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Äîñëiäæåííÿ ðiâíÿíü äèôóçi¨ òà ðiçíèõ ¨õ ìîäèôiêàöié ç äîäàòêîâèìè

÷ëåíàìè, ùî âiäïîâiäàþòü ðåàêöi¨ àáî êîíâåêöi¨, ¹ àêòóàëüíîþ çàäà÷åþ ìà-

òåìàòè÷íî¨ ôiçèêè, îñêiëüêè öi ðiâíÿííÿ ÷àñòî âèêîðèñòîâóþòü ó ÿêîñòi

ìàòåìàòè÷íèõ ìîäåëåé ðiçíîìàíiòíèõ ïðîöåñiâ ó ïðèðîäi òà ñóñïiëüñòâi.

Äèñåðòàöiÿ ïðèñâÿ÷åíà äîñëiäæåííþ ñèìåòðiéíèõ âëàñòèâîñòåé òà ïî-

áóäîâi òî÷íèõ ðîçâ'ÿçêiâ íåëiíiéíèõ ðiâíÿíü ðåàêöi¨-êîíâåêöi¨-äèôóçi¨ òà

ñèñòåì íåëiíiéíèõ ðiâíÿíü êîíâåêöi¨-äèôóçi¨. Ó äèñåðòàöiéíié ðîáîòi äëÿ

ðiâíÿííÿ ðåàêöi¨-êîíâåêöi¨-äèôóçi¨ ïðîâåäåíî êëàñèôiêàöiþ ëi¨âñüêèõ ñè-

ìåòðié òà çíàéäåíî äåÿêi òî÷íi ðîçâ'ÿçêè ðiâíÿíü çi ñòåïåíåâèìè íåëiíiéíî-

ñòÿìè. Äëÿ ñèñòåìè ðiâíÿíü êîíâåêöi¨-äèôóçi¨ ïîáóäîâàíî íåëîêàëüíi àíçà-

öè òà íåëîêàëüíi îïåðàòîðè, ÿêi ¨ì âiäïîâiäàþòü. Çà äîïîìîãîþ çíàéäåíèõ

àíçàöiâ ïðîâåäåíî ðåäóêöiþ äàíèõ ðiâíÿíü, à òàêîæ çíàéäåíî äåÿêi ¨õ òî÷íi

ðîçâ'ÿçêè.

Ðiâíÿííÿ ðåàêöi¨-êîíâåêöi¨-äèôóçi¨ ìà¹ øèðîêå çàñòîñóâàííÿ ó ôiçèöi,

áiîëîãi¨, õiìi¨, åêîëîãi¨ òà iíøèõ ãàëóçÿõ íàóêè. Âîíî âèêîðèñòîâó¹òüñÿ äëÿ

îïèñó ðiçíèõ ôiçè÷íèõ ïðîöåñiâ, çîêðåìà ïðîöåñiâ òåïëîïðîâiäíîñòi, äè-

ôóçi¨ òà êîíâåêöi¨. Äàíå ðiâíÿííÿ çàñòîñîâó¹òüñÿ äëÿ ìîäåëþâàííÿ ðóõó

÷àñòèíîê, åíåðãi¨ àáî iíøèõ ôiçè÷íèõ âåëè÷èí ó ïåâíié ôiçè÷íié ñèñòåìi.

Òàê ìîäèôiêàöi¨ ðiâíÿííÿ ðåàêöi¨-êîíâåêöi¨-äèôóçi¨ âèêîðèñòîâóþòüñÿ äëÿ
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ìîäåëþâàííÿ ïåðåíîñó åíåðãi¨ â ïëàçìi, ðîçïîäiëó ðîç÷èíiâ ó  ðóíòi, ðó-

õó ðiäèí â ïîðèñòîìó ñåðåäîâèùi, ïðîöåñiâ õåìîòàêñèñó òà iíøèõ áiîõiìi-

÷íèõ ïðîöåñiâ. Ïðè êîíêðåòíèõ çíà÷åííÿõ íåëiíiéíîñòåé ðiâíÿííÿ ðåàêöi¨-

êîíâåêöi¨-äèôóçi¨ âèêîðèñòîâó¹òüñÿ ó áiîëîãi¨, çîêðåìà ïðè îïèñi ïåðåíîñó

êèñíþ â êðîâîíîñíié ñèñòåìi, äëÿ ìîäåëþâàííÿ ðîñòó òðîìáó â ïðèñòiíêî-

âîìó ïîòîöi. Îäíèì iç çàñòîñóâàíü äàíîãî ðiâíÿííÿ â åêîëîãi¨ ¹ äîñëiäæåííÿ

ïðîöåñiâ ðîçïîâñþäæåííÿ ðå÷îâèíè, ÿêà çàáðóäíþ¹ âîäîéìè. Ãiäðîäèíàìi-

÷íà íåñòiéêiñòü, ÿêà âèíèêà¹ ïîáëèçó ïîâåðõíi ðîçïîäiëó äâîõ ðiäèí, ùî

íå çìiøóþòüñÿ, i îïèñó¹òüñÿ ðiâíÿííÿì ðåàêöi¨-êîíâåêöi¨-äèôóçi¨, çóñòði÷à-

¹òüñÿ â òàêèõ ãàëóçÿõ, ÿê íàôòîïåðåðîáêà, ïðîöåñè ãîðiííÿ, ñåïàðàöiÿ ðóä

i ò. ï.

Ñèñòåìà íåëiíiéíèõ ðiâíÿíü êîíâåêöi¨�äèôóçi¨ ç êîíêðåòíèìè íåëiíié-

íîñòÿìè çíàõîäèòü øèðîêå çàñòîñóâàííÿ äëÿ îïèñó ðiçíîìàíiòíèõ ôiçè-

÷íèõ, õiìi÷íèõ, áiîëîãi÷íèõ ïðîöåñiâ. Òàê, ìàòåìàòè÷íi ìîäåëi, ùî áàçóþ-

òüñÿ íà öié ñèñòåìi, çàñòîñîâóþòüñÿ ó ìàêðîêiíåòèöi, îñíîâíèé çìiñò ÿêî¨

¹ âèâ÷åííÿ ðîëi äèôóçi¨, òåïëîïåðåäà÷i òà êîíâåêöi¨ â ïðîòiêàííi õiìi÷íèõ

ðåàêöié. Ðîçâ'ÿçàííÿ øèðîêîãî êîëà íàóêîâî�òåõíi÷íèõ ïðîáëåì ïåðåäáà-

÷à¹ äîñëiäæåííÿ ÿâèùà âiëüíî¨ êîíâåêöi¨. Ïðîöåñ òåïëîìàñîîáìiíó ìà¹ âå-

ëèêå ïðàêòè÷íå çíà÷åííÿ äëÿ iíòåíñèôiêàöi¨ òåïëîåíåðãåòè÷íèõ i õiìiêî-

òåõíîëîãi÷íèõ ïðîöåñiâ ó ðiçíèõ ñôåðàõ ïðîìèñëîâîñòi. Ñèñòåìè ðiâíÿíü

êîíâåêöi¨-äèôóçi¨ øèðîêî çàñòîñîâóþòüñÿ â áiîëîãi÷íèõ íàóêàõ äëÿ ìîäå-

ëþâàííÿ ïðîöåñiâ òà ÿâèù æèâî¨ ïðèðîäè, çîêðåìà äëÿ îïèñó ÿâèùà õåìî-

òàêñèñó ìiêðîîðãàíiçìiâ, äëÿ îïèñó êîíêóðåíöi¨ òâàðèí íà ïåâíié òåðèòîði¨

òà iíøèõ. Ñèñòåìè äàíîãî êëàñó îïèñóþòü ðóõ ðiäèíè ó ïîðèñòîìó ñåðåäî-

âèùi, ïåðåíîñ åíåðãi¨ â ïëàçìi, ðîçïîäië ðå÷îâèí ó  ðóíòi òà áàãàòî iíøèõ

ïðîöåñiâ. Ó íàøié ðîáîòi äîñëiäæó¹òüñÿ ñèñòåìà ðiâíÿíü Âàí-äåð-Âààëüñà,

ÿêà âõîäèòü äî êëàñó ñèñòåì ðiâíÿíü êîíâåêöi¨-äèôóçi¨. Ñèñòåìà ðiâíÿíü

Âàí-äåð-Âààëüñà øèðîêî âèêîðèñòîâó¹òüñÿ ó ìîëåêóëÿðíî-êiíåòè÷íié òåî-

ði¨ ãàçiâ òà ðiäèí. Âîíà îïèñó¹ ïðîöåñè, ÿêi ïîâ'ÿçàíi ç ïåðåõîäîì ãàçó ó
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ðiäèíó, i íàâïàêè.

Äèñåðòàöiÿ ñêëàäà¹òüñÿ ç àíîòàöié óêðà¨íñüêîþ òà àíãëiéñüêîþ ìîâàìè,

ïåðåëiêó óìîâíèõ ïîçíà÷åíü, âñòóïó, òðüîõ ðîçäiëiâ, âèñíîâêiâ òà ñïèñêó

âèêîðèñòàíèõ äæåðåë òà îäíîãî äîäàòêó.

Ó âñòóïi çðîáëåíî îïèñ îñíîâíèõ õàðàêòåðèñòèê äèñåðòàöiéíîãî äîñëi-

äæåííÿ.

Ïåðøèé ðîçäië ìiñòèòü îãëÿä ëiòåðàòóðè çà òåìàòèêîþ äèñåðòàöiéíî-

ãî äîñëiäæåííÿ.

Ó äðóãîìó ðîçäiëi äèñåðòàöi¨ ç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâàëåí-

òíîñòi ïðîâåäåíî ïîâíó ãðóïîâó êëàñèôiêàöiþ (1+2)-âèìiðíîãî ðiâíÿííÿ

ðåàêöi¨-êîíâåêöi¨-äèôóçi¨

u0 = ∂a(f
0(u)ua) + fa(u)ua + h(u),

äå u = u(x0, x1, x2), x0 � ÷àñîâà çìiííà, x1, x2 � ïðîñòîðîâi çìiííi,

f 0(u), f 1(u), f 2(u), h(u) � äîâiëüíi ãëàäêi ôóíêöi¨.

Âèïèñàíî ñèñòåìó âèçíà÷àëüíèõ ðiâíÿíü i âèãëÿä îñíîâíî¨ àëãåáðè ií-

âàðiàíòíîñòi äàíîãî ðiâíÿííÿ. Çíàéäåíî îñíîâíó ãðóïó ïåðåòâîðåíü åêâi-

âàëåíòíîñòi ðiâíÿííÿ ðåàêöi¨-êîíâåêöi¨-äèôóçi¨. Îäåðæàíî íåîáõiäíi óìîâè

ðîçøèðåííÿ îñíîâíî¨ àëãåáðè iíâàðiàíòíîñòi äàíîãî ðiâíÿííÿ. Çîáðàæåííÿ

îäåðæàíèõ íåëiíiéíîñòåé ðiâíÿííÿ äåùî ñïðîùåíî çà äîïîìîãîþ íåïåðåðâ-

íèõ ïåðåòâîðåíü åêâiâàëåíòíîñòi. Äëÿ êîæíîãî ç íååêâiâàëåíòíèõ âèãëÿ-

äiâ ôóíêöié, ùî äîïóñêàþòü ðîçøèðåííÿ îñíîâíî¨ àëãåáðè iíâàðiàíòíîñòi,

ïîáóäîâàíî ìàêñèìàëüíó àëãåáðó iíâàðiàíòíîñòi (1+2)-âèìiðíîãî ðiâíÿííÿ

ðåàêöi¨-êîíâåêöi¨-äèôóçi¨. Çà äîïîìîãîþ ïðÿìîãî ìåòîäó çíàéäåíî âñåìî-

æëèâi ëîêàëüíi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi, ÿêi çâîäÿòü äîâiëüíå ðiâíÿ-

ííÿ êëàñó ðåàêöi¨-êîíâåêöi¨-äèôóçi¨ äî ðiâíÿííÿ öüîãî æ êëàñó. Çà äîïîìî-

ãîþ äîäàòêîâèõ ïåðåòâîðåíü åêâiâàëåíòíîñòi ÷àñòèíó îäåðæàíèõ ðiâíÿíü

çâåäåíî äî iíøèõ, åêâiâàëåíòíèõ ðiâíÿíü, ÿêi òàêîæ äîïóñêàþòü ðîçøèðå-

ííÿ îñíîâíî¨ àëãåáðè iíâàðiàíòíîñòi.



5

Òàêèì ÷èíîì, îäåðæàíî íååêâiâàëåíòíi çîáðàæåííÿ íåëiíiéíîñòåé òà

âiäïîâiäíèõ ìàêñèìàëüíèõ àëãåáð iíâàðiàíòíîñòi (1+2)-âèìiðíîãî ðiâíÿííÿ

ðåàêöi¨-êîíâåêöi¨-äèôóçi¨ â íàéáiëüø ñïðîùåíîìó âèãëÿäi. Çà çíàéäåíèìè

îïåðàòîðàìè iíâàðiàíòíîñòi ïîáóäîâàíî íååêâiâàëåíòíi ëi¨âñüêi àíçàöè òà

ïðîâåäåíî ñèìåòðiéíó ðåäóêöiþ ðiâíÿíü çi ñòåïåíåâèìè íåëiíiéíîñòÿìè.

Ñåðåä ðiâíÿíü äàíîãî êëàñó áóëî âèäiëåíî ðiâíÿííÿ, ÿêå âîëîäi¹ íàé-

øèðøèì êëàñîì ñèìåòði¨. Öå ðiâíÿííÿ ¹ óçàãàëüíåííÿì âiäîìîãî äâîâè-

ìiðíîãî ðiâíÿííÿ Ôiøåðà äëÿ ïîðèñòèõ îáëàñòåé. Ó âèïàäêó, êîëè äåÿêà

îáëàñòü ïåðåïîâíåíà íàñåëåííÿì, äàíå ðiâíÿííÿ îïèñó¹ øâèäêiñòü éîãî ðîç-

ñiþâàííÿ â îáëàñòü áiëüø íèçüêî¨ ùiëüíîñòi. Òàêîæ äàíå ðiâíÿííÿ ìîæíà

ðîçãëÿäàòè ÿê óçàãàëüíåííÿ ðiâíÿííÿ Ìþððåÿ, ÿêå îïèñó¹ áiîëîãi÷íi ïðîöå-

ñè, ïîâ'ÿçàíi ç ïðîöåñàìè àíãiîãåíåçó, çàæèâëåííÿ ðàí, äèíàìiêè âçà¹ìîäi¨

ïîïóëÿöié òà ií. Ïîáóäîâàíî òî÷íi ðîçâ'ÿçêè äîñëiäæåíèõ ðiâíÿíü, âèâ÷å-

íî âëàñòèâîñòi äåÿêèõ ç îòðèìàíèõ ðîçâ'ÿçêiâ òà íàâåäåíî ¨õ ãåîìåòðè÷íó

iíòåðïðåòàöiþ.

Ó òðåòüîìó ðîçäiëi äèñåðòàöi¨ ðîçâ'ÿçàíî çàäà÷ó çíàõîäæåííÿ íåëî-

êàëüíèõ ïåðåòâîðåíü åêâiâàëåíòíîñòi ñèñòåìè íåëiíiéíèõ ðiâíÿíü êîíâåê-

öi¨�äèôóçi¨

Ut = ∂x[F (U)Ux] +K(U)Ux,

äå U =

(
u1

u2

)
∈ R2, ua = ua(t, x), t � ÷àñîâà çìiííà, x � ïðîñòîðîâà

çìiííà, F (U) òà K(U) � äîâiëüíi ãëàäêi ôóíêöiîíàëüíi ìàòðèöi ðîçìið-

íîñòi 2× 2 òà 2× 1 âiäïîâiäíî.

Çíàéäåíi íåëîêàëüíi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi çàñòîñîâàíi äëÿ ïî-

áóäîâè íåëîêàëüíèõ àíçàöiâ, ïðîâåäåííÿ ðåäóêöi¨ i çíàõîäæåííÿ òî÷íèõ

ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà

u1
t = λ1u

1
xx − u1u1

x + µu2u2
x,

u2
t = λ2u

2
xx − u1u2

x − u2u1
x,
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äå ua = ua(t, x), λ1 � êîåôiöi¹íò êiíåìàòè÷íî¨ â'ÿçêîñòi, λ2 � êîåôiöi¹íò

äèôóçi¨, µ � êîåôiöi¹íò êîíâåêöi¨, a ∈ {1, 2}.
Çíàéäåíî äâà îáðàçè ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà, ÿêà âõîäèòü

äî êëàñó ñèñòåì ðiâíÿíü êîíâåêöi¨�äèôóçi¨, òà äîñëiäæåíî ñèìåòðiéíi âëà-

ñòèâîñòi öèõ îáðàçiâ. Ëi¨âñüêó ñèìåòðiþ îáðàçiâ ñèñòåìè ðiâíÿíü Âàí-äåð-

Âààëüñà âèêîðèñòàíî äëÿ ïîáóäîâè ¨õ íååêâiâàëåíòíèõ ëi¨âñüêèõ àíçàöiâ.

Íåëîêàëüíi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi ñèñòåìè ðiâíÿíü êîíâåêöi¨�

äèôóçi¨ âèêîðèñòàíi äëÿ ïîáóäîâè íåëîêàëüíèõ àíçàöiâ òà ïðîâåäåííÿ ðå-

äóêöi¨ ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà. Ïîáóäîâàíî íåëîêàëüíi àíçàöè òà

ïðîâåäåíî ðåäóêöiþ îáîõ îáðàçiâ ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà. Â îêðå-

ìèõ âèïàäêàõ çíàéäåíî òî÷íi ðîçâ'ÿçêè ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà,

äîñëiäæåíî âëàñòèâîñòi äåÿêèõ ç îòðèìàíèõ ðîçâ'ÿçêiâ òà íàâåäåíî ¨õ ãåî-

ìåòðè÷íó iíòåðïðåòàöiþ. Çíàéäåíî íåëîêàëüíi àíçàöè òà ïðîâåäåíî ðåäó-

êöiþ îáîõ îáðàçiâ ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà.

Íàÿâíiñòü íåëîêàëüíèõ àíçàöiâ îçíà÷à¹ íàÿâíiñòü íåëîêàëüíèõ ñèìåòðié

äàíî¨ ñèñòåìè. Êîæíîìó íåëîêàëüíîìó àíçàöó âiäïîâiäà¹ íåëîêàëüíèé îïå-

ðàòîð. Çíàéäåíî îïåðàòîðè, ÿêi ïîðîäæóþòü ëi¨âñüêi àíçàöè ïåðøîãî òà

äðóãîãî îáðàçó. Ïîáóäîâàíî íåëîêàëüíi îïåðàòîðè, ÿêi âiäïîâiäàþòü íåëî-

êàëüíèì àíçàöàì ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà.

Îñíîâíi ðåçóëüòàòè, ÿêi âèçíà÷àþòü íàóêîâó íîâèçíó äèñåðòàöi¨, âè-

íîñÿòüñÿ íà çàõèñò i îòðèìàíi âïåðøå, ¹ òàêi:

1. Âñòàíîâëåíî îñíîâíi òà äîäàòêîâi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi (1+2)-

âèìiðíîãî ðiâíÿííÿ ðåàêöi¨-êîíâåêöi¨-äèôóçi¨.

2. Ïðîâåäåíî ïîâíó ãðóïîâó êëàñèôiêàöiþ (1+2)-âèìiðíîãî ðiâíÿííÿ

ðåàêöi¨-êîíâåêöi¨-äèôóçi¨.

3. Ïðîâåäåíî ñèìåòðiéíó ðåäóêöiþ òà çíàéäåíî äåÿêi òî÷íi ðîçâ'ÿçêè

(1+2)-âèìiðíîãî ðiâíÿííÿ ðåàêöi¨-êîíâåêöi¨-äèôóçi¨ çi ñòåïåíåâèìè íå-

ëiíiéíîñòÿìè.
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4. Çíàéäåíî íåëîêàëüíi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi ñèñòåìè íåëiíiéíèõ

ðiâíÿíü êîíâåêöi¨-äèôóçi¨.

5. Çíàéäåíî äâà îáðàçè ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà. Öå âèêîðèñòà-

íî äëÿ ïîáóäîâè íåëîêàëüíèõ àíçàöiâ, ïðîâåäåííÿ ðåäóêöi¨ òà çíàõî-

äæåííÿ äåÿêèõ òî÷íèõ ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà.

6. Ïîáóäîâàíî íåëîêàëüíi àíçàöè òà ïðîâåäåíî ðåäóêöiþ îáîõ îáðàçiâ ñè-

ñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà.

7. Ïîáóäîâàíî íåëîêàëüíi îïåðàòîðè iíâàðiàíòíîñòi, ÿêi âiäïîâiäàþòü íå-

ëîêàëüíèì àíçàöàì äàíî¨ ñèñòåìè.

Äèñåðòàöiéíà ðîáîòà íîñèòü òåîðåòè÷íèé õàðàêòåð. Îòðèìàíi ðåçóëü-

òàòè ¹ íîâèìè i ìîæóòü áóòè âèêîðèñòàíi äëÿ ðîçâ'ÿçóâàííÿ ðÿäó êîí-

êðåòíèõ çàäà÷ òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè,

òåîði¨ òåïëîïðîâiäíîñòi, ïðîíèêàííÿ, äèôóçi¨, ãiäðîäèíàìiêè, ãàçîâî¨ äèíà-

ìiêè òà äåÿêèõ iíøèõ. Òî÷íi ðîçâ'ÿçêè, îòðèìàíi äëÿ îêðåìèõ ñèñòåì ðiâ-

íÿíü, çîêðåìà ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà òà äåÿêèõ ðiâíÿíü ðåàêöi¨-

êîíâåêöi¨-äèôóçi¨, ìîæóòü çíàéòè ïðàêòè÷íå çàñòîñóâàííÿ ïðè ìîäåëþâàí-

íi âiäïîâiäíèõ áiîôiçè÷íèõ ïðîöåñiâ, à òàêîæ âîíè ìîæóòü áóòè âèáðàíèìè

â ÿêîñòi åòàëîííèõ ðîçâ'ÿçêiâ ïðè ðîçâ'ÿçóâàííi äàíèõ ðiâíÿíü òà ñèñòåì

ðiâíÿíü ÷èñëîâèìè ìåòîäàìè.

Êëþ÷îâi ñëîâà: ñèìåòðiÿ, iíâàðiàíòíiñòü, àëãåáðà Ëi, ãðóïà åêâiâà-

ëåíòíîñòi, ðiâíÿííÿ ðåàêöi¨-êîíâåêöi¨-äèôóçi¨, ñèñòåìà ðiâíÿíü êîíâåêöi¨-

äèôóçi¨, íåëîêàëüíi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi, ñèñòåìà ðiâíÿíü Âàí-

äåð-Âààëüñà, íåëîêàëüíèé àíçàö, òî÷íi ðîçâ'ÿçêè.
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Abstract

Prystavka Yu.V. Symmetry properties and exact solutions of the

reaction-convection-di�usion equations. � Manuscript.

Thesis for a Candidate degree in Physical and Mathematical Sciences in the

specialty 01.01.02 � di�erential equations. � Institute of Mathematics of the

National Academy of Sciences of Ukraine, Kyiv, 2020.

The study of di�usion equations and their various modi�cations with addi-

tional terms corresponding to reaction or convection is an urgent task of

mathematical physics since these equations are often used as mathematical

models of various processes in the nature and society.

The thesis is devoted to the study of symmetry properties and the construc-

tion of exact solutions of nonlinear reaction-convection-di�usion equations

and systems of nonlinear convection-di�usion equations. In the thesis work,

for classi�cation of reaction-convection-di�usion equations, we classi�ed Lie

symmetries and found some exact solutions of equations with power nonli-

nearities. The nonlocal ans�atze and nonlocal operators corresponding to them

are constructed for the system of convection-di�usion equations. With the help

of the found ans�atze, the data of the equations were reduced and some exact

solutions of them were found.

The reaction-convection-di�usion equation is widely used in physics, biology,

chemistry, ecology and other �elds of science. It is used to describe various

physical processes, including thermal conductivity, di�usion, and convection.

This equation is used to model the motion of particles, energy or other physical

quantities in a particular physical system. Thus, modi�cations of the reaction-

convection-di�usion equation are used to model the transfer of energy in plasma,

the distribution of solutions in soil, movement of liquids in a porous medium,
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processes of chemotaxis and other biochemical processes. At speci�c values of

nonlinearities, the reaction-convection-di�usion equation is used in biology, in

particular when describing oxygen transfer in circulatory system, for modelling

the growth of a blood clot in the parietal �ow. One of the applications of this

equation in ecology is to study the processes of propagation of substance which

contaminates water basins. Hydrodynamic instability, which occurs near the

surface of the distribution of two immiscible liquids and is described by the

reaction-convection-di�usion equation, is found in such �elds as oil re�ning,

combustion processes, ore separation, etc.

The system of nonlinear convection-di�usion equations with speci�c nonli-

nearities is widely used to describe various physical, chemical and biological

processes. Thus, mathematical models based on this system are used in macroki-

netics, the main subject matter of which is to study the role of di�usion, heat

transfer and convection in the course of chemical reactions. Solution of a wide

range of scienti�c and technical problems involves the study of the phenomenon

of free convection. The process of heat and mass transfer is of great practi-

cal importance for intensi�cation of thermal energy and chemical-technological

processes in various �elds of the industry. Systems of convection-di�usion

equations are widely used in the biological sciences for modelling processes

and phenomena of wildlife, in particular for describing the phenomenon of

chemotaxis of microorganisms, for describing competition of animals in a parti-

cular territory and others. Systems of this class describe the movement of �uid

in porous medium, transfer of energy in plasma, distribution of substances in

soil and many other processes. In our work, we study the van der Waals equati-

on system, which is a class of the convection-di�usion equation systems. The

van der Waals equation system is widely used in the molecular kinetic theory

of gases and liquids. It describes the processes related to the passage of gas into

liquid and vice versa.

The thesis comprises the abstracts in Ukrainian and English, list of symbols,
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introduction, three sections, conclusions and list of sources used and one

addendum.

The introduction describes the main characteristics of the dissertation

research.

The �rst section contains an overview of the literature on the subject of

the dissertation research.

In the second section of the thesis, a complete group classi�cation of the

(1+2)-dimensional reaction-convection-di�usion equation is performed with the

accuracy of equivalence transformations

u0 = ∂a(f
0(u)ua) + fa(u)ua + h(u),

where u = u(x0, x1, x2), x0 is a time variable, x1, x2 are space variables,

f 0(u), f 1(u), f 2(u), h(u) are arbitrary smooth functions.

The system of determining equations and the form of the basic algebra of

invariance of this equation are set forth. The main group of transformations

of equivalence of reaction-convection-di�usion equation is found. The necessary

conditions for extending the basic algebra of the invariance of this equation are

obtained. The image of the obtained nonlinearities of the equation is somewhat

simpli�ed by means of the continuous equivalence transformations. For each of

the nonequivalent types of functions that allow extension of the basic algebra

of invariance, the maximum algebra of invariance of the (1+2)-dimensional

reaction-convection-di�usion equation is constructed. Using the direct method,

we found the all-purpose local transformations of equivalence which reduce

an arbitrary equation of the reaction-convection-di�usion class to an equation

of the same class. With the help of the additional equivalence transformations,

some of the obtained equations are reduced to other equivalent equations, which

also allow extension of the basic algebra of invariance.

Thus, non-equivalent images of nonlinearities and corresponding maximum

algebras of invariance of the (1+2)-dimensional reaction-convection-di�usion

equation in the simplest form are obtained. According to the invariance
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operators found, non-equivalent Lie ans�atze are constructed and symmetric

reduction of the equations with the power nonlinearities is performed.

Among the equations in this class, the equation with the broadest class

of symmetry was singled out. This equation is generalization of the well-

known two-dimensional Fisher equation for porous regions. In case if a region is

crowded with population, this equation describes the rate of its dispersion into

a lower density region. Also this equation can be considered as generalizati-

on of the Murray equation which describes the biological processes associated

with the processes of angiogenesis, wound healing, dynamics of interaction of

populations, etc. The exact solutions of the equations studied are constructed,

the properties of some of the obtained solutions are studied and their geometri-

cal interpretation is given.

In the third section of the thesis the problem of �nding nonlocal

transformations of equivalence of the system of nonlinear convection-di�usion

equations is solved

Ut = ∂x[F (U)Ux] +K(U)Ux,

where U =

(
u1

u2

)
∈ R2, ua = ua(t, x), t is a time variable, x is a space

variable, F (U) and K(U) are arbitrary smooth functional matrices of the

2× 2 and 2× 1 dimension respectively.

The found nonlocal transformations of equivalence are used for constructing

nonlocal ans�atze, performing reduction and �nding exact solutions of the van

der Waals equation system

u1
t = λ1u

1
xx − u1u1

x + µu2u2
x,

u2
t = λ2u

2
xx − u1u2

x − u2u1
x,

where ua = ua(t, x), λ1 is a coe�cient of kinematic viscosity, λ2 is a di�usion

coe�cient, µ � is a convection coe�cient, a ∈ {1, 2}.
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The two images of the van der Waals equation system, which is a class of the

convection-di�usion equation systems, are found, and the symmetry properties

of these images are researched. The Lie symmetry of the images of the van der

Waals equation system was used to construct their non-equivalent Lie ans�atze.

Nonlocal transformations of equivalence of the system of convection-

di�usion equations were used to construct nonlocal ans�atze and to reduce the

van der Waals equation system. Nonlocal ans�atze were constructed and both

images of the van der Waals equation system were reduced. In some cases, exact

solutions of the van der Waals equation system are found, properties of some

of the obtained solutions are researched, and their geometrical interpretation

is given. Nonlocal ans�atze were found and both images of the van der Waals

equation system were reduced.

The presence of nonlocal ans�atze means the presence of nonlocal symmetries

of this system. Each nonlocal ansatz is met by nonlocal operator. The operators,

which generate Lie ans�atze of the �rst and second images, are found. Nonlocal

operators corresponding to the nonlocal ans�atze of the van der Waals equation

system are constructed.

The main results which determine the scienti�c novelty of the thesis,

presented for the defense and obtained for the �rst time, are as follows:

1. The basic and additional transformations of equivalence of the (1+2)-

dimensional reaction-convection-di�usion equation are established.

2. The complete group classi�cation of the (1+2)-dimensional reaction-

convection-di�usion equation is performed.

3. The symmetric reduction is performed and some exact solutions of

the (1+2)-dimensional reaction-convection-di�usion equation with power

nonlinearities are found.

4. Nonlocal transformations of equivalence of the system of nonlinear

convection-di�usion equations are found.
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5. The two images of the van der Waals equation system are found. That is

used for constructing nonlocal ans�atze, performing reduction and �nding

some exact solutions of the van der Waals system.

6. Nonlocal ans�atze were constructed and both images of the van der Waals

equation system were reduced.

7. Nonlocal operators of invariance, which correspond to the nonlocal ans�atze

of this system, are constructed.

The thesis work is of the theoretical nature. The obtained results are new

and can be used to solve a number of speci�c problems of the partial derivative

di�erential equation theory, thermal conductivity theory, penetration, di�usion,

hydrodynamics, gas dynamics and some others. The exact solutions obtained for

individual systems of equations, in particular the van der Waals equation system

and some reaction-convection-di�usion equations, can �nd practical application

in modelling the relevant biophysical processes, and they can also be selected

as reference solutions in solving these equations and systems of equations by

numerical methods.

Keywords: symmetry, invariance, Lie algebra, equivalence group, reaction-

convection-di�usion equation, system of convection-di�usion equations,

nonlocal transformations of equivalence, the van der Waals equation system,

nonlocal ansatz, exact solutions.
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ÏÅÐÅËIÊ ÓÌÎÂÍÈÕ ÏÎÇÍÀ×ÅÍÜ

Ó ôîðìóëàõ iíäåêñè, ïîçíà÷åíi ëàòèíñüêèìè ëiòåðàìè, çìiíþþòüñÿ âiä 1 äî

n, ãðåöüêèìè � âiä 0 äî n. Çà iíäåêñàìè, ùî ïîâòîðþþòüñÿ, ïðîâîäèòüñÿ

ïiäñóìîâóâàííÿ. Íèæíié iíäåêñ ôóíêöi¨ ïîçíà÷à¹ äèôåðåíöiþâàííÿ çà âiä-

ïîâiäíîþ çìiííîþ, à âåðõíié iíäåêñ � íîìåð ôóíêöi¨, íèæíi iíäåêñè ñòàëèõ

òà íåçàëåæíèõ çìiííèõ òàêîæ îçíà÷àþòü ¨õ íîìåðè.

R � ïîëå äiéñíèõ ÷èñåë

Rn � n-âèìiðíèé åâêëiäiâ ïðîñòið

ÌÀI � ìàêñèìàëüíà àëãåáðà iíâàðiàíòíîñòi

∂µ = ∂
∂xµ

, ∂ua = ∂
∂ua

� îïåðàòîðè äèôåðåíöiþâàííÿ, âiäïîâiäíî, çà

çìiííèìè xµ òà ua

ε = (εab)=

(
0 −1

1 0

)
� àíòèñèìåòðè÷íèé òåíçîð 2-ãî ïîðÿäêó

δab � ñèìâîë Êðîíåêåðà

(δab) =

(
1 0

0 1

)
u(n) � ñóêóïíiñòü âñiõ ïîõiäíèõ ôóíêöi¨ u ïî çìiííié x1 äî

ïîðÿäêó n
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Âñòóï

Àêòóàëüíiñòü òåìè. Ïðè äîñëiäæåííi áàãàòüîõ ôiçè÷íèõ, õiìi÷íèõ, áiî-

ëîãi÷íèõ, áiîõiìi÷íèõ, åêîëîãi÷íèõ ïðîöåñiâ ÷àñòî ïðèõîäÿòü äî ìàòåìàòè-

÷íèõ ìîäåëåé ó âèãëÿäi äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè

òà ¨õ ñèñòåì. Ïðîòå, íà ñüîãîäíiøíié äåíü íå iñíó¹ çàãàëüíèõ ìåòîäiâ òî-

÷íîãî ðîçâ'ÿçàííÿ òàêèõ ðiâíÿíü. Ñàìå òîìó, çàäà÷à âiäøóêàííÿ òî÷íèõ

ðîçâ'ÿçêiâ íåëiíiéíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè äàëà ïîøòîâõ äî

ðîçâèòêó íîâèõ ìåòîäiâ iíòåãðóâàííÿ äèôåðåíöiàëüíèõ ðiâíÿíü.

Äî ñüîãîäíi áóëî ðîçðîáëåíî öiëó íèçêó ìåòîäiâ ðîçâ'ÿçàííÿ äèôåðåí-

öiàëüíèõ ðiâíÿíü: ìåòîä âiäîêðåìëåííÿ çìiííèõ, ìåòîä ñïåöiàëüíèõ ïiäñòà-

íîâîê, ìåòîä âàðiàöi¨, ìåòîä Åéëåðà, Ìåòîä Ä'àëàìáåðà, ìåòîä õàðàêòåðè-

ñòèê (Ìîíæà), ìåòîä êàñêàäiâ (Ëàïëàñà), ìåòîä Ïóàññîíà, ìåòîä Ôóð'¹ òà

áàãàòî iíøèõ. Îäíèì iç òàêèõ ìåòîäiâ ¹ ìåòîä îáåðíåíî¨ çàäà÷i òåîði¨ ðîç-

ñiÿííÿ (òà ðÿä ñïîðiäíåíèõ ç íèìè ìåòîäiâ), ÿêèé áóëî çàïðîïîíîâàíî ó

1967 ðîöi â ñïiëüíié ðîáîòi K. Ãàðäíåðà (C. Gardner), Äæ. Ãðiíà (J. Green),

M. Êðóñêàëà (M. Kruskal) òà P. Ìióðè (R. Miura) [114] íà ïðèêëàäi iíòåãðó-

âàííÿ íåëiíiéíîãî ðiâíÿííÿ Êîðòåâåãà-äå Ôðiçà. Âåëèêèé âíåñîê ó ðîçâèòêó

ìåòîäiâ îáåðíåíî¨ çàäà÷i òåîði¨ ðîçñiþâàííÿ òà ñòâîðåííÿ íà éîãî îñíîâi íî-

âèõ ìåòîäiâ íàëåæèòü óêðà¨íñüêèì ìàòåìàòèêàì, çîêðåìà, Þ. Ì. Áåðåçàí-

ñüêîìó [8, 9], Â. Î. Ìàð÷åíêó [32], Ë. Ï. Íèæíèêó [36, 37], �. Ä. Áiëîêîëîñó

[5, 6], �. ß. Õðóñëîâó [85] òà ií.

Ñåðåä ìåòîäiâ, ÿêi ç'ÿâèëèñÿ íåùîäàâíî, ñëiä âiäçíà÷èòè òàêîæ àñèìïòî-

òè÷íèé òà ÷èñåëüíî-àíàëiòè÷íèé ìåòîäè äîñëiäæåííÿ íîâèõ êëàñiâ äèôå-

ðåíöiàëüíèõ òà äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ ðiâíÿíü, âàæëèâó ðîëü ó

ðîçâèòêó ÿêèõ âiäiãðàëè ïðàöi À. Ì. Ñàìîéëåíêà, Þ. Î. Ìèòðîïîëüñüêîãî,

Î. Ì. Ñòàíæèöüêîãî òà ií.([33]- [35], [48]-[51], [66], [67], [157]); âàðiàöiéíi ìå-

òîäè ðîçâ'ÿçóâàííÿ ëiíiéíèõ òà íåëiíiéíèõ êðàéîâèõ çàäà÷ ãiäðîäèíàìiêè,
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ðîçðîáëåíi I. Î. Ëóêîâñüêèì ([27]-[30]); àëãîðèòìè íàáëèæåíîãî ðîçâ'ÿçêó

øèðîêîãî êëàñó äèôåðåíöiàëüíèõ ðiâíÿíü ç iìïóëüñíîþ äi¹þ, çàïðîïîíî-

âàíi Ì. Î. Ïåðåñòþêîì ([14], [42], [43]); àñèìïòîòè÷íi ìåòîäè àíàëiçó ñòî-

õàñòè÷íèõ äèôåðåíöiàëüíèõ ðiâíÿíü, ðîçâèíóòi Ì. I. Ïîðòåíêîì ([2], [44],

[45]); ÷èñåëüíî-àíàëiòè÷íèé ìåòîä çíàõîäæåííÿ ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ

àáñòðàêòíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ïåðøîãî òà äðóãîãî ïîðÿäêiâ ç íå-

îáìåæåíèìè îïåðàòîðíèìè êîåôiöi¹íòàìè, ðîçðîáëåíèé Â. Ë. Ìàêàðîâèì

([25], [31]), òà iíøi.

Ïðè ïîáóäîâi òî÷íèõ ðîçâ'ÿçêiâ íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

ç ÷àñòèííèìè ïîõiäíèìè ÷àñòî âèêîðèñòîâóþòü ñó÷àñíi òåîðåòèêî-ãðóïîâi

ìåòîäè, â îñíîâi ÿêèõ ëåæèòü ìåòîä âèäàòíîãî íîðâåçüêîãî ìàòåìàòèêà Ñî-

ôóñîì Ëi ([127]-[132]). Äàíèé ìåòîä  ðóíòó¹òüñÿ íà çíàõîäæåííi òà çàñòîñó-

âàííi îïåðàòîðiâ àëãåáðè iíâàðiàíòíîñòi (ñèìåòðié Ëi) íåëiíiéíîãî ðiâíÿííÿ

äëÿ òåîðåòèêî-ãðóïîâî¨ ðåäóêöi¨ òà çíàõîäæåííÿ éîãî òî÷íèõ ðîçâ'ÿçêiâ.

Áàãàòî íàóêîâöiâ ïðîäîâæèëè äîñëiäæåííÿ ó öüîìó íàïðÿìêó âèêîðè-

ñòîâóþ÷è i ðîçâèâàþ÷è òåîðiþ Ñ. Ëi. Òàê, ó 1905 ð. Ïóàíêàðå çàñòîñóâàâ

iäå¨ Ëi äî ñèñòåìè ðiâíÿíü Ìàêñâåëà, ó 1909 ðîöi Ã. Áåéòìàí [95] âèêîðè-

ñòàâ ñèìåòðiéíi âëàñòèâîñòi ëiíiéíîãî õâèëüîâîãî ðiâíÿííÿ äëÿ ïîáóäîâè

éîãî òî÷íèõ ðîçâ'ÿçêiâ. Å. Íüîòåð ó 1918 ðîöi äîâåëà âàæëèâi òåîðåìè, ÿêi

ïîâ'ÿçàëè ãðóïè ñèìåòði¨ iç çàêîíàìè çáåðåæåííÿ. Ðåçóëüòàòè Ñ. Ëi ùîäî

ãðóïîâîãî àíàëiçó äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè òðè-

âàëèé ÷àñ çàëèøàëèñÿ ìàëîâiäîìèìè. Ã. Áiðêãîô [11] âïåðøå íàãîëîñèâ íà

âàæëèâîñòi öèõ ðåçóëüòàòiâ i ïðèíöèïîâié ìîæëèâîñòi çàñòîñóâàííÿ òåîði¨

ãðóï ó ìåõàíiöi.

Íîâèé åòàï ðîçâèòêó ìåòîä Ëi îòðèìàâ ó ðîáîòàõ Ë. Â. Îâñÿííiêîâà i

éîãî øêîëè [39, 40, 148], ÿêèìè áóëà ñòâîðåíà òåîðiÿ iíâàðiàíòíèõ i ÷àñ-

òêîâîiíâàðiàíòíèõ ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ ðiâíÿíü. Â Óêðà¨íi ïåðøi

ðîáîòè ç öi¹¨ òåìàòèêè íàïðèêiíöi 50-õ ðîêiâ ÕÕ ñòîëiòòÿ áóëè îïóáëiêîâà-

íi Â. Ã. Êîñòåíêîì [22].
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Ó ñåðåäèíi 70-õ ðîêiâ ðîêiâ ìèíóëîãî ñòîëiòòÿ áóëà ñòâîðåíà Êè¨âñüêà

øêîëà ìàòåìàòèêiâ, ÿêó î÷îëèâ Â. I. Ôóùè÷. Íàóêîâöÿìè öi¹¨ øêîëè áóëî

çðîáëåíî ñóòò¹âèé âíåñîê ÿê ó êëàñè÷íi, òàê i â íîâi ìåòîäè äîñëiäæåí-

íÿ äèôåðåíöiàëüíèõ ðiâíÿíü. Ñåðåä îñíîâíèõ äîñÿãíåíü íåîáõiäíî âiäçíà-

÷èòè ðîçðîáëåíèé Â. I. Ôóùè÷åì i À. Ã. Íiêiòiíèì [69]-[73] íîâèé ìåòîä

äîñëiäæåííÿ àëãåáð iíâàðiàíòíîñòi äèôåðåíöiàëüíèõ ðiâíÿíü, ÿêèé äiñòàâ

íàçâó íåëi¨âñüêîãî ìåòîäó äîñëiäæåíííÿ ñèìåòðiéíèõ âëàñòèâîñòåé äèôå-

ðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè. Îñíîâíà âiäìiííiñòü öüîãî

ìåòîäó âiä ìåòîäó Ñ. Ëi ïîëÿãà¹ â òîìó, ùî áàçèñíi åëåìåíòè àëãåáðè iíâà-

ðiàíòíîñòi âiäïîâiäíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ¹, ÿê ïðàâèëî, iíòåãðî-

äèôåðåíöiàëüíèìè (ïñåâäî-äèôåðåíöiàëüíèìè) îïåðàòîðàìè. Çà äîïîìî-

ãîþ äàíîãî ìåòîäó âäàëîñÿ çíàéòè íîâi ñèìåòði¨ áàãàòüîõ äîáðå âiäîìèõ

ðiâíÿíü êâàíòîâî¨ ìåõàíiêè: Äiðàêà, Ìàêñâåëà [70], Ëàìå [79], òîùî.

Ó 80-õ ðîêàõ ÕÕ ñòîëiòòÿ î÷åâèäíîþ ñòàëà îáìåæåíiñòü êëàñè÷íîãî ïiä-

õîäó Ëi, îñêiëüêè iñíóâàëè ïðèêëàäè ðåäóêöié äèôåðåíöiàëüíèõ ðiâíÿíü,

ÿêi íå ìîæíà áóëî îòðèìàòè â ðàìêàõ äàíîãî ïiäõîäó. Êðiì òîãî, ïðè âñiõ

áåçïåðå÷íèõ ïåðåâàãàõ êëàñè÷íîãî ïiäõîäó Ëi çíàõîäæåííÿ ðîçâ'ÿçêiâ äè-

ôåðåíöiàëüíèõ ðiâíÿíü òà ¨õ ñèñòåì, êëàñ ðîçâ'ÿçêiâ ðiâíÿíü, ÿêi ìîæëèâî

ïîáóäóâàòè â ðàìêàõ öüîãî ìåòîäó, îáìåæó¹òüñÿ êiëüêiñòþ îïåðàòîðiâ ñè-

ìåòði¨, ÿêèìè âîëîäi¹ êîíêðåòíå ðiâíÿííÿ ÷è ñèñòåìà. ßêùî æ ðiâíÿííÿ

ìà¹ áiäíó ëi¨âñüêó ñèìåòðiþ, àáî íå ìà¹ ¨¨ âçàãàëi, òî çàñòîñóâàííÿ äàíîãî

ìåòîäó äî ïîáóäîâè ðîçâ'ÿçêiâ íå äà¹ áàæàíîãî ðåçóëüòàòó. Öi òà äåÿêi iíøi

ïðîáëåì ñòèìóëþâàëè ïîøóê íîâèõ ïiäõîäiâ äî ïîáóäîâè òî÷íèõ ðîçâ'ÿçêiâ

íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü. Îñíîâîþ ðÿäó ç ÷èñëà òàêèõ ïiäõî-

äiâ ïîñòà¹ iäåÿ ïîøóêó äîäàòêîâèõ (íåëi¨âñüêèõ) îïåðàòîðiâ ñèìåòði¨. Òàê,

ó 1969 ð. Äæ. Áëóìåí òà I. Ä. Êîóë ââåëè ïîíÿòòÿ íåêëàñè÷íî¨ ñèìåòð¨¨

[97] i çàïðîïîíóâàëè íîâèé ìåòîä äëÿ ïîøóêó àíçàöiâ i òî÷íèõ ðîçâ'ÿçêiâ

äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè. Ùî äîçâîëèëî çíàõî-

äèòè îïåðàòîðè iíâàðiàíòíîñòi äèôåðåíöiàëüíèõ ðiâíÿíü, ÿêi íåìîæëèâî
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îòðèìàòè â ðàìêàõ êëàñè÷íîãî ìåòîäó Ñ. Ëi. Öåé íàïðÿì ðîçâèâàëè â ñâî-

¨õ ðîáîòàõ Ï. Îëâåð òà Ðîçåíàó [146], [147]. Ó 80-õ ðîêàõ ìèíóëîãî ñòîëiòòÿ

Í. Õ Iáðàãiìîâèì òà Ð. Ë. Àíäåðñîíîì áóëî âiäêðèòî óçàãàëüíåíi ñèìåòði¨

äèôåðåíöiàëüíèõ ðiâíÿíü, ÿêi îäåðæàëè íàçâó ãðóï Ëi-Áåêëóíäà [91].

