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ÇÀÃÀËÜÍÀ ÕÀÐÀÊÒÅÐÈÑÒÈÊÀ ÐÎÁÎÒÈ

Äèñåðòàöiéíà ðîáîòà Äèñåðòàöiþ ïðèñâÿ÷åíî âèâ÷åííþ ëî-
êàëüíèõ ìàéæå-êiëåöü ç äåÿêèìè îáìåæåííÿìè íà ìóëüòèïëiêàòèâíi
ãðóïè òà ïiäãðóïè íåîáîðîòíèõ åëåìåíòiâ, êëàñèôiêàöi¨ ëîêàëüíèõ
ìàéæå-êiëåöü òà äîñëiäæåííþ ¨õ àäèòèâíèõ ãðóï.

Oá ðóíòóâàííÿ âèáîðó òåìè äîñëiäæåííÿ. Ïåðøi äîñëiäæå-
ííÿ ìàéæå-êiëåöü áóëè çðîáëåíi Äiêñîíîì. Áóëî ïîêàçàíî, ùî iñíó-
þòü �ïîëÿ ç îäíèì äèñòðèáóòèâíèì çàêîíîì� òà íàâåäåíî ïðèêëà-
äè, ÿêi ïîêàçóþòü, ùî òàêi ñèñòåìè � íàçâàíi Öàññåíõàóçîì ìàéæå-
ïîëÿìè � ìîæóòü áóòè íåäèñòðèáóòèâíèìè. Öàññåíõàóç äîâiâ, ùî
ïðèêëàäè Äiêñîíà îõîïëþþòü óñi, êðiì ñiìîõ ñêií÷åííèõ ìàéæå-
ïîëiâ, ÿêi íå ¹ òiëàìè. Áiëüøiñòü ðåçóëüòàòiâ ïðî ìàéæå-ïîëÿ ìi-
ñòÿòüñÿ â ìîíîãðàôi¨ Âèãëiíãà.

Ìàéæå-êiëüöÿ ¹ øèðîêèìè óçàãàëüíåííÿìè àñîöiàòèâíèõ êiëåöü,
â îçíà÷åííi ÿêèõ àäèòèâíà ãðóïà íå îáîâ'ÿçêîâî àáåëåâà, à äîäàâàííÿ
òà ìíîæåííÿ ïîâ'ÿçàíi õî÷à á îäíèì, ëiâèì àáî ïðàâèì, äèñòðèáóòèâ-
íèì çàêîíîì. Ó öüîìó ñåíñi ëîêàëüíi ìàéæå-êiëüöÿ ¹ óçàãàëüíåííÿì
ëîêàëüíèõ êiëåöü.

Óíiâåðñàëüíèì ïðèêëàäîì ìàéæå-êiëüöÿ ¹ ìíîæèíà âñiõ ôóíêöié
íà äîâiëüíié ãðóïi âiäíîñíî îïåðàöié äîäàâàííÿ òà ñóïåðïîçèöi¨ ôóí-
êöié. Ìàéæå-êiëüöÿ âèíèêàþòü ïðèðîäíèì ÷èíîì ïðè âèâ÷åííi ñè-
ñòåì íåëiíiéíèõ âiäîáðàæåíü i âèâ÷àþòüñÿ âæå áàãàòî äåñÿòèëiòü.
Îñêiëüêè àñîöiàòèâíi êiëüöÿ ¹ ïî ñóòi êiëüöÿìè ëiíiéíèõ ôóíêöié íà
àáåëåâèõ ãðóïàõ, òî ïåðåõiä âiä êiëåöü äî ìàéæå-êiëåöü õàðàêòåðè-
çó¹òüñÿ ïåðåõîäîì âiä ëiíiéíèõ ìåòîäiâ äîñëiäæåíü äî íåëiíiéíèõ, à
òîìó âèâ÷åííÿ ìàéæå-êiëåöü òà ðîçðîáêà òåîðåòèêî-ãðóïîâèõ ìåòî-
äiâ ¨õ äîñëiäæåíü ¹ âàæëèâîþ òà àêòóàëüíîþ çàäà÷åþ.

Äîáðå âiäîìî, ùî êîæíå êiëüöå âêëàäà¹òüñÿ â êiëüöå End(A) óñiõ
åíäîìîðôiçìiâ àáåëåâî¨ ãðóïè A. Àíàëîãi÷íî, êîæíå ìàéæå-êiëüöå
ìîæíà âêëàäàòè â Map(G) äëÿ äåÿêî¨ ãðóïè G. Ç öi¹¨ òî÷êè çîðó òå-
îðiÿ êiëåöü îïèñó¹ ¾ëiíiéíi¿ âiäîáðàæåííÿ íà ãðóïàõ, òîäi ÿê ìàéæå-
êiëüöÿ îáðîáëÿþòü çàãàëüíèé íåëiíiéíèé âèïàäîê.

Ìàéæå-êiëüöå R � öå íåïîðîæíÿ ìíîæèíà ç äâîìà áiíàðíèìè
îïåðàöiÿìè, äîäàâàííÿì “ + ” i ìíîæåííÿì “ · ”, ÿêà âiäðiçíÿ¹òüñÿ
âiä êiëüöÿ òèì, ùî êîìóòàòèâíiñòü ïåðøî¨ îïåðàöi¨ òà îäèí iç äèñòðè-
áóòèâíèõ çàêîíiâ (ó íàøîìó âèïàäêó, ïðàâèé) íå îáîâ'ÿçêîâî âèêî-
íóþòüñÿ.

Îñíîâíi âèçíà÷åííÿ òà áàãàòî ðåçóëüòàòiâ, ùî ñòîñóþòüñÿ ìàéæå-
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êiëåöü, ìîæíà çíàéòè, íàïðèêëàä, ó êíèçi Ïiëüöà.
Î÷åâèäíî, ùî êîæíå àñîöiàòèâíå êiëüöå ¹ ìàéæå-êiëüöåì, i êî-

æíà ãðóïà ¹ àäèòèâíîþ ãðóïîþ ìàéæå-êiëüöÿ, àëå íå îáîâ'ÿçêîâî
ìàéæå-êiëüöÿ ç îäèíèöåþ. Ïèòàííÿ, ÿêà ãðóïà ìîæå áóòè àäèòèâ-
íîþ ãðóïîþ ìàéæå-êiëüöÿ ç îäèíèöåþ, ¹ âiäêðèòèì.

Ïðîáëåìà çíàõîäæåííÿ ãðóï, ÿêi ìîæóòü áóòè àäèòèâíèìè ãðóïà-
ìè ìàéæå-êiëåöü ç îäèíèöåþ, âèâ÷à¹òüñÿ ç êiíöÿ 1960-õ ðîêiâ. Îäèí
ç ïåðøèõ ðåçóëüòàòiâ ó öüîìó íàïðÿìêó áóâ îòðèìàíèé Êëå¹ì òà
Ìàëîíå, äå áóëî ïîêàçàíî, ùî iñíó¹ ¹äèíå ìàéæå-êiëüöå ç îäèíèöåþ,
àäèòèâíà ãðóïà ÿêîãî ¹ öèêëi÷íîþ, i, ùî íàñïðàâäi, öå ìàéæå-êiëüöå
¹ êîìóòàòèâíèì êiëüöåì.

Êëàñèôiêàöiÿ âñiõ ìàéæå-êiëåöü äî ïåâíèõ ïîðÿäêiâ ¹ âiäêðèòîþ
ïðîáëåìîþ, âèðiøåííÿ ÿêî¨ âèìàãà¹ çíà÷íèõ îá÷èñëåíü, i íàéáiëüø
ïiäõîäÿùîþ ïëàòôîðìîþ äëÿ ¨õ ðåàëiçàöi¨ ¹ ñèñòåìà êîìï'þòåðíî¨
àëãåáðè GAP.

Ëîêàëüíi ìàéæå-êiëüöÿ, ìóëüòèïëiêàòèâíà ãðóïà ÿêèõ ¹ àáåëå-
âîþ i ÿêi íå ¹ êiëüöÿìè, âèâ÷àëèñü Ãîðîäíèêîì. Íèì, çîêðåìà, äîâå-
äåíî, ùî ìíîæèíà âñiõ íåîáîðîòíèõ åëåìåíòiâ òàêîãî ìàéæå-êiëüöÿ
óòâîðþ¹ àáåëåâó ïiäãðóïó iíäåêñó 2 â éîãî àäèòèâíié ãðóïi òà ïîâ-
íiñòþ îïèñàíi ëîêàëüíi ìàéæå-êiëüöÿ ç öèêëi÷íîþ ìóëüòèïëiêàòèâ-
íîþ ãðóïîþ. Íàñòóïíèì ïðèðîäíèì êðîêîì ¹ äîñëiäæåííÿ ëîêàëü-
íèõ ìàéæå-êiëåöü, ìóëüòèïëiêàòèâíà ãðóïà ÿêèõ ¹ ãðóïîþ Ìiëëåðà-
Ìîðåíî, òîáòî ìiíiìàëüíîþ íåàáåëåâîþ. Âèïàäîê, êîëè àäèòèâíà
ãðóïà òàêîãî ìàéæå-êiëüöÿ ¹ p-ãðóïîþ ç p 6= 2 ðîçãëÿäàâñÿ Ì. Ðà¹â-
ñüêîþ. Â äèñåðòàöiéíié ðîáîòi ïðîäîâæåíî äîñëiäæåííÿ òà êëàñèôi-
êàöiÿ ìóëüòèïëiêàòèâíèõ ãðóï ñêií÷åííèõ ëîêàëüíèõ ìàéæå-êiëåöü.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìà-
ìè. Ðîáîòà âèêîíóâàëàñÿ â Iíñòèòóòi ìàòåìàòèêè ÍÀÍ Óêðà¨íè ó
âiääiëi àëãåáðè i òîïîëîãi¨ çãiäíî iç çàãàëüíèì ïëàíîì äîñëiäæåíü
ó ðàìêàõ íàóêîâî-äîñëiäíèõ òåì �Òåîðiÿ çîáðàæåíü òà ¨¨ çàñòîñó-
âàííÿ â àëãåáði, ãåîìåòði¨ é òîïîëîãi¨� (íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨
0111U002096, 2011�2015 ðð.), �Ðîçðîáêà é çàñòîñóâàííÿ íîâèõ ìåòî-
äiâ ó òåîði¨ çîáðàæåíü, àáñòðàêòíié àëãåáði òà àëãåáðà¨÷íié ãåîìå-
òði¨� (íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0116U003125, 2016�2020 ðð.), �Äî-
ñëiäæåííÿ äèíàìi÷íèõ ñèñòåì òà åâîëþöiéíèõ çàäà÷ òîïîëîãi÷íèìè,
ñòîõàñòè÷íèìè òà àëãåáðè÷íèìè ìåòîäàìè� (íîìåð äåðæàâíî¨ ðå¹-
ñòðàöi¨ 0117U004091, 2017�2021 ðð.) òà �Êàòåãîðíi, êîìáiíàòîðíi òà
àíàëiòè÷íi ìåòîäè äîñëiäæåííÿ ïðîáëåì òåîði¨ çîáðàæåíü, àëãåáðà-
¨÷íî¨ ãåîìåòði¨, àëãåáðà¨÷íî¨ òà äèôåðåíöiàëüíî¨ òîïîëîãi¨� (íîìåð
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äåðæàâíî¨ ðå¹ñòðàöi¨ 0121U100395, 2021�2025 ðð.), �Ñó÷àñíi ìåòîäè
àëãåáðè i òîïîëîãi¨ òà ¨õ çàñòîñóâàííÿ� (íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨
0126U000346, 2026�2030 ðð.).

Ìåòà i çàâäàííÿ äîñëiäæåííÿ. Ðîçâèòîê òåîði¨ ëîêàëüíèõ
ìàéæå-êiëåöü òà ïîâ'ÿçàíèõ ç íèìè ñòðóêòóðè.

