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Àíîòàöiÿ

Ðà¹âñüêà Ì.Þ. Ëîêàëüíi ìàéæå-êiëüöÿ ç äåÿêèìè îáìåæåííÿ-

ìè íà ìóëüòèïëiêàòèâíi ãðóïè òà ïiäãðóïè íåîáîðîòíèõ åëåìåí-

òiâ, i ïîâ'ÿçàíi ç íèìè ñòðóêòóðè. � Êâàëiôiêàöiéíà íàóêîâà ïðàöÿ

íà ïðàâàõ ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ äîêòîðà ôiçèêî-ìàòåìà-

òè÷íèõ íàóê çà ñïåöiàëüíiñòþ 01.01.06 � �àëãåáðà òà òåîðiÿ ÷èñåë�. �

Iíñòèòóò ìàòåìàòèêè Íàöiîíàëüíî¨ àêàäåìi¨ íàóê Óêðà¨íè, Êè¨â, 2026.

Äèñåðòàöiþ ïðèñâÿ÷åíî âèâ÷åííþ ëîêàëüíèõ ìàéæå-êiëåöü ç äåÿêè-

ìè îáìåæåííÿìè íà ìóëüòèïëiêàòèâíi ãðóïè òà ïiäãðóïè íåîáîðîòíèõ

åëåìåíòiâ, êëàñèôiêàöi¨ ëîêàëüíèõ ìàéæå-êiëåöü òà äîñëiäæåííþ ¨õ àäè-

òèâíèõ ãðóï.

Ó âñòóïi îá ðóíòîâàíî àêòóàëüíiñòü òåìè äèñåðòàöi¨, ñôîðìóëüîâàíî

ìåòó òà çàâäàííÿ äîñëiäæåííÿ, íàóêîâó íîâèçíó îäåðæàíèõ ðåçóëüòàòiâ.

Ðîçäië 1 ñêëàäà¹òüñÿ ç ÷îòèðüîõ ïiäðîçäiëiâ 1.1, 1.2, 1.3 òà 1.4. Ó ðîçäi-

ëi 1 íàâåäåíî îãëÿä ëiòåðàòóðè çà òåìîþ äèñåðòàöi¨. Ïiäðîçäië 1.1 ïðèñâÿ-

÷åíî îãëÿäó âiäîìèõ ðåçóëüòàòiâ ïðî ìàéæå-ïîëÿ. Ñèñòåìàòè÷íå âèâ÷åí-

íÿ ñêií÷åííèõ ìàéæå-ïîëiâ áóëî çàïî÷àòêîâàíî Öàññåíõàóçîì, äå äîâåäå-

íà àáåëåâiñòü ¨õ àäèòèâíî¨ ãðóïè òà îõàðàêòåðèçîâàíî ¨õ ìóëüòèïëiêàòèâ-

íi ãðóïè ÿê ãðóïè ðåãóëÿðíèõ àâòîìîðôiçìiâ àáåëåâèõ ãðóï. Â ðîáîòi Ëàÿ

ìóëüòèïëiêàòèâíà ãðóïà ìàéæå-ïîëÿ íàçâàíà ñïàäêîâîþ, ÿêùî êîæíà

¨¨ ïiäãðóïà içîìîðôíà ìóëüòèïëiêàòèâíié ãðóïi äåÿêîãî ìàéæå-ïîëÿ, òà

îòðèìàíî ïîâíó õàðàêòåðèçàöiþ ñêií÷åííèõ òàêèõ ãðóï ìàéæå-ïîëiâ. Ó

ïîäàëüøîìó ìàéæå-ïîëÿ âèâ÷àëèñÿ ãîëîâíèì ÷èíîì çàâäÿêè ¨õ çàñòîñó-

âàííÿì ó ãåîìåòði¨. Âïåðøå ìàéæå-ïîëÿ çàñòîñóâàëè â ãåîìåòði¨ Âåáëåí i

Âàäåðáàðí. Òåîði¨ ìàéæå-ïîëiâ ïðèñâÿ÷åíî ìîíîãðàôiþ Âèãëiíãà, â ÿêié

ñèñòåìàòèçîâàíî áiëüøiñòü ðåçóëüòàòiâ ïðî ìàéæå-ïîëÿ. Ó ïiäðîçäiëi 1.2

çðîáëåíî îãëÿä ðåçóëüòàòiâ ïðî ìàéæå-êiëüöÿ ç îäèíèöåþ. Ïðîáëåìà âè-
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çíà÷åííÿ êëàñiâ ãðóï, ÿêi ìîæóòü áóòè àäèòèâíèìè àáî ìóëüòèïëiêàòèâ-

íèìè ãðóïàìè ìàéæå-êiëåöü ç îäèíèöåþ, ¹ âàæëèâîþ ç òî÷êè çîðó ÿê òå-

îði¨ ãðóï, òàê i òåîði¨ ìàéæå-êiëåöü. Îäíàê, íàðàçi öÿ ïðîáëåìà âèâ÷åíà

äîñèòü ìàëî. Ç öi¹¨ ïðè÷èíè ðîçðîáêà íîâèõ ìåòîäiâ òåîði¨ ìàéæå-êiëåöü

(çîêðåìà, ëîêàëüíèõ ó âèïàäêó, êîëè ìíîæèíà íåîáîðîòíèõ åëåìåíòiâ

¹ àäèòèâíîþ ïiäãðóïîþ) âèäà¹òüñÿ âàæëèâîþ òà ñïðèÿ¹ ¨õ êëàñèôiêà-

öi¨. Ðiçíi êëàñè ãðóï íå ìîæóòü áóòè àäèòèâíèìè ãðóïàìè ìàéæå-êiëåöü

ç îäèíèöåþ. Êëåé òà Ìàëîí äîâåëè, ùî ïðîñòà ãðóïà ñêëàäåíîãî ïî-

ðÿäêó íå ìîæå áóòè àäèòèâíîþ ãðóïîþ ìàéæå-êiëåöü ç îäèíèöåþ. Ëàé

ðîçøèðþ¹ öåé ðåçóëüòàò, à ñàìå, ïîêàçó¹, ùî ñêií÷åííà íåàáåëåâà ãðóïà

ç ðiâíî îäíi¹þ íåòðèâiàëüíîþ âëàñíîþ íîðìàëüíîþ ïiäãðóïîþ íå ìîæå

áóòè àäèòèâíîþ ãðóïîþ ìàéæå-êiëåöü ç îäèíèöåþ. Êëåé âèçíà÷èâ óñi

ìàéæå-êiëüöÿ ç îäèíèöåþ íà (D4,+). Äæîíñîí ðîçãëÿíóâ ìàéæå-êiëüöÿ,

âèçíà÷åíi íà (Dn,+), äiåäðàëüíié ãðóïi ïîðÿäêó 2n òà ïîêàçàâ, ùî ÿêùî

(Dn,+, ·) ¹ ìàéæå-êiëüöåì ç ìóëüòèïëiêàòèâíîþ îäèíèöåþ, òî íîðìàëü-

íi ïðàâi ïiäìîäóëi òà ïðàâi iäåàëè (Dn,+, ·) çáiãàþòüñÿ òîäi i òiëüêè òî-

äi, êîëè âñi íîðìàëüíi ïðàâi ïiäìîäóëi ¹ àíóëÿòîðíèìè ïðàâèìè iäåàëà-

ìè. Äîâåäåíî iñíóâàííÿ ìàéæå-êiëüöÿ ç ìóëüòèïëiêàòèâíîþ îäèíèöåþ íà

(Dn,+), äå n = 2p, p � ïðîñòå ÷èñëî. Ïîêàçó¹ìî, ùî ÿêùî p � íåïàðíå

ïðîñòå ÷èñëî, òî iñíó¹, ç òî÷íiñòþ äî içîìîðôiçìó, ¹äèíå ìàéæå-êiëüöå

ç ìóëüòèïëiêàòèâíîþ îäèíèöåþ íà (Dn,+). Êðiììåë òàêîæ (íåçàëåæíî)