Íîâèì åòàïîì ðîçâèòêó ñèìåòðiéíèõ ìåòîäiâ ñòàëà ðîçðîáêà Â. I. Ôó-

ùè÷åì ðàçîì çi ñâî¨ìè ó÷íÿìè: Â. I. ×îïèêîì, I. Ì. Öèôðîþ òà Ì. I. Ñ¹-

ðîâèì [73], [69], [81], [76], [80], [82] ìåòîäó óìîâíî¨ ñèìåòði¨. Çà äîïîìîãîþ

öüîãî ìåòîäó âäàëîñÿ ïîáóäóâàòè íîâi ðîçâ'ÿçêè íèçêè âiäîìèõ íåëiíiéíèõ

ðiâíÿíü, ÿêi íåìîæëèâî çíàéòè ìåòîäàìè Ëi òà ìåòîäîì îáåðíåíî¨ çàäà-

÷i ðîçñiÿííÿ. Äîñëiäæåííÿ â öüîìó íàïðÿìêó ïëiäíî ïðîâàäèëè óêðà¨íñüêi

ìàòåìàòèêè Ð. Ì. ×åðíiãà, Ï. I. Ìèðîíþê, Ð. Î. Ïîïîâè÷, Â. Ì. Áîéêî

([111, 110, 78, 12, 84]) òà ií.

Iíøèé íàïðÿì ðîçâ'ÿçàííÿ ïðîáëåìè ïîøóêó äîäàòêîâèõ ðîçâ'ÿçêiâ äè-

ôåðåíöiàëüíèõ ðiâíÿíü òà ¨õ ñèñòåì, ÿêi íåìîæëèâî îäåðæàòè ñòàíäàðòíèì

ëi¨âñüêèì ìåòîäîì, áóâ çàïðîïîíîâàíèé Â. I. Ôóùè÷åì, Ì. I. Ñ¹ðîâèì,

Ò. Ê. Àìåðîâèì. Âîíè âèêîðèñòàëè îäåðæàíå Äæ. Êiíãîì ïåðåòâîðåííÿ

ãîäîãðàôà, ÿêå ðàçîì ç äåÿêèìè íåëîêàëüíèìè çàìiíàìè, ïåðåòâîðþ¹ íåëi-

íiéíå ðiâíÿííÿ òåïëîïðîâiäíîñòi â ðiâíÿííÿ òîãî æ ñàìîãî òèïó, äëÿ ëiíåà-

ðèçàöi¨, ïîáóäîâè íåëîêàëüíèõ àíçàöiâ, òà çíàõîäæåííÿ íåëîêàëüíèõ ôîð-

ìóë ðîçìíîæåííÿ ðîçâ'ÿçêiâ äàíîãî ðiâíÿííÿ.

Òàêèì ÷èíîì, ðîçâèòîê ìåòîäiâ òåîðåòèêî-ãðóïîâîãî àíàëiçó ¹ àêòóàëü-

íèì i íàáóâà¹ îñîáëèâîãî çíà÷åííÿ ïðè çíàõîäæåííi ðîçâ'ÿçêiâ òèõ äèôå-

ðåíöiàëüíèõ ðiâíÿíü ÷è ñèñòåì, äëÿ ÿêèõ iíøi ìåòîäè ¹ íååôåêòèâíèìè.

Iñíó¹ áàãàòî îáëàñòåé çàñòîñóâàííÿ ìåòîäiâ ãðóïîâîãî àíàëiçó äèôåðåíöi-

àëüíèõ ðiâíÿíü. Îäíi¹þ ç îñíîâíèõ çàäà÷ êëàñè÷íîãî ãðóïîâîãî àíàëiçó äè-

ôåðåíöiàëüíèõ ðiâíÿíü ¹ çàäà÷à çíàõîäæåííÿ íàéøèðøî¨ (ìàêñèìàëüíî¨)

ãðóïè ñèìåòði¨, ÿêó äîïóñêà¹ äèôåðåíöiàëüíå ðiâíÿííÿ, i íå ìåíø âàæëè-

âîþ ¹ çàäà÷à ãðóïîâî¨ êëàñèôiêàöi¨ äèôåðåíöiàëüíèõ ðiâíÿíü, ÿêó çàïî÷à-

òêóâàâ Ñ. Ëi. Ñó÷àñíå ôîðìóëþâàííÿ çàäà÷i ãðóïîâî¨ êëàñèôiêàöi¨ áóëî
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çàïðîïîíîâàíå Ë. Â. Îâñÿííiêîâèì, ÿêèé âïåðøå çäiéñíèâ ïîâíó ãðóïî-

âó êëàñèôiêàöiþ íåëiíiéíîãî ðiâíÿííÿ òåïëîïðîâiäíîñòi. Äîñëiäæåííÿìè â

öüîìó íàïðÿìêó çàéìàëîñÿ áàãàòî óêðà¨íñüêèõ ìàòåìàòèêiâ: À. Ã. Íiêiòií,

Ì. I. Ñ¹ðîâ, Ð. Ì. ×åðíiãà, Â. Ì. Áîéêî, À. Ô. Áàðàííèê, Ò. À. Áàðàííèê,

I. I. Þðèê ([139]-[141], [108], [112], [104]-[106], [86]) òà ií.

Âàæëèâîþ òàêîæ ¹ çàäà÷à âiäøóêàííÿ ãðóïè ïåðåòâîðåíü åêâiâàëåí-

òíîñòi çàäàíîãî êëàñó äèôåðåíöiàëüíèõ ðiâíÿíü. Çíàõîäæåííÿ ãðóïè ïåðå-

òâîðåíü åêâiâàëåíòíîñòi äàíîãî ðiâíÿííÿ äà¹ ìîæëèâiñòü çàïèñàòè éîãî ó

íàéáiëüø ïðîñòié äëÿ äîñëiäæåííÿ ôîðìi. Âàãîìèé âíåñîê ó ðîçðîáëåííÿ

ìåòîäiâ ïîáóäîâè ãðóï ïåðåòâîðåíü åêâiâàëåíòíîñòi áóëî âíåñåíî I. Àõàòî-

âèì, Ð. Ãàçiçîâèì òà Í. Iáðàãiìîâèì. Ïîäàëüøèé ðîçâèòîê öi iäå¨ îäåðæàëè

â ðîáîòàõ Â. I. Ëàãíà, Ñ. Â. Ñïi÷àêà òà Â. I. Ñòîãíiÿ, äå îïèñàíî íîâèé ïiä-

õîä äî ðîçâ'ÿçóâàííÿ çàäà÷i ãðóïîâî¨ êëàñèôiêàöi¨ äèôåðåíöiàëüíèõ ðiâ-

íÿíü, ÿêèé ¹ ñèíòåçîì ìåòîäó Ëi-Îâñÿííiêîâà, ðåçóëüòàòîì êëàñèôiêàöi¨

àáñòðàêòíèõ ñêií÷åííîâèìiðíèõ äiéñíèõ àëãåáð Ëi òà òåõíiêè âèêîðèñòà-

ííÿ ïåðåòâîðåíü åêâiâàëåíòíîñòi. Iç íàâåäåíîãî âèùå ñòà¹ î÷åâèäíèì, ùî

îäíi¹þ iç àêòóàëüíèõ çàäà÷ ÿêiñíî¨ òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü ¹ ïî-

áóäîâà êîíñòðóêòèâíîãî ìàòåìàòè÷íîãî àïàðàòó, çäàòíîãî âèÿâëÿòè ðiçíi

òèïè ñèìåòðié, çîêðåìà, çàäà÷à ïîâíî¨ ãðóïîâî¨ êëàñèôiêàöi¨ äèôåðåíöi-

àëüíèõ ðiâíÿíü, ùî äîçâîëÿ¹ iç çàäàíîãî êëàñó ðiâíÿíü âèäiëèòè òàêi, ÿêi

âîëîäiþòü øèðîêèìè ñèìåòðiéíèìè âëàñòèâîñòÿìè. Ùå îäíi¹þ âàæëèâîþ

çàäà÷åþ òåîðåòèêî-ãðóïîâîãî àíàëiçó ¹ ðîçðîáêà åôåêòèâíèõ àëãîðèòìiâ

ïîáóäîâè øèðîêèõ êëàñiâ òî÷íèõ ðîçâ'ÿçêiâ íåëiíiéíèõ äèôåðåíöiàëüíèõ

ðiâíÿíü.

Ðîçâ'ÿçàííþ òàêèõ àêòóàëüíèõ çàäà÷ ñòîñîâíî íåëiíiéíèõ ðiâíÿíü

ðåàêöi¨-êîíâåêöi¨-äèôóçi¨ òà ñèñòåì íåëiíiéíèõ ðiâíÿíü êîíâåêöi¨-äèôóçi¨ i

ïðèñâÿ÷åíà äàíà äèñåðòàöiÿ.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè. Äè-

ñåðòàöiþ âèêîíàíî çãiäíî ç çàãàëüíèì ïëàíîì äîñëiäæåíü êàôåäðè âèùî¨
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òà ïðèêëàäíî¨ ìàòåìàòèêè Íàöiîíàëüíîãî óíiâåðñèòåòó "Ïîëòàâñüêà ïîëi-

òåõíiêà iìåíi Þðiÿ Êîíäðàòþêà".

Ìåòà äîñëiäæåííÿ. Ìåòîþ äèñåðòàöiéíî¨ ðîáîòè ¹ çàñòîñóâàííÿ ëi¨â-

ñüêîãî ìåòîäó äî ïîâíî¨ ãðóïîâî¨ êëàñèôiêàöi¨ (1+2)-âèìiðíîãî ðiâíÿííÿ

ðåàêöi¨-êîíâåêöi¨-äèôóçi¨ òà ïîáóäîâà òî÷íèõ ðîçâ'ÿçêiâ äàíîãî ðiâíÿííÿ,

à òàêîæ çàñòîñóâàííÿ íåëîêàëüíèõ ïåðåòâîðåíü åêâiâàëåíòíîñòi ñèñòåìè

íåëiíiéíèõ ðiâíÿíü êîíâåêöi¨-äèôóçi¨ äëÿ ïîáóäîâè íåëîêàëüíèõ àíçàöiâ,

ïðîâåäåííÿ ðåäóêöi¨ òà çíàõîäæåííÿ òî÷íèõ ðîçâ'ÿçêiâ äàíî¨ ñèñòåìè.

Çàâäàííÿ äîñëiäæåííÿ.

1. Çíàéòè îñíîâíi òà äîäàòêîâi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi (1+2)-

âèìiðíîãî ðiâíÿííÿ ðåàêöi¨-êîíâåêöi¨-äèôóçi¨.

2. Ïðîâåñòè ïîâíó ãðóïîâó êëàñèôiêàöiþ (1+2)-âèìiðíîãî ðiâíÿííÿ

ðåàêöi¨-êîíâåêöi¨-äèôóçi¨ ç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâàëåíòíîñòi.

3. Ïîáóäóâàòè òî÷íi ðîçâ'ÿçêè (1+2)-âèìiðíîãî ðiâíÿííÿ ðåàêöi¨-

êîíâåêöi¨-äèôóçi¨.

4. Çíàéòè íåëîêàëüíi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi ñèñòåìè íåëiíié-íèõ

ðiâíÿíü êîíâåêöi¨-äèôóçi¨.

5. Ïîáóäóâàòè íåëîêàëüíi àíçàöè, ïðîâåñòè ðåäóêöiþ òà çíàéòè òî÷íi

ðîçâ'ÿçêè ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà.

6. Çíàéòè íåëîêàëüíi àíçàöè òà ïðîâåñòè ðåäóêöiþ îáðàçiâ ñèñòåìè ðiâ-

íÿíü Âàí-äåð-Âààëüñà.

7. Ïîáóäóâàòè íåëîêàëüíi îïåðàòîðè iíâàðiàíòíîñòi ÿêi âiäïîâiäàþòü íå-

ëîêàëüíèì àíçàöàì ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà.

Îá'¹êò äîñëiäæåííÿ. Îá'¹êòîì äîñëiäæåííÿ ¹ ðiâíÿííÿ ðåàêöi¨�

êîíâåêöi¨�äèôóçi¨ òà ñèñòåìè ðiâíÿíü êîíâåêöi¨�äèôóçi¨.
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Ïðåäìåò äîñëiäæåííÿ. Ïðåäìåòîì äîñëiäæåííÿ ¹ êëàñèôiêàöiÿ ëi¨âñü-

êèõ ñèìåòðié ðiâíÿíü ðåàêöi¨�êîíâåêöi¨�äèôóçi¨ òà çíàõîäæåííÿ íåëîêàëü-

íèõ àíçàöiâ i ïîáóäîâà íåëîêàëüíèõ îïåðàòîðiâ ñèñòåìè ðiâíÿíü êîíâåêöi¨�

äèôóçi¨.

Ìåòîäè äîñëiäæåííÿ. Ñôîðìóëþ¹ìî îñíîâíi ïîíÿòòÿ òà âèçíà÷åííÿ, ùî

âèêîðèñòîâóþòüñÿ â äèñåðòàöiéíié ðîáîòi.

Ðîçãëÿäà¹ìî êëàñ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiä-

íèìè m � ãî ïîðÿäêó

S(x, u(m), F(s)) = 0, (0.1)

äå S ∈ Rk, x = (x0,
−→x ) ∈ R1+n, u = u(x) ∈ Rk, F = F (x, u(r)) ∈ Rl �

äîâiëüíi ãëàäêi ôóíêöi¨, u(r) = (u, u
1
, . . . , u

r
), u

r
� ñóêóïíiñòü âñåìîæëèâèõ

ïîõiäíèõ r�ãî ïîðÿäêó ôóíêöié u çà çìiííèìè x, F(s) = (F, F
1
, . . . , F

s
), F

s
�

ñóêóïíiñòü âñåìîæëèâèõ ïîõiäíèõ s�ãî ïîðÿäêó ôóíêöié F çà çìiííèìè

y = (x, u(r)) .

Íàâåäåìî îñíîâíi ïîíÿòòÿ ìåòîäó Ñ. Ëi çãiäíî [148], [41].

Îçíà÷åííÿ 0.1. Ãðóïà Ëi ëîêàëüíèõ ïåðåòâîðåíü âèãëÿäó

x̃ = f(x, u, θ), ũ = g(x, u, θ), (0.2)

äå θ � äîâiëüíi ïàðàìåòðè, θ ∈ Rl, íàçèâà¹òüñÿ l�ïàðàìåòðè÷íîþ ãðó-

ïîþ òî÷êîâèõ ñèìåòðié ðiâíÿííÿ (0.1), ÿêùî ìíîæèíà ðîçâ'ÿçêiâ (0.1)

iíâàðiàíòíà âiäíîñíî ïåðåòâîðåíü (0.2).

Îçíà÷åííÿ 0.2. Àëãåáðîþ Ëi ãðóïè (0.2) íàçèâà¹òüñÿ ëiíiéíèé âåêòîð-

íèé ïðîñòið, áàçèñîì ÿêîãî ¹ äèôåðåíöiàëüíi îïåðàòîðè ïåðøîãî ïîðÿäêó

Xb = ξb(x, u)∂x + ηb(x, u)∂u, (0.3)

äå

ξb = ∂f b

∂θ

∣∣∣∣
θ=0

, ηb = ∂gb

∂θ

∣∣∣∣
θ=0

(0.4)

çi ñòàíäàðòíîþ îïåðàöi¹þ êîìóòóâàííÿ.
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Ìiæ ãðóïàìè Ëi ïåðåòâîðåíü (0.2) i àëãåáðàìè Ëi iñíó¹ âçà¹ìíîîäíî-

çíà÷íà âiäïîâiäíiñòü (ïåðøà òåîðåìà Ëi). ßêùî âiäîìi ïåðåòâîðåííÿ (0.2),

òî êîîðäèíàòè iíôiíiòåçiìàëüíèõ îïåðàòîðiâ (0.3) çíàõîäÿòüñÿ ç óìîâ (0.4).

Ùîá âiäíîâèòè ãðóïó Ëi, çíàþ÷è ¨¨ àëãåáðó Ëi, íåîáõiäíî ðîçâ'ÿçàòè íàñòó-

ïíó çàäà÷ó Êîøi (ñèñòåìó ðiâíÿíü Ëi):

∂f
∂θ

= ξ(f, g),
∂g
∂θ

= η(f, g),

f
∣∣∣∣
θ=0

= x, g
∣∣∣∣
θ=0

= u.
(0.5)

Ñôîðìóëþ¹ìî àëãîðèòì Ëi çíàõîäæåííÿ àëãåáðè iíâàðiàíòíîñòi ñèñòåìè

ðiâíÿíü (0.1).

Òåîðåìà 0.1. Äèôåðåíöiàëüíèé îïåðàòîð

X = ξ(x, u)∂x + η(x, u)∂u (0.6)

¹ îïåðàòîðîì iíâàðiàíòíîñòi ñèñòåìè (0.1) òîäi i òiëüêè òîäi, êîëè

X̃S(x, u(m))

∣∣∣∣∣ S = 0
= 0, (0.7)

äå X̃ � ïðîäîâæåííÿ iíôiíiòåçèìàëüíîãî îïåðàòîðà X, ÿêå âèçíà÷à¹òüñÿ

íàñòóïíèì ÷èíîì

X̃ = X + η
1
∂u

1
+ η

2
∂u

2
+ . . .+ η

k
∂u
k

+ . . . , (0.8)

ïðè÷îìó

η
k

= D η
k−1
− u

k
Dξ,

D = ∂x + u
1
∂u + u

2
∂u

1
+ . . .+ u

k
∂ u
k−1

+ . . . ,

η
0

= η.

Çàïèñàâøè (0.7) ó ðîçãîðíóòîìó âèãëÿäi, ïiñëÿ ðîçùåïëåííÿ çà ïîõiäíè-

ìè, îòðèìó¹ìî ñèñòåìó ëiíiéíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè âiäíîñíî
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êîîðäèíàò ξ, η îïåðàòîðà X (ñèñòåìó âèçíà÷àëüíèõ ðiâíÿíü), çàãàëüíèé

ðîçâ'ÿçîê ÿêî¨ âèçíà÷à¹ ìàêñèìàëüíó â ðîçóìiííi Ëi àëãåáðó iíâàðiàíòíîñòi

ðiâíÿíü (0.1). Âèêîðèñòîâóþ÷è ôîðìóëè (0.5), ìîæíà âèçíà÷èòè ëîêàëüíi

ãðóïè Ëi, ùî âiäïîâiäàþòü äàíié àëãåáði.

Îçíà÷åííÿ 0.3. Ïåðåòâîðåííÿ âèãëÿäó

x̃ = f(x, u, θ), ũ = g(x, u, θ), F̃ = Φ(x, u, F, θ), (0.9)

äå θ � äîâiëüíi ïàðàìåòðè, θ ∈ Rl, íàçèâàþòüñÿ ïåðåòâîðåííÿìè åêâiâà-

ëåíòíîñòi ñèñòåìè (0.1), ÿêùî äiÿ ïåðåòâîðåíü (0.9) ïåðåòâîðþ¹ ñèñòå-

ìó (0.1) â iíøó ñèñòåìó S ′, ÿêà íàëåæèòü äî òîãî æ êëàñó ñèñòåì, ùî

é ñèñòåìà (0.1).

Íåõàé, ôóíêöi¨ F çàäîâîëüíÿþòü äåÿêi äîäàòêîâi óìîâè

Q(x, u(m), F(q)(x, u(m))) = 0, Q ∈ Rr. (0.10)

Öi óìîâè ñêëàäàþòüñÿ ç r äèôåðåíöiàëüíèõ ðiâíÿíü äëÿ ôóíêöié F , äå

F(q)(x, u(m)) � ìíîæèíà âñiõ ÷àñòèííèõ ïîõiäíèõ ôóíêöié F ïîðÿäêó íå

âèùå q.

Ïîçíà÷èìî êîæíèé êëàñ ñèñòåì ðiâíÿíü âèãëÿäó (0.1), â ÿêîìó ôóíêöi¨

F çàäîâîëüíÿþòü óìîâi (0.10), ÿê S|Q.
Êîæíié îäíîïàðàìåòðè÷íié ãðóïi ëîêàëüíèõ òî÷êîâèõ ïåðåòâîðåíü, ùî

çàëèøà¹ ñèñòåìó S|Q iíâàðiàíòíîþ, âiäïîâiäà¹ iíôiíiòåçèìàëüíèé îïåðà-

òîð (0.8). Ïîâíèé íàáið òàêèõ ãðóï ãåíåðó¹ ìàêñèìàëüíó ãðóïó Gmax =

= Gmax(S|Q) ç âiäïîâiäíîþ àëãåáðîþ Ëi Amax = Amax(S|Q) iíôiíiòåçèìàëü-

íèõ îïåðàòîðiâ ñèñòåìè S|Q.
Îñíîâíîþ ãðóïîþ iíâàðiàíòíîñòi ñèñòåìè (0.1) íàçâåìî ãðóïó:

Gbas = Gbas(S|Q) =
⋂
Q=0

Gmax(S|Q)

ç âiäïîâiäíîþ àëãåáðîþ Ëi

Abas = Abas(S|Q) =
⋂
Q=0

Amax(S|Q).



30

Ãðóïó ïåðåòâîðåíü âèãëÿäó (0.9) ñèñòåìè (0.1) ïîçíà÷èìî

Gequiv = Gequiv(S|Q).

Òîäi çàäà÷à ãðóïîâî¨ êëàñèôiêàöi¨ ñèñòåìè (0.1) ïîëÿãà¹ ó çíàõîäæåííi

âñiõ íååêâiâàëåíòíèõ âèïàäêiâ ðîçøèðåííÿ Abas, òîáòî ó çíàõîäæåííi âñiõ

Gequiv � íååêâiâàëåíòíèõ âèãëÿäiâ ôóíêöié F , ÿêi çàäîâîëüíÿþòü ðiâíÿí-

íÿ (0.10) i óìîâó Amax(S|Q) 6= Abas.

Ïîâíà ãðóïà åêâiâàëåíòíîñòi Gequiv êëàñó ñèñòåì S|Q ñêëàäà¹òüñÿ ç ãðó-

ïè íåïåðåðâíèõ ïåðåòâîðåíü åêâiâàëåíòíîñòi Gequiv
cont òà ç ãðóïè òî÷êîâèõ

ïåðåòâîðåíü åêââàëåíòíîñòi Gequiv
point .

Äåòàëüíiøå çóïèíèìîñÿ íà âiäøóêàííi ãðóïè íåïåðåðâíèõ ïåðåòâîðåíü

åêâiâàëåíòíîñòi Gequiv
cont .

Äëÿ âiäøóêàííÿ Gequiv
cont ìîæíà çàñòîñóâàòè iíôiíiòåçèìàëüíèé ïiäõiä,

çãiäíî ÿêîãî Gequiv
cont ïîðîäæó¹òüñÿ iíôiíiòåçèìàëüíèì îïåðåòîðîì åêâiâà-

ëåíòíîñòi, ÿêèé øóêàòèìåìî ó âèãëÿäi

E = ξ(x, u)∂x + η(x, u)∂u + ζ(x, u(m), F )∂F . (0.11)

Óìîâó åêâiâàëåíòíîñòi ñèñòåìè S|Q âiäíîñíî ïåðåòâîðåíü, ïîðîäæåíèõ

îïåðàòîðîì åêâiâàëåíòíîñòi E, ìîæíà çàïèñàòè ó âèãëÿäi

ẼS∣∣∣∣∣∣∣
S = 0,

Q = 0

= 0, ẼQ∣∣∣∣∣∣∣
S = 0,

Q = 0

= 0,
(0.12)

äå Ẽ � ïðîäîâæåííÿ îïåðàòîðà E, ÿêå âèçíà÷à¹òüñÿ çà ïðàâèëîì:

Ẽ = E + η
1
∂u

1
+ ζ

1
∂F

1

+ η
2
∂u

2
+ ζ

2
∂F

2

+ . . .+ η
k
∂u
k

+ ζ
k
∂F
k

+ . . . , (0.13)

ζ
k

= D ζ
k−1
− F

k
Dχ,

D = ∂y + F
1
∂F + F

2
∂F

1

+ . . .+ F
k
∂ F
k−1

+ . . . ,

y = (x, u(m)), χ = (ξ, η(m)), η(m) = (η, η
1
, η

2
, . . . , η

m
).
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Ðîçùåïèâøè çà ïîõiäíèìè ôóíêöié u òà F óìîâè (0.12), îäåðæó¹ìî ñèñòå-

ìó âèçíà÷àëüíèõ ðiâíÿíü, çàãàëüíèé ðîçâ'ÿçîê ÿêî¨ âèçíà÷à¹ êîîðäèíàòè

îïåðàòîðà åêâiâàëåíòíîñòi E.

Êîëè êîîðäèíàòè îïåðàòîðà E âñòàíîâëåíi, ïåðåòâîðåííÿ åêâiâàëåíò-

íîñòi ìîæíà âèçíà÷èòè, ðîçâ'ÿçàâøè íàñòóïíó çàäà÷ó Êîøi (ñèñòåìó ðiâ-

íÿíü òèïó Ëi):

∂f
∂θ

= ξ(f, g),
∂g
∂θ

= η(f, g), ∂Φ
∂θ

= ζ(f, g,Φ),

f
∣∣∣∣
θ=0

= x, g
∣∣∣∣
θ=0

= u, Φ
∣∣∣∣
θ=0

= F.
(0.14)

Íà àëãîðèòì Ëi òà àëãîðèòì çíàõîäæåííÿ ïåðåòâîðåíü åêâiâàëåíòíîñòi,

îïèñàíi âèùå, ñïèðà¹òüñÿ äîâåäåííÿ ðÿäó îñíîâíèõ ðåçóëüòàòiâ äàíî¨ äè-

ñåðòàöiéíî¨ ðîáîòè.

Íàóêîâà íîâèçíà îäåðæàíèõ ðåçóëüòàòiâ. Îñíîâíi ðåçóëüòàòè, ÿêi

âèçíà÷àþòü íàóêîâó íîâèçíó òà âèíîñÿòüñÿ íà çàõèñò, íàñòóïíi:

1. Âñòàíîâëåíî îñíîâíi òà äîäàòêîâi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi (1+2)-

âèìiðíîãî ðiâíÿííÿ ðåàêöi¨-êîíâåêöi¨-äèôóçi¨.

2. Ïðîâåäåíî ïîâíó ãðóïîâó êëàñèôiêàöiþ (1+2)-âèìiðíîãî ðiâíÿííÿ

ðåàêöi¨-êîíâåêöi¨-äèôóçi¨.

3. Ïðîâåäåíî ñèìåòðiéíó ðåäóêöiþ òà çíàéäåíî äåÿêi òî÷íi ðîçâ'ÿçêè

(1+2)-âèìiðíîãî ðiâíÿííÿ ðåàêöi¨-êîíâåêöi¨-äèôóçi¨ çi ñòåïåíåâèìè íå-

ëiíiéíîñòÿìè.

4. Çíàéäåíî íåëîêàëüíi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi ñèñòåìè íåëiíiéíèõ

ðiâíÿíü êîíâåêöi¨-äèôóçi¨.

5. Çíàéäåíî äâà îáðàçè ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà, ÿêi âèêîðèñ-

òàíî äëÿ ïîáóäîâè íåëîêàëüíèõ àíçàöiâ, ïðîâåäåííÿ ðåäóêöi¨ òà

çíàõîäæåí-íÿ äåÿêèõ òî÷íèõ ðîçâ'ÿçêiâ ñèñòåìè Âàí-äåð-Âààëüñà.
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6. Ïîáóäîâàíî íåëîêàëüíi àíçàöè òà ïðîâåäåíî ðåäóêöiþ îáîõ îáðàçiâ ñè-

ñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà.

7. Ïîáóäîâàíî íåëîêàëüíi îïåðàòîðè iíâàðiàíòíîñòi, ÿêi âiäïîâiäàþòü íå-

ëîêàëüíèì àíçàöàì äàíî¨ ñèñòåìè

Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ. Äèñåðòàöiéíà ðîáîòà

íîñèòü òåîðåòè÷íèé õàðàêòåð. Îòðèìàíi ðåçóëüòàòè ¹ íîâèìè i ìîæóòü áóòè

âèêîðèñòàíi äëÿ ðîçâ'ÿçóâàííÿ ðÿäó êîíêðåòíèõ çàäà÷ òåîði¨ äèôåðåíöiàëü-

íèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè, òåîði¨ òåïëîïðîâiäíîñòi, ïðîíèêàííÿ,

äèôóçi¨, ãiäðîäèíàìiêè, ãàçîâî¨ äèíàìiêè òà äåÿêèõ iíøèõ. Òî÷íi ðîçâ'ÿç-

êè, îòðèìàíi äëÿ îêðåìèõ ñèñòåì ðiâíÿíü, çîêðåìà ñèñòåìè ðiâíÿíü Âàí-

äåð-Âààëüñà òà äåÿêèõ ðiâíÿíü ðåàêöi¨-êîíâåêöi¨-äèôóçi¨, ìîæóòü çíàéòè

ïðàêòè÷íå çàñòîñóâàííÿ ïðè ìîäåëþâàííi âiäïîâiäíèõ áiîôiçè÷íèõ ïðîöå-

ñiâ, à òàêîæ ïðè ðîçâ'ÿçóâàííi öèõ ðiâíÿíü òà ñèñòåì ðiâíÿíü ÷èñëîâèìè

ìåòîäàìè.

Îñîáèñòèé âíåñîê çäîáóâà÷à. Âèçíà÷åííÿ çàãàëüíîãî ïëàíó äiÿëüíîñòi

òà ïîñòàíîâêà çàäà÷ íàëåæàòü íàóêîâîìó êåðiâíèêó � Ì. I. Ñ¹ðîâó. Äîâå-

äåííÿ âñiõ ðåçóëüòàòiâ äèñåðòàöi¨, âèíåñåíèõ íà çàõèñò, ïðîâåäåíî äèñåð-

òàíòîì ñàìîñòiéíî.

Ó ðîáîòàõ [60], [59], [56], [58] äèñåðòàíòó íàëåæèòü ôîðìóëþâàííÿ òà

äîâåäåííÿ âñiõ òåîðåì. Ó ðîáîòi [57] äèñåðòàíòó íàëåæèòü äîâåäåííÿ òåîðå-

ìè ïðî ðîçøèðåííÿ îñíîâíèõ ñèìåòðié (1+2)-âèìiðíîãî ðiâíÿííÿ ðåàêöi¨-

êîíâåêöi¨-äèôóçi¨. Ó ðîáîòi [55] äèñåðòàíòó íàëåæèòü çàñòîñóâàííÿ íåëî-

êàëüíèõ ïåðåòâîðåíü åêâiâàëåíòíîñòi äî çíàõîäæåííÿ òî÷íèõ ðîçâ'ÿçêiâ

ñèñòåìè ðiâíÿíü êîíâåêöi¨-äèôóçi¨. Ó ðîáîòi [160] äèñåðòàíòó íàëåæèòü çà-

ñòîñóâàííÿ íåëîêàëüíèõ ïåðåòâîðåíü åêâiâàëåíòíîñòi äî çíàõîäæåííÿ òî-

÷íèõ ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà. Ó ðîáîòi [62] äèñåðòàíòó

íàëåæèòü ïîáóäîâà íåëîêàëüíèõ àíçàöiâ, ïðîâåäåííÿ ðåäóêöi¨ òà çíàõîäæå-

ííÿ äåÿêèõ òî÷íèõ ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà, à òàêîæ
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ïîáóäîâà íåëîêàëüíèõ àíçàöiâ òà ïðîâåäåíî ðåäóêöi¨ îáîõ îáðàçiâ ñèñòå-

ìè ðiâíÿíü Âàí-äåð-Âààëüñà. Ó ðîáîòi [63] äèñåðòàíòó íàëåæèòü äîâåäåííÿ

òåîðåì ïðî íåîáõiäíi òà äîñòàòíi óìîâè ðîçøèðåííÿ îñíîâíî¨ àëãåáðè ií-

âàðiàíòíîñòi (1+2)-âèìiðíîãî ðiâíÿííÿ ðåàêöi¨-êîíâåêöi¨-äèôóçi¨. Ó ðîáîòi

[159] äèñåðòàíòó íàëåæèòü ïîáóäîâà íåëîêàëüíèõ àíçàöiâ òà íåëîêàëüíèõ

îïåðàòîðiâ, ÿêi âiäïîâiäàþòü íåëîêàëüíèì àíçàöàì ñèñòåìè ðiâíÿíü Âàí-

äåð-Âààëüñà, à òàêîæ ïðîâåäåííÿ ðåäóêöi¨ òà çíàõîäæåííÿ äåÿêèõ òî÷íèõ

ðîçâ'ÿçêiâ äàíî¨ ñèñòåìè. Ó ðîáîòàõ [60], [57], [55], [59], [160], [56], [58], [62],

[63], [159] Ì. I. Ñ¹ðîâó íàëåæèòü çàãàëüíà ïîñòàíîâêà çàäà÷ i àíàëiç îòðè-

ìàíèõ ðåçóëüòàòiâ. Ó ðîáîòàõ [57], [160], [62], [63] Ì. Ì. Ñ¹ðîâié íàëåæèòü

óòî÷íåííÿ ôîðìóëþâàíü òåîðåì òà àíàëiç çâ'ÿçêó ðåçóëüòàòiâ ç ïîïåðåäíi-

ìè äîñëiäæåííÿìè. Ó ðîáîòi [160] Î. Ì. Îìåëÿíó íàëåæèòü ïðîâåäåííÿ

ëiíåàðèçàöi¨ ñèñòåìè ðiâíÿíü êîíâåêöi¨-äèôóçi¨ Ut = ∂x [F (U)Ux +G(U)].

Ó ðîáîòi [62] Î. Ì. Îìåëÿíó íàëåæèòü ïîáóäîâà íåëîêàëüíèõ àíçàöiâ, ïðî-

âåäåííÿ ðåäóêöi¨ òà ïîáóäîâà íåëîêàëüíèõ ôîðìóë ðîçìíîæåííÿ ðîçâ'ÿçêiâ

äëÿ îáðàçó ëiíåàðèçîâàíî¨ ñèñòåìè Ut = ΛUxx + ΓUx.

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Ðåçóëüòàòè äèñåðòàöiéíî¨ ðîáîòè

äîïîâiäàëèñÿ i îáãîâîðþâàëèñÿ íà íàóêîâèõ ñåìiíàðàõ êàôåäðè âèùî¨

òà ïðèêëàäíî¨ ìàòåìàòèêè Íàöiîíàëüíîãî óíiâåðñèòåòó "Ïîëòàâñüêà ïî-

ëiòåõíiêà iìåíi Þðiÿ Êîíäðàòþêà" , íà íàóêîâèõ êîíôåðåíöiÿõ íàóêîâî-

ïåäàãîãi÷íîãî êîëåêòèâó Íàöiîíàëüíîãî óíiâåðñèòåòó "Ïîëòàâñüêà ïîëi-

òåõíiêà iìåíi Þðiÿ Êîíäðàòþêà"(ì. Ïîëòàâà, 2014-2019 ð.), íà 15-é òà

16-é Ìiæíàðîäíèõ íàóêîâèõ êîíôåðåíöiÿõ iìåíi àêàä. Ìèõàéëà Êðàâ÷ó-

êà (ì. Êè¨â, 2014 ð., 2015 ð.), íà VII ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨

"Ñó÷àñíi ïðîáëåìè ìàòåìàòè÷íîãî ìîäåëþâàííÿ, ïðîãíîçóâàííÿ òà îïòè-

ìiçàöi¨"(ì. Êàì'ÿíåöü-Ïîäiëüñüêèé, 2016 ð.), íà ìiæíàðîäíié êîíôåðåí-

öi¨ äèôåðåíöiàëüíèõ ðiâíÿíü, ïðèñâÿ÷åíié 110-ði÷÷þ ß.Á. Ëîïàòèíñüêî-

ãî (International conference of di�erential equations dedicated to the 110th

Anniversary of Ya.B. Lopatynsky) (ì. Ëüâiâ, 2016 ð.), íà Äðóãié Âñåóêðà-
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¨íñüêié íàóêîâié êîíôåðåíöi¨, ïðèñâÿ÷åíié 55-ði÷÷þ êàôåäðè âèùî¨ ìàòå-

ìàòèêè Iâàíî-Ôðàíêiâñüêîãî íàöiîíàëüíîãî òåõíi÷íîãî óíiâåðñèòåòó íàôòè

i ãàçó (ì. Iâàíî-Ôðàíêiâñüê, 2016 ð.), íà íàóêîâèõ ñåìiíàðàõ âiääiëó ìà-

òåìàòè÷íî¨ ôiçèêè i âiääiëó äèôåðåíöiàëüíèõ ðiâíÿíü òà òåîði¨ êîëèâàíü

Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè, íà íàóêîâî-ïðàêòè÷íié êîíôåðåíöi¨-

ñåìiíàði, ïðèñâÿ÷åíié 70-ié ði÷íèöi âiä äíÿ íàðîäæåííÿ ïðîôåñîðà Ã.Ì. Ãó-

áðå¹âà, íà íàóêîâîìó ñåìiíàði �Íåëiíiéíi ìîäåëi ìàòåìàòè÷íî¨ ôiçèêè òà

ìàòåìàòè÷íî¨ áiîëîãi¨: ñèìåòði¨, iíòåãðîâíiñòü, òî÷íi òà íàáëèæåíi ðîçâ'ÿç-

êè� (ì.Êè¨â, 2018 ð.), íà ìiæíàðîäíîìó ñåìiíàði �Ñèìåòðiÿ òà iíòåãðîâíiñòü

ðiâíÿíü ìàòåìàòè÷íî¨ ôiçèêè�, ïðèñâÿ÷åíîìó ñîðîêîâié ði÷íèöi ñòâîðåííÿ

âiääiëó ïðèêëàäíèõ äîñëiäæåíü (çàðàç âiääië ìàòåìàòè÷íî¨ ôiçèêè) Iíñòè-

òóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè (ì. Êè¨â, 2018 ð.), íà íàóêîâîìó ñåìiíàði

êàôåäðè çàãàëüíî¨ ìàòåìàòèêè Êè¨âñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iìå-

íi Òàðàñà Øåâ÷åíêà (ì. Êè¨â, 2019 ð.).

Ïóáëiêàöi¨. Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ îïóáëiêîâàíi â äâàíàäöÿòè ðî-

áîòàõ [46], [47], [55]-[60], [62], [63], [159], [160], ç íèõ: 2 ðîáîòè [46], [47] îïóáëi-

êîâàíà áåç ñïiâàâòîðiâ; 5 ñòàòåé [55], [57], [58], [62], [63] ó ïðîâiäíèõ íàóêîâèõ

ôàõîâèõ âèäàííÿõ, ùî çàòâåðäæåíi Ìiíiñòåðñòâîì îñâiòè i íàóêè Óêðà¨íè;

4 òåçè äîïîâiäåé [46], [60], [160], [56] íà ìiæíàðîäíèõ òà 1 òåçè äîïîâiäåé

[59] íà âñåóêðà¨íñüêié êîíôåðåíöiÿõ, à òàêîæ 1 ñòàòòÿ [159] â æóðíàëi, ÿêèé

iíäåêñó¹òüñÿ â áiáëiîãðàôi÷íié áàçi äàíèõ Scopus òà Web of Science.

Ñòðóêòóðà äèñåðòàöi¨. Äèñåðòàöiÿ ñêëàäà¹òüñÿ ç àíîòàöié óêðà¨íñüêîþ

òà àíãëiéñüêîþ ìîâàìè, ïåðåëiêó óìîâíèõ ïîçíà÷åíü, âñòóïó, òðüîõ ðîç-

äiëiâ, ðîçáèòèõ íà ïiäðîçäiëè, âèñíîâêiâ äî êîæíîãî ðîçäiëó é çàãàëüíèõ

âèñíîâêiâ, ñïèñêó âèêîðèñòàíèõ äæåðåë, ùî ìiñòèòü 172 íàéìåíóâàííÿ òà

äîäàòêó, ÿêèé ìiñòèòü ñïèñîê ïóáëiêàöié çäîáóâà÷à çà òåìîþ äèñåðòàöi¨ é

âiäîìîñòi ïðî àïðîáàöiþ ðåçóëüòàòiâ äèñåðòàöi¨. Ïîâíèé îáñÿã äèñåðòàöi¨

ñòàíîâèòü 175 ñòîðiíîê, ç íèõ ñïèñîê âèêîðèñòàíèõ äæåðåë çàéìà¹ 20 ñòî-
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ðiíêó. Êîðîòêî îïèøåìî ñòðóêòóðó òà çìiñò äàíî¨ äèñåðòàöi¨.

Ó âñòóïi îá ðóíòîâàíî àêòóàëüíiñòü òåìè, âêàçàíî íàóêîâó íîâèçíó, ïðî-

âåäåíî êîðîòêèé îãëÿä ðîáiò çà òåìîþ äèñåðòàöi¨, ñôîðìóëüîâàíî îñíîâíi

ïîíÿòòÿ òà âèçíà÷åííÿ, ùî âèêîðèñòîâóþòüñÿ â ðîáîòi, çðîáëåíî êîðîòêèé

îïèñ çìiñòó òà ðåçóëüòàòiâ äèñåðòàöi¨.

Ó ïåðøîìó ðîçäiëi îáãðóíòîâàíî âèáið íàïðÿìêó äîñëiäæåíü i çäiéñíåíî

ïîñòàíîâêó çàäà÷, ÿêi ðîçâ'ÿçàíî â äèñåðòàöi¨. Òàêîæ îïèñàíî îñíîâíi åòàïè

ðîçâèòêó íàóêîâî¨ äóìêè ùîäî ãðóïîâîãî àíàëiçó äèôåðåíöiàëüíèõ ðiâíÿíü

òà ïîäàíî îãëÿä ïðàöü, ÿêi ñòîñóþòüñÿ öi¹¨ ïðîáëåìè, çîêðåìà âêëþ÷åíî ðî-

áîòè, ùî ñòîñóþòüñÿ ñèìåòðié Ëi ðiâíÿíü ðåàêöi¨-êîíâåêöi¨-äèôóçi¨ i ñèñòåì

ðiâíÿíü êîíâåêöi¨-äèôóçi¨.

Ó äðóãîìó ðîçäiëi ïðîâåäåíî ïîâíó ãðóïîâó êëàñèôiêàöiþ (1+2)-

âèìiðíîãî ðiâíÿííÿ ðåàêöi¨-êîíâåêöi¨-äèôóçi¨

u0 = ∂a(f
0(u)ua) + fa(u)ua + h(u), (0.15)

äå u = u(x0, x1, x2), x0 � ÷àñîâà çìiííà, x1, x2 � ïðîñòîðîâi çìiííi,

f 0(u), fa(u), h(u) � äîâiëüíi ãëàäêi ôóíêöi¨, a ∈ {1, 2}.
Ó ïåðøîìó ïiäðîçäiëi âèïèñàíî ñèñòåìó âèçíà÷àëüíèõ ðiâíÿíü i âèãëÿä

îñíîâíî¨ àëãåáðè iíâàðiàíòíîñòi Abas ñèñòåìè (0.15).

Ó äðóãîìó ïiäðîçäiëi íà îñíîâi àëãîðèòìó, îïèñàíîãî âèùå, çíàéäåíî

îñíîâíó ãðóïó ïåðåòâîðåíü åêâiâàëåíòíîñòi Gequiv
cont .

Ó òðåòüîìó ïiäðîçäiëi îäåðæàíî íåîáõiäíi óìîâè ðîçøèðåííÿ àëãåáðè

Abas. Çîáðàæåííÿ îäåðæàíèõ íåëiíiéíîñòåé f 0, fa, h äåùî ñïðîùåíî çà äî-

ïîìîãîþ íåïåðåðâíèõ ïåðåòâîðåíü åêâiâàëåíòíîñòi Gequiv
cont .

Ó ÷åòâåðòîìó ïiäðîçäiëi äëÿ êîæíîãî ç íååêâiâàëåíòíèõ âèãëÿäiâ ôóí-

êöié f 0, fa, h, ùî äîïóñêàþòü ðîçøèðåííÿ Abas, ïîáóäîâàíî ìàêñèìàëüíó

àëãåáðó iíâàðiàíòíîñòi Amax(S|Q).

Ó ï'ÿòîìó ïiäðîçäiëi çà äîïîìîãîþ ïðÿìîãî ìåòîäó çíàéäåíî âñåìîæëè-

âi ëîêàëüíi ïåðåòâîðåííÿ, ÿêi çâîäÿòü äîâiëüíå ðiâíÿííÿ êëàñó (0.15) äî ðiâ-
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íÿííÿ öüîãî æ êëàñó. Çà äîïîìîãîþ äîäàòêîâèõ ïåðåòâîðåíü åêâiâàëåíòíî-

ñòi ÷àñòèíó îäåðæàíèõ ðiâíÿíü çâåäåíî äî iíøèõ, åêâiâàëåíòíèõ ðiâíÿíü,

ÿêi òàêîæ äîïóñêàþòü ðîçøèðåííÿ Abas. Òàêèì ÷èíîì, îäåðæàíî íååêâi-

âàëåíòíi çîáðàæåííÿ íåëiíiéíîñòåé f 0, fa, h òà âiäïîâiäíèõ ìàêñèìàëüíèõ

àëãåáð iíâàðiàíòíîñòi ðiâíÿííÿ (0.15) â íàéáiëüø ñïðîùåíîìó âèãëÿäi.

Ó øîñòîìó ïiäðîçäiëi çà çíàéäåíèìè îïåðàòîðàìè iíâàðiàíòíîñòi ïîáó-

äîâàíî íååêâiâàëåíòíi ëi¨âñüêi àíçàöè òà ïðîâåäåíî ñèìåòðiéíó ðåäóêöiþ

äåÿêèõ ðiâíÿíü êëàñó (0.15). Â îêðåìèõ âèïàäêàõ çíàéäåíî òî÷íi ðîçâ'ÿçêè

ðiâíÿííÿ (0.15), äîñëiäæåíî âëàñòèâîñòi äåÿêèõ ç îòðèìàíèõ ðîçâ'ÿçêiâ òà

íàâåäåíî ¨õ ãåîìåòðè÷íó iíòåðïðåòàöiþ.

Ó òðåòüîìó ðîçäiëi ðîçâ'ÿçàíî çàäà÷ó çíàõîäæåííÿ íåëîêàëüíèõ ïåðå-

òâîðåíü åêâiâàëåíòíîñòi ñèñòåìè íåëiíiéíèõ ðiâíÿíü êîíâåêöi¨�äèôóçi¨

Ut = ∂x[F (U)Ux] +K(U)Ux, (0.16)

äå U =

(
u1

u2

)
, F (U) =

(
f 11

f 21

f 12

f 22

)
, K(U) =

(
k11

k21

k12

k22

)
,

ua = ua (t, x), t � ÷àñîâà çìiííà, x � ïðîñòîðîâà çìiííà, fab = fab (U),

kab = kab (U) � äîâiëüíi ãëàäêi ôóíêöi¨, a, b = 1, 2. Çíàéäåíi íåëîêàëüíi

ïåðåòâîðåííÿ åêâiâàëåíòíîñòi çàñòîñîâàíi äëÿ ïîáóäîâè íåëîêàëüíèõ àíçà-

öiâ, ïðîâåäåííÿ ðåäóêöi¨ i çíàõîäæåííÿ òî÷íèõ ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü

Âàí-äåð-Âààëüñà.