Îá'¹êòîì äîñëiäæåííÿ ¹ ñêií÷åííi ëîêàëüíi ìàéæå-êiëüöÿ.
Ïðåäìåòîì äîñëiäæåííÿ ¹ ìóëüòèïëiêàòèâíi ãðóïè òà ãðóïè íå-

îáîðîòíèõ åëåìåíòiâ ñêií÷åííèõ ëîêàëüíèõ ìàéæå-êiëåöü.
Çàâäàííÿ äîñëiäæåííÿ:

� Âñòàíîâèòè çâ'ÿçîê ìiæ íiëüïîòåíòíîþ ìóëüòèïëiêàòèâíîþ ãðó-
ïîþ òà àäèòèâíîþ ãðóïîþ â ëîêàëüíîìó ìàéæå-êiëüöi.
� Êëàñèôiêóâàòè ëîêàëüíi ìàéæå-êiëüöÿ, ÿêi íå ¹ ïîëÿìè òà ìóëü-
òèïëiêàòèâíà ãðóïà ÿêèõ ¹ ãðóïîþ Øìiäòà.
� Çíàéòè àäèòèâíi ãðóïè ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó 32 òà
128 ç ìóëüòèïëiêàòèâíèìè ãðóïàìè Ìiëëåðà�Ìîðåíî.
� Âèâ÷èòè ñêií÷åííi p-ãðóïè ç öèêëi÷íîþ ïiäãðóïîþ iíäåêñó p ÿê
àäèòèâíi ãðóïè ëîêàëüíèõ ìàéæå-êiëåöü.
� Îòðèìàòè ëîêàëüíi ìàéæå-êiëüöÿ ç áiáëiîòåêè ïàêåòó SONATA
ñèñòåìè êîìï'þòåðíî¨ àëãåáðè GAP.
� Ïðîàíàëiçîâàòè ñêií÷åííi íåàáåëåâi 2-ïîðîäæåííi p-ãðóïè ç öè-
êëi÷íèì êîìóòàíòîì.
� Ïîêàçàòè, ùî íå iñíó¹ ìàéæå-êiëåöü ç îäèíèöåþ, àäèòèâíà ãðóïà
ÿêîãî içîìîðôíà ãðóïi G(pm, pn) ç p > 2 i 2 ≤ m ≤ n.
� Âèâ÷èòè ñêií÷åííi ëîêàëüíi ìàéæå-êiëüöÿ ç ðîçùåïëåíîþ ìåòà-
öèêëi÷íîþ àäèòèâíîþ ãðóïîþ.
� Îòðèìàòè íåîáõiäíi i äîñòàòíi óìîâè iñíóâàííÿ ëîêàëüíèõ ìàéæå-
êiëåöü íà ãðóïàõ òèïó (B.1). Äîâåñòè, ùî iíäåêñ ïiäãðóïè âñiõ íåîáî-
ðîòíèõ åëåìåíòiâ òàêèõ ìàéæå-êiëåöü â àäèòèâíié ãðóïi äîðiâíþ¹ p.
À òàêîæ, ïîêàçàòè, ùî êîæíà ãðóïà òèïó (B.1) ¹ àäèòèâíîþ ãðóïîþ
ìàéæå-êiëüöÿ ç îäèíèöåþ.
� Ââåñòè òà äîñëiäèòè íàïiâäèñòðèáóòèâíi ìàéæå-êiëüöÿ ç îäèíè-
öåþ.
� Âèâ÷èòè íàïiâãðóïó íåîáîðîòíèõ åëåìåíòiâ ëîêàëüíèõ ìàéæå-
êiëåöü, àäèòèâíà ãðóïà ÿêîãî içîìîðôíà àáåëåâié ãðóïi òèïó (2m, 2n)
ç m ≥ n > 1.
� Âèêîðèñòîâóþ÷è ïàêåò YangBaxter, íàäàòè êëàñèôiêàöi¨ áðåéñiâ
(äî ïîðÿäêó 32) òà êîñèõ áðåéñiâ (äî ïîðÿäêó 16) âiäïîâiäíî äî
àäèòèâíèõ àáî ìóëüòèïëiêàòèâíèõ ãðóï, ÿêi ¹ p-ãðóïàìè Ìiëëåðà�
Ìîðåíî.
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� Íàâåñòè äåÿêó iíôîðìàöiþ ùîäî ìàéæå-êiëüöåâèõ áðåéñiâ, ùî
ñòîñóþòüñÿ, ïàêåòó LocalNR.

� Îòðèìàòè àëãîðèòì ïîáóäîâè ñêií÷åííèõ ëîêàëüíèõ ìàéæå-
êiëåöü.

� Íàâåñòè ôóíêöi¨ äëÿ ëîêàëüíèõ ìàéæå-êiëåöü ç ïàêåòó
LocalNR, à ñàìå: TheAdditiveGroupsOfLibraryOfLNRsOfOrder,
TheLibraryOfLNRsOnGroup, LocalNearRing, AllLocalNearRings,
IsAdditiveGroupOfLibraryOfLNRs, InfoLocalNearRing.

� Íàâåñòè ôóíêöi¨ äëÿ ãðóï ç ïàêåòó LocalNR, à ñàìå: IsMi-
nimalNonAbelianGroup, IsMetacyclicPGroup, EndoOrbitsOfGroup,
IsEndoCyclicGroup.

� Êëàñèôiêîâàòè ëîêàëüíi ìàéæå-êiëüöÿ íà 2-ïîðîäæåíèõ ãðóïàõ
ïîðÿäêiâ 64 òà 243.

� Íàâåñòè êëàñèôiêàöiþ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêiâ 81 òà
1331.

� Âèâ÷èòè ëîêàëüíi ìàéæå-êiëüöÿ òà åíäîöèêëi÷íi 2-ïîðîäæåíi
ãðóïè ïîðÿäêiâ 64 òà 256.

Ìåòîäè äîñëiäæåííÿ. Ó ðîáîòi âèêîðèñòîâóþòüñÿ ìåòîäè òåî-
ði¨ ãðóï, òåîði¨ ìàéæå-êiëåöü òà òåîði¨ áðåéñiâ. Äëÿ ïîáóäîâè ïðèêëà-
äiâ ëîêàëüíèõ ìàéæå-êiëåöü áóëè íàïèñàíi àëãîðèòìè òà ïðîãðàìè íà
ìîâi GAP, ÿêi áóëî ðåàëiçîâàíî íà êëàñòåðàõ òà ñóïåðêîìï'þòåðàõ:

� CIRCA (ì. Ñåíò Àíäðþñ, Øîòëàíäiÿ, Âåëèêà Áðèòàíiÿ);

� CIRUS (ì. Åäèíáóðã, Øîòëàíäiÿ, Âåëèêà Áðèòàíiÿ);

� Iíñòèòóòó ìàòåìàòèêè Ïîëüñüêî¨ Àêàäåìi¨ Íàóê (ì. Âàðøàâà,
Ïîëüùà);

� Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè (ì. Êè¨â, Óêðà¨íà);

� Iíñòèòóòó êiáåðíåòèêè ÍÀÍ Óêðà¨íè (ì. Êè¨â, Óêðà¨íà);

� Êè¨âñüêîãî ïîëiòåõíi÷íîãî iíñòèòóòó iìåíi Iãîðÿ Ñiêîðñüêîãî
(ì. Êè¨â, Óêðà¨íà).

Íàóêîâà íîâèçíà îòðèìàíèõ ðåçóëüòàòiâ. Îñíîâíi ðåçóëü-
òàòè, ÿêi âèçíà÷àþòü íàóêîâó íîâèçíó òà âèíîñÿòüñÿ íà çàõèñò, ¹
íîâèìè i ïîëÿãàþòü ó òàêîìó:

� Âñòàíîâëåíî çâ'ÿçîê ìiæ íiëüïîòåíòíîþ ìóëüòèïëiêàòèâíîþ ãðó-
ïîþ òà àäèòèâíîþ ãðóïîþ â ëîêàëüíîìó ìàéæå-êiëüöi.

� Êëàñèôiêîâàíî ëîêàëüíi ìàéæå-êiëüöÿ, ÿêi íå ¹ ïîëÿìè òà ìóëü-
òèïëiêàòèâíà ãðóïà ÿêèõ ¹ ãðóïîþ Øìiäòà.

� Çíàéäåíi àäèòèâíi ãðóïè ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó 32 òà
128 ç ìóëüòèïëiêàòèâíèìè ãðóïàìè Ìiëëåðà�Ìîðåíî.
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� Âèâ÷åíi ñêií÷åííi p-ãðóïè ç öèêëi÷íîþ ïiäãðóïîþ iíäåêñó p ÿê
àäèòèâíi ãðóïè ëîêàëüíèõ ìàéæå-êiëåöü.
� Îòðèìàíî ëîêàëüíi ìàéæå-êiëüöÿ ç áiáëiîòåêè ïàêåòó SONATA
ñèñòåìè êîìï'þòåðíî¨ àëãåáðè GAP.
� Ïðîàíàëiçîâàíî ñêií÷åííi íåàáåëåâi 2-ïîðîäæåííi p-ãðóïè ç öè-
êëi÷íèì êîìóòàíòîì.
� Ïîêàçàíî, ùî íå iñíó¹ ìàéæå-êiëåöü ç îäèíèöåþ, àäèòèâíà ãðóïà
ÿêîãî içîìîðôíà ãðóïi G(pm, pn) ç p > 2 i 2 ≤ m ≤ n.
� Âèâ÷åíî ñêií÷åííi ëîêàëüíi ìàéæå-êiëüöÿ ç ðîçùåïëåíîþ ìåòà-
öèêëi÷íîþ àäèòèâíîþ ãðóïîþ.
� Îòðèìàíî íåîáõiäíi i äîñòàòíi óìîâè iñíóâàííÿ ëîêàëüíèõ ìàéæå-
êiëåöü íà ãðóïàõ òèïó (B.1). Äîâåäåíî, ùî iíäåêñ ïiäãðóïè âñiõ íåî-
áîðîòíèõ åëåìåíòiâ òàêèõ ìàéæå-êiëåöü â àäèòèâíié ãðóïi äîðiâíþ¹
p. À òàêîæ, ïîêàçàíî, ùî êîæíà ãðóïà òèïó (B.1) ¹ àäèòèâíîþ ãðó-
ïîþ ìàéæå-êiëüöÿ ç îäèíèöåþ.
� Ââåäåíî òà äîñëiäæåíî íàïiâäèñòðèáóòèâíi ìàéæå-êiëüöÿ ç îäè-
íèöåþ.
� Âèâ÷åíî íàïiâãðóïó íåîáîðîòíèõ åëåìåíòiâ ëîêàëüíèõ ìàéæå-
êiëåöü, àäèòèâíà ãðóïà ÿêîãî içîìîðôíà àáåëåâié ãðóïi òèïó (2m, 2n)
ç m ≥ n > 1.
� Âèêîðèñòîâóþ÷è ïàêåò YangBaxter, íàäàíî êëàñèôiêàöi¨ áðåéñiâ
(äî ïîðÿäêó 32) òà êîñèõ áðåéñiâ (äî ïîðÿäêó 16) âiäïîâiäíî äî
àäèòèâíèõ àáî ìóëüòèïëiêàòèâíèõ ãðóï, ÿêi ¹ p-ãðóïàìè Ìiëëåðà�
Ìîðåíî.
� Íàâåäåíî äåÿêó iíôîðìàöiþ ùîäî ìàéæå-êiëüöåâèõ áðåéñiâ, ùî
ñòîñóþòüñÿ, ïàêåòó LocalNR.
� Îòðèìàíî àëãîðèòì ïîáóäîâè ñêií÷åííèõ ëîêàëüíèõ ìàéæå-
êiëåöü.
� Íàâåäåíî ôóíêöi¨ äëÿ ëîêàëüíèõ ìàéæå-êiëåöü ç ïàêåòó
LocalNR, à ñàìå: TheAdditiveGroupsOfLibraryOfLNRsOfOrder,
TheLibraryOfLNRsOnGroup, LocalNearRing, AllLocalNearRings,
IsAdditiveGroupOfLibraryOfLNRs, InfoLocalNearRing.
� Íàâåäåíî ôóíêöi¨ äëÿ ãðóï ç ïàêåòó LocalNR, à ñàìå: IsMi-
nimalNonAbelianGroup, IsMetacyclicPGroup, EndoOrbitsOfGroup,
IsEndoCyclicGroup.
� Êëàñèôiêîâàíî ëîêàëüíi ìàéæå-êiëüöÿ íà 2-ïîðîäæåíèõ ãðóïàõ
ïîðÿäêiâ 64 òà 243.
� Íàâåäåíî êëàñèôiêàöiþ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêiâ 81 òà
1331.
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� Âèâ÷åíî ëîêàëüíi ìàéæå-êiëüöÿ òà åíäîöèêëi÷íi 2-ïîðîäæåíi ãðó-
ïè ïîðÿäêiâ 64 òà 256.

Ïðàêòè÷íå çíà÷åííÿ îäåðæàíèõ ðåçóëüòàòiâ. Äèñåðòàöiéíà
ðîáîòà íîñèòü òåîðåòè÷íèé õàðàêòåð. Ðåçóëüòàòè ðîáîòè, à òàêîæ
ìåòîäèêà ¨õ îòðèìàííÿ, ìîæóòü áóòè âèêîðèñòàíi äëÿ ïîäàëüøîãî
ðîçâèòêó òåîði¨ ìàéæå-êiëåöü, òåîði¨ ãðóï, òåîði¨ áðåéñiâ òà ñèñòåìè
êîìï'þòåðíî¨ àëãåáðè GAP.