çàóâàæèâ, ùî iñíó¹, ç òî÷íiñòþ äî içîìîðôiçìó, ¹äèíå ìàéæå-êiëüöå ç

ìóëüòèïëiêàòèâíîþ îäèíèöåþ íà (Dn,+), n = 2q. Ó ïiäðîçäiëi 1.3 äà-

íî îãëÿä ðåçóëüòàòiâ ïðî ëîêàëüíi ìàéæå-êiëüöÿ. Êiëüöå ç îäèíèöåþ,

ìíîæèíà âñiõ íåîáîðîòíèõ åëåìåíòiâ ÿêîãî óòâîðþ¹ iäåàë â öüîìó êiëü-

öi, íàçèâà¹òüñÿ ëîêàëüíèì êiëüöåì. ßê ëåãêî ïåðåêîíàòèñÿ, â îçíà÷åííi

ëîêàëüíîãî êiëüöÿ äîñòàòíüî íàñïðàâäi ïðèïóñêàòè, ùî ìíîæèíà âñiõ

íåîáîðîòíèõ åëåìåíòiâ ¹ òiëüêè ïiäãðóïîþ àäèòèâíî¨ ãðóïè êiëüöÿ. Çàìi-

íèâøè â íüîìó ñëîâî �êiëüöå� íà �ìàéæå-êiëüöå�, îòðèìó¹ìî îçíà÷åííÿ
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ëîêàëüíèõ ìàéæå-êiëåöü, âèâ÷åííÿ ÿêèõ âïåðøå áóëî iíiöiéîâàíî Ìå-

êñîíîì. Â öié æå ñòàòòi âñòàíîâëåíî, ùî àäèòèâíà ãðóïà ñêií÷åííîãî

íóëü-ñèìåòðè÷íîãî ëîêàëüíîãî ìàéæå-êiëüöÿ ¹ p-ãðóïîþ. Ìåêñîí ïîêà-

çàâ, ùî ç òî÷íiñòþ äî içîìîðôiçìó iñíó¹ p − 1 ëîêàëüíå ìàéæå-êiëüöå

ç åëåìåíòàðíîþ àáåëåâîþ àäèòèâíîþ ãðóïîþ ïîðÿäêó p2, â ÿêèõ ïiä-

ãðóïè íåîáîðîòíèõ åëåìåíòiâ ìàþòü ïîðÿäîê p, òîáòî òèõ ìàéæå-êiëåöü,

ÿêi íå ¹ ìàéæå-ïîëÿìè. Ðàçîì iç ôóíäàìåíòàëüíîþ ðîáîòîþ Öàññåíõàó-

çà ïðî ìàéæå-ïîëÿ òà ðîáîòîþ Êëåÿ òà Ìàëîíå, îòðèìàíî ïîâíèé îïèñ

óñiõ íóëü-ñèìåòðè÷íèõ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó p2. Ìåêñîí ïî-

êàçàâ, ùî êîæíà íåöèêëi÷íà àáåëåâà p-ãðóïà ïîðÿäêó pn > 4 ¹ àäèòèâíîþ

ãðóïîþ íóëü-ñèìåòðè÷íîãî ëîêàëüíîãî ìàéæå-êiëüöÿ, ÿêå íå ¹ êiëüöåì.

Îäíàê ó âèïàäêó ñêií÷åííèõ íåàáåëåâèõ p-ãðóï ñèòóàöiÿ iíøà. Íàïðè-

êëàä, íi óçàãàëüíåíà ãðóïà êâàòåðíiîíiâ, íi íåàáåëåâà ãðóïà ïîðÿäêó 8

íå ìîæóòü áóòè àäèòèâíîþ ãðóïîþ ëîêàëüíîãî ìàéæå-êiëüöÿ. Ëîêàëü-

íi ìàéæå-êiëüöÿ, ìóëüòèïëiêàòèâíi ãðóïè ÿêèõ ¹ àáåëåâèìè, i ÿêi íå ¹

êiëüöÿìè, âèâ÷àëèñü Ãîðîäíèêîì [42]. Íèì äîâåäåíî, ùî ìíîæèíà âñiõ

íåîáîðîòíèõ åëåìåíòiâ òàêîãî ìàéæå-êiëüöÿ óòâîðþ¹ àáåëåâó ïiäãðóïó

iíäåêñó 2 â éîãî àäèòèâíié ãðóïi. Çîêðåìà, âií îïèñàâ ëîêàëüíi ìàéæå-

êiëüöÿ ç öèêëi÷íèìè ãðóïàìè îäèíèöü. À ñàìå, ÿêùî ìóëüòèïëiêàòèâíà

ãðóïà ëîêàëüíîãî ìàéæå-êiëüöÿ ¹ öèêëi÷íîþ, òî àäèòèâíà ãðóïà ¹ àáî

ãðóïîþ òèïó (2, 2, 2), àáî (2, 4). Àìáåðã, Õóáåðò, Ñèñàê äîñëiäæóâàëèñÿ

ëîêàëüíi ìàéæå-êiëüöÿ ç ìóëüòèïëiêàòèâíîþ ãðóïîþ äiåäðà òà áóëî äî-

âåäåíî, ùî êîæíå ëîêàëüíå ìàéæå-êiëüöå ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

äiåäðà ¹ ñêií÷åííèì ç àäèòèâíîþ ãðóïîþ, ÿêà ¹ àáî 3-ãðóïîþ ïîðÿäêó

íå âèùå 9, àáî 2-ãðóïîþ ïîðÿäêó íå âèùå 32. Îïèñ òàêèõ ìàéæå-êiëåöü

áóâ ïðîäîâæåíèé â äèñåðòàöi¨ Õóáåðòà [45], çîêðåìà, áóëî âñòàíîâëåíî,

ùî ÿêùî ìóëüòèïëiêàòèâíà ãðóïà ëîêàëüíîãî ìàéæå-êiëüöÿ ¹ ãðóïîþ äi-

åäðà, òî ïîðÿäîê öüîãî ìàéæå-êiëüöÿ íå ïåðåâèùó¹ 16. Ñèñàê i Äi Òåðìi-

íi [116] ïîêàçàëè, ùî ÿêùî R ¹ ëîêàëüíèì ìàéæå-êiëüöåì (íå îáîâ'ÿçêîâî
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íóëü-ñèìåòðè÷íèì), ìóëüòèïëiêàòèâíà ãðóïà ÿêîãî ¹ óçàãàëüíåíîþ ãðó-

ïîþ êâàòåðíiîíiâ, òî ìóëüòèïëiêàòèâíà ãðóïà ¹ àáî ãðóïîþ êâàòåðíiî-

íiâ ïîðÿäêó 8, àáî óçàãàëüíåíîþ ãðóïîþ êâàòåðíiîíiâ ïîðÿäêó 16 ç àáå-

ëåâèìè àäèòèâíèìè ãðóïàìè íàñòóïíèõ òèïiâ: (3, 3), (2, 2, 2, 2), (2, 2, 4),

(2, 2, 2, 2, 2) òà (2, 2, 2, 4).

Ó ïiäðîçäiëi 1.4 íàâåäåíi ðåçóëüòàòè, ùî ñòîñóþòüñÿ ñèñòåìó

êîìï'þòåðíî¨ àëãåáðè GAP òà ïàêåò SONATA. Öåé ïiäðîçäië ñêëàäà-

¹òüñÿ ç ÷îòèðüîõ ïiäïóíêòiâ, äå îïèñàíî Áiáëiîòåêà SmallGroups 1.4.1,

Ïàêåò SONATA 1.4.2, Êëàñèôiêàöiÿ ìàéæå-êiëåöü ç îäèíèöåþ 1.4.3 òà

ëîêàëüíèõ ìàéæå-êiëåöü 1.4.4.

Ðîçäië 2 ñêëàäà¹òüñÿ ç ñåìè ïiäðîçäiëiâ 2.1, 2.2, 2.3, 2.4, 2.5, 2.6 òà

2.7. Â öüîìó ðîçäiëi îïèñàíî ëîêàëüíi ìàéæå-êiëüöÿ ç äåÿêèìè îáìåæå-

ííÿìè íà ¨õ ñòðóêòóðó. Ó ïiäðîçäiëi 2.1 íàâåäåíî äîïîìiæíi îçíà÷åí-

íÿ òà òâåðäæåííÿ, ùî ñòîñóþòüñÿ ëîêàëüíèõ ìàéæå-êiëåöü, íiëüïîòåí-

òíèõ ãðóï, ãðóï Øìiäòà, ãðóï Ìiëëåðà�Ìîðåíî. Ó ïiäðîçäiëàõ 2.2, 2.3,

2.4 òà 2.5 îòðèìàíî ðåçóëüòàòè ïðî ëîêàëüíi ìàéæå-êiëüöÿ ç íiëüïîòåí-

òíîþ ìóëüòèïëiêàòèâíîþ ãðóïîþ, ìóëüòèïëiêàòèâíèìè ãðóïàìè Øìiä-

òà, ìóëüòèïëiêàòèâíèìè ãðóïàìè Ìiëëåðà�Ìîðåíî òà ëîêàëüíi ìàéæå-

êiëüöÿ íà ñêií÷åííèõ p-ãðóïàõ ç öèêëi÷íèìè ïiäãðóïàìè iíäåêñó p, âiä-

ïîâiäíî. Ó ïiäðîçäiëi 2.6 äîñëiäæóþòüñÿ ñêií÷åííi ìàéæå-êiëüöÿ ç îäèíè-

öåþ ç ìîíîãåííîþ íàïiâãðóïîþ íåîáîðîòíèõ åëåìåíòiâ. Ó ïiäðîçäiëi 2.7

îïèñàíî ëîêàëüíi ìàéæå-êiëüöÿ, îòðèìàíi ç áiáëiîòåêè ïàêåòó SONATA.