Ó ïåðøîìó ïiäðîçäiëi çíàéäåíî íåëîêàëüíi ïåðåòâîðåííÿ åêâiâàëåíòíî-

ñòi ñèñòåìè íåëiíiéíèõ ðiâíÿíü êîíâåêöi¨-äèôóçi¨ (0.16) .

Ó äðóãîìó ïiäðîçäiëi çíàéäåíî äâà îáðàçè ñèñòåìè ðiâíÿíü Âàí-äåð-

Âààëüñà, ÿêà âõîäèòü äî êëàñó ñèñòåì ðiâíÿíü (0.16), òà äîñëiäæåíî ñèìå-

òðiéíi âëàñòèâîñòi öèõ îáðàçiâ.

Ó òðåòüîìó ïiäðîçäiëi ïîáóäîâàíî íååêâiâàëåíòíi ëi¨âñüêi àíçàöè ñèñòå-

ìè ðiâíÿíü Âàí-äåð-Âààëüñà òà ¨¨ îáðàçiâ.

Ó ÷åòâåðòîìó ïiäðîçäiëi íåëîêàëüíi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi ñè-

ñòåìè (0.16) âèêîðèñòàíi äëÿ ïîáóäîâè íåëîêàëüíèõ àíçàöiâ òà ïðîâåäåííÿ
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ðåäóêöi¨ ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà.

Ó ï'ÿòîìó ïiäðîçäiëi ïîáóäîâàíî íåëîêàëüíi àíçàöè òà ïðîâåäåíî ðåäó-

êöiþ îáîõ îáðàçiâ ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà.

Ó øîñòîìó ïiäðîçäiëi â îêðåìèõ âèïàäêàõ çíàéäåíî òî÷íi ðîçâ'ÿçêè ñè-

ñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà, äîñëiäæåíî âëàñòèâîñòi äåÿêèõ ç îòðèìà-

íèõ ðîçâ'ÿçêiâ òà íàâåäåíî ¨õ iíòåðïðåòàöiþ.

Ó ñüîìîìó ïiäðîçäiëi çíàéäåíî íåëîêàëüíi îïåðàòîðè, ÿêi âiäïîâiäàþòü

íåëîêàëüíèì àíçàöàì ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà.

Ó êiíöi îñíîâíî¨ ÷àñòèíè äèñåðòàöi¨ çðîáëåíî çàãàëüíi âèñíîâêè, äå ïiä-

áèòî ïiäñóìêè ðîáîòè àâòîðà.

Ïîäÿêè. Àâòîð âèñëîâëþ¹ ùèðó âäÿ÷íiñòü ñâî¹ìó íàóêîâîìó êåðiâíèêó

äîêòîðó ôiçèêî�ìàòåìàòè÷íèõ íàóêÑ¹ðîâó Ìèêîëi Iâàíîâè÷ó çà ïîñòà-

íîâêó ðîçãëÿíóòèõ ó äèñåðòàöi¨ çàäà÷, ïîñòiéíó óâàãó äî ðîáîòè, âñåái÷íó

ïiäòðèìêó òà äîïîìîãó.

Òàêîæ àâòîð âèñëîâëþ¹ âäÿ÷íiñòü À.Ã. Íiêiòiíó òà âñiì ó÷àñíèêàì íàó-

êîâîãî ñåìiíàðó âiääiëó ìàòåìàòè÷íî¨ ôiçèêè Iíñòèòóòó ìàòåìàòèêè ÍÀÍ

Óêðà¨íè çà öiííi çàóâàæåííÿ, çðîáëåíi ïiä ÷àñ îáãîâîðåííÿ ðåçóëüòàòiâ ðî-

áîòè.
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ÐÎÇÄIË 1

Îãëÿä ëiòåðàòóðè çà òåìîþ äèñåðòàöi¨ òà

âèáið íàïðÿìêó äîñëiäæåíü

Ó äàíîìó ðîçäiëi ïðîâåäåíî îãëÿä òà àíàëiç ëiòåðàòóðè, â ÿêié äîñëiäæó-

þòüñÿ ñèìåòðiéíi âëàñòèâîñòi íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü òà ñè-

ñòåì ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè, à òàêîæ çäiéñíåíî ïîñòàíîâêó çàäà÷,

ùî ðîçãëÿäàþòüñÿ â íàñòóïíèõ ðîçäiëàõ.

Äîñëiäæåííÿ áàãàòüîõ ôiçè÷íèõ, áiîõiìi÷íèõ, åêîëîãi÷íèõ, åêîíîìi÷íèõ

òà iíøèõ ïðîöåñiâ ïîòðåáó¹ ïîáóäîâè ìàòåìàòè÷íèõ ìîäåëåé. Ó áàãàòüîõ

âèïàäêàõ òàêèìè ìîäåëÿìè ¹ äèôåðåíöiàëüíi ðiâíÿííÿ. Íàé÷àñòiøå ìàòå-

ìàòè÷íi ìîäåëi ¹ íàñëiäêîì çàãàëüíèõ çàêîíiâ àáî ñïåöèôi÷íèõ âëàñòèâî-

ñòåé, ùî ïðèòàìàííi äàíîìó ïðîöåñó.

Äîñëiäæåííÿ ðiâíÿíü äèôóçi¨ òà ðiçíèõ ¨õ ìîäèôiêàöié ç äîäàòêîâèìè

÷ëåíàìè, ùî âiäïîâiäàþòü ðåàêöi¨ àáî êîíâåêöi¨, ¹ àêòóàëüíîþ çàäà÷åþ ìà-

òåìàòè÷íî¨ ôiçèêè, îñêiëüêè öi ðiâíÿííÿ ÷àñòî âèêîðèñòîâóþòü ó ÿêîñòi

ìàòåìàòè÷íèõ ìîäåëåé ðiçíîìàíiòíèõ ïðîöåñiâ ó ïðèðîäi òà ñóñïiëüñòâi. Íà-

ïðèêëàä, ó áiîëîãi¨ ðîçãëÿäàþòü êëiòèíè, áàêòåði¨, õiìi÷íi ðå÷îâèíè, òâàðèí

òîùî ÿê ÷àñòèíêè, êîæíà ç ÿêèõ ðóõà¹òüñÿ õàîòè÷íî. Òîäi ñèñòåìàòè÷íèé

ðóõ ¨õ ãðóïè ââàæà¹òüñÿ ïðîöåñîì äèôóçi¨, i çàçâè÷àé öå íå ïðîñòà äèôó-

çiÿ, îñêiëüêè áåðåòüñÿ äî óâàãè âçà¹ìîäiÿ ìiæ ÷àñòèíêàìè. Äëÿ ïðîñòîòè

áiîëîãè âèêîðèñòîâóþòü (1+1)-âèìiðíå íåïåðåðâíå ìîäåëüíå ðiâíÿííÿ äëÿ

îïèñó ãëîáàëüíî¨ ïîâåäiíêè â òåðìiíàõ ãóñòèíè ÷è êîíöåíòðàöi¨ ÷àñòèíîê.
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Îñêiëüêè ìîäåëi äèôóçi¨ ÷àñòî ôîðìóëþþòüñÿ â òåðìiíàõ íåëiíiéíèõ äè-

ôåðåíöiàëüíèõ ðiâíÿíü, ÿêi, ÿê ïðàâèëî, íå ¹ iíòåãðîâíèìè òà íå ìîæóòü

áóòè ëiíåàðiçîâàíèìè, òî ñèìåòðiéíi ìåòîäè, â ñèëó ñâî¹¨ óíiâåðñàëüíîñòi, ¹

âàæëèâèìè äëÿ ¨õ äîñëiäæåííÿ. Òîìó íåâèïàäêîâî, ùî ñó÷àñíèé ðîçâèòîê

ãðóïîâîãî àíàëiçó ðîçïî÷àâñÿ ç ãðóïîâî¨ êëàñèôiêàöi¨ Ë.Â. Îâñÿííiêîâèì

êëàñó (1+1)-âèìiðíîãî íåëiíiéíîãî ðiâíÿííÿ äèôóçi¨

ut = ∂x(f(u)ux). (1.1)

Ó ðîáîòi [129], [39] áóëî ïðîêëàñèôiêîâàíî ñèìåòðiéíi âëàñòèâîñòi ðiâíÿ-

ííÿ (1.1) ó çàëåæíîñòi âiä âèãëÿäó íåëiíiéíîñòi f(u), ÿêà ñòàëà êëàñè÷íîþ,

îñêiëüêè â íié âïåðøå áóëî ðîçâ'ÿçàíî çàäà÷ó ãðóïîâî¨ êëàñèôiêàöi¨ äëÿ

íåëiíiéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè.

Äîñëiäæåííÿì ñèìåòðiéíèõ âëàñòèâîñòåé íåëiíiéíèõ ðiâíÿííü äèôóçi¨

çàéìàëîñÿ áàãàòî íàóêîâöiâ, ÿê óêðà¨íñüêèõ, òàê i çàðóáiæíèõ.

Ó ñâî¨õ äîñëiäæåííÿõ [20] Â.Ë. Êàòêîâ ïðîâiâ ãðóïîâó êëàñèôiêàöiþ

ðiâíÿííÿ:

ut + uxx = ∂x(k(u)ux). (1.2)

Ó ðîáîòi [68] Â.À. Òè÷èíiíèì äîñëiäæåíî ñèìåòðiéíi âëàñòèâîñòi i çíà-

éäåíî òî÷íi ðîçâ'ÿçêè ðiâíÿííÿ

ut = h(u)uxx.

Â.À. Äîðîäíiöèí, È.Â. Êíÿçåâà, Ñ.Ð. Ñâèðùåâñêèé ó ðîáîòàõ [15],

[16] ïðîâåëè ïîâíó ãðóïîâó êëàñèôiêàöiþ ðiâíÿííÿ äèôóçi¨ ç äæåðåëîì

(ñòîêîì), ÿêå âèêîðèñòîâó¹òüñÿ äëÿ ìîäåëþâàííÿ áiîëîãi÷íèõ i ôiçèêî�

õiìi÷íèõ ïðîöåñiâ

ut = ∂x(D(u)ux) + g(u), (1.3)

òà éîãî óçàãàëüíåíü ó âèïàäêó äâîõ i òðüîõ çìiííèõ. Çàóâàæèìî, ùî öå

áóëî çðîáëåíî ÷åðåç 33 ðîêè ïiñëÿ ðîáîòè Ë.Â. Îâñÿííiêîâa, ùî ïîâ'ÿçà-

íî çi ñêëàäíiñòþ ðåàëiçàöi¨ àëãîðèòìó Ëi äëÿ ðîçâ'ÿçàííÿ òàêèõ çàäà÷ ó
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âèïàäêó, êîëè ðiâíÿííÿ ìiñòèòü äâi i áiëüøå äîâiëüíi ôóíêöi¨. À. Îðîí,

Ô. Ðîçåíàó [147], C.Ì. Þíã, Ê. Âåðáóðã, Ï. Áàâå¹ [170] òà Ì.Ï. Åäâàðäñ

[116] äîñëiäæóâàëè ñèìåòðiéíi âëàñòèâîñòi ðiâíÿíü äèôóçi¨�êîíâåêöi¨

ut = ∂x(D(u)ux) + f(u)ux. (1.4)

Ó 1987 ðîöi I.Ø. Àõàòîâ, Ð.Ê. Ãàçiçîâ i Í.Õ. Iáðàãiìîâ â ðîáîòi [3] ïðîâåëè

ãðóïîâó êëàñèôiêàöiþ ñèìåòðiéíèõ âëàñòèâîñòåé ðiâíÿííÿ

ut = G(ux)uxx. (1.5)

Ó ðîáîòi [150] Ð.Î. Ïîïîâè÷ i Í.Ì. Iâàíîâà âèâ÷èëè ñèìåòðiéíi âëàñòè-

âîñòi òà äîñëiäèëè ïåðåòâîðåííÿ åêâiâàëåíòíîñòi ðiâíÿíü âèãëÿäó

f(x)ut = (g(x)a(u)ux)x + b(u)ux. (1.6)

Ó ðîáîòàõ [1], [23] À.Ì. Ñàìîéëåíêî òà Â.I. Ëàãíî; ó ðîáîòi [24] Â.I. Ëàãíî,

Ñ.Â. Ñïi÷àê i Â.I. Ñòîãíié; à òàêîæ Ð.Ç. Æäàíîâ [94], [171] i Ï. Áàñàðàá-

Ãîðâàò [94] ïðîâåëè ïîâíó ãðóïîâó êëàñèôiêàöiþ íàéáiëüø çàãàëüíèõ êâà-

çiëiíiéíèõ ðiâíÿíü åâîëþöiéíîãî òèïó

ut = F (t, x, u, ux)uxx +G(t, x, u, ux). (1.7)

Ó ðîáîòàõ [162], [65] Ñ.Â. Ñïi÷àê, Â.I. Ñòîãíié çíàéøëè ìàêñèìàëüíi ãðóïè

ïåðåòâîðåíü i ïîáóäóâàëè äåÿêi êëàñè òî÷íèõ ðîçâ'ÿçêiâ äëÿ îäíîâèìiðíî-

ãî ðiâíÿííÿ Ôîêåðà�Ïëàíêà ç äîâiëüíèìè äîñòàòíüî ãëàäêèìè ôóíêöiÿìè

A(t, x), B(t, x)

∂u

∂t
= − ∂

∂x
[A(t, x)u] +

1

2

∂2

∂x2
[B(t, x)u]. (1.8)

Ó ðîáîòàõ [64], [112], [109], [108] ç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâàëåíòíî-

ñòi ïðîâåäåíî âè÷åðïíèé àíàëiç ñèìåòðié Ëi íåëiíiéíîãî ðiâíÿííÿ ðåàêöi¨-

êîíâåêöi¨-äèôóçi¨

ut = ∂x(D(u)ux) + f(u)ux + g(u) (1.9)
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ó âèïàäêó îäíi¹¨ ïðîñòîðîâî¨ çìiííî¨. Ó ðîáîòàõ À.Ô. Áàðàííèêà, Ò.À. Áà-

ðàííèêà, I.I Þðèêà [4], [86] ïîáóäîâàíi äåÿêi êëàñè òî÷íèõ ðîçâ'ÿçêiâ ðiâ-

íÿííÿ (1.9).

Òàêèì ÷èíîì, ïðîòÿãîì îñòàííiõ ðîêiâ áàãàòî óâàãè ïðèäiëÿëîñü äîñëi-

äæåííþ êëàñè÷íèõ ñèìåòðié ðiâíÿííÿ ðåàêöi¨�êîíâåêöi¨�äèôóçi¨, îñêiëüêè

ðiâíÿííÿ öüîãî êëàñó çàéìàþòü âàãîìå ìiñöå ñåðåä ðiâíÿíü ìàòåìàòè÷íî¨

ôiçèêè. Âîíî óçàãàëüíþ¹ âåëèêó êiëüêiñòü âiäîìèõ íåëiíiéíèõ åâîëþöié-

íèõ ðiâíÿíü, ùî îïèñóþòü ðiçíîìàíiòíi ïðîöåñè ó ôiçèöi [26, 90], áiîëîãi¨

[136]-[138], ìåäèöèíi [144], åêîëîãi¨ [143] òà õiìi¨ [92, 93].

Çâàæàþ÷è íà ¨¨ àêòóàëüíiñòü, îäíi¹þ ç çàäà÷, ùî âèçíà÷èëè íàïðÿìîê

ïðîâåäåíèõ ó äèñåðòàöi¨ äîñëiäæåíü, ñòàëà çàäà÷à ãðóïîâî¨ êëàñèôiêàöi¨ íå-

ëiíiéíèõ ðiâíÿíü òà ñèñòåì ðiâíÿíü ïàðàáîëi÷íîãî òèïó. Çîêðåìà,â äðó-

ãîìó ðîçäiëi ðîçâ'ÿçàíà çàäà÷à ïîâíî¨ ãðóïîâî¨ êëàñèôiêàöi¨ ñêàëÿðíîãî

ðiâíÿííÿ ðåàêöi¨-êîíâåêöi¨-äèôóçi¨, ÿêå óçàãàëüíþ¹ ðiâíÿííÿ (1.1), (1.4),

(1.9).

Ó äàíîìó âèïàäêó çàäà÷à ãðóïîâî¨ êëàñèôiêàöi¨ ôîðìóëþ¹òüñÿ íàñòó-

ïíèì ÷èíîì: äîñëiäèòè ñèìåòðiéíi âëàñòèâîñòi ðiâíÿííÿ âèãëÿäó (1.9) ïðè

äîâiëüíèõ íåëiíiéíîñòÿõ D(u), f(u), g(u). Äàíà çàäà÷à ðîçâ'ÿçàíà ç òî÷íi-

ñòþ äî ïåðåòâîðåíü åêâiâàëåíòíîñòi. Î÷åâèäíî, ùî çíàííÿ ïåðåòâîðåíü

åêâiâàëåíòíîñòi çíà÷íî ïîëåãøó¹ çàäà÷ó ãðóïîâî¨ êëàñèôiêàöi¨ äèôåðåíöi-

àëüíèõ ðiâíÿíü. Âàãîìèé âíåñîê ó ðîçðîáëåííÿ ìåòîäiâ ïîáóäîâè ãðóï ïå-

ðåòâîðåíü åêâiâàëåííîñòi áóëî âíåñåíî I. Àõàòîâèì, Ð. Ãàçiçîâèì òà Í. Iáðà-

ãiìîâèì. Ïîäàëüøèé ðîçâèòîê öi iäå¨ îäåðæàëè â ðîáîòàõ Â.I. Ëàãíà,

Ñ.Â. Ñïi÷àêà òà Â.I. Ñòîãíiÿ, äå îïèñàíî íîâèé ïiäõîä äî ðîçâ'ÿçóâàííÿ

çàäà÷i ãðóïîâî¨ êëàñèôiêàöi¨ äèôåðåíöiàëüíèõ ðiâíÿíü, ÿêèé ¹ ñèíòåçîì

ìåòîäó Ëi-Îâñÿííiêîâà, ðåçóëüòàòîì êëàñèôiêàöi¨ àáñòðàêòíèõ ñêií÷åííî-

âèìiðíèõ äiéñíèõ àëãåáð Ëi òà òåõíiêè âèêîðèñòàííÿ ïåðåòâîðåíü åêâiâà-

ëåíòíîñòi.

Òî÷íi ðîçâ'ÿçêè äèôåðåíöiàëüíèõ ðiâíÿíü âiäiãðàþòü âàæëèâó ðîëü â
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òåîðåòè÷íèõ i ïðèêëàäíèõ äîñëiäæåííÿõ. Âîíè ¹ åôåêòèâíèì iíñòðóìåí-

òîì ïåðåâiðêè àäåêâàòíîñòi ìàòåìàòè÷íèõ ìîäåëåé, åôåêòèâíîñòi íàáëè-

æåíèõ ìåòîäiâ. Âiäîìî áàãàòî ìåòîäiâ äëÿ ïîáóäîâè òî÷íèõ ðîçâ'ÿçêiâ äè-

ôåðåíöiàëüíèõ ðiâíÿíü: ìåòîä âiäîêðåìëåííÿ çìiííèõ, ìåòîä ñïåöiàëüíèõ

ïiäñòàíîâîê, ìåòîä âàðiàöi¨, ìåòîä Åéëåðà, Ìåòîä Ä'àëàìáåðà, ìåòîä õà-

ðàêòåðèñòèê (Ìîíæà), ìåòîä êàñêàäiâ (Ëàïëàñà), ìåòîä Ïóàññîíà, ìåòîä

Ôóð'¹, ìåòîä îáåðíåíî¨ çàäà÷i ðîçñiþâàííÿ òà áàãàòî iíøèõ.

Îñîáëèâå ìiñöå ñåðåä ìåòîäiâ ðîçâ'ÿçóâàííÿ äèôåðåíöiàëüíèõ ðiâíÿíü

íàëåæèòü ìåòîäó Ëi [129], îñêiëüêè çíà÷íà êiëüêiñòü íàçâàíèõ ìåòîäiâ ÿâ-

íî ÷è íåÿâíî ñïèðà¹òüñÿ íà ñèìåòðiéíi âëàñòèâîñòi âiäïîâiäíèõ äèôåðåíöi-

àëüíèõ ðiâíÿíü. Çãiäíî ç öèì ìåòîäîì äèôåðåíöiàëüíi ðiâíÿííÿ ç ÷àñòèí-

íèìè ïîõiäíèìè, ÿêi âîëîäiþòü êëàñè÷íîþ ëii¨âñüêîþ ñèìåòði¹þ, ìîæíà

ðåäóêóâàòè äî çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü çà äîïîìîãîþ ñïåöi-

àëüíèõ ïiäñòàíîâîê (àíçàöiâ) [39], [38]. Ðîçâ'ÿçàâøè ðåäóêîâàíi ðiâíÿííÿ,

ìîæíà ïîáóäóâàòè òî÷íi ðîçâ'ÿçêè âèõiäíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ

ç ÷àñòèííèìè ïîõiäíèìè (äèâ. [38], [77], [83]). Àëå ïðè âñiõ ïåðåâàãàõ êëà-

ñè÷íîãî ïiäõîäó Ëi çíàõîäæåííÿ ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ ðiâíÿíü òà ¨õ

ñèñòåì, êëàñ ðîçâ'ÿçêiâ ðiâíÿíü, ÿêi ìîæëèâî ïîáóäóâàòè â ðàìêàõ öüîãî

ìåòîäó, îáìåæó¹òüñÿ êiëüêiñòþ îïåðàòîðiâ ñèìåòði¨, ÿêèìè âîëîäi¹ êîíêðå-

òíå ðiâíÿííÿ ÷è ñèñòåìà. ßêùî ðiâíÿííÿ ìà¹ áiäíó ëi¨âñüêó ñèìåòðiþ àáî

íå ìà¹ ¨¨ âçàãàëi, òî çàñòîñóâàííÿ öüîãî ìåòîäó äî ïîáóäîâè ðîçâ'ÿçêiâ íå

äà¹ áàæàíîãî ðåçóëüòàòó.

Öi òà äåÿêi iíøi ïðîáëåì ñòèìóëþâàëè ïîøóê íîâèõ ïiäõîäiâ äî ïîáó-

äîâè òî÷íèõ ðîçâ'ÿçêiâ íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü.

Îñíîâîþ ðÿäó ç ÷èñëà òàêèõ ïiäõîäiâ ïîñòà¹ iäåÿ ïîøóêó äîäàòêî-

âèõ (íåëi¨âñüêèõ) îïåðàòîðiâ ñèìåòði¨. Ó ðàìêàõ öi¹¨ iäå¨ Â. I. Ôóùè÷åì

i À. Ã. Íiêiòiíèì [70] ðîçðîáëåíî íîâèé ìåòîä äîñëiäæåííÿ àëãåáð iíâà-

ðiàíòíîñòi äèôåðåíöiàëüíèõ ðiâíÿíü, ÿêèé äiñòàâ íàçâó íåëi¨âñüêîãî ìå-

òîäó äîñëiäæåíííÿ ñèìåòðiéíèõ âëàñòèâîñòåé äèôåðåíöiàëüíèõ ðiâíÿíü ç
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÷àñòèííèìè ïîõiäíèìè. Îñíîâíà âiäìiííiñòü öüîãî ìåòîäó âiä ìåòîäó Ñ. Ëi

ïîëÿãà¹ â òîìó, ùî áàçèñíi åëåìåíòè àëãåáðè iíâàðiàíòíîñòi âiäïîâiäíèõ äè-

ôåðåíöiàëüíèõ ðiâíÿíü ¹, ÿê ïðàâèëî, iíòåãðî-äèôåðåíöiàëüíèìè (ïñåâäî-

äèôåðåíöiàëüíèìè) îïåðàòîðàìè.

Îäíèì iç öiêàâèõ ìåòîäiâ ïîøóêó ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ ðiâíÿíü

¹ ìåòîä äîäàòêîâèõ óìîâ, ç ÿêèì ìîæíà ïîçíàéîìèòèñÿ â ðîáîòàõ [154],

[153], [87], [108].

Ó ðîáîòàõ [97] òà [121] çàïðîïîíîâàíi ìåòîäè äîñëiäæåííÿ íåêëàñè-

÷íèõ òà ïîðóøåíèõ ñèìåòðié, ÿêi ïiçíiøå ïåðåðîñëè ó ìåòîä óìîâíèõ ñèìå-

òðié (äèâ., íàïðèêëàä, [73], [120], [80], [76], [82]). Äàíèé ìåòîä îòðèìàâ øè-

ðîêå çàñòîñóâàííÿ â ðîáîòàõ áàãàòüîõ àâòîðiâ [108], [172], [12] òà iíøèõ. Çà

äîïîìîãîþ öüîãî ìåòîäó âäàëîñÿ îòðèìàòè äîäàòêîâi îïåðàòîðè ñèìåòði¨,

ùî çíà÷íî ðîçøèðèëî ìîæëèâiñòü ïîøóêó êëàñiâ ðîçâ'ÿçêiâ äèôåðåíöiàëü-

íèõ ðiâíÿíü.

Iíøèì íàïðÿìîì ðåàëiçàöi¨ iäå¨ ïîøóêó íåëi¨âñüêèõ ñèìåòðié ¹ ìåòîä íå-

ëîêàëüíèõ ñèìåòðié äèôåðåíöiàëüíèõ ðiâíÿíü. Ùå Å. Íåòåð ó ñâî¨é ðîáîòi

[142] çàïðîïîíóâàëà çíàõîäæåííÿ íåëîêàëüíèõ ïåðåòâîðåíü iíâàðiàíòíîñòi

äèôåðåíöiàëüíèõ ðiâíÿíü. �� iäå¨ áóëè ðîçâèíóòi â ðîáîòàõ ðÿäó àâòîðiâ.

Òàê ó ðîáîòàõ Äæ. Áëóìàíà, Ñ. Êóìåÿ [100], [101] çàïðîïîíîâàíî àëãîðè-

òìè çíàõîäæåííÿ òàêèõ ïåðåòâîðåíü òà ìåòîä ëiíåàðèçàöi¨ íåëiíiéíèõ äè-

ôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè çà äîïîìîãîþ íåëîêàëüíèõ

ïåðåòâîðåíü.

Ïðè äîñëiäæåííi ñèìåòðiéíèõ âëàñòèâîñòåé ïåâíîãî êëàñó ðiâíÿíü âà-

æëèâå çíà÷åííÿ ìà¹ çíàííÿ ïåðåòâîðåíü åêâiâàëåíòíîñòi äàíîãî êëàñó. Çà

äîïîìîãîþ ïåðåòâîðåíü åêâiâàëåíòíîñòi êëàñ äèôåðåíöiàëüíèõ ðiâíÿíü ìî-

æíà ïîäiëèòè íà íååêâiâàëåíòíi ïiäêëàñè, âèäiëèâøè ïðè öüîìó â êîæíî-

ìó ç ïiäêëàñiâ êàíîíi÷íi ðiâíÿííÿ. Äîñòàòíüî äîñëiäèòè òiëüêè êàíîíi÷íi

ïðåäñòàâíèêè ç êîæíîãî ïiäêëàñó, ùîá çðîáèòè âèñíîâîê ïðî ñèìåòðiéíi

âëàñòèâîñòi âñiõ ðiâíÿíü äàíîãî êëàñó. Ðîáîòó ó öüîìó íàïðÿìêó ðîçïî÷àâ
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Îâñÿííiêîâ ([148]). Ìåòîä ïîøóêó ïåðåòâîðåíü åêâiâàëåíòíîñòi ðîçãëÿäà-

ëè ó ñâî¨õ ðîáîòàõ Ï. Îëâåð [145], I. Àõàòîâ, Ð. Ãàçiçîâ, Í. Iáðàãiìîâ [88],

Â. Ëàãíî, Ñ. Ñïi÷àê, Â. Ñòîãíié [24]. Äàíà iäåÿ îòðèìàëà ðîçâèòîê â ðîáî-

òi ß. Ëiñëà [133], â ÿêié âií çàñòîñóâàâ ïåðåòâîðåííÿ åêâiâàëåíòíîñòi äëÿ

äîñëiäæåííÿ ðÿäó êîíêðåòíèõ íåëiíiéíèõ ðiâíÿíü ìàòåìàòè÷íî¨ ôiçèêè. Ó

ðîáîòi Äæ. Áëóìàíà, À. ×åâÿêîâà, Ñ. Àíêî [96] çàïðîïîíîâàíi ðåçóëüòàòè

äîñëiäæåííÿ íåëîêàëüíèõ çâ'ÿçêiâ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷à-

ñòèííèìè ïîõiäíèìè. À. ×åâÿêîâ ó ðîáîòi [113] çàïîïîíóâàâ ïðàêòè÷íèé

àëãîðèòì îá÷èñëåííÿ ãðóï Ëi ïåðåòâîðåíü òî÷êîâî¨ åêâiâàëåíòíîñòi òà óçà-

ãàëüíåíèõ ïåðåòâîðåíü åêâiâàëåíòíîñòi ñiìåéñòâ äèôåðåíöiàëüíèõ ðiâíÿíü,

à òàêîæ ñèìâîëüíó ðåàëiçàöiþ öüîãî àëãîðèòìó â ïàêåòi GeM äëÿ Maple.

Ó ðîáîòàõ Ì. Ãàñåìi, Ì. Íóññi [123], Ð. Ïîïîâè÷à, Î. Âàíå¹âî¨, Í. Iâàíîâî¨

[152] öåé ìåòîä çàñòîñîâàíî äî äîñëiäæåííÿ íåëiíiéíèõ äèôåðåíöiàëüíèõ

ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè. Ó ðîáîòi [109] ïåðåòâîðåííÿ åêâiâàëåí-

òíîñòi âèêîðèñòàíi äëÿ ïîâíî¨ ãðóïîâî¨ êëàñèôiêàöi¨ íåëiíiéíîãî ðiâíÿííÿ

ðåàêöi¨-êîíâåêöi¨-äèôóçi¨.

Ó ðîáîòàõ [156], [102] íàâåäåíi íåëîêàëüíi ïåðåòâîðåííÿ, ÿêi íåëiíiéíå

ðiâíÿííÿ äèôóçi¨ ut = ∂(u−2ux) çâîäÿòü äî ëiíiéíîãî zt = zxx. Ó ðîáîòi

[125] öi ïåðåòâîðåííÿ óçàãàëüíåíi i ïîêàçàíî, ùî çà äîïîìîãîþ äàíèõ ïåðå-

òâîðåíü íåëiíiéíå ðiâíÿííÿ äèôóçi¨

ut = ∂x[f(u)ux], (1.10)

äå u = u(t, x), ut = ∂u
∂t , ux = ∂u

∂x , ∂x = ∂
∂x , f(u) � äîâiëüíà ãëàäêà

ôóíêöiÿ, çâîäèòüñÿ äî ðiâíÿííÿ òîãî æ êëàñó.

Ó ðîáîòi [74] äàíi ïåðåòâîðåííÿ âèêîðèñòàíi äëÿ ïîáóäîâè íåëîêàëü-

íèõ àíçàöiâ, ÿêi ðåäóêóþòü ðiâíÿííÿ (1.10) äî çâè÷àéíèõ äèôåðåíöiàëüíèõ

ðiâíÿíü, ëiíåàðèçàöi¨ ðiâíÿííÿ (1.10), ïîáóäîâè íåëîêàëüíèõ ôîðìóë ðîç-

ìíîæåííÿ éîãî ðîçâ'ÿçêiâ.

Ó ðîáîòàõ [54], [53] ïîñòàâëåíà òà ðîçâ'ÿçàíà çàäà÷à óçàãàëüíåííÿ ðå-



45

çóëüòàòiâ ðîáiò [125], [74] íà âèïàäîê ñèñòåìè íåëiíiéíèõ ðiâíÿíü äèôóçi¨:

Ut = ∂x[f(U)Ux],

äå U =

(
u1

u2

)
, f(U) =

(
f 11 f 12

f 21 f 22

)
, ua = ua(t, x), fab = fab(U) �

äîâiëüíi ãëàäêi ôóíêöi¨, a, b = 1, 2.

Ó ðîáîòi [163] íåëîêàëüíi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi çàñòîñîâàíi äëÿ

ðîçøèðåííÿ êëàñiâ ðîçâ'ÿçêiâ íåëiíiéíèõ ðiâíÿíü êîíâåêöi¨-äèôóçi¨ âèãëÿäó

ut = ∂x[f(u)ux + g(u)],

äå g(u) � äîâiëüíà ãëàäêà ôóíêöiÿ.

Ó ðîáîòi [52] äîñëiäæåíî ìàêcèìàëüíó àëãåáðó iíâàðiàíòíîñòi òà çíà-

éäåíi äåÿêi ðîçâ'ÿçêè ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà, ÿêà íàëåæèòü äî

êëàñó ñèñòåì êîíâåêöi¨-äèôóçi¨.

Ðîáîòè, íàâåäåíi âèùå, ñïîíóêàëè íàñ äî óçàãàëüíåííÿ ¨õ ðåçóëüòàòiâ

äëÿ ñèñòåìè ðiâíÿíü êîíâåêöi¨-äèôóçi¨. Öÿ ñèñòåìà âèêîðèñòîâó¹òüñÿ â ÿêî-

ñòi ìîäåëi îïèñó ðiçíîìàíiòíèõ ïðîöåñiâ ó ìàòåìàòè÷íié ôiçèöi, õiìi¨ òà

áiîëîãi¨. Ó êëàñi ñèñòåì ðiâíÿíü êîíâåêöi¨-äèôóçi¨ ìiñòÿòüñÿ ñèñòåìè, ÿêi

øèðîêî çàñòîñîâóþòüñÿ â òåîði¨ ïðîöåñiâ òåïëîìàñîïåðåíîñó, äèôóçi¨, îïè-

ñóþòü åâîëþöiþ òåìïåðàòóðè òà ãóñòèíè â òåðìîÿäåðíié ïëàçìi. Âîíà îïè-

ñó¹ ðóõ ðiäèíè ó ïîðèñòîìó ñåðåäîâèùi, ïåðåíîñ åíåðãi¨ â ïëàçìi, ðîçïîäië

ðå÷îâèí ó  ðóíòi òà áàãàòî iíøèõ ôiçè÷íèõ òà áiîõiìi÷íèõ ïðîöåñiâ. Òîìó

¨¨ äîñëiäæåííÿ íå âòðà÷à¹ àêòóàëüíîñòi i íà ñüîãîäíiøíié äåíü.
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ÐÎÇÄIË 2

Êëàñèôiêàöiÿ ñèìåòðiéíèõ âëàñòèâîñòåé

(1+2)-âèìiðíîãî ðiâíÿííÿ

ðåàêöi¨-êîíâåêöi¨-äèôóçi¨

Ðîçãëÿíåìî (1+2)-âèìiðíå ðiâíÿííÿ ðåàêöi¨-êîíâåêöi¨-äèôóçi¨

u0 = ∂a(f
0(u)ua) + fa(u)ua + h(u), (2.1)

äå u = u(x0, x1, x2), x0 � ÷àñîâà çìiííà, x1, x2 � ïðîñòîðîâi çìiííi,

f 0(u), fa(u), h(u) � êîåôiöi¹íòè äèôóçi¨, êîíâåêöi¨ òà ðåàêöi¨ âiäïî-

âiäíî, iíäåêñ áiëÿ ôóíêöi¨ âíèçó îçíà÷à¹ äèôåðåíöiþâàííÿ çà âiäïîâiä-

íîþ çìiííîþ, çà iíäåêñàìè, ÿêi ïîâòîðþþòüñÿ, ðîçóìi¹òüñÿ ñóìóâàííÿ,

a ∈ {1, 2}.
Ðiâíÿííÿ (2.1) âèêîðèñòîâó¹òüñÿ äëÿ îïèñó ðiçíèõ ôiçè÷íèõ ïðîöåñiâ,

çîêðåìà ïðîöåñiâ òåïëîïðîâiäíîñòi, äèôóçi¨ òà êîíâåêöi¨ (äèâ., íàïðèêëàä,

[17], [21] [89], [90]). Âîíî çàñòîñîâó¹òüñÿ äëÿ ìîäåëþâàííÿ ðóõó ÷àñòèíîê,

åíåðãi¨ àáî iíøèõ ôiçè÷íèõ âåëè÷èí ó ïåâíié ôiçè÷íié ñèñòåìi. Òàê ìîäèôi-

êàöi¨ ðiâíÿííÿ (2.1) âèêîðèñòîâóþòüñÿ äëÿ ìîäåëþâàííÿ ïåðåíîñó åíåðãi¨ â

ïëàçìi [13], [169], ðîçïîäiëó ðîç÷èíiâ ó  ðóíòi, ðóõó ðiäèí â ïîðèñòîìó ñåðå-

äîâèùi, ïðîöåñiâ õåìîòàêñèñó òà iíøèõ ôiçè÷íèõ òà áiîõiìi÷íèõ ïðîöåñiâ.

Ïðè êîíêðåòíèõ çíà÷åííÿõ íåëiíiéíîñòåé f 0(u), fa(u), h(u) ðiâíÿííÿ

(2.1) âèêîðèñòîâó¹òüñÿ ïðè îïèñi ïåðåíîñó êèñíþ â êðîâîíîñíié ñèñòåìi,

äëÿ ìîäåëþâàííÿ ðîñòó òðîìáó â ïðèñòiíêîâîìó ïîòîöi. Îäíèì iç çàñòîñó-

âàíü äàíîãî ðiâíÿííÿ òàêîæ ¹ äîñëiäæåííÿ ïðîöåñiâ ðîçïîâñþäæåííÿ ðå÷î-

âèíè, ÿêà çàáðóäíþ¹ âîäîéìè [17]. Ãiäðîäèíàìi÷íà íåñòiéêiñòü, ÿêà âèíèêà¹
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ïîáëèçó ïîâåðõíi ðîçïîäiëó äâîõ ðiäèí, ùî íå çìiøóþòüñÿ, i îïèñó¹òüñÿ ðiâ-

íÿííÿì (2.1), çóñòði÷à¹òüñÿ â òàêèõ ãàëóçÿõ, ÿê íàôòîïåðåðîáêà, ïðîöåñè

ãîðiííÿ, ñåïàðàöiÿ ðóä i ò. ï. Ðiâíÿííÿ (2.1) ìà¹ øèðîêå çàñòîñóâàííÿ òàêîæ

ó áiîëîãi¨ [117], [136], ó õiìi¨ [92], [93] òà iíøèõ ãàëóçÿõ íàóêè [107], [115],

[126], [134], [135], [143], [161], [168].

Ó öüîìó ðîçäiëi çíàéäåíî íåïåðåðâíi òà äèñêðåòíi ïåðåòâîðåííÿ åêâiâà-

ëåíòíîñòi äàíîãî ðiâíÿííÿ, ÿêi çàñòîñîâàíî äëÿ âèäiëåííÿ íååêâiâàëåíòíèõ

ïiäêëàñiâ ðiâíÿííÿ (2.1), ïðîâåäåíî ïîâíó ãðóïîâó êëàñèôiêàöiþ ðiâíÿí-

íÿ (2.1) â çàëåæíîñòi âiä çíà÷åíü íåëiíiéíîñòåé f 0, fa, h òà çíàéäåíî äåÿêi

êëàñè òî÷íèõ ðîçâ'ÿçêiâ äàíîãî ðiâíÿííÿ.

2.1. Ñèñòåìà âèçíà÷àëüíèõ ðiâíÿíü. Îñíîâíà àëãåáðà

iíâàðiàíòíîñòi

Îçíà÷åííÿ 2.1. Îñíîâíîþ àëãåáðîþ iíâàðiàíòíîñòi ðiâíÿííÿ (2.1) íàçâåìî

àëãåáðó, âiäíîñíî ÿêî¨ ðiâíÿííÿ (2.1) iíâàðiàíòíå ïðè äîâiëüíèõ âèãëÿäàõ

íåëiíiéíîñòåé f 0, fa, h.

Ñïðàâåäëèâå íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 2.1. Îñíîâíîþ àëãåáðîþ iíâàðiàíòíîñòi ðiâíÿííÿ (2.1) ¹ àëãåáðà

Abas =< ∂0 = ∂
∂x0
, ∂1 = ∂

∂x1
, ∂2 = ∂

∂x2
> . (2.2)

Äîâåäåííÿ. Iíôiíiòåçèìàëüíèé îïåðàòîð àëãåáðè iíâàðiàíòíîñòi ðiâíÿ-

ííÿ (2.1) áóäåìî çíàõîäèòè ó âèãëÿäi

X = ξµ(x, u)∂µ + η(x, u)∂u, (2.3)

äå x = (x0, x1, x2), µ = 0, 2, ξµ, η � øóêàíi ôóíêöi¨.

Çàñòîñóâàâøè äî ðiâíÿííÿ (2.1) àëãîðèòì Ñ. Ëi (äèâ., íàïðèêëàä,

[148], [41]) îäåðæèìî ñèñòåìó âèçíà÷àëüíèõ ðiâíÿíü âiäíîñíî íåëiíiéíîñòåé

f 0, fa, h òà êîîðäèíàò ξµ, η îïåðàòîðà (2.3) :

ξµu = ξ0
a = ηuu = 0, (2.4)
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ξ1
1 = ξ2

2 , ξ2
1 + ξ1

2 = 0, (2.5)

ηḟ 0 = (2ξ1
1 − ξ0

0)f 0, (2.6)

ηḟa = [(ξ1
1 − ξ0

0)δab + ξ2
1εab]f

b − 2aaf
0 − 2(aau+ ba)ḟ

0 − ξa0 , (2.7)

ηḣ = (a− ξ0
0)h− (4au+4b)f 0 − (aau+ ba)f

a + a0u+ b0, (2.8)

ÿêùî ôóíêöiÿ çàëåæèòü ëèøå âiä îäíi¹¨ çìiííî¨, òî êðàïêà íàä íåþ îçíà÷à¹

äèôåðåíöiþâàííÿ çà äàíîþ çìiííîþ.

Ó ôîðìóëàõ (2.7), (2.8), ÿê âèïëèâà¹ ç ðiâíÿíü (2.4)

η = au+ b, (2.9)

äå a = a(x0, ~x), b = b(x0, ~x) � äîâiëüíi ãëàäêi ôóíêöi¨.

Äëÿ òîãî, ùîá çíàéòè îñíîâíó àëãåáðó iíâàðiàíòíîñòi ðiâíÿííÿ (2.1)

ïðèïóñêà¹ìî, ùî f 0, fa, h � äîâiëüíi ãëàäêi ôóíêöi¨. Öå äà¹ ìîæëèâiñòü

"ðîç÷åïèòè" ñèñòåìó (2.6)-(2.8) çà öèìè ôóíêöiÿìè òà ¨õ ïîõiäíèìè. Ó

ðåçóëüòàòi ðîç÷åïëåííÿ îäåðæèìî ñèñòåìó âèçíà÷àëüíèõ ðiâíÿíü âiäíîñíî

ôóíêöié ξµ i η:

ξµν = ξµu = 0, η = 0. (2.10)

Çàãàëüíèì ðîçâ'ÿçêîì ñèñòåìè (2.10) ¹ ôóíêöi¨

ξµ = cµ, η = 0, (2.11)

äå cµ � äîâiëüíi ñòàëi. Îïåðàòîð (2.3) ç ôóíêöiÿìè (2.11) ïîðîäæó¹ àëãåáðó

(2.2).

Òåîðåìà 2.1 äîâåäåíà.

2.2. Íåïåðåðâíi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi

Òàê ÿê ðiâíÿííÿ (2.1) ìiñòèòü äîâiëüíi ôóíêöi¨ f 0, fa, h, òî âîíî îïèñó¹

äåÿêèé êëàñ ðiâíÿíü. Ïðè äîñëiäæåííi ñèìåòðiéíèõ âëàñòèâîñòåé ïåâíîãî
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êëàñó ðiâíÿíü âàæëèâå çíà÷åííÿ ìà¹ çíàííÿ ïåðåòâîðåíü åêâiâàëåíòíîñòi

äàíîãî êëàñó. Çà äîïîìîãîþ ïåðåòâîðåíü åêâiâàëåíòíîñòi êëàñ äèôåðåí-

öiàëüíèõ ðiâíÿíü ìîæíà ïîäiëèòè íà íååêâiâàëåíòíi ïiäêëàñè, âèäiëèâøè

ïðè öüîìó â êîæíîìó ç ïiäêëàñiâ êàíîíi÷íi ðiâíÿííÿ. Äîñòàòíüî äîñëiäèòè

òiëüêè êàíîíi÷íi ïðåäñòàâíèêè ç êîæíîãî ïiäêëàñó, ùîá çðîáèòè âèñíîâîê

ïðî ñèìåòðiéíi âëàñòèâîñòi âñiõ ðiâíÿíü äàíîãî êëàñó.

Çíàéäåìî ïåðåòâîðåííÿ åêâiâàëåíòíîñòi ðiâíÿííÿ (2.1), ÿêi áóäåìî âèêî-

ðèñòîâóâàòè ïðè ïðîâåäåííi ïîâíî¨ ãðóïîâî¨ êëàñèôiêàöi¨ öüîãî ðiâíÿííÿ.

Òåîðåìà 2.2. Ìàêñèìàëüíîþ ãðóïîþ íåïåðåðâíèõ ïåðåòâîðåíü åêâiâàëåí-

òíîñòi ðiâíÿííÿ (2.1) ¹ ãðóïà ïåðåòâîðåíü, ñóïåðïîçèöiÿ ÿêèõ ìà¹ âèãëÿä

x′0 = eθ0x0 +m0,

x′a = eθ1(δabcosθ2 + εabsinθ2)xb + qax0 +ma,

u′ = eθu+m,

f 0′ = e2θ1−θ0f 0,

fa
′
= e−θ0[eθ1(δabcosθ2 + εabsinθ2)f

b − qa],
h′ = eθ−θ0h,

(2.12)

äå qa, θ0, θa, θ, m0, ma, m � äîâiëüíi ãðóïîâi ïàðàìåòðè.

Äîâåäåííÿ. Çàñòîñó¹ìî ìåòîä, çàïðîïîíîâàíèé ó ðîáîòàõ [24], [88]. Ií-

ôiíiòåçèìàëüíèé îïåðàòîð ãðóïè ïåðåòâîðåíü åêâiâàëåíòíîñòi áóäåìî øó-

êàòè ó âèãëÿäi

E = ξµ∂µ + η∂u + ζ0∂f0 + ζa∂fa + ζ3∂h, (2.13)

äå ξµ = ξµ(x, u), η = η(x, u), ζ0 = ζ0(x, u, f 0, f 1, f 2, h),

ζa = ζa(x, u, f 0, f 1, f 2, h), ζ3 = ζ3(x, u, f 0, f 1, f 2, h) � øóêàíi ôóíêöi¨.