Îñîáèñòèé âíåñîê çäîáóâà÷à. Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨,
ÿêi âèíîñÿòüñÿ íà çàõèñò, îòðèìàíi àâòîðîì îñîáèñòî. Âèçíà÷åííÿ íà-
ïðÿìêó äîñëiäæåíü, ïîñòàíîâêà çàäà÷, iäå¨ âiäíîñíî âèáîðó ìåòîäèê
ðîçâ'ÿçóâàííÿ íàëåæàòü íàóêîâîìó êîíñóëüòàíòó. Òðè ñòàòòi îïó-
áëiêîâàíî áåç ñïiâàâòîðiâ. Ó ñïiëüíèõ ç íàóêîâèì êîíñóëüòàíòîì òà
I.Þ. Ðà¹âñüêîþ ïóáëiêàöiÿõ çà òåìîþ äèñåðòàöi¨ ðîçïîäië îñîáèñòèõ
âíåñêiâ òàêèé:
� ó ðîáîòàõ [1, 3, 9, 15, 16, 17, 18, 19] �� âèçíà÷åííÿ íàïðÿìêó äî-
ñëiäæåíü, ïîáóäîâà àëãîðèòìó, áðàâ ó÷àñòü ó íàïèñàíi ôóíêöié, ïî-
áóäîâi ëîêàëüíèõ ìàéæå-êiëåöü, îáãîâîðåííÿ ðåçóëüòàòiâ, êîíòðîëü
ÿêîñòi âèêëàäåííÿ ðåçóëüòàòiâ íàëåæèòü íàóêîâîìó êîíñóëüòàíòó
ß.Ï. Ñèñàêó.
� ó ñòàòòi [3] �� â äèñåðòàöiþ âêëþ÷åíî òåîðåìó 2. Çäîáóâà-
÷êà áðàëà ó÷àñòü ó íàïèñàíi àëãîðèòìó òà ôóíêöié äëÿ ïà-
êåòó LocalNR: TheAdditiveGroupsOfLibraryOfLNRsOfOrder, TheLi-
braryOfLNRsOnGroup, LocalNearRing, AllLocalNearRings, IsAdditi-
veGroupOfLibraryOfLNRs, InfoLocalNearRing.
� ó ñòàòòi [1] �� â äèñåðòàöiþ âêëþ÷åíî çàóâàæåííÿ 1, òå-
îðåìó 1. Çäîáóâà÷êà áðàëà ó÷àñòü ó íàïèñàíi ôóíêöié äëÿ
ãðóï: IsMinimalNonAbelianGroup, IsMetacyclicPGroup, EndoOrbi-
tsOfGroup, IsEndoCyclicGroup.
� ó ñòàòòi [2] �� âíåñîê àâòîðiâ ðiâíîöiííèé. Â äèñåðòàöiþ âêëþ÷åíî
ëåìó 3.
� ó ñòàòòi [4] �� âíåñîê àâòîðiâ ðiâíîöiííèé. Â äèñåðòàöiþ âêëþ÷åíî
ëåìó 3, òåîðåìó 3.
� ó ñòàòòÿõ [5, 9, 12, 14, 15, 16, 17, 18] �� ñïiâàâòîðêà I.Þ. Ðà¹â-
ñüêà ïåðåâiðÿëà ðåçóëüòàòè òà áðàëà ó÷àñòü îáãîâîðåííÿ ðåçóëüòàòiâ,
ïîñòàíîâöi ãiïîòåç òà ôiíàëüíîìó îôîðìëåííþ ðåçóëüòàòiâ.
� ó ñòàòòi [7] �� âíåñîê àâòîðiâ ðiâíîöiííèé. Â äèñåðòàöiþ âêëþ÷åíî
ëåìó 6, òåîðåìó 8, òåîðåìó 9, òåîðåìó 10, òåîðåìó 25.
� ó ñòàòòi [11] �� âíåñîê àâòîðiâ ðiâíîöiííèé. Â äèñåðòàöiþ âêëþ-
÷åíî òåîðåìó 5.
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� ó ñòàòòi [13] �� âíåñîê àâòîðiâ ðiâíîöiííèé. Â äèñåðòàöiþ âêëþ-
÷åíî íàñëiäîê 1.

� ó ïàêåòi [19] �� çäîáóâà÷êà òà I.Þ. Ðà¹âñüêà áðàëè ó÷àñòü ó íà-
ïèñàíi ôóíêöié, ïîáóäîâi ëîêàëüíèõ ìàéæå-êiëåöü, îôîðìëåííi òà
ïåðåâiðöi.

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Ðåçóëüòàòè ðîáîòè áóëè
ïðåäñòàâëåíi, äîïîâiäàëèñÿ i îáãîâîðþâàëèñÿ íà: Âîðêøîï, ïðèñâÿ-
÷åíèé 70-ði÷÷þ Þðiÿ Âiêòîðîâè÷à Áîäíàð÷óêà, 23 ãðóäíÿ 2025 ðî-
êó, Íàöiîíàëüíèé óíiâåðñèòåò �Êè¹âî-Ìîãèëÿíñüêà àêàäåìiÿ�, Êè¨â,
Óêðà¨íà; Ukraine Mathematics Conference �At the End of the Year
2025�, December 18�19, 2025, Taras Shevchenko National University of
Kyiv, Kyiv, Ukraine; 15th Ukraine Algebra Conference, July 8-�12, 2025,
Lviv, Ukraine; The conference of young scientists �Pidstryhach Readi-
ngs � 2025�, May 27-�29, 2025, Lviv, Ukraine; Êîíôåðåíöiÿ ìîëîäèõ
ó÷åíèõ �Ïiäñòðèãà÷iâñüêi ÷èòàííÿ � 2024�, 27�29 òðàâíÿ 2024 ðîêó,
Ëüâiâ, Óêðà¨íà; GAP Days Spring 2024, March 11�15, 2024, University
of Kaiserslautern-Landau, Kaiserslautern, Germany; The 14th Internati-
onal Algebraic Conference in Ukraine (online), July 3�7, 2023, Sumy,
Ukraine; Online Twinning Conference (online), March 27�30, 2023, Digi-
tal Theme UK-Ukraine Twinning Initiative, Great Britain; International
conference-workshop �GAP Days Summer 2022�, October 17�21, 2022,
RWTH Aachen University, Aachen, Germany; International Conference
�On the Trail of Women in Mathematics �Contemporary Women in
Mathematics�, September 15�17, 2022, Gdansk, Poland; International
Algebraic Conference �At the End of the Year 2021� (online), December
27�28, 2021, Kyiv, Ukraine; 3rd TA visitors meeting (TAM) (online),
November 3�4, 2021, Amsterdam, Netherlands; The 13th Internati-
onal Algebraic Conference in Ukraine, July 6�9, 2021, Kyiv, Ukraine;
Ìiæíàðîäíà êîíôåðåíöiÿ ìîëîäèõ ìàòåìàòèêiâ (online), 3�5 ÷åðâíÿ
2021 ðîêó, Êè¨â, Óêðà¨íà; The conference dedicated to the 60th anni-
versary of the algebra department of Kyiv University, July 14�17, 2020,
Kyiv, Ukraine; GAP-Singular-Meeting as part of the OpenDreamKit
project, August 15�23, 2019, PfalzAkademie, Lambrecht, Germany; XII
International Algebraic Conference in Ukraine dedicated to the 215th
anniversary of V. Bunyakovsky, July 02�06, 2019, Vinnytsia, Ukrai-
ne; 4th Conference of Mathematical Society of Moldova CMSM4'2017,
June 28 � July 2, 2017, Chisinau, Republic of Moldova; International
mathematical conference �Groups and Actions: Geometry and Dynamics,
dedicated to the memory of professor Vitaly Sushchanskyy�, December
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19�22, 2016, Kyiv, Ukraine; XI Ëiòíÿ øêîëà �Àëãåáðà, Òîïîëîãiÿ,
Àíàëiç�, 1�14 ñåðïíÿ 2016 ðîêó, Îäåñà, Óêðà¨íà; Summer School on
Algebra, Statistics and Combinatorics, June 27 � July 2, 2016, Espoo,
Finland; ÕVII Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ iì. àêàä. Ìèõàéëà
Êðàâ÷óêà, 19�20 òðàâíÿ 2016 ðîêó, Êè¨â, Óêðà¨íà; X Ìiæíàðîäíà
àëãåáðà¨÷íà êîíôåðåíöiÿ â Óêðà¨íi ïðèñâÿ÷åíà 70-ði÷÷þ Þ. À. Äðî-
çäà, 20�27 ñåðïíÿ 2015 ðîêó, Îäåñà, Óêðà¨íà; X Ëiòíÿ øêîëà �Àë-
ãåáðà, Òîïîëîãiÿ, Àíàëiç�, 3�15 ñåðïíÿ 2015 ðîêó, Îäåñà, Óêðà¨íà;
Íàóêîâà êîíôåðåíöiÿ, ïðèñâÿ÷åíà 100-ði÷÷þ âiä äíÿ íàðîäæåííÿ
Ê. Ì. Ôiøìàíà òà Ì. Ê. Ôà å, 1�4 ëèïíÿ 2015 ðîêó, ×åðíiâöi, Óêðà-
¨íà; Conference �Groups and their actions�, June 22�26, 2015, Bedlewo
(near Poznan), Poland; Ìiæíàðîäíà êîíôåðåíöiÿ ìîëîäèõ ìàòåìà-
òèêiâ, 3�6 ÷åðâíÿ 2015 ðîêó, Êè¨â, Óêðà¨íà; AAA89: Workshop on
General Algebra, February 26 � March 01, 2015, Dresden, Germany;
IX-à Ëiòíÿ øêîëà �Àëãåáðà, òîïîëîãiÿ i àíàëiç�, 7�18 ëèïíÿ 2014 ðî-
êó, Ïîëÿíèöÿ, Óêðà¨íà; Humboldt Kolleg �Education and Science and
their Role in Social and Industrial Progress of Society�, June 12�15, 2014,
Kyiv, Ukraine; 9th International Algebraic Conference in Ukraine, July
08�13, 2013, Lviv, Ukraine; çàñiäàííÿõ Â÷åíî¨ ðàäè Iíñòèòóòó ìàòå-
ìàòèêè ÍÀÍ Óêðà¨íè; ëàáîðàòîði¨ òîïîëîãi¨ (Òîïîëîãi÷íèé ñåìiíàð)
Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, Óêðà¨íà, êåðiâíèê � ÷ë.-
êîð. Ñ. I. Ìàêñèìåíêî; �Àëãåáðà� Âàðøàâñüêîãî óíiâåðñèòåòó, Âàð-
øàâà, Ïîëüùà, êåðiâíèê � ïðîô. ßí Îêíiíñüêèé; �Secant group� â
IÌ ÏÀÍ, Âàðøàâà, Ïîëüùà, êåðiâíèê � ïðîô. ßðîñëàâ Áó÷èíñüêèé;
�Algebra and Discrete Mathematics� â Óíiâåðñèòåòi ìiñòà Ëiíö, Ëiíö,
Àâñòðiÿ, êåðiâíèê � ïðîô. Ìàíóåëü Êàóåðñ; Àëãåáðà¨÷íèé ñåìiíàð
Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, Óêðà¨íà, êåðiâíèêè � ÷ë.-
êîð. Þ. À. Äðîçä, ÷ë.-êîð. Ñ. I. Ìàêñèìåíêî; ðîçøèðåíå çàñiäàííÿ
�Ïiä êiíåöü ðîêó� Àëãåáðà¨÷íîãî ñåìiíàðó Êè¨âñüêîãî íàöiîíàëüíîãî
óíiâåðñèòåòó iìåíi Òàðàñà Øåâ÷åíêà, êåðiâíèê � ïðîô. À. Ï. Ïåòðàâ-
÷óê; Ñåìiíàð ìîëîäèõ â÷åíèõ Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè,
Êè¨â, Óêðà¨íà, îðãàíiçàòîð � Ðàäà ìîëîäèõ â÷åíèõ IÌ ÍÀÍÓ; Scienti-
�c Seminar �Geometry, Topology, Applications�, Ëüâiâ, Óêðà¨íà, êåðiâ-
íèê � ïðîô. Ò. Î. Áàíàõ.

