèé âïîðÿäêîâàíèé íà-

áið íóëiâ i îäèíèöü. Öèëiíäðîì ðàíãó m ç îñíîâîþ c1c2...cm (ci ∈ {0, 1})
íàçèâà¹òüñÿ ìíîæèíà ∆′c1...cm, ÿêà ìiñòèòü óñi íåïîâíi ñóìè ðÿäó (1.8) âèäó

m∑
n=1

cnan +
∞∑

n=m+1

εnan, äå εn ∈ {0, 1}.

Öèëiíäðè÷íèì âiäðiçêîì ðàíãó m ç îñíîâîþ c1c2...cm íàçèâà¹òüñÿ âiäði-

çîê

∆c1...cm = [inf ∆′c1...cm, sup ∆′c1...cm] =

[
m∑
n=1

cnan, rm +
m∑
n=1

cnan

]
.

Iç îçíà÷åíü âèïëèâàþòü òàêi âëàñòèâîñòi öèëiíäðè÷íèõ ìíîæèí:

1) ∆′c1...cm ⊂ ∆c1...cm, inf ∆c1...cm = inf ∆′c1...cm, sup ∆c1...cm = sup ∆′c1...cm.

2) ∆′c1...cm = ∆′c1...cm0 ∪∆′c1...cm1.

3) Äiàìåòð öèëiíäðà íå çàëåæèòü âiä éîãî îñíîâè, à ëèøå âiä ðàíãó:

|∆′c1...cm| = rm → 0 (m→∞).

4) Äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi (cm) íóëiâ i îäèíèöü ìà¹ ìiñöå
∞⋂
m=1

∆c1...cm =
∞⋂
m=1

∆′c1...cm ≡ ∆c1...cm... =
∞∑
m=1

cmam = x ∈ E{an} ⊂ [0, r0].
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5) E{an} ⊂ Fm+1 ⊂ Fm äëÿ âñiõ m ∈ N, äå Fm =
⋃

ci∈{0,1},i=1,m

∆c1...cm.

6) E{an} = lim
m→∞

Fm =
∞⋂
m=1

Fm.

7) Óìîâà

∆c1..c2n−20 ∩∆c1..c2n−21 = ∆c1..c2n−20111 = ∆c1..c2n−21000, n = 1, 2, 3, ...,

ðiâíîñèëüíà ðiâíîñòi

a2n−1 = a2n + a2n+1 + a2n+2, n = 1, 2, 3, ... .

Âèñíîâêè äî ðîçäiëó 1

Öåé ðîçäië ìà¹ âñòóïíèé õàðàêòåð. Ó íüîìó ñôîðìóëüîâàíi íåîáõiäíi

ôàêòè, ÿêi âèêîðèñòîâóâàòèìóòüñÿ ó ïîäàëüøèõ ðîçäiëàõ ùîäî:

� ñòîõàñòè÷íèõ òà äâi÷i ñòîõàñòè÷íèõ ìàòðèöü;

� Q∗∞-çîáðàæåííÿ äðîáîâî¨ ÷àñòèíè äiéñíîãî ÷èñëà i éîãî ÷àñòèííèõ

âèïàäêiâ, äåÿêèõ äâîñèìâîëüíèõ ñèñòåì ÷èñëåííÿ òîùî;

� òåîði¨ ôðàêòàëiâ;

� íåïåðåðâíèõ ôóíêöié çi ñêëàäíîþ ëîêàëüíîþ áóäîâîþ;

� òåîði¨ ðÿäiâ (ìíîæèí íåïîâíèõ ñóì, ¨õíiõ âëàñòèâîñòåé);

� ðîçïîäiëiâ òà ¨õíüî¨ ëåáåãiâñüêî¨ ñòðóêòóðè; çãîðòîê Áåðíóëëi.

Íàâåäåíî îãëÿä ëiòåðàòóðè ç òåìàòèêè äîñëiäæåííÿ.
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ÐÎÇÄIË 2

Q∗∞-ÇÎÁÐÀÆÅÍÍß ÄIÉÑÍÈÕ ×ÈÑÅË, ÂÈÇÍÀ×ÅÍÅ ÄÂI×I

ÑÒÎÕÀÑÒÈ×ÍÈÌÈ ÌÀÒÐÈÖßÌÈ, É ÔÓÍÊÖI�, Ç ÍÈÌÈ

ÏÎÂ'ßÇÀÍI

Ó öüîìó ðîçäiëi êîíñòðóþ¹òüñÿ ñiì'ÿ W äîäàòíèõ íåñêií÷åííèõ äâi÷i

ñòîõàñòè÷íèõ ìàòðèöü i óòî÷íþþòüñÿ ðåçóëüòàòè, ÿêi çäîáóâ Ïðàöüîâè-

òèé Ì.Â. [81] äëÿ âèïàäêó, êîëè ìàòðèöÿ ¹ äâi÷i ñòîõàñòè÷íîþ é âèçíà÷à¹-

òüñÿ îäíèì ïàðàìåòðîì; äëÿ Q∗∞-çîáðàæåíü, ùî  ðóíòóþòüñÿ íà ìàòðèöÿõ

iç W , îïèñóþòüñÿ òîïîëîãî-ìåòðè÷íi âëàñòèâîñòi ñïåêòðà (ìíîæèíè òî÷îê

ðîñòó) ôóíêöi¨ ðîçïîäiëó íåïåðåðâíî¨ âèïàäêîâî¨ âåëè÷èíè τ = ∆
Q∗∞
τ1τ2...τn...

ç íåçàëåæíèìè îäíàêîâèìè ðîçïîäiëåíèìè ñèìâîëàìè τn ¨¨ Q∗∞-çîáðàæåííÿ

çà óìîâè, ùî îäíà ç êîîðäèíàò ñòîõàñòè÷íîãî âåêòîðà p = (p0, p1, . . . , pn, . . .),

ùî çàäà¹ ðîçïîäië, äîðiâíþ¹ 0.

2.1. Íåñêií÷åííi äâi÷i ñòîõàñòè÷íi ìàòðèöi

Îçíà÷åííÿ 2.1. Íåñêií÷åííîþ äâi÷i ñòîõàñòè÷íîþ ìàòðèöåþ íàçèâà-

þòü ìàòðèöþ ||qik||, åëåìåíòè ÿêî¨ ¹ íåâiä'¹ìíèìè, à ñóìà åëåìåíòiâ êî-

æíîãî ðÿäêà i êîæíîãî ñòîâïöÿ äîðiâíþ¹ 1, òîáòî âîäíî÷àñ âèêîíóþòüñÿ

óìîâè

1. qik > 0;

2.
∞∑
k=1

qik = 1 =
∞∑
i=0

qik.

Î÷åâèäíî, ùî ïåðåñòàíîâêà áóäü-ÿêèõ äâîõ ðÿäêiâ àáî ñòîâïöiâ äâi÷i

ñòîõàñòè÷íî¨ ìàòðèöi çàëèøà¹ ¨¨ äâi÷i ñòîõàñòè÷íîþ.

Çàäà÷ó ïðî iñíóâàííÿ é êiëüêiñòü íåñêií÷åííèõ äâi÷i ñòîõàñòè÷íèõ ìà-

òðèöü ðîçâ'ÿçó¹ òâåðäæåííÿ.

Ëåìà 2.1. ßêùî (an) � áóäü-ÿêà ïîñëiäîâíiñòü íåâiä'¹ìíèõ ÷èñåë, òà-
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êà, ùî

a1 + a2 + · · ·+ an + · · · = 1;

Sn ≡ a1 + a2 + · · ·+ an, n ∈ N,

òî ìàòðèöÿ ‖qij‖, òàêà, ùî

qij =

ai+j−1, ÿêùî i 6= j;

a2i−1 + Si−1, ÿêùî i = j,

¹ íåñêií÷åííîþ äâi÷i ñòîõàñòè÷íîþ ñèìåòðè÷íîþ ìàòðèöåþ.

Äîâåäåííÿ. Ñïðàâäi, ñèìåòðè÷íiñòü ìàòðèöi ‖qij‖ î÷åâèäíà âîäíî÷àñ

∞∑
j=1

qij = ai + ai+1 + . . .+ a2i−2 + (a2i−1 + Si−1) + a2i + a2i+1 + . . . = 1.

2.2. Íåñêií÷åííi äâi÷i ñòîõàñòè÷íi ìàòðèöi, çàëåæíi âiä

îäíîãî ïàðàìåòðà

Ïîáóäóéìî íåñêií÷åííó ìàòðèöþ çà ïðàâèëîì: åëåìåíòè ìàòðèöi óòâî-

ðþþòü íåñêií÷åííî ñïàäíó ãåîìåòðè÷íó ïðîãðåñiþ çi çíàìåííèêîì q ∈ (0; 1)

i ïåðøèì ÷ëåíîì b = 1− q, òîáòî

Q∗∞ =



b bq bq2 · · · bqn−1 · · ·
bq bq2 bq3 · · · bqn · · ·
bq2 bq3 bq4 · · · bqn+1 · · ·
... ... ... . . . ... ...

bqn−1 bqn bqn+1 · · · bq2(n−1) · · ·
... ... ... · · · ... ...


. (2.1)

Ïîçíà÷ìî ÷åðåç Sk ñóìó åëåìåíòiâ k-ãî ðÿäêà ìàòðèöi (2.1). Çðîçóìiëî,

ùî ñóìà åëåìåíòiâ k-ãî ñòîâïöÿ òåæ äîðiâíþâàòèìå Sk, îñêiëüêè ìàòðèöÿ

Q∗∞ ñèìåòðè÷íà. Îá÷èñëèìî çíà÷åííÿ Sk:
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S1 = b
1−q = b

b = 1;

S2 = bq
1−q = bq

b = q;

S3 = bq2

1−q = bq2

b = q2;

. . .

Sn = bqn−1

1−q = bqn−1

b = qn−1;

. . . .

Äëÿ âèêîíàííÿ óìîâè äâi÷i ñòîõàñòè÷íîñòi ìàòðèöi Q∗∞ ïîêëàäåìî:

q01 := b;

q12 := bq2 + 1− S2 = bq2 + 1− q;
q23 := bq4 + 1− S3 = bq4 + 1− q2;

. . .

q(n−1)n := bq2(n−1) + 1− Sn = bq2(n−1) + 1− qn−1

. . . .
Òàêèì ÷èíîì îòðèìà¹ìî ìàòðèöþ âèãëÿäó:

Q∗∞ =



b bq bq2 · · · bqn−1 · · ·
bq bq2 + 1− q bq3 · · · bqn · · ·
bq2 bq3 bq4 + 1− q4 · · · bqn+1 · · ·
...

...
...

. . .
...

...

bqn−1 bqn bqn+1 · · · bq2(n−1) + 1− qn−1 · · ·
...

...
... · · · ...

...


. (2.2)

Îòæå, äîâåäåíî:

Ëåìà 2.2. ßêùî äëÿ ìàòðèöi Q∗∞ âèêîíóþòüñÿ óìîâè:

1. q01 = b ∈ (0; 1);

2. b+ q = 1;

3. qik = bqi+k−1 äëÿ âñiõ i 6= k − 1, k ∈ N ;

4. qik = bq2(k−1) + 1− qk−1 äëÿ âñiõ i = k − 1, k ∈ N ,

òî âîíà ¹ äâi÷i ñòîõàñòè÷íîþ.

Âðàõîâóþ÷è, ùî ïàðàìåòð q01 = b ∈ (0; 1), òî ñiì'ÿ ìàòðèöü Q∗∞ �

êîíòèíóàëüíà. Ïîçíà÷ìî äàíó ñiì'þ W .
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2.3. Q∗∞-çîáðàæåííÿ ÷èñåë, âèçíà÷åíå äâi÷i ñòîõàñòè÷íîþ

ìàòðèöåþ

Ç'ÿñóéìî ÿêèõ çíà÷åíü íàáóâàòèìóòü βαkk é qαkk äëÿ Q
∗
∞-ïðåäñòàâëåííÿ

÷èñëà ó (1.2), âèçíà÷åíîãî íåñêií÷åííîþ äâi÷i ñòîõàñòè÷íîþ ìàòðèöåþ (2.2).

Îñêiëüêè qαkk � öå åëåìåíòè ìàòðèöi (2.2), òîqαkk = bqαk+(k−1) äëÿ âñiõ αk 6= k − 1, k ∈ N,

qαkk = bq2αk + 1− qαk äëÿ âñiõ αk = k − 1, k ∈ N.

Äëÿ βαkk ñïðàâåäëèâî:

1) ïðè αk < k

βαkk =

αk−1∑
j=0

qjk = q0k + q1k + q2k + . . .+ qαkk =

= bqk−1 + bqk + bqk+1 + . . .+ bqαk−1+k−1 =

= bqk−1 + bqk + bqk+1 + . . .+ bqαk+k−2 =
bqk−1(1− qαk)

1− q
= qk−1 (1− qαk) ;

2) ïðè αk > k

βαkk =

αk−1∑
j=0

qjk = q0k + q1k + q2k + . . .+ q(k−2)k + q(k−1)k + qkk + . . .+ qαkk =

= bqk−1 + bqk + bqk+1 + . . .+ bq2k−3 + bq2k−2 + 1− qk−1 + . . .+

+ bqαk+k−2 =
bqk−1(1− qαk)

1− q
+ 1− qk−1 = qk−1 (1− qαk) + 1− qk−1 =

= 1− qαk+k−1.

Òîáòî 
β0k = 0,

βαkk = qk−1 (1− qαk) äëÿ âñiõ αk < k ∈ N,

βαkk = 1− qαk+k−1 äëÿ âñiõ αk > k ∈ N;

(2.3)

Âàðòî çàçíà÷èòè, ÿêùî ó çîáðàæåííi ∆
Q∗∞
α1...αk..., âèçíà÷åíîìó ìàòðèöåþ
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(2.2), äëÿ αk(x) ñïðàâäæó¹òüñÿ αk 6= k − 1 äëÿ âñiõ k ∈ N, òî

x = 1− qα1 +
∞∑
k=2

βαkk(1− q)k−1q

k−1∑
i=1

αi+
(k−1)(k−2)

2
,

äå βαkk âèçíà÷àþòüñÿ çà ôîðìóëàìè (2.3).

2.4. Ãåîìåòðiÿ öèëiíäðè÷íîãî Q∗∞-çîáðàæåííÿ ÷èñåë,

âèçíà÷åíîãî äâi÷i ñòîõàñòè÷íîþ ìàòðèöåþ

Ïiä ãåîìåòði¹þ çîáðàæåííÿ äiéñíîãî ÷èñëà ìè ðîçóìi¹ìî ãåîìåòðè÷íèé

çìiñò öèôð, ÿêèé iíäóêó¹ òîïîëîãî-ìåòðè÷íi i ôðàêòàëüíi âëàñòèâîñòi ìíî-

æèí ÷èñåë, âèçíà÷åíèõ óìîâàìè íà âèêîðèñòàííÿ öèôð (íàïðèêëàä, çàáî-

ðîíàìè), à òàêîæ ìåòðè÷íå ñïiââiäíîøåííÿ, ïîðîäæåíå íèì.

Íåõàé (c1, c2, . . . , cm) � óïîðÿäêîâàíèé íàáið öiëèõ íåâiä'¹ìíèõ ÷èñåë.

Îçíà÷åííÿ 2.2. Öèëiíäðîì ðàíãó m iç îñíîâîþ c1c2 . . . cm íàçèâà¹òüñÿ

ìíîæèíà ∆
Q∗∞
c1c2...cm ÷èñåë x ∈ [0; 1), ïåðøèìè m öèôð Q∗∞- çîáðàæåííÿ ÿêèõ

¹ c1, c2, . . . , cm âiäïîâiäíî, òîáòî

∆Q∗∞
c1c2...cm

=
{
x : x = ∆Q∗∞

c1c2...cmam+1am+2...
, am+i ∈ N ∪ {0} , i = 1, 2, 3, . . . .

}
.

Äëÿ Q∗∞-çîáðàæåííÿ, âèçíà÷åíîãî äâi÷i ñòîõàñòè÷íîþ ìàòðèöåþ (2.2),

ñïðàâåäëèâi òàêi âëàñòèâîñòi öèëiíäðiâ:

1.
∞⋃
c1=0

∞⋃
c2=0

. . .
∞⋃

cm=0
∆
Q∗∞
c1c2...cm = [0; 1) ;

2. ∆
Q∗∞
c1c2...cm =

∞⋃
i=1

∆
Q∗∞
c1c2...cmi

;

3. min∆
Q∗∞
c1c2...cm(i+1) = sup∆

Q∗∞
c1c2...cmi

, i = 1, 2, . . .;

4. Öèëiíäðè îäíîãî ðàíãó íå ïåðåòèíàþòüñÿ àáî çáiãàþòüñÿ (ðiâíi), ïðè-

÷îìó

∆Q∗∞
c1c2...cm

= ∆
Q∗∞
c
′
1c
′
2...c

′
m

⇔ ci = c
′

i i = 1, 2, . . .m;

5. Äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi (cm) ∈ L ïåðåðiç

∞⋂
m=1

∆Q∗∞
c1c2...cm

= x = ∆Q∗∞
c1c2...cm...
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� öå òî÷êà ïiâiíòåðâàëà [0; 1);

6. ∆
Q∗∞
c1...cm =

[
∆
Q∗∞
c1...cm−1cm(0); ∆

Q∗∞
c1...cm−1cm+1(0)

)
.

7. Äîâæèíà öèëiíäðà |∆Q∗∞
c1...cm| îá÷èñëþ¹òüñÿ çà ôîðìóëîþ:

|∆Q∗∞
c1...cm

| = bm
m∏
i=1

qci+i−1 ïðè ci 6= i− 1;

Ñïðàâäi,

|∆Q∗∞
c1c2...cm

| = qα11 · qα22 · . . . · qαmm = bqα1 · bqα1+1 · . . . · bqαm+(m−1) =

= bm
m∏
i=1

qci+i−1.

ßêùî æ ñåðåä ci ìiñòèòüñÿ t cèìâîëiâ, äëÿ ÿêèõ âèêîíó¹òüñÿ ðiâíiñòü

ci = i− 1, òî äîâæèíà öèëiíäðà îá÷èñëþ¹òüñÿ çà ôîðìóëîþ:

|∆Q∗∞
c1...cm

| = bm−t
m∏
k=1

ck 6=k−1

qck+k−1
m∏
k=1

ck=k−1

(bq2ck + qck + 1).

8. Ñïðàâåäëèâà ðiâíiñòü (îñíîâíå ìåòðè÷íå âiäíîøåííÿ):

|∆Q∗∞
c1...cmi

|
|∆Q∗∞

c1...cm|
=

 bqi+m, ÿêùî i 6= m,

bq2m − qm + 1, ÿêùî i = m.

Ñïðàâäi, âðàõîâóþ÷è âëàñòèâiñòü 7, ìà¹ìî:

1) ïðè i 6= m

|∆Q∗∞
c1...cmi

|
|∆Q∗∞

c1...cm|
=
|∆Q∗∞

c1...cmi
| · qi(m+1)

|∆Q∗∞
c1...cm|

= qi(m+1) = bqi+m;

2) ïðè i = m

|∆Q∗∞
c1...cm|

|∆Q∗∞
c1...cm|

=
|∆Q∗∞

c1...cmm| · qm(m+1)

|∆Q∗∞
c1...cm|

= bq2m − qm + 1.
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2.5. Ôóíêöiÿ ðîçïîäiëó i ñïåêòð âèïàäêîâî¨ âåëè÷èíè,

çàäàíî¨ Q∗∞-çîáðàæåííÿì, âèçíà÷åíèì äâi÷i

ñòîõàñòè÷íîþ ìàòðèöåþ

Ðîçãëÿíüìî â.â.

τ = ∆Q∗∞
τ1τ2...τn...

,

çàäàíó ñâî¨ì Q∗∞-çîáðàæåííÿì, âèçíà÷åíèì ìàòðèöåþ ç W , äå τn � íåçàëå-

æíi îäíàêîâî ðîçïîäiëåíi â.â.

P{τi = i} = pi, i ∈ N ∪ {0},
∞∑
i=0

pi = 1.

Çãiäíî ç òåîðåìîþ (1.2), ôóíêöiÿ ðîçïîäiëó â.â. τ çàäà¹òüñÿ ó âèãëÿäi

Fτ (x) = βa1(x)1 +
∞∑
k=2

[
βak(x)k

k−1∏
j=1

paj(x)j

]
,

äå çíà÷åííÿ βak(x)k îïèñàíî â ïóíêòi 2.4.

Òåîðåìà 2.1. ßêùî pc = 0 i pj 6= 0 ïðè j 6= c, òî ñïåêòðîì ðîçïîäiëó

(ìíîæèíîþ òî÷îê ðîñòó) ôóíêöi¨ ðîçïîäiëó Fτ ¹ ìíîæèíà

Dc ≡ [Q∗∞; c̄] =
{
x : x = ∆Q∗∞

α1α2...αk...
, äå αk 6= c ∈ {0, 1, 2, 3, . . .} ∀k ∈ N

}
ÿêà ¹ íiäå íå ùiëüíîþ äîäàòíî¨ ìiðè Ëåáåãà.

Äîâåäåííÿ. Ðîçïîäië â.â. τ íåïåðåðâíèé, îñêiëüêè

[max{p0, p1, . . . pn, . . .}]n → 0 (n→∞).

Îòæå, é ôóíêöiÿ ðîçïîäiëó Fτ íåïåðåðâíà. Òîäi

P{τ ∈ ∆Q∗∞
α1α2...αm

} =
m∏
j=1

pαj 6= 0 ïðè αj 6= c, j = 1,m,

àëå

P{τ ∈ ∆Q∗∞
α1α2...αm−1c

} = pc

m−1∏
j=1

pαj = 0.
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Îòæå, Sτ = Dc.

Äîâåäåìî, ùî Dc ¹ íiäå íå ùiëüíîþ ìíîæèíîþ çà îçíà÷åííÿì, òîáòî

ïîêàæåìî, ùî â áóäü-ÿêîìó iíòåðâàëi (a; b) ⊂ [0; 1) iñíó¹ ïiäiíòåðâàë, ùî

íå ìiñòèòü òî÷îê ìíîæèíèDc. Ç óðàõóâàííÿì âëàñòèâîñòi (6) öèëiíäðè÷íèõ

ìíîæèí íàì äîñòàòíüî âêàçàòè öèëiíäð, ÿêèé ïîâíiñòþ ìiñòèòüñÿ â (a; b),

ïðîòå íå ìà¹ ç (a; b) ñïiëüíèõ òî÷îê.

Íåõàé a = ∆
Q∗∞
α1α2...αn... i b = ∆

Q∗∞
β1β2...βn...

. Îñêiëüêè a < b, òî iñíó¹ k,

òàêå, ùî αk < βk é αj = βj ïðè j < k. Òîìó ∆
Q∗∞
α1α2...αk[αk+1+1] ⊂ (a; b) i

∆
Q∗∞
α1α2...αk[αk+1+1]c ⊂ ∆

Q∗∞
α1α2...αk[αk+1+1] ⊂ (a; b), à ∆

Q∗∞
α1α2...αk[αk+1+1]c ∩Dc = ∅.

Îòæå, Dc � íiäå íå ùiëüíà ìíîæèíà çà îçíà÷åííÿì.

Ïîêàæåìî, ùî λ(Dc) > 0:

1) ÿêùî c = 0, òî

λ([0; 1) \(D0))q01 + q02(1− q01) + q03(1− q01)(1− q02) + q04(1− q01)·

· (1− q02)(1− q03) + . . . = b+ bq(1− b) + bq2(1− b)(1− bq) + bq3(1− b)·

· (1− bq2)(1− bq3) + . . . < b(1 + q(1− b) + q2(1− b) + q3(1− b) + . . .) =

= b(1 +
q(1− b)

1− q
) = 1− q + q2, çâiäêè λ(D0) > q − q2 > 0.

2) ÿêùî c ∈ N, òî

λ([0; 1) \(Dc)) = qc1 + qc2(1− qc1) + qc3(1− qc1) · (1− qc2) + qc4(1− qc1)·

· (1− qc2)(1− qc3) + . . .+ qcc(1− qc1)(1− qc2)(1− qc3) · . . . · (1− qc(c−1))+

+ qc(c+1)(1− qc1)(1− qc2)(1− qc3) · . . . · (1− qc(c−1))(1− qcc) + qc(c+2)·

· (1− qc1)(1− qc2)(1− qc3) · . . . · (1− qc(c−1)) · (1− qcc) · (1− qc(c+1)) + . . . =

= bqc + bqc+1(1− bqc) + bqc+2(1− bqc)(1− bqc+1) + bqc+3(1− bqc)(1− bqc+1)·

· (1− bqc+2) + . . .+ bq2c−1(1− bqc)(1− bqc+1)(1− bqc+2) · . . . · (1− bq2c−2)·

+ (bq2c + 1− qc)(1− bqc)(1− bqc+1)(1− bqc+2) · . . . · (1− bq2c−2)·

· (1− bq2c−1)qc(1− bqc) + bq2c+2(1− bq2c−1) + bq2c+1(1− bqc)(1− bqc+1)·

· (1− bqc+2) · . . . · (1− bq2c−2)(1− bqc)(1− bqc+1)(1− bqc+2) · . . . ·

· (1− bq2c−2)(1− bq2c−1)qc(1− bqc)(1− bq2c+1) + . . . = S < bqc + bqc+1+
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+ bqc+2 + bqc+3 + . . .+ bq2c−1 + bq2c + 1− qc + bq3c+1(1− bqc)2 + bq3c+2(1−

− bqc)2 + . . . = bqc · 1 · (1− q
c+1)

1− q
+ 1− qc +

(1− bqc)2bq3c+1

1− q
=

= 1− q2c+1 + (1− qc + qc+1)2q3c+1,

çâiäêè ìà¹ìî

λ(Dc) > q2c+1 − (1− qc + qc+1)2q3c+1 > q2c+1 − q3c+1 = q2c+1(1− qc) > 0.