Iç âèãëÿäó ðiâíÿííÿ (2.1) âèïëèâà¹ íàñòóïíà ñèñòåìà îáìåæåíü äëÿ íå-

ëiíiéíîñòåé f 0, fa, h

f 0
xµ

= 0, f 0
uµ

= 0, faxµ = 0, fauµ = 0, hxµ = 0, huµ = 0, (2.14)

ÿêó ïîçíà÷èìî S1.
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Çàñòîñóâàâøè êðèòåðié åêâiâàëåíòíîñòi

ẼS|S=0,S1=0 = 0, ẼS1|S=0,S1=0 = 0,

îòðèìà¹ìî ñèñòåìó âèçíà÷àëüíèõ ðiâíÿíü äëÿ çíàõîäæåííÿ êîîðäèíàò

ξ0, ξa, η, ζ0, ζa, ζ3 îïåðàòîðà (2.13)

ξµu = ξ0
a = ηuu = 0, (2.15)

ζ0
µ = ζaµ = ζ3

µ = ζ0
uµ

= ζauµ = ζ3
uµ

= 0, (2.16)

ξ1
1 = ξ2

2 , ξ2
1 + ξ1

2 = 0, (2.17)

ζ0 = (ξ0
0 − 2ξ1

1)f 0, (2.18)

ζa = ξa0f
0 − 2ξ1

1f
a + ξab f

b, (2.19)

ζ3 = (ηu − 2ξ1
1)h. (2.20)

Ðîçâ'ÿçêîì ñèñòåìè (2.15)-(2.20) ¹ ôóíêöi¨

ξ0 = κ0x0 + d0,

ξa = κ1xa + cεabxb + gax0 + da,

η = κu+ d,

ζ0 = (κ0 − 2κ1)f
0,

ζa = gaf
0 − κ1f

a + cεabf
b,

ζ3 = (κ− 2κ1)h.

(2.21)

äå c, κ, κ0, κ1, ga, d0, da, d � äîâiëüíi ñòàëi.

Îïåðàòîð (2.13) ç ôóíêöiÿìè (2.21) ïîðîäæó¹ ãðóïó ïåðåòâîðåíü (2.12).

Òåîðåìà 2.2 äîâåäåíà.

2.3. Íåîáõiäíi óìîâè ðîçøèðåííÿ îñíîâíî¨ àëãåáðè

iíâàðiàíòíîñòi ðiâíÿííÿ (2.1)

Âñòàíîâèìî íåîáõiäíi óìîâè ðîçøèðåííÿ îñíîâíî¨ àëãåáðè iíâàðiàíòíîñòi

(1+2)-âèìiðíîãî ðiâíÿííÿ ðåàêöi¨-êîíâåêöi¨-äèôóçi¨ (2.1). Òîáòî, âêàæåìî
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âèãëÿä íåëiíiéíîñòåé f 0, fa, h , ïðè ÿêèõ ðiâíÿííÿ (2.1) ìîæå áóòè iíâàði-

àíòíå âiäíîñíî àëãåáðè, øèðøî¨, íiæ àëãåáðà (2.2).

Òåîðåìà 2.3. Äëÿ òîãî, ùîá ðiâíÿííÿ (2.1) äîïóñêàëî ðîçøèðåííÿ îñíîâ-

íî¨ àëãåáðè iíâàðiàíòíîñòi (2.2) íåîáõiäíî, ùîá íåëiíiéíîñòi f 0, fa, h,

ç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâàëåíòíîñòi (2.12), ìàëè âèãëÿä, íàâåäå-

íèé ó òàáëèöi 2.1.

Òàáëèöÿ 2.1: Âèãëÿä íåëiíiéíîñòåé, ïðè ÿêèõ

ìîæëèâå ðîçøèðåííÿ îñíîâíî¨ àëãåáðè iíâàði-

àíòíîñòi ðiâíÿííÿ (2.1)

� ï/ï f 0 fa h Óìîâè

1 ∀ 0 ∀

2 esu λbe
muKab(u) re(2m−s)u (m, p) 6= (0, 0),

m 6= s

3 eu λau re−u

4 eu λbe
uKab(u) reu + λ3

5 uk λbu
mKab(lnu) ru2m−k+1 (m, p) 6= (0, 0),

m 6= k

6 uk λa lnu ru−k+1 k 6= 0

7 uk λbu
kKab(lnu) u(λ3u

k + λ4) k 6= 0

8 1 λau ru+ λ3

9 1 λa lnu u(λ3 ln2 u+ λ4 lnu+ λ5)

Ó òàáëèöi 2.2 Kab(u) = δabcospu + εabsinpu, λa, λ3, λ4, λ5, k, m, p �

äîâiëüíi ñòàëi, ~λ2 6= 0, r ∈ {−1, 0, 1}, s ∈ {0, 1}.
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Äîâåäåííÿ. Âèçíà÷àëüíó ñèñòåìó (2.6)-(2.8) áóäåìî ðîçâ'ÿçóâàòè ìå-

òîäîì ââåäåííÿ ñòðóêòóðíèõ ñòàëèõ (äèâ. [61], [83]). Ó íàøîìó âèïàäêó

ñòðóêòóðíi çâ'ÿçêè ìàþòü âèãëÿä

a = k1ϕ, b = k2ϕ, 2ξ1
1 − ξ0

0 = kϕ, ξ1
1 − ξ0

0 = mϕ, ξ2
1 = pϕ,

aa = αaϕ, ba = βaϕ, ξ
a
0 = γaϕ, a− ξ0

0 = (2m+ k1 − k)ϕ,

4a = r1ϕ, 4b = q1ϕ, a0 = r2ϕ, b0 = q2ϕ,

(2.22)

äå k, m, p, ka, qa, ra, αa, βa, γa � äîâiëüíi ñòàëi, ÿêi íàçâåìî ñòðóêòóð-

íèìè êîíñòàíòàìè, ϕ = ϕ(x) � äîâiëüíà ãëàäêà ôóíêöiÿ.

Ïiäñòàâèâøè óìîâè (2.22) â ñèñòåìó (2.6)-(2.8) â ñèëó äîâiëüíîñòi ôóí-

êöi¨ ϕ(x), îäåðæèìî

(k1u+ k2)ḟ 0 = kf 0,

(k1u+ k2)ḟa = (mδab + pεab)f
b − 2αaf

0 − 2(αau+ βa)ḟ
0 − γa,

(k1u+ k2)ḣ = (2m− k + k1)h− (r1u+ q1)f
0 − (αau+ βa)f

a+

+r2u+ q2.

(2.23)

Ñèñòåìà (2.23) íàçèâà¹òüñÿ ñòðóêòóðíîþ äëÿ ôóíêöié f 0, fa, h.

Äëÿ ñïðîùåííÿ ñòðóêòóðíî¨ ñèñòåìè (2.23) çàñòîñó¹ìî ïåðåòâîðåííÿ

åêâiâàëåíòíîñòi âèãëÿäó

x′0 = x0, x
′
a = xa + θax0, u

′ = u, f 0′ = f 0, fa
′
= fa − θa, h′ = h. (2.24)

Ïåðåïèñàâøè ñèñòåìó (2.23) â øòðèõîâàíèõ çìiííèõ òà ïiäñòàâèâøè â

íå¨ ôîðìóëè (2.24), îäåðæèìî

(k1u+ k2)ḟ 0 = kf 0,

(k1u+ k2)ḟa = (mδab + pεab)f
b − 2αaf

0 − 2(αau+ βa)ḟ
0 − Γa,

(k1u+ k2)ḣ = (2m− k + k1)h− (r1u+ q1)f
0 − (αau+ βa)f

a+

+R2u+Q2,

(2.25)

äå

Γa = [mδab + pεab]θb + γa, (2.26)
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R2 = θaαa + r2, Q2 = θaβa + q2. (2.27)

ßêùî

m2 + p2 6= 0, (2.28)

òî ïàðàìåòðè θa ìîæíà ïiäiáðàòè òàê, ùîá Γa = 0. Òîìó ó âèïàäêó (2.28) ç

òî÷íiñòþ äî ïåðåòâîðåíü (2.24) ìîæíà ââàæàòè γa = 0.

Ðîçâ'ÿçîê ñèñòåìè (2.23) çàëåæèòü âiä çíà÷åíü ñòàëèõ k1, k2, k. Ìàþòü

ìiñöå ï'ÿòü íåêâiâàëåíòíèõ âèïàäêiâ:

1)k1 = 0, k2 = 0, k = 0,

2)k1 = 0, k2 6= 0, k 6= 0,

3)k1 6= 0, k2 = 0, k 6= 0,

4)k1 = 0, k2 6= 0, k = 0,

5)k1 6= 0, k2 = 0, k = 0.

1) Íåõàé k1 = 0, k2 = 0, k = 0. Òîäi ñèñòåìà (2.23) ìà¹ âèãëÿä

(mδab + pεab)f
b = 0, 2mh = 0. (2.29)

Ó äàíîìó âèïàäêó âèêîíó¹òüñÿ óìîâà (2.28), ç ÿêî¨ âèïëèâà¹, ùî γa = 0.

Iç ñèñòåìè ðiâíÿíü (2.29) âèïëèâà¹, ùî ðiâíÿííÿ ïðè m = 0, p 6= 0 (2.1)

äîïóñêà¹ ðîçøèðåííÿ àëãåáðè iíâàðiàíòíîñòi (2.2) ó âèïàäêó, êîëè

f 0 = ∀, fa = 0, h = ∀. (2.30)

Îòæå, ìè îäåðæàëè âèïàäîê 1 ç òàáëèöi 1.

2) Íåõàé k1 = 0, k2 6= 0, k 6= 0 (íå âòðà÷àþ÷è çàãàëüíîñòi ìîæíà ââàæàòè

k = k2 = 1). Ç óìîâè (2.22) âèïëèâà¹, ùî a = 0, b = ϕ, ùî, ó ñâîþ ÷åðãó,

íàêëàäà¹ óìîâè

αa = ra = 0 (2.31)

òà

b = 2ξ1
1 − ξ0

0 , mb = ξ1
1 − ξ0

0 , pb = ξ2
1 , γab = ξa0 . (2.32)
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Iç ðiâíÿíü (2.32) ìà¹ìî

(2m− 1)ξ1
1 = (m− 1)ξ0

0 . (2.33)

Âçÿâøè äèôåðåíöiàëüíi íàñëiäêè ðiâíÿííÿ (2.32) çà çìiííèìè x1 òà x2

òà âèêîðèñòàâøè (2.5), îòðèìà¹ìî

m(2m− 1)ba = 0. (2.34)

Ïðîäèôåðåíöiöþâàâøè îñòàíí¹ ðiâíÿííÿ (2.32) çà çìiííèìè xa òà âèêî-

ðèñòàâøè ðiâíiñòü (2.34), ìà¹ìî

m(m− 1)(2m− 1)b0 = 0. (2.35)

Ç óìîâ (2.34) òà (2.35) âèïëèâàþòü íàñòóïíi íååêâiâàëåíòíi âèïàäêè:

à)m 6= 0, 1
2 , 1; á)m = 0; â)m = 1

2 ; ã)m = 1.

Ðîçãëÿíåìî êîæåí iç íèõ îêðåìî.

à)m 6= 0, 1
2 , 1.

Ç óìîâ (2.34) òà (2.35) ìà¹ìî b− const. Òîäi

βa = qa = 0. (2.36)

Ó äàíîìó âèïàäêó âèêîíó¹òüñÿ óìîâà (2.28), ç ÿêî¨ âèïëèâà¹, ùî γa = 0.

Òàêèì ÷èíîì, ñèñòåìà (2.23) ìà¹ âèãëÿä

ḟ 0 = f 0, ḟa = (mδab + pεab)f
b, ḣ = (2m− 1)h. (2.37)

Çàãàëüíèì ðîçâ'ÿçêîì ñèñòåìè (2.37) ¹ ôóíêöi¨

f 0 = λ0e
u, fa = λbe

muKab(u), h = λ3e
(2m−1)u, (2.38)

äå λ0, λ1, λ2, λ3 � äîâiëüíi ñòàëi. Iç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâàëåí-

òíîñòi (2.12) ìîæíà ââàæàòè λ0 = 1, λ3 = r.

Îòæå, ìè îäåðæàëè âèïàäîê 2 ç òàáëèöi 1 ïðè s = 1.

á)m = 0.
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Iç óìîâ (2.22) ìà¹ìî

βa = qa = 0. (2.39)

Òîäi ñèñòåìà (2.23) ìà¹ âèãëÿä

ḟ 0 = f 0, ḟa = pεabf
b − γa, ḣ = (2m− 1)h. (2.40)

Ðîçâ'ÿçîê ñèñòåìè (2.40) çàëåæèòü âiä ñòàëî¨ p.

á1)p 6= 0 (ç óìîâè (2.28) γa = 0).

Çàãàëüíèì ðîçâ'ÿçêîì ñèñòåìè (2.40) ¹ ôóíêöi¨

f 0 = λ0e
u, fa = λbKab(u), h = λ3e

−u,

äå λ0, λ1, λ2, λ3 � äîâiëüíi ñòàëi. Iç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâàëåí-

òíîñòi (2.12) ìîæíà ââàæàòè λ0 = 1, λ3 = r, ùî äîïîâíþ¹ ôîðìóëè (2.38)

ïðè m = 0.

á2)p = 0.

Çàãàëüíèì ðîçâ'ÿçêîì ñèñòåìè (2.40) iç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâà-

ëåíòíîñòi (2.12) áóäóòü íåëiíiéíîñòi

f 0 = λ0e
u, fa = λau, h = λ3e

−u,

äå λ0, λ1, λ2, λ3 � äîâiëüíi ñòàëi. Iç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâàëåí-

òíîñòi (2.12) ìîæíà ââàæàòè λ0 = 1, λ3 = r. Îòæå, ñïðàâåäëèâèé âèïàäîê

3 iç òàáëèöi 1.

â)m = 1
2 .

Àíàëîãi÷íî äî âèïàäêó á1) îòðèìó¹ìî

f 0 = λ0e
u, fa = λbe

1
2u(δabcospu + εabsinpu), h = λ3. Iç òî÷íiñòþ äî

ïåðåòâîðåíü åêâiâàëåíòíîñòi (2.12) ìîæíà ââàæàòè λ0 = 1, λ3 = r, ùî

äîïîâíþ¹ ôîðìóëè (2.38) ïðè m = 1
2 .

ã)m = 1 (ç óìîâè (2.28) γa = 0).

Òîäi ñèñòåìà (2.23) ìà¹ âèãëÿä

ḟ 0 = f 0, ḟa = (δab + pεab)f
b, ḣ = h+ q2. (2.41)
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Çàãàëüíèì ðîçâ'ÿçêîì ñèñòåìè (2.41) iç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâà-

ëåíòíîñòi (2.12) áóäóòü íàñòóïíi ôóíêöi¨

f 0 = λ0e
u, fa = λbe

uKab(u), h = λ4e
u + λ3,

äå λ0, λ1, λ2, λ3, λ4 � äîâiëüíi ñòàëi. Iç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâà-

ëåíòíîñòi (2.12) ìîæíà ââàæàòè λ0 = 1, λ4 = r Îòæå, ìà¹ìî âèïàäîê 4 ç

òàáëèöi 1.

3) Íåõàé k1 6= 0, k2 = 0, k 6= 0 (ç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâàëåíòíî-

ñòi (2.12) ìîæíà ââàæàòè k1 = 1). Ç óìîâè (2.22) âèïëèâà¹, ùî b = 0, a = ϕ,

ùî, ó ñâîþ ÷åðãó, íàêëàäà¹ óìîâè

βa = qa = 0 (2.42)

òà

a = 2ξ1
1 − ξ0

0 , ma = ξ1
1 − ξ0

0 , pa = ξ2
1 , γaa = ξa0 . (2.43)

Ïðîàíàëiçóâàâøè ðiâíÿííÿ (2.43) ìà¹ìî íàñòóïíi íååêâiâàëåíòíi âèïàä-

êè:

à)m 6= 0, k2 , k; á)m = 0; â)m = k
2 ; ã)m = k.

Ðîçãëÿíåìî êîæåí iç íèõ îêðåìî.

à)m 6= 0, k2 , k.

Ç óìîâ (2.43) ìà¹ìî a− const. Òîäi

αa = ra = 0. (2.44)

Ó äàíîìó âèïàäêó âèêîíó¹òüñÿ óìîâà (2.28), ç ÿêî¨ âèïëèâà¹, ùî γa = 0.

Òàêèì ÷èíîì, ñèñòåìà (2.23) ìà¹ âèãëÿä

uḟ 0 = kf 0, uḟa = (mδab + pεab)f
b, uḣ = (2m− k + 1)h. (2.45)

Çàãàëüíèì ðîçâ'ÿçêîì ñèñòåìè (2.45) ¹ ôóíêöi¨

f 0 = λ0u
k, fa = λbu

m(δabcosp lnu+ εabsinp lnu),

h = λ3u
(2m−k+1),

(2.46)
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äå λ0, λ1, λ2, λ3 � äîâiëüíi ñòàëi. Iç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâàëåí-

òíîñòi (2.12) ìîæíà ââàæàòè λ0 = 1, λ3 = r.

Îòæå, ìè îäåðæàëè âèïàäîê 5 ç òàáëèöi 1.

á)m = 0.

Iç óìîâ (2.43) ìà¹ìî

αa = ra = 0. (2.47)

Òîäi ñèñòåìà (2.23) ìà¹ âèãëÿä

uḟ 0 = kf 0, uḟa = pεabf
b − γa, uḣ = (−k + 1)h. (2.48)

Ðîçâ'ÿçîê ñèñòåìè (2.48) çàëåæèòü âiä ñòàëî¨ p.

á1)p 6= 0 (ç óìîâè (2.28) γa = 0).

Çàãàëüíèì ðîçâ'ÿçêîì ñèñòåìè (2.48) ¹ ôóíêöi¨

f 0 = λ0u
k, fa = λbKab(lnu), h = λ3u

−k+1,

äå λ0, λ1, λ2, λ3 � äîâiëüíi ñòàëi. Iç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâàëåí-

òíîñòi (2.12) ìîæíà ââàæàòè λ0 = 1, λ3 = r, ùî äîïîâíþ¹ âèïàäîê 5 ïðè

m = 0.

á2)p = 0.

Çàãàëüíèì ðîçâ'ÿçêîì ñèñòåìè (2.48) iç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâà-

ëåíòíîñòi (2.12) áóäóòü íåëiíiéíîñòi

f 0 = uk, fa = λa lnu, h = ru−k+1,

äå λ1, λ2 � äîâiëüíi ñòàëi. Òîáòî ñïðàâåäëèâèé âèïàäîê 6 iç òàáëèöi 1.

â)m = k
2 .

Àíàëîãi÷íî äî âèïàäêó á1) îòðèìó¹ìî

f 0 = λ0u
k, fa = λbu

k
2 (δabcosp lnu+εabsinp lnu), h = λ3u. Iç òî÷íiñòþ

äî ïåðåòâîðåíü åêâiâàëåíòíîñòi (2.12) ìîæíà ââàæàòè λ0 = 1, λ3 = r, ùî

äîïîâíþ¹ âèïàäîê 5 ïðè m = k
2 .
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ã)m = k (ç óìîâè (2.28) γa = 0).

Òîäi ñèñòåìà (2.23) ìà¹ âèãëÿä

uḟ 0 = kf 0, uḟa = (mδab + pεab)f
b, uḣ = (k + 1)h+ r2. (2.49)

Çàãàëüíèì ðîçâ'ÿçêîì ñèñòåìè (2.49) iç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâà-

ëåíòíîñòi (2.12) áóäóòü íàñòóïíi ôóíêöi¨

f 0 = uk, fa = λbu
kKab(lnu), h = u(λ3u

k + λ4),

äå λ1, λ2, λ3, λ4 � äîâiëüíi ñòàëi. Îòæå, ìà¹ìî âèïàäîê 7 ç òàáëèöi 1.

4) Íåõàé k1 = 0, k2 6= 0, k = 0 (íå âòðà÷àþ÷è çàãàëüíîñòi ìîæíà ââàæàòè

k2 = 1). Ç óìîâè (2.22) âèïëèâà¹, ùî a = 0, b = ϕ, ùî, ó ñâîþ ÷åðãó,

íàêëàäà¹ óìîâè

αa = ra = 0 (2.50)

òà

2ξ1
1 = ξ0

0 , mb = −ξ1
1 , pb = ξ2

1 , γab = ξa0 . (2.51)

Iç ðiâíÿíü (2.51) ìà¹ìî

pξ1
1 +mξ2

1 = 0. (2.52)

Âçÿâøè äèôåðåíöiàëüíi íàñëiäêè ðiâíÿííÿ (2.52) çà çìiííèìè x1 òà x2 òà

âèêîðèñòàâøè (2.5), îòðèìà¹ìî ñèñòåìó

pξ1
11 −mξ1

12 = 0,

mξ1
11 + pξ1

12 = 0.
(2.53)

Ïðîàíàëiçó¹ìî ãîëîâíèé âèçíà÷íèê ñèñòåìè (2.53)

4 =

∣∣∣∣∣ p −mm p

∣∣∣∣∣ = p2 +m2

.
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Ìà¹ìî äâà âèïàäêè: à)|m|+ |p| 6= 0; á)m = p = 0.

à)|m|+ |p| 6= 0.

ßêùî ãîëîâíèé âèçíà÷íèê ñèñòåìè (2.53) âiäìiííèé âiä íóëÿ, òî äàíà

ñèñòåìà ìà¹ ëèøå íóëüîâèé ðîçâ'ÿçîê

ξ1
11 = ξ1

12 = 0. (2.54)

Ç ðiâíÿíü (2.51), (2.54) îòðèìà¹ìî

ξabc = 0, (2.55)

äå a, b, c = 1, 2. Iç (2.51), (2.55) âèïëèâà¹, ùî b− const, òîìó

ra = βa = 0. (2.56)

Ó äàíîìó âèïàäêó âèêîíó¹òüñÿ óìîâà (2.28), ç ÿêî¨ âèïëèâà¹, ùî γa = 0.

Òàêèì ÷èíîì, ñèñòåìà (2.23) ìà¹ âèãëÿä

ḟ 0 = 0, ḟa = (mδab + pεab)f
b, ḣ = 2mh. (2.57)

Çàãàëüíèì ðîçâ'ÿçêîì ñèñòåìè (2.59) ¹ ôóíêöi¨

f 0 = λ0, fa = λbe
mu(δabcospu+ εabsinpu), h = λ3e

2mu, (2.58)

äå λ0, λ1, λ2, λ3 � äîâiëüíi ñòàëi. Iç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâàëåí-

òíîñòi (2.12) ìîæíà ââàæàòè λ0 = 1, λ3 = r.

Îòæå, ìè îäåðæàëè âèïàäîê 2 ç òàáëèöi 1 ïðè s = 0.

á)m = p = 0.

Ó äàíîìó âèïàäêó ñèñòåìà (2.23) ìà¹ âèãëÿä

ḟ 0 = 0, ḟa = −γa, ḣ = −q1f
0 + q2. (2.59)

Çàãàëüíèì ðîçâ'ÿçêîì ñèñòåìè (2.59) ¹ ôóíêöi¨

f 0 = λ0, fa = λau, h = λ4u+ λ3, (2.60)
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äå λ0, λ1, λ2, λ3, λ4 � äîâiëüíi ñòàëi. Iç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâà-

ëåíòíîñòi (2.12) ìîæíà ââàæàòè λ0 = 1, λ4 = r.

Îòæå, ìè îäåðæàëè âèïàäîê 8 ç òàáëèöi 1.

5) Íåõàé k1 6= 0, k2 = 0, k 6= 0 (íå âòðà÷àþ÷è çàãàëüíîñòi ìîæíà ââàæàòè

k1 = 1). Ç óìîâè (2.22) âèïëèâà¹, ùî b = 0, a = ϕ, ùî, ó ñâîþ ÷åðãó,

íàêëàäà¹ óìîâè

βa = qa = 0 (2.61)

òà

2ξ1
1 = ξ0

0 , ma = −ξ1
1 , pa = ξ2

1 , γaa = ξa0 . (2.62)

Ïðîàíàëiçóâàâøè óìîâè (2.62) àíàëîãi÷íî äî ïîïåðåäíüîãî âèïàäêó ìà-

¹ìî âèïàäêè: à)|m|+ |p| 6= 0; á)m = p = 0.

à)|m|+ |p| 6= 0.

Ç óìîâ (2.62) ìà¹ìî a− const. Òîäi

αa = ra = 0. (2.63)

Ó äàíîìó âèïàäêó âèêîíó¹òüñÿ óìîâà (2.28), ç ÿêî¨ âèïëèâà¹, ùî γa = 0.

Òàêèì ÷èíîì, ñèñòåìà (2.23) ìà¹ âèãëÿä

ḟ 0 = 0, uḟa = (mδab + pεab)f
b, uḣ = (2m+ 1)h. (2.64)

Çàãàëüíèì ðîçâ'ÿçêîì ñèñòåìè (2.64) ¹ ôóíêöi¨

f 0 = λ0, fa = λbu
m(δabcosp lnu+ εabsinp lnu), h = λ3u

(2m+1), (2.65)

äå λ0, λ1, λ2, λ3 � äîâiëüíi ñòàëi. Iç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâàëåí-

òíîñòi (2.12) ìîæíà ââàæàòè λ0 = 1, λ3 = r.

Îòæå, ìè îäåðæàëè âèïàäîê 5 ç òàáëèöi 1 ïðè k = 0.

á)m = p = 0.

Ó äàíîìó âèïàäêó ñèñòåìà (2.23) ìà¹ âèãëÿä

ḟ 0 = 0, uḟa = −γa, uḣ = h− r1uf
0 − αaufa + r2u. (2.66)
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Çàãàëüíèì ðîçâ'ÿçêîì ñèñòåìè (2.66) ¹ ôóíêöi¨

f 0 = λ0, fa = λa lnu, h = u(λ3 ln2 u+ λ4 lnu+ λ5), (2.67)

äå λ0, λ1, λ2, λ3, λ4, λ5 � äîâiëüíi ñòàëi. Iç òî÷íiñòþ äî ïåðåòâîðåíü

åêâiâàëåíòíîñòi (2.12) ìîæíà ââàæàòè λ0 = 1.

Îòæå, ìè îäåðæàëè âèïàäîê 9 ç òàáëèöi 1.

Òåîðåìà 2.3 äîâåäåíà.

2.4. Äîñòàòíi óìîâè ðîçøèðåííÿ îñíîâíî¨ àëãåáðè ií-

âàðiàíòíîñòi ðiâíÿííÿ (2.1)

Òåîðåìà 2.4. Äëÿ òîãî, ùîá ìàêñèìàëüíi àëãåáðè iíâàðiàíòíîñòi ðiâ-

íÿííÿ (2.1) áóëè øèðøèìè ïîðiâíÿíî ç àëãåáðîþ (2.2) íåîáõiäíî i äîñòà-

òíüî, ùîá ðiâíÿííÿ (2.1) ìàëî îäèí ç íååêâiâàëåíòíèõ âiäíîñíî ïåðåòâî-

ðåíü (2.12) âèãëÿäiâ, çàïèñàíèõ ó äðóãié êîëîíöi òàáëèöi 2.2, ïðè öüîìó

âiäïîâiäíi ìàêñèìàëüíi àëãåáðè iíâàðiàíòíîñòi íàâåäåíî â òðåòié êîëîí-

öi äàíî¨ òàáëèöi.

Òàáëèöÿ 2.2: Ìàêñèìàëüíi àëãåáðè iíâàði-

àíòíîñòi (1+2)-âèìiðíîãî ðiâíÿííÿ ðåàêöi¨-

êîíâåêöi¨-äèôóçi¨

� Ðiâíÿííÿ ÌÀI Óìîâè

1 u0 = ∂a(f
0(u)ua) + h(u) < ∂0, ∂a, J12 > f 0 − ∀, h− ∀

2 u0 = ∂a(f
0(u)ua) < ∂0, ∂a, J12, D > f 0 − ∀

3 u0 = 4u < ∂0, ∂a, J12, Ga,

Q,D,Π, Q∞ >

4 u0 = 4u± 1 < ∂0, ∂a, J12,

Ga ± 1
2x0xa∂u,

Q± 1
2x0∂u, D ± 2x0∂u,
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Π± x0(2x0 +
−→x 2

4 )∂u, Q∞ >

5 u0 = 4u± u < ∂0, ∂a, J12,

Ga, Q,D ± 2x0u∂u,

Π± x2
0u∂u, Q̂∞ >

6 u0 = 4u± u lnu < ∂0, ∂a, J12, Q̂, Ha >

7 u0 = ∂a(e
uua) < ∂0, ∂a, J12, D,D0 > s = 1

8 u0 = ∂a(e
suua)± emu < ∂0, ∂a, J12, m 6= 0

(s−m)D − 2D0 >

9 u0 = ∂a(e
uua)± 1 < ∂0, ∂a, J12, s = 1

D − 2D0, T >

10 u0 = ∂a(e
uua)± eu ± 1 < ∂0, ∂a, J12, T >

11 u0 = ∂a(u
kua) < ∂0, ∂a, J12, D,D0 > k 6= −1; 0

12 u0 = ∂a(u
kua)± um < ∂0, ∂a, J12, k 6= −1; 0

(k −m+ 1)D − 2D0 > m 6= 1

13 u0 = ∂a(u
kua)± u < ∂0, ∂a, J12, k 6= −1; 0

kD − 2D0, T >

14 u0 = ∂a(u
kua)± < ∂0, ∂a, J12, T > k 6= 0

±uk+1 ± u
15 u0 = ∂a(u

−1ua) < ∂0, ∂a, J12, D0, X∞ > k = −1

16 u0 = ∂a(u
−1ua)± u < ∂0, ∂a, J12, T,X∞ > k = −1

17 u0 = ∂a(e
suua)+ < ∂0, ∂a, (m− s)D+ m 6= s

+λbe
muKab(u)ua+ +D0 + pJ12 > (m, p) 6= (0, 0)

+re(2m−s)u

18 u0 = ∂a(e
uua) + λauua+ < ∂0, ∂a, s = 1

+re−u D −D0 − x0λa∂a >

19 u0 = ∂a(e
uua)+ < ∂0, ∂a,D0 + pJ12 > s = 1

+λbe
uKab(u)ua + reu

20 u0 = ∂a(e
uua) + euλaua+ < ∂0, ∂a, T >
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+reu ± 1

21 u0 = ∂a(u
kua)+ < ∂0, ∂a, (m− k)D+ m 6= k,

+λbu
mKab(lnu)ua+ +D0 + pJ12 > (m, p) 6= (0, 0)

+ru2m−k+1

22 u0 = ∂a(u
kua)+ < ∂0, ∂a, k 6= 0

+ lnuλaua + ru−k+1 kD −D0 − x0λa∂a >

23 u0 = ∂a(u
kua)+ < ∂0, ∂a, D0 + pJ12 > k 6= 0, p 6= 0

+λbu
mKab(lnu)ua+

+ruk+1

24 u0 = ∂a(u
kua) + ukλaua+ < ∂0, ∂a, D0 > k 6= 0,

+ruk+1 k2λ3 6= 4(k + 1)

25 u0 = ∂a(u
kua) + ukλaua+ < ∂0, ∂a, T > k 6= 0,

+ruk+1 ± u k2λ3 6= 4(k + 1)

26 u0 = ∂a(u
kua)+ < ∂0, ∂a, D0, Qa > k 6= −1; 0

+4k+1
k uku1+

+4k+1
k2 u

k+1

27 u0 = ∂a(u
kua)+ < ∂0, ∂a, T,Qa > k 6= −1; 0

+4k+1
k uku1+

+4k+1
k2 u

k+1 ± u
28 u0 = 4u+ uλaua ± u < ∂0, ∂a,H >

29 u0 = 4u+ uλaua + r < ∂0, ∂a, D − u∂u−
−3

2rx0(G − ∂u),G >
30 u0 = 4u+ lnuλaua + ru < ∂0, ∂a, G >

31 u0 = 4u+ λa lnuua± < ∂0, ∂a, H >

±u lnu

32 u0 = 4u± 2 lnuλaua+ < ∂0, ∂a, Y >

+~λ2u(ln2 u+ q)

Ó òàáëèöi 2.2 ââåäåíi íàñòóïíi ïîçíà÷åííÿ
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J12 = x2∂1 − x1∂2, D = 2x0∂0 + xa∂a,

Ga = x0∂a + xaQ, Q = −1
2u∂u,

Π = x2
0∂0 + x0xa∂a − (x0 +

−→x 2

4 )u∂u,

Ha = e±x0(∂a ∓ 1
2xau∂u), Q̂ = e±x0u∂u,

D0 = sx0∂0 − ∂u, D0 = kx0∂0 − u∂u,
T = e∓x0(∂0 ± ∂u), T = e∓kx0(∂0 ± u∂u),
Ga = e±x0(∂a ∓ λa−→

λ 2
∂u),H = e±x0(λa∂a ∓ ∂u), H = e±x0(λa∂a ∓ u∂u),

G = x0λa∂a − ∂u, G = x0λa∂a − u∂u,
Y = e

−→
λ 2x0∓

−→
λ−→x u∂u,

Q1 = e−x1(cosx2∂1 − sinx2∂2 − 2
k cosx2u∂u),

Q2 = e−x1(sinx2∂1 + cosx2∂2 − 2
k sinx2u∂u),

Q∞ = b(x0,
−→x )∂u, b(x0,

−→x ) � äîâiëüíèé ðîçâ'ÿçîê ðiâíÿííÿ b0 = 4b,
Q̂∞ = β(x0,

−→x )∂u, β(x0,
−→x ) � äîâiëüíèé ðîçâ'ÿçîê ðiâíÿííÿ β0 = 4β±β,

X∞ = A(−→x )∂1 + B(−→x )∂2 − 2uC(−→x )∂u, ôóíêöi¨ A(−→x ), B(−→x ), C(−→x )

ïîâ'ÿçàíi ñïiââiäíîøåííÿìè A1 = B2 = C, A2 = −B1, k, m, p, q, λ1,

λ2, � äîâiëüíi ñòàëi, r ∈ {−1, 0, 1}, s ∈ {0, 1}, ~λ2 6= 0.

Äîâåäåííÿ. Çàóâàæèìî, ùî ó âèïàäêó fa = 0 (âiäñóòíiñòü êîíâåêòèâ-

íèõ äîäàíêiâ) ðåçóëüòàòè êëàñèôiêàöi¨ ðiâíÿííÿ (2.1) íàâåäåíi â ðîáîòàõ

[15], [40]. Öi ðåçóëüòàòè ïîìiùåíi â òàáëèöi 2.2 â ïåðøèõ øiñòíàäöÿòè âè-

ïàäêàõ. Òîìó îñíîâíó óâàãó çâåðíåìî íà äîâåäåííÿ âèïàäêiâ 17-32.

Äëÿ âñòàíîâëåííÿ äîñòàòíiõ óìîâ ðîçøèðåííÿ îñíîâíî¨ àëãåáðè iíâàði-

àíòíîñòi ðiâíÿííÿ (2.1) ïîòðiáíî âèêîðèñòàòè ðåçóëüòàòè òåîðåìè 3, òîáòî

äîñëiäèòè ñèìåòðiéíi âëàñòèâîñòi ðiâíÿííÿ (2.1) äëÿ êîæíîãî íàáîðó íåëi-

íiéíîñòåé ç òàáëèöi 1.

Íåõàé f 0 = esu, fa = λbe
mu(δabcospu+εabsinpu), h = re(2m−s)u, (m, p) 6=

(0, 0),m 6= s. Ïiäñòàâèâøè äàíi ôóíêöi¨ ó ðiâíÿííÿ (2.6)-(2.8) âèçíà÷àëüíî¨
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ñèñòåìè, îäåðæèìî

(au+ b)sesu = (2ξ1
1 − ξ0

0)esu,

(au+ b)λbe
mu[m(δabcospu+ εabsinpu) + p(−δabsinpu+ εabcospu) =

= [(ξ1
1 − ξ0

0)δab + ξ2
1εab]λce

mu(δbccospu+ εbcsinpu)− 2aae
su−

−2(aau+ ba)se
su − ξa0 ,

r(2m− s)(au+ b)e(2m−s)u = r(a− ξ0
0)e(2m−s)u − (4au+4b)esu−

−(aau+ ba)λbe
mu(δabcospu+ εabsinpu) + a0u+ b0.

(2.68)

Ðîç÷åïèâøè ñèñòåìó (2.68) çà ðiçíèìè ôóíêöiÿìè çìiííî¨ u îòðèìà¹ìî

a = 0, (2.69)

sb = 2ξ1
1 − ξ0

0 , (2.70)

ξa0 = 0, (2.71)

mb = ξ1
1 − ξ0

0 , pb = ξ2
1 , (2.72)

(2m− s)b+ ξ0
0 = 0, (2.73)

b0 = ba = 0. (2.74)

Iç ðiâíÿíü (2.70), (2.72), (2.73) îäåðæèìî

ξabc = 0. (2.75)

Iç (2.71), (2.75) òà (2.5) ìà¹ìî

ξ1 = (m− s)c1x1 + c1px2 + d1,

ξ2 = −c1px1 + (m− s)c1x2 + d2.
(2.76)

Âðàõóâàâøè (2.70),(2.72), (2.73), (2.76), (2.5) îòðèìà¹ìî

ξ0 = 2(m− s)c1x0 + sc1x0 + d0, η = −c1, (2.77)

äå c1, d0, d1, d2 � äîâiëüíi ñòàëi.

Iíôiíiòåçèìàëüíèé îïåðàòîð (2.3) ç êîîðäèíàòàìè (2.76), (2.77) ïîðî-

äæó¹ íàñòóïíó àëãåáðó
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< ∂0, ∂a, (m− s)D +D0 + pJ12 >.

Òîáòî ìà¹ ìiñöå âèïàäîê 17 iç òàáëèöi 2.

Íåõàé f 0 = eu, fa = λau, h = re−u.

Ïiäñòàâèâøè äàíi ôóíêöi¨ ó ðiâíÿííÿ (2.6)-(2.8) âèçíà÷àëüíî¨ ñèñòåìè,

îäåðæèìî

(au+ b)eu = (2ξ1
1 − ξ0

0)eu,

(au+ b)λa = [(ξ1
1 − ξ0

0)δab + ξ2
1εab]λau− 2aae

u − 2(aau+ ba)e
u − ξa0 ,

−r(au+ b)e−u = r(a− ξ0
0)e−u − (4au+4b)eu − (aau+ ba)λau+

+a0u+ b0.

(2.78)

Ðîç÷åïèâøè ñèñòåìó (2.78) çà ðiçíèìè ôóíêöiÿìè çìiííî¨ u îòðèìà¹ìî

a = 0, (2.79)

b = 2ξ1
1 − ξ0

0 , (2.80)

ξ1
1 − ξ0

0 = 0, ξ2
1 = 0, (2.81)

λab = −ξa0 , (2.82)

r(b− ξ0
0) = 0, (2.83)

b0 = ba = 0. (2.84)

Iç ðiâíÿíü (2.80), (2.81), (2.82), (2.84) òà (2.5) ìà¹ìî

ξa = −c1(λax0 − xa) + d1, b = c1. (2.85)

Âðàõóâàâøè (2.80), (2.81), (2.82), (2.85), (2.5) òà (2.9) îòðèìà¹ìî

ξ0 = c1x0 + d0, η = c1, (2.86)

äå c1, d0, d1, d2 � äîâiëüíi ñòàëi.

Iíôiíiòåçèìàëüíèé îïåðàòîð (2.3) ç êîîðäèíàòàìè (2.85), (2.86) ïîðî-

äæó¹ íàñòóïíó àëãåáðó

< ∂0, ∂a, D −D0 − x0λa∂a >.
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Òîáòî ìà¹ ìiñöå âèïàäîê 18 iç òàáëèöi 2.

Íåõàé f 0 = eu, fa = λbe
u(δabcospu+ εabsinpu), h = reu + λ3. Ïiäñòàâèâ-

øè äàíi ôóíêöi¨ ó ðiâíÿííÿ (2.6)-(2.8) âèçíà÷àëüíî¨ ñèñòåìè, îäåðæèìî

(au+ b)eu = (2ξ1
1 − ξ0

0)eu,

(au+ b)λbe
u[(δabcospu+ εabsinpu) + p(−δabsinpu+ εabcospu) =

= [(ξ1
1 − ξ0

0)δab + ξ2
1εab]λce

u(δbccospu+ εbcsinpu)− 2aae
u−

−2(aau+ ba)e
u − ξa0 ,

r(au+ b)eu = (reu + λ3)(a− ξ0
0)eu − (4au+4b)eu−

−(aau+ ba)λbe
u(δabcospu+ εabsinpu) + a0u+ b0.

(2.87)

Ðîç÷åïèâøè ñèñòåìó (2.87) çà ðiçíèìè ôóíêöiÿìè çìiííî¨ u îòðèìà¹ìî

a = ba = ξa0 = 0, b = 2ξ1
1 − ξ0

0 ,

b = ξ1
1 − ξ0

0 , pb = ξ2
1 ,

r(b+ ξ0
0), b0 = λ3ξ

0
0 .

(2.88)

Ðîçâ'ÿçîê ñèñòåìè (2.88) çàëåæèòü âiä ñòàëî¨ λ3. Ìîæëèâi íàñòóïíi íå-

åêâiâàëåíòíi âèïàäêè:

1)λ3 = 0;

2)λ3 6= 0.

Ðîçãëÿíåìî êîæåí âèïàäîê îêðåìî.

1)λ3 = 0.

Iç (2.88) ìà¹ìî

b0 = 0.

Òîäi b− const. Iç (2.88), (2.5) òà (2.9) îòðèìà¹ìî

ξ0 = c1x0 + d0,

ξ1 = pc1x2 + d1,

ξ2 = −pc1x1 + d2,

η = −c1,

(2.89)

äå c1, d0, d1, d2 � äîâiëüíi ñòàëi.
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Iíôiíiòåçèìàëüíèé îïåðàòîð (2.3) ç êîîðäèíàòàìè (2.89) ïîðîäæó¹ íà-

ñòóïíó àëãåáðó

< ∂0, ∂a,D0 + pJ12 >.

Òîáòî ìà¹ ìiñöå âèïàäîê 19 iç òàáëèöi 2.

2)λ3 6= 0 (ç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâàëåíòíîñòi (2.12) ìîæíà ââà-

æàòè λ3 = ±1).

Iç (2.88), (2.5) òà (2.9) îòðèìà¹ìî

ξ0 = c1e
∓x0 + d0,

ξ1 = d1,

ξ2 = d2,

η = ±c1e
±x0.

(2.90)

äå c1, d0, d1, d2 � äîâiëüíi ñòàëi.

Iíôiíiòåçèìàëüíèé îïåðàòîð (2.3) ç êîîðäèíàòàìè (2.90) ïîðîäæó¹ íà-

ñòóïíó àëãåáðó

< ∂0, ∂a, T >.

Òîáòî ñïðàâåäëèâèé âèïàäîê 20 iç òàáëèöi 2.

Íåõàé

f 0 = uk, fa = λbu
m(δab cos p lnu + εab sin p lnu), h = ru2m−k+1, (m, p) 6=

(0, 0),m 6= k.

Çàïèøåìî ðiâíÿííÿ (2.6)-(2.8) âèçíà÷àëüíî¨ ñèñòåìè äëÿ öüîãî âèïàäêó

(au+ b)kuk−1 = (2ξ1
1 − ξ0

0)uk,

(au+ b)λbu
m−1[m(δabcosplnu+ εabsinplnu) + p(−δabsinplnu+

+εabcosplnu)] = [(ξ1
1 − ξ0

0)δab + ξ2
1εab]λcu

m(δbccosplnu+

+εbcsinplnu)− 2aau
k − 2(aau+ ba)ku

k−1 − ξa0 ,
r(au+ b)(2m− k + 1)u2m−k = r(a− ξ0

0)u2m−k+1 − (4au+4b)uk−
−(aau+ ba)λbu

m(δabcosplnu+ εabsinplnu) + a0u+ b0.

(2.91)

Iç ðiâíÿíü (2.91) ìà¹ìî

ka = 2ξ1
1 − ξ0

0 , ma = ξ1
1 − ξ0

0 , pa = ξ2
1 ,

b = a0 = aa = ξa0 = 0.
(2.92)
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Ðîçâ'ÿçêîì ñèñòåìè (2.92) ¹ ôóíêöi¨

ξ0 = (2m− k)c1x0 + d0,

ξ1 = (m− k)c1x1 + pc1x2 + d1,

ξ2 = −pc1x1 + (m− k)c1x2 + d2,

η = −c1u.

(2.93)

äå c1, d0, d1, d2 � äîâiëüíi ñòàëi. Iíôiíiòåçèìàëüíèé îïåðàòîð (2.3) ç êî-

îðäèíàòàìè (2.93) ïîðîäæó¹ íàñòóïíó àëãåáðó

< ∂0, ∂a, (m− k)D +D0 + pJ12 >.

Òîáòî ìà¹ ìiñöå âèïàäîê 21 iç òàáëèöi 2.

Íåõàé

f 0 = uk, fa = λa lnu, h = ru−k+1, k 6= 0.

Çàïèøåìî ðiâíÿííÿ (2.6)-(2.8) âèçíà÷àëüíî¨ ñèñòåìè äëÿ öüîãî âèïàäêó

(au+ b)kuk−1 = (2ξ1
1 − ξ0

0)uk,

(au+ b)λa
1
u = [(ξ1

1 − ξ0
0)δab + ξ2

1εab]λb lnu− 2aau
k−

−2(aau+ ba)ku
k−1 − ξa0 ,

r(au+ b)(−k + 1)u−k = r(a− ξ0
0)u−k+1 − (4au+4b)uk−

−(aau+ ba)λa lnu+ a0u+ b0.

(2.94)

Iç ðiâíÿíü (2.94) ìà¹ìî

ka = 2ξ1
1 − ξ0

0 , ξ1
1 = ξa0 , ξ2

1 = 0, λaa = −ξa0
b = a0 = aa = 0.

(2.95)

Ðîçâ'ÿçêîì ñèñòåìè (2.95) ¹ ôóíêöi¨

ξ0 = kc1x0 + d0,

ξ1 = c1(−λax0 + kx1) + d1,

ξ2 = c1(−λax0 + kx1) + d2,

η = c1u.

(2.96)

äå c1, d0, d1, d2 � äîâiëüíi ñòàëi. Iíôiíiòåçèìàëüíèé îïåðàòîð (2.3) ç êî-

îðäèíàòàìè (2.93) ïîðîäæó¹ íàñòóïíó àëãåáðó
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< ∂0, ∂a, kD −D0 − x0λa∂a >.

Òîáòî ìà¹ ìiñöå âèïàäîê 22 iç òàáëèöi 2.

Íåõàé

f 0 = uk, fa = λau
kKab(lnu), h = u(λ3u

k + λ4), k 6= 0. (2.97)

Ïiäñòàâèâøè ôóíêöi¨ (2.97) â ðiâíÿííÿ (2.6)-(2.8), îäåðæèìî

b = 0, ka = 2ξ1
1 − ξ0

0 , ξa0 = 0, (2.98)

λba(kKab + K̇ab)− [(ξ1
1 − ξ0

0)δab + ξ2
1εab]λcKbc = 2(k + 1)aa, (2.99)

λ3(ka+ ξ0
0) = −λbKabaa, (2.100)

a0 = λ4ξ
0
0 . (2.101)

Ðîçâ'ÿçîê ñèñòåìè (2.98)-(2.101) çàëåæèòü âiä çíà÷åíü ñòàëî¨ p.