Ðîçäië 3 ñêëàäà¹òüñÿ ç ï'ÿòè ïiäðîçäiëiâ 3.1, 3.2, 3.3, 3.4 òà 3.5. Â öüî-

ìó ðîçäiëi äîñëiäæóþòüñÿ ëîêàëüíi ìàéæå-êiëüöÿ íà ñêií÷åííèõ íåàáå-

ëåâèõ 2-ïîðîäæåííèõ p-ãðóïàõ. Ó ïiäðîçäiëi 3.1 íàâåäåíî êëàñèôiêàöiþ

ñêií÷åííèõ íåàáåëåâèõ 2-ïîðîäæåííèõ p-ãðóï ç öèêëi÷íèì êîìóòàíòîì.

Ó ïiäðîçäiëi 3.2 îïèñàíî ñêií÷åííi ëîêàëüíi ìàéæå-êiëüöÿ ç ðîçùåïëåíîþ

ìåòàöèêëi÷íîþ àäèòèâíîþ ãðóïîþ. Öåé ïiäðîçäië ñêëàäà¹òüñÿ ç ñåìè ïiä-

ïóíêòiâ, à ñàìå 3.2.1, 3.2.2, 3.2.3, 3.2.4, 3.2.5, 3.2.6 òà 3.2.7. Ó ïiäðîçäiëi 3.3
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âèâ÷åíi ëîêàëüíi ìàéæå-êiëüöÿ íà ãðóïàõ òèïó (B.1). Ãðóïè (C.1), (B.2)

òà (C.2) îïèñàíî â ïiäðîçäiëàõ 3.4 òà 3.5.

Íàïiâäèñòðèáóòèâíi ìàéæå-êiëüöÿ ç îäèíèöåþ òà ëîêàëüíi ìàéæå-

êiëüöÿ äîñëiäæåíî â ðîçäiëi 4. Öåé ðîçäië ñêëàäà¹òüñÿ ç äâîõ ïiäðîç-

äiëiâ 4.1 òà 4.2. Ó ïiäðîçäiëi 4.1 îïèñàíî äèñòðèáóòèâíi òà íàïiâäèñòðè-

áóòèâíi ìàéæå-êiëüöÿ ç îäèíèöåþ. Öåé ïiäðîçäië ñêëàäà¹òüñÿ ç òðüîõ

ïiäïóíêòiâ 4.1.1, 4.1.2 òà 4.1.3. Ó ïiäðîçäiëi 4.2 âèâ÷åíî ñêií÷åííi íàïiâ-

äèñòðèáóòèâíi ëîêàëüíi ìàéæå-êiëüöÿ.

Ðîçäië 5 ñêëàäà¹òüñÿ ç ï'ÿòè ïiäðîçäiëiâ 5.1, 5.2, 5.3 òà 5.4. Â öüîìó

ðîçäiëi äîñëiäæåíî ìàéæå-êiëüöåâi áðåéñè òà ëîêàëüíi ìàéæå-êiëüöÿ. Ó

ïiäðîçäiëi 5.1 íàâåäåíî ðåçóëüòàòè ïðî áðåéñè òà êîñi áðåéñè. Áðåéñè òà

êîñi áðåéñè ç ïàêåòó YangBaxter îõàðàêòåðèçîâàíî â ïiäðîçäiëàõ 5.2 òà

5.3. Ó ïiäðîçäiëi 5.4 äàíî äåÿêi ðåçóëüòàòè ïðî ìàéæå-êiëüöåâi áðåéñè.

Ðîçäië 6 ñêëàäà¹òüñÿ ç òðüîõ ïiäðîçäiëiâ 6.1, 6.2 òà 6.3. Ó öüîìó ðîçäiëi

íàâåäåíî âèêîðèñòàííÿ ñèñòåìè êîìï'þòåðíî¨ àëãåáðè GAP äëÿ ïîáóäîâè

òà âèâ÷åííÿ íåäèñòðèáóòèâíèõ àëãåáðà¨÷íèõ ñòðóêòóð, à ñàìå àëãîðèòì

ïîáóäîâè ñêií÷åííèõ ëîêàëüíèõ ìàéæå-êiëåöü 6.1 òà ôóíêöi¨ äëÿ ìàéæå-

êiëåöü 6.2 i ãðóï 6.3 ç ïàêåòó LocalNR.

Êëàñèôiêàöiÿ ëîêàëüíèõ ìàéæå-êiëåöü ìàëèõ ïîðÿäêiâ òà åíäîöèêëi-

÷íi ãðóïè îïèñàíi ó ðîçäiëi 7. Öåé ðîçäië ñêëàäà¹òüñÿ ç äâîõ ïiäðîçäi-

ëiâ 7.1 òà 7.2. Ó ïiäðîçäiëi 7.1 îòðèìàíî êëàñèôiêàöiþ ëîêàëüíèõ ìàéæå-

êiëåöü ìàëèõ ïîðÿäêiâ. À ñàìå, ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó 64 7.1.1,

81 7.1.2, 243 7.1.3, 343 7.1.4 òà 343 7.1.4. Ó ïiäðîçäiëi 7.2 âèâ÷åíî åíäî-

öèêëi÷íi ãðóïè òà ëîêàëüíi ìàéæå-êiëüöÿ.

Êëþ÷îâi ñëîâà: Ìàéæå-êiëüöå ç îäèíèöåþ, ëîêàëüíå ìàéæå-êiëüöå,

ìóëüòèïëiêàòèâíà ãðóïà, ïiäãðóïà íåîáîðîòíèõ åëåìåíòiâ, íiëüïîòåíòíà

ãðóïà, ãðóïà Øìiäòà, ãðóïà Ìiëëåðà-Ìîðåíî, GAP, SONATA, LocalNR.
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Abstract

Raievska M. Iu. Local nearrings with some restrictions on multi-

plicative groups and subgroups of non-invertible elements, and

related structures. � Qualifying scienti�c work on the rights of the

manuscript.

Thesis for the degree of Doctor of Physical and Mathematical Sciences,

speciality 01.01.06 �Algebra and Number Theory�. � Institute of Mathemati-

cs of National Academy of Sciences of Ukraine, Kyiv, 2026.

The thesis is devoted to the study of local nearrings with some restricti-

ons on multiplicative groups and subgroups of non-invertible elements, the

classi�cation of local nearrings and the study of their additive groups.

The introduction substantiates the relevance of the thesis topic,

formulates the goal and objectives of the research, and the scienti�c novelty

of the results obtained.

Section 1 consists of four subsections 1.1, 1.2, 1.3 and 1.4. Section 1 provi-

des a review of the literature on the topic of the thesis. Subsection 1.1 is

devoted to a review of known results on near�elds. The systematic study of

�nite near�elds was initiated by Zassenhaus, who proved that their additive

group ia Abelian and characterized their multiplicative groups as groups of

regular automorphisms of abelian groups. In Ligh's work, the multiplicative

group of a near�eld is called hereditary if each of its subgroups is isomorphic

to the multiplicative group of some near�eld, and a complete characterizati-

on of �nite such groups of near�elds was obtained. Subsequently, near�elds

were studied mainly due to their applications in geometry. Near�elds were

�rst used in geometry by Veblen and Waderbarn. The theory of near�elds

is the subject of a monograph by W�ahling, in which most of the results on

near�elds are systematized.
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In subsection 1.2, a review of results on nearrings with identity is gi-

ven. The notion of nearrings is quite natural because, e.g., all transformati-

ons of an arbitrary group form a nearring. Moreover, every group can be

transformed into a nearring. In particular, it is an additive group of a certain

nearring but not a nearring with identity. The problem of de�ning classes

of groups that can be additive or multiplicative groups of nearrings with

identity is important from the point of view of both group theory and nearri-

ng theory. However, this problem has been studied quite little so far. For

this reason, the development of new methods of nearring theory (in parti-

cular, local methods in the case when the set of non-invertible elements is

an additive subgroup) seems important and contributes to their classi�cati-

on. Di�erent classes of groups that cannot be additive groups of nearrings

with identity are studied. Clay and Malone proved that a simple group of

composite order cannot be an additive group of nearrings with identity. Lai

extends this result, namely, he shows that a �nite non-Abelian group with

exactly one non-trivial proper normal subgroup cannot be the additive group

of nearrings with identity. Clay de�ned all nearrings with identity on (D4,+).