Îöiíèìî ìiðó λ(Dc) çâåðõó.

λ([0; 1) \(Dc)) = S > bqc + bqc+1(1− bqc) + bqc+2(1− bqc)2 + bqc+3·

· (1− bqc)3 + . . .+ +bq2c−1(1− bqc)c−1 + bq2c(1− bqc)c + bq3c+1(1− b)c+1·

· (1 + (1− bq2c+1)q + (1− bq2c+1)2q2 + . . .) = bqc + bqc+1(1− b) + bqc+2·

· (1− b)2 + bqc+3(1− b)3 + . . .+ bq2c−1(1− b)c−1 + bq2c(1− b)c + bq3c+1·

+
q4(c+1)−2

1 + qc
.

Òîìó λ(Dc) < 1 +
q3c+2 − qc

1 + q
− q4(c+1)−2

1 + qc
.

Íàñëiäîê 2.1. Äëÿ ìiðè Ëåáåãà ìíîæèíè Dc (c 6= 0) ñïðàâåäëèâî

q2c+1 − (1− qc + qc+1)2q3c+1 < λ(Dc) < 1 +
q3c+2 − qc

1 + q
− q4(c+1)−2

1 + qc
.
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Âèñíîâêè äî ðîçäiëó 2

Ó öüîìó ðîçäiëi:

� ïîáóäîâàíî ñiì'þ äîäàòíèõ íåñêií÷åííèõ äâi÷i ñòîõàñòè÷íèõ ìàò-

ðèöü W ;

� óòî÷íåíî ðåçóëüòàòè, ÿêi çäîáóâ Ïðàöüîâèòèé Ì.Â. äëÿ Q∗∞-çîáðà-

æåííÿ çà óìîâè, ùî ìàòðèöÿ ¹ äâi÷i ñòîõàñòè÷íîþ i âèçíà÷à¹òüñÿ

îäíèì ïàðàìåòðîì;

� âèâ÷åíî ãåîìåòðiþ Q∗∞-çîáðàæåííÿ, âèçíà÷åíîãî íåñêií÷åííîþ äâi÷i

ñòîõàñòè÷íîþ äîäàòíîþ ìàòðèöåþ;

� äîñëiäæåíî òîïîëîãî-ìåòðè÷íi âëàñòèâîñòi ñïåêòðà (ìíîæèíè òî÷îê

ðîñòó) ôóíêöi¨ ðîçïîäiëó íåïåðåðâíî¨ â.â. τ = ∆
Q∗∞
τ1τ2...τn... iç íåçàëå-

æíèìè îäíàêîâèìè ðîçïîäiëåíèìè ñèìâîëàìè τn ¨¨ Q∗∞-çîáðàæåííÿ

çà óìîâè, ùî îäíà ç êîîðäèíàò âåêòîðà p = (p0, p1, . . . , pn, . . .), ùî

çàäà¹ ðîçïîäië, äîðiâíþ¹ 0.

Îñíîâíi ðåçóëüòàòè öüîãî ðîçäiëó îïóáëiêîâàíi â ðîáîòi [1a] i äîïîâi-

äàëèñÿ íà ñåìiíàði çi ôðàêòàëüíîãî àíàëiçó é íà íàóêîâèõ êîíôåðåíöiÿõ

[6a,7a,8a,9a,10a,11a].
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ÐÎÇÄIË 3

ÔÐÀÊÒÀËÜÍI ÂËÀÑÒÈÂÎÑÒI ÌÍÎÆÈÍ I ÔÓÍÊÖIÉ,

ÏÎÂ'ßÇÀÍÈÕ ÇI ÄÂÎÑÈÌÂÎËÜÍÈÌÈ ÇÎÁÐÀÆÅÍÍßÌÈ

ÄIÉÑÍÈÕ ×ÈÑÅË, ÂÈÇÍÀ×ÅÍÈÌÈ ÄÂI×I

ÑÒÎÕÀÑÒÈ×ÍÈÌÈ ÌÀÒÐÈÖßÌÈ

Ìàðêîâñüêå çîáðàæåííÿ äðîáîâî¨ ÷àñòèíè äiéñíîãî ÷èñëà, ïîðîäæåíå

äâi÷i ñòîõàñòè÷íîþ ìàòðèöåþ, ìà¹ äîäàòêîâi �ñèìåòði¨�, ùî ñïðîùó¹ ðîçâ'ÿ-

çàííÿ äåÿêèõ çàäà÷ ìåòðè÷íî¨ òà éìîâiðíiñíî¨ òåîði¨ ÷èñåë i äîïóñêà¹ òîí-

øèé àíàëiç îá'¹êòiâ, âèçíà÷åíèõ â éîãî òåðìiíàõ.

Ó öüîìó ðîçäiëi, âèêîðèñòîâóþ÷è ìàðêîâñüêå äâîñèìâîëüíå çîáðàæåííÿ

äðîáîâî¨ ÷àñòèíè äiéñíîãî ÷èñëà, âèçíà÷åíå äâi÷i ñòîõàñòè÷íîþ ìàòðèöåþ,

âèâ÷àþòüñÿ ìíîæèíè êàíòîðiâñüêîãî òèïó, îçíà÷åíi çàáîðîíàìè âæèâàííÿ

êîìáiíàöié ñèìâîëiâ ó ìàðêîâñüêîìó çîáðàæåííi ÷èñëà; îïèñóþòüñÿ âëà-

ñòèâîñòi ôóíêöi¨, ÿêà âñòàíîâëþ¹ çâ'ÿçîê ìiæ ÷èñëàìè âiäðiçêà [0; 1], ÷å-

ðåç �îäíàêîâi� çà ôîðìîþ çîáðàæåííÿ: ìàðêîâñüêå i äâiéêîâå. Òàêîæ âèêî-

ðèñòîâóþ÷è äâi äâîñèìâîëüíi òîïîëîãi÷íî åêâiâàëåíòíi ñèñòåìè êîäóâàííÿ

÷èñåë çàñîáàìè àëôàâiòó A = {0, 1}, à ñàìå: íåãà-äâiéêîâó, ÿêà íàñïðàâ-

äi äà¹ ïåðåêîäóâàííÿ êëàñè÷íîãî äâiéêîâîãî çîáðàæåííÿ ÷èñåë, à òàêîæ

ìàðêîâñüêå çîáðàæåííÿ, ÿêå âèçíà÷à¹òüñÿ äâi÷i ñòîõàñòè÷íîþ ìàòðèöåþ,

çàäà¹òüñÿ i âèâ÷à¹òüñÿ ôóíêöiÿ, ÿêà îòðèìó¹òüñÿ ïðÿìèì ïðîåêòóâàííÿì

öèôð ïåðøîãî çîáðàæåííÿ â öèôðè äðóãîãî çîáðàæåííÿ.

3.1. Ìíîæèíè ÷èñåë iç çàáîðîíàìè âæèâàííÿ ñèìâîëiâ ó

ìàðêîâñüêîìó çîáðàæåííi ÷èñåë

Íåõàé A = {0, 1} � àëôàâiò ñèñòåìè ÷èñëåííÿ; q = (q0, q1) � óïîðÿäêî-

âàíèé íàáið äîäàòíèõ ÷èñåë, ïðè÷îìó q0 + q1 = 1; L = A×A× . . . � ïðîñòið
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ïîñëiäîâíîñòåé àëôàâiòó;

Q = ||qik|| =

q00 q01

q10 q11

−
äîäàòíà ñòîõàñòè÷íà ìàòðèöÿ (ñóìà åëåìåíòiâ ó êîæíîìó ðÿäêó äîðiâ-

íþ¹ 1).

Òåîðåìà 3.1 ( [70]). Äëÿ áóäü-ÿêîãî ÷èñëà x ∈ [0; 1] iñíó¹ ïîñëiäîâ-

íiñòü (αn) iç íóëiâ òà îäèíèöü, òàêà, ùî

x = βα1
+ qα1

∞∑
k=1

(
βαkαk+1

k−1∏
j=1

qαjαj+1

)
≡ ∆M

α1α2...αk...
, (3.1)

äå βα1
= α1q1−α1

, βαkαk+1
= (αk+1)qαk,1−αk+1

.

Äîâåäåííÿ. Äîâåäåìî iñíóâàííÿ ðîçêëàäó (3.1). Çàçíà÷èìî, ùî 1 = ∆M
(1).

Îñêiëüêè

[0; 1) =
1⋃
i=0

[
βi; β(i+1)

)
,

òî iñíó¹ α1 ∈ {0; 1} , òàêå, ùî
βα1
6 x < βα1+1, àáî 0 6 x− βα1

≡ x1 < qα1
,

çâiäêè îòðèìó¹ìî x = βα1
+ x1. ßêùî x1 = 0, òî x = βα1

= ∆M
α1(0). Òîáòî

αk = 0 äëÿ âñiõ k > 1.

Íåõàé x1 > 0. Àíàëîãi÷íî, îñêiëüêè

x1 ∈ [0; qα1
) =

1⋃
i=0

[
βα1i; βα1(i+1)

)
,

òî iñíó¹ α2 ∈ {0; 1} , òàêå, ùî
βα1α2

qα1
6 x1 < βα1(α2+1)qα1

, àáî 0 6 x1 − βα1α2
qα1
≡ x2 < qα1

qα1α2
,

çâiäêè îòðèìó¹ìî x1 = βqα1α2qα1
+ x2 i x = βα1

+ βα1α2
qα1

+ x2.

ßêùî x2 = 0, òî x = βα1
+ βα1α2

qα1
= ∆M

α1α2(0). Òîáòî αk = 0 äëÿ âñiõ

k > 2.
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Ïðîäîâæóþ÷è öåé ïðîöåñ, çíàéäåìî ÷èñëà α3, α4, . . . , αk i x3, x4, . . . xk

òàêi, ùî

0 6 xk−1 − βαk−1αkqα1
qα1α2

. . . qαk−2αk−1 ≡ xk < qα1
qα1α2

. . . qαk−1αk

i x = βα1
+ βα1α2

qα1
+ . . .+ βαk−1αkqα1

qα1α2
. . . qαk−2αk−1 + xk.

Àíàëîãi÷íî, îñêiëüêè

xk ∈
[
0; qα1

k−1∏
n=1

qαnαn+1

)
=

1⋃
i=0

[
βαki; βαk(i+1)

)
,

òî iñíó¹ αk+1 ∈ {0; 1} , òàêå, ùî

0 6 xk − βαkαk+1
qα1
qα1α2

. . . qαk−1αk ≡ xk+1 <

< qα1
qα1α2

. . . qαk−1αkqαkαk+1
= qα1

k∏
n=1

qαnαn+1
.

Öåé ïðîöåñ íåñêií÷åííèé, àëå çáiæíèé, îñêiëüêè

xk+1 < (max {q00, q01, q10, q11, })n → 0 (n→∞).

Îòæå, ñïðàâåäëèâèé ðîçêëàä (3.1). �

Îçíà÷åííÿ 3.1. Ôîðìàëüíèé (ñêîðî÷åíèé) çàïèñ ∆M
α1α2...αn...

ðÿäó (3.1)

i éîãî ñóìè õ íàçèâàþòü ìàðêîâñüêèì çîáðàæåííÿì ÷èñëà õ, ÿêå ¹ éîãî

êîäóâàííÿì çàñîáàìè äâîñèìâîëüíîãî àëôàâiòó A.

Ïðè öüîìó αn = αn(x) íàçèâà¹òüñÿ n-îþ öèôðîþ (ñèìâîëîì) öüîãî çî-

áðàæåííÿ. Âèðàç ôóíêöi¨ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè, çàäàíèé ñâî¨ì

Q2-çîáðàæåííÿì ¾ïðèðîäíèì¿ ÷èíîì ïðèçâîäèòü äî ïîíÿòòÿ ìàðêîâñüêî-

ãî çîáðàæåííÿ ÷èñëà. Ó ðîáîòi [70] âèâ÷àëîñÿ öèëiíäðè÷íå ìàðêîâñüêå s-

ñèìâîëüíå çîáðàæåííÿ ÷èñåë, ÿêå ó âèïàäêó s = 2 çàñëóãîâó¹ íà îêðåìó

óâàãó. Ñàìå éîãî ìè é ðîçãëÿäà¹ìî.

Çàóâàæåííÿ 3.1. Çëi÷åííà ìíîæèíà ÷èñåë ìà¹ ðiâíî äâà çîáðàæåííÿ.

Öå ÷èñëà âèäó:

∆M
α1α2...αk0(1) = ∆M

α1α2...αk1(0).
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�õ íàçèâàòèìåìî M -ðàöiîíàëüíèìè é âèêîðèñòîâóâàòèìåìî ¨õí¹ çîáðàæå-

ííÿ ç ïåðiîäîì 0. Ðåøòó æ ÷èñåë íàçèâàòèìåìî M -iððàöiîíàëüíèìè, âîíè

ìàþòü ðiâíî îäíå çîáðàæåííÿ.

Îçíà÷åííÿ 3.2. Íåõàé (c1, c2, . . . , cm) � óïîðÿäêîâàíèé íàáið íóëiâ é

îäèíèöü. Öèëiíäðîì ðàíãó m iç îñíîâîþ c1c2 . . . cm íàçèâà¹òüñÿ ìíîæèíà

∆M
c1c2...cm

÷èñåë x ∈ [0; 1], ïåðøèìèm öèôð ó çîáðàæåííi ÿêèõ ¹ c1, c2, . . . , cm

âiäïîâiäíî, òîáòî

∆M
c1c2...cm

=
{
x : x = ∆M

c1c2...cmαm+1αm+2...
, αm+i ∈ A, i ∈ N

}
.

Ñïðàâäæóþòüñÿ òàêi âëàñòèâîñòi öèëiíäðiâ:

1. ∆M
c1c2...cm

= ∆M
c1c2...cm0 ∪∆M

c1c2...cm1;

2. min∆M
c1c2...cm(i+1) = sup∆M

c1c2...cmi
, i = {0, 1};

3.
|∆M

c1...cmij
|

|∆M
c1...cmi

| = qij;

4. Äîâæèíà öèëiíäðà ∆M
c1c2...cm

îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

|∆M
c1...cm

| = qc1

m−1∏
i=1

qcici+1
;

5.
1⋃

c1=0

1⋃
c2=0

. . .
1⋃

cm=0
∆c1c2...cm = [0; 1] ;

6. Öèëiíäðè îäíîãî ðàíãó íå ïåðåòèíàþòüñÿ àáî çáiãàþòüñÿ (ðiâíi), ïðè-

÷îìó ∆M
c1c2...cm

= ∆M
c
′
1c
′
2...c

′
m

⇔ ci = c
′

i i = 1,m;

7.∆M
c1c2...cm

∩∆M
c
′
1c
′
2...c

′
mc
′
m+1...c

′
m+k

=

=

∅, ÿêùî ∃ i 6 m, ci 6= c
′

i,

∆M
c
′
1c
′
2...c

′
mc
′
m+1...c

′
m+k

, ÿêùî ci = c
′

i i = 1,m;

8. Äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi (cm) ∈ L ïåðåðiç

∞⋂
m=1

∆M
c1c2...cm

= x ≡ ∆M
c1c2...cm...

� öå òî÷êà [0; 1];
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9. ∆M
c1...cm

=
[
∆M
c1...cm−1[cm+1](0); ∆M

c1...cm−1cm(1)

)
;

10. ßêùî ìàòðèöÿ Q íå ìiñòèòü íóëiâ i ¹ äâi÷i ñòîõàñòè÷íîþ (ñóìà åëå-

ìåíòiâ ó êîæíîìó ðÿäêó i ñòîâïöi äîðiâíþ¹ îäèíèöi), òî

|∆M
c1...cm01|
|∆M

c1...cm0|
=
|∆M

c1...cm10|
|∆M

c1...cm1|
òà
|∆M

c1...cm00|
|∆M

c1...cm0|
=
|∆M

c1...cm11|
|∆M

c1...cm1|
.

Íåõàé x ∈ [0; 1] çàäàíå ñâî¨ì ìàðêîâñüêèì çîáðàæåííÿì ∆M
α1α2...αk...

(3.1),

ÿêå âèçíà÷åíå äâi÷i ñòîõàñòè÷íîþ ìàòðèöåþ

Q = ||qik|| =

q00 q01

q10 q11

 =

 a 1− a
1− a a

 ,

ïðè÷îìó 0 < a < 1.

Òåîðåìà 3.2. Ìíîæèíà

C =
{
x : x = ∆M

c1c2...cn...
, c2k−1c2k ∈ {00, 11} ∀k ∈ N

}
¹

íóëü-ìíîæèíîþ Ëåáåãà, ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à ÿêî¨ ¹ êîðå-

íåì ðiâíÿííÿ ax(ax + (1− a)x) = 1.

Äîâåäåííÿ. Íåõàé ∆
M
c1c2...cm

= ∆M
c1c2...cm

⋂
C. Çíàéäåìî ìiðó Ëåáåãà λ(C).

Î÷åâèäíî, ùî C = ∆
M
00 ∪∆

M
11 , ïðè÷îìó ∆

M
00

⋂
∆
M
11 = ∅ . Òîìó

λ(C) = λ(∆
M
00) + λ(∆

M
11).

Ìíîæèíè ∆
M
00 i ∆

M
11 ñàìîïîäiáíi, îñêiëüêè

∆
M
ii = ∆

M
ii00 ∪∆

M
ii11, i = {0, 1} ,

∆
M
00

k1∼ ∆
M
0000 , ∆

M
00

k2∼ ∆
M
0011 ,

k1 = a2, k2 = a(1− a).

Òîäi

λ(∆
M
ii ) = λ(∆

M
ii00 ∪∆

M
ii11) =

= k1λ(∆
M
ii ) + k2λ(∆

M
ii ) = (k1 + k2)λ(∆

M
ii ).
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Îñêiëüêè 0 < k1 + k2 < 1, òî λ(∆
M
ii ) = 0, à òîìó λ(C) = 0.

Îñêiëüêè êîæíà çi ìíîæèí ∆
M
ii , áóâøè ñàìîïîäiáíîþ, çàäîâîëüíÿ¹ óìî-

âó âiäêðèòî¨ ìíîæèíè, òî ¨¨ ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à çáiãà¹òüñÿ

ç ñàìîïîäiáíîþ ðîçìiðíiñòþ, ÿêà ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

kx1 + kx2 = 1, òîáòî ax(ax + (1− a)x) = 1.

Òåîðåìó äîâåäåíî. �

Òåîðåìà 3.3. Ìíîæèíà

D =
{
x : x = ∆M

c1c2...cn...
, ck + ck+1 + ck+2 6= 1 ∀k ∈ N

}
¹

íóëü-ìíîæèíîþ Ëåáåãà, ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à ÿêî¨ ¹ êîðå-

íåì ðiâíÿííÿ (a(1− a)2)x + ax = 1.

Äîâåäåííÿ. Íåõàé ∆
M
c1c2...cm

= ∆M
c1c2...cm

⋂
D. Çíàéäåìî ìiðó Ëåáåãà λ(D).

Î÷åâèäíî, ùî D = ∆
M
11 ∪∆

M
011 ∪∆

M
1011 ∪∆

M
(0), ïðè÷îìó ∆

M
11

⋂
∆
M
011 = ∅,

∆
M
11 ∩∆

M
1011 = ∅, ∆

M
011 ∩∆

M
1011 = ∅. Òîìó

λ(D) = λ(∆
M
11) + λ(∆

M
011) + λ(∆

M
1011).

Ìíîæèía ∆
M
11 ñàìîïîäiáíà, îñêiëüêè

∆
M
11 = ∆

M
111 ∪∆

M
11011,

∆
M
11

k1∼ ∆
M
111 , ∆

M
11

k2∼ ∆
M
11011 ,

k1 = a, k2 = a(1− a)2.

Òîäi

λ(∆
M
11) = λ(∆

M
111 ∪∆

M
11011) =

= k1λ(∆
M
11) + k2λ(∆

M
11) = (k1 + k2)λ(∆

M
11).

Îñêiëüêè 0 < k1 + k2 < 1, òî λ(∆
M
11) = 0, à òîìó, âðàõîâóþ÷è ∆

M
11∼∆

M
011 i

∆
M
11∼∆

M
1011 , ìà¹ìî λ(D) = 0.
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Îñêiëüêè ìíîæèíà ∆
M
11 , áóâøè ñàìîïîäiáíîþ, çàäîâîëüíÿ¹ óìîâó âiä-

êðèòî¨ ìíîæèíè, òî ¨¨ ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à çáiãà¹òüñÿ ç ñà-

ìîïîäiáíîþ ðîçìiðíiñòþ, ÿêà ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

kx1 + kx2 = 1, òîáòî ax + (a(1− a)2)x = 1.

Òåîðåìó äîâåäåíî. �

3.2. Ñèíãóëÿðíà ôóíêöiÿ, ïîâ'ÿçàíà ç ìàðêîâñüêèì i

äâiéêîâèì çîáðàæåííÿì äiéñíèõ ÷èñåë

Íàäàëi ðîçãëÿäàòèìåìî ìàðêîâñüêå çîáðàæåííÿ äiéñíèõ ÷èñåë iç âiäðiç-

êà x ∈ [0; 1], âèçíà÷åíå âïîðÿäêîâàíèì íàáîðîì äîäàòíèõ ÷èñåë q = (q0, q1),

ïðè÷îìó q0 + q1 = 1, i ñòîõàñòè÷íîþ ìàòðèöåþ ç äîäàòíèìè åëåìåíòàìè

Q = ||qik|| =

q00 q01

q10 q11

 .

Äëÿ ïàðè ij ∈ {00, 01, 10, 11} ÷åðåç Nij(x, n) ïîçíà÷ìî êiëüêiñòü ïîÿâ öi¹¨

ïàðè äî n ìiñöÿ âêëþ÷íî ó ìàðêîâñüêîìó çîáðàæåííi ÷èñëà x = ∆M
α1α2...αn...

,

òîáòî

Nij(x, n) = # {k(k + 1) : αkαk+1 = ij, k 6 n− 1} .

Îçíà÷åííÿ 3.3. ßêùî iñíó¹ ãðàíèöÿ lim
n→∞

Nij(x,n)
n = νij(x), òî ¨¨ çíà÷å-

ííÿ νij(x) íàçèâàþòü ÷àñòîòîþ ïàðè öèôð ij ó ìàðêîâñüêîìó çîáðàæåííi

÷èñëà x ∈ [0; 1].

Îçíà÷åííÿ 3.4 ( [73]). ×èñëî x ∈ [0; 1] íàçèâà¹òüñÿ íîðìàëüíèì çà

Ìàðêîâèì, ÿêùî äëÿ êîæíî¨ ïàðè öèôð ij ∈ {00, 01, 10, 11} ÷àñòîòà ïàðè
iñíó¹ i äîðiâíþ¹:

ν00(x) = q0q00, ν01(x) = q0q01, ν10(x) = q1q10, ν11(x) = q1q11.

Òåîðåìà 3.4 ( [73]). Ìiðà Ëåáåãà ìíîæèíè íîðìàëüíèõ çà Ìàðêîâèì

÷èñåë äîðiâíþ¹ 1.
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Íàðàçi, âèêîðèñòîâóþ÷è ìàðêîâñüêå i äâiéêîâå ïðåäñòàâëåííÿ ÷èñåë,

ðîçãëÿíåìî ôóíêöiþ G.

Îçíà÷åííÿ 3.5. Ôóíêöiÿ G îçíà÷ó¹òüñÿ ðiâíiñòþ:

G(x) = G(∆M
α1α2...αn...

) := ∆2
α1α2...αn...

.

Âîíà ÷èñëó x = ∆M
α1α2...αn...

iç âiäðiçêà [0; 1] (çàäàíîãî ñâî¨ì ìàðêîâñüêèì

çîáðàæåííÿì) ñòàâèòü ó âiäïîâiäíiñòü ÷èñëî ç âiäðiçêà [0; 1], äâiéêîâå çî-

áðàæåííÿ ÿêîãî çàïèñàíå òèìè ñàìèìè ñèìâîëàìè (∆2
α1α2...αn...

=
∑∞

i=1
αi
2i ).

Ëåìà 3.1. Äëÿ äîâiëüíîãî íàáîðó (α1, α2, . . . , αn) ∈ An ñïðàâåäëèâà ðiâ-

íiñòü:

G
(

∆M
α1α2...αn1(0)

)
= G

(
∆M
α1α2...αn0(1)

)
.