ßêùî p 6= 0, òî ç ðiâíÿíü (2.98)-(2.101) îäåðæèìî

b = 0, aa = 0, ξa0 = 0, ξ1
1 = 0, ξ2

1 = pa, ka+ ξ0
0 = 0, (2.102)

λ4ξ
0
0 = 0. (2.103)

Ðîçâ'ÿçîê ñèñòåìè (2.102)-(2.103) çàëåæèòü âiä çíà÷åíü ñòàëî¨ λ4.

1)λ4 6= 0.

Òîäi ç ðiâíÿíü (2.102)-(2.103) îòðèìà¹ìî

a = b = 0, ξ0
0 = ξa0 = ξab = 0, ùî ïðèâîäèòü äî Abas.

2)λ4 = 0 (ç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâàëåíòíîñòi ìîæíà ââàæàòè

λ3 = r, äå r ∈ {−1, 0, 1}).
Ó öüîìó âèïàäêó çàãàëüíèì ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (2.102), (2.103),

(2.4), (2.5), ¹ ôóíêöi¨

ξ0 = kc0x0 + d0, ξa = −pc0εabxb + da, η = −c0u. (2.104)

Ôîðìóëè (2.104) çàäàþòü íàñòóïíó ìàêñèìàëüíó àëãåáðó iíâàðiàòíîñòi

ðiâíÿííÿ (2.1) < ∂0, ∂a, D0 + pJ12 >. Òîáòî ñïðàâåäëèâèé âèïàäîê 23 ç òà-

áëèöi 2.
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ßêùî p = 0, òî ðiâíÿííÿ (2.1) ç íåëiíiéíîñòÿìè (2.97) ìà¹ âèãëÿä

u0 = ∂a(u
kua) + uku1 + u(λ3u

k + λ4). (2.105)

Iç ðiâíÿíü (2.98)-(2.101) îòðèìà¹ìî

b = ξa0 = 0, (2.106)

ka = 2ξ1
1 − ξ0

0 , (2.107)

2(k + 1)aa = −λaξ1
1 + λ⊥a ξ

2
1 , (2.108)

(
−→
λ 2 − 4(k + 1)λ3)ξ

1
1 = 0, (2.109)

ξ0
00 + kλ4ξ

0
0 = 0. (2.110)

Ðîçâ'ÿçîê ñèñòåìè (2.106)-(2.110) çàëåæèòü âiä ñòàëèõ λ3, λ4. Ìîæëèâi

íàñòóïíi íååêâiâàëåíòíi âèïàäêè:

1)4(k + 1)λ3 6=
−→
λ

2
, λ4 = 0;

2)4(k + 1)λ3 6=
−→
λ

2
, λ4 6= 0;

3)4(k + 1)λ3 =
−→
λ

2
, λ4 = 0;

4)4(k + 1)λ3 =
−→
λ

2
, λ4 6= 0.

Ðîçãëÿíåìî êîæåí âèïàäîê îêðåìî.

1)4(k + 1)λ3 6=
−→
λ

2
, λ4 = 0.

Çàãàëüíèì ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (2.106)-(2.110), (2.4), (2.5) áóäóòü

íàñòóïíi ôóíêöi¨

ξ0 = kc0x0 + d0, ξa = da, η = c0u. (2.111)

Ôîðìóëè (2.111) ïîðîäæóþòü àëãåáðó

< ∂0, ∂a, D0 = kxa∂a − u∂u >, ùî ñïiâïàäà¹ ç âèïàäêîì 24 òàáëèöi 2.

2)4(k + 1)λ3 6=
−→
λ

2
, λ4 6= 0 (ç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâàëåíòíîñòi

ìîæíà ââàæàòè λ3 = r, λ4 = ±1). Çàãàëüíèì ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü

(2.106)-(2.110), (2.4), (2.5) áóäóòü íàñòóïíi ôóíêöi¨

ξ0 = c0e
∓kx0 + d0, ξa = da, η = ±c0e

∓kx0u. (2.112)
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Ôîðìóëè (2.112) ïîðîäæóþòü àëãåáðó

< ∂0, ∂a, T >. Òîáòî ñïðàâåäëèâèé âèïàäîê 25 òàáëèöi 2.

3)4(k + 1)λ3 =
−→
λ

2
, λ4 = 0.

Iç (2.107)-(2.109) ìà¹ìî

4(k+1)
k λaξ

1
1a +
−→
λ

2
ξ1

1 = 0. (2.113)

Çàãàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (2.113) áóäå ôóíêöiÿ

ξ1
1 = ewψ(ω), (2.114)

äå ψ = ψ(ω) � äîâiëüíà ãëàäêà ôóíêöiÿ, ω = − k
4(k+1)

−→
λ
⊥−→x , w =

− k
4(k+1)

−→
λ−→x ,

−→
λ ⊥ = (−λ2, λ1) � âåêòîð, ïåðïåíäèêóëÿðíèé äî âåêòîðà

−→
λ .

Âðàõóâàâøè (2.5), iç (2.114) ìà¹ìî

ξ2
1 = ewψ̇. (2.115)

Iç ñóìiñíîñòi ñèñòåìè (2.114),(2.115) âèïëèâà¹, ùî

ψ̈ + ψ = 0. (2.116)

Çàãàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (2.116) áóäå

ψ = c1cosω + c2sinω,

äå c1, c2 � äîâiëüíi ñòàëi.

Òîäi

ξ1
1 = ew(c1cosω + c2sinω),

ξ1
2 = ew(c1sinω − c2cosω).

(2.117)

Âèêîðèñòàâøè ôîðìóëè (2.5), îòðèìà¹ìî òàêîæ

ξ2
1 = ew(−c1sinω + c2cosω),

ξ2
2 = ew(c1cosω + c2sinω).

(2.118)
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Çàãàëüíèì ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (2.117), (2.118) ¹ ôóíêöi¨

ξ1 = −4(k+1)

k
−→
λ 2

ew(
−→
λ−→c cosω +

−→
λ
⊥−→c sinω) + d1, (2.119)

ξ2 = −4(k+1)

k
−→
λ 2

ew(
−→
λ
⊥−→c cosω −

−→
λ−→c sinω) + d2, (2.120)

äå d1, d2 � ñòàëi iíòåãðóâàííÿ.

Çàãàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (2.110) ïðè λ4 = 0 áóäå ôóíêöiÿ

ξ0 = kc0x0 + d0. (2.121)

Iç (2.107) ç óðàõóâàííÿì (2.121) îòðèìà¹ìî

η = [2
ke

w(c1cosω + c2sinω)− c0)]u. (2.122)

Ðiâíÿííÿ (2.105) çàìiíîþ

~λ2k2

16(k+1)2x0 −→ x0,
k

4(k+1)λaxa −→ x1,
k

4(k+1)λ
⊥
a xa −→ x2, u −→ u (2.123)

çâîäèòüñÿ äî ðiâíÿííÿ

u0 = ∂a(u
kua) + 4k+1

k uku1 + 4k+1
k2 u

k+1. (2.124)

Ôîðìóëè (2.116), (2.119), (2.121), (2.126) ç óðàõóâàííÿì çàìiíè (2.123)

çàäàþòü íàñòóïíó ìàêñèìàëüíó àëãåáðó ðiâíÿííÿ (2.1).

< ∂0, ∂a, Q1, Q2, D0 = kx0∂0 − u∂u >, òîáòî ìà¹ìî âèïàäîê 26 iç

òàáëèöi 2.

4)4(k + 1)λ3 =
−→
λ

2
, λ4 6= 0 (ç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâàëåíòíîñòi

(2.12) λ4 = ±1).

Iç ðiâíÿííÿ (2.110) îòðèìà¹ìî

ξ0 = c0e
∓kx0 + d0. (2.125)

Iç (2.125) ìà¹ìî

η = [2
ke

w(c1cosω + c2sinω)− c0e
∓kx0)]u. (2.126)
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Ðiâíÿííÿ (2.105) çàìiíîþ (2.123) çâîäèòüñÿ äî ðiâíÿííÿ

u0 = ∂a(u
kua) + 4k+1

k uku1 + 4k+1
k2 u

k+1 ± u. (2.127)

Ôîðìóëè (2.116), (2.119), (2.121), (2.126) ç óðàõóâàííÿì çàìiíè (2.123)

çàäàþòü àëãåáðó < ∂0, ∂a, Qa, T >, ùî ñïiâïàäà¹ ç âèïàäêîì 27 iç òàáëèöi

2.

Íåõàé f 0 = 1, fa = λau, h = ru+ λ3.

Çàïèøåìî ðiâíÿííÿ (2.6)-(2.8) âèçíà÷àëüíî¨ ñèñòåìè äëÿ äàíîãî âèïàäêó

ξ0
0 = 2ξ1

1 ,

(au+ b)λa = [(ξ1
1 − ξ0

0)δab + ξ2
1εab]λbu− 2aa − ξa0 ,

λ3(au+ b) = (a− ξ0
0)(ru+ λ3)− (4au+4b)−

−(aau+ ba)λau+ a0u+ b0.

(2.128)

Ðîç÷åïèâøè ñèñòåìó (2.128) çà ðiçíèìè ôóíêöiÿìè u îòðèìà¹ìî

ξ0
0 = 2ξ1

1 , (2.129)

a = −ξ1
1 , (2.130)

ξ2
1 = 0, (2.131)

λab = −ξa0 − 2aa, (2.132)

λaaa = 0, (2.133)

a0 = λ3ξ
0
0 + λaba +4a, (2.134)

b0 = λ3b− λ4(a− ξ0
0) +4b. (2.135)

Iç (2.129), (2.131) ìà¹ìî

ξ0 = 2A(x0), (2.136)

ξa = Ȧ(x0)xa +Ba(x0). (2.137)

Âðàõóâàâøè (2.136), iç ðiâíÿííÿ (2.130) îäåðæèìî

aa = 0. (2.138)
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Iç (2.138) âèïëèâà¹, ùî

a = −Ȧ(x0). (2.139)

Iç (2.132) ìà¹ìî

b = − 1−→
λ 2
λaξ

a
0 . (2.140)

Âðàõóâàâøè (2.138), (2.139), iç (2.140) îòðèìà¹ìî

Ä = 0.

Òîäi

A = c1x0 + d0
2 . (2.141)

Âèêîðèñòàâøè (2.141), iç (2.136) òà (2.137) ìà¹ìî

ξ0 = 2c1x0 + d0, (2.142)

a = −c1, (2.143)

ξa = c1xa +Ba(x0). (2.144)

Âðàõóâàâøè (2.144), iç (2.140) îòðèìà¹ìî

b = − 1−→
λ 2
λaḂa. (2.145)

Ïðîäèôåðåíöiþâàâøè (2.145) ïî xa, îäåðæèìî

ba = 0. (2.146)

Âðàõóâàâøè (2.146), (2.143), iç (2.134) ìà¹ìî

rc1 = 0. (2.147)

Íåõàé r = ±1. Iç (2.147) îäåðæèìî

c1 = 0. (2.148)
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Âðàõóâàâøè (2.148), iç ñèñòåìè (2.142)-(2.144) îòðèìà¹ìî

a = 0, (2.149)

ξ0 = d0, (2.150)

ξa = Ba(x0). (2.151)

Iç ðiâíÿíü (2.145) ìà¹ìî

λaB
a = c2 + c3

−→
λ 2e±x0. (2.152)

Iç (2.145), (2.152) îòðèìà¹ìî

b = −c3e
±x0. (2.153)

Òîäi

η = −c3e
∓x0. (2.154)

Âðàõóâàâøè (2.153), iç (2.132) ìà¹ìî

ξa = ±λac3e
±x0 + da. (2.155)

Iíôiíiòåçèìàëüíèé îïåðàòîð (2.3) ç êîîðäèíàòàìè (2.150), (2.155),

(2.154) ïîðîäæó¹ íàñòóïíó àëãåáðó

< ∂0, ∂a,H >.

Òîáòî ìà¹ ìiñöå âèïàäîê 28 iç òàáëèöi 2.

Íåõàé

λ3 = 0. (2.156)

Âðàõóâàâøè (2.156), (2.146), iç (2.135) îòðèìà¹ìî

λaB
a = −r 3

−→
λ 2c1
2 x2

0 + c2
−→
λ 2x0 + c3. (2.157)

Âèêîðèñòàâøè (2.157), iç (2.145) ìà¹ìî

b = −3rc1x0 + c2. (2.158)
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Âðàõóâàâøè (2.158), iç (2.144), (2.132) îòðèìà¹ìî

Ba = λa(−r 3c1
2 x

2
0 + c2

−→
λ 2x0) + da. (2.159)

Iç (2.144), (2.159) îäåðæèìî

ξa = c1x0 + λa(−r 3c1
2 x

2
0 + c2

−→
λ 2x0) + da. (2.160)

Iç ðiâíÿíü (2.143), (2.158) ìà¹ìî

η = −c1u− 3rc1x0 + c2. (2.161)

Iíôiíiòåçèìàëüíèé îïåðàòîð (2.3) ç êîîðäèíàòàìè (2.142), (2.160),

(2.161) ïîðîäæó¹ íàñòóïíó àëãåáðó iíâàðiàíòíîñòi

< ∂0, ∂a, D − ∂u − 3
4rx0(G − 2∂u),G >.

Òîáòî ñïðàâåäëèâèé âèïàäîê 29 iç òàáëèöi 2.

Íåõàé f 0 = 1, fa = λa lnu, h = (λ3 ln2 u+ λ4 lnu+ λ5)u.

Ïiäñòàâèâøè äàíi ôóíêöi¨ ó ðiâíÿííÿ (2.6)-(2.8) âèçíà÷àëüíî¨ ñèñòåìè,

îäåðæèìî

ξ0
0 = 2ξ1

1 ,

(au+ b)λau = [(ξ1
1 − ξ0

0)δab + ξ2
1εab]λb lnu− 2aa − ξa0 ,

(au+ b)(2λ3 lnu+ λ4 + λ3 ln2 u+ λ4 lnu+ λ5) =

= (a− ξ0
0)(λ3 ln2 u+ +λ4 lnu+ λ5)u− (4au+4b)(a0u+ b0)−

−(aau+ ba)λa lnu+ a0u+ b0.

(2.162)

Ðîç÷åïèâøè ñèñòåìó (2.162) çà ðiçíèìè íåëiíiéíîñòÿìè, îòðèìà¹ìî

b = 0, (2.163)

ξ0 = d0, (2.164)

ξa = ξa(x0), (2.165)

λaaa + 2λ3a = 0, (2.166)

2aa = −λaa− ξa0 , (2.167)
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−a0 + λ4a = −4 a. (2.168)

Ðîçâ'ÿçîê ñèñòåìè (2.164)-(2.168) çàëåæèòü âiä ñòàëî¨ λ3. Ìîæëèâi íà-

ñòóïíi íååêâiâàëåíòíi âèïàäêè:

1)λ3 6= 0,
−→
λ 2

4 ;

2)λ3 = 0;

3)λ3 =
−→
λ 2

4 .

Ðîçãëÿíåìî êîæåí âèïàäîê îêðåìî.

1)λ3 6= 0,
−→
λ 2

4 .

Òîäi ç ðiâíÿíü (2.102)-(2.103) îòðèìà¹ìî

a = b = 0, ξ0
0 = ξa0 = ξab = 0, ùî ïðèâîäèòü äî Abas.

2)λ3 = 0.

Iç (2.166)-(2.168) îòðèìà¹ìî

a = a(x0),−a0 + λ4a = 0. (2.169)

Ïðîàíàëiçóâàâøè ðiâíÿííÿ (2.169), ìà¹ìî íàñòóïíi íååêâiâàëåíòíi âè-

ïàäêè:

à)λ4 = 0; á)λ4 6= 0.

à)λ4 = 0.

Iç (2.166)-(2.168) îäåðæèìî

ξ0 = d0, ξ
a = c1λax0 + da, η = −c1u. (2.170)

Iíôiíiòåçèìàëüíèé îïåðàòîð (2.3) ç êîîðäèíàòàìè (2.170) ïîðîäæó¹ íà-

ñòóïíó àëãåáðó

< ∂0, ∂a, G >.

Òîáòî ìà¹ ìiñöå âèïàäîê 30 iç òàáëèöi 2.

á)λ4 6= 0 (ç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâàëåíòíîñòi (2.12) λ4 = ±1).

Iç (2.166)-(2.168) îòðèìà¹ìî

a = ϕ(x0). (2.171)
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Âðàõóâàâøè (2.167), (2.171), ìà¹ìî

ξa0 = −λaϕ. (2.172)

Âðàõóâàâøè (2.166), (2.168), (2.171), îäåðæèìî

ϕ̇∓ ϕ = 0. (2.173)

Iç (2.173) îòðèìà¹ìî

ϕ = c1e
∓x0. (2.174)

Òîäi

η = c1e
±x0u. (2.175)

Âðàõóâàâøè (2.175), iç (2.172) ìà¹ìî

ξa = ∓c1λae
±x0 + da. (2.176)

Iíôiíiòåçèìàëüíèé îïåðàòîð (2.3) ç êîîðäèíàòàìè (2.164), (2.176),

(2.175) ïîðîäæó¹ íàñòóïíó àëãåáðó

< ∂0, ∂a, H >.

Òîáòî ñïðàâåäëèâèé âèïàäîê 31 iç òàáëèöi 2.

3)λ3 =
−→
λ 2

4 (ç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâàëåíòíîñòi (2.12) λ4 = 0).

Òîäi

a = ϕ(x0)e
−
−→
λ
2
−→x . (2.177)

Iç (2.167) ìà¹ìî

ξa0 = 0. (2.178)

Iç ðiâíÿííÿ (2.178) îäåðæèìî

ξa = da. (2.179)
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Iç (2.177), (2.168) ìà¹ìî

ϕ = c1e
−→
λ 2

4 x0, (2.180)

a = c1e
−→
λ 2

4 x0−
−→
λ
2
−→x .

Òîäi

η = c1e
−→
λ 2

4 x0−
−→
λ
2
−→x u. (2.181)

ßêùî çàìiñòü λa âèáðàòè 2λa, òî iíôiíiòåçèìàëüíèé îïåðàòîð (2.3) ç

êîîðäèíàòàìè (2.164), (2.179), (2.181) ïîðîäæó¹ íàñòóïíó àëãåáðó

< ∂0, ∂a, Y >.

Òîáòî ñïðàâåäëèâèé âèïàäîê 32 iç òàáëèöi 2.

Òåîðåìà 2.4 äîâåäåíà.

2.5. Äîäàòêîâi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi ðiâíÿí-

íÿ (2.1) òà ¨õ çàñòîñóâàííÿ

Êðiì íåïåðåðâíèõ êëàñ ðiâíÿíü (2.1) âîëîäi¹ ùå é äîäàòêîâèìè ïåðåòâîðåí-

ííÿìè åêâiâàëåíòíîñòi. Ïîñòàâèìî çàäà÷ó çíàéòè âñåìîæëèâi íåâèðîäæåíi

ëîêàëüíi ïåðåòâîðåííÿ âèãëÿäó

y0 = a(x, u), ya = ba(x, u), v = c(x, u), (2.182)

ÿêi äîâiëüíå ðiâíÿííÿ êëàñó (2.1) çâîäÿòü äî ðiâíÿííÿ òîãî æ êëàñó

v0 = ∂a(F
0(v)va) + F a(v)va +H(v), (2.183)

äå x = (x0, x1, x2), u = u(x), y = (y0, y1, y2), v = v(y), F 0 =

F 0(v), F a = F a(v), H = H(v) � äîâiëüíi ãëàäêi ôóíêöi¨.

Òåîðåìà 2.5. Áóäü-ÿêå ðiâíÿííÿ (2.1) çâîäèòüñÿ äî ðiâíÿííÿ (2.183) çà

äîïîìîãîþ íåâèðîäæåíî¨ ëîêàëüíî¨ ïiäñòàíîâêè (2.182) òîäi i òiëüêè òî-

äi, êîëè ïiäñòàíîâêà ìà¹ âèãëÿä

y0 = a(x0), ya = ba(x), v = α(x)u+ β(x), (2.184)
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ïðè÷îìó ôóíêöi¨ a, ba, α, β, f 0, fa, h, F 0, F a, H çàäîâîëüíÿþòü íà-

ñòóïíèì óìîâàì

ȧα(b1
1b

2
2 − b1

2b
2
1) 6= 0, (2.185)

b2
1 = ±b1

2, (2.186)

b2
2 = ∓b1

1, (2.187)

b1
ab

1
af

0(u) = ȧF 0(v), (2.188)

− 2
αb

a
b(αbu+ βb)ḟ 0(u) + (4a− 2

ααbb
a
b)f

0(u)− ba0+

+babf
b(u) = ȧF a(v),

(2.189)

α0u+ β0 + [ 2
ααa(αau+ βa)− (4αu+4β)]f 0(u)+

+ 1
α(αau+ βa)(αau+ βa)ḟ

0(u)− (αau+ βa)f
a(u)+

+αh(u) = ȧH(v).

(2.190)

Äîâåäåííÿ. Äëÿ òîãî, ùîá ïåðåòâîðåííÿ (2.184) áóëè íåâèðîäæåíèìè,

ÿêîáiàí öèõ ïåðåòâîðåíü ìà¹ áóòè âiäìiííèì âiä íóëÿ

J =

∣∣∣∣∣∣∣∣∣∣
a0 a1 a2 au

b1
0 b1

1 b1
2 b1

u

b2
0 b2

1 b2
2 b2

u

c0 c1 c2 cu

∣∣∣∣∣∣∣∣∣∣
6= 0. (2.191)

Ïîñòàíîâêà çàäà÷i çíàõîäæåííÿ äîäàòêîâèõ ïåðåòâîðåíü âèìàãà¹ âèêî-

íàííÿ íàñòóïíî¨ óìîâè

u0 − ∂a(f 0(u)ua)− fa(u)ua − h(u)− λ[v0 − ∂a(F 0(v)va)−
−F a(v)va −H(v)] = 0,

(2.192)

äå λ = λ(x, u) � ôóíêöiÿ, ÿêà ïiäëÿãà¹ âèçíà÷åííþ. ßê áà÷èìî ç (2.192),

íåîáõiäíî çàäàòè çâ'ÿçîê ìiæ ïîõiäíèìè ôóíêöié u òà v. Ìà¹ìî íàñòóïíi

ôîðìóëè:

u0 = −vy0a0+vyab
a
0−c0

σ , (2.193)
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ua = −vy0aa+vybb
b
a−ca

σ , (2.194)

uab = − 1
σ [(aa + auua)(ab + auub)vy0y0 + 2(aa + auua)(b

c
b+

+bcuub)vy0yc + (bca + bcuua)(b
d
b + bduub)vycvyd + (aab + aauub+

+abuua + auuuaub)vy0 − (bcab + bcauub + bcbuua + bcuuuaub)vyc−
−(cab + cauub + cbuua + cuuuaub)],

(2.195)

äå σ = vy0au + vyab
a
u − cu, ua = ∂u

∂xa
, vya = ∂v

∂ya
, uab = ∂2u

∂xaxb
, vyayb = ∂2v

∂yayb
.

Âðàõóâàâøè òîé ôàêò, ùî ó ðiâíÿííi (2.183) ïîâèííi áóòè âiäñóòíi ïî-

õiäíi vy0y0, vy0ya, vy1y2, à òàêîæ êîåôiöi¹íòè áiëÿ vy1y1, vy2y2 ïîâèííi áóòè

ðiâíèìè, ìà¹ìî

aa + auua = 0, (2.196)

(b1
a + b1

uua)(b
2
a + b2

uua) = 0, (2.197)

(b1
a + b1

uua)(b
1
a + b1

uua) = (b2
a + b2

uua)(b
2
a + b2

uua). (2.198)

Ïðîàíàëiçóâàâøè (2.196)-(2.198), îäåðæèìî

aa = au = 0, (2.199)

b1
ab

2
a = 0, (2.200)

b1
ab

2
u + b1

ub
2
a = 0, (2.201)

b1
ub

2
u = 0, (2.202)

b1
ab

1
a = b2

ab
2
a, (2.203)

b1
ab

1
u = b2

ab
2
u, (2.204)

(b1
u)

2 = (b2
u)

2. (2.205)

Ç óìîâ (2.201), (2.203) âèïëèâà¹

b1
u = b2

u = 0. (2.206)

Iç ðiâíÿíü (2.199), (2.244) îäåðæèìî

y0 = a(x0), ya = ba(x), v = c(x, u). (2.207)
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Âðàõóâàâøè (2.199), (2.244), iç ôîðìóë (2.193)-(2.195) ìà¹ìî

u0 = 1
cu

(ȧvy0 + ba0vya − c0), (2.208)

ua = 1
cu

(bbavyb − ca), (2.209)

4u = 1
cu

[b1
ab

1
a4v − cuu

c2u
bcab

d
avycvyd + (4bc − 2cau

cu
bca+

+2cuuc2u
bcaca)vyc + 2caucu ca −

cuu
c2u
caca −4c].

(2.210)

Ïiäñòàâèâøè (2.208)-(2.210) â (2.192) òà ðîç÷åïèâøè çà ïîõiäíèìè ôóí-

êöi¨ w, ìà¹ìî

λ = ȧ
cu
, (2.211)

cuu = 0, (2.212)

b1
ab

1
af

0(u) = ȧF 0(v), (2.213)

− 2
αb

a
b(αbu+ βb)ḟ 0(u) + (4a− 2

ααbb
a
b)f

0(u)− ba0+

+babf
b(u) = ȧF a(v),

(2.214)

α0u+ β0 + [ 2
ααa(αau+ βa)− (4αu+4β)]f 0(u)+

+ 1
α(αau+ βa)(αau+ βa)ḟ

0(u)− (αau+ βa)f
a(u)+

+αh(u) = ȧH(v).

(2.215)

Âðàõóâàâøè (2.199), (2.244), iç (2.191) îäåðæèìî

ȧα(b1
1b

2
2 − b1

2b
2
1) 6= 0. (2.216)

Âèêîðèñòàâøè (2.212), iç (2.207) ìà¹ìî

y0 = a(x0), ya = ba(x), w = α(x)u+ β(x). (2.217)

Âðàõóâàâøè (2.217) iç (2.216), (2.214), (2.215), îòðèìà¹ìî (2.185), (2.189),

(2.190).

Îòæå, ïiäñòàíîâêà (2.217) ìà¹ çàäîâîëüíÿòè óìîâè (2.185), (2.200),

(2.203), (2.213), (2.189), (2.190).

Òåîðåìà 2.5 äîâåäåíà.
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Çàñòîñó¹ìî ðåçóëüòàòè òåîðåìè 5 äëÿ çíàõîäæåííÿ ïåðåòâîðåíü, ÿêi çâî-

äÿòü ðiâíÿííÿ ç òàáëèöi 2.2 äî iíøèõ ðiâíÿíü ç äàíî¨ òàáëèöi. Ñïðàâåäëèâå

íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 2.6. Óñi ðiâíÿííÿ òàáëèöi 2.2, ÿêi çà äîïîìîãîþ ëîêàëüíèõ ïåðå-

òâîðåíü ìîæóòü áóòè çâåäåíi äî iíøèõ ðiâíÿíü öi¹¨ æ òàáëèöi íàâåäåíi

â òàáëèöi 2.3.

Òàáëèöÿ 2.3: Ñïðîùåííÿ ðiâíÿííÿ (2.1) çà äî-

ïîìîãîþ äîäàòêîâèõ ïåðåòâîðåíü åêâiâàëåí-

òíîñòi

� Âèãëÿä ðiâíÿííÿ Çâ'ÿçîê Âèãëÿä ðiâíÿííÿ

äî ñïðîùåííÿ ïiñëÿ ñïðîùåííÿ

1 u0 = 4u± 1 y0 = x0, ya = xa, v0 = 4v
v = u∓ x0

2 u0 = 4u± u y0 = x0, ya = xa, v0 = 4v
v = e∓x0u

3 u0 = ∂a(e
uua)± y0 = ±e±x0, ya = xa, v0 = ∂a(e

vva)+

±1 + reu v = u∓ x0 +rev

4 u0 = ∂a(u
kua)+ y0 = ±e±kx0

k , ya = xa, v0 = ∂a(v
kva)+

+ruk+1 ± u v = e∓x0u +rvk+1

5 u0 = ∂a(e
uua)+ y0 = ±e±x0, ya = xa, v0 = ∂a(e

vva)+

+euλaua + reu ± 1 v = u∓ x0 +evλava + rev

6 u0 = ∂a(u
kua)+ y0 = ±e±kx0

k , ya = xa, v0 = ∂a(v
kva)+

+ukλaua+ v = e∓x0u +vkλava + rvk+1

+ruk+1 ± u
7 u0 = ∂a(u

kua)+ y0 = ±e±kx0
k , ya = xa, v0 = ∂a(v

kva)+

+4k+1
k uku1+ v = e∓x0u +4k+1

k vkv1+

+4k+1
k2 u

k+1 ± u +4k+1
k2 v

k+1
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8 u0 = 4u+ y0 = x0, ya = xa ± 1
2λax

2
0, v0 = 4v + vλava

+uλaua ± 1 v = u∓ x0

9 u0 = 4u+ y0 = x0, ya = xa ± 1
2λax

2
0, v0 = 4v + ln vλava

+ lnuλaua ± u v = e∓x0u

Äîâåäåííÿ. ßê âèïëèâà¹ ç óìîâ (2.188), (2.189) äëÿ òîãî, ùîá ðiâ-

íÿííÿ ç äðóãî¨ êîëîíêè òàáëèöi 2.3 ìîãëè áóòè çâåäåíi çà äîïîìîãîþ äî-

äàòêîâèõ ïåðåòâîðåíü ç êîëîíêè 3 äî ðiâíÿíü ç ÷åòâåðòî¨ êîëîíêè öi¹¨ æ

òàáëèöi íåîáõiäíî, ùîá ¨õ ìàêñèìàëüíi àëãåáðè iíâàðiàíòíîñòi ìàëè îäíàêî-

âi ðîçìiðíîñòi, à òàêîæ ôóíêöi¨ f 0 i F 0, fa i F a íàëåæàëè äî îäíîãî êëàñó.

Çíàéäåìî äîäàòêîâi ïåðåòâîðåííÿ, ùî çâîäÿòü ðiâíÿííÿ ç äðóãî¨ êîëîíêè

äî ðiâíÿíü ÷åòâåðòî¨ êîëîíêè òàáëèöi 2.3.

Ðåçóëüòàòè ïóíêòiâ 1-4 òàáëèöi 2.3 îòðèìàíi iíøèìè àâòîðàìè(äèâ., íà-

ïðèêëàä, [61]), òîìó äåòàëüíî çóïèíèìîñÿ íà äîâåäåííi ïóíêòiâ 5-9.

Ðîçãëÿíåìî ðiâíÿííÿ ç ïóíêòó 20 òàáëèöi 2.2

u0 = ∂a(e
uua) + euλaua + reu ± 1. (2.218)

Éîãî ìàêñèìàëüíà àëãåáðà iíâàðiàíòíîñòi ñêëàäà¹òüñÿ ç 4-îõ áàçîâèõ îïå-

ðàòîðiâ < ∂0, ∂a, T >. ÌÀI ðiâíÿííÿ

v0 = ∂a(e
vva) + evλava ± 1, (2.219)

îäåðæàíîãî ç ðiâíÿííÿ ïóíêòó 19 òàáëèöi 2.2 ïðè p = 0, òåæ 4-îõ âèìiðíà.

�� áàçîâi ãåíåðàòîðè ìàþòü âèãëÿä < ∂0, ∂a,D0 >.

Çà äîïîìîãîþ òåîðåìè 5 ïîáóäó¹ìî çàìiíó, ÿêà çâîäèòü ðiâíÿííÿ (2.218)

äî ðiâíÿííÿ (2.219). Óìîâà (2.188) ìà¹ âèãëÿä

b1
ab

1
ae
u = ȧeαu+β. (2.220)

Iç ðiâíÿííÿ (2.220) âèïëèâà¹, ùî

α = 1, b1
ab

1
a = ȧeβ. (2.221)
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Ðîçãëÿíåìî ÷àñòèííèé âèïàäîê

ba = xa.

Òîäi ç (2.221) âèïëèâà¹

β = − ln ȧ, (2.222)

òîáòî β = β(x0).

Óìîâà (2.189) âèêîíó¹òüñÿ òîòîæíüî, à óìîâà (2.190) ìà¹ âèãëÿä

β0 + α(reu ± 1) = ȧeβreu, àáî

β0 + reu ± 1 = reu, çâiäêè

β0 = ∓1, a

β = ∓x0.

Iç ðiâíÿííÿ (2.222) îòðèìó¹ìî

a = ±e±x0.
Îòæå, çàìiíà, ÿêà çâîäèòü ðiâíÿííÿ (2.218) äî ðiâíÿííÿ (2.219), ìà¹

âèãëÿä

y0 = ±e±x0, ya = xa, v = u∓ x0. (2.223)

Âñòàíîâèìî äîäàòêîâi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi, ÿêi çâîäÿòü ðiâíÿ-

ííÿ

u0 = ukua + ukλaua + ruk+1 ± u (2.224)

äî ðiâíÿííÿ

v0 = vkv0 + vkλava + rvk+1 (2.225)

Ó äàíîìó âèïàäêó ðiâíÿííÿ (2.188)-(2.190) íàáóäóòü âèãëÿäó

b1
ab

1
au

k = ȧvk, (2.226)

− 2
αb

a
b(αbu+ βb)ku

k−1 + (4b− 2
ααbb

a
b)u

k − ba0 + babλbu
k = ȧλav

k, (2.227)
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α0u+ β0 + [ 2
ααa(αau+ βa)− (4αu+4β)]uk+

+ 1
α(αau+ βa)(αau+ βa)ku

k−1 − (αau+ βa)λbu
k+

+αruk+1 ± u = ȧrvk+1.

(2.228)

Îäíèì iç ðîçâ'ÿçêiâ (2.186)-(2.187) áóäå

ba = xa. (2.229)

Âðàõóâàâøè (2.185), (2.229), iç (2.226) ìà¹ìî

αkȧ = 1, (2.230)

β = 0. (2.231)

Iç ðiâíÿíü (2.229), (2.230),

ȧ = α−k. (2.232)

Âðàõóâàâøè (2.229), (2.231), (2.232), iç (2.228) îòðèìà¹ìî

α0 ± α = 0. (2.233)

Iç (2.232), (2.233) ìà¹ìî

α = e±x0. (2.234)

Âðàõóâàâøè (2.237), iç (2.232) îäåðæèìî

a = ±e±kx0
k .

Îòæå, ìà¹ìî ëîêàëüíó ïiäñòàíîâêó, ÿêà çâîäèòü ðiâíÿííÿ (2.218) äî ðiâ-

íÿííÿ (2.219).

Çíàéäåìî ïiäñòàíîâêó, ÿêà çâîäèòü ðiâíÿííÿ

u0 = ∂a(u
kua) + 4k+1

k uku1 + 4k+1
k2 u

k+1 ± u (2.235)

äî ðiâíÿííÿ

v0 = ∂a(v
kva) + 4k+1

k vkv1 + 4k+1
k2 v

k+1. (2.236)



88

Ïiäñòàâèâøè çíà÷åííÿ ôóíêöié f 0, fa, h, F 0, F a, H ç ðiâíÿíü (2.231),

(2.233) ó ñèñòåìó (2.188)-(2.190), âðàõóâàâøè ïðè öüîìó (2.184), (2.229),

ïiñëÿ ðîçùåïëåííÿ çà ðiçíèìè ñòåïåíåâèìè ôóíêöiÿìè îäåðæèìî ñèñòåìó

ȧ = αk, β = 0, α0 = ±α. (2.237)

Íåâàæêî ïåðåêîíàòèñÿ, ùî îäíèì iç ðîçâ'ÿçêiâ ñèñòåìè (2.237) ¹ ôóíêöi¨

a = ±e±kx0
k , b = xa, α = e±x0, β = 0. (2.238)

ÿêi âèçíà÷àþòü ïåðòâîðåííÿ

y0 = ±e±kx0
k , ya = xa, w = e±x0u, (2.239)

ùî çâîäÿòü ðiâíÿííÿ (2.231) äî ðiâíÿííÿ (2.233). Îäåðæàíèé ðåçóëüòàò ñïiâ-

ïàäà¹ ç ñüîìèì âèïàäêîì òàáëèöi 2.3.

Âñòàíîâèìî äîäàòêîâi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi, ÿêi çâîäÿòü ðiâíÿ-

ííÿ

u0 = 4u+ uλaua ± 1 (2.240)

äî ðiâíÿííÿ

v0 = 4v + vλava. (2.241)

Ó äàíîìó âèïàäêó ðiâíÿííÿ (2.188)-(2.190) íàáóäóòü âèãëÿäó

b1
ab

1
a = ȧ, (2.242)

4b− 2
ααbb

a
b − ba0 + babλbu = ȧλa(αu+ β), (2.243)

α0u+ β0 + 2
ααa(αau+ βa)− (4αu+4β)− (αau+ βa)λau+

+αr = 0.
(2.244)

Ðîç÷åïèâøè ñèñòåìó (2.242)-(2.244) çà ðiçíèìè ñòåïåíÿìè ôóíêöi¨ u, îäåð-

æèìî ñèñòåìó

b1
ab

1
a = ȧ, babλb = λaαȧ, 4b− 2

ααbb
a
b − ba0 = λaβȧ, λaαa = 0,

α0 + 2
ααaαa −4α− λaβa = 0, β0 + 2

ααaβa −4β + αr = 0.
(2.245)
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Íåâàæêî ïåðåêîíàòèñÿ, ùî îäíèì iç ðîçâ'ÿçêiâ ñèñòåìè (2.245) ¹ ôóíêöi¨

a = x0, b
a = xa ± 1

2λax
2
0, α = 1, β = ∓x0, (2.246)

ÿêi âèçíà÷àþòü ïåðåòâîðåííÿ

y0 = x0, ya = xa ± 1
2λax

2
0, v = u∓ x0.

Òîáòî ìà¹ ìiñöå âèïàäîê 8 iç òàáëèöi 2.3.

Çíàéäåìî ïiäñòàíîâêó, ÿêà çâîäèòü ðiâíÿííÿ

u0 = 4u+ lnuλaua ± u (2.247)

äî ðiâíÿííÿ

v0 = 4 ln v + vλava. (2.248)

Ïiäñòàâèâøè ôóíêöi¨

f 0(u) = 1, fa(u) = λa lnu, h(u) = ±u, F 0(u) = 1,

F a(u) = λa ln v, H(u) = 0
(2.249)

â ñèñòåìó (2.185)-(2.190) òà ðîç÷åïèâøè îäåðæàíi ðiâíÿííÿ çà ðiçíèìè íå-

ëiíiéíîñòÿìè çìiííî¨ u, îäåðæèìî

b1
ab

1
a = ȧ, (2.250)

β = 0, (2.251)

λaȧ = λbb
a
b , (2.252)

ba0 = − 2
αλbb

a
b − λaȧ lnα, (2.253)

λaαa = 0, (2.254)

α0 + 2
ααaαa −4α± α = 0. (2.255)

Íåâàæêî ïåðåêîíàòèñÿ, ùî ôóíêöi¨

a = x0, b
a = xa ± 1

2λax
2
0, α = e∓x0, β = 0 (2.256)
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¹ îäíèì iç ðîçâ'ÿçêiâ ñèñòåìè (2.250)-(2.255).

Òîáòî ìà¹ ìiñöå âèïàäîê 9 iç òàáëèöi 2.3.

Óñi iíøi ðiâíÿííÿ ç òàáëèöi 2.2 ¹ ëîêàëüíî íååêâiâàëåíòíèìè.

Òàêèì ÷èíîì, ç óðàõóâàííÿì ðåçóëüòàòiâ òàáëèöi 2.3 îäåðæó¹ìî, ùî

ãðóïîâà êëàñèôiêàöiÿ ëîêàëüíî íååêâiâàëåíòíèõ ðiâíÿíü (2.1) ìîæå áóòè

íàâåäåíà ó âèãëÿäi íàñòóïíî¨ òàáëèöi.

Òàáëèöÿ 2.4: Ãðóïîâà êëàñèôiêàöiÿ ëîêàëüíî

íååêâiâàëåíòíèõ ðiâíÿíü (2.1)

� Ðiâíÿííÿ ÌÀI Óìîâè

1 u0 = ∂a(f
0(u)ua) + h(u) < ∂0, ∂a, J12 > f 0 − ∀, h− ∀

2 u0 = ∂a(f
0(u)ua) < ∂0, ∂a, J12, D > f 0 − ∀

3 u0 = 4u < ∂0, ∂a, J12, Ga,

Q,D,Π, Q∞ >

4 u0 = 4u± u lnu < ∂0, ∂a, J12, Q̂, Ha >

5 u0 = ∂a(e
uua) < ∂0, ∂a, J12, D,D0 > s = 1

6 u0 = ∂a(e
suua)± emu < ∂0, ∂a, J12, m 6= 0

(s−m)D − 2D0 >

7 u0 = ∂a(u
kua) < ∂0, ∂a, J12, D,D0 > k 6= −1; 0

8 u0 = ∂a(u
kua)± um < ∂0, ∂a, J12, k 6= −1; 0

(k −m+ 1)D − 2D0 > m 6= 1

9 u0 = ∂a(u
−1ua) < ∂0, ∂a, J12, D0, X∞ > k = −1

10 u0 = ∂a(e
suua)+ < ∂0, ∂a, m 6= s

+λbe
muKab(u)ua+ (m− s)D +D0 + pJ12 > (m, p) 6= (0, 0)

+re(2m−s)u

11 u0 = ∂a(e
uua)+ < ∂0, ∂a, s = 1

+λauua + re−u D −D0 − x0λa∂a >

12 u0 = ∂a(e
uua)+ < ∂0, ∂a,D0 + pJ12 > s = 1
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+λbe
uKab(u)ua + reu

13 u0 = ∂a(u
kua)+ < ∂0, ∂a, (m− k)D+ m 6= k,

+λbu
mKab(lnu)ua+ +D0 + pJ12 > (m, p) 6= (0, 0)

+ru2m−k+1

14 u0 = ∂a(u
kua)+ < ∂0, ∂a, k 6= 0

+ lnuλaua + ru−k+1 kD −D0 − x0λa∂a >

15 u0 = ∂a(u
kua)+ < ∂0, ∂a, D0 + pJ12 > k 6= 0, p 6= 0

+λbu
mKab(lnu)ua+

+ruk+1

16 u0 = ∂a(u
kua)+ < ∂0, ∂a, D0 > k 6= 0,

+ukλaua + λ3u
k+1 k2λ3 6= 4(k + 1)

17 u0 = ∂a(u
kua)+ < ∂0, ∂a, D0, Qa > k 6= −1; 0

+4k+1
k uku1 + 4k+1

k2 u
k+1

18 u0 = 4u+ uλaua ± u < ∂0, ∂a,Ga >
19 u0 = 4u+ uλaua < ∂0, ∂a, D − u∂u,G >
20 u0 = 4u+ lnuλaua < ∂0, ∂a, G >

21 u0 = 4u+ < ∂0, ∂a, H >

+ lnuλaua ± u lnu

22 u0 = 4u± 2 lnuλaua+ < ∂0, ∂a, Y >

+~λ2u(ln2 u+ q)

2.6. Ëi¨âñüêi àíçàöè, ðåäóêöiÿ òà òî÷íi ðîçâ'ÿçêè ðiâ-

íÿííÿ (2.1)

Ëi¨âñüêi ñèìåòði¨ ðiâíÿííÿ (2.1) ìîæíà âèêîðèñòàòè äëÿ ïîáóäîâè iíâàðiàí-

òíèõ àíçàöiâ, ïðîâåäåííÿ ðåäóêöi¨ òà çíàõîäæåííÿ òî÷íèõ ðîçâ'ÿçêiâ äàíîãî

ðiâíÿííÿ.

Äàíó çàäà÷ó ðîçâ'ÿæåìî, íàïðèêëàä, äëÿ ðiâíÿííÿ ïóíêòó 17 ç òàáëèöi
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2.4

u0 = ∂a(u
kua) + 4k+1

k uku1 + 4k+1
k2 u

k+1, k 6= −1; 0. (2.257)

Ñåðåä ðiâíÿíü (2.1) ç íåíóëüîâèì êîíâåêòèâíèì äîäàíêîì öå ðiâíÿííÿ âîëî-

äi¹ íàéøèðøèì êëàñîì ñèìåòði¨. Éîãî ìàêñèìàëüíà àëãåáðà iíâàðiàíòíîñòi

çàäà¹òüñÿ íàñòóïíèìè îïåðàòîðàìè

< ∂0, ∂1, ∂2, D0, Q1, Q2 > . (2.258)

Ïðîâåäåìî ðåäóêöiþ ðiâíÿííÿ (2.257) äî ðiâíÿííÿ ç ìåíøîþ êiëüêiñòþ

çìiííèõ, âèêîðèñòîâóþ÷è íàéçàãàëüíiøèé âèãëÿä îïåðàòîðà iíâàðiàíòíîñòi

X = d0∂0 + da∂a + c0D0 + c1Q1 + c2Q2. (2.259)

Îäèí ç àíçàöiâ (äèâ., íàïðèêëàä, [75]) ïðè óìîâi c0 = d0 = d1 = 0,

îòðèìàíèé çà äîïîìîãîþ îïåðàòîðà (2.259) ìà¹ âèãëÿä

u = e−
2
kx1ϕ(x0, ω), ω = sinx2e

x1 +me2x1. (2.260)

Äàíèé àíçàö ðåäóêó¹ ðiâíÿííÿ (2.257) äî äèôåðåíöiàëüíîãî ðiâíÿííÿ

ϕ0 = (4mω + 1)∂ω(ϕkϕω) + 4mϕkϕω.

Ïðèïóñòèâøè, ùî m = 0, ïðèéäåìî äî ðiâíÿííÿ

ϕ0 = ∂ω(ϕkϕω). (2.261)

Òåîðåìà 2.7. [39] Ìàêñèìàëüíîþ àëãåáðîþ iíâàðiàíòíîñòi ðiâíÿííÿ

(2.261) ¹ àëãåáðà

1) < ∂0, ∂ω, D = 2x0∂0 + ω∂ω, D0 = kx0∂0 − ϕ∂ϕ >, (2.262)

ÿêùî k 6= −4
3;

2) < ∂0, ∂ω, D0 = 4x0∂0 + 3ϕ∂ϕ, D1 = 2ω∂ω − 3ϕ∂ϕ,

K = ω2∂ω − 3ωϕ∂ϕ >,
(2.263)

ÿêùî k = −4
3.
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Âèêîðèñòà¹ìî ëi¨âñüêó ñèìåòðiþ ðiâíÿííÿ (2.261) äëÿ ïîáóäîâè iíâàði-

àíòíèõ àíçàöiâ, ðåäóêöi¨ òà çíàõîäæåííÿ éîãî òî÷íèõ ðîçâ'ÿçêiâ (äèâ., [83]).

Íàâåäåìî âèãëÿä íååêâiâàëåíòíèõ àíçàöiâ, ÿêi îäåðæóþòüñÿ ó âèïàäêó

k 6= −4
3 .