Johnson considered nearrings de�ned on (Dn,+), a dihedral group of order

2n, and showed that if (Dn,+, ·) is a nearring with multiplicative identity,

then the normal right submodules and right ideals of (Dn,+, ·) coincide if and
only if all normal right submodules are annihilating right ideals. He proved

the existence of a nearring with multiplicative identity on (Dn,+), where

n = 2p, p � a prime number. It is shown that if p is an odd prime, then

there exists, up to isomorphism, a unique nearring with identity on (Dn,+).

Krimmel also (independently) observed that there exists, up to isomorphism,

a unique nearring with identity on (Dn,+), n = 2q.

In subsection 1.3, a review of results on local nearrings is given. A ring

with identity whose set of all non-invertible elements forms an ideal in this

ring is called a local ring. As is easy to see, in the de�nition of a local ring it
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is actually su�cient to assume that the set of all non-invertible elements is

just a subgroup of the additive group of the ring. Replacing the word �ring�

in it with �nearring�, we obtain the de�nition of local nearrings, the study

of which was �rst initiated by Mexon. In the same paper it was established

that the additive group of a �nite zero-symmetric local nearring is a p-group.

Maxson showed that up to isomorphism there exists p−1 local nearring with

an elementary Abelian additive group of order p2, in which the subgroups of

non-invertible elements have order p, i.e. those nearrings that are not near�-

elds. Together with the fundamental work of Zassenhaus on near�elds and

the work of Clay and Malone, a complete description of all zero-symmetric

local nearrings of order p2 is obtained. Maxson showed that every non-cyclic

Abelian p-group of order pn > 4 is the additive group of a zero-symmetric

local nearring that is not a ring. However, in the case of �nite non-Abelian

p-groups the situation is di�erent. For example, neither the generalized group

of quaternions nor the non-Abelian group of order 8 can be the additive group

of a local nearring. Therefore the structure of the non-abelian �nite p-groups

which are the additive groups of local nearrings is an open problem.

Local nearrings whose multiplicative groups are Abelian and which are

not rings were studied by Gorodnik [42]. He proved that the set of all non-

invertible elements of such an nearring forms an Abelian subgroup of index

2 in its additive group. In particular, he described local nearrings with cyclic

groups of units. Namely, if the multiplicative group of a local nearring is

cyclic, then the additive group is either a group of type (2, 2, 2) or (2, 4).

Amberg, Hubert, Sysak studied local nearrings with a multiplicative group of

the dihedral and proved that every local nearring with a multiplicative group

of the dihedral is �nite with an additive group that is either a 3-group of order

not higher than 9 or a 2-group of order not higher than 32. The description

of such nearrings was continued in Hubert's dissertation [45], in particular,

it was established that if the multiplicative group of a local nearring is a
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dihedral group, then the order of this nearring does not exceed 16. Sysak and

Di Termini [116] showed that if R is a local nearring (not necessarily zero-

symmetric) whose multiplicative group is a generalized quaternion group,

then the multiplicative group is either a quaternion group of order 8 or a

generalized quaternion group of order 16 with Abelian additive groups of the

following types: (3, 3), (2, 2, 2, 2), (2, 2, 4), (2, 2, 2, 2, 2) and (2, 2, 2, 4).

Subsection 1.4 presents results related to the computer algebra system

GAP and the SONATA package. This subsection consists of four subsections,

which describe the SmallGroups Library 1.4.1, the SONATA package 1.4.2,

the classi�cation of nearrings with identity 1.4.3, and local nearrings 1.4.4.

Section 2 consists of seven subsections 2.1, 2.2, 2.3, 2.4, 2.5, 2.6,

and 2.7. This section describes local nearrings with some restrictions on

their structure. Subsection 2.1 provides auxiliary de�nitions and statements

concerning local nearrings, nilpotent groups, Schmidt groups, and Miller�

Moreno groups. Subsections 2.2, 2.3, 2.4, and 2.5 provide results on local

nearrings with nilpotent multiplicative group, multiplicative Schmidt groups,

multiplicative Miller�Moreno groups, and local nearrings on �nite p-groups

with cyclic subgroups of index p, respectively. Subsection 2.6 investi-

gates �nite nearrings with identity with a monogenic semigroup of non-

invertible elements. Subsection 2.7 describes local nearrings obtained from

the SONATA package library.

Section 3 consists of �ve subsections 3.1, 3.2, 3.3, 3.4 and 3.5. This section

studies local nearrings on �nite non-Abelian 2-generated p-groups. Subsecti-

on 3.1 presents a classi�cation of �nite non-Abelian 2-generated p-groups

with a cyclic commutator subgroup. Subsection 3.2 describes �nite local

nearrings with a split metacyclic additive group. This subsection consists

of seven subsections, namely 3.2.1, 3.2.2, 3.2.3, 3.2.4, 3.2.5, 3.2.6 and 3.2.7.

In subsection 3.3 local nearrings on groups of type (B.1) are studied. The

groups (C.1), (B.2) and (C.2) are described in subsections 3.4 and 3.5.
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Semidistributive nearrings with identity and local nearrings are studied

in section 4. This section consists of two subsections 4.1 and 4.2. Subsecti-

on 4.1 describes distributive and semidistributive nearrings with identity.

This subsection consists of three subsections 4.1.1, 4.1.2, and 4.1.3. Subsecti-

on 4.2 studies �nite semidistributive local nearrings.

Section 5 consists of �ve subsections 5.1, 5.2, 5.3, and 5.4. This secti-

on investigates nearring braces and local nearrings. Subsection 5.1 presents

results on braces and skew braces. Braces and skew braces from the

YangBaxter package are characterized in subsections 5.2 and 5.3. Subsecti-

on 5.4 presents some results on nearring braces.

Section 6 consists of three subsections 6.1, 6.2, and 6.3. This section

presents the use of the computer algebra system GAP for constructing

and studying non-distributive algebraic structures, namely the algorithm for

constructing �nite local nearrings 6.1 and functions for nearrings 6.2 and

groups 6.3 from the LocalNR package.

The classi�cation of local nearrings of small orders and endocyclic groups

is described in section 7. This section consists of two subsections 7.1 and 7.2.

In subsection 7.1, a classi�cation of local nearrings of small orders is obtained.

Namely, local nearrings of order 64 7.1.1, 81 7.1.2, 243 7.1.3, 343 7.1.4 and

343 7.1.4. In subsection 7.2, endocyclic groups and local nearrings are studied.

Key words: Nearring with identity, local nearring, multiplicative group,

subgroup of non-invertible elements, nilpotent group, Schmidt group, Miller�

Moreno group, GAP, SONATA, LocalNR.
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ÏÅÐÅËIÊ ÓÌÎÂÍÈÕ ÏÎÇÍÀ×ÅÍÜ

Ïåðåëiê óìîâíèõ ïîçíà÷åíü

Ñèìâîë Îïèñ

∅ Ïîðîæíÿ ìíîæèíà

Cn Öèêëi÷íà ãðóïà ïîðÿäêó n

Zn Êiëüöå ëèøêiâ ïî ìîäóëþ n

<X> Ãðóïà, ïîðîäæåíà ìíîæèíîþ X

Q8 Ãðóïà êâàòåðíiîíiâ ïîðÿäêó 8

Dn Ãðóïà äiåäðà ïîðÿäêó n

A�B A ¹ íîðìàëüíîþ ïiäãðóïîþ ãðóïè B;

A ¹ iäåàëîì ìàéæå-êiëüöÿ B

A�B A ¹ âëàñíîþ íîðìàëüíîþ ïiäãðóïîþ ãðóïè B;

A ¹ âëàñíèì iäåàëîì ìàéæå-êiëüöÿ B

G ∼= H G òà H içîìîðôíi

|M | Ïîòóæíiñòü ìíîæèíè M

|G : H| Iíäåêñ ïiäãðóïè H â ãðóïi G

exp(G) Åêñïîíåíòà ãðóïè G

Z(G) Öåíòð ãðóïè G

CG(H) Öåíòðàëiçàòîð ïiäãðóïè H â ãðóïi G

NG(H) Íîðìàëiçàòîð ïiäãðóïè H â ãðóïi G

End(G) Ìîíî¨ä âñiõ åíäîìîðôiçìiâ ãðóïè G

Aut(G) Ãðóïà âñiõ àâòîìîðôiçìiâ ãðóïè G

Inn(G) Ãðóïà âíóòðiøíiõ àâòîìîðôiçìiâ ãðóïè G

[a, b] Êîìóòàòîð ãðóïîâèõ åëåìåíòiâ a òà b, òîáòî

−a− b+ a+ b äëÿ àäèòèâíî çàïèñàíèõ ãðóï,
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a−1b−1ab äëÿ ìóëüòèïëiêàòèâíî çàïèñàíèõ ãðóï