Äîâåäåííÿ. Ñïðàâäi, ïåðåòâîðèìî ëiâó ÷àñòèíó ðiâíîñòi:

G
(

∆M
α1α2...αn1(0)

)
= ∆2

α1α2...αn1(0) =
n∑
i=1

αi
2i

+
1

2n+1
;

òåïåð ïåðåòâîðèìî ïðàâó ÷àñòèíó:

G
(

∆M
α1α2...αn0(1)

)
=

n∑
i=1

αi
2i

+
∞∑

j=n+2

1

2j
=

n∑
i=1

αi
2i

+
1

2n+2

1− 1
2

=

=
n∑
i=1

αi
2i

+
1

2n+1
.

Òàêèì ÷èíîì, ïðàâà i ëiâà ÷àñòèíè ðiâíîñòi ðiâíi ìiæ ñîáîþ.

Ëåìà 3.1 äà¹ çìîãó ñòâåðäæóâàòè, ùî ôóíêöiÿ G(x) êîðåêòíî âèçíà÷åíà

äëÿ óñiõ òî÷îê x ∈ [0; 1], ÿêi ìàþòü ïî äâà ìàðêîâñüêi çîáðàæåííÿ.

Òåîðåìà 3.5. Ôóíêöiÿ G(x) ¹ íåïåðåðâíîþ, ñòðîãî çðîñòàþ÷îþ;

1. êóñêîâî-ëiíiéíîþ, ÿêùî q00 = q01 =
1

2
, ïðè÷îìó ëiíiéíîþ, ÿêùî

q0 = q00 = q01 =
1

2
;

2. ñèíãóëÿðíîþ, â ðåøòi âèïàäêiâ.

Äîâåäåííÿ. 1. Äîâåäåìî, ùî ôóíêöiÿ G(x) íåïåðåðâíà â êîæíié òî÷öi

âiäðiçêà [0; 1].
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Íåõàé x0 � äîâiëüíà òî÷êà [0; 1]. Äëÿ äîâåäåííÿ íåïåðåðâíîñòi G(x) ó

òî÷öi x0 äîñèòü ïîêàçàòè, ùî

lim
x→x0
|G(x)−G(x0)| = 0.

Ñïî÷àòêó ðîçãëÿíåìî âèïàäîê, êîëè òî÷êà x0 M -iððàöiîíàëüíà. Äëÿ äî-

âiëüíîãî x ∈ [0; 1] iñíó¹ m = m(x), òàêå, ùîαi(x) = αi(x0), ÿêùî 0 6 i 6 m− 1,

αm(x) 6= αm(x0);

ïðè÷îìó óìîâà x→ x0 ðiâíîñèëüíà óìîâi m→∞. Òîäi

|G(x)−G(x0)| =

=
∣∣∣∆2

α1(x)α2(x)...αn(x)... −∆2
α1(x0)α2(x0)...αn(x0)...

∣∣∣ =

=

∣∣∣∣∣
∞∑
i=m

(
αi(x)

2i
− αi(x0)

2i

)∣∣∣∣∣ 6
6

1

2m
+

1

2m+1
+ . . . =

1

2m−1
→ 0 ïðè m→∞.

Îòæå, ôóíêöiÿ G(x) íåïåðåðâíà â òî÷öi x0.

Íåõàé x0 � M -ðàöiîíàëüíå ÷èñëî. Äîâåäåìî, ùî G(x) íåïåðåðâíà çëiâà

i íåïåðåðâíà ñïðàâà â òî÷öi x0.

Äëÿ äîâåäåííÿ íåïåðåðâíîñòi çëiâà äîñèòü âèêîðèñòàòè ìàðêîâñüêå çî-

áðàæåííÿ òî÷êè x0, ùî ìiñòèòü ïåðiîä (1), à íåïåðåðâíîñòi ñïðàâà � ìàð-

êîâñüêå çîáðàæåííÿ òî÷êè x0, ùî ìiñòèòü ïåðiîä (0), i ïîâòîðèòè ïîïåðåäíi

ìiðêóâàííÿ, ÿêi ïðîâîäèëèñÿ äëÿ M -iððàöiîíàëüíî¨ òî÷êè.

Òàêèì ÷èíîì, ôóíêöiÿ G(x) íåïåðåðâíà â êîæíié òî÷öi âiäðiçêà [0; 1].

2. Ïîêàæåìî, ùî ôóíêöiÿ G(x) ¹ ñòðîãî çðîñòàþ÷îþ.

Íåõàé x1 = ∆M

α
(1)
1 α

(1)
2 ...α

(1)
n ...

, x2 = ∆M

α
(2)
1 α

(2)
2 ...α

(2)
n ...

òà x1 < x2.

Öå îçíà÷à¹, ùî iñíó¹ m ∈ N, òàêå, ùî:

α
(1)
n = α

(2)
n = αn, α

(1)
2 = α

(2)
2 = α2, ..., α

(1)
m−1 = α

(2)
m−1 = αm−1, àëå

α
(1)
m < α

(2)
m .
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Ðîçãëÿíüìî ðiçíèöþ çíà÷åíü ôóíêöi¨ ó çàäàíèõ òî÷êàõ:

G(x2)−G(x1) = ∆2

α
(2)
1 α

(2)
2 ...α

(2)
n ...
−∆2

α
(1)
1 α

(1)
2 ...α

(1)
n ...

=

= ∆2

α1α2...αm−1α
(2)
m α

(2)
m+1...

−∆2

α1α2...αm−1α
(1)
m α

(1)
m+1...

=

=
1

2m
+
α

(2)
m+1

2m+1
+
α

(2)
m+1

2m+2
+ . . .− (

0

2m
+
α

(1)
m+1

2m+1
+
α

(1)
m+2

2m+2
+ . . .) =

=
1

2m
+
α

(2)
m+1 − α

(1)
m+1

2m+1
+
α

(2)
m+1 − α

(1)
m+1

2m+2
+ . . . > 0.

Îñêiëüêè x2 6= x1, òîα
(2)
j (x) 6= 1, äëÿ âñiõ j > m+ 1,

α
(1)
i (x) 6= 0, äëÿ âñiõ i > m+ 1,

òîìó, G(x2)−G(x1) > 0 ïðè x2 > x1, òîáòî ôóíêöiÿ G(x) ñòðîãî çðîñòàþ÷à.

3. ßêùî q0 = q00 = q01 =
1

2
, òî ìàðêîâñüêå çîáðàæåííÿ ¹ çâè÷àéíèì

äâiéêîâèì çîáðàæåííÿì i G(x) = x.

Íåõàé q00 = q01 =
1

2
. Òîäi

x = ∆M
α1α2...αn...

= βα1
+ qα1

u, a y = ∆2
α1α2...αn...

=
α1

2
+

1

2
u,

äå u = α2

2 + α3

22 + . . . = ∆2
α2α3...αn...

. Çâiäêè

y =
1

2qα1

x+

(
α1

2
− βα1

2qα1

)
.

ßêùî α1 = 0, òî y = 1
2q0
x. ßêùî α1 = 1, òî y = 1

2q1
x. Öå îçíà÷à¹, ùî

ôóíêöiÿ G(x) � êóñêîâî-ëiíiéíà íà öèëiíäðàõ ïåðøîãî ðàíãó.

Äîâåäåìî ñèíãóëÿðíiñòü ôóíêöi¨ G(x) ó ðåøòi âèïàäêiâ. Íåõàé ÷èñëî

x � íîðìàëüíå çà Ìàðêîâèì ÷èñëî i G
′
(x) iñíó¹. Îñêiëüêè ôóíêöiÿ G(x)

ìîíîòîííà, òî çãiäíî ç âiäîìîþ òåîðåìîþ Ëåáåãà â ìàéæå êîæíié òî÷öi

âiäðiçêà [0; 1] iñíó¹ ñêií÷åííà ïîõiäíà. Òîìó ìíîæèíà ÷èñåë x ∈ [0; 1], ÿêi ¹

íîðìàëüíèìè çà Ìàðêîâèì i â ÿêèõ iñíó¹ ñêií÷åííà ïîõiäíà, ¹ ìíîæèíîþ

ïîâíî¨ ìiðè. Íåõàé x � îäíå ç òàêèõ ÷èñåë. Îá÷èñëèìî ïîõiäíó ôóíêöi¨
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G(x):

G
′
(x) =

= lim
x→x0

G(x)−G(x0)

x− x0
= lim

n→∞

∣∣∣G(∆M
α1(x)α2(x)...αn+1(x))

∣∣∣∣∣∣∆M
α1(x)α2(x)...αn+1(x)

∣∣∣ =

= lim
n→∞

1
2n+1

qα1

∏n
j=1 qαjαj+1

=
1

2qα1

lim
n→∞

 1

2q
N00
n

00 q
N01
n

01 q
N10
n

10 q
N11
n

11

n

=

=
1

2qα1

lim
n→∞

[
1

2

(
1

q00

)q0q00
·
(

1

(1− q00)

)q0q01
·
(

1

(1− q11)

)q1q10
·

·
(

1

q11

)q1q11]n
=

1

2qα1

lim
n→∞

[
1

2

((
1

q00

)q00
·
(

1

1− q00

)1−q00
)q0

·

·

((
1

q11

)q11
·
(

1

1− q11

)1−q11
)q1]n

.

Äîâåäåìî, ùî((
1

q00

)q00
·
(

1

1− q00

)1−q00
)q0

·

((
1

q11

)q11
·
(

1

1− q11

)1−q11
)q1

< 2

Ïîêàçàâøè, ùî (
1

x

)x
·
(

1

1− x

)1−x
< 2 ïðè x ∈ (0; 1) (3.2)

ìàòèìåìî((
1

q00

)q00
·
(

1

1− q00

)1−q00
)q0

·

((
1

q11

)q11
·
(

1

1− q11

)1−q11
)q1

<

< 2q0 · 21−q0 = 2.

Íåðiâíiñòü (3.2) ðiâíîñèëüíà íåðiâíîñòi

f(x) ≡ −x · lnx− (1− x) · ln(1− x) < ln 2.

Äëÿ ¨¨ äîâåäåííÿ çàçíà÷èìî, ùî

f(x) = f(1− x) ∀ x ∈ (0; 1) ,
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òîìó ðîçãëÿäàòèìåìî ôóíêöiþ f äëÿ x : 0 < x < 1
2 .

Îñêiëüêè

f
′
(x) = ln(1− x)− lnx = ln

1− x
x

> 0,

òî f çðîñòà¹ íà
(
0; 1

2

)
. À îòæå, f(x) < f

(
1
2

)
= ln 2, ùî é âèìàãàëîñü

äîâåñòè.

Òîìó

G
′
(x) =

1

2qα1

lim
n→∞

[
1

2

((
1

q00

)q00
·
(

1

1− q00

)1−q00
)q0

·

·

((
1

q11

)q11
·
(

1

1− q11

)1−q11
)q1]n

= 0.

Îñêiëüêè, çãiäíî ç òåîðåìîþ 3.4, ìíîæèíà íîðìàëüíèõ çà Ìàðêîâèì

÷èñåë � öå ìíîæèíà ìiðè 1, òî ïîõiäíà ôóíêöi¨ G(x) äîðiâíþ¹ íóëþ ìàéæå

ñêðiçü ó ðîçóìiííi ìiðè Ëåáåãà, òîìó çà îçíà÷åííÿì öÿ ôóíêöiÿ ñèíãóëÿðíà.

Òåîðåìó äîâåäåíî.

3.3. Ñèíãóëÿðíi ìîíîòîííi ôóíêöi¨, ÿêi âèçíà÷àþòüñÿ

çáiæíèì äîäàòíèì ðÿäîì i äâi÷i ñòîõàñòè÷íîþ ìàòðèöåþ

Ââàæà¹ìî çàäàíèìè:

1) 1 = 2
3 +

∞∑
n=1

1
(−2)n = 2

3 −
1
2 + 1

22 −
1
23 + . . . � íîðìîâàíèé çíàêîïî-

÷åðåæíèé äâiéêîâèé ðÿä, ÿêèé âèçíà÷à¹ íåãà-äâiéêîâå çîáðàæåííÿ ÷èñåë

âiäðiçêà [0; 1]:

x =
2

3
+
α1(x)

(−2)1
+
α2(x)

(−2)2
+
α3(x)

(−2)3
+ . . .+ ≡ ∆

2
α1(x)α2(x)...αn(x)...;

2) äîäàòíà äâi÷i ñòîõàñòè÷íà ìàòðèöÿ

‖pik‖ =

p00 p01

p10 p11

 ,

òîáòî pij > 0, pi0 + pi1 = 1, p0j + p1j = 1, i = 0, 1, j = 0, 1;

3) âåêòîð p = (p0; p1), p0 = p10
p01+p10

= 1
2 òà p1 = p01

p01+p10
= 1

2 .
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Âiäîìî [77], ùî íåãà-äâiéêîâå çîáðàæåííÿ ÷èñëà ¹ ïåðåêîäóâàííÿì êëà-

ñè÷íîãî äâiéêîâîãî çîáðàæåííÿ:

x =
a1

2
+
a2

22
+ . . .+

an
2n

+ . . . ≡ ∆2
a1(x)a2(x)...an(x)..., an ∈ {0; 1},

îñêiëüêè

x = ∆
2
α1(x)α2(x)α3(x)α4(x)...αn(x)... = ∆2

[1−α1(x)]α2(x)[1−α3(x)]α4(x)...[1−α2k−1(x)]α2k(x)....

Ðîçãëÿäà¹òüñÿ ôóíêöiÿ F , îçíà÷åíà ðiâíiñòþ

F (x) = F (∆
2
α1(x)α2(x)...αn(x)...) = βα1(x)+

1

2

∞∑
k=1

(β
(k)
αk(x)αk+1(x)

k−1∏
i=1

pαi(x)αi+1(x)), äå

(3.3)

βα1(x) =

 0, ÿêùî α1(x) = 1,

1
2 , ÿêùî α1(x) = 0,

β
(2n−1)
α2n−1(x)α2n(x) = β

(1)
α2n−1(x)α2n(x) =


0, ÿêùî α2n(x) = 0,

p00, ÿêùî α2n−1(x) 6= α2n(x) = 1,

p10, ÿêùî α2n−1(x) = α2n(x) = 1,

β
(2n)
α2n(x)α2n+1(x) = β

(0)
α2n(x)α2n+1(x) =


0, ÿêùî α2n+1(x) = 1,

p01, ÿêùî α2n(x) = α2n+1(x) = 0,

p00, ÿêùî α2n(x) 6= α2n+1(x) = 0,

i αk(x) � öå k-à íåãà-äâiéêîâà öèôðà çîáðàæåííÿ ÷èñëà x.

Îçíà÷åííÿ 3.6. Íåõàé (c1, c2, . . . , cm)− óïîðÿäêîâàíèé íàáið íóëiâ é

îäèíèöü. Öèëiíäðîì ðàíãó m iç îñíîâîþ c1c2 . . . cm íàçèâà¹òüñÿ ìíîæèíà

∆
2
c1c2...cm

÷èñåë x ∈ (0; 1], ïåðøèìè m öèôð íåãà-äâiéêîâîãî çîáðàæåííÿ

ÿêèõ ¹ c1, c2, . . . , cm âiäïîâiäíî, òîáòî

∆
2
c1c2...cm

=
{
x : x = ∆

2
c1c2...cmam+1am+2...

, am+i ∈ {0, 1}, i = 1, 2, 3, . . .
}
.
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Ëåìà 3.2. Äëÿ ôóíêöi¨ F , îçíà÷åíî¨ ðiâíiñòþ (3.3), îáðàçîì öèëiíäðà

∆
2
c1c2...cm

íåãà-äâiéêîâîãî çîáðàæåííÿ ¹ âiäðiçîê [a; b], äå

a = βc1 +
1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
, b = a+

1

2

m−1∏
j=1

qcjcj+1
.

Äîâåäåííÿ. Çðîçóìiëî, ùî m ìîæå áóòè ÿê ïàðíèì, òàê i íåïàðíèì.

Íåõàé m = 2k − 1. Òîäi ∆
2
c1c2...cm

= [∆
2
c1c2...cm(01); ∆

2
c1c2...cm(10)] i

F (∆
2
c1c2...cm(01)) = βc1 +

1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+

+
1

2
β

(1)
cm0

m−1∏
j=1

qcjcj+1
+

1

2
β

(0)
01

m∏
j=1

qcjcj+1
+

1

2
β

(1)
10

m+1∏
j=1

qcjcj+1
+ . . . =

= βc1+
1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+0+0+. . . = βc1+

1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
.

F (∆
2
c1c2...cm(10)) = βc1 +

1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+

+
1

2
β

(1)
cm1

m−1∏
j=1

qcjcj+1
+

1

2
β

(0)
10

m∏
j=1

qcjcj+1
+

1

2
β

(1)
01

m+1∏
j=1

qcjcj+1
. . . = βc1+

+
1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+

1

2
pcm0

m−1∏
j=1

qcjcj+1
+

1

2
p00pcm1

m−1∏
j=1

qcjcj+1
+

+
1

2
p00pcm1p01

m−1∏
j=1

qcjcj+1
+ . . . = βc1 +

1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+

+
1

2
pcm0

m−1∏
j=1

qcjcj+1
+

1

2
p00pcm1(1 + p10 + p2

10 + . . .)
m−1∏
j=1

qcjcj+1
= βc1+

+
1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+

1

2
pcm0

m−1∏
j=1

qcjcj+1
+

1

2
p00pcm1

1

1− p10

m−1∏
j=1

qcjcj+1
=

= βc1 +
1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+

1

2

m−1∏
j=1

qcjcj+1
.
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Íåõàé m = 2k. Òîäi ∆
2
c1c2...cm

= [∆
2
c1c2...cm(10); ∆

2
c1c2...cm(01)] i

F (∆
2
c1c2...cm(10)) = βc1 + +

1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+

1

2
β

(0)
cm1

m−1∏
j=1

qcjcj+1
+

+
1

2
β

(1)
10

m∏
j=1

qcjcj+1
+

1

2
β

(0)
01

m+1∏
j=1

qcjcj+1
+ . . . =

= βc1+
1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+0+0+. . . = βc1+

1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
.

F (∆
2
c1c2...cm(01)) = βc1 +

1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+

1

2
β

(0)
cm0

m−1∏
j=1

qcjcj+1
+

+
1

2
β

(1)
01

m∏
j=1

qcjcj+1
+

1

2
β

(0)
10

m+1∏
j=1

qcjcj+1
. . . = βc1 +

1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+

+
1

2
p0[1−cm]

m−1∏
j=1

qcjcj+1
+

1

2
p00pcm0

m−1∏
j=1

qcjcj+1
+

1

2
p00pcm0p01

m−1∏
j=1

qcjcj+1
+ . . . =

= βc1 +
1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+

1

2

m−1∏
j=1

qcjcj+1
.

Ïîêàæåìî, ùî äëÿ áóäü-ÿêî¨ òî÷êè x ∈ ∆
2
c1c2...cm

çíà÷åííÿ ôóíêöi¨ F (x)

íàëåæèòü [a; b]. Ñïðàâäi, íåõàé x = ∆
2
c1c2...cm...

, ïðè÷îìó ∆
2
c1c2...cm(10) 6= x 6=

6= ∆
2
c1c2...cm(01). Ìà¹ìî

F (x) = βc1 +
1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+ β(m)

cmcm+1

m−1∏
j=1

qcjcj+1
+

+ β(m+1)
cm+1cm+2

m∏
j=1

qcjcj+1
+ . . . = a+ C.

Ïðèïóñòèìî, ùî C = 0; öå âiäïîâiäíî îçíà÷à¹, ùî x ¹ îäíi¹þ ç òî÷îê

(∆
2
c1c2...cm(10) àáî ∆

2
c1c2...cm(01)), ùî íåìîæëèâî ó çâ'ÿçêó ç íàêëàäåíîþ âèùå

óìîâîþ, òîìó C > 0, à îòæå, a < F (x).



82

Ïîêàæåìî, ùî F (x) < b. Ðîçãëÿíåìî êîæåí iç ìîæëèâèõ âèïàäêiâ äëÿ

∆
2
c1c2...cm

:

1) m = 2k − 1. Ìà¹ìî b = F (∆
2
c1c2...cm(10)). Ðîçãëÿíåìî ðiçíèöþ

F (∆
2
c1c2...cm(10))− F (x) òà ïîêàæåìî, ùî âîíà äîäàòíà. Ñïðàâäi,

F (∆
2
c1c2...cm(10))− F (x) = βc1 +

1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+

1

2
β

(1)
cm1

m−1∏
j=1

qcjcj+1
+

+
1

2
β

(0)
10

m∏
j=1

qcjcj+1
+

1

2
β

(1)
01

m+1∏
j=1

qcjcj+1
. . .− (βc1 +

1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+

+
1

2
β(1)
cm[m+1]

m−1∏
j=1

qcjcj+1
+ +

1

2
β(0)
c[m+1][m+2]

m∏
j=1

qcjcj+1
+

1

2
β(1)
c[m+2][m+3]

m+1∏
j=1

qcjcj+1
. . .) =

=
1

2

m−1∏
j=1

qcjcj+1
((β

(1)
cm1 − β(1)

cm[m+1]
) + (β

(0)
10 qcm1 − β(0)

c[m+1][m+2]
qcm[m+1]

)+

+(β
(1)
10 qcm1q10 − β(1)

c[m+2][m+3]
qcm[m+1]

qc[m+1][m+2]
) + . . .) > 0,

îñêiëüêè ïðèíàéìíi â îäíié iç äóæîê îñòàííüîãî âèðàçó ðiçíèöÿ áóäå äîäà-

òíîþ. Öå îçíà÷à¹, ùî F (∆
2
c1c2...cm(10)) > F (x), òîáòî b > F (x)

2) m = 2k. Ìà¹ìî b = F (∆
2
c1c2...cm(01)). Ðîçãëÿíåìî ðiçíèöþ

F (∆
2
c1c2...cm(01))− F (x) i ïîêàæåìî, ùî âîíà äîäàòíà. Ñïðàâäi,

F (∆
2
c1c2...cm(01))− F (x) = βc1 +

1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+

1

2
β

(0)
cm0

m−1∏
j=1

qcjcj+1
+

+
1

2
β

(1)
01

m∏
j=1

qcjcj+1
+

1

2
β

(0)
10

m+1∏
j=1

qcjcj+1
. . .− (βc1 +

1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+

+
1

2
β(0)
cm[m+1]

m−1∏
j=1

qcjcj+1
+

1

2
β(1)
c[m+1][m+2]

m∏
j=1

qcjcj+1
+

1

2
β(0)
c[m+2][m+3]

m+1∏
j=1

qcjcj+1
. . .) =

=
1

2

m−1∏
j=1

qcjcj+1
((β

(0)
cm0 − β(0)

cm[m+1]
) + (β

(1)
01 qcm1 − β(1)

c[m+1][m+2]
qcm[m+1]

)+

+(β
(0)
01 qcm1q01 − β(0)

c[m+2][m+3]
qcm[m+1]

qc[m+1][m+2]
) + . . .) > 0,
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îñêiëüêè ïðèíàéìíi â îäíié iç äóæîê îñòàííüîãî âèðàçó ðiçíèöÿ áóäå äîäà-

òíîþ. Öå îçíà÷à¹, ùî F (∆
2
c1c2...cm(10)) > F (x), òîáòî b > F (x).

Îòæå, ëåìó äîâåäåíî.

Òåîðåìà 3.6. Îáðàçè ðiçíèõ öèëiíäðiâ îäíîãî ðàíãó ïðè âiäîáðàæåííi

F íå ïåðåêðèâàþòüñÿ i â îá'¹äíàííi äàþòü óâåñü âiäðiçîê [0, 1].

Äîâåäåííÿ. Ðîçãëÿíåìî öèëiíäðè ïåðøîãî ðàíãó: ∆
2
0 i ∆

2
1. Çãiäíî ç ëå-

ìîþ (3.2) ìà¹ìî

F (∆
2
0) = [a1, b1], äå a1 = β0 =

1

2
, b1 = a1 +

1

2
= 1;

F (∆
2
1) = [a2, b2], äå a2 = β1 = 0, b2 = a2 +

1

2
=

1

2
;

çâiäêè F (∆
2
0)∩F (∆

2
1) = [1

2 , 1]∩ [0, 1
2 ] = 1

2 i F (∆
2
0)∪F (∆

2
1) = [1

2 , 1]∪ [0, 1
2 ] =

= [0, 1].

Ðîçãëÿíåìî öèëiíäðè äðóãîãî ðàíãó: ∆
2
00, ∆

2
01, ∆

2
10, ∆

2
11.