ϕ = ψ(y), y = ω + px0; (2.264)

ϕ = x
− 1
k

0 ψ(y), y = ω + p lnx0; (2.265)

ϕ = e−
2p
k x0ψ(y), y = epx0ω; (2.266)

ϕ = x
− 1+2p

k
0 ψ(y), y = xp0ω, (2.267)

äå p � äîâiëüíà ñòàëà (p 6= 0), ÿêà âèðàæà¹òüñÿ ÷åðåç ñòàëi c0, c1, d0, d1.

Äëÿ çíàõîäæåííÿ íåâiäîìèõ ôóíêöié ψ íåîáõiäíî îäåðæàíi âèùå ií-

âàðiàíòíi àíçàöè ïiäñòàâèòè ó ðiâíÿííÿ (2.261). Ó ðåçóëüòàòi îòðèìà¹ìî

âiäïîâiäíî òàêi ðåäóêîâàíi ðiâíÿííÿ:

∂y(ψ
kψy)− pψy = 0, (2.268)

∂y(ψ
kψy)− pψy − 1

kψ = 0, (2.269)

∂y(ψ
kψy)− pyψy + 2m

k ψ = 0, (2.270)

∂y(ψ
kψy)− pyψy + 2m+1

k ψ = 0. (2.271)

×àñòèííèìè ðîçâ'ÿçêàìè ðåäóêîâàíîãî ðiâíÿííÿ (2.268) ¹ ôóíêöi¨

ψ = (pky + c)
1
k , k 6= 0; (2.272)

ψ = − tanh2
(
p
2y + c

)
, k = −1

2 ; (2.273)

ψ = tan2
(
p
2y + c

)
, k = −1

2 ; (2.274)

tanh−1(ψ
1
4 ) + tan−1(ψ

1
4 ) = −p

2y + c, k = −3
4 , (2.275)

äå c � äîâiëüíà ñòàëà.
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Âèêîðèñòàâøè àíçàö (2.264) òà ðîçâ'ÿçêè (2.272)-(2.275), çíàõîäèìî

ðîçâ'ÿçêè ðiâíÿííÿ (2.257):

u =
[
(c+ pk2x0)e

−2x1 − pke−x1 sinx2

] 1
k , k 6= 0; (2.276)

u = −e4x1 tanh2[p2(−e−x1 sinx2 + px0) + c], k = −1
2 ; (2.277)

u = e4x1 tan2[p2(−e−x1 sinx2 + px0) + c], k = −1
2 ; (2.278)

tanh−1
(
e−

2
3x1u

1
4

)
+ tan−1

(
e−

2
3x1u

1
4

)
= p

2(e−x1 sinx2 − px0) + c,

k = −3
4 .

(2.279)

Ìàêñèìàëüíîþ àëãåáðîþ iíâàðiàíòíîñòi ðiâíÿííÿ(2.261) ïðè k = −4
3 ¹

àëãåáðà (2.263). Íå âäàþ÷èñü ó äåòàëi, íàâåäåìî âèãëÿä íååêâiâàëåíòíèõ

àíçàöiâ, âiäìiííèõ âiä (2.264)-(2.267), ÿêi îäåðæóþòüñÿ â ðåçóëüòàòi

ϕ = |ω2 + r|− 3
2ψ(y), r ∈ {−1, 0, 1},

y =


tanh−1 ω + px0, r = −1,

1
ω + px0, r = 0,

tan−1 ω + px0, r = 1;

(2.280)

ϕ = x
3
4
0 |ω2 + r|− 3

2ψ(y), r ∈ {−1, 0, 1},

y =


tanh−1 ω + p lnx0, r = −1,

1
ω + p lnx0, r = 0,

tan−1 ω + p lnx0, r = 1,

(2.281)

äå p� äîâiëüíà ñòàëà (p 6= 0), ÿêà âèðàæà¹òüñÿ ÷åðåç ñòàëi c0, c1, c2, d0, d1.

Äëÿ çíàõîäæåííÿ íåâiäîìèõ ôóíêöié ψ íåîáõiäíî îäåðæàíi âèùå àíçà-

öè ïiäñòàâèòè ó ðiâíÿííÿ (2.261). Ó ðåçóëüòàòi îòðèìà¹ìî âiäïîâiäíî òàêi

ðåäóêîâàíi ðiâíÿííÿ:

∂y(ψ
− 4

3ψy) = pψy + 3rψ−
1
3 , (2.282)

∂y(ψ
− 4

3ψy) = pψy + (3
4ψ

4
3 + 3r)ψ−

1
3 . (2.283)
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Çàãàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (2.282) ïðè r = 0 ìà¹ âèãëÿä

−3
3
√
c1ψ

+ 1
2 ln 1+c1ψ

(1+ 3
√
c1ψ)3
−
√

3 tan−1 1√
3
( 2

3
√
c1ψ
− 1) = (c1)

− 4
3p(y + c2) (2.284)

ïðè c1 6= 0, òà

ψ = (−4
3py + c)−

3
4 (2.285)

ïðè c1 6= 0.

Îäèí iç ðîçâ'ÿçêiâ ðiâíÿííÿ (2.283) ïðè r = −1 ìà¹ âèãëÿä

ψ = 4
3
4 . (2.286)

Âèêîðèñòàâøè ôîðìóëè (2.260), (2.280), (2.281), çíàõîäèìî ðîçâ'ÿçêè

ðiâíÿííÿ (2.257) ïðè −4
3 :

−3Φ +
1

2
ln

Φ3 + 1

(Φ + 1)3
−
√

3 tan−1 2Φ− 1√
3

= (c1)
− 4

3 [p(− 1

e−x1 sinx2
+

+px0) + c2],

Φ = − e
3
2x1

3
√
c1u sinx2

, c1 6= 0;

u = −
[

4
3pe

5x1 sin3 x2(1 + (px0 + c)ex1 sinx2)
]− 3

4 ; (2.287)

u = (
ex1 sin2 x2 − e−x1

2
√
x0

)−
3
2 .

Ïðè óìîâi c0 = d0 = d2 = 0 çà äîïîìîãîþ îïåðàòîðà (2.259) îòðèìà¹ìî

àíçàö

u = (sinx2)
2
kϕ(x0, ω), ω = ex1+m cosx2

sinx2
. (2.288)

Âií ðåäóêó¹ ðiâíÿííÿ (2.257)) äî äèôåðåíöiàëüíîãî ðiâíÿííÿ

(m2 + ω2)∂ω(ϕkϕω) + 2k+2
k2 [−kωϕkϕω + ϕk+1] = ϕ0. (2.289)
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Ïðèïóñòèâøè, ùî k = −2, ïðèéäåìî äî ðiâíÿííÿ

(m2 + ω2)(ϕ−2ϕω)ω = ϕ0. (2.290)

Ðîçâ'ÿçêîì ðåäóêîâàíîãî ðiâíÿííÿ (2.290) (äèâ. [18](6.101) ¹

I(
c1
√
x0

ϕ
√
ω2+m2

) = 1
m tan−1 ω

m + c2, (2.291)

äå I(z) =
∫ z

0
dτ√

c2−m2τ2−2c1 ln τ
, c1, c2 � äîâiëüíi ñòàëi.

Âèêîðèñòàâøè àíçàö (2.288) òà ðîçâ'ÿçîê (2.291), çíàõîäèìî ðîçâ'ÿçîê

ðiâíÿííÿ (2.257):

I(
c1
√
x0

u
√
e2x1+2mex1 cosx2+m2

) = 1
m tan−1 ex1+m cosx2

m sinx2
+ c2. (2.292)

Ïðîâåäåìî ëiíåàðèçàöiþ ðiâíÿííÿ (2.261) ïðè óìîâi k = −2. Çàñòîñó¹-

ìî äî äàíîãî ðiâíÿííÿ ñóêóïíiñòü äâîõ ïåðåòâîðåíü(äèâ., íàïðèêëàä, [83],

[125]):

x0 = x0, ω = ω, ϕ = vω,

äå v = v(x0, ω) � íîâà íåâiäîìà ôóíêöiÿ,

x0 = t, ω = w, v = x,

äå t, x � íîâi íåçàëåæíi çìiííi, w = w (t, x) � íîâà çàëåæíà çìiííà.

Ó ðåçóëüòàòi îäåðæèìî ðiâíÿííÿ

wt = wxx. (2.293)

Öå ëiíiéíå ðiâíÿííÿ òåïëîïðîâiäíîñòi. Âiäîìî áåçëi÷ éîãî òî÷íèõ

ðîçâ'ÿçêiâ. Äëÿ ïðèêëàäó ðîçãëÿíåìî äåêiëüêà ç íèõ.

w = t+ 1
2x

2, (2.294)

w = tx+ 1
6x

3, (2.295)

w = c3e
m2

1t+m1x + c4e
m2

2t+m2x, (2.296)

w = e(p2−m2)t+px[c3 cos(2mpt+mx) + c4 sin(2mpt+mx)], (2.297)

äå m1,m2,m, p, c3, c4 � äîâiëüíi ñòàëi.
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Âèêîðèñòàâøè ðîçâ'ÿçêè (2.294)-(2.297), çíàõîäèìî ðîçâ'ÿçêè ðiâíÿííÿ

(2.257), çàïèñàíi â ÿâíîìó òà ïàðàìåòðè÷íîìó âèãëÿäi:

u = (2 sin
x2

2
e
x1
2 − 1

2
x0e

x1)−
1
2 ;

u =
4

e
x1
2 (2τ 2 + x0)

,

12 sin
x2

2
= e

x1
2 (3x0τ + 2τ 3);

u =
ex1

ατ(x0, τ)
,

ex1 sinx2 = α(x0, τ);

u =
e(m2−p2)x0−pτ+x1

pβ(x0, τ) + βτ(x0, τ)
,

e(m2−p2)x0−pτ+x1 sinx2 = β(x0, τ),

äå ατ(x0, τ) = c1e
m2

1x0+m1τ + c2e
m2

2x0+m2τ , β(x0, τ) = c1 cos(2mpx0 + mτ) +

c2 sin(2mpx0 +mτ), τ � äîâiëüíèé ïàðàìåòð.

Ðîçãëÿíåìî íåëiíiéíå ðiâíÿííÿ

u0 = ∂a(uua) + λ1uu1 + λu(1− u), (2.298)

äå λ1, λ > 0 � äîâiëüíi êîíñòàíòè. Ðiâíÿííÿ (2.298) ¹ óçàãàëüíåííÿì âiäî-

ìîãî äâîâèìiðíîãî ðiâíÿííÿ Ôiøåðà äëÿ ïîðèñòèõ îáëàñòåé [118]

u0 = 4u+ λu(1− u). (2.299)
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Ó âèïàäêó, êîëè äåÿêà îáëàñòü ïåðåïîâíåíà íàñåëåííÿì, ðiâíÿííÿ

(2.298) îïèñó¹ øâèäêiñòü éîãî ðîçñiþâàííÿ â îáëàñòü áiëüø íèçüêî¨ ùiëü-

íîñòi (äèâ., [137] i ïîñèëàííÿ â íüîìó).

Òàêîæ ðiâíÿííÿ (2.298) ìîæíà ðîçãëÿäàòè ÿê óçàãàëüíåííÿ ðiâíÿííÿ

Ìþððåÿ

u0 = 4u+ λ1uu1 + λu(1− u), (2.300)

ÿêå îïèñó¹ áiîëîãi÷íi ïðîöåñè, ïîâ'ÿçàíi ç ïðîöåñàìè àíãiîãåíåçó, çàæèâëåí-

íÿ ðàí, äèíàìiêè âçà¹ìîäi¨ ïîïóëÿöié òà ií. Äàíå ðiâíÿííÿ áóëî äîñëiäæåíî

â [137, 111, 108] â îäíîâèìiðíîìó âèïàäêó.

ßêùî λ1 = −λ = 8, òî ðiâíÿííÿ (2.298) ¹ ÷àñòèííèì âèïàäêîì ðiâíÿííÿ

ïóíêòó 27 ç òàáëèöi 2.2 ïðè k = 1. ßê âêàçàíî â òàáëèöi 2.3 çà äîïîìîãîþ

ïåðåòâîðåíü

x0 → −e−8x0
8 , xa → xa, u→ e−8x0u (2.301)

ðiâíÿííÿ (2.298) çâîäèòüñÿ äî ðiâíÿííÿ

ut = ∂a(uua) + 8uu1 + 8u2. (2.302)

ßêùî âèêîðèñòàòè çíàéäåíi íàìè ðîçâ'ÿçêè ðiâíÿííÿ (2.257) ïðè k = 1

òà çðîáèòè çàìiíó (2.301), òî îòðèìà¹ìî íàñòóïíi ðîçâ'ÿçêè ðiâíÿííÿ (2.298)

ïðè λ1 = −λ2 = 8:

u = e−2x1−8x0
[
p sinx2e

x1 − p2

8 e
−8x0 + c2

]
; (2.303)

u = e−2x1−8x0
[
c1 ln |e−2x1−8x0u+ c1|+ p sinx2e

x1 − p2

8 e
−8x0 + c2

]
; (2.304)

u = 4
3 sin2 x2 + c1e

− 16
3 x0−2x1. (2.305)

Îòðèìàíi ðîçâ'ÿçêè ðiâíÿííÿ (2.1) ìîæíà âèâ÷èòè ç òî÷êè çîðó ìî-

æëèâîñòi ¨õ ôiçè÷íîãî çàñòîñóâàííÿ. Ïðèâåäåìî öå íà ïðèêëàäi ðîçâ'ÿçêiâ

(2.287), (2.303) òà (2.305). Íåâàæêî áà÷èòè, ùî ïðè x0 →∞ u→ 0, x1 →∞
u→ 0, à ïðè x2 →∞ u � îáìåæåíå.
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Öå äà¹ ïiäñòàâè ñòâåðäæóâàòè, ùî äàíi ðîçâ'ÿçêè ìîæóòü ìàòè ôiçè÷íå

çàñòîñóâàííÿ. Íà ðèñóíêàõ 2.1-2.3 íàâåäåíi ãðàôiêè ðîçâ'ÿçêó (2.287) ïðè

íàñòóïíèõ çíà÷åííÿõ çìiííî¨ x0: x0 = 0, 1 , x0 = 0, 3, x0 = 0, 5 òà îáìåæåí-

íÿõ x1 ∈ {1, 2}, x2 ∈ {1, 2}, íà ðèñóíêàõ 2.4-2.6 òà 2.7-2.9 íàâåäåíi ãðàôiêè
ðîçâ'ÿçêiâ (2.303) òà (2.305) ïðè íàñòóïíèõ çíà÷åííÿõ çìiííî¨ x0: x0 = 0, 01,

x0 = 0, 1, x0 = 1 òà îáìåæåííÿõ x1 ∈ [0, 10], x2 ∈ [0, 10].
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Ìàë. 2.1: Ãðàôiê ôóíêöi¨ u(x0 = 0, 1) Ìàë. 2.2: Ãðàôiê ôóíêöi¨ u(x0 = 0, 3)

Ìàë. 2.3: Ãðàôiê ôóíêöi¨ u(x0 = 0, 5)
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Ìàë. 2.4: Ãðàôiê ôóíêöi¨ u(x0 = 0, 01) Ìàë. 2.5: Ãðàôiê ôóíêöi¨ u(x0 = 0, 1)

Ìàë. 2.6: Ãðàôiê ôóíêöi¨ u(x0 = 1)
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Ìàë. 2.7: Ãðàôiê ôóíêöi¨ u(x0 = 0, 01) Ìàë. 2.8: Ãðàôiê ôóíêöi¨ u(x0 = 0, 1)

Ìàë. 2.9: Ãðàôiê ôóíêöi¨ u(x0 = 1)



103

2.7. Âèñíîâêè äî ðîçäiëó 2

Ó äàíîìó ðîçäiëi ïðîâåäåíî ïîâíó ãðóïîâó êëàñèôiêàöiþ (1+2)-âèìiðíîãî

ðiâíÿííÿ ðåàêöi¨-êîíâåêöi¨-äèôóçi¨ ç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâàëåí-

òíîñòi äàíîãî ðiâíÿííÿ. Îñíîâíi ðåçóëüòàòè, îòðèìàíi â äàíîìó ðîçäiëi,

íàñòóïíi:

1. Âñòàíîâëåíî îñíîâíó àëãåáðó iíâàðiàíòíîñòi.

2. Äîñëiäæåíî ãðóïó íåïåðåðâíèõ ïåðåòâîðåíü åêâiâàëåíòíîñòi.

3. Âñòàíîâëåíî äîäàòêîâi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi.

4. Ç'ÿñîâàíî íåîáõiäíi òà äîñòàòíi óìîâè ðîçøèðåííÿ îñíîâíî¨ àëãåáðè

iíâàðiàíòíîñòi.

5. Íàâåäåíî ïîâíó ãðóïîâó êëàñèôiêàöiþ ç òî÷íiñòþ äî ïåðåòâîðåíü åêâi-

âàëåíòíîñòi.

6. Ïîáóäîâàíî òî÷íi ðîçâ'ÿçêè ðiâíÿííÿ ðåàêöi¨-êîíâåêöi¨-äèôóçi¨ çi ñòå-

ïåíåâèìè íåëiíiéíîñòÿìè.
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ÐÎÇÄIË 3

Íåëîêàëüíi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi

ñèñòåìè ðiâíÿíü êîíâåêöi¨-äèôóçi¨

Âèðiøóþ÷è ôóíäàìåíòàëüíi ïðîáëåìè ç ðiçíèõ ñôåð äiÿëüíîñòi, íàóêîâöi

÷àñòî çóñòði÷àþòüñÿ ç ïðîáëåìîþ ïîáóäîâè ìàòåìàòè÷íèõ ìîäåëåé ïðî-

öåñiâ, ùî äîñëiäæóþòüñÿ, i âèáîðó ðiâíÿíü ÷è ñèñòåì, ÿêi á íàéòî÷íiøå

îïèñóâàëè öåé ïðîöåñ. Ó áàãàòüîõ âèïàäêàõ òå ÷è iíøå ôiçè÷íå ÿâèùå

âäà¹òüñÿ çìîäåëþâàòè öiëêîì âèçíà÷åíèì äèôåðåíöiàëüíèì ðiâíÿííÿì ÷è

ñèñòåìîþ äèôåðåíöiàëüíèõ ðiâíÿíü. Íàéïðîñòiøi ôîðìóëþâàííÿ çàêîíiâ

ïðèðîäè ïðèâîäÿòü äî ëiíiéíèõ çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè, àëå ÷àñòî òàêi

ìîäåëi íåòî÷íi òà íå äàþòü çàäîâiëüíîãî ðåçóëüòàòó, àäæå áàãàòüîì ðåàëü-

íèì ïðîöåñàì âiäïîâiäàþòü ñàìå íåëiíiéíi ìàòåìàòè÷íi ìîäåëi. I òîäi âèíè-

êà¹ ïðîáëåìà îáìåæåíîñòi íàÿâíîãî ìàòåìàòè÷íîãî àïàðàòó äëÿ ðîçâ'ÿçó-

âàííÿ îòðèìàíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ÷è ñèñòåì. Òà ÿêùî íåëiíiéíå

äèôåðåíöiàëüíå ðiâíÿííÿ (÷è ñèñòåìà ðiâíÿíü), ùî îïèñó¹ ïåâíèé ïðîöåñ,

ìà¹ íåòðèâiàëüíi ñèìåòðiéíi âëàñòèâîñòi, òî òóò äîñëiäíèêè ìîæóòü çàñòî-

ñîâóâàòè ìåòîäè òåîði¨ ãðóï i àëãåáð Ëi.

Çãiäíî ìåòîäîì Ëi äèôåðåíöiàëüíi ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíè-

ìè, ÿêi âîëîäiþòü êëàñè÷íîþ ëii¨âñüêîþ ñèìåòði¹þ, ìîæíà ðåäóêóâàòè äî

çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü çà äîïîìîãîþ ñïåöiàëüíèõ ïiäñòàíî-

âîê (àíçàöiâ). Ðîçâ'ÿçàâøè ðåäóêîâàíi ðiâíÿííÿ, ìîæíà ïîáóäóâàòè òî÷íi

ðîçâ'ÿçêè âèõiäíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè.

Àëå êiëüêiñòü ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ ðiâíÿíü òà ¨õ ñèñòåì, ÿêi ìîæëè-

âî ïîáóäóâàòè â ðàìêàõ öüîãî ìåòîäó, îáìåæó¹òüñÿ êiëüêiñòþ îïåðàòîðiâ
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ñèìåòði¨, ÿêèìè âîëîäi¹ êîíêðåòíå ðiâíÿííÿ ÷è ñèñòåìà. ßêùî ðiâíÿííÿ ìà¹

áiäíó ëi¨âñüêó ñèìåòðiþ àáî íå ìà¹ ¨¨ âçàãàëi, òî çàñòîñóâàííÿ öüîãî ìåòîäó

äî ïîáóäîâè ðîçâ'ÿçêiâ íå äà¹ áàæàíîãî ðåçóëüòàòó. Öå ñòàëî ïåðåäóìîâîþ

äëÿ ïîøóêó â ðàìêàõ ãðóïîâîãî àíàëiçó äèôåðåíöiàëüíèõ ðiâíÿíü iíøèõ

ìåòîäiâ ïîáóäîâè íîâèõ ðîçâ'ÿçêiâ òàêèõ ðiâíÿíü.

Îäíèì iç òàêèõ ìåòîäiâ ñòàâ ìåòîä, ÿêèé âèêîðèñòîâó¹ íåëîêàëüíi ïå-

ðåòâîðåííÿ, ùî áóëè çàñòîñîâàíi â ãåîìåòðè÷íèõ äîñëiäæåííÿõ Ë. Áiàí÷i

òà Ì. Ðiáîêóðîì, âèâ÷åíi òà óçàãàëüíåíi Ô.Â. Áåêëóíäîì. Ïåðåòâîðåííÿ ¹

îñîáëèâèì âèïàäêîì ñêií÷åííèõ íåëîêàëüíèõ ïåðåòâîðåíü çàëåæíèõ i íå-

çàëåæíèõ çìiííèõ.

Ïiä íåëîêàëüíèìè ïåðåòâîðåííÿìè ðîçóìiòèìåìî ïåðåòâîðåííÿ íåçà-

ëåæíèõ xi òà çàëåæíèõ çìiííèõ ui âèãëÿäó

yi = hi(x, U, U(k)), vj = gj(x, U, U(k)),

äå

x ∈ Rn, U ∈ Rm, U(k) = U
1
, ..., U

k
,

U
l
� ñóêóïíiñòü âñåìîæëèâèõ ïîõiäíèõ ïîðÿäêó l ôóíêöi¨ U çà çìiííèìè x,

äiÿ ÿêèõ ïåðåòâîðþ¹ ðiâíÿííÿ

F (x, U, U(p)) = 0

â iíøå ðiâíÿííÿ

Φ(y, V, V(q)) = 0.

Ñêií÷åííi íåëîêàëüíi ïåðåòâîðåííÿ çìiííèõ ïîðîäæóþòü íåëîêàëüíi ñè-

ìåòði¨ äèôåðåíöiàëüíèõ ðiâíÿíü, ùî ¹ êîðèñíèì äëÿ ñòâîðåííÿ íîâèõ àë-

ãîðèòìiâ ïîáóäîâè ðîçâ'ÿçêiâ íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü.

×àñòèííèì âèïàäêîì íåëîêàëüíèõ ñèìåòðié ¹ ïîòåíöiàëüíi ñèìåòði¨. Çãi-

äíî ç [98] ïîòåíöiàëüíîþ ñèìåòði¹þ äàíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ ¹
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òî÷êîâà ñèìåòðiÿ âiäïîâiäíî¨ éîìó ïîòåíöiàëüíî¨ ñèñòåìè, ÿêà íå ïðîåêòó-

¹òüñÿ â òî÷êîâó ñèìåòðiþ öüîãî ðiâíÿííÿ.

Ïîíÿòòÿ ïîòåíöiàëüíî¨ ñèìåòði¨ áóëî çàïðîïîíîâàíî Äæ.Â. Áëóìåíîì

[99], [102]. Ïîíÿòòÿ ïåðåòâîðåíü ïîòåíöiàëüíî¨ åêâiâàëåíòíîñòi ââiâ ß. Ëiñë

[133] .

Íèçêó ñó÷àñíèõ ðîáiò ïðèñâÿ÷åíî äîñëiäæåííþ ïîòåíöiàëüíèõ ñèìåòðié

øèðîêîãî êëàñó íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõi-

äíèìè, ñåðåä ÿêèõ âiäçíà÷èìî íàñòóïíi [103], [151], [155].

Íåïåðåðâíîþ íåëîêàëüíîþ ãðóïîþ ñèìåòðié S íàçèâàþòü (äèâ. [133])

áóäü-ÿêó ñèìåòðiþ ãðóïó ñèìåòðié, ÿêà íå çâ'ÿçàíà ç iíôiíiòåçèìàëüíèì

îïåðàòîðîì ëîêàëüíîãî òèïó.

Â Óêðà¨íi ñåðåä ïåðøèõ ðîáiò, ïðèñâÿ÷åíèõ äîñëiäæåííÿì ó íàïðÿìêó

íåëîêàëüíèõ ñèìåòðié âiäìiòèìî ðîáîòè [74], [119], [122], [164]. Ó ïðàöi [74]

âêàçàíî ñïîñiá ïîáóäîâè äîäàòêîâèõ (íåëîêàëüíèõ) àíçàöiâ äëÿ íåëiíiéíîãî

ðiâíÿííÿ òåïëîïðîâiäíîñòi, ÿêi íåìîæëèâî îòðèìàòè â ðàìêàõ êëàñè÷íîãî

àëãîðèòìó Ëi.

Âàæëèâi ðåçóëüòàòè çàñòîñóâàííÿ íåëîêàëüíèõ ñèìåòðié äî ïîáóäîâè íå-

ëi¨âñüêèõ ðîçâ'ÿçêiâ íåëiíiéíèõ ðiâíÿíü òåïëîïðîâiäíîñòi, ðiâíÿíü ðåàêöi¨-

äèôóçi¨ òà äèôóçi¨-êîíâåêöi¨ îòðèìàíi â ðîáîòàõ Â.À. Òè÷èíiíà òà éîãî

ó÷íiâ [165]-[167].

Ó äàíîìó ðîçäiëi çíàéäåíî íåëîêàëüíi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi ñè-

ñòåìè ðiâíÿíü êîíâåêöi¨-äèôóçi¨

Ut = ∂x[F (U)Ux] +K(U)Ux, (3.1)

äå U =

(
u1

u2

)
, F (U) =

(
f 11

f 21

f 12

f 22

)
, K(U) =

(
k11

k21

k12

k22

)
,

ua = ua (t, x), t � ÷àñîâà çìiííà, x � ïðîñòîðîâà çìiííà, fab = fab (U),

kab = kab (U) � êîåôiöi¹íòè äèôóçi¨ òà êîíâåêöi¨ âiäïîâiäíî, a, b = 1, 2.

Îòðèìàíi ïåðåòâîðåííÿ âèêîðèñòàíî äëÿ ïîáóäîâè íåëîêàëüíèõ àíçàöiâ,

ïðîâåäåííÿ ðåäóêöi¨ òà çíàõîäæåííÿ òî÷íèõ ðîçâ'ÿçêiâ äàíî¨ ñèñòåìè.
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3.1. Íåëîêàëüíi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi

Íåõàé ìàòðèöÿ K(U) òàêà, ùî ¨¨ êîìïîíåíòè çàäîâîëüíÿþòü óìîâó

k11
u2 = k12

u1 , k21
u2 = k22

u1 . (3.2)

Òîäi iñíóþòü òàêi ôóíêöi¨ g1 òà g2, ùî ñèñòåìà (3.1) íàáóäå âèãëÿäó

Ut = ∂x[F (U)Ux +G(U)], (3.3)

äå G(U) =

(
g1(U)

g2(U)

)
.

Ðîçãëÿíåìî ñóêóïíiñòü òðüîõ ïåðåòâîðåíü (äèâ. [54], [53]):

t = t, x = x, ua = vax, (3.4)

äå va = va(t, x) � íîâi íåâiäîìi ôóíêöi¨,

t = x0, x = w1, v1 = x1, v2 = w2, (3.5)

äå x0, x1 � íîâi íåçàëåæíi çìiííi, wa = wa (x0, x1) � íîâi çàëåæíi çìií-

íi,

x0 = x0, x1 = x1, wa
1 = za, (3.6)

za = za (x0, x1) � íîâi çàëåæíi çìiííi.

Òåîðåìà 3.1. Ïåðåòâîðåííÿ (3.4)-(3.6) ¹ ïåðåòâîðåííÿìè åêâiâàëåíòíî-

ñòi ñèñòåìè (3.3).

Äîâåäåííÿ. Çàñòîñó¹ìî äî ñèñòåìè (3.3) íåëîêàëüíó çàìiíó âèãëÿäó

(3.4). Ïiäñòàâèâøè (3.4) â (3.3) i ïðîiíòåãðóâàâøè îäåðæàíó ñèñòåìó çà

çìiííîþ x, áóäåìî ìàòè

Vt = F (Vx)Vxx +G(Vx), (3.7)

äå V =

(
v1

v2

)
.
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ßêùî äî ñèñòåìè (3.7) çàñòîñóâàòè ïåðåòâîðåííÿ ãîäîãðàôà (3.5), òî

äàíà ñèñòåìà çâåäåòüñÿ äî âèãëÿäó

w1
0 = 1

(w1
1)2

[(f 11 + w2
1f

12)w1
11 − w1

1f
12w2

11]− w2
1g

1,

w2
0 = 1

(w1
1)3

[(f 11 + w2
1f

12)w2
1 − (f 12 + w2

1f
22]w1

11+

+ 1
(w1

1)2
(f 22 + w2

1f
12)w2

11 − w2
1g

1 + g2,

(3.8)

äå wa
µ = ∂wa

∂xµ
, wa

11 = ∂2wa

∂x21
, µ = 0, 1 , ïðè÷îìó ó ôîðìóëàõ (3.8) fab =

fab( 1
w1

1
, w

2
1

w1
1
), ga = ga( 1

w1
1
, w

2
1

w1
1
), a, b = 1, 2.

Ïðîäèôåðåíöiþâàâøè ñèñòåìó (3.8) çà çìiííîþ x1 òà ïîäiÿâøè ïåðåòâî-

ðåííÿìè (3.6), îäåðæèìî íàñòóïíó ñèñòåìó

Z0 = ∂1[Φ(Z)Z1 + Ψ(Z)], (3.9)

äå Z =

(
z1

z2

)
, Zµ = ∂Z

∂xµ
, ∂1 = ∂

∂x1
, Φ(Z) =

(
ϕ11

ϕ21

ϕ12

ϕ22

)
, ϕab =

ϕab(Z), Ψ(Z) =

(
ψ1

ψ2

)
, ψa = ψa(Z), µ = 0, 1. Ôóíêöi¨ ϕab, ψa ïî-

â'ÿçàíi ç ôóíêöiÿìè fab, ga íàñòóïíèìè ñïiââiäíîøåííÿìè:

ϕ11 = (z1)−2(f 11 + z2f 12), ϕ12 = −(z1)−1f 12,

ϕ12 = (z1)−3[(f 11 + z2f 12)z2 − (f 21 + z2f 22)],

ϕ22 = (z1)−2(f 22 + z2f 12), ψ1 = −z1g1, ψ2 = −z2g1 + g2,

(3.10)

äå fab = fab( 1
z1 ,

z2

z1 ), ga = ga( 1
z1 ,

z2

z1 ).

Òàêèì ÷èíîì, ìè âñòàíîâèëè, ùî ëàíöþæîê çàìií (3.4)-(3.6) çâîäèòü

ñèñòåìó (3.3) äî ñèñòåìè ðiâíÿíü òîãî æ êëàñó âèãëÿäó (3.9). Íå âàæêî

ïåðåêîíàòèñÿ, ùî ñèñòåìà (3.9) çà äîïîìîãîþ âêàçàíèõ çàìií çâîäèòüñÿ äî

ñèñòåìè (3.3).

Òåîðåìà 3.1 äîâåäåíà.

Îñêiëüêè ñèñòåìà (3.3) ìiñòèòü äâi ôóíêöi¨ u1 i u2, òî ïåðåòâîðåííÿ

ãîäîãðàôà âèãëÿäó (3.5) íå ¹äèíî ìîæëèâå äëÿ öi¹¨ ñèñòåìè. Òàê, ÿêùî â
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(3.5) çàìiíèòè v1 → v2, v2 → v1, w1 → w2, w2 → w1, òî çàìiñòü (3.5)

îäåðæèìî

t = x0, x = w2, v1 = w1, v2 = x1. (3.11)

Òåîðåìà 3.2. Ïåðåòâîðåííÿ (3.4), (3.11), (3.6) ¹ ïåðåòâîðåííÿìè åêâiâà-

ëåíòíîñòi ñèñòåìè (3.3).

Äîâåäåííÿ. Ïðîâiâøè ìiðêóâàííÿ, àíàëîãi÷íi äî òèõ, ùî íàâåäåí-

íi â äîâåäåííi òåîðåìè 3.1, ïðèõîäèìî äî âèñíîâêó, ùî ëàíöþæîê çàìií

(3.4),(3.11), (3.6) òàêîæ çâîäèòü ñèñòåìó (3.3) äî ñèñòåìè ðiâíÿíü òîãî æ

êëàñó (3.9) i, íàâïàêè, ñèñòåìà (3.9) çà äîïîìîãîþ âêàçàíèõ çàìií çâîäèòüñÿ

äî ñèñòåìè (3.3), ïðè÷îìó ôóíêöi¨ ϕab, ψa ïîâ'ÿçàíi ç ôóíêöiÿìè fab, ga

íàñòóïíèìè ñïiââiäíîøåííÿìè:

ϕ11 = (z2)−2(f 11 − z1f 21),

ϕ12 = (z2)−3[−(z1f 11 + f 12) + z1(z1f 21 + f 22)],

ϕ21 = −(z2)−1f 21, ϕ22 = (z2)−2(z1f 21 + f 22),

ψ1 = g1 − z1g2, ψ2 = −z2g2,

(3.12)

äå fab = fab(z
1

z2 ,
1
z2 ), ϕab = ϕab(z1, z2), ga = ga(z

1

z2 ,
1
z2 ), ψa = ψa(Z).

Òåîðåìà 3.2 äîâåäåíà.

Ïåðåòâîðåííÿ (3.4)-(3.6) íàçâåìî ïåðåòâîðåííÿ ïåðøîãî òèïó äëÿ ñèñòå-

ìè (3.3) i ïîçíà÷èìî ¨õ P1, à ïåðåòâîðåííÿ (3.4), (3.11), (3.6) � ïåðåòâîðå-

ííÿìè äðóãîãî òèïó i ïîçíà÷èìî ¨õ P2.

Çàóâàæåííÿ 3.1. Äëÿ âñüîãî êëàñó ðiâíÿíü (3.3) ïåðåòâîðåííÿ P1 òà P2 ¹

åêâiâàëåíòíèìè, àëå äëÿ êîíêðåòíî¨ ñèñòåìè âèãëÿäó (3.3) öi ïåðåòâîðåííÿ

äàþòü ðiçíi ðåçóëüòàòè. Ïðîiëþñòðó¹ìî öåé ôàêò íà êîíêðåòíîìó ïðèêëàäi.
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3.2. Ñèñòåìà ðiâíÿíü Âàí-äåð-Âààëüñà òà ¨¨ íåëîêàëü-

íi îáðàçè. Ñèìåòði¨ Ëi

Ðîçãëÿíåìî ñèñòåìó ðiâíÿíü Âàí-äåð-Âààëüñà

u1
t = λ1u

1
xx − u1u1

x + µu2u2
x,

u2
t = λ2u

2
xx − u1u2

x − u2u1
x,

(3.13)

äå x = (x0, x1), ua = ua (x), λ1 � êîåôiöi¹íò êiíåìàòè÷íî¨ â'ÿçêîñòi, λ2 �

êîåôiöi¹íò äèôóçi¨, µ � êîåôiöi¹íò êîíâåêöi¨, a ∈ {1, 2}, ÿêà øèðîêî âèêî-
ðèñòîâó¹òüñÿ ó ìîëåêóëÿðíî-êiíåòè÷íié òåîði¨ ãàçiâ òà ðiäèí (äèâ. íàïðè-

êëàä, [124]). Öÿ ñèñòåìà âõîäèòü äî êëàñó ñèñòåì ðiâíÿíü êîíâåêöi¨-äèôóçi¨.

�¨ êîåôiöi¹íòè çàäîâîëüíÿþòü óìîâó (3.2) i âîíà ìîæå áóòè çâåäåíà äî âè-

ãëÿäó (3.3).

ßêùî äî ñèñòåìè (3.13) çàñòîñóâàòè ïåðåòâîðåííÿ P1, òî îäåðæèìî ñè-

ñòåìó

Z0=∂1

 1

(z1)3

(
λ1z

1

(λ1−λ2) z
2

0

λ2z
1

)
Z1−

1

2 (z1)2

(µ (z1
)2− 1

)
z1(

µ
(
z2
)2

+ 1
)
z2

 , (3.14)
ÿêó íàçâåìî ïåðøèì îáðàçîì ñèñòåìè (3.13) i ïîçíà÷èìî O1.

ßêùî äî ñèñòåìè (3.13) çàñòîñóâàòè ïåðåòâîðåííÿ P2, òî îäåðæèìî íà-

ñòóïíó ñèñòåìó

Z0 = ∂1

[
1

(z2)3

(
λ1z

2

0

(λ2 − λ1) z
1

λ2z
2

)
Z1 +

1

2 (z2)2

( (
z1
)2

+ µ

2z1z2

)]
, (3.15)

ÿêó íàçâåìî äðóãèì îáðàçîì ñèñòåìè (3.13) i ïîçíà÷èìî O2.

Ó ðîáîòi [158] âñòàíîâëåíî, ùî ñèñòåìà (3.13) iíâàðiàíòíà âiäíîñíî óçà-

ãàëüíåíî¨ àëãåáðè Ãàëiëåÿ

AG2(1, 1) =< ∂t, ∂x, G = t∂x + ∂u1, D = 2t∂t + x∂x − I, Π = t2∂t +

tx∂x − tI + x∂u1 >,

äå ∂t = ∂
∂t , ∂x = ∂

∂x , ∂u1 = ∂
∂u1
, ∂u2 = ∂

∂u2
, I = u1∂u1 + u2∂u2.
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ßêùî æ ïðîâåñòè ïîâíèé àíàëiç ¨¨ ñèìåòðè÷íèõ âëàñòèâîñòåé, òî îäåð-

æèìî íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 3.3. Ìàêñèìàëüíîþ àëãåáðîþ iíâàðiàíòíîñòi ñèñòåìè (3.13) â

çàëåæíîñòi âiä ñïiââiäíîøåíü ìiæ ñòàëèìè λ1, λ2, µ ¹ íàñòóïíi àëãåáðè

1) AG2(1, 1), ÿêùî λ1 6= λ2, µ 6= 0;

2)< AG2(1, 1), u2∂u2 >, ÿêùî λ1 6= λ2, µ = 0;

3)< AG2(1, 1), u1∂u1 >, ÿêùî λ1 = λ2 = 1, µ 6= 0;

4)< AG2(1, 1), u2∂u1, u
2∂u2 >, ÿêùî λ1 = λ2 = 1, µ = 0.

Äîâåäåííÿ. Ñèìåòðiþ ñèñòåìè (3.13) áóäåìî äîñëiäæóâàòè ìåòîäîì

Ëi (äèâ., íàïðèêëàä, [145], [148]). Iíôiíiòåçèìàëüíèé îïåðàòîð àëãåáðè ií-

âàðiàíòíîñòi çíàõîäèìî ó âèãëÿäi

X = ξµ(x, U)∂µ + ηa(x, U)∂ua, (3.16)

äå ξµ, ηa � øóêàíi ôóíêöi¨, µ = 0, 1.

Ç óìîâè iíâàðiàíòíîñòi ñèñòåìè (3.13) âiäíîñíî îïåðàòîðà (3.16), îäåð-

æèìî ñèñòåìó âèçíà÷àëüíèõ ðiâíÿíü äëÿ êîîðäèíàò ξµ òà ηa îïåðàòîðà

(3.16):

ξ0
1 = ξ0

ua = ξ1
ua = ηaubuc = 0, ξ0

t = 2ξ1
x,

(λ1 − λ2)η
1
u2 = 0, (λ1 − λ2)η

2
u1 = 0,

η1 = −ξ1
1u

1 − ξ1
0 − λ1η

1
xu1 − λ2η

2
xu2,

η2 = (η2
u2 − η1

u1 − ξ1
1)u2 − 2λ2η

2
xu1,

η2
xu

1 + η1
xu

2 + λ2η
2
xx − η2

t = 0,

µη2
xu

2 + η1
xu

1 + λ1η
1
xx − η1

t = 0,

µη2
u1u

2 − λ1
λ2
η1
u2u

2 + λ1η
1
xu1 − λ2η

2
xu2 = 0,

µη2 + µ(η2
u2 − η1

u1 + ξ1
1)u2 + 2λ1η

1
xu2 = 0.

(3.17)

Ðîçâ'ÿçêîì ñèñòåìè (3.17) áóäóòü ôóíêöi¨

1)ξ0 = c1x
2
0 + 2κx0 + d0, ξ

1 = (c1x0 + κ)x1 + gx0 + d1, η
1 = −(c1x0 +

κ)x1u
1 − x1 − g, η2 = (c1x0 + κ)x1u

2, ÿêùî λ1 6= λ2, µ 6= 0;
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2)ξ0 = c1x
2
0 + 2κx0 + d0, ξ

1 = (c1x0 + κ)x1 + gx0 + d1, η
1 = −(c1x0 +

κ)x1u
1 − x1 − g, η2 = (c1x0 + κ+ c2)x1u

2, ÿêùî λ1 6= λ2, µ = 0;

3)ξ0 = c1x
2
0 + 2κx0 + d0, ξ

1 = (c1x0 + κ)x1 + gx0 + d1, η
1 = −(c1x0 + κ+

c2)x1u
1 − x1 − g, η2 = (c1x0 + κ)x1u

2, ÿêùî λ1 = λ2 = 1, µ 6= 0;

4)ξ0 = c1x
2
0 + 2κx0 + d0, ξ

1 = (c1x0 + κ)x1 + gx0 + d1, η
1 = −(c1x0 +

κ)x1u
1 + c2u

2 − x1 − g, η2 = (c1x0 + κ+ c3)x1u
2, ÿêùî λ1 = λ2 = 1, µ = 0.

Äëÿ êîæíîãî ç âèïàäêiâ ñòàíäàðòíèì ÷èíîì îäåðæó¹ìî âiäïîâiäíó àë-

ãåáðó iíâàðiàíòíîñòi.

Òåîðåìà 3.3 äîâåäåíà.

Äîñëiäèìî ëi¨âñüêó ñèìåòðiþ îáðàçiâ (3.14) òà (3.15). Ñïðàâåäëèâå íà-

ñòóïíå òâåðäæåííÿ.

Òåîðåìà 3.4. Ìàêñèìàëüíîþ àëãåáðîþ iíâàðiàíòíîñòi ñèñòåìè (3.14) ¹

àëãåáðà

1) Abas =< ∂0, ∂1, D = 2x0∂0 + z1∂z1 >, ÿêùî µ 6= 0, λ1 6= λ2;

2)A =< Abas, z2∂z2 >, ÿêùî µ = 0, λ1 6= λ2;

3)A =< Abas, z2∂z2, e
x1
2 ∂z2 >, ÿêùî µ = 0, λ1 = λ2 = 1,

äå ∂0 = ∂
∂x0
, ∂1 = ∂

∂x1
, ∂z1 = ∂

∂z1 , ∂z2 = ∂
∂z2 .

Äîâåäåííÿ. Çàñòîñóâàâøè äî ñèñòåìè (3.14) ìåòîä Ñ.Ëi, îòðèìà¹ìî

ñèñòåìó âèçíà÷àëüíèõ ðiâíÿíü äëÿ êîîðäèíàò ξµ òà ηµ iíôiíiòåçèìàëüíîãî

îïåðàòîðà (3.16), ÿêà ìà¹ âèãëÿä:

ξ0
1 = ξ1

0 = ξ0
za = ξ1

za = ηazbzc,

α12 = β1 = µη2 = µη2
0 = α11

0 = α22
1 = 0,

2α11 = ξ1
1 − ξ0

0 , (λ2 − λ1)β
2 = 0,

β2 = 2λ2β
2
1 , 2λ2α

21
11 = α21

1 ,

(3.18)

äå ηa = αabzb + βa.

Çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè (3.18) çàëåæèòü âiä çíà÷åíü ñòàëèõ

µ, λ1, λ2. Ìîæëèâi íàñòóïíi íååêâiâàëåíòíi âèïàäêè:

1)ξ0 = 2κx0 + d0, ξ
1 = d1, η

1 = κz1, η2 = 0, ÿêùî µ 6= 0, λ1 6= λ2;
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2)ξ0 = 2κx0 + d0, ξ
1 = d1, η

1 = κz1, η2 = c1z
2, ÿêùî µ = 0, λ1 6= λ2;

3)ξ0 = 2κx0 + d0, ξ
1 = d1, η

1 = κz1, η2 = c1z
2 + c2e

x1
2 , ÿêùî µ = 0, λ1 =

λ2 = 1.

Äëÿ êîæíîãî ç âèïàäêiâ îòðèìó¹ìî âiäïîâiäíó àëãåáðó iíâàðiàíòíîñòi.

Òåîðåìà 3.4 äîâåäåíà.

Òåîðåìà 3.5. Ìàêñèìàëüíîþ àëãåáðîþ iíâàðiàíòíîñòi ñèñòåìè (3.15) ¹

àëãåáðà

1) Abas =< ∂0, ∂1, D1 = 2x0∂0 + z2∂z2, Q = z2∂z1 >, ÿêùî

µ 6= 0, λ1 6= λ2;

2)A =< Abas, D2 = x1∂1 − I >, ÿêùî µ = 0, λ1 6= λ2;

3)A =< Abas, D2 = x1∂1 − I, K = x2
1∂1 − 2x1I + 2∂z1 >, ÿêùî

µ = 0, λ1 = λ2 = 1;

4)A =< Abas, Q1 = ex1(∂1 +∂z1−I), Q2 = e−x1(∂1 +∂z1 +I) >, ÿêùî

µ = −1, λ1 = λ2 = 1;

5)A =< Abas, Q1 = cosx1(∂1 − ∂z1) + sinx1I, Q2 = sinx1(∂1 − ∂z1)−
cosx1I >, ÿêùî µ = 1, λ1 = λ2 = 1,

äå ∂0 = ∂
∂x0
, ∂1 = ∂

∂x1
, ∂z1 = ∂

∂z1 , ∂z2 = ∂
∂z2 , I = z1∂z1 + z2∂z2.

Äîâåäåííÿ. Ðåçóëüòàòîì çàñòîñóâàííÿ äî ñèñòåìè (3.15) àëãîðèòìó

Ñ. Ëi ¹ íàñòóïíà ñèñòåìó âèçíà÷àëüíèõ ðiâíÿíü

ξ1
0 = α21 = α11

0 = α12
0 = α22

0 = α12
1 = β2 = β1

0 = 0,

α11 = −ξ1
1 ,

α22 = 1
2ξ

0
0 − ξ1

1 ,

(λ2 − λ1)β
1 = 0,

β1 = λ2ξ
1
11;

(λ2 − 3λ1)λ2ξ
1
111 − 2µξ1

1 = 0.