[A,B] 〈[a, b]|a ∈ A, b ∈ B〉
G′ Êîìóòàíò ãðóïè G, òîáòî [G,G]

A×B Ïðÿìèé äîáóòîê ãðóï A òà B

AoB Íàïiâïðÿìèé äîáóòîê ãðóï A òà B,

â ÿêîìó A ¹ íîðìàëüíîþ ïiäãðóïîþ

α : A→ B α ¹ âiäîáðàæåííÿì ç A â B

Ker(α) ßäðî ãîìîìîðôiçìó α

R+ Àäèòèâíà ãðóïà ìàéæå-êiëüöÿ R

M(G) Ìàéæå-êiëüöå âiäîáðàæåíü ç ãðóïè G â G

L Ìíîæèíà âñiõ åëåìåíòiâ ìàéæå-êiëüöÿ R,

ÿêi íå ìàþòü ïðàâèõ îáåðíåíèõ â R

R∗ Ãðóïà îáîðîòíèõ åëåìåíòiâ ìàéæå-êiëüöÿ R

Φ(G) Ïiäãðóïà Ôðàòòiíi ãðóïè G

xA {xa | a ∈ A}, äå A � ïiäìíîæèíà ãðóïè AutG

âñiõ àâòîìîðôiçìiâ ãðóïè G òà x ∈ G
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Âñòóï

Äèñåðòàöiþ ïðèñâÿ÷åíî âèâ÷åííþ ëîêàëüíèõ ìàéæå-êiëåöü ç äåÿêè-

ìè îáìåæåííÿìè íà ìóëüòèïëiêàòèâíi ãðóïè òà ïiäãðóïè íåîáîðîòíèõ

åëåìåíòiâ, êëàñèôiêàöi¨ ëîêàëüíèõ ìàéæå-êiëåöü òà äîñëiäæåííþ ¨õ àäè-

òèâíèõ ãðóï.

Oá ðóíòóâàííÿ âèáîðó òåìè äîñëiäæåííÿ.

Ïåðøi äîñëiäæåííÿ ìàéæå-êiëåöü áóëè çðîáëåíi Äiêñîíîì [34]. Áóëî

ïîêàçàíî, ùî iñíóþòü �ïîëÿ ç îäíèì äèñòðèáóòèâíèì çàêîíîì� òà íàâå-

äåíî ïðèêëàäè, ÿêi ïîêàçóþòü, ùî òàêi ñèñòåìè � íàçâàíi Öàññåíõàóçîì

ìàéæå-ïîëÿìè � ìîæóòü áóòè íåäèñòðèáóòèâíèìè. Öàññåíõàóç [121] äî-

âiâ, ùî ïðèêëàäè Äiêñîíà îõîïëþþòü óñi, êðiì ñiìîõ ñêií÷åííèõ ìàéæå-

ïîëiâ, ÿêi íå ¹ òiëàìè. Áiëüøiñòü ðåçóëüòàòiâ ïðî ìàéæå-ïîëÿ ìiñòÿòüñÿ

â ìîíîãðàôi¨ Âèãëiíãà [120].

Ìàéæå-êiëüöÿ ¹ øèðîêèìè óçàãàëüíåííÿìè àñîöiàòèâíèõ êiëåöü, â

îçíà÷åííi ÿêèõ àäèòèâíà ãðóïà íå îáîâ'ÿçêîâî àáåëåâà, à äîäàâàííÿ òà

ìíîæåííÿ ïîâ'ÿçàíi õî÷à á îäíèì, ëiâèì àáî ïðàâèì, äèñòðèáóòèâíèì çà-

êîíîì. Ó öüîìó ñåíñi ëîêàëüíi ìàéæå-êiëüöÿ ¹ óçàãàëüíåííÿì ëîêàëüíèõ

êiëåöü.

Óíiâåðñàëüíèì ïðèêëàäîì ìàéæå-êiëüöÿ ¹ ìíîæèíà âñiõ ôóíêöié íà

äîâiëüíié ãðóïi âiäíîñíî îïåðàöié äîäàâàííÿ òà ñóïåðïîçèöi¨ ôóíêöié.

Ìàéæå-êiëüöÿ âèíèêàþòü ïðèðîäíèì ÷èíîì ïðè âèâ÷åííi ñèñòåì íåëi-

íiéíèõ âiäîáðàæåíü i âèâ÷àþòüñÿ âæå áàãàòî äåñÿòèëiòü. Îñêiëüêè àñîöi-

àòèâíi êiëüöÿ ¹ ïî ñóòi êiëüöÿìè ëiíiéíèõ ôóíêöié íà àáåëåâèõ ãðóïàõ, òî
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ïåðåõiä âiä êiëåöü äî ìàéæå-êiëåöü õàðàêòåðèçó¹òüñÿ ïåðåõîäîì âiä ëi-

íiéíèõ ìåòîäiâ äîñëiäæåíü äî íåëiíiéíèõ, à òîìó âèâ÷åííÿ ìàéæå-êiëåöü

òà ðîçðîáêà òåîðåòèêî-ãðóïîâèõ ìåòîäiâ ¨õ äîñëiäæåíü ¹ âàæëèâîþ òà

àêòóàëüíîþ çàäà÷åþ.

Äîáðå âiäîìî, ùî êîæíå êiëüöå âêëàäà¹òüñÿ â êiëüöå End(A) óñiõ åí-

äîìîðôiçìiâ àáåëåâî¨ ãðóïè A. Àíàëîãi÷íî, êîæíå ìàéæå-êiëüöå ìîæíà

âêëàäàòè â Map(G) äëÿ äåÿêî¨ ãðóïè G. Ç öi¹¨ òî÷êè çîðó òåîðiÿ êiëåöü

îïèñó¹ ¾ëiíiéíi¿ âiäîáðàæåííÿ íà ãðóïàõ, òîäi ÿê ìàéæå-êiëüöÿ îáðîáëÿ-

þòü çàãàëüíèé íåëiíiéíèé âèïàäîê.

Ìàéæå-êiëüöå R � öå íåïîðîæíÿ ìíîæèíà ç äâîìà áiíàðíèìè îïåðà-

öiÿìè, äîäàâàííÿì “ + ” i ìíîæåííÿì “ · ”, ÿêà âiäðiçíÿ¹òüñÿ âiä êiëü-

öÿ òèì, ùî êîìóòàòèâíiñòü ïåðøî¨ îïåðàöi¨ òà îäèí iç äèñòðèáóòèâíèõ

çàêîíiâ (ó íàøîìó âèïàäêó, ïðàâèé) íå îáîâ'ÿçêîâî âèêîíóþòüñÿ (äèâ.,

íàïðèêëàä, [70]).

Îñíîâíi âèçíà÷åííÿ òà áàãàòî ðåçóëüòàòiâ, ùî ñòîñóþòüñÿ ìàéæå-

êiëåöü, ìîæíà çíàéòè, íàïðèêëàä, ó êíèçi Ïiëüöà [70].

Î÷åâèäíî, ùî êîæíå àñîöiàòèâíå êiëüöå ¹ ìàéæå-êiëüöåì, i êîæíà ãðó-

ïà ¹ àäèòèâíîþ ãðóïîþ ìàéæå-êiëüöÿ, àëå íå îáîâ'ÿçêîâî ìàéæå-êiëüöÿ

ç îäèíèöåþ. Ïèòàííÿ, ÿêà ãðóïà ìîæå áóòè àäèòèâíîþ ãðóïîþ ìàéæå-

êiëüöÿ ç îäèíèöåþ, ¹ âiäêðèòèì.

Ïðîáëåìà çíàõîäæåííÿ ãðóï, ÿêi ìîæóòü áóòè àäèòèâíèìè ãðóïàìè

ìàéæå-êiëåöü ç îäèíèöåþ, âèâ÷à¹òüñÿ ç êiíöÿ 1960-õ ðîêiâ. Îäèí ç ïåð-

øèõ ðåçóëüòàòiâ ó öüîìó íàïðÿìêó áóâ îòðèìàíèé ó [31], äå áóëî ïîêà-

çàíî, ùî iñíó¹ ¹äèíå ìàéæå-êiëüöå ç îäèíèöåþ, àäèòèâíà ãðóïà ÿêîãî ¹

öèêëi÷íîþ, i, ùî íàñïðàâäi, öå ìàéæå-êiëüöå ¹ êîìóòàòèâíèì êiëüöåì.