Çãiäíî ç ëåìîþ (3.2) ìà¹ìî

F (∆
2
00) = [c1, d1], äå c1 = β0 +

1

2
β

(1)
00 =

1

2
+ 0 =

1

2
, d1 = c1 +

1

2
q00 =

1

2
+
p00

2
;

F (∆
2
01) = [c2, d2], äå c2 = β0 + 1

2β
(1)
01 = 1

2 + p00
2 , d2 = c2 + 1

2q01 = 1
2 + p00

2 +

+ p00
2 = 1; F (∆

2
10) = [c3, d3], äå c3 = β1 + 1

2β
(1)
10 = 0+0 = 0, d3 = c3 + 1

2q10 =

0+ 1
2p10 = 1

2p01; F (∆
2
11) = [c4, d4], äå c4 = β1+ 1

2β
(1)
11 = 0+ 1

2p10 = 1
2p01, d4 =

= c4 + 1
2q11 = 1

2p01 + 1
2p00 = 1

2 , çâiäêè

F (∆
2
00) ∩ F (∆

2
01) = [

1

2
,
1

2
+
p00

2
] ∩ [

1

2
+
p00

2
, 1] =

1

2
+
p00

2
,

F (∆
2
11) ∩ F (∆

2
10) = [

1

2
p10,

1

2
] ∩ [0,

1

2
p10] =

1

2
p10,

F (∆
2
11) ∩ F (∆

2
00) = F (∆

2
10) ∩ F (∆

2
01) = F (∆

2
10) ∩ F (∆

2
11) = ∅

i F (∆
2
00) ∪ F (∆

2
01) ∪ F (∆

2
10) ∪ F (∆

2
10) = [0, 1].

Äëÿ ïîâíîãî äîâåäåííÿ òâåðäæåííÿ äîñèòü ïîêàçàòè, ùî öèëiíäðè

∆
2
c1c2...cm0 i ∆

2
c1c2...cm1 íå ïåðåêðèâàþòüñÿ.

Ñïðàâäi, ïðè m = 2k − 1 ìà¹ìî F (∆
2
c1c2...cm0) = [a, b], äå
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a = βc1 +
1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+

1

2
β

(1)
cm0

m−1∏
j=1

qcjcj+1
=

= βc1 +
1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
,

b = a+
1

2

m∏
j=1

qcjcj+1
= βc1 +

1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+

1

2

m∏
j=1

qcjcj+1
=

= βc1 +
1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+

1

2
pcm0

m−1∏
j=1

qcjcj+1
=

βc1 +
1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+

1

2
β

(1)
cm1

m−1∏
j=1

qcjcj+1
.

F (∆
2
c1c2...cm1) = [c, d], äå

c = βc1 +
1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+

1

2
β

(1)
cm1

m−1∏
j=1

qcjcj+1
=

= βc1 +
1

2

m∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
,

d = c+
1

2

m∏
j=1

qcjcj+1
= βc1 +

1

2

m∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+

1

2

m∏
j=1

qcjcj+1
.

Ç óðàõóâàííÿì ãåîìåòði¨ öèëiíäðiâ (∆
2
c1c2...cm0 ëiâîðó÷ âiä ∆

2
c1c2...cm1) i

b = c ìà¹ìî, ùî öèëiíäðè ∆
2
c1c2...cm0 i ∆

2
c1c2...cm1 íå ïåðåêðèâàþòüñÿ äëÿ m =

2k − 1.

Ïðè m = 2k ìà¹ìî F (∆
2
c1c2...cm0) = [a, b], äå

a = βc1 +
1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+

1

2
β

(0)
cm0

m−1∏
j=1

qcjcj+1
=

= βc1 +
1

2

m∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
,
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b = a+
1

2

m∏
j=1

qcjcj+1
= βc1 +

1

2

m∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+

1

2

m∏
j=1

qcjcj+1

F (∆
2
c1c2...cm1) = [c, d], äå

c = βc1 +
1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+

1

2
β

(0)
cm1

m−1∏
j=1

qcjcj+1
=

= βc1 +
1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
,

d = c+
1

2

m∏
j=1

qcjcj+1
= βc1 +

1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+

1

2

m∏
j=1

qcjcj+1
=

= βc1 +
1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+

1

2
pcm1

m−1∏
j=1

qcjcj+1
=

= βc1 +
1

2

m−1∑
k=1

(
β(k)
ckck+1

k−1∏
j=1

qcjcj+1

)
+

1

2
β

(0)
cm0

m−1∏
j=1

qcjcj+1
.

Ç óðàõóâàííÿì d = a i ãåîìåòði¨ öèëiíäðiâ (∆
2
c1c2...cm0 ïðàâîðó÷ âiä

∆
2
c1c2...cm1) ìà¹ìî, ùî öèëiíäðè ∆

2
c1c2...cm0 i ∆

2
c1c2...cm1 íå ïåðåêðèâàþòüñÿ äëÿ

m = 2k. Òåîðåìó äîâåäåíî.

Òåîðåìà 3.7. Ôóíêöiÿ F (x), îçíà÷åíà ðiâíiñòþ (3), ¹:

1) êîðåêòíî îçíà÷åíîþ,

2) íåïåðåðâíîþ,

3) ñòðîãî çðîñòàþ÷îþ,

4) ïðè÷îìó ëiíiéíîþ ïðè p00 = 0, 5 i ñèíãóëÿðíîþ ïðè p00 6= 0, 5 (ìà¹

ïîõiäíó, ÿêà äîðiâíþ¹ íóëþ ìàéæå ñêðiçü ó ðîçóìiííi ìiðè Ëåáåãà).

Äîâåäåííÿ. 1) Çáiæíiñòü ðÿäó (3.3), ùî ¹ âèðàçîì ôóíêöi¨, î÷åâèäíà.

Îñêiëüêè ÷èñëà çi çëi÷åííî¨ ïiäìíîæèíè âiäðiçêà [0; 1] ìàþòü äâà íåãà-

äâiéêîâi çîáðàæåííÿ

∆
2
α1α2...αm0(01) i ∆

2
α1α2...αm1(10),
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òî êîðåêòíiñòü ìîãëà áè ïîðóøèòèñü, ÿêáè âèðàç ôóíêöi¨ F (x) âiä äâîõ

ðiçíèõ çîáðàæåíü òîãî ñàìîãî ÷èñëà íàáóâàâ ðiçíèõ çíà÷åíü. Ïîêàæåìî,

ùî öå íå òàê.

Ââåäåìî ïîçíà÷åííÿ

A = pα1
pα1α2

pα2α3
. . . pαm−1αm

i ðîçãëÿíåìî ðiçíèöþ

δ ≡ F (∆
2
α1α2...αm0(01))− F (∆

2
α1α2...αm1(10)).

Ïîêàæåìî, ùî öÿ ðiçíèöÿ äîðiâíþ¹ 0.

Ðîçãëÿíåìî çíà÷åííÿ âèðàçó δ äëÿ êîæíîãî ç ìîæëèâèõ âèïàäêiâ.

a. Íåõàé m = 2n− 1, n ∈ N. Òîäi ìà¹ìî

δ = F (∆
2
α1α2...αm0(01))− F (∆

2
α1α2...αm1(10)) =

= A[β
(1)
αm0 + β

(0)
00 pαm0 + β

(1)
01 pαm0p00 + β

(0)
10 pαm0p00p01 + β

(1)
01 pαm0p00p01p10 + . . .

−(β
(1)
αm1 + β

(0)
11 pαm1 + β

(1)
10 pαm1p11 + β

(0)
01 pαm1p11p01 + β

(1)
10 pαm1p11p10p01 + . . .)] =

= A[0 + pαm0(p01 + p00p00 + p00p00p01 + p00p00p01p10 . . .)−

−(β
(1)
αm1 + 0 + 0 + 0 + . . .)] = A[pαm0(p01 +

p2
00

1− p01
)− β(1)

αm1] =

= A[pαm0 − β(1)
αm1].

Ïðè αm = 0 îòðèìó¹ìî

pαm0 − β(1)
αm1 = p00 − β(1)

01 = p00 − p00 = 0,

à ïðè αm = 1 �

pαm0 − β(1)
αm1 = p10 − β(1)

11 = p10 − p01 = 0.

Òîìó

δ = F (∆
2
α1α2...αm0(01))− F (∆

2
α1α2...αm1(10)) = 0.

b. Íåõàé m = 2n, n ∈ N. Òîäi ìà¹ìî

δ = F (∆
2
α1α2...αm0(01))− F (∆

2
α1α2...αm1(10)) =
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= A[β
(0)
αm0 + β

(1)
00 pαm0 + β

(0)
01 pαm0p00 + β

(1)
10 pαm0p00p01 + β

(1)
01 pαm0p00p01p10 + . . .

−(β
(0)
αm1 + β

(1)
11 pαm1 + β

(0)
10 pαm1p11 + β

(1)
01 pαm1p11p01 + β

(0)
10 pαm1p11p10p01 + . . .)] =

= A[β
(0)
αm0 + 0 + 0 + 0 + 0− (0 + pαm1(p10 + p00p11 + p00p11p10+

+p00p11p10p01 . . .)] = A[β
(0)
αm0 − pαm1(p10 +

p2
11

1− p10
)] = A[β

(0)
αm0 − pαm1],

çâiäêè çà óìîâè αm = 0, ìà¹ìî

β
(0)
αm0 − pαm1 = β

(0)
00 − p01 = p01 − p01 = 0.

ßêùî αm = 1, òî

β
(0)
αm0 − pαm1 = β

(0)
10 − p11 = p00 − p11 = p11 − p11 = 0.

Òîìó

δ = F (∆
2
α1α2...αm0(01))− F (∆

2
α1α2...αm1(10)) = 0

i ôóíêöiÿ F (x) êîðåêòíî îçíà÷åíà.

2) Íåõàé x0 = ∆
2
α1(x)α2(x)...αn(x)... � äîâiëüíå ÷èñëî ç [0; 1]. Äëÿ äîâåäåííÿ

íåïåðåðâíîñòi F ó òî÷öi x0 äîñèòü ïîêàçàòè, ùî

lim
x→x0
|F (x)− F (x0)| = 0.

a. Ñïî÷àòêó ðîçãëÿíåìî âèïàäîê, êîëè x0 � íåãà-äâiéêîâî-iððàöiîíàëüíà

òî÷êà. Äëÿ äîâiëüíîãî x ∈ [0, 1], x 6= x0, iñíó¹ m = m(x) òàêå, ùîαi(x) = αi(x0), i = 1,m− 1,

αm(x) 6= αm(x0).

Òîäi

F (x)− F (x0) =
1

2

(
m−1∏
i=1

pαi(x0)αi+1(x0)

)
·

·

(
β

(m)
αm(x)αm+1(x) +

∞∑
k=m+1

β
(k)
αk(x)αk+1(x)

k−1∏
j=m

pαi(x)αi+1(x)

)
− 1

2

(
m−1∏
i=1

pαi(x0)αi+1(x0)

)
·

·

(
β

(m)
αm(x0)αm+1(x0) +

∞∑
k=m+1

β
(k)
αk(x0)αk+1(x0)

k−1∏
j=m

pαi(x0)αi+1(x0)

)
=
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=
1

2

(
m−1∏
i=1

pαi(x0)αi+1(x0)

)
(C1 − C2)→ 0 ïðè m→∞,

äå 0 6 C1 = βαm(x)αm+1(x) + βαm+1(x)αm+2(x)pαm(x)αm+1(x) + . . . < 1,

0 6 C2 = βαm(x0)αm+1(x0) + βαm+1(x0)αm+2(x)pαm(x0)αm+1(x0) + . . . < 1.

Îòæå,

lim
x→x0

F (x) = F (x0)

i ôóíêöiÿ F (x) íåïåðåðâíà ó òî÷öi x0 çà îçíà÷åííÿì.

b. Ó âèïàäêó, êîëè x0 � íåãà-äâiéêîâî-ðàöiîíàëüíà òî÷êà, òîáòî

∆
2
α1α2...αm0(01) = ∆

2
α1α2...αm1(10),

ìîæíà ñêîðèñòàòèñü ìiðêóâàííÿìè ç ïóíêòó 1, àëå ïðè ðîçãëÿäi ñèòóàöi¨,

êîëè x ïðÿìó¹ äî x0 çëiâà, äîñèòü ñêîðèñòàòèñÿ çîáðàæåííÿì ÷èñëà x0 ç

ïåðiîäîì (10), à êîëè x ïðÿìó¹ äî x0 ñïðàâà � ç ïåðiîäîì (01).

3) Ùîá ïîêàçàòè, ùî F (x) ñòðîãî çðîñòà¹ äîñèòü äîâåñòè, ùî ïðèðiñò

uF

(
∆

2
c1c2...cm

)
ôóíêöi¨ F íà öèëiíäði ∆

2
c1c2...cm

äîäàòíèé.

Ñïðàâäi,

uF

(
∆

2
c1c2...cm

)
=

1

2

m−1∏
j=m

pcici+1
> 0

i ôóíêöiÿ F ñòðîãî çðîñòà¹. 4) Ïîêàæåìî, ùî ïðè p00 = 0, 5 ôóíêöiÿ F (x)

ëiíiéíà.

Îñêiëüêè, p00 = 0, 5, òî ç óðàõóâàííÿì äâi÷i ñòîõàñòè÷íîñòi ìàòðèöi,

p01 =

= p10 = p11 = p0 = p1 = 0, 5

Ïðèðiñò ôóíêöi¨ F íà öèëiíäði µF
(

∆
2
c1c2...cm

)
çáiãà¹òüñÿ ç éîãî äîâæè-

íîþ. Ñïðàâäi,

µF

(
∆

2
c1c2...cm

)
=

1

2

m−1∏
j=m

pcici+1
=

1

2m
=
∣∣∣∆2

c1c2...cm

∣∣∣ .
À öå îçíà÷à¹, ùî ôóíêöiÿ F (x) ëiíiéíà, ïðè÷îìó F (x) = x.
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Ïîêàæåìî, ùî ïðè p00 6= 0, 5 ôóíêöiÿ F (x) ñèíãóëÿðíà, òîáòî ìà¹ ïîõi-

äíó, ÿê äîðiâíþ¹ íóëþ ìàéæå ñêðiçü ó ðîçóìiííi ìiðè Ëåáåãà.

Ñïðàâäi, ÿêùî ïîõiäíà ôóíêöi¨ F ′(x) iñíó¹ â òî÷öi x0, òî

F ′(x0) = lim
k→∞

µF

(
∆

2
α1(x0)α2(x0)...αk(x0)

)
|∆2

α1(x0)...αk(x0)|
,

àëå

µF

(
∆

2
α1(x0)α2(x0)...αk(x0)

)
=

1

2

k−1∏
j=1

pαj(x0)αj+1(x0),

à

|∆2
α1(x0)...αk(x0)| =

1

2k
.

Çâiäêè é âèïëèâà¹

F ′(x0) =
∞∏
j=1

[
2pαj(x0)αj+1(x0)

]
= 0,

îñêiëüêè çãiäíî ç òåîðåìîþ Ëåáåãà êîæíà íåïåðåðâíà ìîíîòîííà ôóíêöiÿ

ìà¹ ñêií÷åííó ïîõiäíó ìàéæå ñêðiçü, à íåîáõiäíà óìîâà çáiæíîñòi íåñêií-

÷åííîãî äîáóòêó (ïðÿìóâàííÿ n-ãî ÷ëåíà äî 1) íå âèêîíó¹òüñÿ. Îòæå, ïðè

p00 6= 0, 5 ôóíêöiÿ F (x) ñèíãóëÿðíà.

Òåîðåìà 3.8. Ôóíêöiÿ y = F (x), îçíà÷åíà ðiâíiñòþ (3.3), ¹ ôóíêöi-

¹þ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè ξ, öèôðè ξk íåãà-äâiéêîâîãî çîáðàæåííÿ

∆
2
ξ1ξ2ξ3ξ4...ξn...

ÿêî¨ ¹ âèïàäêîâèìè âåëè÷èíàìè, ÿêi íàáóâàþòü çíà÷åíü 0 é 1

i óòâîðþþòü îäíîðiäíèé ëàíöþã Ìàðêîâà ç ïî÷àòêîâèìè éìîâiðíîñòÿìè

1
2 é 1

2 i ìàòðèöåþ ïåðåõiäíèõ éìîâiðíîñòåé ‖pik‖ =

p00 p01

p10 p11

 .

Äîâåäåííÿ. Çíàéäåìî âèðàç ôóíêöi¨ ðîçïîäiëó Fξ âèïàäêîâî¨ âåëè÷èíè

ξ. Îñêiëüêè çãiäíî ç îçíà÷åííÿì Fξ(x) = P{ξ < x}, òî ïðîàíàëiçó¹ìî ïîäiþ
{ξ < x} i âèðàçèìî ¨¨ éìîâiðíiñòü. Iç óðàõóâàííÿì ãåîìåòði¨ íåãà-äâiéêîâîãî

çîáðàæåííÿ ÷èñåë (x = ∆
2
α1(x)α2(x)...αn(x)...), ìà¹ìî

{ξ < x} = {ξ1 > α1(x)} ∪ {ξ1 = a1(x) ∧ ξ2 < α2(x)} ∪ . . .
∪{ξi = αi(x), ïðè i = 1, 2k − 1 ∧ ξ2k < α2k(x)}∪
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∪{ξi = αi(x), ïðè i = 1, 2k ∧ ξ2k+1 > α2k+1(x)} ∪ . . . ,
äå ïîäi¨ ó ïðàâié ÷àñòèíi ðiâíîñòi ïîïàðíî íåñóìiñíi. Òîìó:

Fξ(x) = P {ξ < x} = P
{
{ξ1 > α1(x)} ∪ {ξ1 = α1(x) ∧ ξ2 < α2(x)}∪

∪ {ξi = αi(x), ïðè i = 1, 2k − 1 ∧ ξ2k < α2k(x)}∪

∪ {ξi = αi(x), ïðè i = 1, 2k ∧ ξ2k+1 > α2k+1(x)} ∪ . . .
}

= P {ξ1 > α1(x)}+

+ P {ξ1 = α1(x) ∧ ξ2 < α2(x)}+ . . .+

+ P{ξi = αi(x), ïðè i = 1, 2k − 1 ∧ ξ2k < α2k(x)}+

+ P{ξi = αi(x), ïðè i = 1, 2k ∧ ξ2k+1 > α2k+1(x)} . . .

Âðàõóâàâøè íåçàëåæíiñòü ïîäié ξk, îòðèìà¹ìî:

Fξ(x) = P {ξ1 > α1(x)}+ P {ξ1 = α1(x)} · P {ξ2 < α2(x)}+ . . .+

+P {ξ1 = α1(x)}·P {ξ2 = α2(x)}·. . .·P {ξ2k−1 = α2k−1(x)}·P {ξ2k < α2k(x)}+

+P {ξ1 = α1(x)}·P {ξ2 = α2(x)}·. . .·P {ξ2k = α2k(x)}·P {ξ2k+1 > α2k+1(x)}+
. . . = βα1

+ 1
2βα1α2

+ . . .+ 1
2pα1α2

pα2α3
· . . . · pα2k−1α2k−1βα2kα2k

+

+ 1
2pα1α2

pα2α3
·. . .·pα2kα2k

βα2k+1α2k+1
= βα1(x)+

1
2

∞∑
k=1

(β
(k)
αk(x)αk+1(x)

k−1∏
i=1

pαi(x)αi+1(x)).

Òâåðäæåííÿ äîâåäåíî.

Çàóâàæåííÿ 3.2. Äëÿ ôóíêöi¨ F (x) âèêîíóþòüñÿ ðiâíîñòi

F (x) =

 F1(x), ÿêùî x ∈ ∆1 ⇔ α1(x) = 1,

F0(x), ÿêùî x ∈ ∆0 ⇔ α1(x) = 0,

äå

F1(x) =
1

2
(β

(1)
1α2

+ p1α2
β(2)
α2α3

+ p1α2
pα2α3

β(3)
α3α4

+ . . .)

F0(x) =
1

2
+

1

2
(β

(1)
0α2

+ p0α2
β(2)
α2α3

+ p0α2
pα2α3

β(3)
α3α4

+ . . .).

Ëåìà 3.3. Îïåðàòîð δij(x) ïðàâîñòîðîííüîãî çñóâó ∆
2
-çîáðàæåííÿ ÷è-

ñëà ç ïàðàìåòðàìè (i; j), ÿêèé îçíà÷ó¹òüñÿ ðiâíiñòþ

δij(x) = δij(∆
2
α1(x)α2(x)...αn(x)...) = ∆

2
ijα1(x)α2(x)...αn(x)...,
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àíàëiòè÷íî çàäà¹òüñÿ

δij(x) =
1− i

2
+
j

22
+

1

22
x.

Äîâåäåííÿ. Îñêiëüêè x = ∆
2
α1(x)α2(x)...αn(x)... = 2

3 − x1, äå x1 = α1(x)
2 −

− α2(x)
22 + α3(x)

23 − . . . i δij(x) = ∆
2
ijα1(x)α2(x)...αn(x)... = 2

3 − t1, äå t1 = i
2 −

j
22 +

+ α1(x)
23 −

α2(x)
24 . . . , òî ç îòðèìàíèõ ðiâíîñòåé ìà¹ìî:

t1 =
i

2
− j

22
+

1

22
x1.

Çâiäñè

δij(x) =
2

3
− t1 =

2

3
− i

2
+
j

22
− 1

22
(
2

3
− x)=

1− i
2

+
j

22
+

1

22
x.

Òåîðåìà 3.9. Ôóíêöiÿ F (x) çàäîâîëüíÿ¹ ñèñòåìó ôóíêöiîíàëüíèõ ðiâ-
íÿíü:

F (δij(x)) =

=



F ( 1
4x+ 1

3 ) = 1
2p

2
01 − 1

2p01p00 + p01p00F0(x), ÿêùî x = ∆
2

0α2α3..., δij(x) = ∆
2

100α2α3...,

F ( 1
4x+ 1

2 ) = 1
2 + 1

2p00p01 −
1
2p

2
00 + p200F0(x), ÿêùî x = ∆

2

0α2α3..., δij(x) = ∆
2

000α2α3...,

F ( 1
4x+ 3

4 ) = 1
2 + 1

2p00 + 1
2p00p01 −

1
2p

2
01 + p201F0(x), ÿêùî x = ∆

2

0α2α3..., δij(x) = ∆
2

010α2α3...,

F ( 1
4x+ 1

4 ) = 1
2p01 + 1

2p
2
00 − 1

2p00p01 + p00p01F0(x), ÿêùî x = ∆
2

0α2α3..., δij(x) = ∆
2

110α2α3...,

F ( 1
4x+ 1

2 ) = 1
2 + p00p01F1(x), ÿêùî x = ∆

2

1α2α3..., δij(x) = ∆
2

001α2α3...,

F ( 1
4x+ 3

4 ) = 1
2 + 1

2p00 + p00p01F1(x), ÿêùî x = ∆
2

1α2α3..., δij(x) = ∆
2

011α2α3...,

F ( 1
4x) = p201F1(x), ÿêùî x = ∆

2

1α2α3..., δij(x) = ∆
2

101α2α3...,

F ( 1
4x+ 1

4 ) = 1
2p01 + p200F1(x), ÿêùî x = ∆

2

1α2α3..., δij(x) = ∆
2

111α2α3....

(3.4)

Äîâåäåííÿ. Ðîçãëÿíåìî óñi ìîæëèâi âèïàäêè:

1. ßêùî α1 = 0, òî x = ∆
2
0α2(x)...αn(x)... = 2

3−x1, äå x1 = −α2(x)
22 +α3(x)

23 −. . . .
Íåõàé:

à) i = 1; j = 0. Òîäi

δij(x) = ∆
2
100α2α3...

= 2
3 − t1, äå t1 = 1

2 −
α2(x)

24 + α3(x)
25 − . . . , çâiäêè t1 =

= 1
2 + 1

22x1.

δij(x) = 2
3 − t1 = 2

3 −
1
2 −

1
22x1 = 1

6 −
1
4(2

3 − x) = 1
4x+ 1

3 .
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F (δij(x)) = F (∆
2
100α2α3...

) =

=
1

2
(β

(1)
10 + β

(0)
00 p10 + β

(1)
0α2
p10p00 + β(0)

α2α3
p10p00p0α2

+ . . .) =

=
1

2
(0 + p10p01 + β

(1)
0α2
p10p00 + βα2α3

p10p00p0α2
+ . . .) =

=
1

2
p2

01 +
1

2
p10p00(β

(1)
0α2

+ β(0)
α2α3

p0α2
+ . . .) =

=
1

2
p2

01 +
1

2
p10p00(2F0(x)− 1) =

1

2
p2

01 −
1

2
p01p00 + p01p00F0(x),

çâiäêè âèïëèâà¹ ïåðøå ðiâíÿííÿ ñèñòåìè (3.4).

á) i = 0; j = 0. Òîäi

δij(x) = ∆
2
000α2α3...

= 2
3 − t1, äå t1 = −α2(x)

24 + α3(x)
25 − . . . , çâiäêè t1 = 1

22x1.

δij(x) = 2
3 − t1 = 2

3 −
1
22x1 = 2

3 −
1
22 (

2
3 − x) = 1

4x+ 1
2 .

F (δij(x)) = F (∆
2
000α2α3...

) =

=
1

2
+

1

2
(β

(1)
00 + β

(0)
00 p00 + β

(1)
0α2
p2

00 + β(0)
α2α3

p2
00p0α2

+ . . .) =

=
1

2
+

1

2
(0 + p01p00 + β

(1)
0α2
p2

00 + βα2α3
p2

00p0α2
+ . . .) =

=
1

2
+

1

2
p00p01 +

1

2
p2

00(β
(1)
0α2

+ β(0)
α2α3

p0α2
+ . . .) =

=
1

2
+

1

2
p00p01 +

1

2
p2

00(2F0(x)− 1) =
1

2
+

1

2
p00p01 −

1

2
p2

00 + p2
00F0(x),

çâiäêè âèïëèâà¹ äðóãå ðiâíÿííÿ ñèñòåìè (3.4).