(3.19)

Ðîçâ'ÿçàâøè ñèñòåìó (3.19) â çàëåæíîñòi âiä çíà÷åíü ñòàëèõ µ, λ1, λ2,

îòðèìà¹ìî:

1)ξ0 = 2c1x0 + d0, ξ
1 = d1, η

1 = c4z
2, η2 = c1z

2, ÿêùî µ = 0, λ1 6= λ2;
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2)ξ0 = 2c1x0 + d0, ξ
1 = c3x1 + d1, η

1 = −c3z
1 + c4z

2, η2 = (c1− c3)z
2, ÿêùî

µ 6= 0, λ1 6= λ2;

3)ξ0 = 2c1x0 + d0, ξ
1 = c2x

2
1 + c3x1 + d1, η

1 = −(2c2x1 + c3)z
1 + c4z

2 +

2c2, η
2 = [c1 − (2c2x1 + c3)]z

2, ÿêùî µ = 0, λ1 = λ2 = 1;

4)ξ0 = 2c1x0 +d0, ξ
1 = c2e

x1 +c3e
−x1 +d1, η

1 = −(c2e
x1−c3e

−x1)z1 +c4z
2−

c2e
x1 − c3e

−x1, η2 = [c1 − (c2e
x1 − c3e

−x1)]z2, ÿêùî µ = −1, λ1 = λ2 = 1;

5)ξ0 = 2c1x0+d0, ξ
1 = c2 cosx1+c3 sinx1+d1, η

1 = (c2 sinx1−c3 cosx1)z
1+

c4z
2− c2 cosx1− c3 sinx1, η

2 = (c1 + c2 sinx1− c3 cosx1)z
2, ÿêùî µ = 1, λ1 =

λ2 = 1.

Äëÿ êîæíîãî ç âèïàäêiâ îäåðæó¹ìî âiäïîâiäíó àëãåáðó iíâàðiàíòíîñòi.

Òåîðåìà 3.5 äîâåäåíà.

3.3. Ëi¨âñüêi àíçàöè ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà

òà ¨¨ íåëîêàëüíèõ îáðàçiâ

Âèêîðèñòà¹ìî ëi¨âñüêó ñèìåòðiþ ñèñòåì (3.13), (3.14) òà (3.15) äëÿ ïîáóäîâè

iíâàðiàíòíèõ àíçàöiâ.

Ðîçâ'ÿçîê öèõ ñèñòåì áóäåìî øóêàòè ó âèãëÿäi (äèâ. [54], [83], [148])

Ja = ϕa(ω), a = 1, 2, (3.20)

äå ϕa = ϕa(ω) � äîâiëüíi ãëàäêi ôóíêöi¨, ω, J1, J2 � ïåðøi iíòåãðàëè

ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü:

dt

ξ0
=
dx

ξ1
=
du1

η1
=
du2

η2
= dτ. (3.21)

3.31.. Ëi¨âñüêi àíçàöè ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà Iç òå-

îðåìè 3.3 âèïëèâà¹, ùî ó âèïàäêó µ 6= 0, λ1 6= λ2 ÌÀI ñèñòåìè (3.13) ¹

óçàãàëüíåíà àëãåáðà Ãàëiëåÿ Abas =< ∂t, ∂x, G = t∂x + ∂u1, D = 2t∂t +

x∂x − I, Π = t2∂t + tx∂x − tI + x∂u1 >.
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Êîîðäèíàòè iíôiíiòåçèìàëüíîãî îïåðàòîðà äàíî¨ àëãåáðè çàäàþòüñÿ

ôîðìóëàìè

ξ0 = c5t
2 + 2c4t+ c1,

ξ1 = (c5t+ c4)x+ c3t+ c2,

η1 = −(c5t+ c4)u
1 + c5x+ c3,

η2 = −(c5t+ c4)u
2,

(3.22)

äå c1, c2, c3, c4, c5 � ãðóïîâi ïàðàìåòðè.

Ñèñòåìà (3.21) ìà¹ âèãëÿä
dt

c5t2+2c4t+c1
= dx

(c5t+c4)x+c3t+c2
= du1

−(c5t+c4)u1+c5x+c3
= du2

−(c5t+c4)u2 = dτ,

àáî

ṫ = c5t
2 + 2c4t+ c1,

ẋ = (c5t+ c4)x+ c3t+ c2,

u̇1 = −(c5t+ c4)u
1 + c5x+ c3,

u̇2 = −(c5t+ c4)u
2,

(3.23)

äå êðàïêà îçíà÷à¹ äèôåðåíöiþâàííÿ çà çìiííîþ τ .

Ïåðåä òèì, ÿê ðîçâ'ÿçàòè ñèñòåìó ðiâíÿíü (3.23), ïðèâåäåìî ¨¨ äî áiëüø

ïðîñòîãî âèãëÿäó çà äîïîìîãîþ ïåðåòâîðåíü, ÿêi ïîðîäæóþòüñÿ àëãåáðîþ

AG2(1, 1):

t′ = e2θ4 t
1−θ5t + θ1,

x′ = eθ4 x
1−θ5t + θ3e

2θ4 t
1−θ5t + θ2,

u1′ = e−θ4[(1− θ5t)u
1 + θ5x],

u2′ = e−θ4(1− θ5t)u
2,

(3.24)

äå θi � äîâiëüíi ñòàëi.

Ëåìà 3.1. Ïåðåòâîðåííÿ (3.24) ¹ ïåðåòâîðåííÿìè åêâiâàëåíòíîñòi ñè-

ñòåìè ðiâíÿíü (3.23).

Äîâåäåííÿ. Ïiäñòàâèâøè ïåðåòâîðåííÿ (3.24) â ñèñòåìó (3.23), çàïè-
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ñàíó â ñèñòåìi êîîðäèíàò (t′, x′, u1′, u2′), îäåðæèìî

ṫ = C5t
2 + 2C4t+ C1,

ẋ = (C5t+ C4)x+ C3t+ C2,

u̇1 = −(C5t+ C4)u
1 + C5x+ C3,

u̇2 = −(C5t+ C4)u
2.

(3.25)

äå C1, ...C5 âèðàæàþòüñÿ ÷åðåç c1, ...c5 òà θ1, ...θ5 íàñòóïíèìè ñïiââiäíîøå-

ííÿìè

C1 = (c5θ
2
1 + 2c4θ1 + c1)e

−2θ4,

C2 = −θ3C1 + (c5θ1θ2 + c4θ2 + c3θ1 + c2)e
−θ4,

C3 = θ3θ4C1 + (c5θ2 + c3)e
θ4 − θ3(c5θ1 + c4)−

−θ5(c5θ1θ2 + c4θ2 + c3θ1 + c2)e
−θ4,

C4 = −θ5C1 + c5θ1 + c4,

C5 = θ2
5C1 − 2θ5(c5θ1 + c4) + c5e

2θ4.

Öåé ôàêò i äîâîäèòü òâåðäæåííÿ ëåìè 3.1.

Ëåìà äîâåäåíà.

Ïðîàíàëiçó¹ìî, ÷è ìîæíà âèáðàòè ïàðàìåòðè θi òàêèì ÷èíîì, ùîá çà-

íóëèòè äåÿêi ñòàëi Ci. Åëåìåíòàðíèìè ïåðåòâîðåííÿìè ñòàëi C1 òà C5 çâî-

äÿòüñÿ äî âèãëÿäó

C1 = c5e
−2θ4[(θ1 + c4

c5
)2 + 1

c25
(c1c5 − c2

4)],

C5 = c5e
−2θ4[(e2θ4 + θ5(θ1 + c4

c5
))2 + θ5

c5
(c1c5 − c2

4)].

Ó âèïàäêó, êîëè c1c5 − c2
4 > 0 íåìîæëèâî âèáðàòè ïàðàìåòðè θi òàê,

ùîá çàíóëèòè ñòàëi C1 òà C5. Ëåãêî ïåðåêîíàòèñÿ, ùî â öüîìó âèïàäêó

ïàðàìåòðè θi ìîæíà âèáðàòè òàê, ùîá C2 = C3 = C4 = 0, C1 = C5 = 1.

Ó âèïàäêó, êîëè c1c5 − c2
4 ≤ 0 ïàðàìåòðè θi ìîæíà âèáðàòè òàê, ùîá

C5 = 0. Ðîçãëÿíåìî öi âèïàäêè îêðåìî.

Ó ïåðøîìó âèïàäêó ñèñòåìó (3.23) çàïèøåìî òàê

ṫ = t2 + 1,

ẋ = tx,

u̇1 = tu1,
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u̇2 = tu2.

Ðîçâ'ÿçàâøè öþ ñèñòåìó, îäåðæèìî âèãëÿä iíâàðiàíòíîãî àíçàöó

u1 = (t2 + 1)−
1
2 (ψ1(ω) + tω), u2 = (t2 + 1)−

1
2ψ2(ω),

ω = (t2 + 1)−
1
2x.

(3.26)

Ó äðóãîìó âèïàäêó äëÿ ïîáóäîâè iíâàðiàíòíèõ àíçàöiâ ñèñòåìè (3.13)

íåîáõiäíî ïðîiíòåãðóâàòè ñèñòåìó çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü âè-

ãëÿäó

ṫ = 2c4t+ c1,

ẋ = c4x+ c3t+ c2,

u̇1 = −c4u
1 + c3,

u̇2 = −c4u
2.

(3.27)

Ùîá ïîëåãøèòè iíòåãðóâàííÿ ñèñòåìè, çâåäåìî ¨¨ äî áiëüø ïðîñòîãî âè-

ãëÿäó. Öå ìîæíà çðîáèòè, ÿêùî ïîäiÿòè íà íå¨ ïåðåòâîðåííÿìè, ÿêi ïîðî-

äæóþòüñÿ ðîçøèðåíîþ àëãåáðîþ Ãàëiëåÿ AG1(1, 1):

t′ = e2θ4t+ θ1,

x′ = eθ4x+ θ3e
2θ4t+ θ2,

u1′ = e−θ4u1 + θ3,

u2′ = e−θ4u2.

(3.28)

Çàñòîñóâàâøè ïåðåòâîðåííÿ (3.28) äî ñèñòåìè (3.27), çâîäèìî ¨¨ äî âè-

ãëÿäó

ṫ = 2C4t+ C1,

ẋ = C4x+ C3t+ C2,

u̇1 = −C4u
1 + C3,

u̇2 = −C4u
2,

(3.29)

äå

C1 = (2c4θ1 + c1)e
−2θ4,

C2 = (c4θ2 + c3θ1 − 2c4θ1θ3 − c1θ3 + c2)e
−2θ4,

C3 = (−c4θ3 + c3)e
θ4,

C4 = c4.

(3.30)
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Ïðîàíàëiçóâàâøè ìîæëèâiñòü âèáîðó ïàðàìåòðiâ θi òàêèì ÷èíîì, ùîá

çàíóëèòè äåÿêi çi ñòàëèõ (3.30), ïðèõîäèìî äî íàñòóïíèõ íååêâiâàëåíòíèõ

âèïàäêiâ

2.1) C4 = 1, C1 = C2 = C3 = 0;

2.2) C4 = C2 = 0, C3 = 1, C1 − ∀;
2.3) C4 = C3 = 0, C1, C2 − ∀.
Ðîçâ'ÿçàâøè ñèñòåìó (3.27) äëÿ êîæíîãî ç óêàçàíèõ âèùå âèïàäêiâ, çíà-

õîäèìî âiäïîâiäíi àíçàöè

u1 = t−
1
2ψ1(ω), u2 = t−

1
2ψ2(ω), ω = t−

1
2x. (3.31)

u1 = ψ1(ω)− 2kt, u2 = ψ2(ω), ω = x+ kt2; (3.32)

u1 = ψ1(ω), u2 = ψ2(ω), ω = kt+mx, (3.33)

äå k i m � äîâiëüíi ñòàëi.

Ïîáóäó¹ìî ëi¨âñüêi àíçàöè ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà äëÿ iíøèõ

çíà÷åííÿ ïàðàìåòðiâ λ1, λ2, µ. Ìà¹ìî íàñòóïíi iíâàðiàíòíi àíçàöè: äëÿ

âèïàäêó µ = 0, λ1 6= λ2

u1 = (t2 + 1)−
1
2 (ψ1(ω) + tω), u2 = (t2 + 1)−

1
2en arctan tψ2(ω),

ω = (t2 + 1)−
1
2x;

(3.34)

u1 = t−
1
2ψ1(ω), u2 = tnψ2(ω), ω = t−

1
2x; (3.35)

u1 = ψ1(ω)− 2kt, u2 = entψ2(ω), ω = x+ kt2; (3.36)

u1 = ψ1(ω), u2 = entψ2(ω), ω = kt+mx; (3.37)

äëÿ âèïàäêó µ 6= 0, λ1 = λ2 = 1

u1 = (t2 + 1)−
1
2 (ψ1(ω) + n arctan tψ2 + tω),

u2 = (t2 + 1)−
1
2ψ2(ω), ω = (t2 + 1)−

1
2x;

(3.38)

u1 = t−
1
2 (ψ1(ω) + n ln tψ2(ω)), u2 = t−

1
2ψ2(ω), ω = t−

1
2x; (3.39)

u1 = ψ1(ω) + ntψ2(ω)− 2kt, u2 = ψ2(ω), ω = x+ kt2; (3.40)
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u1 = ψ1(ω) + ntψ2(ω), u2 = ψ2(ω), ω = kt+mx; (3.41)

äëÿ âèïàäêó µ = 0, λ1 = λ2 = 1

u1 = (t2 + 1)−
1
2 (ψ1(ω) + pen arctan tψ2 + tω),

u2 = (t2 + 1)−
1
2en arctan tψ2(ω), ω = (t2 + 1)−

1
2x;

(3.42)

u1 = t−
1
2 (ψ1(ω) + ptn+ 1

2ψ2(ω)), u2 = tnψ2(ω), ω = t−
1
2x; (3.43)

u1 = ψ1(ω) + pentψ2(ω)− 2kt, u2 = entψ2(ω), ω = x+ kt2; (3.44)

u1 = ψ1(ω) + pentψ2(ω), u2 = entψ2(ω), ω = kt+mx. (3.45)

3.32.. Ëi¨âñüêi àíçàöè ïåðøîãî îáðàçó ñèñòåìè ðiâíÿíü Âàí-

äåð-Âààëüñà Âèêîðèñòà¹ìî ëi¨âñüêó ñèìåòðiþ ñèñòåìè (3.14) äëÿ ïîáó-

äîâè ¨¨ iíâàðiàíòíèõ àíçàöiâ.

Ñèñòåìà (3.21) ìà¹ âèãëÿä:

äëÿ âèïàäêó µ 6= 0, λ1 6= λ2

dx0
2c3x0+c1

= dx1
c2

= dz1

c1z1
= dz2

0 = dτ, (3.46)

äëÿ âèïàäêó µ = 0, λ1 6= λ2

dx0
2c3x0+c1

= dx1
c2

= dz1

c3z1
= dz2

c4z2
= dτ, (3.47)

äëÿ âèïàäêó µ = 0, λ1 = λ2 = 1

dx0
2c3x0+c1

= dx1
c2

= dz1

c3z1
= dz2

c4z2+c5e
x1
2
. (3.48)

Ðîçâ'ÿçàâøè ñèñòåìè (3.46)-(3.48) äëÿ êîæíîãî ç óêàçàíèõ âèùå âèïàä-

êiâ, çíàõîäèìî âiäïîâiäíi àíçàöè

äëÿ âèïàäêó µ 6= 0, λ1 6= λ2

z1 = ψ1(ω), z2 = ψ2(ω), ω = x1 +mx0; (3.49)

z1 =
√
x0ψ

1(ω), z2 = ψ2(ω), ω = x1 +m lnx0; (3.50)
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äëÿ âèïàäêó µ = 0, λ1 6= λ2

z1 = ψ1(ω), z2 = ex0ψ2(ω), ω = x1 +mx0; (3.51)

z1 =
√
x0ψ

1(ω), z2 = x0ψ
2(ω), ω = x1 +m lnx0; (3.52)

äëÿ âèïàäêó µ = 0, λ1 = λ2 = 1

z1 = ψ1(ω), z2 = ex0ψ2(ω), ω = x1 +mx0; (3.53)

z1 =
√
x0ψ

1(ω), z2 = x0ψ
2(ω), ω = x1 +m lnx0; (3.54)

z1 = ψ1(ω), z2 = ψ2(ω) + e
x1
2 , ω = x1 + 2mx0; (3.55)

z1 =
√
x0ψ

1(ω), z2 = ψ2(ω) + e
x1
2 , ω = x1 + 2m lnx0. (3.56)

3.33.. Ëi¨âñüêi àíçàöè äðóãîãî îáðàçó ñèñòåìè ðiâíÿíü Âàí-äåð-

Âààëüñà Âèêîðèñòà¹ìî ëi¨âñüêó ñèìåòðiþ ñèñòåìè (3.15) äëÿ ïîáóäîâè ¨¨

iíâàðiàíòíèõ àíçàöiâ. Ñèñòåìà (3.21) ìà¹ âèãëÿä

äëÿ âèïàäêó µ 6= 0, λ1 6= λ2

dx0
2c3x0+c1

= dx1
c2

= dz1

c4z1
= dz2

c3z2
= dτ ; (3.57)

äëÿ âèïàäêó µ = 0, λ1 6= λ2

dx0
2c3x0+c1

= dx1
c5x1+c2

= dz1

−c5z1+c4z2
= dz2

−(c5−c3)z2 = dτ ; (3.58)

äëÿ âèïàäêó µ = 0, λ1 = λ2 = 1

dx0
2c3x0+c1

= dx1
c6x21+c5x1+c2

= dz1

−2c6x1(z1+1)−c5z1+c4z2
= dz2

−(2c6x1+c5−c3)z2 = dτ ; (3.59)

äëÿ âèïàäêó µ = −1, λ1 = λ2 = 1

dx0
2c3x0+c1

= dx1
c6e−x1+c5ex1+c2

= dz1

c6e−x1(z1+1)−c5ex1(z1−1)+c4z2
=

= dz2

(c6e−x1−c5ex1+c3)z2 = dτ ;
(3.60)

äëÿ âèïàäêó µ = 1, λ1 = λ2 = 1

dx0
2c3x0+c1

= dx1
c6 sinx1+c5 cosx1+c2

= dz1

−c6(cosx1z1+sinx1)+c5(sinx1z1−cosx1)+c4z2
=

= dz2

−(c6 cosx1−c5 sinx1−c3)z2 = dτ,
(3.61)
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äå c1, ...c6 � ãðóïîâi ïàðàìåòðè.

Ðîçâ'ÿçàâøè ñèñòåìè (3.57)-(3.61) â çàëåæíîñòi âiä çíà÷åíü ci, çíàõîäèìî

âiäïîâiäíi íååêâiâàëåíòíi àíçàöè äëÿ ñèñòåìè ðiâíÿíü (3.15).

Ïðè µ 6= 0, λ1 6= λ2

z1 = ψ1(ω) + kx0ψ
2(ω), z2 = ψ2(ω), ω = x1 +mx0; (3.62)

z1 = ψ1(ω), z2 =
√
x0ψ

2(ω), ω = x1 +m lnx0. (3.63)

Ïðè µ = 0, λ1 6= λ2

z1 = ψ1(ω), z2 = x
1
2
0ψ

2(ω), ω = x1 + k lnx0; (3.64)

z1 = xk0ψ
1(ω), z2 = x

k− 1
2

0 ψ2(ω), ω = x1x
k
0; (3.65)

z1 = ψ1(ω) +mψ2(ω), z2 = ψ2(ω), ω = x1 + kx0; (3.66)

z1 = [ψ1(ω) +mx0ψ
2(ω)]ekx0, z2 = ekx0ψ2(ω), ω = ekx0x1. (3.67)

Ïðè µ = 0, λ1 = λ2 = 1

z1 = ψ1(ω)+2x1
x21+1

, z2 =
√
x0

ψ2(ω)
x21+1

, ω = lnx0 +m arctanx1; (3.68)

z1 = ψ1(ω)+2x1
x21+1

, z2 = ψ2(ω)
x21+1

, ω = x0 +m arctanx1. (3.69)

Ïðè µ = −1, λ1 = λ2 = 1

z1 = ψ1(ω)+σ′

σ , z2 = ψ2(ω)
σ , ω = x0 + k arctanmex1; (3.70)

z1 = ψ1(ω)+σ′

σ , z2 = ψ2(ω)
σ , ω = x0 − k arctannex1; (3.71)

z1 = ex1ψ1(ω)− 1, z2 = ex1ψ2(ω), ω = x0 + lex1; (3.72)

z1 = ψ1(ω)+σ′

σ , z2 =
√
x0

ψ2(ω)
σ , ω = lnx0 + k arctanmex1; (3.73)
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z1 = ψ1(ω)+σ′

σ , z2 =
√
x0

ψ2(ω)
σ , ω = lnx0 − k arctannex1; (3.74)

z1 = ex1ψ1(ω)− 1, z2 =
√
x0e

x1ψ2(ω), ω = lnx0 + lex1, (3.75)

äå σ = c1e
x1 + c2e

−x1.

Ïðè µ = 1, λ1 = λ2 = 1

z1 = ψ1(ω)+cosx1
sinx1

, z2 = ψ2(ω)
sinx1

, ω = x0 + ln ctg x12 ; (3.76)

z1 = ψ1(ω)+cosx1
sinx1

, z2 =
√
x0

ψ2(ω)
sinx1

, ω = lnx0 + ln ctg x12 , (3.77)

äå k, l, m � äîâiëüíi ñòàëi.

3.4. Íåëîêàëüíi àíçàöè òà ðåäóêöiÿ ñèñòåìè ðiâíÿíü

Âàí-äåð-Âààëüñà

Äëÿ âiäøóêàííÿ íåëîêàëüíèõ àíçàöiâ ñèñòåìè (3.13) ïîäi¹ìî íåëîêàëüíè-

ìè ïåðåòâîðåííÿìè P1 àáî P2 íà çíàéäåíi ëi¨âñüêi àíçàöè ñèñòåì (3.14) òà

(3.15).

3.41.. Íåëîêàëüíi àíçàöè ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà,

îäåðæàíi ç ïåðøîãî îáðàçó Ðîçãëÿíåìî ñïî÷àòêó àíçàöè ñèñòåìè

(3.14).

1)Âèïàäîê µ 6= 0, λ1 6= λ2.

Ðîçãëÿíåìî àíçàö (3.49)

z1 = ψ1(ω), z2 = ψ2(ω), ω = x1 +mx0.
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Ïîäiÿâøè ñïî÷àòêó íà (3.49) ïåðåòâîðåííÿì (3.4), îòðèìà¹ìî

v1 = Ψ1(ω), v2 = Ψ2(ω), ω = x1 +mx0,

äå Ψ1,Ψ2 � ïåðâiñíi äëÿ ôóíêöié ψ1, ψ2. Ïiä äi¹þ ïåðåòâîðåííÿ ãîäîãðàôà

(3.5) äàíèé àíçàö íàáóäå âèãëÿäó

x = Ψ1(ω), w2 = Ψ2(ω), ω = w1 +mt.

Ïîìiíÿâøè ìiñöÿìè iíâàðiàíòíi çìiííi Ψ1 i ω, îäåðæèìî íàñòóïíèé àíçàö

w1 = Ψ1(ω)−mt, w2 = Ψ2(ω), ω = x. (3.78)

Ïðîäèôåðåíöiþâàâøè àíçàö (3.78) çà çìiííîþ x òà çàñòîñóâàâøè ïåðå-

òâîðåííÿ (3.6), îòðèìà¹ìî

u1 = ϕ1(ω), u2 = ϕ2(ω), ω = x. (3.79)

Îòæå, ìà¹ìî, ùî àíçàö (3.49) ïiä äi¹þ ïåðåòâîðåíü (3.4)-(3.6) ïåðåõîäèòü

ó ëi¨âñüêèé àíçàö (3.33) ïðè k = 0, m = 1.

Ðîçãëÿíåìî àíçàö (3.50)

z1 =
√
x0ψ

1(ω), z2 = ψ2(ω), ω = x1 +m lnx0.

Ïîäiÿâøè ñïî÷àòêó íà (3.50) ïåðåòâîðåííÿì (3.4), îòðèìà¹ìî

v1 =
√
x0Ψ

1(ω), v2 = Ψ2(ω), ω = x1 +m lnx0,

äå Ψ1,Ψ2 � ïåðâiñíi äëÿ ôóíêöié ψ1, ψ2. Ïiä äi¹þ ïåðåòâîðåííÿ ãîäîãðàôà

(3.5) äàíèé àíçàö íàáóäå âèãëÿäó

x =
√
tΨ1(ω), w2 = Ψ2(ω), ω = w1 +m ln t.

Ïîìiíÿâøè ìiñöÿìè iíâàðiàíòíi çìiííi Ψ1 i ω, îäåðæèìî íàñòóïíèé àíçàö

w1 = Ψ1(ω)−m ln t, w2 = Ψ2(ω), ω = t−
1
2x. (3.80)
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Ïðîäèôåðåíöiþâàâøè àíçàö (3.80) çà çìiííîþ x òà çàñòîñóâàâøè ïåðå-

òâîðåííÿ (3.6), îòðèìà¹ìî

u1 = t−
1
2ψ1(ω), u2 = t−

1
2ψ2(ω), ω = t−

1
2x. (3.81)

Ó ðåçóëüòàòi ìà¹ìî, ùî àíçàö (3.50) ïiä äi¹þ ïåðåòâîðåíü (3.4)-(3.6)

ïåðåõîäèòü ó ëi¨âñüêèé àíçàö (3.31).

2) Âèïàäîê µ = 0, λ1 6= λ2.

Ðîçãëÿíåìî àíçàö (3.51)

z1 = ψ1(ω), z2 = ex0ψ2(ω), ω = x1 +mx0.

Ïîäiÿâøè ñïî÷àòêó íà (3.51) ïåðåòâîðåííÿì (3.4), îòðèìà¹ìî

v1 = Ψ1(ω), v2 = ex0Ψ2(ω), ω = x1 +mx0,

äå Ψ1,Ψ2 � ïåðâiñíi äëÿ ôóíêöié ψ1, ψ2. Ïiä äi¹þ ïåðåòâîðåííÿ ãîäîãðàôà

(3.5) äàíèé àíçàö íàáóäå âèãëÿäó

x = Ψ1(ω), w2 = etΨ2(ω), ω = w1 +mt.

Ïîìiíÿâøè ìiñöÿìè iíâàðiàíòíi çìiííi Ψ1 i ω, îäåðæèìî íàñòóïíèé àíçàö

w1 = Ψ1(ω)−mt, w2 = etΨ2(ω), ω = x. (3.82)

Ïðîäèôåðåíöiþâàâøè àíçàö (3.82) çà çìiííîþ x òà çàñòîñóâàâøè ïåðå-

òâîðåííÿ (3.6), îòðèìà¹ìî

u1 = ϕ1(ω), u2 = etϕ2(ω), ω = x. (3.83)

Îòæå, ìà¹ìî, ùî àíçàö (3.51) ïiä äi¹þ ïåðåòâîðåíü (3.4)-(3.6) ïåðåõîäèòü

ó ëi¨âñüêèé àíçàö (3.36) ïðè k = 0, n = 1.

Ðîçãëÿíåìî àíçàö (3.52)

z1 =
√
x0ψ

1(ω), z2 = x0ψ
2(ω), ω = x1 +m lnx0.
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Ïîäiÿâøè ñïî÷àòêó íà (3.52) ïåðåòâîðåííÿì (3.4), îòðèìà¹ìî

v1 =
√
x0Ψ

1(ω), v2 = x0Ψ
2(ω), ω = x1 +m lnx0,

äå Ψ1,Ψ2 � ïåðâiñíi äëÿ ôóíêöié ψ1, ψ2. Ïiä äi¹þ ïåðåòâîðåííÿ ãîäîãðàôà

(3.5) äàíèé àíçàö íàáóäå âèãëÿäó

x =
√
tΨ1(ω), w2 = tΨ2(ω), ω = w1 +m ln t.

Ïîìiíÿâøè ìiñöÿìè iíâàðiàíòíi çìiííi Ψ1 i ω, îäåðæèìî íàñòóïíèé àíçàö

w1 = Ψ1(ω)−m ln t, w2 = tΨ2(ω), ω = t−
1
2x. (3.84)

Ïðîäèôåðåíöiþâàâøè àíçàö (3.84) çà çìiííîþ x òà çàñòîñóâàâøè ïåðå-

òâîðåííÿ (3.6), îòðèìà¹ìî

u1 = t−
1
2ψ1(ω), u2 = tϕ2(ω), ω = t−

1
2x. (3.85)

Ó ðåçóëüòàòi ìà¹ìî, ùî àíçàö (3.52) ïiä äi¹þ ïåðåòâîðåíü (3.4)-(3.6)

ïåðåõîäèòü ó ëi¨âñüêèé àíçàö (3.35) ïðè n = 1.

3) Âèïàäîê µ = 0, λ1 = λ2 = 1.

Àíçàöè (3.53) òà (3.54) ñïiâïàäàþòü ç àíçàöàìè (3.51) òà (3.52). �õ ðîç-

ãëÿíóòî ó ïîïåðåäíüîìó âèïàäêó. Òîäi îòðèìà¹ìî, ùî àíçàö (3.53) ïåðå-

õîäèòü ó àíçàö (3.45) ïðè p = 0, n = 1, k = 0, m = 1, à àíçàö (3.54)

ïåðåõîäèòü ó àíçàö (3.43) ïðè p = 0, n = 1.

Ðîçãëÿíåìî àíçàö (3.55)

z1 = ψ1(ω), z2 = ψ2(ω) + e
x1
2 , ω = x1 + 2mx0.

Ïîäiÿâøè ñïî÷àòêó íà (3.55) ïåðåòâîðåííÿì (3.4), îòðèìà¹ìî

v1 = Ψ1(ω), v2 = Ψ2(ω) + 2e
x1
2 , ω = x1 + 2mx0,

äå Ψ1,Ψ2 � ïåðâiñíi äëÿ ôóíêöié ψ1, ψ2. Ïiä äi¹þ ïåðåòâîðåííÿ ãîäîãðàôà

(3.5) äàíèé àíçàö íàáóäå âèãëÿäó

x = Ψ1(ω), w2 = Ψ2(ω) + 2e
w1

2 , ω = w1 + 2mt.
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Ïîìiíÿâøè ìiñöÿìè iíâàðiàíòíi çìiííi Ψ1 i ω, òà ââiâøè çàìiíó

Ψ1 = 2 lnϕ1, Ψ2 = Φ2,

îäåðæèìî íàñòóïíèé àíçàö

w1 = 2 lnϕ1(ω)− 2mt, w2 = Φ2(ω) + 2e−mtϕ1(ω), ω = x. (3.86)

Ïðîäèôåðåíöiþâàâøè àíçàö (3.86) çà çìiííîþ x òà çàñòîñóâàâøè ïåðå-

òâîðåííÿ (3.6), ìà¹ìî íåëîêàëüíèé àíçàö äëÿ ñèñòåìè (3.13)

u1 = 2 ϕ̇
1(ω)

ϕ1(ω) , u2 = ϕ2(ω) + 2e−mtϕ̇1(ω), ω = x, (3.87)

äå ϕ2(ω) = Φ̇2(ω).

Ðîçãëÿíåìî àíçàö (3.56)

z1 =
√
x0ψ

1(ω), z2 = ψ2(ω) + e
x1
2 , ω = x1 + 2m lnx0. (3.88)

Ïîäiÿâøè ñïî÷àòêó íà (3.56) ïåðåòâîðåííÿì (3.4), îòðèìà¹ìî

v1 =
√
x0Ψ

1(ω), v2 = Ψ2(ω) + 2e
x1
2 , ω = x1 + 2m lnx0,

äå Ψ1,Ψ2 � ïåðâiñíi äëÿ ôóíêöié ψ1, ψ2. Ïiä äi¹þ ïåðåòâîðåííÿ ãîäîãðàôà

(3.5) äàíèé àíçàö íàáóäå âèãëÿäó

x =
√
tΨ1(ω), w2 = Ψ2(ω) + 2e

w1

2 , ω = w1 +m ln t.

Ïîìiíÿâøè ìiñöÿìè iíâàðiàíòíi çìiííi Ψ1 i ω, òà ââiâøè çàìiíó

Ψ1 = 2 lnϕ1, Ψ2 = Φ2,

îäåðæèìî íàñòóïíèé àíçàö

w1 = 2 lnϕ1(ω)− 2mt, w2 = Φ2(ω) + 2t−mϕ1(ω), ω = x√
t
. (3.89)

Ïðîäèôåðåíöiþâàâøè àíçàö (3.89) çà çìiííîþ x òà çàñòîñóâàâøè ïåðå-

òâîðåííÿ (3.6), ìà¹ìî íåëîêàëüíèé àíçàö äëÿ ñèñòåìè (3.13)

u1 = 2√
t

ϕ̇1(ω)
ϕ1(ω) , u2 = 1√

t
[ϕ2(ω) + 2t−mϕ̇1(ω)], ω = x√

t
, (3.90)
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äå ϕ2(ω) = Φ̇2(ω).

Ó ðåçóëüòàòi îòðèìàëè, ùî àíçàöè (3.49)-(3.54) ïåðåéäóòü ó ëi¨âñüêi àí-

çàöè äëÿ ñèñòåìè (3.13), à àíçàöè (3.55)-(3.56) ïåðåéøëè â íåëîêàëüíi àí-

çàöè (3.87) òà (3.90).

3.42.. Íåëîêàëüíi àíçàöè ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà,

îäåðæàíi ç äðóãîãî îáðàçó Ïîäi¹ìî êîìïîçèöi¹þ íåëîêàëüíèõ ïåðå-

òâîðåíü (3.4), (3.11), (3.6) íà âæå çíàéäåíi ëi¨âñüêi àíçàöè ñèñòåìè (3.15).

Ðîçãëÿíåìî ïåðåòâîðåííÿ êîæíîãî ç àíçàöiâ îêðåìî.

1) Âèïàäîê µ 6= 0, λ1 6= λ2.

Ðîçãëÿíåìî àíçàö (3.62)

z1 = ψ1(ω) + kx0ψ
2(ω), z2 = ψ2(ω), ω = x1 +mx0.

Ïåðåïèøåìî äàíèé àíçàö ó íàñòóïíîìó âèãëÿäi

z1 = ψ1(ω)− 2kx0ψ
2(ω), z2 = ψ2(ω), ω = x1 +mx0. (3.91)

Ïîäiÿâøè ñïî÷àòêó íà (3.91) ïåðåòâîðåííÿì (3.4), îòðèìà¹ìî

w1 = Ψ1(ω)− 2kx0Ψ
2(ω), w2 = Ψ2(ω)− kx2

0, ω = x1 +mx0,

äå Ψ1,Ψ2(ω)− kx2
0 � ïåðâiñíi äëÿ ôóíêöié ψ1, ψ2.

Ïiä äi¹þ ïåðåòâîðåííÿ ãîäîãðàôà (3.11) äàíèé àíçàö íàáóäå âèãëÿäó

w1 = Ψ1(ω)− 2ktΨ2(ω), x = Ψ2(ω)− kx2
0, ω = w2 +mt.

Ïîìiíÿâøè ìiñöÿìè iíâàðiàíòíi çìiííi Ψ2 i ω, îäåðæèìî íàñòóïíèé àíçàö

w1 = Ψ1(ω)− 2ktx, w2 = Ψ2(ω)−mt, ω = x+ kt2. (3.92)

Ïðîäèôåðåíöiþâàâøè àíçàö (3.92) çà çìiííîþ x òà çàñòîñóâàâøè ïåðå-

òâîðåííÿ (3.6), îòðèìà¹ìî

u1 = ϕ1(ω)− 2kt, u2 = ϕ2(ω), ω = x+ kt2. (3.93)
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Ó ðåçóëüòàòi, ìà¹ìî ùî àíçàö (3.62) ïiä äi¹þ ïåðåòâîðåíü (3.4), (3.11),

(3.6) ïåðåõîäèòü ó ëi¨âñüêèé àíçàö (3.32).

Ðîçãëÿíåìî àíçàö (3.63)

z1 = ψ1(ω), z2 =
√
x0ψ

2(ω), ω = x1 +m lnx0.

Ïîäiÿâøè ñïî÷àòêó íà (3.63) ïåðåòâîðåííÿì (3.4), îòðèìà¹ìî

w1 = Ψ1(ω), w2 =
√
x0Ψ

2(ω), ω = x1 +m lnx0,

äå Ψ1,Ψ2 � ïåðâiñíi äëÿ ôóíêöié ψ1, ψ2. Ïiä äi¹þ ïåðåòâîðåííÿ ãîäîãðàôà

(3.11) äàíèé àíçàö íàáóäå âèãëÿäó

w1 = Ψ1(ω), x =
√
tΨ2(ω), ω = w2 +m ln t.

Ïîìiíÿâøè ìiñöÿìè iíâàðiàíòíi çìiííi Ψ2 i ω, îäåðæèìî íàñòóïíèé àíçàö

w1 = Ψ1, w2 = Ψ2(ω)−m ln t, ω = t−
1
2x. (3.94)

Ïðîäèôåðåíöiþâàâøè àíçàö (3.94) çà çìiííîþ x òà çàñòîñóâàâøè ïåðå-

òâîðåííÿ (3.6), îòðèìà¹ìî

u1 = t−
1
2ψ1(ω), u2 = t−

1
2ψ2(ω), ω = t−

1
2x. (3.95)

Îòæå, ìà¹ìî, ùî àíçàö (3.63) ïiä äi¹þ ïåðåòâîðåíü (3.4), (3.11), (3.6)

ïåðåõîäèòü ó ëi¨âñüêèé àíçàö (3.31).

2) Âèïàäîê µ = 0, λ1 6= λ2.

Ðîçãëÿíåìî àíçàö (3.64)

z1 = ψ1(ω), z2 = x
1
2
0ψ

2(ω), ω = x1 + k lnx0.

Ïîäiÿâøè ñïî÷àòêó íà (3.64) ïåðåòâîðåííÿì (3.4), îòðèìà¹ìî

w1 = Ψ1(ω), w2 = x
1
2
0 Ψ2(ω), ω = x1 + k lnx0,

äå Ψ1,Ψ2 � ïåðâiñíi äëÿ ôóíêöié ψ1, ψ2.
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Ïiä äi¹þ ïåðåòâîðåííÿ ãîäîãðàôà (3.11) äàíèé àíçàö íàáóäå âèãëÿäó

w1 = Ψ1(ω), x = t
1
2Ψ2(ω), ω = w2 + k ln t.

Ïîìiíÿâøè ìiñöÿìè iíâàðiàíòíi çìiííi Ψ2 i ω, îäåðæèìî íàñòóïíèé àíçàö

w1 = Ψ1(ω), w2 = Ψ2(ω)− k ln t, ω = t−
1
2x. (3.96)

Ïðîäèôåðåíöiþâàâøè àíçàö (3.96) çà çìiííîþ x òà çàñòîñóâàâøè ïåðå-

òâîðåííÿ (3.6), îòðèìà¹ìî

u1 = t−
1
2ψ1(ω), u2 = t−

1
2ψ2(ω), ω = t−

1
2x. (3.97)

Ó ðåçóëüòàòi ìà¹ìî, ùî àíçàö (3.64) ïiä äi¹þ ïåðåòâîðåíü (3.4), (3.11),

(3.6) ïåðåõîäèòü ó ëi¨âñüêèé àíçàö (3.35) ïðè n = −1
2 .

Ðîçãëÿíåìî àíçàö (3.65)

z1 = xk0ψ
1(ω), z2 = x

k+ 1
2

0 ψ2(ω), ω = x1x
k
0.

Ïîäiÿâøè ñïî÷àòêó íà (3.65) ïåðåòâîðåííÿì (3.4), îòðèìà¹ìî

v1 = Ψ1(ω), v2 = x
1
2
0 Ψ2(ω), ω = x1x

k
0,

äå Ψ1,Ψ2 � ïåðâiñíi äëÿ ôóíêöié ψ1, ψ2.

Ïiä äi¹þ ïåðåòâîðåííÿ ãîäîãðàôà (3.11) äàíèé àíçàö íàáóäå âèãëÿäó

w1 = Ψ1(ω), x = t
1
2Ψ2(ω), ω = w2tk.

Ïîìiíÿâøè ìiñöÿìè iíâàðiàíòíi çìiííi Ψ2 i ω, îäåðæèìî íàñòóïíèé àí-

çàö

w1 = Ψ1, w2 = t−kΨ2(ω), ω = t−
1
2x. (3.98)

Ïðîäèôåðåíöiþâàâøè àíçàö (3.98) çà çìiííîþ x òà çàñòîñóâàâøè ïåðå-

òâîðåííÿ (3.6), îòðèìà¹ìî

u1 = t−
1
2ψ1(ω), u2 = t−k−

1
2ψ2(ω), ω = t−

1
2x. (3.99)
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Îòæå, ìà¹ìî, ùî àíçàö (3.65) ïiä äi¹þ ïåðåòâîðåíü (3.4), (3.11), (3.6)

ïåðåõîäèòü ó ëi¨âñüêèé àíçàö (3.35) ïðè n = −k − 1
2 .

Ðîçãëÿíåìî àíçàö (3.66)

z1 = ψ1(ω) +mψ2(ω), z2 = ψ2(ω), ω = x1 + kx0.

Ïîäiÿâøè ñïî÷àòêó íà (3.66) ïåðåòâîðåííÿì (3.4), îòðèìà¹ìî

v1 = Ψ1(ω) +mΨ2(ω), v2 = Ψ2(ω), ω = x1 + kx0,

äå Ψ1,Ψ2 � ïåðâiñíi äëÿ ôóíêöié ψ1, ψ2.

Ïiä äi¹þ ïåðåòâîðåííÿ ãîäîãðàôà (3.11) äàíèé àíçàö íàáóäå âèãëÿäó

w1 = Ψ1(ω) +mΨ2(ω), x = Ψ2(ω), ω = w2 + kt.

Ïîìiíÿâøè ìiñöÿìè iíâàðiàíòíi çìiííi Ψ2 i ω, îäåðæèìî íàñòóïíèé àí-

çàö

w1 = Ψ1(ω) +mx, w2 = Ψ2(ω)− kt, ω = x. (3.100)

Ïðîäèôåðåíöiþâàâøè àíçàö (3.100) çà çìiííîþ x òà çàñòîñóâàâøè ïå-

ðåòâîðåííÿ (3.6), îòðèìà¹ìî

u1 = ψ1(ω), u2 = ψ2(ω), ω = x. (3.101)

Îòæå, ìà¹ìî, ùî àíçàö (3.66) ïiä äi¹þ ïåðåòâîðåíü (3.4), (3.11), (3.6)

ïåðåõîäèòü ó ëi¨âñüêèé àíçàö (3.37) ïðè n = 0, k = 0, m = 1.

Ðîçãëÿíåìî àíçàö (3.67)

z1 = [ψ1(ω) +mx0ψ
2(ω)]ekx0, z2 = ekx0ψ2(ω), ω = ekx0x1.

Ïåðåïèøåìî äàíèé àíçàö ó âèãëÿäi

z1 = [ψ1(ω)− 2mx0ψ
2(ω)]ekx0, z2 = ekx0ψ2(ω), ω = ekx0x1. (3.102)

Ïîäiÿâøè ñïî÷àòêó íà (3.102) ïåðåòâîðåííÿì (3.4), îòðèìà¹ìî

v1 = Ψ1(ω)− 2mx0Ψ
2(ω), v2 = Ψ2(ω)−mx2

0, ω = ekx0x1,
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äå Ψ1,Ψ2 � ïåðâiñíi äëÿ ôóíêöié ψ1, ψ2 +mx2
0.

Ïiä äi¹þ ïåðåòâîðåííÿ ãîäîãðàôà (3.11) äàíèé àíçàö íàáóäå âèãëÿäó

w1 = Ψ1(ω)− 2mtΨ2(ω), x = Ψ2(ω)−mt2, ω = ektw2.

Ïîìiíÿâøè ìiñöÿìè iíâàðiàíòíi çìiííi Ψ2 i ω, îäåðæèìî íàñòóïíèé àí-

çàö

w1 = Ψ1(ω)− 2mt(x+mt2), w2 = e−ktΨ2(ω), ω = x+mt2. (3.103)

Ïðîäèôåðåíöiþâàâøè àíçàö (3.103) çà çìiííîþ x òà çàñòîñóâàâøè ïå-

ðåòâîðåííÿ (3.6), îòðèìà¹ìî

u1 = ψ1(ω)− 2mt, u2 = e−ktψ2(ω), ω = x+mt2. (3.104)

Îòæå, ìà¹ìî, ùî àíçàö (3.67) ïiä äi¹þ ïåðåòâîðåíü (3.4), (3.11), (3.6)

ïåðåõîäèòü ó ëi¨âñüêèé àíçàö (3.36) ïðè n = −k.
3) Âèïàäîê µ = 0, λ1 = λ2 = 1.

Ðîçãëÿíåìî àíçàö (3.68)

z1 =
ψ1(ω) + 2x1

x2
1 + 1

, z2 =
√
x0
ψ2(ω)

x2
1 + 1

, ω = lnx0 +m arctanx1.

Ïîäiÿâøè ñïî÷àòêó íà (3.68) ïåðåòâîðåííÿì (3.4), îòðèìà¹ìî

v1 = Ψ1(ω) + ln(x2
1 + 1), v2 =

√
x0Ψ

2(ω), ω = lnx0 +m arctanx1,

äå Ψ1,Ψ2 � ïåðâiñíi äëÿ ôóíêöié mψ1,mψ2.

Ïiä äi¹þ ïåðåòâîðåííÿ ãîäîãðàôà (3.11) äàíèé àíçàö íàáóäå âèãëÿäó

w1 = Ψ1(ω) + ln((w2)2 + 1), x =
√
tΨ2(ω), ω = ln t+m arctanw2.

Ïîìiíÿâøè ìiñöÿìè iíâàðiàíòíi çìiííi Ψ2 i ω, îäåðæèìî íàñòóïíèé àíçàö

w1 = Ψ1(ω) + ln(tan2 α + 1), w2 = tanα,

ω = x√
t
, α = ϕ2(ω) + qt.

(3.105)
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Ïðîäèôåðåíöiþâàâøè àíçàö (3.105) çà çìiííîþ x òà çàñòîñóâàâøè ïå-

ðåòâîðåííÿ (3.6), îòðèìà¹ìî

u1 = 1√
t
(ϕ1(ω) + 2ϕ̇2(ω) tanα), u2 = 1√

t
ϕ̇2(ω) cos−2 α, ω = x√

t
, (3.106)

äå ϕ2(ω) = Ψ2(ω).

Îòæå, ìà¹ìî, ùî àíçàö (3.68) ïiä äi¹þ ïåðåòâîðåíü (3.4), (3.11), (3.6)

ïåðåõîäèòü ó íåëîêàëüíèé àíçàö äëÿ ñèñòåìè (3.13).

Ðîçãëÿíåìî àíçàö (3.69)

z1 =
ψ1(ω) + 2x1

x2
1 + 1

, z2 =
ψ2(ω)

x2
1 + 1

, ω = x0 +m arctanx1.