Ïóáëiêàöi¨. Ðåçóëüòàòè äèñåðòàöi¨ âèñâiòëåíî ó 40 íàóêîâèõ ïó-
áëiêàöiÿõ, ç íèõ 14 � ñòàòòi ó íàóêîâèõ âèäàííÿõ, âíåñåíèõ äî ïå-
ðåëiêó íàóêîâèõ ôàõîâèõ âèäàíü Óêðà¨íè òà çàêîðäîííèõ âèäàííÿõ,
à òàêîæ 21 ïóáëiêàöi¨ ó òåçàõ äîïîâiäåé i ìàòåðiàëàõ ìiæíàðîäíèõ
òà âiò÷èçíÿíèõ êîíôåðåíöié. Ñòàòòi [1, 3, 5, 7, 9, 11, 12, 16] ïðîií-
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äåêñîâàíi ó ìiæíàðîäíèõ íàóêîìåòðè÷íèõ áàçàõ Scopus àáî Web of
Science. Ñòàòòþ [12] îïóáëiêîâàíî ó âèäàííi ç êâàðòèëÿ Q2 âiäïîâiä-
íî äî êëàñèôiêàöi¨ SCImago Journal and Country Rank, ñòàòòi [1, 3, 5,
7, 9, 11] ó âèäàííÿõ ç êâàðòèëÿ Q3, ñòàòòþ [16] ó âèäàííi ç êâàðòèëÿ
Q4. Âiäïîâiäíî äî ï. 2 Íàêàçó � 1220 ÌÎÍ Óêðà¨íè âiä 23.09.2019
âêàçàíi 14 ñòàòåé çàðàõîâóþòüñÿ ÿê 22 íàóêîâi ïóáëiêàöi¨. Ðîáîòè [1,
2, 3, 4, 7, 8, 9, 10, 11, 12, 13] ïðîiíäåêñîâàíî ó áàçi Zentrablatt Math,
à ðîáîòè [3, 7, 9, 11, 12, 13, 16] ïðîiíäåêñîâàíî ó áàçi MathSciNet.
Ñòàòòi [6, 8, 10] îäíîîñiáíi.

Ñòðóêòóðà é îáñÿã äèñåðòàöi¨. Äèñåðòàöiÿ ñêëàäà¹òüñÿ ç ïå-
ðåëiêó óìîâíèõ ïîçíà÷åíü, âñòóïó, ñåìè ðîçäiëiâ, âèñíîâêiâ, ñïèñêó
âèêîðèñòàíèõ äæåðåë, ùî ìiñòèòü 121 íàéìåíóâàíü òà äîäàòêó çi
ñïèñêîì ïóáëiêàöié i àïðîáàöi¹þ ðåçóëüòàòiâ. Ïîâíèé îáñÿã ðîáîòè
ñòàíîâèòü 318 ñòîðiíîê äðóêîâàíîãî òåêñòó iç íèõ ñïèñîê âèêîðèñòà-
íèõ äæåðåë ìiñòèòüñÿ íà 14 ñòîðiíêàõ, à äîäàòîê � íà 14 ñòîðiíêàõ.

ÎÑÍÎÂÍÈÉ ÇÌIÑÒ ÐÎÁÎÒÈ

Ó âñòóïi îá ðóíòîâàíî àêòóàëüíiñòü òåìè äèñåðòàöi¨, ñôîðìóëüî-
âàíî ìåòó, çàâäàííÿ äîñëiäæåííÿ òà íàóêîâó íîâèçíó îäåðæàíèõ ðå-
çóëüòàòiâ.

Ó ðîçäiëi 1 íàâåäåíî îãëÿä ëiòåðàòóðè çà òåìîþ äèñåðòàöi¨.
Ó ðîçäiëi 2 íàâåäåíî îñíîâíi îçíà÷åííÿ òà ðåçóëüòàòè, ùî ñòîñó-

þòüñÿ ëîêàëüíèõ ìàéæå-êiëåöü. Ó ïiäðîçäiëi 2.1 íàâåäåíî ðåçóëüòà-
òè ïðî íiëüïîòåíòíi ãðóïè, ãðóïè Øìiäòà, ÿêi áóäå âèêîðèñòàíî â
ïîäàëüøèõ äîñëiäæåííÿõ.

Âèâ÷åííÿ ëîêàëüíèõ ìàéæå-êiëåöü áóëî çàïî÷àòêîâàíî Ìåêñî-
íîì1, ÿêèé âñòàíîâèâ, çîêðåìà, ùî àäèòèâíà ãðóïà ñêií÷åííîãî ëî-
êàëüíîãî ìàéæå-êiëüöÿ ïîâèííà áóòè p-ãðóïîþ.

Îçíà÷åííÿ 2.1. Ìàéæå-êiëüöå R ç îäèíèöåþ íàçèâà¹òüñÿ ëî-
êàëüíèì, ÿêùî ìíîæèíà L = R \ R∗ âñiõ íåîáîðîòíèõ åëåìåíòiâ
iç (R, ·) óòâîðþ¹ àäèòèâíó ïiäãðóïó â R+, òà ìàéæå-ïîëåì, êîëè
L = 0.

Íàâåäåìî îçíà÷åííÿ íiëüïîòåíòíî¨ ãðóïè (äèâ., íàïðèêëàä, Êó-
ðîø2).

Íåõàé G � ãðóïà. Íîðìàëüíèé ðÿä

{e} = G0 ⊂ G1 ⊂ G2 ⊂ . . . ⊂ Gn = G,

1Maxson C. J. On local near-rings, Math. Z., 106 (1968), 197�205.
2Kurosh A. G. Course of higher algebra. Moscow: Nauka, 1967 [in Russian].
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ãðóïè G íàçèâà¹òüñÿ öåíòðàëüíèì, ÿêùî ïðè i = 0, 1, . . . , n − 1
ôàêòîð-ãðóïà Gi+1/Gi ìiñòèòüñÿ â öåíòði ôàêòîð-ãðóïè G/Gi. Ãðó-
ïà G, ùî ìà¹ õî÷à á îäèí öåíòðàëüíèé ðÿä, íàçèâà¹òüñÿ íiëüïîòåí-
òíîþ.

Ãðóïîþ Øìiäòà àáî ìiíiìàëüíîþ íåíiëüïîòåíòíîþ ãðóïîþ íà-
çèâà¹òüñÿ ñêií÷åííà íåíiëüïîòåíòíà ãðóïà, áóäü-ÿêà âëàñíà ïiäãðó-
ïà ÿêî¨ íiëüïîòåíòíà. Âèâ÷åííÿ òàêèõ ãðóï áóëî çàïî÷àòêîâàíî
Î. Þ. Øìiäòîì3.

Ïiäðîçäië 2.2 ïðèñâÿ÷åíî âèâ÷åííþ ëîêàëüíèõ ìàéæå-êiëåöü ç
íiëüïîòåíòíîþ ìóëüòèïëiêàòèâíîþ ãðóïîþ.

Â íàñòóïíié òåîðåìi âñòàíîâëåíèé çâ'ÿçîê ìiæ íiëüïîòåíòíîþ
ìóëüòèïëiêàòèâíîþ ãðóïîþ òà àäèòèâíîþ ãðóïîþ â ëîêàëüíîìó
ìàéæå-êiëüöi.

Òåîðåìà 2.9. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ïîðÿäêó pn

ç íiëüïîòåíòíîþ ìóëüòèïëiêàòèâíîþ ãðóïîþ R∗. ßêùî p > 2 àáî
p = 2 òà −i ∈ Z(R∗), òî ìàþòü ìiñöå òàêi òâåðäæåííÿ:

1. Àäèòèâíà ãðóïà R+ � àáåëåâà.

2. L � àáåëåâà òà ìà¹ iíäåêñ 2 â R+.

Çîêðåìà, R/L ¹ ïîëå.

Ïiäðîçäië 2.3 ïðèñâÿ÷åíî âèâ÷åííþ ëîêàëüíèõ ìàéæå-êiëåöü ç
ìóëüòèïëiêàòèâíèìè ãðóïàìè Øìiäòà.

Ðîçãëÿíåìî ëîêàëüíi ìàéæå-êiëüöÿ, ïiäãðóïè íåîáîðîòíèõ åëå-
ìåíòiâ ÿêèõ ¹ íåòðèâiàëüíèìè.

Íàãàäà¹ìî, ùî ïðîñòå ÷èñëî âèäó p = 22
s

+1 ç öiëèì ÷èñëîì s ≥ 0
íàçèâà¹òüñÿ ïðîñòèì ÷èñëîì Ôåðìà.

Òåîðåìà 2.10. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ïîðÿäêó pn,
ÿêå íå ¹ ìàéæå-ïîëåì òà ìóëüòèïëiêàòèâíà ãðóïà R∗ ÿêîãî ¹ ãðó-
ïîþ Øìiäòà. Òîäi ìàþòü ìiñöå íàñòóïíi òâåðäæåííÿ:

1) ÿêùî p > 2, òî |R| = p2 äëÿ äåÿêîãî ïðîñòîãî ÷èñëà Ôåðìà p,
àäèòèâíà ãðóïà R+ ¹ åëåìåíòàðíîþ àáåëåâîþ òà iñíó¹ òàêèé
íåîáîðîòíèé åëåìåíò a iç R, ùî

R+ =<i> + <a>,

3Shmidt O. Iu. Groups, all subgroups of which are special. Math. col., 31 1924,
366�372 [in Russian].
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äå i � îäèíèöÿ â R, a2 = 0 òà (ik)a = −ak äëÿ äîâiëüíîãî ïåð-
âiñíîãî êîðåíÿ k çà ìîäóëåì p. Çîêðåìà, äëÿ êîæíîãî ïðîñòîãî
÷èñëà Ôåðìà p iñíó¹ ¹äèíå ëîêàëüíå ìàéæå-êiëüöå ïîðÿäêó p2,
ìóëüòèïëiêàòèâíà ãðóïïà ÿêîãî ¹ ãðóïîþ Ìiëëåðà�Ìîðåíî;

2) ÿêùî p = 2, òî |R| = 2n ç n = 2m, äå m � ïðîñòå ÷èñëî,
äëÿ ÿêîãî 2m− 1 ¹ ïðîñòèì ÷èñëîì Ìåðñåííà, òà R∗ ¹ ãðóïîþ
Ìiëëåðà�Ìîðåíî.

Ó ïiäðîçäiëi 2.5 äîñëiäæåíî ëîêàëüíi ìàéæå-êiëüöÿ íà ñêií÷åííèõ
p-ãðóïàõ ç öèêëi÷íèìè ïiäãðóïàìè iíäåêñó p.

Â òåîðåìi 12.5.1 4 äîâåäåíî, ùî iñíó¹ ñiì òèïiâ p-ãðóï ç öèêëi÷íîþ
ïiäãðóïîþ iíäåêñó p.

Òåîðåìà 2.17. Ãðóïè ïîðÿäêó pn, ÿêi ìiñòÿòü öèêëi÷íó ïiäãðó-
ïó ç iíäåêñîì p, ìàþòü òàêi òèïè: àáåëåâi,
n ≥ 1, öèêëi÷íi:
1) ap

n

= 1;
n ≥ 2:
2) ap

n−1

= 1, bp = 1, ba = ab;
íåàáåëåâi,
p � íåïàðíå, n ≥ 3:
3) ap

n−1

= 1, bp = 1, ba = a1+p
n−2

b;
p = 2, n ≥ 3:
4) óçàãàëüíåíà ãðóïè êâàòåðíiîíiâ:

a2
n−1

= 1, b2 = a2
n−2

, ba = a−1b;
p = 2, n ≥ 3:
5) ãðóïà äiåäðà:

a2
n−1

= 1, b2 = 1, ba = a−1b;
p = 2, n ≥ 4:
6) a2

n−1

= 1, b2 = 1, ba = a1+2n−2

b;
p = 2, n ≥ 4:
7) a2

n−1

= 1, b2 = 1, ba = a−1+2n−2

b.
Òåîðåìà 2.21. Íåõàé G � p-ãðóïà ç öèêëi÷íîþ ïiäãðóïîþ iíäå-

êñó p. G � àäèòèâíà ãðóïà ìàéæå-êiëüöÿ ç îäèíèöåþ òîäi i òiëüêè
òîäi, êîëè âèêîíó¹òüñÿ îäíå ç íàñòóïíèõ òâåðäæåíü:

1. G =<a| apn>, n ≥ 1.

2. G =<a, b| apn−1

, bp, ba = ab>, n ≥ 2.

4Õîëë Ì. Òåîðiÿ ãðóï, Ì.: Âèäàâíèöòâî iíîçåìíî¨ ëiòåðàòóðè, 1962. (ðîñ.)
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3. G =<a, b| apn−1

, bp, ba = a1+p
n−2

b>, p � íåïàðíå, n ≥ 3.

4. G =<a, b| a4, b2, ba = a−1b>.

5. G =<a, b| a2n−1

, b2, ba = a1+2n−2

b>, n ≥ 4.

Ó ðîçäiëi 3 âèâ÷àþòüñÿ ëîêàëüíi ìàéæå-êiëüöÿ íà ñêií÷åííèõ íå-
àáåëåâèõ 2-ïîðîäæåííèõ p-ãðóïàõ.

Êëàñèôiêàöiÿ ñêií÷åííèõ íåàáåëåâèõ 2-ïîðîäæåíèõ p-ãðóï ç öè-
êëi÷íèì êîìóòàíòîì äëÿ íåïàðíèõ ïðîñòèõ ÷èñåë p äàíà Ì¹õîì5.

Òåîðåìà 3.1. Íåõàé G � ñêií÷åííà íåàáåëåâà 2-ïîðîäæåíà p-
ãðóïà ç öèêëi÷íèì êîìóòàíòîì äëÿ íåïàðíèõ ïðîñòèõ ÷èñåë p. Äà-
ëi äàíi âèçíà÷àëüíi ñïiââiäíîøåííÿ âñiõ íåiçîìîðôíèõ ãðóï G.