â) i = 0; j = 1. Òîäi

δij(x) = ∆
2
010α2α3...

= 2
3 − t1, äå t1 = − 1

22 −
α2(x)

24 + α3(x)
25 − . . . , çâiäêè

t1 = 1
22x1 − 1

4 .

δij(x) = 2
3 − t1 = 2

3 −
1
22x1 = 2

3 −
1
22 (

2
3 − x) + 1

4 = 1
4x+ 3

4 .

F (δij(x)) = F (∆
2
010α2α3...

) =

=
1

2
+

1

2
(β

(1)
01 + β

(0)
10 p01 + β

(1)
0α2
p01p10 + β(0)

α2α3
p01p10p0α2

+ . . .) =

=
1

2
+

1

2
(p00+p01p00+β

(1)
0α2
p01p10+βα2α3

p01p10p0α2
+. . .) =

1

2
+

1

2
p00+

1

2
p00p01+

+
1

2
p01p10(β

(1)
0α2

+β(0)
α2α3

p0α2
+ . . .) =

1

2
+

1

2
p00 +

1

2
p00p01 +

1

2
p01p10(2F0(x)−1) =

=
1

2
+

1

2
p00 +

1

2
p00p01 −

1

2
p2

01 + p2
01F0(x)
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çâiäêè âèïëèâà¹ òðåò¹ ðiâíÿííÿ ñèñòåìè (3.4).

ã) i = 1; j = 1. Òîäi

δij(x) = ∆
2
110α2α3...

= 2
3 − t1, äå t1 = 1

2 −
1
22 −

α2(x)
24 + α3(x)

25 − . . . , çâiäêè
t1 = 1

22x1 + 1
4 .

δij(x) = 2
3 − t1 = 2

3 −
1
22x1 − 1

4 = 2
3 −

1
22 (

2
3 − x)− 1

4 = 1
4x+ 1

4 .

F (δij(x)) = F (∆
2
110α2α3...

) =

=
1

2
(β

(1)
11 + β

(0)
10 p11 + β

(1)
0α2
p11p10 + β(0)

α2α3
p11p10p0α2

+ . . .) =

=
1

2
(p10 + p11p00 + β

(1)
0α2
p11p10 + βα2α3

p11p10p0α2
+ . . .) =

=
1

2
p01 +

1

2
p2

00 +
1

2
p00p01(β

(1)
0α2

+ β(0)
α2α3

p0α2
+ . . .) =

=
1

2
p01 +

1

2
p2

00 +
1

2
p00p01(2F0(x)− 1) =

1

2
p01 +

1

2
p2

00−
1

2
p00p01 + p00p01F0(x),

çâiäêè âèïëèâà¹ ÷åòâåðòå ðiâíÿííÿ ñèñòåìè (3.4).

2. ßêùî α1 = 1, òî x = ∆
2
1α2(x)...αn(x)... = 2

3 −
1
2 − x1 = 1

6 − x1, äå

x1 = −α2(x)
22 + α3(x)

23 − . . . .
Íåõàé:

à) i = 0; j = 0. Òîäi

δij(x) = ∆
2
001α2α3...

= 2
3 − t1, äå t1 = 1

23 −
α2(x)

24 + α3(x)
25 − . . . , çâiäêè

t1 = 1
8 + 1

22x1.

δij(x) = 2
3 − t1 = 2

3 −
1
8 −

1
22x1 = 13

24 −
1
4(1

6 − x) = 1
4x+ 1

2 .

F (δij(x)) = F (∆
2
001α2α3...

) =

=
1

2
+

1

2
(β

(1)
00 + β

(0)
01 p00 + β

(1)
1α2
p00p01 + β(0)

α2α3
p00p01p1α2

+ . . .) =

=
1

2
+

1

2
(0 + 0 + β

(1)
1α2
p00p01 + β(0)

α2α3
p00p01p1α2

+ . . .) =

=
1

2
+

1

2
p00p01(β

(1)
1α2

+ β(0)
α2α3

p1α2
+ . . .) =

1

2
+ p00p01F1(x),

çâiäêè âèïëèâà¹ ï'ÿòå ðiâíÿííÿ ñèñòåìè (3.4).

á) i = 0; j = 1. Òîäi

δij(x) = ∆
2
011α2α3...

= 2
3 − t1, äå t1 = − 1

22 + 1
23 −

α2(x)
24 + α3(x)

25 − . . . , çâiäêè
t1 = 1

22x1 − 1
8 .
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δij(x) = 2
3 − t1 = 2

3 + 1
8 −

1
22x1 = 19

24 −
1
4(1

6 − x) = 1
4x+ 3

4 .

F (δij(x)) = F (∆
2
011α2α3...

) =

=
1

2
+

1

2
(β

(1)
01 + β

(0)
11 p01 + β

(1)
1α2
p01p11 + β(0)

α2α3
p01p11p1α2

+ . . .) =

=
1

2
+

1

2
(p00 + β

(1)
1α2
p01p11 + β(0)

α2α3
p01p11p1α2

+ . . .) =

=
1

2
+

1

2
p00 +

1

2
p01p11(β

(1)
1α2

+ β(0)
α2α3

p1α2
+ . . .) =

1

2
+

1

2
p00 + p00p01F1(x),

çâiäêè âèïëèâà¹ øîñòå ðiâíÿííÿ ñèñòåìè (3.4).

â) i = 1; j = 0. Òîäi

δij(x) = ∆
2
101α2α3...

= 2
3 − t1, äå t1 = 1

2 + 1
23 −

α2(x)
24 + α3(x)

25 − . . . , çâiäêè
t1 = 1

22x1 + 5
8 .

δij(x) = 2
3 − t1 = 2

3 −
1
22x1 − 5

8 = 2
3 −

1
22 (

1
6 − x)− 5

8 = 1
4x.

F (δij(x)) = F (∆
2
101α2α3...

) =

=
1

2
(β

(1)
10 + β

(0)
01 p10 + β

(1)
1α2
p10p01 + β(0)

α2α3
p01p11p1α2

+ . . .) =

=
1

2
(0+0+β

(1)
1α2
p10p01 +β(0)

α2α3
p10p01p1α2

+ . . .) =
1

2
p2

01(β
(1)
1α2

+β(0)
α2α3

p1α2
+ . . .) =

= p2
01F1(x),

çâiäêè âèïëèâà¹ ñüîìå ðiâíÿííÿ ñèñòåìè (3.4).

ã) i = 1; j = 1. Òîäi

δij(x) = ∆
2
111α2α3...

= 2
3 − t1, äå t1 = 1

2 −
1
22 + 1

23 −
α2(x)

24 + α3(x)
25 − . . . , çâiäêè

t1 = 1
22x1 + 3

8 .

δij(x) = 2
3 − t1 = 2

3 −
1
22x1 − 3

8 = 2
3 −

1
22 (

1
6 − x)− 3

8 = 1
4x+ 1

4 .

F (δij(x)) = F (∆
2
111α2α3...

) =
1

2
(β

(1)
11 +β

(0)
11 p11 +β

(1)
1α2
p2

11 +β(0)
α2α3

p2
11p1α2

+ . . .) =

=
1

2
(p10+0+β

(1)
1α2
p2

11+β(0)
α2α3

p2
11p1α2

+. . .) =
1

2
p01+

1

2
p2

00(β
(1)
1α2

+β(0)
α2α3

p1α2
+. . .) =

=
1

2
p01 + p2

00F1(x),

çâiäêè âèïëèâà¹ âîñüìå ðiâíÿííÿ ñèñòåìè (3.4).
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Âèñíîâêè äî ðîçäiëó 3

Ó öüîìó ðîçäiëi:

� äîñëiäæåíî ìíîæèíè êàíòîðiâñüêîãî òèïó, îçíà÷åíi çàáîðîíàìè âæè-

âàííÿ ñèìâîëiâ ó ìàðêîâñüêîìó äâîñèìâîëüíîìó çîáðàæåííi äðî-

áîâî¨ ÷àñòèíè äiéñíîãî ÷èñëà, âèçíà÷åíîãî äâi÷i ñòîõàñòè÷íîþ ìà-

òðèöåþ. Çîêðåìà, âñòàíîâëåíî ¨õíþ íóëü-ìiðíiñòü (ó ðîçóìiííi ìiðè

Ëåáåãà) é âèçíà÷åíî ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à;

� äîñëiäæåíî ôóíêöiþ, ÿêà âñòàíîâëþ¹ çâ'ÿçîê ìiæ ÷èñëàìè âiäðiçêà

[0; 1] ÷åðåç �îäíàêîâi� çà ôîðìîþ çîáðàæåííÿ: ìàðêîâñüêå i äâiéêîâå;

� äîñëiäæåíî ôóíêöiþ, ÿêà âñòàíîâëþ¹ çâ'ÿçîê ìiæ ÷èñëàìè âiäðiçêà

[0; 1] ÷åðåç �îäíàêîâi� çà ôîðìîþ çîáðàæåííÿ: íåãà-äâiéêîâå é ìàð-

êîâñüêå, âèçíà÷åíå äâi÷i ñòîõàñòè÷íîþ ìàòðèöåþ; âêàçàíî âèïàäêî-

âó âåëè÷èíó äëÿ ÿêî¨ öÿ ôóíêöiÿ ¹ ôóíêöi¹þ ðîçïîäiëó; çíàéäåíî

ñèñòåìè ôóíêöiîíàëüíèõ ðiâíÿíü, ÷è¨ì ðîçâ'ÿçêîì ¹ öÿ ôóíêöiÿ.

Îñíîâíi ðåçóëüòàòè öüîãî ðîçäiëó îïóáëiêîâàíi â ðîáîòàõ [2a,5a] i äîïî-

âiäàëèñÿ íà ñåìiíàði çi ôðàêòàëüíîãî àíàëiçó é íà íàóêîâèõ êîíôåðåíöi-

ÿõ [12a,13a,17a,21a,22a,23a].
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ÐÎÇÄIË 4

ÌÍÎÆÈÍÀ ÍÅÏÎÂÍÈÕ ÑÓÌ ÇÁIÆÍÎÃÎ ÐßÄÓ ßÊ

ÌÍÎÆÈÍÀ ÇÍÀ×ÅÍÜ ÔÓÍÊÖI� É ÍÎÑIÉ ÐÎÇÏÎÄIËÓ

ÂÈÏÀÄÊÎÂÎ� ÂÅËÈ×ÈÍÈ

Öåé ðîçäië ïðèñâÿ÷åíî ôóíêöiÿì i ðîçïîäiëàì âèïàäêîâèõ âåëè÷èí,

ïîâ'ÿçàíèõ iç çàäàíèì çáiæíèì äîäàòíèì ðÿäîì

d1 + d2 + . . . =
∞∑
k=1

dk, (4.1)

à ñàìå:

1) ìíîæèíàì çíà÷åíü ôóíêöi¨ f , âèçíà÷åíî¨ íà âiäðiçêó [0; 1] i îçíà÷åíî¨

ðiâíiñòþ

f(x = ∆Q∗2
α1...αk...

) =
∞∑
k=1

αkdk, (4.2)

2) ñïåêòðîâi ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè

ξ =
∞∑
k=1

ξkdn, (4.3)

äå (ξn) � ïîñëiäîâíiñòü íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí iç ðîçïîäiëàìè:

P{ξn = 0} = p0n > 0, P{ξn = 1} = p1n > 0, p0n + p1n = 1. (4.4)

Îêðiì ðÿäó (4.1) ôóíêöiþ (4.2) âèçíà÷à¹ íåñêií÷åííà ñòîõàñòè÷íà ìà-

òðèöÿ ||qik||, ÿêà çàäà¹ Q∗2-çîáðàæåííÿ ÷èñåë ç âiäðiçêà [0, 1], à âèïàäêîâó

âåëè÷èíó (4.3) � íåñêií÷åííà ñòîõàñòè÷íà ìàòðèöÿ ||pik||.
ßêùîB � σ-àëãåáðà âñiõ áîðåëiâñüêèõ ïiäìíîæèí âiäðiçêà [0, 1], A ∈ B,

òî âiäîáðàæåííÿ f : A→ E{dn} äåòàëiçó¹ ëîêàëüíi âëàñòèâîñòi ôóíêöi¨ f .
Âîíî ¹ âèìiðíèì âiäîáðàæåííÿì B→ E{dn} ∩B.



97

4.1. Ìíîæèíà íåïîâíèõ ñóì ðÿäó ÿê ìíîæèíà çíà÷åíü

ôóíêöi¨

Íåõàé çàäàíî Q∗2-çîáðàæåííÿ ÷èñåë iç âiäðiçêà [0, 1], âèçíà÷åíå íåñêií-

÷åííîþ ñòîõàñòè÷íîþ ìàòðèöåþ ||qik||, i ðÿä (4.1).
Ðîçãëÿäà¹òüñÿ ôóíêöiÿ

f(x) = f(∆
Q∗2
α1(x)α2(x)...αk(x)...) =

∞∑
k=1

αk(x)dk, (4.5)

äå αk = αk(x) � k -òà öèôðà Q∗2-çîáðàæåííÿ ÷èñëà x ∈ [0, 1].

Îçíà÷åííÿ ôóíêöi¨ f ðiâíiñòþ (4.5) áóäå êîðåêòíèì ïiñëÿ äîìîâëåíîñòi

âèêîðèñòîâóâàòè ëèøå îäíå iç äâîõ iñíóþ÷èõ çîáðàæåíü Q∗2-ðàöiîíàëüíèõ

÷èñåë. Äîìîâèìîñü âèêîðèñòîâóâàòè çîáðàæåííÿ ç ïåðiîäîì (0). Ïðè öüîìó

çàóâàæèìî, ùî ÷èñëî 1 ìà¹ ¹äèíå Q∗2-çîáðàæåííÿ: 1 = ∆
Q∗2
(1).

Òîïîëîãî-ìåòðè÷íi i ôðàêòàëüíi âëàñòèâîñòi ôóíêöi¨ f íàéáiëüø ïîâíî

âiäîáðàæà¹ ¨¨ ìíîæèíà çíà÷åíü. Ïðè öüîìó ñïðàâåäëèâå î÷åâèäíå òâåðäæå-

ííÿ.

Ëåìà 4.1. Ìíîæèíîþ çíà÷åíü ôóíêöi¨ f , îçíà÷åíî¨ ðiâíiñòþ (4.5), ¹

ìíîæèíà íåïîâíèõ ñóì E{dn} ðÿäó (4.1).

Òîìó âiçüìiìîñÿ çà âèâ÷åííÿ òîïîëîãi÷íèõ i ìåòðè÷íèõ âëàñòèâîñòåé

ìíîæèíè íåïîâíèõ ñóì ðÿäó (4.1). Öÿ çàäà÷à ó çàãàëüíié ïîñòàíîâöi, ÿê

çàçíà÷àëîñü âèùå, íåïðîñòà, òîìó ìè çîñåðåäèìî ñâîþ óâàãó íà ðÿäàõ, ÿêi

çàäîâîëüíÿþòü ïåâíi óìîâè.

Ðîçãëÿíüìî ðÿä:

r0 =
∞∑
n=1

dn = c1 + ...+ c1︸ ︷︷ ︸
a1

+ c2 + ...+ c2︸ ︷︷ ︸
a2

+ . . .+ cn + ...+ cn︸ ︷︷ ︸
an

+r̃n = 1, (4.6)

äëÿ ÿêîãî âèêîíó¹òüñÿ óìîâà

cn
r̃n
≡ bn, n = 1, 2, 3, ... , (4.7)

äå r̃n = cn+1 + ...+ cn+1︸ ︷︷ ︸
an+1

+ cn+2 + ...+ cn+2︸ ︷︷ ︸
an+2

+...,
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ïðè÷îìó (an) i (bn) � íåñïàäíi ïîñëiäîâíîñòi íàòóðàëüíèõ ÷èñåë.

Òåîðåìà 4.1. Çàãàëüíèé ÷ëåí ðÿäó (4.6) ìà¹ âèãëÿä:

cn = bn

n∏
k=1

1

akbk + 1
. (4.8)

Äîâåäåííÿ. Äëÿ n = 1 ìà¹ìî:

r0 = a1c1 + r̃1 = a1c1 +
c1

b1
= c1(a1 +

1

b1
) = 1⇒ c1 =

b1

a1b1 + 1
.

Àíàëîãi÷íî, ç ðiâíîñòi (4.7) ìà¹ìî:

cn = bnr̃n = bn(an+1cn+1 + r̃n+1) = bncn+1

(
an+1 +

1

bn+1

)
,

çâiäêè

cn+1 = cn ·
bn+1

bn(an+1 + 1)
. (4.9)

Ðiâíiñòü (4.8) äîâåäåìî çà iíäóêöi¹þ. Íåõàé ôîðìóëà (4.8) ñïðàâåäëèâà

ïðè n = p.

Ïðè n = p+ 1, çãiäíî ç (4.9), ìà¹ìî:

cp+1 = cp ·
bp+1

bp(ap+1 + 1)
= bp

p∏
k=1

1

akbk + 1
· bp+1

bp(ap+1 + 1)
= bp+1

p+1∏
k=1

1

akbk + 1
.

Òåîðåìó äîâåäåíî.

Íàñëiäîê 4.1. Äëÿ ÷ëåíiâ òà çàëèøêiâ ðÿäó (4.6) ñïðàâåäëèâi ñïiââiä-

íîøåííÿ:

r̃n =
n∏
k=1

1

akbk + 1
;

cn+1

cn
=

bn+1

bn(an+1 + 1)
,

r̃n+1

r̃n
=

1

an+1bn+1 + 1
.

Äëÿ ðÿäó (4.6), ó ÿêîãî dn > dn+1 äëÿ âñiõ n ∈ N, âiäîìî, ùî ÿêùî

âèêîíó¹òüñÿ óìîâà rn > dn äëÿ âñiõ n ∈ N, òî ìíîæèíà éîãî íåïîâíèõ ñóì

� öå âiäðiçê [0, 1] ( [27]). ßêùî rn > dn äëÿ âñiõ äîñòàòíüî âåëèêèõ n, òî

ìíîæèíà íåïîâíèõ ñóì � öå ñêií÷åííå îá'¹äíàííÿ âiäðiçêiâ. ßêùî rn < dn
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äëÿ âñiõ äîñòàòíüî âåëèêèõ n, òî ìíîæèíà íåïîâíèõ ñóì íiäå íå ùiëü-

íà [27,59]. Ìåíø äîñëiäæåíèì ¹ âèïàäîê, êîëè íåðiâíîñòi dn 6 rn i dn > rn

âèêîíóþòüñÿ äëÿ íåñêií÷åííî¨ êiëüêîñòi n. Ó òàêîìó ðàçi ìíîæèíà íåïîâ-

íèõ ñóì ðÿäó ìîæå áóòè ÿê íiäå íå ùiëüíîþ, òàê i ìiñòèòè öiëi âiäðiçêè.

Òîïîëîãî-ìåòðè÷íi âëàñòèâîñòi ìíîæèí íåïîâíèõ ñóì ñóòò¹âî çàëåæàòü âiä

øâèäêîñòi çáiæíîñòi ðÿäó. Íà ñüîãîäíi íåâiäîìi íåîáõiäíi i äîñòàòíi óìîâè ¨¨

íóëü-ìiðíîñòi (ó ðîçóìiííi ìiðè Ëåáåãà). Ùå ìåíø äîñëiäæåíî ôðàêòàëü-

íi âëàñòèâîñòi ìíîæèíè íåïîâíèõ ñóì, õî÷à äëÿ ïåâíèõ êëàñiâ ðÿäiâ öå

çðîáëåíî ó [35], [60], [61], [59], [93], [94].

Âiäîìî [27], ùî ïðè âèêîíàííi óìîâ

dn > rn =
∞∑
k=1

dn+k äëÿ âñiõ äîñòàòíüî âåëèêèõ n (4.10)

ìíîæèíà E{dn} íåïîâíèõ ñóì ðÿäó
∑∞

n=1 dn íiäå íå ùiëüíà (íóëü-ìíîæèíà

Ëåáåãà ÷è ìíîæèíà äîäàòíî¨ ìiðè). Ïðè âèêîíàííi óìîâè

lim
n→∞

dn
rn

= +∞

ìíîæèíà E{dn} àíîìàëüíî ôðàêòàëüíà (êîíòèíóàëüíà ìíîæèíà, íóëüîâî¨
ðîçìiðíîñòi Ãàóñäîðôà-Áåçèêîâè÷à) [59].

Ç òåîðåìè 2.2 ðîáîòè [42] âèïëèâà¹, ùî ïðè âèêîíàííi óìîâ (4.10) i

lim
n→∞

dn
rn

= +∞ (4.11)

ìíîæèíà ïiäñóì ðÿäó E{dn} àíîìàëüíî ôðàêòàëüíà. Íàñ öiêàâèòü: ÷è áóäå
ìíîæèíà E{dn} àíîìàëüíî ôðàêòàëüíîþ ïðè âèêîíàííi óìîâè (4.11)?

Ïðè îá÷èñëåííi ðîçìiðíîñòi ìíîæèíè çàçâè÷àé äîñèòü-òàêè ñêëàäíî

îòðèìàòè íèæíþ îöiíêó, òîáòî äîâåñòè, ùî α0(E) > δ, âîäíî÷àñ âåðõíþ

îöiíêó α0(E) 6 δ, ìîæíà ÷àñòî îòðèìàòè áåç îñîáëèâèõ òðóäíîùiâ. Äëÿ

øâèäêîãî îòðèìàííÿ íèæíüî¨ îöiíêè iíîäi çðó÷íî âèêîðèñòîâóâàòè òåîðå-

ìó, ÿêó äîâiâ Õ. Ã. Å  ëñòîí ó ðîáîòi [17]; ¨¨ óñïiøíî âèêîðèñòîâóâàâ ó

ðîáîòàõ Ò. Øàëàò ( [42,102]).
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Íå ìàþ÷è ïåðñïåêòèâ âè÷åðïíî ðîçâ'ÿçàòè âèùåçàçíà÷åíi çàäà÷i, ìè

çâóæó¹ìî ðîçãëÿä ïèòàííÿ äî âèïàäêó, êîëè ðÿä (4.6) âèçíà÷à¹òüñÿ óìîâà-

ìè: an = 2n−1 i bn = n+ 1 i ìà¹ âèãëÿä

r0 =
∞∑
k=1

dk = c1 + c2 + c2︸ ︷︷ ︸
2

+ c3 + c3 + c3 + c3︸ ︷︷ ︸
4

+...+ cn + ...+ cn︸ ︷︷ ︸
2n−1

+r̃n, (4.12)

äå
cn
r̃n

= n+ 1 =
dm
rm
, m = 2k − 1, k = 1, 2, 3, ... , (4.13)

r̃m = r2n−1 =
∞∑

k=2n

dk = cn+1 + ...+ cn+1︸ ︷︷ ︸
2n

+ cn+2 + ...+ cn+2︸ ︷︷ ︸
2n+1

+... =

= 2ncn+1 + 2n+1cn+2 + 2n+2cn+3 + ... ,

cn = d2n−1 = d2n−1+1 = d2n−1+2 = ... = d2n−1. (4.14)

Iç ðiâíîñòåé (4.13) i (4.14) âèïëèâà¹ òå, ùî äëÿ âñiõ íîìåðiâ m 6= 2k−1

âèêîíó¹òüñÿ íåðiâíiñòü dm < rm =
∞∑

i=m+1

di.

Çàãàëüíèé ÷ëåí ðÿäó (4.12), çãiäíî ç (4.8), ìà¹ âèãëÿä

cn = (n+ 1)
n∏
k=1

1

2k−1(k + 1) + 1
,

à âiäïîâiäíèé çàëèøîê �

r̃n =
n∏
k=1

1

2k−1(k + 1) + 1
.

Òåîðåìà 4.2 ( [17,102]). Íåõàé M =
∞⋂
n=1

Jn

J1 ⊃ J2 ⊃ . . . ⊃ Jn ⊃ Jn+1 ⊃ . . .

i íåõàé êîæíà çi ìíîæèí Jn ñêëàäà¹òüñÿ çi ñêií÷åííîãî ÷èñëà gn ñêií-

÷åííèõ âiäðiçêiâ imn îäíàêîâî¨ äîâæèíè λn > 0, ÿêi íå ìiñòÿòü ïîïàðíî

ñïiëüíèõ âíóòðiøíiõ òî÷îê. Íåõàé êîæåí âiäðiçîê imn ∈ Jn ìiñòèòü îäíà-
êîâå ÷èñëî (= gn+1/gn) iíòåðâàëiâ i

m
n+1 ∈ Jn+1. Íåõàé äëÿ çàäàíî¨ ñèñòåìè
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F âèìiðíèõ ôóíêöié µ(α)(t) iñíó¹ ÷èñëî δ ∈ 〈α1, α2〉, òàêå, ùî äëÿ êîæíîãî

α < δ, α ∈ (α1, α2) áóäå

∞∑
n=1

λn−1

λn

1

gnµ(α)(λn)
< +∞ (λ0 = 1). (4.15)

Òâåðäæåííÿ: dimF M > δ.