Êëàñèôiêàöiÿ âñiõ ìàéæå-êiëåöü äî ïåâíèõ ïîðÿäêiâ ¹ âiäêðèòîþ ïðî-

áëåìîþ, âèðiøåííÿ ÿêî¨ âèìàãà¹ çíà÷íèõ îá÷èñëåíü, i íàéáiëüø ïiäõî-

äÿùîþ ïëàòôîðìîþ äëÿ ¨õ ðåàëiçàöi¨ ¹ ñèñòåìà êîìï'þòåðíî¨ àëãåáðè

GAP [40].
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Ëîêàëüíi ìàéæå-êiëüöÿ, ìóëüòèïëiêàòèâíà ãðóïà ÿêèõ ¹ àáåëåâîþ i

ÿêi íå ¹ êiëüöÿìè, âèâ÷àëèñü Ãîðîäíèêîì [42]. Íèì, çîêðåìà, äîâåäåíî,

ùî ìíîæèíà âñiõ íåîáîðîòíèõ åëåìåíòiâ òàêîãî ìàéæå-êiëüöÿ óòâîðþ¹

àáåëåâó ïiäãðóïó iíäåêñó 2 â éîãî àäèòèâíié ãðóïi òà ïîâíiñòþ îïèñàíi

ëîêàëüíi ìàéæå-êiëüöÿ ç öèêëi÷íîþ ìóëüòèïëiêàòèâíîþ ãðóïîþ. Íàñòó-

ïíèì ïðèðîäíèì êðîêîì ¹ äîñëiäæåííÿ ëîêàëüíèõ ìàéæå-êiëåöü, ìóëü-

òèïëiêàòèâíà ãðóïà ÿêèõ ¹ ãðóïîþ Ìiëëåðà-Ìîðåíî, òîáòî ìiíiìàëüíîþ

íåàáåëåâîþ. Âèïàäîê, êîëè àäèòèâíà ãðóïà òàêîãî ìàéæå-êiëüöÿ ¹ p-

ãðóïîþ ç p 6= 2 ðîçãëÿäàâñÿ Ì. Ðà¹âñüêîþ [8]. Â ñòàòòi [9] âèâ÷àëèñü ëî-

êàëüíi ìàéæå-êiëüöÿ ïîðÿäêó 2n ç ìóëüòèïëiêàòèâíîþ ãðóïîþ Ìiëëåðà-

Ìîðåíî. Â äèñåðòàöiéíié ðîáîòi ïðîäîâæåíî äîñëiäæåííÿ òà êëàñèôiêà-

öiÿ ìóëüòèïëiêàòèâíèõ ãðóï ñêií÷åííèõ ëîêàëüíèõ ìàéæå-êiëåöü.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè.

Ðîáîòà âèêîíóâàëàñÿ â Iíñòèòóòi ìàòåìàòèêè ÍÀÍ Óêðà¨íè ó âiääi-

ëi àëãåáðè i òîïîëîãi¨ çãiäíî iç çàãàëüíèì ïëàíîì äîñëiäæåíü ó ðàìêàõ

íàóêîâî-äîñëiäíèõ òåì �Òåîðiÿ çîáðàæåíü òà ¨¨ çàñòîñóâàííÿ â àëãåáði,

ãåîìåòði¨ é òîïîëîãi¨� (íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0111U002096, 2011�

2015 ðð.), �Ðîçðîáêà é çàñòîñóâàííÿ íîâèõ ìåòîäiâ ó òåîði¨ çîáðàæåíü, àá-

ñòðàêòíié àëãåáði òà àëãåáðà¨÷íié ãåîìåòði¨� (íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨

0116U003125, 2016�2020 ðð.), �Äîñëiäæåííÿ äèíàìi÷íèõ ñèñòåì òà åâîëþ-

öiéíèõ çàäà÷ òîïîëîãi÷íèìè, ñòîõàñòè÷íèìè òà àëãåáðè÷íèìè ìåòîäàìè�

(íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0117U004091, 2017�2021 ðð.) òà �Êàòåãîðíi,

êîìáiíàòîðíi òà àíàëiòè÷íi ìåòîäè äîñëiäæåííÿ ïðîáëåì òåîði¨ çîáðà-

æåíü, àëãåáðà¨÷íî¨ ãåîìåòði¨, àëãåáðà¨÷íî¨ òà äèôåðåíöiàëüíî¨ òîïîëîãi¨�

(íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0121U100395, 2021�2025 ðð.), �Ñó÷àñíi ìå-

òîäè àëãåáðè i òîïîëîãi¨ òà ¨õ çàñòîñóâàííÿ� (íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨

0126U000346, 2026�2030 ðð.).
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Ìåòà i çàâäàííÿ äîñëiäæåííÿ.

Ìåòîþ äîñëiäæåííÿ ¹ ðîçâèòîê òåîði¨ ëîêàëüíèõ ìàéæå-êiëåöü òà

ïîâ'ÿçàíèõ ç íèìè ñòðóêòóðè.

Îá'¹êòîì äîñëiäæåííÿ ¹ ñêií÷åííi ëîêàëüíi ìàéæå-êiëüöÿ.

Ïðåäìåòîì äîñëiäæåííÿ ¹ ìóëüòèïëiêàòèâíi ãðóïè òà ãðóïè íåîáî-

ðîòíèõ åëåìåíòiâ ñêií÷åííèõ ëîêàëüíèõ ìàéæå-êiëåöü.

Çàâäàííÿ äîñëiäæåííÿ:

� Âñòàíîâèòè çâ'ÿçîê ìiæ íiëüïîòåíòíîþ ìóëüòèïëiêàòèâíîþ ãðóïîþ

òà àäèòèâíîþ ãðóïîþ â ëîêàëüíîìó ìàéæå-êiëüöi.

� Êëàñèôiêóâàòè ëîêàëüíi ìàéæå-êiëüöÿ, ÿêi íå ¹ ïîëÿìè òà ìóëüòè-

ïëiêàòèâíà ãðóïà ÿêèõ ¹ ãðóïîþ Øìiäòà.

� Çíàéòè àäèòèâíi ãðóïè ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó 32 òà 128

ç ìóëüòèïëiêàòèâíèìè ãðóïàìè Ìiëëåðà�Ìîðåíî.

� Âèâ÷èòè ñêií÷åííi p-ãðóïè ç öèêëi÷íîþ ïiäãðóïîþ iíäåêñó p ÿê àäè-

òèâíi ãðóïè ëîêàëüíèõ ìàéæå-êiëåöü.

� Îòðèìàòè ëîêàëüíi ìàéæå-êiëüöÿ ç áiáëiîòåêè ïàêåòó SONATA ñèñ-

òåìè êîìï'þòåðíî¨ àëãåáðè GAP.

� Ïðîàíàëiçîâàòè ñêií÷åííi íåàáåëåâi 2-ïîðîäæåííi p-ãðóïè ç öèêëi-

÷íèì êîìóòàíòîì.

� Ïîêàçàòè, ùî íå iñíó¹ ìàéæå-êiëåöü ç îäèíèöåþ, àäèòèâíà ãðóïà

ÿêîãî içîìîðôíà ãðóïi G(pm, pn) ç p > 2 i 2 ≤ m ≤ n.

� Âèâ÷èòè ñêií÷åííi ëîêàëüíi ìàéæå-êiëüöÿ ç ðîçùåïëåíîþ ìåòàöè-

êëi÷íîþ àäèòèâíîþ ãðóïîþ.
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� Îòðèìàòè íåîáõiäíi i äîñòàòíi óìîâè iñíóâàííÿ ëîêàëüíèõ ìàéæå-

êiëåöü íà ãðóïàõ òèïó (B.1). Äîâåñòè, ùî iíäåêñ ïiäãðóïè âñiõ íåîáî-

ðîòíèõ åëåìåíòiâ òàêèõ ìàéæå-êiëåöü â àäèòèâíié ãðóïi äîðiâíþ¹ p.

À òàêîæ, ïîêàçàòè, ùî êîæíà ãðóïà òèïó (B.1) ¹ àäèòèâíîþ ãðóïîþ

ìàéæå-êiëüöÿ ç îäèíèöåþ.

� Ââåñòè òà äîñëiäèòè íàïiâäèñòðèáóòèâíi ìàéæå-êiëüöÿ ç îäèíèöåþ.