(A.1) G = 〈a, b | apl = bp
m

= 1, ba = ba = b1+p
s〉, äå 1 ≤ s < m òà

m− s ≤ l.

(A.2) G = 〈a, b | bpm = 1, ba = b1+p
s

, ap
l

= bp
h〉, äå 1 ≤ s < h < m òà

m− s ≤ h < l.

(B.1) G = 〈a, b, u | apl = bp
m

= up
n

= 1, ba = bu, ua = ub = u〉, äå
1 ≤ n ≤ m ≤ l.

(B.2) G = 〈a, b, u | apl = up
n

= 1, bp
m

= up
k

, ba = bu, ua = ub = u〉, äå
n ≤ l, n ≤ m, 1 ≤ k < n.

(B.3) G = 〈a, b, u | upn = 1, ap
l

= up
h

, bp
m

= up
k

, ba = bu, ua = ub =
u〉, äå 1 ≤ k < h < n ≤ m, m+ h− k < l.

(C.1) G = 〈a, b, u | apl = bp
m

= up
n

= 1, up
n

= 1, ba = bu, ua =
u1+p

s

, ub = u〉, äå n ≤ l, n ≤ m, 0 < s < n.

(C.2) G = 〈a, b, u | apl = up
n

= 1, ba = bu, ua = u1+p
s

, ub = u, bp
m

=

urp
k〉, äå n ≤ l, k ≤ m, r 6≡ 0(p), 0 < k < n, 0 < s < n,

pm ≡ rpk+s(pn).

(D.1) G = 〈a, b, u | apl = up
h

, ba = bu, ua = u1+p
s

, ub = u, bp
m

= up
n

=
1〉, äå n ≤ l, n− s ≤ h < n ≤ m, 0 < s < n.

5Miech R. J. On p-groups with a cyclic commutator, J. Austral. Math. Soc., 20
(1975), 178�198.
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(D.2) G = 〈a, b, u | apl = up
h

, up
n

= 1, ba = bu, ua = u1+p
s

, ub =

u, bp
m

= urp
k〉, äå 0 < h < n ≤ l, 0 < s < n, n − s ≤ h,

r ≡ 0(p), 0 < k < n, k < m, pm ≡ rpk+s(pn), òà ÿêùî k < h, òî
l + k > m+ h, ÿêùî h ≤ k, òî m+ n− s > l + k − h.

(E.1) G = 〈a, b, u | bpm = up
n

= 1, ba = bu, ua = u1+p
s

, ub = u, bp
h

=

ap
l〉, äå 0 < s < n, 0 < h < m, 0 < l − h < n− s, n ≤ h.

(E.2) G = 〈a, b, u | bpm = up
n

= 1, ba = bu, ua = u1+p
s

, ub = u, ap
l

=

bp
h

utp
j 〉 äå n ≤ l, 0 < h < m, 0 < s < n, 0 < l−h < n−s, n ≤ m,

t 6≡ 0(p), 0 ≤ j < h, j < n, ph + tps+j ≡ 0(pn) òà n ≤ j +m− h.

(E.3) G = 〈a, b, u | bpm = up
n

= 1, ba = bu, ua = u1+p
s

, ub = u, ap
l

=

bp
h

utp
j 〉 äå n ≤ l, 0 < h < m, 0 < s < n, 0 < l−h < n−s, n ≤ m,

t 6≡ 0(p), 0 ≤ j < h, j < n, ph + tps+j ≡ 0(pn) òà n > j +m− h.

(F.1) G = 〈a, b, u | upn = 1, ba = bu, ua = u1+p
s

, ub = u, bp
m

=

urp
k

, ap
l

= bp
h

utp
j 〉 äå 0 < s < n, 0 < k < n, s < m, k < m,

pm ≡ rpk+s(pn), r 6≡ 0(p), h < l, h < m, l − h < n− s, t 6≡ 0(p),
n ≤ l, ph + tpj+s ≡ 0(pn), rpk + tpj+m−h ≡ 0(pn).

(F.2) G = 〈a, b, u | upn = 1, ba = bu, ua = u1+p
s

, ub = u, ap
l

=

bp
h

utp
j

, bp
m

= urp
k〉, äå 0 < s < n, 0 < k < n, k < m, s < m,

pm ≡ rpk+s(pn), r 6≡ 0(p), h < l, h < m, l − h < n − s,
t 6≡ 0(p), n ≤ l, ph + tpj+s ≡ 0(pn), rpk + tpj+m−h 6≡ 0(pn),
j +m+ n > l + s+ k.

Â ñòàòòi Ìåíåãàööî6 çíàéäåíî ãðóïè àâòîìîðôiçìiâ ñêií÷åííèõ
íåàáåëåâèõ 2-ïîðîäæåíèõ p-ãðóï ç öèêëi÷íèì êîìóòàíòîì (p > 2).

Ëåìà 3.4. Ãðóïè àâòîìîðôiçìiâ ãðóï òèïiâ (A.2), (B.3), (D.1),
(D.2), (E.1), (E.2), (E.3), (F.1) i (F.2) ¹ p-ãðóïàìè.

ßê íàñëiäîê ìà¹ìî íàñòóïíå òâåðäæåííÿ.
Ëåìà 3.5. Íå iñíó¹ ëîêàëüíèõ ìàéæå-êiëåöü ç àäèòèâíîþ ãðó-

ïîþ îäíîãî ç òèïiâ (A.2), (B.3), (D.1), (D.2), (E.1), (E.2), (E.3),
(F.1) ÷è (F.2).

Íàñòóïíà òåîðåìà äà¹ äîñòàòíi óìîâè äëÿ iñíóâàííÿ ñêií÷åí-
íèõ ëîêàëüíèõ ìàéæå-êiëåöü, àäèòèâíà ãðóïà ÿêèõ içîìîðôíà ãðóïi
G(pm, pn, r).

6Menegazzo F. Automorphisms of p-groups with cyclic commutator subgroup,
Rend. Sem. Mat. Univ. Padova, 90 (1993), 81�101.
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Òåîðåìà 3.35. Äëÿ êîæíîãî ïðîñòîãî ÷èñëà p òà òàêèõ äîäà-
òíiõ öiëèõ m, n, ùî àáî m ≥ n+ r ≥ 2r + [ 2p ], àáî p = 2, 2 < m ≤ n

òà r = 1 iñíó¹ ëîêàëüíå ìàéæå-êiëüöå R, àäèòèâíà ãðóïà ÿêîãî R+

içîìîðôíà ãðóïi G(pm, pn, r).
Ó ïiäðîçäiëi 3.3 âèâ÷àþòüñÿ ëîêàëüíi ìàéæå-êiëüöÿ íà ãðóïàõ òè-

ïó (B.1).
Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ç îäèíèöåþ i, ãðóïà R+ ÿêîãî

içîìîðôíà ãðóïi G(pm, pn, pd). Òîäi R+ = 〈a〉+ 〈b〉+ 〈c〉 ç åëåìåíòàìè
a, b òà c, ùî çàäîâîëüíÿþòü ñïiââiäíîøåííÿ apm = bpn = cpd = 0,
−b + a + b = a + c òà −a + c + a = −b + c + b = c ç 1 ≤ d ≤ n ≤ m,
äå a = i òà êîæåí åëåìåíò x ∈ R îäíîçíà÷íî çàïèñó¹òüñÿ ó âèãëÿäi
x = ax1 + bx2 + cx3 ç êîåôiöi¹íòàìè 0 ≤ x1 < pm, 0 ≤ x2 < pn òà
0 ≤ x3 <pd.

Ïîêàæåìî, ùî ìíîæèíà L óñiõ íåîáîðîòíèõ åëåìåíòiâ R ¹ ïiäãðó-
ïîþ iíäåêñó p â R+.

Òåîðåìà 3.49. Ìàþòü ìiñöå òàêi òâåðäæåííÿ:

1. L = 〈a · p〉+ 〈b〉+ 〈c〉 i, çîêðåìà, ïiäãðóïà L ìà¹ iíäåêñ p â R+

òà |R∗| = pm+n+d−1(p− 1);

2. x = ax1+bx2+cx3 ¹ îáîðîòíèì åëåìåíòîì òîäi i òiëüêè òîäi,
êîëè x1 6≡ 0 ( mod p ).

Îòðèìó¹ìî íàñòóïíó ôîðìóëó äëÿ ìíîæåííÿ åëåìåíòiâ x = ax1+
bx2 + cx3 òà y = ay1 + by2 + cy3 ó ëîêàëüíîìó ìàéæå-êiëüöi R.

Íàñëiäîê 3.50. ßêùî x, y ∈ R ç 1 ≤ d ≤ n ≤ m i xb = aα(x) +
bβ(x) + cγ(x), òî

xy = a(x1y1 + y2α(x)) + b(x2y1 + y2β(x))+

+c(−x1x2
(
y1
2

)
−
(
y2
2

)
α(x)β(x)− x2y1y2α(x)+

+x3y1 + y2γ(x) + x1y3β(x)− x2y3α(x)),

äå âiäîáðàæåííÿ α : R→ Zpm , β : R→ Zpn i γ : R→ Zpd , òà ìàþòü
ìiñöå íàñòóïíi òâåðäæåííÿ:

(0) α(0) ≡ 0 ( mod pm), β(0) ≡ 0 ( mod pn) and γ(0) ≡ 0 ( mod pd)
òîäi i òiëüêè òîäi, êîëè ìàéæå-êiëüöå R ¹ íóëü-
ñèìåòðè÷íèì;
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(1) α(x) ≡ 0 ( mod p);

(2) ÿêùî β(x) ≡ 0 ( mod p), òî x1 ≡ 0 ( mod p);

(3) α(xy) ≡ x1α(y) + α(x)β(y) ( mod pm );

(4) β(xy) ≡ x2α(y) + β(x)β(y) ( mod pn );

(5) γ(xy) ≡ −x1x2
(
α(y)
2

)
− α(x)β(x)

(
β(y)
2

)
− x2α(x)α(y)β(y)

+x3α(y) + γ(x)β(y) + x1β(x)γ(y)− x2α(x)γ(y) ( mod pd ).

Íàñòóïíà òåîðåìà ïîêàçó¹, ùî óìîâè, íàâåäåíi â òåîðåìi 3.49, ¹
äîñòàòíiìè äëÿ iñíóâàííÿ ñêií÷åííèõ ëîêàëüíèõ ìàéæå-êiëåöü íà
G(pm, pn, pd). Áiëüø òîãî, êîæíà ãðóïà G(pm, pn, pd) ¹ àäèòèâíîþ
ãðóïîþ ìàéæå-êiëüöÿ ç îäèíèöåþ.

Òåîðåìà 3.51. Äëÿ êîæíîãî ïðîñòîãî ÷èñëà p òà äîäàòíèõ
öiëèõ ÷èñåë m, n òà d ç 1 ≤ d ≤ n ≤ m iñíó¹ ëîêàëüíå ìàéæå-
êiëüöå R, àäèòèâíà ãðóïà ÿêîãî R+ içîìîðôíà ãðóïi G(pm, pn, pd).

ßê íàñëiäîê ìà¹ìî íàñòóïíå òâåðäæåííÿ.
Íàñëiäîê 3.52. Êîæíà ãðóïà G(pm, pn, pd) ¹ àäèòèâíîþ ãðóïîþ

ìàéæå-êiëüöÿ ç îäèíèöåþ.
Ó ðîçäiëi 4 äîñëiäæóþòüñÿ íàïiâäèñòðèáóòèâíi ìàéæå-êiëüöÿ ç

îäèíèöåþ òà ëîêàëüíi ìàéæå-êiëüöÿ.
Íàâåäåìî îçíà÷åííÿ íàïiâäèñòðèáóòèâíîãî ìàéæå-êiëüöÿ.
Îçíà÷åííÿ 4.5. (Ëiâå) ìàéæå-êiëüöå R íàçèâà¹òüñÿ íàïiâ-

äèñòðèáóòèâíèì, ÿêùî òàêèì ¹ ìíîæåííÿ ñïðàâà âiäíîñíî éîãî
äîäàâàííÿ. Iíøèìè ñëîâàìè, äëÿ áóäü-ÿêèõ åëåìåíòiâ r, s, t ∈ R
âèêîíó¹òüñÿ ðiâíiñòü (r + s+ r)t = rt+ st+ rt.

Âiäîìî, ùî àäèòèâíà ãðóïà áóäü-ÿêîãî äèñòðèáóòèâíîãî ìàéæå-
êiëüöå ç îäèíèöåþ ¹ àáåëåâîþ. Íàñòóïíå òâåðäæåííÿ ïîøèðþ¹ öåé
ôàêò íà íàïiâäèñòðèáóòèâíi ìàéæå-êiëüöÿ.

Ëåìà 4.8. Àäèòèâíà ãðóïà êîæíîãî íàïiâäèñòðèáóòèâíîãî
ìàéæå-êiëüöÿ R ç îäèíèöåþ ¹ àáåëåâîþ.