Òåîðåìà 4.3. Ìíîæèíà íåïîâíèõ ñóì ðÿäó (4.12), äëÿ ÿêîãî âèêîíó¹-

òüñÿ óìîâà (4.13) ¹ ñóïåðôðàêòàëüíîþ ìíîæèíîþ.

Äîâåäåííÿ. Äîâåäåìî, ùî ìíîæèíà E{dn} íåïîâíèõ ñóì ðÿäó (4.12) �

öå íiäå íå ùiëüíà íóëü-ìíîæèíà Ëåáåãà. Îñêiëüêè E{dn} íàëåæèòü îá'¹ä-
íàííþ kn ≡

n∏
k=1

(2k−1 + 1) içîìåòðè÷íèõ âiäðiçêiâ äîâæèíè r̃n, òî äëÿ ¨¨ ìiðè

Ëåáåãà ñïðàâåäëèâà íåðiâíiñòü

λ(E{dn}) 6 lim
n→∞

kn · r̃n = lim
n→∞

n∏
k=1

(2k−1 + 1)

2k−1(k + 1) + 1
=
∞∏
k=1

(2k−1 + 1)

2k−1(k + 1) + 1
= 0,

îñêiëüêè n-èé ÷ëåí äîáóòêó

pn =
(2n−1 + 1)

2n−1(n+ 1) + 1
→ 0, ïðè n→∞.

Îñêiëüêè íåïîðîæíÿ ìíîæèíà E{dn} � öå äîñêîíàëà íóëü-ìíîæèíà Ëå-
áåãà, òî âîíà íiäå íå ùiëüíà.

Çðîáèìî íèæíþ îöiíêó ðîçìiðíîñòi Ãàóñäîðôà-Áåçèêîâè÷à ìíîæèíè

E{dn}. Âðàõîâóþ÷è, ùî äëÿ ðÿäó (4.12)

λn = r̃n =
n∏
k=1

1

2k−1(k + 1) + 1
, gn =

n∏
k=1

(2k−1 + 1), µα(λn) = r̃n
α,

çàïèøåìî ôîðìóëó âiäïîâiäíîãî n-îãî ÷ëåíó äëÿ ðÿäó (4.15). Ìà¹ìî

an =
r̃n−1

r̃n
· 1

n∏
k=1

(2k−1 + 1) · r̃nα
=

2n−1(n+ 1) + 1
n∏
k=1

(2k−1 + 1) ·
n∏
k=1

1
(2k−1(k+1)+1)α

=

=
2n−1(n+ 1) + 1
n∏
k=1

2k−1+1
(2k−1(k+1)+1)α

.
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Äîñëiäèìî çáiæíiñòü ðÿäó (4.15) çà îçíàêîþ Ä'Àëàìáåðà:

an+1

an
=

2n(n+ 2) + 1
n∏
k=1

2k−1+1
(2k−1(k+1)+1)α

· 2n+1
(2n(n+2)+1)α

·

n∏
k=1

2k−1+1
(2k−1(k+1)+1)α

2n−1(n+ 1) + 1
=

=
(2n(n+ 2) + 1)α+1

(2n + 1)(2n−1(n+ 1) + 1)
66

((n+ 3) · 2n)1+α

2n · 2n−1 · (n+ 1)
=

=
2(n+ 3)α+1

(21−α)n · (1 + n)
=

2 · (1 + 3
n) · (n+ 3)α

(21−α)n · (1 + 1
n)

→ 0 (n→∞), ÿêùî α < 1.

Îñêiëüêè ðÿä
∞∑
n=1

an çáiæíèé ïðè âñiõ α < 1, òî çãiäíî ç ïîïåðåäíüîþ

òåîðåìîþ ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à α0(E{dn}) > 1, à öå îçíà÷à¹

α0(E{dn}) = 1, ùî é äîâîäèòü òåîðåìó.

4.2. Íåñêií÷åííà çãîðòêà Áåðíóëëi, êåðîâàíà çáiæíèì

äîäàòíèì ðÿäîì çi ñóïåðôðàêòàëüíîþ ìíîæèíîþ

íåïîâíèõ ñóì

Íàñ öiêàâëÿòü ëåáåãiâñüêà ñòðóêòóðà i âëàñòèâîñòi íåñêií÷åííî¨ çãîðòêè

Áåðíóëëi, êåðîâàíî¨ çáiæíèì äîäàòíèì ðÿäîì (4.12).

Òåîðåìà 4.4. Ðîçïîäië âèïàäêîâî¨ âåëè÷èíè (4.3), âèçíà÷åíî¨ ðÿäîì

(4.12), ¹ ÷èñòèì, ïðè÷îìó ÷èñòî äèñêðåòíèì òîäi i òiëüêè òîäi, êîëè

M =
∞∏
k=1

max{p0k, p1k} > 0. (4.16)

Ó âèïàäêó äèñêðåòíîñòi ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè (4.3) éîãî òî-

÷êîâèé ñïåêòð ñêëàäà¹òüñÿ ç òî÷êè

x0 =
∞∑
n=1

α∗ndn, äå pα∗nn > p[1−α∗n]n,

i âñiõ òàêèõ òî÷îê x, ùî

x =
m∑
n=1

αndn +
∞∑

n=m+1

α∗ndn,

äå αn ∈ {0, 1}, pαnn 6= 0 ïðè n 6 m.
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Äîâåäåííÿ. Ïåðøà ÷àñòèíà òâåðäæåííÿ áåçïîñåðåäíüî âèïëèâà¹ ç òåî-

ðåì Äæåññåíà-Âiíòíåðà i Ï. Ëåâi [69,59]. Äîâåäåìî äðóãó ÷àñòèíó òâåðäæå-

ííÿ.

Íåõàé M > 0. Ðiâíîñòi (4.4) âèçíà÷àþòü íå ëèøå éìîâiðíiñíó ìiðó

(ðîçïîäië) íà [0; 1], àëå é ó ïðîñòîði L ïîñëiäîâíîñòåé åëåìåíòiâ àëôàâi-

òó A2 = {0; 1}. Äëÿ îñòàííüîãî ðîçïîäiëó î÷åâèäíî, ùî òî÷êà (α∗n) ∈ L,

âèçíà÷åíà óìîâàìè pα∗nn 6= 0 i pα∗nn > p[1−α∗n]n, n = 1, 2, 3, ..., � öå àòîì,

ïðè÷îìó ìàêñèìàëüíî¨ ìàñè M , îñêiëüêè

P{(ξn) = (αn)} =
∞∏
n=1

pαnn 6
∞∏
n=1

pα∗nn = M.

Çàçíà÷èìî, ùî òàêèõ òî÷îê ìîæå áóòè íå îäíà, îñêiëüêè ìîæëèâî, ùî

p0n = 1
2 = p1n. Îäíàê ¨õ íåìèíó÷å ñêií÷åííà êiëüêiñòü, îñêiëüêè íåîáõi-

äíîþ óìîâîþ çáiæíîñòi íåñêií÷åííîãî äîáóòêó (4.16) ¹ íàñòóïíà óìîâà:

max{p0n, p1n} → 1 (n→∞), à îòæå, iñíó¹ m ∈ N , òàêå, ùî p0m = 1
2 = p1m

i pαjj > p[1−αj ]j ïðè j > m. Òîäi àòîìiâ ìàêñèìàëüíî¨ ìàñè iñíó¹ 2t øòóê,

äå t = #
{
j : p0j = 1

2

}
.

Íåõàé (α∗n) � îäíà ç òàêèõ òî÷îê ïðîñòîðó L, òîáòî àòîì ðîçïîäiëó â.â.

ξ ìàêñèìàëüíî¨ ìàñè M , à ñàìå: (α∗n) = (α∗1, α
∗
2, ..., α

∗
k−1, α

∗
k, α

∗
k+1, ...). ßêùî

(αn) = (α1, α2, ..., αk−1, αk, α
∗
k+1, ...) i ïðè öüîìó pαjj > 0 ïðè j = 1, k, òî

ïîñëiäîâíiñòü (αn) ∈ L � öå àòîì ðîçïîäiëó i âiäðiçíÿ¹òüñÿ âiä (α∗n) íå

áiëüø, íiæ k ïåðøèìè ÷ëåíàìè, ïðè÷îìó

P{(ξn) = (αn)} =
M

k∏
n=1

pα∗nn

k∏
n=1

pαnn > 0.

Íåõàé Bk � ìíîæèíà âñiõ ïîñëiäîâíîñòåé (αn), ÿêi âiäðiçíÿþòüñÿ âiä (α∗n)

íå áiëüø, íiæ k ïåðøèìè ÷ëåíàìè, ïðè÷îìó pαjj > 0 ïðè j = 1, k.

Òîäi B0 � ìiñòèòü ëèøå îäíó òî÷êó (α∗n), B1 � íå áiëüøå äâîõ òî÷îê
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òîùî. Áiëüøå òîãî, B0 ⊂ B1 ⊂ B2 . . . ⊂ Bk ⊂ Bk+1 . . . i

P{ξ ∈ Bk} =
1∑

α1=0

...
1∑

αk=0

M
k∏

n=1
pα∗nn

k∏
n=1

pαnn =

=
M

k∏
n=1

pα∗nn

1∑
α1=0

...
1∑

αk=0

k∏
n=1

pαnn =
M

k∏
n=1

pα∗nn

→ 1 (k →∞).

Òîäi òî÷êîâèé ñïåêòð Dξ çáiãà¹òüñÿ ç õâîñòîâîþ ìíîæèíîþ çi ïðåäñòàâíè-

êîì (α∗n), òîáòî ç ìíîæèíîþ

∞⋃
k=0

Bk = lim
n→∞

Bk.

Òàêèì ÷èíîì, ó ïðîñòîði L iñíó¹ çëi÷åííà ìíîæèíà òî÷îê, éìîâiðíiñòü ÿêî¨

äîðiâíþ¹ 1. ßêùî (αn) � öå àòîì ðîçïîäiëó ξ ó ïðîñòîði L, òî x = α1d1 +

+ α2d2 + . . . + αndn + . . . � öå àòîì ðîçïîäiëó íà [0; 1]. Ìàñà îñòàííüîãî

òåîðåòè÷íî ìîæå ïåðåâèùóâàòè P{ξ = (αn)}, îñêiëüêè ÷èñëî x ìîæå áó-

òè çíà÷åííÿì ðiçíèõ ïiäñóì. Òàêèì ÷èíîì, iñíó¹ íå áiëüø íiæ çëi÷åííà

ìíîæèíà G ⊂ [0; 1], òàêà, ùî P (G) = 1.

Ëåìà 4.2. ßêùî pin > 0 äëÿ âñiõ i ∈ {0, 1} i âñiõ n ∈ N, òî ñïå-

êòðîì Sξ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè ξ ¹ ìíîæèíà E{dn} âñiõ ïiäñóì

(íåïîâíèõ ñóì) ðÿäó (4.12), òîáòî

Sξ = E{dn} ≡

{
x : x =

∑
n∈M

dn, M ∈ 2N

}
.

Äîâåäåííÿ. Öå òâåðäæåííÿ âèïëèâà¹ áåçïîñåðåäíüî ç îçíà÷åíü ñïåêòðà

ðîçïîäiëó i òîãî, ùî êîæíó íåïîâíó ñóìó ðÿäó ìîæíà çàïèñàòè ó âèãëÿäi

x(M) =
∞∑
n=1

dnεn, äå εn =

 1, ÿêùî n ∈M,

0, ÿêùî n /∈M,

à òàêîæ âëàñòèâîñòåé ìíîæèíè âñiõ íåïîâíèõ ñóì ðÿäó, ÿêà ¹ äîñêîíàëîþ

(çàìêíåíîþ ìíîæèíîþ áåç içîëüîâàíèõ òî÷îê) [27].
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Íàñëiäîê 4.2. Äëÿ ñïåêòðà Sξ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè ξ ñïðà-

âåäëèâå âêëþ÷åííÿ Sξ ⊂ E{dn}.

Íàñëiäîê 4.3. Ñïåêòð Sξ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè ξ ¹ ñóïåðôðà-

êòàëüíîþ ìíîæèíîþ.

Òåîðåìà 4.5. Ó âèïàäêó íåïåðåðâíîñòi (M = 0) ðîçïîäië âèïàäêîâî¨

âåëè÷èíè ξ ¹ ñèíãóëÿðíèì ðîçïîäiëîì êàíòîðiâñüêîãî òèïó iç ñóïåðôðà-

êòàëüíèì ñïåêòðîì.

Äîâåäåííÿ. Ïðè M = 0 âèïàäêîâà âåëè÷èíà ξ ìà¹ íåïåðåðâíèé ðîçïî-

äië. �¨ ñïåêòð � öå ïiäìíîæèíà ìíîæèíè íåïîâíèõ ñóì âiäïîâiäíîãî ðÿäó

çãiäíî ç íàñëiäêîì 4.2. Çi ïðîâåäåíèõ äîñëiäæåíü ãåîìåòðè÷íî¨ ñòðóêòóðè

ìíîæèíè íåïîâíèõ ñóì ðÿäó (4.12), à ñàìå çà òåîðåìîþ 4.3, ñïåêòð ðîçïîäi-

ëó âèïàäêîâî¨ âåëè÷èíè ξ ¹ ñóïåðôðàêòàëüíîþ íóëü-ìíîæèíîþ Ëåáåãà.

4.3. Àñèìïòîòè÷íi âëàñòèâîñòi õàðàêòåðèñòè÷íî¨ ôóíêöi¨

ðîçïîäiëó

Îçíà÷åííÿ 4.1. Õàðàêòåðèñòè÷íîþ ôóíêöi¹þ fξ(t) âèïàäêîâî¨ âåëè-

÷èíè ξ íàçèâà¹òüñÿ ìàòåìàòè÷íå ñïîäiâàííÿ êîìïëåêñíîçíà÷íî¨ âèïàäêîâî¨

âåëè÷èíè eitξ, òîáòî

fξ(t) = Meitξ.

Àïàðàò õàðàêòåðèñòè÷íèõ ôóíêöié çðó÷íèé äëÿ äîñëiäæåííÿ ñòðóêòó-

ðè i âëàñòèâîñòåé ðîçïîäiëiâ äiéñíîçíà÷íèõ âèïàäêîâèõ âåëè÷èí. Çîêðåìà,

âiäîìî [69], ùî âåëè÷èíà

Lξ = lim
|t|→∞

sup |fξ(t)|

äîðiâíþ¹

1) 1, ÿêùî ξ ìà¹ äèñêðåòíèé ðîçïîäië;

2) 0, ÿêùî ξ ìà¹ àáñîëþòíî íåïåðåðâíèé ðîçïîäië.

Äëÿ ñèíãóëÿðíèõ ðîçïîäiëiâ Lξ ìîæå íàáóâàòè âñiõ çíà÷åíü iç [0, 1]. Ñèí-

ãóëÿðíi ðîçïîäiëè ç Lξ = 1 áëèçüêi äî äèñêðåòíèõ, à ç Lξ = 0 � äî àáñîëþòíî
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íåïåðåðâíèõ. Òîìó âåëè÷èíà Lξ õàðàêòåðèçó¹ áëèçüêiñòü çà âëàñòèâîñòÿìè

ñèíãóëÿðíîãî ðîçïîäiëó äî äèñêðåòíîãî ÷è àáñîëþòíî íåïåðåðâíîãî.

Ëåìà 4.3 ( [35]). Õàðàêòåðèñòè÷íà ôóíêöiÿ âèïàäêîâî¨ âåëè÷èíè ξ,

âèçíà÷åíî¨ ðiâíiñòþ (1.7), ìà¹ âèãëÿä

fξ(t) =
∞∏
k=1

(
p0k + p1ke

itdk
)

=
∞∏
k=1

(p0k + p1k cos(dkt) + ip1k sin(dkt)) ,

à ¨¨ ìîäóëü çàïèñó¹òüñÿ

|fξ| =
∞∏
k=1

|fk(t)|, äå |fk(t)| =
√

1− 4p0kpik sin2 tdk
2
.

Òåîðåìà 4.6. Äëÿ âèïàäêîâî¨ âåëè÷èíè ξ, âèçíà÷åíî¨ ðÿäîì (4.12),

ñïðàâåäëèâà ðiâíiñòü

Lξ = lim
|t|→∞

sup |fξ(t)| = 1.

Äîâåäåííÿ. Ðîçãëÿíåìî ïîñëiäîâíiñòü tn = 2π
r̃n

= 2π ·
n∏
k=1

(2k+1(k+1)+1).

Îöiíèìî

|fξ(t)| =
∞∏
k=1

|fk(tn)| =
∞∏
k=1

√
1− 4p0kpik sin2 tdk

2
>

>
∞∏
k=1

√
1− sin2 tdk

2
=
∞∏
k=1

| cos
tdk
2
|.

Ìà¹ìî

Lξ > lim
n→∞
|fξ(tn)| = lim

n→∞

∞∏
k=1

|fk(tn)| > lim
n→∞

∞∏
k=1

| cos
tndk

2
|.

Îñêiëüêè äëÿ áóäü-ÿêîãî k ∈ N iñíó¹ ¹äèíà ïàðà (m, r) ∈ N, òàêà, ùî

k = 2m−1 + r, äå r ∈ {0, 1, 2, . . . , 2m−1}, òî dk = d2m−1+r = cm.

Òàêèì ÷èíîì, äëÿ êîæíîãî k = 2m−1 + r ìà¹ìî

tndk
2

=
tncm

2
=


π(m+ 1) ·

n∏
j=m+1

(2j−1(j + 1) + 1), ÿêùî n > m;

π(m+1)
m∏

i=n+1

(2i−1(i+1)+1)
, ÿêùî n < m
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i òîìó

| cos
tndk

2
| =


1, ÿêùî n > m;

cos( π(m+1)
m∏

i=n+1

(2i−1(i+1)+1)
), ÿêùî n < m.

Îòæå,
∞∏
k=1

|fk(tn)| >
∞∏
k=1

| cos
tndk

2
| = | cos

tnd1

2
| · . . . · | cos

tnd2n−1

2
| ·

∞∏
k=2n

| cos
tndk

2
| =

=
∞∏

k=2n

| cos
tndk

2
| =

∞∏
m=n+1

(cos
tncm

2
)2m−1 =

=
∞∏

m=n+1

cos2m−1
(

π(m+ 1)∏m
i=n+1(2

i−1(i+ 1) + 1)

)
.

Äëÿ m > n ìà¹ìî

∞∏
m=n+1

cos2m−1
(

π(m+ 1)∏m
i=n+1(2

i−1(i+ 1) + 1)

)
=

=
∞∏

m=n+1

(
1− sin2 π(m+ 1)∏m

i=n+1(2
i−1(i+ 1) + 1)

)2m−2

>

>
∞∏

m=n+1

(
1− π2(m+ 1)2∏m

i=n+1(4
i−1(i+ 1)2)

)2m−2

>
∞∏
j=1

(
1− π2

4jn

)2n+j−2

≡ πn+1.

Äîáóòîê πn+1 çáiæíèé ïðè êîæíîìó n ∈ N, îñêiëüêè ðÿä

π2

4n
+ ...+

π2

4n︸ ︷︷ ︸
2n−1

+
π2

42n
+ ...+

π2

42n︸ ︷︷ ︸
2n

+
π2

43n
+ ...+

π2

43n︸ ︷︷ ︸
2n+1

+ . . . =
π2

2n+1

∞∑
j=1

2n+j−2

4jn

çáiãà¹òüñÿ i ìà¹ ñóìó π2·2n−2
22n−1−1 , à òîìó çáiãà¹òüñÿ i íåñêií÷åííèé äîáóòîê

∞∏
m=n+1

cos2m−1
(

π(m+ 1)∏m
i=n+1(2

i−1(i+ 1) + 1)

)
.

Çi çáiæíîñòi öüîãî äîáóòêó âèïëèâà¹ ðiâíiñòü

lim
n→∞

∞∏
m=n+1

cos2m−1
(

π(m+ 1)∏m
i=n+1(2

i−1(i+ 1) + 1)

)
= 1,

çâiäêè Lξ > 1. Îñêiëüêè çàâæäè Lξ 6 1, òî Lξ = 1.
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4.4. Àâòîçãîðòêè íåñêií÷åííî¨ çãîðòêè Áåðíóëëi

Íàãàäà¹ìî, ùî àâòîçãîðòêîþ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè ξ íàçèâà-

þòü ðîçïîäië âèïàäêîâî¨ âåëè÷èíè ψ2 = ξ(1) + ξ(2), à s�êðàòíîþ çãîðòêîþ

ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè ξ � ðîçïîäië âèïàäêîâî¨ âåëè÷èíè

ψs = ξ(1) + ξ(2) + ...+ ξ(s),

äå ξ(j) � íåçàëåæíi é îäíàêîâî ðîçïîäiëåíi âèïàäêîâi âåëè÷èíè, ðîçïîäië

êîæíî¨ ç ÿêèõ çáiãà¹òüñÿ ç ðîçïîäiëîì ξ. Äîáðå âiäîìî: ÿêùî ξ äèñêðåòíî

ðîçïîäiëåíà, òî ψs ìàòèìå äèñêðåòíèé ðîçïîäië. Íàñ öiêàâèòü âèïàäîê, êî-

ëè ðîçïîäië ξ ñèíãóëÿðíèé, îñêiëüêè çãîðòêà äâîõ ñèíãóëÿðíèõ ðîçïîäiëiâ

ìîæå áóòè ÿê ñèíãóëÿðíîþ ÷è àáñîëþòíî íåïåðåðâíîþ, òàê i ¨õíüîþ ñóìiø-

øþ.

Çàóâàæåííÿ 4.1. Àâòîçãîðòêà äâîõ (ñêií÷åííîãî ÷èñëà) íåñêií÷åííèõ

çãîðòîê Áåðíóëëi íå ìîæå áóòè ñóìiøøþ, îñêiëüêè ñóìà äâîõ (ñêií÷åííî-

ãî ÷èñëà) íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí òèïó Äæåññåíà�Âiíòíåðà � öå

âèïàäêîâà âåëè÷èíà Äæåññåíà�Âiíòíåðà, à òîìó ìà¹ ÷èñòèé òèï ðîçïîäiëó.

Çàóâàæåííÿ 4.2. Âèïàäêîâó âåëè÷èíó ξ ìîæíà ïîäàòè ó âèãëÿäi

ξ = ξ1c1 + (ξ2 + ξ3)c2 + (ξ4 + ξ5 + ξ6 + ξ7)c3 + . . .+

+ (ξ2n−1 + . . .+ ξ2n−1)cn + . . . =
∞∑
n=1

ξ̃ncn

äå

ξ̃n = ξ2n−1 + . . .+ ξ2n−1

� íåçàëåæíi âèïàäêîâi âåëè÷èíè, ÿêi ìàþòü ðîçïîäiëè

P{ξ̃n = i} = p̃in, i ∈ {0, 1, 2, ..., 2n−1} = An,
2n−1∑
i=0

p̃in = 1, ∀n ∈ N.

Éìîâiðíîñòi p̃in ñòàíäàðòíî âèðàæàþòüñÿ ÷åðåç éìîâiðíîñòi pin:

p̃01 = p01, p̃11 = p11, p̃02 = p02p03, p̃12 = p02p13 + p12p03, p̃22 = p12p13,



109

p̃03 = p04p05p06p07, p̃43 = p14p15p16p17,

p̃13 = p14p05p06p07 + p04p15p06p07 + p04p05p16p07 + p04p05p06p17,

p̃33 = p04p15p16p17 + p14p05p16p17 + p14p15p06p17 + p14p15p16p07,

p̃23 = p04p05p16p17 + p04p15p06p17 + p14p05p06p17 + p04p15p16p07+

+ p14p05p16p07 + p14p15p06p07,

òîùî.

Ëåìà 4.4. Ñïåêòð Sψs ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè ψs ¹ ïiäìíî-

æèíîþ âiäðiçêà [0, s] i íàëåæèòü îá'¹äíàííþ
n∏
k=0

(s · 2k + 1) içîìåòðè÷íèõ

âiäðiçêiâ äîâæèíè sr̃n, n = 1, 2, 3, . . . .

Äîâåäåííÿ. Âèïàäêîâó âåëè÷èíó ψs ìîæíà ïîäàòè ó âèãëÿäi

ψs = η1c1 + η2c2 + ...+ ηncn + ... =
∞∑
n=1

ηncn,

äå

ηn = ξ̃(1)
n + ξ̃(2)

n + ...+ ξ̃(s)
n

� íåçàëåæíi âèïàäêîâi âåëè÷èíè, ÿêi ìàþòü ðîçïîäiëè

P{ηn = i} = p′in, i ∈ {0, 1, 2, ..., s · 2n−1} = An,
s·2n−1∑
i=0

p′in = 1, ∀n ∈ N.

ßêùî pin > 0, òî ñïåêòð âèïàäêîâî¨ âåëè÷èíè ψs çáiãà¹òüñÿ ç ìíîæèíîþ

Sψs = Sξ(1) ⊕ Sξ(2) ⊕ ...⊕ Sξ(s) =

{
x : x =

∞∑
n=1

ζncn, ζn ∈ A∞n

}
.