Ïîäiÿâøè ñïî÷àòêó íà (3.68) ïåðåòâîðåííÿì (3.4), îòðèìà¹ìî

v1 = Ψ1(ω) + ln(x2
1 + 1), v2 = Ψ2(ω), ω = x0 +m arctanx1,

äå Ψ1,Ψ2 � ïåðâiñíi äëÿ ôóíêöié mψ1,mψ2.

Ïiä äi¹þ ïåðåòâîðåííÿ ãîäîãðàôà (3.11) äàíèé àíçàö íàáóäå âèãëÿäó

w1 = Ψ1(ω) + ln((w2)2 + 1), x = Ψ2(ω), ω = t+m arctanw2.

Ïîìiíÿâøè ìiñöÿìè iíâàðiàíòíi çìiííi Ψ2 i ω, îäåðæèìî íàñòóïíèé àíçàö

w1 = Ψ1(ω) + ln(tan2 α + 1), w2 = tanα, ω = x,

α = ϕ2(ω) + qt, q = − 1
m .

(3.107)

Ïðîäèôåðåíöiþâàâøè àíçàö (3.107) çà çìiííîþ x òà çàñòîñóâàâøè ïå-

ðåòâîðåííÿ (3.6), îòðèìà¹ìî

u1 = ϕ1(ω) + 2ϕ̇2(ω) tanα, u2 = ϕ̇2(ω) cos−2 α, ω = x, (3.108)

äå ϕ1(ω) = mΨ1(ω), ϕ2(ω) = Ψ2(ω).

Îòæå, ìà¹ìî, ùî àíçàö (3.69) ïiä äi¹þ ïåðåòâîðåíü (3.4), (3.11), (3.6)

ïåðåõîäèòü ó íåëîêàëüíèé àíçàö äëÿ ñèñòåìè (3.13).

4) Âèïàäîê µ = −1, λ1 = λ2 = 1.
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Ðîçãëÿíåìî àíçàö (3.70)

z1 =
ψ1(ω) + σ′

σ
, z2 =

ψ2(ω)

σ
, ω = x0 + k arctanmex1,

äå σ = c1e
x1 + c2e

−x1.

Ïîäiÿâøè ñïî÷àòêó íà (3.70) ïåðåòâîðåííÿì (3.4), îòðèìà¹ìî

v1 = Ψ1(ω) + ln σ, v2 = Ψ2(ω), ω = x0 + k arctanmex1,

äå Ψ1,Ψ2 � ïåðâiñíi äëÿ ôóíêöié 1
mkc2

ψ1, 1
mkc2

ψ2. Ïiä äi¹þ ïåðåòâîðåííÿ

ãîäîãðàôà (3.11) äàíèé àíçàö íàáóäå âèãëÿäó

x = Ψ1(ω) + ln σ(w2), w2 = Ψ2(ω), ω = t+ k arctanmew
2

.

Ïîìiíÿâøè ìiñöÿìè iíâàðiàíòíi çìiííi Ψ2 i ω, îäåðæèìî íàñòóïíèé àíçàö

w1 = Ψ1 + ln 2c2m
sin 2α , w2 = ln 1

m + ln tanα, ω = x, (3.109)

äå α = ϕ2(ω) + qt.

Ïðîäèôåðåíöiþâàâøè àíçàö (3.109) çà çìiííîþ x òà çàñòîñóâàâøè ïå-

ðåòâîðåííÿ (3.6), ìà¹ìî íåëîêàëüíèé àíçàö äëÿ ñèñòåìè (3.13)

u1 = ϕ1(ω)− ϕ̇2(ω) cotα, u2 = ϕ̇2(ω)
sinα , ω = x, (3.110)

äå ϕ2(ω) = Ψ2(ω).

Ðîçãëÿíåìî àíçàö (3.71)

z1 =
ψ1(ω) + σ′

σ
, z2 =

ψ2(ω)

σ
, ω = x0 − k arctannex1.

Ïîäiÿâøè ñïî÷àòêó íà (3.71) ïåðåòâîðåííÿì (3.4), îòðèìà¹ìî

v1 = Ψ1(ω) + ln σ, v2 = Ψ2(ω), ω = x0 − k arctannex1,

äå Ψ1,Ψ2 � ïåðâiñíi äëÿ ôóíêöié 1
nkc2

ψ1, 1
nkc2

ψ2.

Ïiä äi¹þ ïåðåòâîðåííÿ ãîäîãðàôà (3.11) äàíèé àíçàö íàáóäå âèãëÿäó

w1 = Ψ1(ω) + ln σ(w2), w2 = Ψ2(ω), ω = t− k arctannew
2

.
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Ïîìiíÿâøè ìiñöÿìè iíâàðiàíòíi çìiííi Ψ2 i ω, îäåðæèìî íàñòóïíèé àíçàö

w1 = Ψ1 + ln 2c2n
sinh 2α , w2 = ln 1

m + ln tanhα,

ω = x, α = Ψ2(ω) + qt.
(3.111)

Ïðîäèôåðåíöiþâàâøè àíçàö (3.111) çà çìiííîþ x òà çàñòîñóâàâøè ïå-

ðåòâîðåííÿ (3.6), ìà¹ìî íåëîêàëüíèé àíçàö äëÿ ñèñòåìè (3.13)

u1 = ϕ1(ω)− ϕ̇2(ω) cothα, u2 = ϕ̇2(ω)
sinhα , ω = x, (3.112)

äå ϕ2(ω) = Ψ2(ω).

Ðîçãëÿíåìî àíçàö (3.72)

z1 = ex1ψ1(ω)− 1, z2 = ex1ψ2(ω), ω = x0 + lex1.

Ïîäiÿâøè ñïî÷àòêó íà (3.72) ïåðåòâîðåííÿì (3.4), îòðèìà¹ìî

w1 = Ψ1(ω)− x1, w2 = Ψ2(ω), ω = t+ lew
2

,

äå Ψ1,Ψ2 � ïåðâiñíi äëÿ ôóíêöié ψ1, ψ2.

Ïiä äi¹þ ïåðåòâîðåííÿ ãîäîãðàôà (3.11) äàíèé àíçàö íàáóäå âèãëÿäó

v1 = Ψ1(ω)− w2, v2 = Ψ2(ω), ω = t+ lew
2

.

Ïîìiíÿâøè ìiñöÿìè iíâàðiàíòíi çìiííi Ψ2 i ω, îäåðæèìî íàñòóïíèé àíçàö

w1 = Ψ1(ω)− ln(Ψ2(ω)− 1
l t), w2 = ln(Ψ2(ω)− 1

l t), ω = x. (3.113)

Ïðîäèôåðåíöiþâàâøè àíçàö (3.123) çà çìiííîþ x òà çàñòîñóâàâøè ïå-

ðåòâîðåííÿ (3.6), ìà¹ìî íåëîêàëüíèé àíçàö äëÿ ñèñòåìè (3.13)

u1 = ϕ1(ω)− ϕ̇2(ω)
ϕ2(ω)+t , u2 = ϕ̇2(ω)

ϕ2(ω)+t , ω = x, (3.114)

äå ϕ2(ω) = Ψ2(ω).

Ðîçãëÿíåìî àíçàö (3.73)

z1 =
ψ1(ω) + σ′(x1)

σ(x1)
, z2 =

√
x0
ψ2(ω)

σ(x1)
, ω = lnx0 + k arctanmex1,
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äå σ(x1) = c1e
x1 + c2e

−x1.

Ïîäiÿâøè ñïî÷àòêó íà (3.73) ïåðåòâîðåííÿì (3.4), îòðèìà¹ìî

w1 = Ψ1(ω) + ln σ, w2 =
√
x0Ψ

2(ω), ω = lnx0 + k arctanmex1,

äå Ψ1,Ψ2 � ïåðâiñíi äëÿ ôóíêöié 1
mkc2

ψ1, 1
mkc2

ψ2.

Ïiä äi¹þ ïåðåòâîðåííÿ ãîäîãðàôà (3.11) äàíèé àíçàö íàáóäå âèãëÿäó

v1 = Ψ1(ω) + ln σ(w2), v2 =
√
tΨ2(ω), ω = ln t+ k arctanmew

2

.

Ïîìiíÿâøè ìiñöÿìè iíâàðiàíòíi çìiííi Ψ2 i ω, îäåðæèìî íàñòóïíèé àíçàö

w1 = Ψ1(ω) + ln 2c2m
sin 2α , w2 = ln 1

m + ln tanα,

ω = x√
t
, α = Ψ2(ω) + qt.

(3.115)

Ïðîäèôåðåíöiþâàâøè àíçàö (3.115) çà çìiííîþ x òà çàñòîñóâàâøè ïå-

ðåòâîðåííÿ (3.6), ìà¹ìî íåëîêàëüíèé àíçàö äëÿ ñèñòåìè (3.13)

u1 = 1√
t
ϕ1(ω)− ϕ̇2(ω) cotα, u2 = 1√

t

ϕ̇2(ω)
sinα , ω = x√

t
, (3.116)

äå ϕ2(ω) = Ψ2(ω), α = Ψ2(ω) + qt.

Ðîçãëÿíåìî àíçàö (3.74)

z1 =
ψ1(ω) + σ′(x1)

σ(x1)
, z2 =

√
x0
ψ2(ω)

σ(x1)
, ω = lnx0 − k arctannex1,

äå σ(x1) = c1e
x1 + c2e

−x1.

Ïîäiÿâøè ñïî÷àòêó íà (3.71) ïåðåòâîðåííÿì (3.4), îòðèìà¹ìî

w1 = Ψ1(ω) + ln σ(x1), w2 =
√
x0Ψ

2(ω), ω = x0 − k arctannex1,

äå Ψ1,Ψ2 � ïåðâiñíi äëÿ ôóíêöié 1
nkc2

ψ1, 1
nkc2

ψ2.

Ïiä äi¹þ ïåðåòâîðåííÿ ãîäîãðàôà (3.11) äàíèé àíçàö íàáóäå âèãëÿäó

v1 = Ψ1(ω) + ln σ(w2), v2 =
√
tΨ2(ω), ω = ln t− k arctannew

2

.

Ïîìiíÿâøè ìiñöÿìè iíâàðiàíòíi çìiííi Ψ2 i ω, îäåðæèìî íàñòóïíèé àíçàö

w1 = Ψ1 + ln 2c2n
sinh 2α , w2 = ln 1

m + ln tanhα,

ω = x, α = Ψ2(ω) + qt.
(3.117)
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Ïðîäèôåðåíöiþâàâøè àíçàö (3.117) çà çìiííîþ x òà çàñòîñóâàâøè ïå-

ðåòâîðåííÿ (3.6), ìà¹ìî íåëîêàëüíèé àíçàö äëÿ ñèñòåìè (3.13)

u1 = 1√
t
ϕ1(ω)− ϕ̇2(ω) cothα, u2 = 1√

t

ϕ̇2(ω)
sinhα , ω = x√

t
, (3.118)

äå ϕ2(ω) = Ψ2(ω).

Ðîçãëÿíåìî àíçàö (3.75)

z1 = ex1ψ1(ω)− 1, z2 =
√
x0e

x1ψ2(ω), ω = lnx0 + lex1.

Ïîäiÿâøè ñïî÷àòêó íà (3.75) ïåðåòâîðåííÿì (3.4), îòðèìà¹ìî

w1 = Ψ1(ω)− x1, w2 =
√
x0Ψ

2(ω), ω = ln t+ lew
2

,

äå Ψ1,Ψ2 � ïåðâiñíi äëÿ ôóíêöié ψ1, ψ2.

Ïiä äi¹þ ïåðåòâîðåííÿ ãîäîãðàôà (3.11) äàíèé àíçàö íàáóäå âèãëÿäó

v1 = Ψ1(ω)− w2, v2 =
√
tΨ2(ω), ω = ln t+ lew

2

.

Ïîìiíÿâøè ìiñöÿìè iíâàðiàíòíi çìiííi Ψ2 i ω, îäåðæèìî íàñòóïíèé àíçàö

w1 = Ψ1(ω)− ln(Ψ2(ω)− 1
l t), w2 = ln(Ψ2(ω)− 1

l t), ω = x√
t
. (3.119)

Ïðîäèôåðåíöiþâàâøè àíçàö (3.119) çà çìiííîþ x òà çàñòîñóâàâøè ïå-

ðåòâîðåííÿ (3.6), ìà¹ìî íåëîêàëüíèé àíçàö äëÿ ñèñòåìè (3.13)

u1 = 1√
t
ϕ1(ω)− ϕ̇2(ω)

ϕ2(ω)+t , u2 = 1√
t

ϕ̇2(ω)
ϕ2(ω)+t , ω = x√

t
, (3.120)

äå ϕ2(ω) = Ψ2(ω).

5) Âèïàäîê µ = 1, λ1 = λ2 = 1

Ðîçãëÿíåìî àíçàö (3.76)

z1 =
ψ1(ω) + cos x1

sinx1
, z2 =

ψ2(ω)

sinx1
, ω = x0 + ln tan

x1

2
.

Ïîäiÿâøè ñïî÷àòêó íà (3.76) ïåðåòâîðåííÿì (3.4), îòðèìà¹ìî

v1 = Ψ1(ω) + ln sinx1, v2 = Ψ2(ω), ω = x0 + ln tan
x1

2
,
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äå Ψ1,Ψ2 � ïåðâiñíi äëÿ ôóíêöié ψ1, ψ2.

Ïiä äi¹þ ïåðåòâîðåííÿ ãîäîãðàôà (3.11) äàíèé àíçàö íàáóäå âèãëÿäó

w1 = Ψ1(ω) + ln sin(w2), x = Ψ2(ω), ω = t+ k tan
w2

2
.

Ïîìiíÿâøè ìiñöÿìè iíâàðiàíòíi çìiííi Ψ2 i ω, îäåðæèìî íàñòóïíèé àíçàö

w1 = Ψ1 + ln 2e
tΨ2(ω)
A , w2 = 2 arctan e−tΨ2(ω), ω = x. (3.121)

Ïðîäèôåðåíöiþâàâøè àíçàö (3.121) çà çìiííîþ x òà çàñòîñóâàâøè ïå-

ðåòâîðåííÿ (3.6), ìà¹ìî íåëîêàëüíèé àíçàö äëÿ ñèñòåìè (3.13)

u1 = ϕ1(ω)− 2ϕ
2(ω)ϕ̇2(ω))

A , u2 = 2et ϕ̇
2(ω))
A , ω = x, (3.122)

äå ϕ2(ω) = Ψ2(ω), A = (ϕ2)2 + e2t.

Ðîçãëÿíåìî àíçàö (3.77)

z1 =
ψ1(ω) + cos x1

sinx1
, z2 =

√
x0
ψ2(ω)

sinx1
, ω = lnx0 + ln tan

x1

2
.

Ïîäiÿâøè ñïî÷àòêó íà (3.77) ïåðåòâîðåííÿì (3.4), îòðèìà¹ìî

v1 = Ψ1(ω) + ln sinx1, v2 =
√
x0Ψ

2(ω), ω = lnx0 + ln tan
x1

2
,

äå Ψ1,Ψ2 � ïåðâiñíi äëÿ ôóíêöié ψ1, ψ2.

Ïiä äi¹þ ïåðåòâîðåííÿ ãîäîãðàôà (3.11) äàíèé àíçàö íàáóäå âèãëÿäó

w1 = Ψ1(ω) + ln sinw2, x =
√
tΨ2(ω), ω = ln t+ ln tan

w2

2
.

Ïîìiíÿâøè ìiñöÿìè iíâàðiàíòíi çìiííi Ψ2 i ω, îäåðæèìî íàñòóïíèé àíçàö

w1 = Ψ1(ω) + 2tΨ2(ω)
(Ψ2(ω))2+t2 , w2 = 2 arctan ϕ2(ω)

t , ω = x√
t
. (3.123)

Ïðîäèôåðåíöiþâàâøè àíçàö (3.123) çà çìiííîþ x òà çàñòîñóâàâøè ïå-

ðåòâîðåííÿ (3.6), ìà¹ìî íåëîêàëüíèé àíçàö äëÿ ñèñòåìè (3.13)

u1 = 1√
t
[ϕ1(ω)− 2ϕ

2(ω)ϕ̇2(ω)
B ], u2 = 2

√
t ϕ̇

2(ω)
B , ω = x√

t
, (3.124)
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äå ϕ2(ω) = Ψ2(ω), B = (ϕ2)2 + t2.

Ó ðåçóëüòàòi îòðèìàëè, ùî àíçàöè (3.62)-(3.67) ïåðåéäóòü ó ëi¨âñüêi àí-

çàöè äëÿ ñèñòåìè (3.13), à àíçàöè (3.68)-(3.77) ïåðåéøëè â íåëîêàëüíi àíçà-

öè (3.106), (3.108), (3.110), (3.112), (3.114), (3.116), (3.118), (3.120), (3.122),

(3.124).

3.43.. Ðåäóêöiÿ ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà Ïiäñòàâèâ-

øè àíçàöè (3.55),(3.56) òà (3.106), (3.108), (3.110), (3.112), (3.114), (3.116),

(3.118), (3.120), (3.122), (3.124) ó ñèñòåìó (3.13), îäåðæèìî íàñòóïíi ðåäó-

êîâàíi ñèñòåìè ðiâíÿíü:

äëÿ âèïàäêó µ = 0, λ1 = λ2 = 1

ϕ̈1 = 2 (ϕ̇1)2

ϕ1 −mϕ1,

ϕ̈2 = 2 ϕ̇
1

ϕ1 ϕ̇
2 + 2( ϕ̈

1

ϕ1 − (ϕ̇1)2

(ϕ1)2 )ϕ
2;

(3.125)

ϕ̈1 = (2 ϕ̇
1

ϕ1 − ω
2 )ϕ̇1 −mϕ1,

ϕ̈2 = (2 ϕ̇
1

ϕ1 − ω
2 )(ϕ̇2 + ϕ̇1

ϕ1ϕ
2)− (2m+ 1

2)ϕ2;
(3.126)

ϕ̈1 = ϕ1ϕ̇1 + 4ϕ̇2ϕ̈2 − 1
2(ωϕ̇1 + ϕ1),

ϕ̈2 = (ϕ1 − 1
2ω)ϕ̇2;

(3.127)

ϕ̈1 = ϕ1ϕ̇1 + 4ϕ̇2ϕ̈2,

ϕ̈2 = ϕ1ϕ̇2;
(3.128)

äëÿ âèïàäêó µ = 1, λ1 = λ2 = 1

ϕ̈1 = ϕ1ϕ̇1,

ϕ̈2 = ϕ1ϕ̇2 − ϕ2;
(3.129)

ϕ̈1 = [ϕ1 − 1
2(ϕ1 − ω)]ϕ̇1,

ϕ̈2 = (ϕ1 − 1
2ω)ϕ̇2 − 1

2ϕ
2;

(3.130)

äëÿ âèïàäêó µ = −1, λ1 = λ2 = 1

ϕ̈1 = ϕ1ϕ̇1 − ϕ̇2ϕ̈2,

ϕ̈2 = ϕ1ϕ̇2 + q;
(3.131)



139

ϕ̈1 = ϕ1ϕ̇1 + ϕ̇2ϕ̈2,

ϕ̈2 = ϕ1ϕ̇2 + q;
(3.132)

ϕ̈1 = ϕ1ϕ̇1,

ϕ̈2 = ϕ1ϕ̇2 + 1;
(3.133)

ϕ̈1 = −ϕ̇2ϕ̈2 + (ϕ1 − 1
2ω)ϕ̇1 − 1

2ϕ
1,

ϕ̈2 = (ϕ1 − 1
2ω)ϕ̇2 + q;

(3.134)

ϕ̈1 = ϕ̇2ϕ̈2 + (ϕ1 − 1
2ω)ϕ̇1 − 1

2ϕ
1,

ϕ̈2 = (ϕ1 − 1
2ω)ϕ̇2 + q;

(3.135)

ϕ̈1 = (ϕ1 − 1
2ω)ϕ̇1 − 1

2ϕ
1,

ϕ̈2 = (ϕ1 − 1
2ω)ϕ̇2.

(3.136)

3.5. Íåëîêàëüíi àíçàöè òà ðåäóêöiÿ îáðàçiâ ñèñòåìè

ðiâíÿíü Âàí-äåð-Âààëüñà

Çàäà÷ó çíàõîäæåííÿ íåëîêàëüíèõ àíçàöiâ òà ïðîâåäåííÿ ðåäóêöi¨ ìîæíà

ðîçâ'ÿçàòè i äëÿ îáðàçiâ O1 i O2, âèêîðèñòàâøè ëi¨âñüêi àíçàöè ñèñòåìè

ðiâíÿíü Âàí-äåð-Âààëüñà òà ïåðåòâîðåííÿ P1, P2.

Äëÿ âiäøóêàííÿ íåëîêàëüíèõ àíçàöiâ ïåðøîãî îáðàçó ñèñòåìè ðiâíÿíü

Âàí-äåð-Âààëüñà ïîäi¹ìî êîìïîçèöi¹þ íåëîêàëüíèõ ïåðåòâîðåíü (3.4)-(3.6)

íà âæå çíàéäåíi ëi¨âñüêi àíçàöè ñèñòåìè (3.13). Ó ðåçóëüòàòi îäåðæèìî, ùî

÷àñòèíà àíçàöiâ ñèñòåìè (3.13) ïåðåéäóòü ó ëi¨âñüêi àíçàöè äëÿ ñèñòåìè

(3.14), à iíøi àíçàöè ïåðåéäóòü â íàñòóïíi íåëîêàëüíi àíçàöè

z1 = 1
ϕ1(ω)−2kx0

, z2 = ϕ2(ω)
ϕ1(ω)−2kx0

, ω = τ + kx2
0, τ1 = z1; (3.137)

z1 =

√
x20+1

ϕ1(ω)+x0ω
, z2 = ϕ2(ω)

ϕ1(ω)+x0ω
, ω = τ√

x20+1
, τ1 = z1. (3.138)

Àíàëîãi÷íèì ÷èíîì îäåðæèìî íåëîêàëüíèé àíçàö äëÿ ñèñòåìè (3.15):

z1 = ϕ1(ω)+x0ϕ
2(ω)ϕ̇2(ω), z2 =

√
x2

0 + 1ϕ̇2(ω), ω = x1. (3.139)
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Ïiäñòàâèâøè àíçàöè (3.137), (3.138) ó ñèñòåìó (3.14), îäåðæèìî íàñòóïíi

ðåäóêîâàíi ñèñòåìè ðiâíÿíü:

λ1ϕ̈
1 − ϕ1ϕ̇1 + µϕ2ϕ̇2 + 2k = 0,

λ2ϕ̈
2 − ϕ1ϕ̇2 − ϕ̇1ϕ2 = 0;

(3.140)

λ1ϕ̈
1 − ϕ1ϕ̇1 + µϕ2ϕ̇2 − ω = 0,

λ2ϕ̈
2 − ϕ1ϕ̇2 − ϕ̇1ϕ2 = 0.

(3.141)

ßêùî ïiäñòàâèòè àíçàö (3.139) ó ñèñòåìó (3.15), òî îòðèìà¹ìî íàñòóïíó

ðåäóêîâàíó ñèñòåìó ðiâíÿíü:

(2λ1ϕ̇
1 − λ2−2λ1

λ2
(ϕ1)2 + µ)ϕ̈2 − (λ1ϕ̈

1 − λ2−2λ1
λ2

ϕ1ϕ̇1)ϕ̇2−
−(ϕ̇2)4ϕ2 = 0,

λ2ϕ̈
2 + ϕ1ϕ̇2 = 0.

(3.142)

3.6. Òî÷íi ðîçâ'ÿçêè ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà

ßêùî ðîçâ'ÿçàòè ðåäóêîâàíi ñèñòåìè (3.125)-(3.136) òà âèêîðèñòàòè âiäïî-

âiäíi àíçàöè, òî ìîæíà ïîáóäóâàòè òî÷íi ðîçâ'ÿçêè ñèñòåìè ðiâíÿíü Âàí-

äåð-Âààëüñà. Íàâåäåìî äåÿêi ç íèõ.

Ðîçâ'ÿçêàìè ðåäóêîâàíî¨ ñèñòåìè (3.125) ¹ ôóíêöi¨

ϕ1 = −c1
ω ,

ϕ2 = c2ω + c3
ω2 ;

(3.143)

ϕ1 = c1
cosω ,

ϕ2 = −2 ln cosω + c2ω + c3;
(3.144)

ϕ1 = c1
coshω ,

ϕ2 = −2 ln coshω + c2ω + c3,
(3.145)

äå c1, c2, c3 � äîâiëüíi ñòàëi.

Âèêîðèñòàâøè àíçàö (3.87), ðîçìíîæåíèé ïåðåòâîðåííÿìè

t→ t, x→ x+ θt, u1 → u1 − θ, u2 → u2, (3.146)
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òà ðîçâ'ÿçêè (3.143)�(3.145), çíàõîäèìî ðîçâ'ÿçêè ñèñòåìè (3.13):

u1 = − 2
x+θt + θ,

u2 = c2(x+ θt) + c3−2c1e
−mt

(x+θt)2 ;

u1 = 2 tan(x+ θt) + θ,

u2 = −2 ln cos(x+ θt) + 2c1e
−mt tan(x+θt)

cos(x+θt) + c2(x+ θt) + c3;

u1 = −2 tanh(x+ θt) + θ,

u2 = −2 ln cosh(x+ θt)− 2c1e
−mt tanh(x+θt)

cosh(x+θt) + c2(x+ θt) + c3.

Ðîçâ'ÿçêàìè ðåäóêîâàíî¨ ñèñòåìè (3.129) ¹ íàñòóïíi ôóíêöi¨ (äèâ., [18],

[149])

ϕ1 = − 2
ω ,

ϕ2 = cosω
ω ;

(3.147)

ϕ1 = tan ω
2 ,

ϕ2 =
c1 cos

√
5
2 ω+c2 sin

√
5
2

cos ω2
;

(3.148)

ϕ1 = − tanh ω
2 ,

ϕ2 =
c1 cos

√
3
2 ω+c2 sin

√
3
2

cosh ω
2

,
(3.149)

äå c1, c2 � äîâiëüíi ñòàëi.

Âèêîðèñòàâøè àíçàö (3.122), ðîçìíîæåíèé ïåðåòâîðåííÿìè Ãàëiëåÿ

(3.146) òà ðîçâ'ÿçêè (3.147)�(3.149), çíàõîäèìî ðîçâ'ÿçêè ñèñòåìè (3.13):

u1 = 2
x+θt [

cos(x+θt)[(x+θt) sin(x+θt)+cos(x+θt)]
cos2(x+θt)+e2t(x+θt)2 − 1] + θ,

u2 = 2et (x+θt) sin(x+θt)+cos(x+θt)
cos2(x+θt)+e2t(x+θt)2 ;

(3.150)

u1 = tan x+θt
2 −

1
cos x+θt2

C[2Cx cos x+θt2 +C sin x+θt
2 ]

C2+e2t cos2 x+θt2

+ θ,

u2 = et
2Cx cos x+θt2 +C sin x+θt

2

C2+e2t cos2 x+θt2

;

u1 = − tan x+θt
2 −

1
cosh x+θt

2

D[2Dx cosh x+θt
2 −D sinh x+θt

2 ]

D2+e2t coth2 x+θt
2

+ θ,

u2 = et
2Dx cosh x+θt

2 −D sin x+θt
2

D2+e2t cosh2 x+θt
2

,
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äå C = c1 cos
√

5
2 (x + θt) + c2 sin

√
5

2 (x + θt), D = c1 cos
√

3
2 (x + θt) +

c2 sin
√

3
2 (x+ θt).

Ðîçâ'ÿçêîì ðåäóêîâàíî¨ ñèñòåìè (3.133) ¹ ôóíêöi¨

ϕ1 = − 2
ω ,

ϕ2 = c1
ω + c2 + ω2

6 ,
(3.151)

äå c1, c2 � äîâiëüíi ñòàëi.

Âèêîðèñòàâøè àíçàö (3.114), ðîçìíîæåíèé ïåðåòâîðåííÿìè (3.146) òà

ðîçâ'ÿçîê (3.151), çíàõîäèìî ðîçâ'ÿçêè ñèñòåìè (3.13):

u1 = − 2
x+θt −

2(x+θt)3−c1
(x+θt)4+(6t+c2)(x+θt)2+c1(x+θt) + θ,

u2 = − 2(x+θt)3−c1
(x+θt)4+(6t+c2)(x+θt)2+c1(x+θt) .

Îòðèìàíi ðîçâ'ÿçêè ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà ìîæíà âèâ÷èòè ç

òî÷êè çîðó ìîæëèâîñòi ¨õ ôiçè÷íîãî çàñòîñóâàííÿ. Ïðèâåäåìî öå íà ïðè-

êëàäi ðîçâ'ÿçêó (3.150). Íåâàæêî áà÷èòè, ùî ïðè t → ∞ i x → ∞ u1 → θ,

u2 → 0. Öå äà¹ ïiäñòàâè ñòâåðäæóâàòè, ùî äàíèé ðîçâ'ÿçîê ìîæå ìàòè ôi-

çè÷íå çàñòîñóâàííÿ. Íà ðèñóíêàõ 1 i 2 íàâåäåíi ãðàôiêè äàíîãî ðîçâ'ÿçêó

ïðè íàñòóïíèõ îáìåæåííÿõ: θ = 1, t ∈ {2, 8}, x ∈ {2, 10}.

Ìàë. 3.1: Ãðàôiê ôóíêöi¨ u1 Ìàë. 3.2: Ãðàôiê ôóíêöi¨ u2
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Ðîçâ'ÿçàâøè ðåäóêîâàíi ñèñòåìè (3.140)-(3.142) òà âèêîðèñòàâøè âiäïî-

âiäíi àíçàöè, ìîæíà çíàéòè òî÷íi ðîçâ'ÿçêè îáîõ îáðàçiâ ñèñòåìè ðiâíÿíü

Âàí-äåð-Âààëüñà. Îñêiëüêè ñèñòåìè (3.14) òà (3.15) íå ¹ äîñèòü âèâ÷åíè-

ìè ç òî÷êè çîðó ôiçè÷íîãî çàñòîñóâàííÿ i íå âiäîìî, ÷è âîíè îïèñóþòü

êîíêðåòíi ôiçè÷íi ïðîöåñè, òî ¨õíi ðîçâ'ÿçêè ìè íå íàâîäèìî.

3.7. Íåëîêàëüíi ñèìåòði¨ ñèñòåìè ðiâíÿíü Âàí-äåð-

Âààëüñà

Íàÿâíiñòü íåëîêàëüíèõ àíçàöiâ îçíà÷à¹ íàÿâíiñòü íåëîêàëüíèõ ñèìåòðié

äàíî¨ ñèñòåìè. Êîæíîìó íåëîêàëüíîìó àíçàöó âiäïîâiäà¹ íåëîêàëüíèé îïå-

ðàòîð. Çíàéäåìî íåëîêàëüíi îïåðàòîðè, ÿêi âiäïîâiäàþòü íåëîêàëüíèì àí-

çàöàì ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà. Íàâåäåìî ñïî÷àòêó îïåðàòîðè, ÿêi

ïîðîäæóþòü ëi¨âñüêi àíçàöè ïåðøîãî òà äðóãîãî îáðàçó:

äëÿ âèïàäêó µ = 0, λ1 = λ2 = 1

X1 = 2∂0 − 2m∂1 −me
x1
2 ∂z2, (3.152)

X2 = 4m∂1 − 2x0∂0 − z1∂z1 + 2me
x1
2 ∂z2, (3.153)

X3 = m∂0 − ∂1 − (x2
1∂1 − 2x1(z

1∂z1 + z2∂z2) + 2∂z1), (3.154)

X4 = 2∂1 −m(2x0∂0 + z2∂z2) + 2(x2
1∂1−

−2x1(z
1∂z1 + z2∂z2) + 2∂z1);

(3.155)

äëÿ âèïàäêó µ = −1, λ1 = λ2 = 1

X5 = km∂0 −m2ex1(∂1 + ∂z1 − z1∂z1 − z2∂z2)−
−e−x1(∂1 + ∂z1 + z1∂z1 + z2∂z2),

(3.156)

X6 = kn∂0 + n2ex1(∂1 + ∂z1 − z1∂z1 − z2∂z2)−
−e−x1(∂1 + ∂z1 + z1∂z1 + z2∂z2),

(3.157)

X7 = l∂0 − e−x1(∂1 + ∂z1 + z1∂z1 + z2∂z2), (3.158)
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X8 = km(2x0∂0 + z2∂z2)− 2m2ex1(∂1 + ∂z1 − z1∂z1 − z2∂z2)−
−2e−x1(∂1 + ∂z1 + z1∂z1 + z2∂z2),

(3.159)

X9 = kn(2x0∂0 + z2∂z2)− 2n2ex1(∂1 + ∂z1 − z1∂z1 − z2∂z2)+

+2e−x1(∂1 + ∂z1 + z1∂z1 + z2∂z2),
(3.160)

X10 = l(2x0∂0 + z2∂z2) + 2ex1(∂1 + ∂z1 − z1∂z1 − z2∂z2); (3.161)

äëÿ âèïàäêó µ = 1, λ1 = λ2 = 1

X11 = ∂0 − sinx1(∂1 − ∂z1) + + cosx1(z
1∂z1 + z2∂z2), (3.162)

X12 = 2x0∂0 + z2∂z2 − 2 sinx1(∂1 − ∂z1)+
+2 cosx1(z

1∂z1 + z2∂z2).
(3.163)

Ïîäiÿâøè ïåðåòâîðåííÿìè P1 íà îïåðàòîðè (3.152)-(3.153) òà ïåðåòâî-

ðåííÿìè P2 íà îïåðàòîðè (3.156)-(3.155) îòðèìà¹ìî íàñòóïíi íåëîêàëüíi

îïåðàòîðè äëÿ ñèñòåìè Âàí-äåð-Âààëüñà:

äëÿ âèïàäêó µ = 0, λ1 = λ2 = 1

Q1 = ∂t − m
2 e

v1

2 u1∂u2, (3.164)

Q2 = 2t∂t + x∂x − u1∂u1 − u2∂u2 − 2me
v1

2 u1∂u2, (3.165)

Q3 = m∂t − 2u2∂u1 − 2v2u2∂u2, (3.166)

Q4 = 2t∂t +mx∂x − (mu1 + 4u2)∂u1 − (mu2 + 4v2u2)∂u2; (3.167)

äëÿ âèïàäêó µ = −1, λ1 = λ2 = 1

Q5 = km∂t + (m2ev
2

+ e−v
2

)u2∂u1 + (m2ev
2 − e−v2)u2∂u2, (3.168)

Q6 = kn∂t − (n2ev
2 − e−v2)u2∂u1 − (n2ev

2

+ e−v
2

)u2∂u2, (3.169)

Q7 = l∂t − e−v
2

u2(∂u1 − ∂u2), (3.170)

Q8 = 2kmt∂t + kmx∂x + [kmu1 + 2(m2ev
2

+ e−v
2

)u2]∂u1+

+[kmu2 + 2(m2ev
2 − e−v2)u2]∂u2,

(3.171)
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Q9 = 2knt∂t + knx∂x − [knu1 + 2(n2ev
2 − e−v2)u2]∂u1−

−[knu2 + 2(n2ev
2

+ e−v
2

)u2]∂u2,
(3.172)

Q10 = 2l∂t + lx∂x − (lu1 − 2ev
2

u2)(∂u1 + ∂u2); (3.173)

äëÿ âèïàäêó µ = 1, λ1 = λ2 = 1

Q11 = ∂t + u2 sin v2∂u1 − u2 cos v2∂u2, (3.174)

Q12 = 2t∂t + x∂x − (u1 − 2u2 sin v2)∂u1 − (u1 + 2u2 cos v2∂u2), (3.175)

äå v1 =
∫
u1dx, v2 =

∫
u2dx.

Ïðîöåäóðó îòðèìàííÿ íåëîêàëüíèõ îïåðàòîðiâ (3.164)-(3.167) ç ëi¨â-

ñüêèõ îïåðàòîðiâ (3.152)-(3.155) çà äîïîìîãîþ ïåðåòâîðåíü P1 òà P2 íà-

âåäåìî íà ïðèêëàäi îïåðàòîðiâ (3.152), (3.156) òà (3.164), (3.168).

Ïîäiÿâøè îïåðàòîðîì (3.152)

X1 = 2∂0 − 2m∂1 −me
x1
2 ∂z2

íà z1 òà z2 òà âèêîðèñòàâøè óìîâó

Xz1 = 0, Xz2 = 0, (3.176)

îòðèìà¹ìî

2z1
0 − 2mz1

1 = 0,

2z2
0 − 2mz1

1 + 2me
x1
2 = 0.

(3.177)

Ïîäiÿâøè ñïî÷àòêó íà (3.177) ïåðåòâîðåííÿì (3.6) òà ïðîiíòåãðóâàâøè

çà çìiííîþ x1, ìà¹ìî

2w1
0 − 2mw1

1 = 0,

2w2
0 − 2mw1

1 + 2me
x1
2 = 0.

(3.178)

Ïîäiÿâøè ïåðåòâîðåííÿì ãîäîãðàôà (3.5) íà (3.178)

w1
0 = −v

1
t

v1
x

, w2
0 = v2

t −
v1
t v

2
x

v1
x

, w1
1 =

1

v1
x

, w2
1 =

v2
x

v1
x

,
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îäåðæèìî

v1
t +m = 0,

v2
t +me

v1

2 = 0.
(3.179)

Ïðîäèôåðåíöiþâàâøè ñèñòåìó (3.179) çà çìiííîþ x òà çàñòîñóâàâøè ïå-

ðåòâîðåííÿ (3.4), ìà¹ìî

u1
t = 0,

u2
t + m

2 e
v1

2 u1 = 0.
(3.180)

Ñèñòåìi (3.180) âiäïîâiäà¹ îïåðàòîð (3.164).

Îòæå, ìà¹ìî, ùî ëi¨âñüêèé îïåðàòîð (3.152) ïåðåõîäèòü ó íåëîêàëüíèé

îïåðàòîð(3.164).

Ïîäiÿâøè îïåðàòîðîì (3.156)

X3 = km∂0 −m2ex1(∂1 + ∂z1 − z1∂z1 − z2∂z2)−

−e−x1(∂1 + ∂z1 + z1∂z1 + z2∂z2)

íà z1 òà z2 òà âèêîðèñòàâøè óìîâó (3.176) îòðèìà¹ìî

kmz1
0 −m2ex1(z1

1 + z1 − 1)− e−x1(z1
1 − z1 − 1) = 0,

kmz2
0 −m2ex1(z2

1 + z2)− e−x1(z2
1 − z2) = 0.

(3.181)

Ïîäiÿâøè ñïî÷àòêó íà (3.181) ïåðåòâîðåííÿì (3.6) òà ïðîiíòåãðóâàâøè

çà çìiííîþ x1, îòðèìà¹ìî

kmw1
0 −m2ex1(w1

1 − 1)− e−x1(w1
1 + 1) = 0,

kmw2
0 −m2ex1w2

1 − e−x1w2
1 = 0.

Ïîäiÿâøè ïåðåòâîðåííÿì ãîäîãðàôà (3.11) íà äàíó ñèñòåìó òà âèêîðè-

ñòàâøè ôîðìóëè

w1
0 = v1

t −
v2
t v

1
x

v2
x

, w2
0 = −v

2
t

v2
x

, w1
1 =

v1
x

v2
x

, w2
1 =

1

v2
x

,
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îäåðæèìî

kmv1
t +m2ev

2 − e−v2 = 0,

kmv2
t +m2ev

2

+ e−v
2

= 0.
(3.182)

Ïðîäèôåðåíöiþâàâøè ñèñòåìó (3.182) çà çìiííîþ x òà çàñòîñóâàâøè ïå-

ðåòâîðåííÿ (3.4), ìà¹ìî

kmu1
t + (m2ev

2 − e−v2)u2 = 0,

kmu2
t + (m2ev

2

+ e−v
2

)u2 = 0.
(3.183)

Ñèñòåìi (3.183) âiäïîâiäà¹ îïåðàòîð (3.168).

Ó ðåçóëüòàòi îòðèìà¹ìî, ùî ëi¨âñüêèé îïåðàòîð (3.156) ïåðåõîäèòü ó

íåëîêàëüíèé îïåðàòîð (3.169).

Îòæå, ìè ïîêàçàëè, ùî êîîðäèíàòè ξµ òà ηa ëi¨âñüêèõ îïåðàòîðiâ (3.152)-

(3.155) çàëåæàòü âiä çìiííèõ t, x, z1, z2, à êîîðäèíàòè íåëîêàëüíèõ îïåðà-

òîðiâ (3.164)-(3.167) � t, x, u1, u2, v1, v2, äå v1 =
∫
u1dx, v2 =

∫
u2dx.

3.8. Âèñíîâêè äî ðîçäiëó 3

Ó äàíîìó ðîçäiëi íåëîêàëüíi ïåðåòâîðåííÿ åêâiâàëåííîñòi ïåðøîãî òà äðó-

ãîãî òèïó çàñòîñîâàíi äëÿ çíàõîäæåííÿ îáðàçiâ ñèñòåìè ðiâíÿíü Âàí-äåð-

Âààëüñà. Ñèìåòðiéíi âëàñòèâîñòi ïåðøîãî òà äðóãîãî îáðàçiâ ñèñòåìè (3.13)

âèêîðèñòàíi äëÿ ïîáóäîâè íåëîêàëüíèõ àíçàöiâ, ïðîâåäåííÿ ðåäóêöi¨ òà çíà-

õîäæåííÿ äåÿêèõ òî÷íèõ ðîçâ'ÿçêiâ öi¹¨ ñèñòåìè. Çàñòîñîâàíî íåëîêàëüíi

ïåðåòâîðåííÿ åêâiâàëåíòíîñòi äî çíàõîäæåííÿ íåëîêàëüíèõ àíçàöiâ òà ïðî-

âåäåííÿ ðåäóêöi¨ îáîõ îáðàçiâ ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà. Çà äîïî-

ìîãîþ ëi¨âñüêèõ àíçàöiâ ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà òà íåëîêàëüíèõ

ïåðåòâîðåíü åêâiâàëåíòíîñòi P1, P2 ïîáóäîâàíi íåëîêàëüíi àíçàöè òà ïðîâå-

äåíà ðåäóêöiÿ îáðàçiâ O1 i O2.

Îñíîâíi ðåçóëüòàòè, îòðèìàíi â äàíîìó ðîçäiëi, íàñòóïíi:

1. Çíàéäåíî íåëîêàëüíi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi ñèñòåìè íåëiíiéíèõ

ðiâíÿíü êîíâåêöi¨-äèôóçi¨.
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2. Çíàéäåíî äâà îáðàçè ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà, ÿêà âõîäèòü

äî êëàñó ñèñòåì íåëiíiéíèõ ðiâíÿíü êîíâåêöi¨-äèôóçi¨, òà äîñëiäæåíî

ñèìåòðiéíi âëàñòèâîñòi öèõ îáðàçiâ.

3. Çíàéäåíî ìàêñèìàëüíi àëãåáðè iíâàðiàíòíîñòi îáîõ îáðàçiâ ñèñòåìè

ðiâíÿíü Âàí-äåð-Âààëüñà.

4. Ïîáóäîâàíî íåëîêàëüíi àíçàöè òà ïðîâåäåíî ðåäóêöi¨ ñèñòåìè ðiâíÿíü

Âàí-äåð-Âààëüñà.

5. Çíàéäåíî íåëîêàëüíi àíçàöè òà ïðîâåäåíî ðåäóêöiþ îáîõ îáðàçiâ ñè-

ñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà.

6. Çíàéäåíî òî÷íi ðîçâ'ÿçêè ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà, äîñëiäæå-

íî âëàñòèâîñòi äåÿêèõ ç îòðèìàíèõ ðîçâ'ÿçêiâ òà íàâåäåíî ¨õ iíòåðïðå-

òàöiþ.

7. Ïîêàçàíî, ùî íåëîêàëüíi àíçàöè ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà âiä-

ïîâiäàþòü íåëîêàëüíèì îïåðàòîðàì iíâàðiàíòíîñòi äàíî¨ ñèñòåìè.
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Âèñíîâêè

Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ ìîæíà ïiäñóìóâàòè íàñòóïíèì ÷èíîì.

1. Âñòàíîâëåíî îñíîâíi òà äîäàòêîâi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi (1+2)-

âèìiðíîãî ðiâíÿííÿ ðåàêöi¨-êîíâåêöi¨-äèôóçi¨.

2. Ç òî÷íiñòþ äî ïåðåòâîðåíü åêâiâàëåíòíîñòi ïðîâåäåíî ïîâíó ãðóïîâó

êëàñèôiêàöiþ (1+2)-âèìiðíîãî ðiâíÿííÿ ðåàêöi¨-êîíâåêöi¨-äèôóçi¨.

3. Ïîáóäîâàíî òî÷íi ðîçâ'ÿçêè ðiâíÿííÿ ðåàêöi¨-êîíâåêöi¨-äèôóçi¨ çi ñòå-

ïåíåâèìè íåëiíiéíîñòÿìè, äîñëiäæåíî âëàñòèâîñòi äåÿêèõ ç îòðèìàíèõ

ðîçâ'ÿçêiâ òà íàâåäåíî ¨õ ãåîìåòðè÷íó iíòåðïðåòàöiþ.

4. Çíàéäåíî íåëîêàëüíi ïåðåòâîðåííÿ åêâiâàëåíòíîñòi ñèñòåìè íåëiíiéíèõ

ðiâíÿíü êîíâåêöi¨-äèôóçi¨.

5. Çíàéäåíî äâà îáðàçè ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà, ÿêà âõîäèòü äî

êëàñó ñèñòåì íåëiíiéíèõ ðiâíÿíü êîíâåêöi¨-äèôóçi¨. Âèêîðèñòàíî ñèìå-

òðiéíi âëàñòèâîñòi ïåðøîãî òà äðóãîãî îáðàçiâ ñèñòåìè ðiâíÿíü Âàí-

äåð-Âààëüñà äëÿ ïîáóäîâè íåëîêàëüíèõ àíçàöiâ, ïðîâåäåííÿ ðåäóêöi¨

òà çíàõîäæåííÿ äåÿêèõ òî÷íèõ ðîçâ'ÿçêiâ öi¹¨ ñèñòåìè.

6. Çà äîïîìîãîþ íåëîêàëüíèõ ïåðåòâîðåíü åêâiâàëåíòíîñòi çíàéäåíî íå-

ëîêàëüíi àíçàöè òà ïðîâåäåíî ðåäóêöiþ îáîõ îáðàçiâ ñèñòåìè ðiâíÿíü

Âàí-äåð-Âààëüñà.

7. Çíàéäåíî òî÷íi ðîçâ'ÿçêè ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà, äîñëiäæå-

íî âëàñòèâîñòi äåÿêèõ ç îòðèìàíèõ ðîçâ'ÿçêiâ òà íàâåäåíî ¨õ ãåîìåòðè-

÷íó iíòåðïðåòàöiþ.

8. Ïîáóäîâàíî íåëîêàëüíi îïåðàòîðè iíâàðiàíòíîñòi, ÿêi âiäïîâiäàþòü íå-

ëîêàëüíèì îïåðàòîðàì ñèñòåìè ðiâíÿíü Âàí-äåð-Âààëüñà.
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