Òåîðåìà 4.15. Íàïiâäèñòðèáóòèâíå ìàéæå-êiëüöå R ç îäèíè-
öåþ ¹ ïðîñòèì ÿê ìàéæå-êiëüöå òîäi i òiëüêè òîäi, êîëè R ¹ ïðî-
ñòèì àñîöiàòèâíèì êiëüöåì.

Ó ðîçäiëi 5 âèêîðèñòîâóþ÷è ïàêåò YangBaxter, íàäàíî êëàñèôi-
êàöiþ áðåéñiâ (äî ïîðÿäêó 32) òà êîñèõ áðåéñiâ (äî ïîðÿäêó 16) âiä-
ïîâiäíî äî àäèòèâíèõ àáî ìóëüòèïëiêàòèâíèõ ãðóï, ÿêi ¹ p-ãðóïàìè
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Ìiëëåðà�Ìîðåíî. Êðiì òîãî, ìè íàäà¹ìî äåÿêó iíôîðìàöiþ ùîäî
áðåéñiâ, ùî ñòîñóþòüñÿ, ïàêåòó LocalNR.

Ó ðîçäiëi 6 íàâåäåíî àëãîðèòì ïîáóäîâè ñêií÷åííèõ ëîêàëü-
íèõ ìàéæå-êiëåöü, ôóíêöi¨ äëÿ ìàéæå-êiëåöü òà ãðóï äëÿ ïàêåòó
LocalNR, êëàñèôiêàöiÿ ëîêàëüíèõ ìàéæå-êiëåöü ìàëèõ ïîðÿäêiâ. Òà-
êîæ âèâ÷àþòüñÿ åíäîöèêëi÷íi ãðóïè òà ëîêàëüíi ìàéæå-êiëüöÿ.

Àëãîðèòì ïîáóäîâè ìàéæå-êiëåöü ç îäèíèöåþ áàçó¹òüñÿ íà íàñòó-
ïíié òåîðåìi (äèâ. òåîðåìà 17).

Òåîðåìà 6.3. Íåõàé G � ãðóïà, i íåõàé ìíîæèíà EndG óñiõ
åíäîìîðôiçìiâ G ðîçãëÿäà¹òüñÿ ÿê ìîíî¨ä ùîäî êîìïîçèöi¨ åíäîìîð-
ôiçìiâ. Òîäi G � àäèòèâíà ãðóïà ìàéæå-êiëüöÿ ç îäèíèöåþ òîäi i
òiëüêè òîäi, êîëè iñíóþòü åëåìåíò g ∈ G òà ïiäìîíî¨ä F ãðóïè
EndG òàêi, ùî G = gF òà gφ = gψ ëèøå òîäi, êîëè φ = ψ äëÿ
áóäü-ÿêèõ φ, ψ ∈ F .

Íàñòóïíà òåîðåìà îïèñó¹ óìîâè, çà ÿêèõ ìàéæå-êiëüöå Nr =
(G, ·, ?F ), ïîáóäîâàíå íà G ìîíî¨äîì F , ¹ ëîêàëüíèì.

Òåîðåìà 6.4. Íåõàé ãðóïà G, ¨¨ åëåìåíò g òà ïiäìîíî¨ä F ç
EndG çàäîâîëüíÿþòü âèñíîâîê òåîðåìè 6.3 i íåõàé A = F ∩AutG.
Ìàéæå-êiëüöå Nr = (G, ·, ?F ) ¹ ëîêàëüíèì òîäi é òiëüêè òîäi, êîëè
iñíó¹ òàêà ïiäãðóïà L ãðóïè G, ùî G = gA ∪ L òà gA ∩ L = ∅.

Ôóíêöi¨ äëÿ ìàéæå-êiëåöü äëÿ ïàêåòó LocalNR: TheAddi-
tiveGroupsOfLibraryOfLNRsOfOrder, TheLibraryOfLNRsOnGroup,
LocalNearRing, AllLocalNearRings, IsAdditiveGroupOfLibraryOfLNRs,
InfoLocalNearRing.

Ôóíêöi¨ äëÿ ãðóï äëÿ ïàêåòó LocalNR: IsMinimalNonAbeli-
anGroup, IsMetacyclicPGroup, EndoOrbitsOfGroup, IsEndoCycli-
cGroup.

Êëàñèôiêîâàíî 2-ïîðîäæåííi ãðóïè ¹ àäèòèâíèìè ãðóïàìè ëî-
êàëüíèõ ìàéæå-êiëåöü ïîðÿäêó 64 (òåîðåìà 7.1).

Òåîðåìà 7.4 îïèñó¹ òàêi ãðóïè ïîðÿäêó 81 = 34. Çîêðåìà, ñåðåä 15
íåiçîìîðôíèõ ãðóï öüîãî ïîðÿäêó ëèøå 9 ¹ òàêèìè ãðóïàìè.

Çàçíà÷èìî, ùî iñíóþòü 15 íåiçîìîðôíèõ ãðóï ïîðÿäêó 81 = 34, ç
ÿêèõ 9 ¹ àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü. Òåîðåìà 7.5
îïèñó¹ 2-ïîðîäæåíi ãðóïè ïîðÿäêó 243 = 35 ç öi¹þ âëàñòèâiñòþ.
Çîêðåìà, ñåðåä 29 íåiçîìîðôíèõ 2-ïîðîäæåíèõ ãðóï öüîãî ïîðÿäêó
ëèøå 10 ¹ òàêèìè àäèòèâíèìè ãðóïàìè.

7Sysak Ya., Raievska I., Raievska M. Construction of local nearrings using GAP.
Algebra Discrete Math., 2025, 40 (1), 133�144.
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Âiäîìî, ùî iñíó¹ 5 íåiçîìîðôíèõ ãðóï ïîðÿäêó 113 = 1331. Âèÿâ-
ëÿ¹òüñÿ, ùî âñi âîíè ¹ àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü.
Òåîðåìà 7.8 ìiñòèòü ñïèñîê óñiõ íåiçîìîðôíèõ ìàéæå-êiëåöü öüîãî
ïîðÿäêó.

Iñíó¹ 267 íåiçîìîðôíèõ ãðóï ïîðÿäêó 64 = 26, ç ÿêèõ 53 ¹ 2-
ïîðîäæåíèìè ãðóïàìè, i ëèøå 39 ç öèõ ãðóï ¹ åíäîöèêëi÷íèìè (ëå-
ìà 7.10). Áiëüøå òîãî, 24 ç öèõ ãðóï ¹ àäèòèâíèìè ãðóïàìè ëîêàëüíèõ
ìàéæå-êiëåöü.

Òåîðåìà 7.11. Íåõàé G � 2-ïîðîäæåíà ãðóïà ïîðÿäêó 64. ßêùî
G � àäèòèâíà ãðóïà ëîêàëüíîãî ìàéæå-êiëüöÿ R, òî G ¹ åíäîöè-
êëi÷íîþ.

Iñíó¹ 56092 íåiçîìîðôíèõ ãðóï ïîðÿäêó 256 = 28, ç ÿêèõ 540 ¹ 2-
ïîðîäæåíèìè ãðóïàìè: 3 ãðóïè ìàþòü åêñïîíåíòó 128, 9 ãðóï ìàþòü
åêñïîíåíòó 64, 30 ãðóï ìàþòü åêñïîíåíòó 32, 107 ãðóï ìàþòü åêñïî-
íåíòó 16, 84 ãðóïè ìàþòü åêñïîíåíòó 8, òà 3 ãðóïè ìàþòü åêñïîíåíòó
4.

Âèçíà÷åíî âñi åíäîöèêëi÷íi 2-ïîðîäæåíi ãðóïè G ïîðÿäêó 256 åêñ-
ïîíåíòè 16 òà ïîðÿäîê ìíîæèíè âñiõ åëåìåíòiâ ãðóïè G, ïîðÿäîê
ÿêèõ äîðiâíþ¹ åêñïîíåíòi öi¹¨ ãðóïè (ëåìà 7.17).

Ñïèñîê íàóêîâèõ ïðàöü, äå îïóáëiêîâàíî ðåçóëüòàòè äèñåðòàöi¨, é
iíôîðìàöiþ ùîäî ¨õíüî¨ àïðîáàöi¨ íàâåäåíî ó äîäàòêó À.

ÂÈÑÍÎÂÊÈ
Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ ìîæíà ñôîðìóëþâàòè òàêèì ÷è-

íîì:
� Âñòàíîâëåíèé çâ'ÿçîê ìiæ íiëüïîòåíòíîþ ìóëüòèïëiêàòèâíîþ

ãðóïîþ òà àäèòèâíîþ ãðóïîþ â ëîêàëüíîìó ìàéæå-êiëüöi.
� Êëàñèôiêîâàíî ëîêàëüíi ìàéæå-êiëüöÿ, ÿêi íå ¹ ïîëÿìè òà ìóëü-

òèïëiêàòèâíà ãðóïà ÿêèõ ¹ ãðóïîþ Øìiäòà.
� Çíàéäåíi àäèòèâíi ãðóïè ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó 32

òà 128 ç ìóëüòèïëiêàòèâíèìè ãðóïàìè Ìiëëåðà�Ìîðåíî.
� Âèâ÷åíi ñêií÷åííi p-ãðóïè ç öèêëi÷íîþ ïiäãðóïîþ iíäåêñó p ÿê

àäèòèâíi ãðóïè ëîêàëüíèõ ìàéæå-êiëåöü.
� Îòðèìàíî ëîêàëüíi ìàéæå-êiëüöÿ ç áiáëiîòåêè ïàêåòó SONATA

ñèñòåìè êîìï'þòåðíî¨ àëãåáðè GAP.
� Ïðîàíàëiçîâàíî ñêií÷åííi íåàáåëåâi 2-ïîðîäæåííi p-ãðóïè ç öè-

êëi÷íèì êîìóòàíòîì.
� Ïîêàçàíî, ùî íå iñíó¹ ìàéæå-êiëåöü ç îäèíèöåþ, àäèòèâíà ãðóïà

ÿêîãî içîìîðôíà ãðóïi G(pm, pn) ç p > 2 i 2 ≤ m ≤ n.
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� Âèâ÷åíî ñêií÷åííi ëîêàëüíi ìàéæå-êiëüöÿ ç ðîçùåïëåíîþ ìåòà-
öèêëi÷íîþ àäèòèâíîþ ãðóïîþ.

� Îòðèìàíî íåîáõiäíi i äîñòàòíi óìîâè iñíóâàííÿ ëîêàëüíèõ
ìàéæå-êiëåöü íà ãðóïàõ òèïó (B.1). Äîâåäåíî, ùî iíäåêñ ïiäãðóïè
âñiõ íåîáîðîòíèõ åëåìåíòiâ òàêèõ ìàéæå-êiëåöü â àäèòèâíié ãðóïi
äîðiâíþ¹ p. À òàêîæ, ïîêàçàíî, ùî êîæíà ãðóïà òèïó (B.1) ¹ àäè-
òèâíîþ ãðóïîþ ìàéæå-êiëüöÿ ç îäèíèöåþ.

� Ââåäåíî òà äîñëiäæåíî íàïiâäèñòðèáóòèâíi ìàéæå-êiëüöÿ ç îäè-
íèöåþ.

� Âèâ÷åíî íàïiâãðóïó íåîáîðîòíèõ åëåìåíòiâ ëîêàëüíèõ ìàéæå-
êiëåöü, àäèòèâíà ãðóïà ÿêîãî içîìîðôíà àáåëåâié ãðóïi òèïó (2m, 2n)
ç m ≥ n > 1.

� Âèêîðèñòîâóþ÷è ïàêåò YangBaxter, íàäàíî êëàñèôiêàöi¨ áðåé-
ñiâ (äî ïîðÿäêó 32) òà êîñèõ áðåéñiâ (äî ïîðÿäêó 16) âiäïîâiäíî äî
àäèòèâíèõ àáî ìóëüòèïëiêàòèâíèõ ãðóï, ÿêi ¹ p-ãðóïàìè Ìiëëåðà�
Ìîðåíî.

� Íàâåäåíî äåÿêó iíôîðìàöiþ ùîäî ìàéæå-êiëüöåâèõ áðåéñiâ, ùî
ñòîñóþòüñÿ, ïàêåòó LocalNR.

� Îòðèìàíî àëãîðèòì ïîáóäîâè ñêií÷åííèõ ëîêàëüíèõ ìàéæå-
êiëåöü.

� Íàâåäåíî ôóíêöi¨ äëÿ ëîêàëüíèõ ìàéæå-êiëåöü ç ïàêåòó
LocalNR, à ñàìå: TheAdditiveGroupsOfLibraryOfLNRsOfOrder,
TheLibraryOfLNRsOnGroup, LocalNearRing, AllLocalNearRings,
IsAdditiveGroupOfLibraryOfLNRs, InfoLocalNearRing.