Íåõàé (f1, f2, ..., fm) � ôiêñîâàíèé óïîðÿäêîâàíèé íàáið ÷èñåë, äå fi ∈ Ai,

i = 1,m, à ∆′f1...fm � ìíîæèíà âñiõ ÷èñåë âèäó

m∑
n=1

fncn +
∞∑

n=m+1

ζncn, äå ζn ∈ An.
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Ëåãêî ïîìiòèòè, ùî ìíîæèíà Sψs íàëåæèòü îá'¹äíàííþ âñiõ âiäðiçêiâ

âèäó

∆f1f2...fm =

[
m∑
n=1

fnan, sr̃m +
m∑
n=1

fncn

]
= [inf ∆′f1...fm, sup ∆′f1...fm],

ÿêi íàçèâàþòüñÿ öèëiíäðè÷íèìè âiäðiçêàìè ðàíãó m iç îñíîâîþ f1f2...fm

(fi ∈ Ai). Äiàìåòð òàêîãî âiäðiçêà äîðiâíþ¹ |∆f1...fn| = sr̃n. Îñêiëüêè

∆′f1f2...fm = ∆′f1f2...fm0 ∪∆′f1f2...fm1 ∪ ... ∪∆′f1f2...fm(s·2n−1),

òî êiëüêiñòü k̃m âiäïîâiäíèõ öèëiíäðè÷íèõ âiäðiçêiâ ðàíãó m ñòàíîâèòü

k̃m = (s+ 1) · (2s+ 1) · (4s+ 1) · . . . · (s2m−1 + 1) =
m∏
k=1

(s · 2k−1 + 1).

Òàêèì ÷èíîì, Sψs ⊂ Gm+1 ⊂ Gm äëÿ âñiõ m i ñïðàâåäëèâà ðiâíiñòü

Sψs = lim
m→∞

Gm =
∞⋂
m=1

Gm, äå Gm =
⋃

(d1...dm)

∆f1...fm.

Ëåìó äîâåäåíî.

Òåîðåìà 4.7. Ó âèïàäêó íåïåðåðâíîñòi âèïàäêîâî¨ âåëè÷èíè ξ (M = 0)

ðîçïîäië âèïàäêîâî¨ âåëè÷èíè ψs, äëÿ áóäü-ÿêîãî íàòóðàëüíîãî s > 2 ¹

ñèíãóëÿðíèì ðîçïîäiëîì êàíòîðiâñüêîãî òèïó ç ñóïåðôðàêòàëüíèì ñïå-

êòðîì.

Äîâåäåííÿ. Îñêiëüêè, çãiäíî ç ïîïåðåäíüîþ ëåìîþ, ìíîæèíà Sψs íàëå-

æèòü îá'¹äíàííþ k̃n =
∏n

k=1(s · 2k−1 + 1) öèëiíäðè÷íèõ âiäðiçêiâ ðàíãó n

äiàìåòðà sr̃n, òî ìiðà Ëåáåãà

λ(Sψs) 6 lim
n→∞

k̃nr̃n = s · lim
n→∞

n∏
k=1

s2k−1 + 1

(k + 1)2k−1 + 1
= s ·

∞∏
k=1

s2k−1 + 1

(k + 1)2k−1 + 1
= 0,

îñêiëüêè

lim
n→∞

s2n−1 + 1

(n+ 1)2n−1 + 1
= 0.

Îñêiëüêè íóëü-ìíîæèíà Ëåáåãà Sψs ìà¹ ñóïåðôðàêòàëüíó ïiäìíîæèíó

Sξ, òî Sψs, çãiäíî ç ïåðøîþ âëàñòèâiñòþ ðîçìiðíîñòi Ãàóñäîðôà-Áåçèêîâè÷à,

òàêîæ ¹ ñóïåðôðàêòàëüíîþ, òîáòî α0(Sψs) = 1 ïðè äîâiëüíîìó s ∈ N.
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Âèñíîâêè äî ðîçäiëó 4

Ó öüîìó ðîçäiëi:

� âèçíà÷åíî ìíîæèíó íåïîâíèõ ñóì çáiæíîãî äîäàòíîãî ðÿäó, ÿê ìíî-

æèíó çíà÷åíü ôóíêöi¨, ðîëü àðãóìåíòó ÿêî¨ âiäiãðàþòü ÷èñëà ç âiä-

ðiçêà [0; 1], çàäàíi ñâî¨ì Q∗2-çîáðàæåííÿì, ÿêå â ñâîþ ÷åðãó âèçíà-

÷à¹òüñÿ ñòîõàñòè÷íîþ ìàòðèöåþ;

� âèâ÷åíî âëàñòèâîñòi íåñêií÷åííî¨ çãîðòêè Áåðíóëëi, êåðîâàíî¨ çái-

æíèì äîäàòíèì ðÿäîì, i âñòàíîâëåíî ñóïåðôðàêòàëüíiñòü ìíîæèíè

¨¨ íåïîâíèõ ñóì;

� äîñëiäæåíî àâòîçãîðòêè âêàçàíî¨ íåñêií÷åííî¨ çãîðòêè Áåðíóëëi;

� âèâ÷åíî àñèìïòîòè÷íi âëàñòèâîñòi õàðàêòåðèñòè÷íî¨ ôóíêöi¨ ðîçïî-

äiëó â.â. i äîâåäåíî áëèçüêiñòü çà âëàñòèâîñòÿìè ¨¨ ñèíãóëÿðíîãî

ðîçïîäiëó äî äèñêðåòíîãî.

Îñíîâíi ðåçóëüòàòè öüîãî ðîçäiëó îïóáëiêîâàíi â ðîáîòi [4a] i äîïîâi-

äàëèñÿ íà ñåìiíàði çi ôðàêòàëüíîãî àíàëiçó é íà íàóêîâèõ êîíôåðåíöiÿõ

[14a,15a,19a].
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ÐÎÇÄIË 5

ÍÅÑÊIÍ×ÅÍÍI ÇÃÎÐÒÊÈ ÁÅÐÍÓËËI, ÑÏÅÊÒÐÈ ßÊÈÕ �

ÊÀÍÒÎÐÂÀËÀÌÈ

Ó öüîìó ðîçäiëi ç'ÿñîâó¹òüñÿ, ÿêî¨ íàéáiëüøî¨ ìàñèâíîñòi (ó ðîçóìiííi

ìiðè Ëåáåãà) ìîæå äîñÿãàòè ìíîæèíà íåïîâíèõ ñóì äîäàòíîãî ìîíîòîííîãî

ðÿäó
∞∑
n=1

an, äëÿ ÿêîãî âèêîíó¹òüñÿ óìîâà lim
n→∞

an
rn

= +∞. ßê âiäïîâiäü íà

çàäàíå ïèòàííÿ ïîáóäîâàíî ñiì'þ äîäàòíèõ ðÿäiâ
∞∑
n=1

an = 1, êîæåí ðÿä

ÿêî¨ çàäîâîëüíÿ¹ öþ óìîâó, à ìíîæèíà E{an} éîãî íåïîâíèõ ñóì (ïiäñóì)

� öå êàíòîðâàë (îá'¹äíàííÿ íiäå íå ùiëüíî¨ ìíîæèíè i ìíîæèíè, ÿêà ¹

íåñêií÷åííèì îá'¹äíàííÿì âiäðiçêiâ), ÷èÿ ìiðà Ëåáåãà ÿê çàâãîäíî áëèçüêà

äî 1. Òîáòî äëÿ áóäü-ÿêîãî ε > 0 â ïîáóäîâàíié ñiì'¨ iñíó¹ ðÿä ìiðà Ëåáåãà

ìíîæèíè íåïîâíèõ ñóì ÿêîãî áiëüøà íiæ 1− ε.
Ó öüîìó ðîçäiëi âèâ÷àþòüñÿ íåñêií÷åííi çãîðòêè Áåðíóëëi, êåðîâàíi ðÿ-

äàìè, ìíîæèíè íåïîâíèõ ñóì ÿêèõ ¹ êàíòîðâàëàìè.

5.1. Êîíòèíóàëüíà ñiì'ÿ äîäàòíèõ íîðìîâàíèõ ðÿäiâ,

âèçíà÷åíèõ äâîìà ïîñëiäîâíîñòÿìè íàòóðàëüíèõ ÷èñåë

Íåõàé (sn) i (mn) � ïîñëiäîâíîñòi íàòóðàëüíèõ ÷èñåë i (an) � òàêà ïî-

ñëiäîâíiñòü äîäàòíèõ äiéñíèõ ÷èñåë, ùî

a1 + · · ·+ a1︸ ︷︷ ︸
s1+1

+
m1 − 1

m1
a1 + · · ·+ m1 − 1

m1
a1︸ ︷︷ ︸

m1

+

+ a2 + · · ·+ a2︸ ︷︷ ︸
s2+1

+
m2 − 1

m2
a2 + · · ·+ m2 − 1

m2
a2︸ ︷︷ ︸

m2

+ . . .+ an + · · ·+ an︸ ︷︷ ︸
sn+1

+

+
mn − 1

mn
an + · · ·+ mn − 1

mn
an︸ ︷︷ ︸

mn

+r̃n =
∞∑
k=1

dk = r0 = 1 (5.1)
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� çáiæíèé äîäàòíèé ðÿä, äëÿ ÿêîãî âèêîíó¹òüñÿ óìîâà

r̃n =
2an
mn

, n = 1, 2, 3, . . . , (5.2)

äå

r̃n =
∞∑

k=n+1+
∑n
i=1(si+mi)

dk =
∞∑

i=n+1

(si +mi)ai,

à dk � öå k-èé åëåìåíò ïîñëiäîâíîñòi óòâîðåíî¨ ç ÷ëåíiâ ðÿäó (5.1), òîáòî

a1, . . . , a1︸ ︷︷ ︸
s1+1

,
m1 − 1

m1
a1, . . . ,

m1 − 1

m1
a1︸ ︷︷ ︸

m1

,

a2, . . . , a2︸ ︷︷ ︸
s2+1

,
m2 − 1

m2
a2, . . . ,

m2 − 1

m2
a2︸ ︷︷ ︸

m2

, . . . ,

an, . . . , an︸ ︷︷ ︸
sn+1

,
mn − 1

mn
an, . . .

mn − 1

mn
an︸ ︷︷ ︸

mn

, . . .

Çîêðåìà,

d1 = · · · = ds1+1 = a1,

ds1+2 = · · · = ds1+m1+1 =
m1 − 1

m1
a1,

ds1+m1+2 = · · · = ds1+m1+s2+2 = a2,

ds1+m1+s2+3 = · · · = ds1+m1+s2+m2+2 =
m2 − 1

m2
a2

òîùî. Çðîçóìiëî, ùî ïðè âèêîíàííi óìîâè (5.2) ïîñëiäîâíîñòi (sn) i (mn)

âèçíà÷àþòü ÷ëåíè ðÿäó (5.1).

Òåîðåìà 5.1. Ïðè âèêîíàííi óìîâ (5.1) i (5.2) ÷ëåíè ïîñëiäîâíîñòi

(an) ìàþòü âèãëÿä

an =
2n−1 ·mn

n∏
k=1

(m2
k + skmk + 2)

. (5.3)
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Äîâåäåííÿ. Äëÿ n = 1 ìà¹ìî

1 = (s1 + 1)a1 + (m1 − 1)a1 + r̃1 = (s1 +m1)a1 +
2a1

m1
.

Çâiäñè

a1 =
m1

m2
1 + s1m1 + 2

.

Ç óðàõóâàííÿì îçíà÷åííÿ r̃n i ðiâíîñòi (5.2), ìà¹ìî

r̃n = an+1(sn+1 +mn+1) + r̃n+1 = an+1(sn+1 +mn+1) +
2an+1

mn+1
,

an =
mnr̃n

2
=
an+1mn

2

(
sn+1 +mn+1 +

2

mn+1

)
,

çâiäêè

an+1 =
2mn+1

m2
n+1 + sn+1mn+1 + 2

· an
mn

. (5.4)

Ïîñëiäîâíî ïiäñòàâëÿþ÷è âèðàçè an, an−1, . . . , a1 ç (5.4), îòðèìó¹ìî

an+1 =
2mn+1

m2
n+1 + sn+1mn+1 + 2

· an
mn

=

=
2mn+1

m2
n+1 + sn+1mn+1 + 2

· 1

mn
· 2mn

m2
n + snmn + 2

· an−1

mn−1
= · · ·

=
2n ·mn+1

n+1∏
i=1

(m2
i + simi + 2)

.

Îòæå, ìà¹ ñïðàâåäëèâà ðiâíiñòü (5.3).

Íàñëiäîê 5.1. Äëÿ ÷ëåíiâ i çàëèøêiâ ðÿäó (5.1) ñïðàâåäëèâi ñïiââiäíî-

øåííÿ:

r̃n =
2n∏n

k=1(m
2
k + skmk + 2)

,

an+1

an
=

2mn+1

mn(m2
n+1 + sn+1mn+1 + 2)

,
r̃n+1

r̃n
=

2

m2
n+1 + sn+1mn+1 + 2

.
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Ïðèêëàä 1. ßêùî sn = mn = m � const, òî

an =
m

2(m2 + 1)n
, r̃n =

1

(m2 + 1)n
,

an+1

an
=
r̃n+1

r̃n
=

1

m2 + 1
.

Ïðèêëàä 2. ßêùî sn = s � const, mn = 2ns, òî

an =
2n−1s∏n

k=1((2
2k−1 + 2k−1)s+ 1)

, r̃n =
1∏n

k=1((2
2k−1 + 2k−1)s+ 1)

,

an+1

an
=

2

(22n+1 + 2n)s+ 1
,

r̃n+1

r̃n
=

1

(22n+1 + 2n)s+ 1
.

Ïðèêëàä 3. ßêùî mn = m � const, sn = 2nm, òî

an =
2n−1m∏n

k=1((2
k + 1)m2 + 2)

, r̃n =
2n∏n

k=1((2
k + 1)m2 + 2)

,

an+1

an
=
r̃n+1

r̃n
=

2

(2n+1 + 1)m2 + 2
.

5.2. Ìíîæèíà íåïîâíèõ ñóì ðÿäó

Íàñ öiêàâëÿòü òîïîëîãî-ìåòðè÷íi âëàñòèâîñòi ìíîæèíè íåïîâíèõ ñóì

ðÿäó (5.1) çà óìîâè, êîëè (sn) i (mn) � çðîñòàþ÷i ïîñëiäîâíîñòi íàòóðàëüíèõ

÷èñåë. Íèæ÷å ìè äîâåäåìî, ùî ìíîæèíà íåïîâíèõ ñóì öüîãî ðÿäó ìiñòèòü

âiäðiçêè, ñêîðèñòàâøèñü ïðîñòîþ iäå¹þ: ÿêùî ìíîæèíà íåïîâíèõ ñóì ðÿ-

äó ¹ ùiëüíîþ ó äåÿêîìó âiäðiçêó, òî öåé âiäðiçîê ïîâíiñòþ íàëåæèòü

ìíîæèíi íåïîâíèõ ñóì ÷åðåç ¨¨ çàìêíåíiñòü. Çàäëÿ öüîãî ìè âèêîðèñòî-

âóâàòèìåìî ïîíÿòòÿ ε-àïðîêñèìàöi¨ ìíîæèíè, ÿêå óñïiøíî çàñòîñîâóâàâ

Öåçàð Ôåðåíñ ó ðîáîòi [21].

Íåõàé ε � äåÿêå äîäàòíå ÷èñëî. Áóäåìî êàçàòè, ùî ìíîæèíà J ⊂ R

ε-àïðîêñèìó¹òüñÿ ìíîæèíîþ U ⊂ R, ÿêùî

∀x ∈ J ∃ u ∈ U : 0 6 x− u 6 ε. (5.5)

Ïîäâiéíà íåðiâíiñòü (5.5) ðiâíîñèëüíà

x− ε 6 u 6 x i u 6 x 6 u+ ε. (5.6)
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Òîìó

J ⊂
⋃
u∈U

[u, u+ ε]. (5.7)

Ââåäiìî ïîçíà÷åííÿ:

εn ≡
an
mn

=
r̃n
2
,

Sn =
n∑
k=1

(sk + 1 +mk) = n+
n∑
k=1

(sk +mk),

ln = (mn − 3)an +
2an
mn

=
an
mn

(m2
n − 3mn + 2) =

an
mn

(mn − 1)(mn − 2),

Ln = (sn + 3)an −
2an
mn

=
an
mn

(snmn + 3mn − 2),

Dn ≡

{
x | x =

Sn∑
i=1

αidi, αi ∈ {0, 1}

}
� ìíîæèíà íåïîâíèõ ñóì ÷àñòèííî¨ ñóìè d1 +d2 + . . .+dSn ðÿäó (5.1) ðàíãó

n.

Ëåìà 5.1. Ìíîæèíà E âñiõ ïiäñóì ñêií÷åííîãî ðÿäó

m+m+ . . .+m︸ ︷︷ ︸
s+1

+ (m− 1) + (m− 1) + . . .+ (m− 1)︸ ︷︷ ︸
m

ìiñòèòü ìíîæèíó

N ∩ [(m− 1)(m− 2), sm+ 3m− 2],

äå s,m ∈ N i s > m− 3.

Äîâåäåííÿ. Î÷åâèäíî, ùî

{0, m, 2m, (m− 2)m, . . . , (s+ 1)m}+

+ {0, (m− 1)m} = {0, m, . . . , (s+m)m} ⊆ E.

ßêùî m− 2 6 k 6 s+ 1 i 1 6 i 6 m− 1, òî

km+ i = (k + i+ 1−m)m+ (m− i)(m+ 1) ∈ E,
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à îòæå,

[(m− 2)m, (s+ 2)m] ∩ N ⊆ E.

ßêùî 1 6 i 6 m− 2, òî

(m− 2)m− i = (m− 2− i)m+ i(m− 1) ∈ E,

à òîìó

[(m− 2)(m− 1), (m− 2)m] ∩ N ⊆ E.

Çðåøòîþ, äëÿ 1 6 i 6 m− 2 ìà¹ìî, ùî

(s+ 2)m+ i = (s+ 3 + i−m)m+ (m− i)(m− 1) ∈ E,

à îòæå [(s+ 2)m, sm+ 3m− 2] ∩ N ⊆ E.

Ëåìà 5.2. Äëÿ äîâiëüíîãî d ∈ Dn âiäðiçîê

[d+ ln+1, d+ Ln+1 + εn+1]

εn+1-àïðîêñèìó¹òüñÿ ìíîæèíîþ Dn+1 çà óìîâè sn > mn − 3.

Äîâåäåííÿ. Íåõàé y ∈ Dn+1. Òîäi

y =

Sn+1∑
i=1

αidi =
(
α1a1 + α2a1 + · · ·+ αs1+1a1+

+ αs1+2
m1 − 1

m1
a1 + · · ·+ αs1+m1+1

m1 − 1

m1
a1

)
+ · · ·+

+
(
α
n+

n−1∑
i=1

(si+mi)
an + α

n+1+
n−1∑
i=1

(si+mi)
an + · · ·+

+ α
n+sn+1+

n−1∑
i=1

(si+mi)

mn − 1

mn
an + · · ·

)
+

+
(
α
n+1+

n∑
i=1

(si+mi)
an+1 + α

n+2+
n∑
i=1

(si+mi)
an+1 + · · ·+

+ α
n+sn+2+

n∑
i=1

(si+mi)

mn+1 − 1

mn+1
an+1 + · · ·+

+ α
n+1+

n+1∑
i=1

(si+mi)

mn+1 − 1

mn+1
an+1

)
=
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=
a1

m1

(
α1m1 + α2m1 + · · ·+ αs1+1m1+

+ αs1+2(m1 − 1) + · · ·+ αs1+m1+1(m1 − 1)
)

+ · · ·+

+
an
mn

(
α
n+

n−1∑
i=1

(si+mi)
mn + α

n+1+
n−1∑
i=1

(si+mi)
mn + · · ·+

+ α
n+sn+1+

n−1∑
i=1

(si+mi)
(mn − 1) + · · ·

)
+

+
an+1

mn+1

(
α
n+1+

n∑
i=1

(si+mi)
mn+1 + α

n+2+
n∑
i=1

(si+mi)
mn+1 + · · ·+

+ α
n+sn+2+

n∑
i=1

(si+mi)
(mn+1 − 1) + · · ·+

α
n+1+

n+1∑
i=1

(si+mi)
(mn+1 − 1)

)
=

=
n∑
i=1

θiεi + θn+1εn+1 = d+ θn+1εn+1,

äå

d =
n∑
i=1

θiεi ∈ Dn ⊂ Dn+1, εn =
an
mn

, θn ∈ An,

An � ìíîæèíà âñiõ íåïîâíèõ ñóì ñêií÷åííîãî ðÿäó

mn +mn + . . .+mn︸ ︷︷ ︸
sn+1

+ (mn − 1) + (mn − 1) + . . .+ (mn − 1)︸ ︷︷ ︸
mn

.

I íàâïàêè, ÿêùî ÷èñëî y ìà¹ âèãëÿä

y = d+ θn+1εn+1,

äå θn+1 ∈ An+1, òî y ∈ Dn+1.

Îñêiëüêè, çãiäíî ç ëåìîþ 5.1, ñïðàâåäëèâî

[d+ ln+1, d+ Ln+1 + εn+1] =

= [d+ (mn+1(mn+1 − 3) + 2)εn+1, d+ (mn+1(mn+1 + 3)− 1)εn+1] ⊂

⊂
⋃

d∈Dn+1

[d; d+ εn+1],
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òî, çãiäíî çi (5.7), âiäðiçîê

[d+ ln+1; d+ Ln+1 + εn+1]

εn+1-àïðîêñèìó¹òüñÿ ìíîæèíîþ Dn+1. Ëåìó äîâåäåíî.

Ëåìà 5.3. ßêùî sn > 3mn äëÿ âñiõ n ∈ N, òî âiäðiçîê[ n∑
k=1

lk,
1

2

]
εn-àïðîêñèìó¹òüñÿ ìíîæèíîþ Dn.

Äîâåäåííÿ. Äîâåäåìî òâåðäæåííÿ çà iíäóêöi¹þ.

Ïðè n = 0 ìíîæèíàD0 ñêëàäà¹òüñÿ ç îäíi¹¨ òî÷êè 0 i. çãiäíî ç ëåìîþ 5.2,

âiäðiçîê [l1, L1 + ε1] ε1-àïðîêñèìó¹òüñÿ ìíîæèíîþ D1, à òîìó é âiäðiçîê[
l1,

1
2

]
òàêîæ ε1-àïðîêñèìó¹òüñÿ ìíîæèíîþ D1, îñêiëüêè

1

2
6 L1 + ε1.

Ñïðàâäi,

L1 + ε1 > L1 =
a1

m1
(s1m1 + 3m1 − 2) =

s1m1 + 3m1 − 2

s1m1 +m2
1 + 2

=

=
1

2

(
1 +

m1(s1 −m1) + 6(m1 − 1)

s1m1 +m2
1 + 2

)
>

1

2
.

Ïðèïóñòèìî, ùî âiäðiçîê
[ n∑
k=1

lk,
1
2

]
εn-àïðîêñèìó¹òüñÿ ìíîæèíîþDn. Òîäi

äëÿ äîâiëüíî¨ òî÷êè x ∈
[ n+1∑
k=1

lk,
1
2

]
ç íåðiâíîñòi

x >
n∑
k=1

lk + ln+1

âèïëèâà¹, ùî

x− ln+1 ∈
[ n∑
k=1

lk,
1

2
− ln+1

]
⊂
[ n∑
k=1

lk,
1

2

]
.
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Çãiäíî çi ïðèïóùåííÿì i âëàñòèâiñòþ (5.7), ìè ìîæåìî âêàçàòè òàêå

d ∈ Dn, ïðè ÿêîìó ç âêëþ÷åííÿ

x− ln+1 ∈ [d, d+ εn]

âèïëèâà¹

x ∈ [d+ ln+1, d+ ln+1 + εn].

Äëÿ çàâåðøåííÿ äîâåäåííÿ ëåìè äîñòàòíüî äîâåñòè, ùî ïðè

sn+1 > 3mn+1

ñïðàâåäëèâå âêëþ÷åííÿ:

[d+ ln+1, d+ ln+1 + εn] ⊂ [d+ ln+1, d+ Ln+1 + εn+1]

àáî, ùî òå ñàìå,

ln+1 + εn 6 Ln+1 + εn+1.

Çàóâàæèìî, ùî çãiäíî ç íàñëiäêîì 5.1,

εn = εn+1 =
r̃n
r̃n+1

= εn+1
m2
n+1 + sn+1mn+1 + 2

2
.

Òîìó ïðè sn+1 > 3mn+1 ìà¹ìî

Ln+1 + εn+1 − (ln+1 + εn) =

= εn+1

(
sn+1mn+1 + 3mn+1 − 1−m2

n+1 + 3mn+1−

− 2−
m2
n+1 + sn+1mn+1 + 2

2

)
=

=
εn+1

2
(sn+1mn+1 − 3m2

n+1 + 12mn+1 − 8) =

=
εn+1

2
(mn+1(sn+1 − 3mn+1) + 12mn+1 − 8) > 0.