� Âèâ÷èòè íàïiâãðóïó íåîáîðîòíèõ åëåìåíòiâ ëîêàëüíèõ ìàéæå-

êiëåöü, àäèòèâíà ãðóïà ÿêîãî içîìîðôíà àáåëåâié ãðóïi òèïó (2m, 2n)

ç m ≥ n > 1.

� Âèêîðèñòîâóþ÷è ïàêåò YangBaxter, íàäàòè êëàñèôiêàöi¨ áðåéñiâ (äî

ïîðÿäêó 32) òà êîñèõ áðåéñiâ (äî ïîðÿäêó 16) âiäïîâiäíî äî àäèòèâ-

íèõ àáî ìóëüòèïëiêàòèâíèõ ãðóï, ÿêi ¹ p-ãðóïàìè Ìiëëåðà�Ìîðåíî.

� Íàâåñòè äåÿêó iíôîðìàöiþ ùîäî ìàéæå-êiëüöåâèõ áðåéñiâ, ùî ñòî-

ñóþòüñÿ, ïàêåòó LocalNR.

� Îòðèìàòè àëãîðèòì ïîáóäîâè ñêií÷åííèõ ëîêàëüíèõ ìàéæå-êiëåöü.

� Íàâåñòè ôóíêöi¨ äëÿ ëîêàëüíèõ ìàéæå-êiëåöü ç ïàêåòó LocalNR, à

ñàìå:

� TheAdditiveGroupsOfLibraryOfLNRsOfOrder,

� TheLibraryOfLNRsOnGroup,

� LocalNearRing,

� AllLocalNearRings,

� IsAdditiveGroupOfLibraryOfLNRs,

� InfoLocalNearRing.

� Íàâåñòè ôóíêöi¨ äëÿ ãðóï ç ïàêåòó LocalNR, à ñàìå:
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� IsMinimalNonAbelianGroup,

� IsMetacyclicPGroup,

� EndoOrbitsOfGroup,

� IsEndoCyclicGroup.

� Êëàñèôiêîâàòè ëîêàëüíi ìàéæå-êiëüöÿ íà 2-ïîðîäæåíèõ ãðóïàõ ïî-

ðÿäêiâ 64 òà 243.

� Íàâåñòè êëàñèôiêàöiþ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêiâ 81 òà 1331.

� Âèâ÷èòè ëîêàëüíi ìàéæå-êiëüöÿ òà åíäîöèêëi÷íi 2-ïîðîäæåíi ãðóïè

ïîðÿäêiâ 64 òà 256.

Íàóêîâà íîâèçíà îäåðæàíèõ ðåçóëüòàòiâ.

Ðåçóëüòàòè ðîáîòè, ùî âèíîñÿòüñÿ íà çàõèñò, ¹ íîâèìè i ïîëÿãàþòü ó

íàñòóïíîìó:

� Âñòàíîâëåíî çâ'ÿçîê ìiæ íiëüïîòåíòíîþ ìóëüòèïëiêàòèâíîþ ãðóïîþ

òà àäèòèâíîþ ãðóïîþ â ëîêàëüíîìó ìàéæå-êiëüöi.

� Êëàñèôiêîâàíî ëîêàëüíi ìàéæå-êiëüöÿ, ÿêi íå ¹ ïîëÿìè òà ìóëüòè-

ïëiêàòèâíà ãðóïà ÿêèõ ¹ ãðóïîþ Øìiäòà.

� Çíàéäåíi àäèòèâíi ãðóïè ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó 32 òà 128

ç ìóëüòèïëiêàòèâíèìè ãðóïàìè Ìiëëåðà�Ìîðåíî.

� Âèâ÷åíi ñêií÷åííi p-ãðóïè ç öèêëi÷íîþ ïiäãðóïîþ iíäåêñó p ÿê àäè-

òèâíi ãðóïè ëîêàëüíèõ ìàéæå-êiëåöü.

� Îòðèìàíî ëîêàëüíi ìàéæå-êiëüöÿ ç áiáëiîòåêè ïàêåòó SONATA ñèñ-

òåìè êîìï'þòåðíî¨ àëãåáðè GAP.
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� Ïðîàíàëiçîâàíî ñêií÷åííi íåàáåëåâi 2-ïîðîäæåííi p-ãðóïè ç öèêëi-

÷íèì êîìóòàíòîì.

� Ïîêàçàíî, ùî íå iñíó¹ ìàéæå-êiëåöü ç îäèíèöåþ, àäèòèâíà ãðóïà

ÿêîãî içîìîðôíà ãðóïi G(pm, pn) ç p > 2 i 2 ≤ m ≤ n.

� Âèâ÷åíî ñêií÷åííi ëîêàëüíi ìàéæå-êiëüöÿ ç ðîçùåïëåíîþ ìåòàöè-

êëi÷íîþ àäèòèâíîþ ãðóïîþ.

� Îòðèìàíî íåîáõiäíi i äîñòàòíi óìîâè iñíóâàííÿ ëîêàëüíèõ ìàéæå-

êiëåöü íà ãðóïàõ òèïó (B.1). Äîâåäåíî, ùî iíäåêñ ïiäãðóïè âñiõ íåî-

áîðîòíèõ åëåìåíòiâ òàêèõ ìàéæå-êiëåöü â àäèòèâíié ãðóïi äîðiâíþ¹

p. À òàêîæ, ïîêàçàíî, ùî êîæíà ãðóïà òèïó (B.1) ¹ àäèòèâíîþ ãðó-

ïîþ ìàéæå-êiëüöÿ ç îäèíèöåþ.

� Ââåäåíî òà äîñëiäæåíî íàïiâäèñòðèáóòèâíi ìàéæå-êiëüöÿ ç îäèíè-

öåþ.

� Âèâ÷åíî íàïiâãðóïó íåîáîðîòíèõ åëåìåíòiâ ëîêàëüíèõ ìàéæå-

êiëåöü, àäèòèâíà ãðóïà ÿêîãî içîìîðôíà àáåëåâié ãðóïi òèïó (2m, 2n)

ç m ≥ n > 1.

� Âèêîðèñòîâóþ÷è ïàêåò YangBaxter, íàäàíî êëàñèôiêàöi¨ áðåéñiâ (äî

ïîðÿäêó 32) òà êîñèõ áðåéñiâ (äî ïîðÿäêó 16) âiäïîâiäíî äî àäèòèâ-

íèõ àáî ìóëüòèïëiêàòèâíèõ ãðóï, ÿêi ¹ p-ãðóïàìè Ìiëëåðà�Ìîðåíî.

� Íàâåäåíî äåÿêó iíôîðìàöiþ ùîäî ìàéæå-êiëüöåâèõ áðåéñiâ, ùî ñòî-

ñóþòüñÿ, ïàêåòó LocalNR.

� Îòðèìàíî àëãîðèòì ïîáóäîâè ñêií÷åííèõ ëîêàëüíèõ ìàéæå-êiëåöü.

� Íàâåäåíî ôóíêöi¨ äëÿ ëîêàëüíèõ ìàéæå-êiëåöü ç ïàêåòó LocalNR, à

ñàìå:

� TheAdditiveGroupsOfLibraryOfLNRsOfOrder,
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� TheLibraryOfLNRsOnGroup,

� LocalNearRing,

� AllLocalNearRings,

� IsAdditiveGroupOfLibraryOfLNRs,

� InfoLocalNearRing.

� Íàâåäåíî ôóíêöi¨ äëÿ ãðóï ç ïàêåòó LocalNR, à ñàìå:

� IsMinimalNonAbelianGroup,

� IsMetacyclicPGroup,

� EndoOrbitsOfGroup,

� IsEndoCyclicGroup.

� Êëàñèôiêîâàíî ëîêàëüíi ìàéæå-êiëüöÿ íà 2-ïîðîäæåíèõ ãðóïàõ ïî-

ðÿäêiâ 64 òà 243.

� Íàâåäåíî êëàñèôiêàöiþ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêiâ 81 òà

1331.

� Âèâ÷åíî ëîêàëüíi ìàéæå-êiëüöÿ òà åíäîöèêëi÷íi 2-ïîðîäæåíi ãðóïè

ïîðÿäêiâ 64 òà 256.

Ïðàêòè÷íå çíà÷åííÿ îäåðæàíèõ ðåçóëüòàòiâ.

Äèñåðòàöiéíà ðîáîòà íîñèòü òåîðåòè÷íèé õàðàêòåð. Ðåçóëüòàòè ðî-

áîòè, à òàêîæ ìåòîäèêà ¨õ îòðèìàííÿ, ìîæóòü áóòè âèêîðèñòàíi äëÿ

ïîäàëüøîãî ðîçâèòêó òåîði¨ ìàéæå-êiëåöü, òåîði¨ ãðóï, òåîði¨ áðåéñiâ òà

ñèñòåìè êîìï'þòåðíî¨ àëãåáðè GAP.