� Íàâåäåíî ôóíêöi¨ äëÿ ãðóï ç ïàêåòó LocalNR, à ñàìå: IsMi-
nimalNonAbelianGroup, IsMetacyclicPGroup, EndoOrbitsOfGroup,
IsEndoCyclicGroup.

� Êëàñèôiêîâàíî ëîêàëüíi ìàéæå-êiëüöÿ íà 2-ïîðîäæåíèõ ãðóïàõ
ïîðÿäêiâ 64 òà 243.

� Íàâåäåíî êëàñèôiêàöiþ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêiâ 81 òà
1331.

� Âèâ÷åíî ëîêàëüíi ìàéæå-êiëüöÿ òà åíäîöèêëi÷íi 2-ïîðîäæåíi
ãðóïè ïîðÿäêiâ 64 òà 256.

Ñïèñîê îïóáëiêîâàíèõ ïðàöü çà òåìîþ äèñåðòàöi¨

1. Raievska I., Raievska M., Sysak Ya. LocalNR package and some of
its applications. Algebra Discrete Math., 2025, 40 (2), 215�225,
https://doi.org/10.12958/adm2449 (SJR � Q3)
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2. Ðà¹âñüêà I., Ðà¹âñüêà Ì. Ïðî åíäîöèêëi÷íi 2-ïîðîäæåíi ãðóïè ïî-
ðÿäêó 256 òà åêñïîíåíòè 16. Áóêîâèíñüêèé ìàòåì. æóðíàë, 2025,
13 (2), 161�169 (Êàòåãîðiÿ Á)

3. Sysak Ya., Raievska I., Raievska M. Construction of local nearri-
ngs using GAP. Algebra Discrete Math., 2025, 40 (1), 133�144,
https://doi.org/10.12958/adm2427 (SJR � Q3)

4. Raievska I., Raievska M. Local nearrings and endocyclic groups of
small order. Scienti�c Bulletin of Uzhhorod University. Series of
Mathematics and Informatics, 2025, 47 (2), 65�71,
https://doi.org/10.24144/2616-7700.2025.47(2).65-71 (Êà-
òåãîðiÿ Á)

5. Raievska I., Raievska M. Braces and skew-braces via gap: YangBaxter
and LocalNR packages. Journal of Mathematical Sciences, 2025, 294,
230�241,
https://link.springer.com/article/10.1007/

s10958-025-08097-1 (SJR � Q3)

6. Raievska M. p-groups with cyclic subgroup of index p and local nearri-
ngs. Ïðèêë. ïðîáëåìè ìåõ. i ìàò., 2024, 22, 117�122 (Êàòåãîðiÿ
Á)

7. Raievska I., Raievska M. Local nearrings, their structure, and
the GAP system. Ukrainian Math. J., 2025, 76 (11), 1831�
1848, https://doi.org/10.1007/s11253-025-02426-y; translation
of Ukrain. Mat. Zh., 2024, 76 (11), 1629�1644 (SJR � Q3)

8. Ðà¹âñüêà Ì. Ïðî ëîêàëüíi ìàéæå-êiëüöÿ ç íiëüïîòåíòíîþ ìóëüòè-
ïëiêàòèâíîþ ãðóïîþ. Íàóêîâèé âiñíèê Óæãîðîäñüêîãî óíiâåðñè-
òåòó. Ñåðiÿ ¾Ìàòåìàòèêà i iíôîðìàòèêà¿, 2025, 46 (1), 89�92,
https://doi.org/10.24144/2616-7700.2025.46(1).89-92 (Êà-
òåãîðiÿ Á)

9. Raievska I., Raievska M., Sysak Ya. Semidistributive nearrings with
identity. Algebra Discrete Math., 36(2) (2023), 217�224,
https://admjournal.luguniv.edu.ua/index.php/

adm/article/view/2207/pdf (SJR � Q3)

10. Raievska M. On semidistributive local nearrings. Íàóêîâèé âiñíèê
Óæãîðîäñüêîãî óíiâåðñèòåòó. Ñåðiÿ �Ìàòåìàòèêà i iíôîðìà-
òèêà�, 43(2) (2023), 67�71,
https://doi.org/10.24144/2616-7700.2023.43(2).67-71 (Êà-



20

òåãîðiÿ Á)

11. Raievska I. Yu., Raievska M. Yu. Local near-rings with a multipli-
cative Schmidt group. Ukr. Math. J., 71 (2020), No. 10, P. 1643�
1649, https://doi.org/10.1007/s11253-020-01737-6; ïåðåêëà-
äåíî ç Ukr. Mat. Zh., 2019, 71, No. 10, 1435�1440. (in Ukrainian),
http://umj.imath.kiev.ua/index.php/umj/

article/view/1526/509 (SJR � Q3)

12. Raievska I. Yu., Raievska M. Yu. Local nearrings on �nite non-abelian
2-generated p-groups. Carpathian Math. Publ., 12 (1) (2020), 199�
207,
URL: https://journals.pnu.edu.ua/index.php/cmp/
article/view/3905/4478 (SJR � Q2)

13. Raievska I. Yu., Raievska M. Yu. Finite nearrings with identity on
Miller-Moreno groups. Mat. Stud., 2014, 42 (1), 15�20,
http://matstud.org.ua/texts/2014/42_1/15-20.pdf (Ôàõîâå
âèäàííÿ)

14. Ðà¹âñüêà I. Þ., Ðà¹âñüêà Ì.Þ. Ëîêàëüíi ìàéæå-êiëüöÿ ç îáìåæå-
ííÿìè íà ìóëüòèïëiêàòèâíi ãðóïè òà ïiäãðóïè íåîáîðîòíèõ åëå-
ìåíòiâ. Íàóêîâèé ÷àñîïèñ ÍÏÓ iìåíi Ì. Ï. Äðàãîìàíîâà. Ñåðiÿ
1. Ôiçèêî-ìàòåìàòè÷íi íàóêè, Êè¨â: ÍÏÓ iìåíi Ì. Ï. Äðàãîìà-
íîâà, 2013, 14, 134�145 (Ôàõîâå âèäàííÿ)

15. Raievska I. Yu., Raievska M. Yu., Sysak Ya. P. Local nearrings of
order 243. Proceedings CMSM 4, June 28 � July 2, 2017, Chisinau
/ ed.: Mitrofan Choban [et al.]. Chisinau: Institute of Mathematics
and Computer Science, 2017 (CEP USM), 149-�152.

16. Raievska I. Yu., Raievska M. Yu., Sysak Ya. P. Finite local nearri-
ngs with split metacyclic additive group. Algebra and Discrete
Mathematics, (2016), 22 (1), 129�152,
http://admjournal.luguniv.edu.ua/index.php/adm/

article/view/293/pdf (SJR � Q4)

17. Raievska I., Raievska M., Sysak Ya. DatabaseEndom64: (v1.0.1)
[Data set] (2024). Zenodo,
https://doi.org/10.5281/zenodo.10820320

18. Raievska I., Raievska M., Sysak Ya. DatabaseEndom243: (v1.0.1)
[Data set] (2024). Zenodo,
https://doi.org/10.5281/zenodo.10820318



21

19. Raievska I., Raievska M., Sysak Ya. LocalNR, Package of local nearri-
ngs, Version 1.0.4 (2024) (GAP package),
https://gap-packages.github.io/LocalNR/

20. Raievska M. p-Groups with cyclic subgroup of index p and local
nearrings. 15th Ukraine Algebra Conference, Lviv, Ukraine, July 8-
�12, 2025. P. 87,
https://xvuac.mmf.com.ua/index.php/abstracts

21. Ðà¹âñüêà Ì. Ïðî ëîêàëüíi ìàéæå-êiëüöÿ ç íiëüïîòåíòíîþ ìóëü-
òèïëiêàòèâíîþ ãðóïîþ. The conference of young scientists �Pi-
dstryhach Readings � 2025�, Lviv, Ukraine, May 27�29, 2025,
http://iapmm.lviv.ua/chyt2025/abstracts/

Raievska\_Maryna.pdf

22. Raievska I. Yu., Raievska M. Yu. Braces, skew-braces, local nearrings
via GAP: the YangBaxter and LocalNR packages. Òåçè äîïîâiäåé
êîíôåðåíöi¨ ìîëîäèõ ó÷åíèõ �Ïiäñòðèãà÷iâñüêi ÷èòàííÿ � 2024�.
Ëüâiâ, Óêðà¨íà, 27�29 òðàâíÿ, 2024,
http://www.iapmm.lviv.ua/chyt2024/

abstracts/Raievska.pdf

23. Raievska I., Raievska M. LocalNR package and its applications,
GAP Days Spring 2024, University of Kaiserslautern-Landau, Kai-
serslautern, March 11�15, 2024,
https://www.gapdays.de/gapdays2024-spring/

abstracts/raievska

24. Raievska I., Raievska M. Finite local nearrings and their classi�cati-
on, International conference-workshop �GAP Days Summer 2022�,
RWTH Aachen University, Aachen, Germany, October 17�21, 2022,
https://www.gapdays.de/gapdays2022-summer/

abstracts/raievska

25. Raievska I., Raievska M., Local nearrings and their classi�cation,
International Conference �On the Trail of Women in Mathemati-
cs �Contemporary Women in Mathematics�, Gdansk, Poland,
September 15�17, 2022,
https://otowim22.ptkwm.pl/Abstract_Book.pdf

26. Raievska I., Raievska M., Local nearrings of order 343. International
Algebraic Conference �At the End of the Year 2021�. Kyiv, Ukraine,
December 27�28, 2021 (in the form of webinars)



22

https://www.imath.kiev.ua/ ~algebra/algebra2021/abstracts

27. Abramov A. V., Raievska I. Yu., Raievska M. Yu., Sysak Ya. P.,
Yurashev V. G. Miller�Moreno groups as multiplicative groups of
local nearrings of order 64. 13th International Algebraic Conference
in Ukraine. Kyiv, Ukraine, July 6�9, 2021 (in the form of webinars)
https://drive.google.com/file/d/

1wdZLWtj9jeFLH9BjSb7ZX5RFnTfTpstE/view

28. Abramov A. V., Raievska I. Yu., Raievska M. Yu., Sysak Ya.
P., Yurashev V. G. Local nearrings of order 1331. Abstracts of
the conference dedicated to the 60th anniversary of the algebra
department of Kyiv University. Kyiv, Ukraine, July 14�17, 2020,
P. 11;
https://drive.google.com/file/d/

1gyNWN20TC6VO9mP3uRXw7uG9bg-3S\_E7/view

29. Raievska I., Raievska M., The additive groups of local nearrings of
order 64. Òåçè äîïîâiäåé êîíôåðåíöi¨ ìîëîäèõ ó÷åíèõ �Ïiäñòðèãà-
÷iâñüêi ÷èòàííÿ � 2020�. Ëüâiâ, Óêðà¨íà, 26-�28 òðàâíÿ, 2020,
http://iapmm.lviv.ua/chyt2020/abstracts/Raievska.pdf

30. Raievska I. Yu., Raievska M. Yu. Some special p-groups and nearri-
ngs with identity. Òåçè äîïîâiäåé äî XII Ìiæíàðîäíî¨ àëãåáðà¨÷íî¨
êîíôåðåíöi¨ â Óêðà¨íi, ïðèñâÿ÷åíié 215-é ði÷íèöi ç äíÿ íàðîäæåí-
íÿ Â. Áóíÿêîâñüêîãî, 02�06 ëèïíÿ 2019 ð., Äîíåöüêèé íàöiîíàëü-
íèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòóñà, Âiííèöÿ, Óêðà¨íà, Ñ. 92�93,
https://jiac.donnu.edu.ua/article/view/6991

31. Ðà¹âñüêà I. Þ., Ðà¹âñüêà Ì. Þ. Ëîêàëüíi ìàéæå-êiëüöÿ íà ñêií-
÷åííèõ íåàáåëåâèõ p-ãðóïàõ. Òåçè äîïîâiäåé ìiæíàðîäíî¨ êîíôå-
ðåíöi¨ �Ñó÷àñíi ïðîáëåìè ìåõàíiêè òà ìàòåìàòèêè� ïðèñâÿ÷åíî¨
90-ði÷÷þ âiä äíÿ íàðîäæåííÿ àêàäåìiêà ÍÀÍ Óêðà¨íè ßðîñëàâà
Ñòåïàíîâè÷à Ïiäñòðèãà÷à òà 40-ði÷÷þ ñòâîðåíîãî íèì Iíñòèòóòó
ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè ÍÀÍ Óêðà¨íè, 22�25
òðàâíÿ 2018 ð., Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìà-
òèêè iì. ß. Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè, Ëüâiâ, Ò. 3, Ñ. 230,
http://www.iapmm.lviv.ua/mpmm2018/Volume_3.pdf

32. Raievska I. Yu., Raievska M. Yu., Sysak Ya. P. Local nearrings of
order 64. Abstracts of the International mathematical conference
�Groups and Actions: Geometry and Dynamics, dedicated to the
memory of professor Vitaly Sushchanskyy�. Kyiv, Ukraine, December



23

19-�22, 2016, P. 43.