Çãiäíî ç ëåìîþ 5.2, âiäðiçîê

[d+ ln+1, d+ Ln+1 + εn+1]



121

εn+1-àïðîêñèìó¹òüñÿ ìíîæèíîþ Dn+1, à òîìó é âiäðiçîê

[d+ ln+1; d+ ln+1 + εn]

εn+1-àïðîêñèìó¹òüñÿ ìíîæèíîþ Dn+1. Ëåìó äîâåäåíî.

Òåîðåìà 5.2. Ìíîæèíà E{dn} ìiñòèòü âiäðiçîê[ ∞∑
k=1

lk, 1−
∞∑
k=1

lk

]
.

Äîâåäåííÿ. Ïîêàæåìî, ùî

E{dn} ⊇

[ ∞∑
n=1

ln,
1

2

]
.

Îñêiëüêè [ ∞∑
k=1

lk,
1

2

]
⊆

[
n∑
k=1

lk,
1

2

]
i Dn ⊆ E{dn} äëÿ êîæíîãî n ∈ N, òî ç ëåìè 5.3 âèïëèâà¹, ùî âiäðiçîê[

n∑
k=1

lk,
1

2

]
εn-àïðîêñèìó¹òüñÿ ìíîæèíîþ E{dn} äëÿ êîæíîãî n ∈ N. Çàóâàæèìî, ùî

εn = 1
2 r̃n → 0 ïðè n → ∞. Òîìó ìíîæèíà E{dn} ùiëüíà ó âiäðiçêó[ ∞∑

k=1

lk,
1
2

]
, òîáòî [ ∞∑

n=1

ln,
1

2

]
⊆ E{dn}.

Òåîðåìó äîâåäåíî.

Ëåìà 5.4. [38] ßêùî dk > rk äëÿ äåÿêîãî iíäåêñó k, òîäi iíòåðâàë

(rk, dk) ¹ ñóìiæíèì iíòåðâàëîì äî ìíîæèíè íåïîâíèõ ñóì E{dn}, òîáòî
1. rk ∈ E{dn}, dk ∈ E{dn};
2. (rk, dk) ∩ E{dn} = ∅.

Òåîðåìà 5.3. ßêùî âiäðiçîê[ ∞∑
n=1

ln, 1−
∞∑
n=1

ln

]
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íåïîðîæíié, sn > 3mn äëÿ êîæíîãî n ∈ N i lim
n→∞

mn > 4, òî ìíîæèíà

E{dn} � öå ñèìåòðè÷íèé êàíòîðâàë.

Äîâåäåííÿ. Çãiäíî ç òåîðåìîþ 1.15, ìíîæèíà E{dn} íàëåæèòü äî îäíî-
ãî çi òðüîõ �òîïîëîãi÷íèõ òèïiâ�. Òîìó äëÿ äîâåäåííÿ òîãî, ùî âîíà ¹ êàí-

òîðâàëîì ïîêàæåìî, ùî E{dn} íå íàëåæèòü äî ðåøòè äâîõ.
Ìíîæèíà E{dn} íå ¹ ãîìåîìîðôíîþ ìíîæèíi Êàíòîðà, îñêiëüêè çãiäíî

ç òåîðåìîþ 5.2 ìiñòèòü âiäðiçîê[ ∞∑
k=1

lk, 1−
∞∑
k=1

lk

]
.

Ïîêàæåìî, ùî E{dn} íå ¹ ñêií÷åííèì îá'¹äíàííÿì âiäðiçêiâ. Ïðèïóñòè-

ìî ñóïðîòèâíå: E{dn} ¹ ñêií÷åííèì îá'¹äíàííÿì âiäðiçêiâ, òîáòî

E{dn} = [0, c1] ∪ [c2, c3] ∪ . . . ∪ [cn, 1],

äå

0 < c1 6 c2 6 c3 6 . . . 6 cn < 1.

Îáåðåìî íîìåð k òàê, ùî ak < c1 i mk > 4. Òîäi

0 < r̃k =
2ak
mk

<
mk − 1

mk
ak < c1.

Îñêiëüêè, çãiäíî ç ëåìîþ 5.4, iíòåðâàë (r̃k, ak) áóäå ñóìiæíèì iíòåðâàëîì

äî ìíîæèíè E{dn}, òî ç öüîãî âèïëèâà¹, ùî ìíîæèíà íåïîâíèõ ñóì E{dn}
íå ìiñòèòü âiäðiçêà [0, c1], ùî ñóïåðå÷èòü íàøîìó ïðèïóùåííþ. Òîìó E{dn}
íå ¹ ñêií÷åííèì îá'¹äíàííÿì âiäðiçêiâ.

Îòæå, ìíîæèíà E{dn} � öå ñèìåòðè÷íèé êàíòîðâàë.

Òåîðåìà 5.4. Äëÿ äîâiëüíîãî ε > 0 iñíóþòü ïîñëiäîâíîñòi (sn), (mn),

i (an), òàêi, ùî âèêîíóþòüñÿ íàñòóïíi óìîâè:

1.
∞∑
n=1

dn = 1;

2. r̃n =
2an
mn

äëÿ êîæíîãî n ∈ N, äå r̃n =
∑
k>n

(sk +mk)ak;
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3. lim
n→∞

dn
∞∑
k=1

dn+k

=∞;

4. ìíîæèíà E{dn} � öå êàíòîðâàë, ìiðà Ëåáåãà ÿêîãî áiëüøà, íiæ

1− ε

Äîâåäåííÿ. Âiçüìåìî äîâiëüíó ñòðîãî çðîñòàþ÷ó ïîñëiäîâíiñòü (mn) i

âèáåðåìî ïîñëiäîâíiñòü (sn), òàêó, ùî

sn > 3mn i
(mn − 1)(mn − 2)

mn(sn +mn)
6
ε

2

äëÿ êîæíîãî n ∈ N. Òåïåð äëÿ êîæíîãî n ∈ N ìà¹ìî

ln =
an
mn

(mn− 1)(mn− 2) = an(sn +mn)
(mn − 1)(mn − 2)

mn(sn +mn)
6
ε

2
(sn +mn).

Òîìó

∞∑
n=1

ln 6
∞∑
n=1

ε

2
(sn +mn) =

ε

2

∞∑
n=1

(sn +mn) =
ε

2

∞∑
k=1

dk =
ε

2
.

Îòæå,

λ(E{an}) > λ

([ ∞∑
n=1

ln, 1−
∞∑
n=1

ln

])
= 1− 2

∞∑
n=1

ln > 1− ε.

Òåîðåìó äîâåäåíî.

Íàñëiäîê 5.2. Íåõàé
∞∑
k=1

dk � öå ðÿä âèäó (5.1), äëÿ ÿêîãî âèêîíóþòüñÿ

óìîâà (5.2). Ñïåêòðîì ðîïîäiëó â.â.

ξ =
∞∑
k=1

dkξk,

äå (ξk) � ïîñëiäîâíiñòü íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí iç ðîçïîäiëàìè

P{ξk = 0} = p0k > 0, P{ξk = 1} = p1k > 0, p0k + p1k = 1

¹ ìíîæèíà íåïîâíèõ ñóì ðÿäó
∞∑
k=1

dk, òîáòî êàíòîðâàë, ÿêùî p0k 6= 0 6=

6= p1k ∀k ∈ N, àáî ¨¨ ïiäìíîæèíà, ÿêùî iñíó¹ pik = 0 äëÿ äåÿêèõ i, k ∈ N.
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5.3. Ðîçïîäië âèïàäêîâî¨ âåëè÷èíè, ñïåêòðîì ÿêî¨ ¹

êàíòîðâàë

Ðîçãëÿäà¹òüñÿ âèïàäêîâà âåëè÷èíà

ξ =
∞∑
n=1

dnξn, (5.8)

äå
∞∑
n=1

dn =
∞∑
k=1

(
3

4k
+

2

4k
) =

5

3
− (5.9)

ðÿä, ÷ëåíè ÿêîãî çàäîâîëüíÿþòü ñïiââiäíîøåííÿ:

1. d2k−1 = 3
4k
< r2k−1 = 11

3·4k ;

2. d2k = 2
4k
> r2k = 5

3·4k .

ßê âiäîìî [22], ìíîæèíà íåïîâíèõ ñóì ðÿäó (5.9) � öå êàíòîðâàë K �

îá'¹äíàííÿ íiäå íå ùiëüíî¨ ìíîæèíè i ìíîæèíè, ÿêà ¹ îá'¹äíàííÿì çëi-

÷åííî¨ êiëüêîñòi âiäðiçêiâ (ìiñòèòü âiäðiçêè [ 2
3·4k−1 ;

1
4k−1

], [53 −
1

4k−1
; 5

3 −
2

3·4k−1 ],

k ∈ N), òîáòî

K =

{ ∞∑
k=1

(
3ε2k−1

4k
+

2ε2k

4k

)
= ∆V

ε1ε2...εn...
: εk ∈ {0, 1}

}
=

=

{ ∞∑
n=1

an
4n

= ∆W
a1a2...an...

: an ∈ {0, 2, 3, 5} = A

}
.

Êàíòîðâàë K ñèìåòðè÷íèé âiäíîñíî òî÷êè

5

6
= ∆V

0(00011) = ∆V
1(11100).

[12, Íàñëiäîê 4.2] Êàíòîðâàë K ìiñòèòü âiäðiçîê
[

2
3 , 1
]
.

Âàðòî çàçíà÷èòè, ùî 2
3 = ∆V

(01), 1 = ∆V
(10).

Ëåìà 5.5. Âiäðiçîê
[
a = ∆V

c1c2...c2m(01); b = ∆V
c1c2...c2m(10)

]
⊂ K, ci ∈ A.

Äîâåäåííÿ. Ñïðàâäi,

a = C +
1

42m
·∆V

(01);
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b = C +
1

42m
·∆V

(10),

äå

C =
m∑
k=1

(
3c2k−1

4k
+

2c2k

4k

)
.

Îñêiëüêè,
[
∆V

(01); ∆V
(10)

]
⊂ K, òî äëÿ áóäü-ÿêîãî

x = ∆V
a1a2...an...

∈ K

âiäïîâiäíî,

y = ∆V
c1c2...c2ma1a2...an...

∈ [a; b] .

Îòæå, [a; b] ⊂ K.

Çàóâàæèìî, ùî ðÿä (5.9) ¹ ðåçóëüòàòîì äîäàâàííÿ äâîõ ðÿäiâ, ÿêi ¹ ñó-

ìàìè âñiõ ÷ëåíiâ íåñêií÷åííî ñïàäíèõ ãåîìåòðè÷íèõ ïðîãðåñié. �õíi ìíîæè-

íè íåïîâíèõ ñóì ïðîñòî âèðàæàþòüñÿ ó òåðìiíàõ ÷åòâiðêîâîãî çîáðàæåííÿ

÷èñåë, à ñàìå:

E ′
(

3

4n

)
= {x : x =

∞∑
n=1

αn
4n
≡ ∆4

α1α2...αn...
, αn ∈ {0, 3}},

E ′′
(

2

4n

)
= {x : x =

∞∑
n=1

αn
4n
≡ ∆4

α1α2...αn...
, αn ∈ {0, 2}}.

Äëÿ àðèôìåòè÷íî¨ ñóìè öèõ ìíîæèí âèêîíó¹òüñÿ ðiâíiñòü

E ′
(

3

4n

)
⊕ E ′′

(
2

4n

)
= E

(
3

42k−1
+

2

42k

)
.

Îá'¹êòîì íàøîãî iíòåðåñó ¹ ñòðóêòóðíi é òîïîëîãî-ìåòðè÷íi âëàñòèâîñòi

ìíîæèíè íåïîâíèõ ñóì ðÿäó (5.9) i ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè

ξ =
3ξ1

4
+

2ξ2

4
+

3ξ3

42
+

2ξ4

42
+...+

3ξ2k−1

4k
+

2ξ2k

4k
+... =

∞∑
n=1

3ξ2n−1 + 2ξ2n

4n
, (5.10)

äå (ξk) � ïîñëiäîâíiñòü íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí iç ðîçïîäiëàìè:

P{ξk = 0} = p0k > 0, P{ξk = 1} = p1k > 0, p0k + p1k = 1.
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Ëåìà 5.6. ßêùî p0k = 1
2 äëÿ ∀k ∈ N, òî õàðàêòåðèñòè÷íà ôóíêöiÿ

âèïàäêîâî¨ âåëè÷èíè ξ, âèçíà÷åíî¨ ðiâíiñòþ (5.10), ìà¹ âèãëÿä

fξ(t) = Meitξ =
∞∏
n=1

(
1

4
(1 + e

it3
4n )(1 + e

it2
4n )),

à ¨¨ ìîäóëü çàïèñó¹òüñÿ

|fξ| =
∞∏
k=1

|fk(t)|, äå |fk(t)| = | cos
3t

2 · 4k
|| cos

t

4k
|.

Äîâåäåííÿ. Äëÿ õàðàêòåðèñòè÷íî¨ ôóíêöiÿ âèïàäêîâî¨ âåëè÷èíè ξ, âè-

çíà÷åíî¨ ðiâíiñòþ (5.10), ìà¹ìî

fξ(t) = Meitξ = Me
it
∞∑
n=1

3ξ2n−1+2ξ2n
4n

=
∞∏
n=1

(
Meit

3ξ2n−1
4n Meit

2ξ2n
4n

)
=

=
∞∏
n=1

(
(
1

2
+

1

2
e
it3
4n )(

1

2
+

1

2
e
it2
4n )

)
=
∞∏
n=1

(ϕ2n−1(t)ϕ2n(t)) .

|fk(t)| = |ϕ2k−1(t)||ϕ2k(t)| = |
1

2
+

1

2
e
it3

4k ||1
2

+
1

2
e
it2

4k | = 1

4
|1 + e

it3

4k ||1 + e
it2

4k | =

=
1

4
|1 + cos

3t

4k
+ isin

3t

4k
||1 + cos

2t

4k
+ isin

2t

4k
| = 1

4

√
(1 + cos

3t

4k
)2 + sin2

3t

4k
·

·
√

(1 + cos
2t

4k
)2 + sin2

2t

4k
=

1

4

√
2 + 2cos

3t

4k

√
2 + 2cos

2t

4k
=

=
1

2

√
1 + cos

3t

4k

√
1 + cos

2t

4k
=

1

2

√
(1 + 2cos2

3t

2 · 4k
− 1)(1 + 2cos2

2t

2 · 2k
− 1) =

= | cos
3t

2 · 4k
|| cos

t

4k
|.

Ìàþ÷è ãiïîòåçó ïðî òå, ùî Lξ = 0, íàì íàðàçi íå âäàëîñü ¨¨ íi äîâåñòè,

íi ñïðîñòóâàòè.

Òåîðåìà 5.5. Âèïàäêîâà âåëè÷èíà ξ ìà¹ ÷èñòî äèñêðåòíèé ðîçïîäië

òîäi i òiëüêè òîäi, êîëè M =
∞∏
k=1

max{p0k, p1k} > 0.

ßêùî M = 0 i äëÿ ∀k ∈ N âèêîíó¹òüñÿ îäíà ç óìîâ:

1. pik2k = 0;

2. pik[2k−1] = 0;
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3. pik2k = 0 àáî pik[2k−1] = 0,

òî ξ ìà¹ ñèíãóëÿðíèé ðîçïîäië êàíòîðiâñüêîãî òèïó.

Äîâåäåííÿ. Ïåðøà ÷àñòèíà òâåðäæåííÿ ¹ íàñëiäêîì òåîðåì Äæåññåíà-

Âiíòíåðà (1.7) i Ï. Ëåâi (1.8).

Ðîçãëÿíåìî äðóãó ÷àñòèíó òâåðäæåííÿ. Îñêiëüêè M = 0, òî ðîçïîäië ξ

¹ íåïåðåðâíèì. Íåõàé pik2k = 0 äëÿ âñiõ k ∈ N, òîäi ìíîæèíîþ ìîæëèâèõ

çíà÷åíü â.â. ξ ¹ ìíîæèíà

V2 =

{
x | x =

3ε1

4
+

1− i1
4

+
3ε3

42
+

1− i2
42

+ . . .

}
= C ⊕ V ∗2 ,

äå V ∗2 =

{
x =

∞∑
k=1

3ε2k−1
4k

}
, ε2k−1 ∈ {0, 1}. Îñêiëüêè ìíîæèíà V ∗2 êîíòèíóàëü-

íà, äîñêîíàëà íiäå íå ùiëüíà ìíîæèíà íóëüîâî¨ ìiðè Ëåáåãà, òî ðîçïîäië

â.â. ξ çîñåðåäæåíèé íà ìíîæèíi V2, îòðèìàíî¨ çñóâîì ìíîæèíè V ∗2 íà ÷è-

ñëî C, � öå ñèíãóëÿðíèé ðîçïîäië êàíòîðiâñüêîãî òèïó. Àíàëîãi÷íà ñèòóàöiÿ

ó ðåøòi äâîõ âèïàäêàõ.

Âèñíîâêè äî ðîçäiëó 5

Ó öüîìó ðîçäiëi:

� îïèñàíî òîïîëîãî-ìåòðè÷íi âëàñòèâîñòi íåñêií÷åííî¨ çãîðòêè Áåð-

íóëëi, êåðîâàíî¨ íîðìîâàíèì äîäàòíèì ðÿäîì, âèçíà÷åíèì äâîìà

çðîñòàþ÷èìè ïîñëiäîâíîñòÿìè íàòóðàëüíèõ ÷èñåë;

� äîâåäåíî, ùî ¨¨ ñïåêòðîì ¹ êàíòîðâàë, ìiðà Ëåáåãà ÿêîãî â çàëåæíî-

ñòi âiä âèáîðó ïàðàìåòðiâ ìîæå áóòè ÿê çàâãîäíî áëèçüêîþ äî 1.

Îñíîâíi ðåçóëüòàòè öüîãî ðîçäiëó îïóáëiêîâàíi â ðîáîòi [3a] i äîïîâi-

äàëèñÿ íà ñåìiíàði çi ôðàêòàëüíîãî àíàëiçó é íà íàóêîâèõ êîíôåðåíöiÿõ

[16a,18a,20a].
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ÇÀÃÀËÜÍI ÂÈÑÍÎÂÊÈ

Íàðàçi çðîñòà¹ iíòåðåñ äî ôóíêöié çi ñêëàäíîþ ëîêàëüíîþ ïîâåäiíêîþ.

Ïîòóæíèì iíñòðóìåíòîì ðîçâèòêó òåîði¨ íåïåðåðâíèõ ôóíêöié iç íåîäíîði-

äíîþ ëîêàëüíîþ ïîâåäiíêîþ, çi âñþäè ðîçðèâíèìè é óñþäè ùiëüíèìè ìíî-

æèíàìè îñîáëèâîñòåé ðiçíîãî ðîäó ¹ ðiçíi çîáðàæåííÿ äiéñíèõ ÷èñåë ó òié

÷è iíøié ñèñòåìi êîäóâàííÿ ¨õ çàñîáàìè ÿê ñêií÷åííîãî, òàê i íåñêií÷åííîãî,

ÿê ñòàëîãî, òàê i çìiííîãî àëôàâiòiâ. Âèêîðèñòàííÿ ñòîõàñòè÷íèõ òà äâi÷i

ñòîõàñòè÷íèõ ìàòðèöü ÿê îäíîãî ç îá'¹êòiâ, ùî âèçíà÷àþòü çîáðàæåííÿ äié-

ñíîãî ÷èñëà, ïåâíèì ÷èíîì �ïîðîäæó¹� ïåâíi ñèìåòði¨, ñïðîùó¹ ðîçâ'ÿçàííÿ

îêðåìèõ çàäà÷, ïîðîäæó¹ íîâi öiêàâi îá'¹êòè äëÿ äîñëiäæåííÿ. Ñèíãóëÿðíî

íåïåðåðâíi ôóíêöi¨, ïîâ'ÿçàíi ç ëàíöþãàìè Ìàðêîâà, ¹ àêòóàëüíèì îá'¹êòîì

äîñëiäæåííÿ â òåîði¨ ðîçïîäiëiâ âèïàäêîâèõ âåëè÷èí (çîêðåìà íåñêií÷åííèõ

çãîðòîê Áåðíóëëi), òåîði¨ ôóíêöié, à òàêîæ ôðàêòàëüíîãî àíàëiçó ôóíêöié

i éìîâiðíiñíèõ ìið.

Ó äèñåðòàöiéíié ðîáîòi îòðèìàíî òàêi ðåçóëüòàòè:

1. ñêîíñòðóéîâàíî ñiì'þ äîäàòíèõ íåñêií÷åííèõ äâi÷i ñòîõàñòè÷íèõ ìà-

òðèöü i îïèñàíî òîïîëîãî-ìåòðè÷íi âëàñòèâîñòi ñïåêòðà ôóíêöi¨ ðîç-

ïîäiëó îäíi¹¨ íåïåðåðâíî¨ âèïàäêîâî¨ âåëè÷èíè, çàäàíî¨ Q∗∞-çîáðà-

æåííÿì, âèçíà÷åíèì íåñêií÷åííîþ äâi÷i ñòîõàñòè÷íîþ ìàòðèöåþ;

2. äîñëiäæåíî ôðàêòàëüíi âëàñòèâîñòi ìíîæèí ÷èñåë iç çàáîðîíàìè

âæèâàííÿ êîìáiíàöié ñèìâîëiâ ó ¨õíüîìó ìàðêîâñüêîìó çîáðàæåííi,

âèçíà÷åíîìó äâi÷i ñòîõàñòè÷íîþ ìàòðèöåþ;

3. çíàéäåíî íåîáõiäíi é äîñòàòíi óìîâè ñèíãóëÿðíîñòi ôóíêöi¨, ÿêà ïðî-

åêòó¹ öèôðè:

� ìàðêîâñüêîãî çîáðàæåííÿ ó öèôðè êëàñè÷íîãî äâiéêîâîãî çîáðà-

æåííÿ;

� íåãà-äâiéêîâîãî çîáðàæåííÿ ó öèôðè ìàðêîâñüêîãî çîáðàæåííÿ.
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Äëÿ îñòàííüî¨ ôóíêöi¨ çíàéäåíî ñèñòåìó ôóíêöiîíàëüíèõ ðiâíÿíü,

ÿêà ¨¨ îäíîçíà÷íî âèçíà÷à¹;

4. âèâ÷åíî ëåáåãiâñüêó ñòðóêòóðó, òîïîëîãî-ìåòðè÷íi i ôðàêòàëüíi âëà-

ñòèâîñòi íåñêií÷åííî¨ çãîðòêè Áåðíóëëi, êåðîâàíî¨ çáiæíèì äîäà-

òíèì ðÿäîì iç ñóïåðôðàêòàëüíîþ ìíîæèíîþ ïiäñóì; ïîâåäiíêó ìî-

äóëÿ ¨¨ õàðàêòåðèñòè÷íî¨ ôóíêöi¨ íà íåñêií÷åííîñòi; äîâåäåíî êðèòå-

ðié äèñêðåòíîñòi; âèâ÷åíî ôðàêòàëüíi âëàñòèâîñòi àâòîçãîðòîê öi¹¨

íåñêií÷åííî¨ çãîðòêè Áåðíóëëi;

5. îïèñàíî òîïîëîãî-ìåòðè÷íi âëàñòèâîñòi íåñêií÷åííî¨ çãîðòêè Áåð-

íóëëi, êåðîâàíî¨ íîðìîâàíèì äîäàòíèì ðÿäîì, âèçíà÷åíèì äâîìà

çðîñòàþ÷èìè ïîñëiäîâíîñòÿìè íàòóðàëüíèõ ÷èñåë; äîâåäåíî, ùî ¨¨

ñïåêòðîì ¹ êàíòîðâàë, ìiðà Ëåáåãà ÿêîãî â çàëåæíîñòi âiä âèáîðó

ïàðàìåòðiâ ìîæå áóòè ÿê çàâãîäíî áëèçüêîþ äî 1.

Ó ãåîìåòði¨ ÷èñëîâèõ ðÿäiâ, ó òåîði¨ íåñêií÷åííèõ çãîðòîê Áåðíóëëi, òåî-

ði¨ íåïåðåðâíèõ ëîêàëüíî ñêëàäíèõ ôóíêöié iñíó¹ ÷èìàëî ïðîáëåì, ÿêi áåç-

ïîñåðåäíüî ïîâ'ÿçàíi ç îá'¹êòàìè öüîãî äèñåðòàöiéíîãî äîñëiäæåííÿ. Îêðå-

ìi çàäà÷i, íàïåâíî, ìîæíà ðîçâ'ÿçàòè ç âèêîðèñòàííÿì iäåé, ïðèéîìiâ i ìå-

òîäiâ, ÿêi âèêîðèñòîâóâàëèñÿ â öié ðîáîòi. Ó öüîìó, çîêðåìà, ìè âáà÷à¹ìî

òåîðåòè÷íó i ïðàêòè÷íó çíà÷óùiñòü öüîãî äîñëiäæåííÿ.
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