33. Raievska I. Yu., Raievska M. Yu. Finite one-sided distributive
structures. Òåçè äîïîâiäåé XI Ëiòíüî¨ øêîëè �Àëãåáðà, Òîïîëî-
ãiÿ, Àíàëiç�, 1�14 ñåðïíÿ 2016 ð., Îäåñà, Óêðà¨íà,
http://www.imath.kiev.ua/~topology/

ata11/ata11\_theses.pdf

34. Raievska I., Raievska M. Local nearrings on �nite 2-generated non-
abelian non-metacyclic p-groups. Abstracts of Scienti�c Conference
dedicated to 100th anniversary of K. M. Fishman and M. K. Fage.
Chernivtsi, Ukraine, July 1�4, 2015, P. 103.

35. Raievska I. Yu., Raievska M. Yu., Sysak Ya. P. Local nearrings of
order 81. Abstracts of X International Algebraic Conference in Ukrai-
ne dedicated to the 70th anniversary of Yu. A. Drozd, Odessa, Ukrai-
ne, August 20-27, 2015, P. 94.

36. Raievska M. Finite local nearrings on non-abelian p-groups with
cyclic commutator subgroups. Abstracts of ñonference �Groups and
their actions�. Bedlewo (near Poznan), Poland, June 22�26, 2015,
http://mat.polsl.pl/groups/bedlewo-2015.pdf

37. Raievska I., Raievska M. Finite local nearrings on split metacyclic
additive group. Òåçè äîïîâiäåé Ìiæíàðîäíî¨ êîíôåðåíöi¨ ìîëîäèõ
ìàòåìàòèêiâ, 3�6 ÷åðâíÿ 2015 ð., Ií-ò ìàòåìàòèêè ÍÀÍ Óêðà¨íè,
Êè¨â, Óêðà¨íà, Ñ. 42.

38. Raievska M. On multiplicative groups of �nite local nearrings.
Abstracts of AAA89: Workshop on General Algebra, Dresden,
Germany, February 26 � March 1, 2015,
http://at.yorku.ca/cgi-bin/abstract/cbkb-72

39. Raievska I., Raievska M. On �nite one-sided distributive structures.
Abstracts of Humboldt Kolleg �Education and science and their role
in social and industrial progress of society�. Kyiv, Ukraine, June 12�
15, 2014, P. 45.

40. Raievska I., Raievska M., Sysak Ya. Finite local nearrings with
multiplicative Miller�Moreno group. Abstracts of 9-th International
Algebraic Conference in Ukraine. Lviv, Ukraine, July 8�13, 2013,
P. 154.

ÀÍÎÒÀÖI�

Ðà¹âñüêà Ì.Þ. Ëîêàëüíi ìàéæå-êiëüöÿ ç äåÿêèìè îáìå-



24

æåííÿìè íà ìóëüòèïëiêàòèâíi ãðóïè òà ïiäãðóïè íåîáîðî-
òíèõ åëåìåíòiâ, i ïîâ'ÿçàíi ç íèìè ñòðóêòóðè. � Êâàëiôiêà-
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Äèñåðòàöiþ ïðèñâÿ÷åíî âèâ÷åííþ ëîêàëüíèõ ìàéæå-êiëåöü ç äå-
ÿêèìè îáìåæåííÿìè íà ìóëüòèïëiêàòèâíi ãðóïè òà ïiäãðóïè íåîáîðî-
òíèõ åëåìåíòiâ, êëàñèôiêàöi¨ ëîêàëüíèõ ìàéæå-êiëåöü òà äîñëiäæåí-
íþ ¨õ àäèòèâíèõ ãðóï.

Ñèñòåìàòè÷íå âèâ÷åííÿ ñêií÷åííèõ ìàéæå-ïîëiâ áóëî çàïî÷àòêî-
âàíî Öàññåíõàóçîì, äå äîâåäåíà àáåëåâiñòü ¨õ àäèòèâíî¨ ãðóïè òà
îõàðàêòåðèçîâàíî ¨õ ìóëüòèïëiêàòèâíi ãðóïè ÿê ãðóïè ðåãóëÿðíèõ
àâòîìîðôiçìiâ àáåëåâèõ ãðóï. Â ðîáîòi Ëàÿ ìóëüòèïëiêàòèâíà ãðóïà
ìàéæå-ïîëÿ íàçâàíà ñïàäêîâîþ, ÿêùî êîæíà ¨¨ ïiäãðóïà içîìîðôíà
ìóëüòèïëiêàòèâíié ãðóïi äåÿêîãî ìàéæå-ïîëÿ, òà îòðèìàíî ïîâíó õà-
ðàêòåðèçàöiþ ñêií÷åííèõ òàêèõ ãðóï ìàéæå-ïîëiâ. Ó ïîäàëüøîìó
ìàéæå-ïîëÿ âèâ÷àëèñÿ ãîëîâíèì ÷èíîì çàâäÿêè ¨õ çàñòîñóâàííÿì
ó ãåîìåòði¨. Âïåðøå ìàéæå-ïîëÿ çàñòîñóâàëè â ãåîìåòði¨ Âåáëåí i
Âàäåðáàðí. Òåîði¨ ìàéæå-ïîëiâ ïðèñâÿ÷åíî ìîíîãðàôiþ Âèãëiíãà, â
ÿêié ñèñòåìàòèçîâàíî áiëüøiñòü ðåçóëüòàòiâ ïðî ìàéæå-ïîëÿ.

Ïðîáëåìà âèçíà÷åííÿ êëàñiâ ãðóï, ÿêi ìîæóòü áóòè àäèòèâíè-
ìè àáî ìóëüòèïëiêàòèâíèìè ãðóïàìè ìàéæå-êiëåöü ç îäèíèöåþ, ¹
âàæëèâîþ ç òî÷êè çîðó ÿê òåîði¨ ãðóï, òàê i òåîði¨ ìàéæå-êiëåöü.
Îäíàê, íàðàçi öÿ ïðîáëåìà âèâ÷åíà äîñèòü ìàëî. Ç öi¹¨ ïðè÷èíè ðîç-
ðîáêà íîâèõ ìåòîäiâ òåîði¨ ìàéæå-êiëåöü (çîêðåìà, ëîêàëüíèõ ó âè-
ïàäêó, êîëè ìíîæèíà íåîáîðîòíèõ åëåìåíòiâ ¹ àäèòèâíîþ ïiäãðó-
ïîþ) âèäà¹òüñÿ âàæëèâîþ òà ñïðèÿ¹ ¨õ êëàñèôiêàöi¨. Ðiçíi êëàñè
ãðóï íå ìîæóòü áóòè àäèòèâíèìè ãðóïàìè ìàéæå-êiëåöü ç îäèíè-
öåþ. Êëåé òà Ìàëîí äîâåëè, ùî ïðîñòà ãðóïà ñêëàäåíîãî ïîðÿäêó íå
ìîæå áóòè àäèòèâíîþ ãðóïîþ ìàéæå-êiëåöü ç îäèíèöåþ. Ëàé ðîçøè-
ðþ¹ öåé ðåçóëüòàò, à ñàìå, ïîêàçó¹, ùî ñêií÷åííà íåàáåëåâà ãðóïà ç
ðiâíî îäíi¹þ íåòðèâiàëüíîþ âëàñíîþ íîðìàëüíîþ ïiäãðóïîþ íå ìî-
æå áóòè àäèòèâíîþ ãðóïîþ ìàéæå-êiëåöü ç îäèíèöåþ. Êëåé âèçíà÷èâ
óñi ìàéæå-êiëüöÿ ç îäèíèöåþ íà (D4,+).

Çàìiíèâøè â íüîìó ñëîâî �êiëüöå� íà �ìàéæå-êiëüöå�, îòðèìó¹-
ìî îçíà÷åííÿ ëîêàëüíèõ ìàéæå-êiëåöü, âèâ÷åííÿ ÿêèõ âïåðøå áó-
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ëî iíiöiéîâàíî Ìåêñîíîì. Â öié æå ñòàòòi âñòàíîâëåíî, ùî àäèòèâíà
ãðóïà ñêií÷åííîãî íóëü-ñèìåòðè÷íîãî ëîêàëüíîãî ìàéæå-êiëüöÿ ¹ p-
ãðóïîþ. Ìåêñîí ïîêàçàâ, ùî ç òî÷íiñòþ äî içîìîðôiçìó iñíó¹ p − 1
ëîêàëüíå ìàéæå-êiëüöå ç åëåìåíòàðíîþ àáåëåâîþ àäèòèâíîþ ãðóïîþ
ïîðÿäêó p2, â ÿêèõ ïiäãðóïè íåîáîðîòíèõ åëåìåíòiâ ìàþòü ïîðÿäîê
p, òîáòî òèõ ìàéæå-êiëåöü, ÿêi íå ¹ ìàéæå-ïîëÿìè. Ðàçîì iç ôóíäà-
ìåíòàëüíîþ ðîáîòîþ Öàññåíõàóçà ïðî ìàéæå-ïîëÿ òà ðîáîòîþ Êëåÿ
òà Ìàëîíå, îòðèìàíî ïîâíèé îïèñ óñiõ íóëü-ñèìåòðè÷íèõ ëîêàëüíèõ
ìàéæå-êiëåöü ïîðÿäêó p2. Ìåêñîí ïîêàçàâ, ùî êîæíà íåöèêëi÷íà àáå-
ëåâà p-ãðóïà ïîðÿäêó pn > 4 ¹ àäèòèâíîþ ãðóïîþ íóëü-ñèìåòðè÷íîãî
ëîêàëüíîãî ìàéæå-êiëüöÿ, ÿêå íå ¹ êiëüöåì. Îäíàê ó âèïàäêó ñêií-
÷åííèõ íåàáåëåâèõ p-ãðóï ñèòóàöiÿ iíøà. Íàïðèêëàä, íi óçàãàëüíåíà
ãðóïà êâàòåðíiîíiâ, íi íåàáåëåâà ãðóïà ïîðÿäêó 8 íå ìîæóòü áóòè
àäèòèâíîþ ãðóïîþ ëîêàëüíîãî ìàéæå-êiëüöÿ.

Êëþ÷îâi ñëîâà: ìàéæå-êiëüöå ç îäèíèöåþ, ëîêàëüíå ìàéæå-êiëüöå,
ìóëüòèïëiêàòèâíà ãðóïà, ïiäãðóïà íåîáîðîòíèõ åëåìåíòiâ, íiëüïî-
òåíòíà ãðóïà, ãðóïàØìiäòà, ãðóïà Ìiëëåðà-Ìîðåíî, GAP, SONATA,
LocalNR.
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The systematic study of finite nearfields was initiated by Zassen-
haus, who proved that their additive group ia Abelian and characterized
their multiplicative groups as groups of regular automorphisms of abelian
groups. In Ligh’s work, the multiplicative group of a nearfield is called
hereditary if each of its subgroups is isomorphic to the multiplicative
group of some nearfield, and a complete characterization of finite such
groups of nearfields was obtained. Subsequently, nearfields were studied
mainly due to their applications in geometry. Nearfields were first used
in geometry by Veblen and Waderbarn. The theory of nearfields is the
subject of a monograph by Wähling, in which most of the results on
nearfields are systematized.

The problem of defining classes of groups that can be additive or
multiplicative groups of nearrings with identity is important from the
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point of view of both group theory and nearring theory. However, this
problem has been studied quite little so far. For this reason, the develop-
ment of new methods of nearring theory (in particular, local methods in
the case when the set of non-invertible elements is an additive subgroup)
seems important and contributes to their classification. Different classes
of groups that cannot be additive groups of nearrings with identity are
studied. Clay and Malone proved that a simple group of composite order
cannot be an additive group of nearrings with identity.

Replacing the word “ring” in it with “nearring”, we obtain the defini-
tion of local nearrings, the study of which was first initiated by Maxson.
In the same paper it was established that the additive group of a finite
zero-symmetric local nearring is a p-group. Maxson showed that up to
isomorphism there exists p−1 local nearring with an elementary Abelian
additive group of order p2, in which the subgroups of non-invertible el-
ements have order p, i.e. those nearrings that are not nearfields. To-
gether with the fundamental work of Zassenhaus on nearfields and the
work of Clay and Malone, a complete description of all zero-symmetric
local nearrings of order p2 is obtained. Maxson showed that every non-
cyclic Abelian p-group of order pn > 4 is the additive group of a zero-
symmetric local nearring that is not a ring. However, in the case of finite
non-Abelian p-groups the situation is different. For example, neither the
generalized group of quaternions nor the non-Abelian group of order 8
can be the additive group of a local nearring.
Key words: nearring with identity, local nearring, multiplicative group,
subgroup of non-invertible elements, nilpotent group, Schmidt group,
Miller–Moreno group, GAP, SONATA, LocalNR.