Ìåòîäè äîñëiäæåííÿ.
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Ó ðîáîòi âèêîðèñòîâóþòüñÿ ìåòîäè òåîði¨ ãðóï, òåîði¨ ìàéæå-êiëåöü

òà òåîði¨ áðåéñiâ. Äëÿ ïîáóäîâè ïðèêëàäiâ ëîêàëüíèõ ìàéæå-êiëåöü áóëè

íàïèñàíi àëãîðèòìè òà ïðîãðàìè íà ìîâi GAP, ÿêi áóëî ðåàëiçîâàíî íà

êëàñòåðàõ òà ñóïåðêîìï'þòåðàõ:

� CIRCA (ì. Ñåíò Àíäðþñ, Øîòëàíäiÿ, Âåëèêà Áðèòàíiÿ);

� CIRUS (ì. Åäèíáóðã, Øîòëàíäiÿ, Âåëèêà Áðèòàíiÿ);

� Iíñòèòóòó ìàòåìàòèêè Ïîëüñüêî¨ Àêàäåìi¨ Íàóê (ì. Âàðøàâà, Ïîëü-

ùà);

� Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè (ì. Êè¨â, Óêðà¨íà);

� Iíñòèòóòó êiáåðíåòèêè ÍÀÍ Óêðà¨íè (ì. Êè¨â, Óêðà¨íà);

� Êè¨âñüêîãî ïîëiòåõíi÷íîãî iíñòèòóòó iìåíi Iãîðÿ Ñiêîðñüêîãî (ì. Êè-

¨â, Óêðà¨íà).

Îñîáèñòèé âíåñîê çäîáóâà÷à.

Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨, ÿêi âèíîñÿòüñÿ íà çàõèñò, îòðèìàíi àâ-

òîðîì îñîáèñòî. Âèçíà÷åííÿ íàïðÿìêó äîñëiäæåíü, ïîñòàíîâêà çàäà÷, iäå¨

âiäíîñíî âèáîðó ìåòîäèê ðîçâ'ÿçóâàííÿ íàëåæàòü íàóêîâîìó êîíñóëüòàí-

òó. Òðè ñòàòòi îïóáëiêîâàíî áåç ñïiâàâòîðiâ. Ó ñïiëüíèõ ç íàóêîâèì êîí-

ñóëüòàíòîì òà I.Þ. Ðà¹âñüêîþ ïóáëiêàöiÿõ çà òåìîþ äèñåðòàöi¨ ðîçïîäië

îñîáèñòèõ âíåñêiâ òàêèé:

� ó ðîáîòàõ [1, 3, 9, 15, 16, 17, 18, 19] �� âèçíà÷åííÿ íàïðÿìêó äî-

ñëiäæåíü, ïîáóäîâà àëãîðèòìó, áðàâ ó÷àñòü ó íàïèñàíi ôóíêöié, ïî-

áóäîâi ëîêàëüíèõ ìàéæå-êiëåöü, îáãîâîðåííÿ ðåçóëüòàòiâ, êîíòðîëü

ÿêîñòi âèêëàäåííÿ ðåçóëüòàòiâ íàëåæèòü íàóêîâîìó êîíñóëüòàíòó

ß.Ï. Ñèñàêó.
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� ó ñòàòòi [3] �� â äèñåðòàöiþ âêëþ÷åíî òåîðåìó 2. Çäîáóâà÷êà áðàëà

ó÷àñòü ó íàïèñàíi àëãîðèòìó òà ôóíêöié äëÿ ïàêåòó LocalNR:

� TheAdditiveGroupsOfLibraryOfLNRsOfOrder,

� TheLibraryOfLNRsOnGroup,

� LocalNearRing,

� AllLocalNearRings,

� IsAdditiveGroupOfLibraryOfLNRs,

� InfoLocalNearRing.

� ó ñòàòòi [1] �� â äèñåðòàöiþ âêëþ÷åíî çàóâàæåííÿ 1, òåîðåìó 1. Çäî-

áóâà÷êà áðàëà ó÷àñòü ó íàïèñàíi ôóíêöié äëÿ ãðóï:

� IsMinimalNonAbelianGroup,

� IsMetacyclicPGroup,

� EndoOrbitsOfGroup,

� IsEndoCyclicGroup.

� ó ñòàòòi [2] �� âíåñîê àâòîðiâ ðiâíîöiííèé. Â äèñåðòàöiþ âêëþ÷åíî

ëåìó 3.

� ó ñòàòòi [4] �� âíåñîê àâòîðiâ ðiâíîöiííèé. Â äèñåðòàöiþ âêëþ÷åíî

ëåìó 3, òåîðåìó 3.

� ó ñòàòòÿõ [5, 9, 12, 14, 15, 16, 17, 18] �� ñïiâàâòîðêà I.Þ. Ðà¹âñüêà

ïåðåâiðÿëà ðåçóëüòàòè òà áðàëà ó÷àñòü îáãîâîðåííÿ ðåçóëüòàòiâ, ïî-

ñòàíîâöi ãiïîòåç òà ôiíàëüíîìó îôîðìëåííþ ðåçóëüòàòiâ.

� ó ñòàòòi [7] �� âíåñîê àâòîðiâ ðiâíîöiííèé. Â äèñåðòàöiþ âêëþ÷åíî

ëåìó 6, òåîðåìó 8, òåîðåìó 9, òåîðåìó 10, òåîðåìó 25.
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� ó ñòàòòi [11] �� âíåñîê àâòîðiâ ðiâíîöiííèé. Â äèñåðòàöiþ âêëþ÷åíî

òåîðåìó 5.

� ó ñòàòòi [13] �� âíåñîê àâòîðiâ ðiâíîöiííèé. Â äèñåðòàöiþ âêëþ÷åíî

íàñëiäîê 1.

� ó ïàêåòi [19] �� çäîáóâà÷êà òà I.Þ. Ðà¹âñüêà áðàëè ó÷àñòü ó íà-

ïèñàíi ôóíêöié, ïîáóäîâi ëîêàëüíèõ ìàéæå-êiëåöü, îôîðìëåííi òà

ïåðåâiðöi.

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨.

Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ äîïîâiäàëèñÿ òà îáãîâîðþâàëèñÿ íà:

Êîíôåðåíöiÿõ òà øêîëàõ:

� Âîðêøîï, ïðèñâÿ÷åíèé 70-ði÷÷þ Þðiÿ Âiêòîðîâè÷à Áîäíàð÷óêà, 23

ãðóäíÿ 2025 ðîêó, Íàöiîíàëüíèé óíiâåðñèòåò �Êè¹âî-Ìîãèëÿíñüêà

àêàäåìiÿ�, Êè¨â, Óêðà¨íà;

� Ukraine Mathematics Conference �At the End of the Year 2025�,

December 18�19, 2025, Taras Shevchenko National University of Kyiv,

Kyiv, Ukraine,

https://sites.google.com/knu.ua/umc-2025/

� 15th Ukraine Algebra Conference, July 8-�12, 2025, Lviv, Ukraine,

https://xvuac.mmf.com.ua/index.php/abstracts

� The conference of young scientists �Pidstryhach Readings � 2025�, May

27-�29, 2025, Lviv, Ukraine,

http://iapmm.lviv.ua/chyt2025/abstracts/Raievska_Maryna.pdf

� Êîíôåðåíöiÿ ìîëîäèõ ó÷åíèõ �Ïiäñòðèãà÷iâñüêi ÷èòàííÿ � 2024�, 27�

29 òðàâíÿ 2024 ðîêó, Ëüâiâ, Óêðà¨íà,

http://www.iapmm.lviv.ua/chyt2024/index.html
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� GAPDays Spring 2024, March 11�15, 2024, University of Kaiserslautern-

Landau, Kaiserslautern, Germany,

https://www.gapdays.de/gapdays2024-spring/abstracts/raievska

� The 14th International Algebraic Conference in Ukraine (online), July

3�7, 2023, Sumy, Ukraine,

https://sites.google.com/view/iacu2023/home

� Online Twinning Conference (online), March 27�30, 2023, Digital Theme

UK-Ukraine Twinning Initiative, Great Britain,

https://irp.cdn-website.com/ee30e730/files/uploaded/

Final\%20Programme\%20UA-DIGITAL\%202023.pdf

� International conference-workshop �GAP Days Summer 2022�, October

17�21, 2022, RWTH Aachen University, Aachen, Germany,

https://www.gapdays.de/gapdays2022-summer/abstracts/raievska

� International Conference �On the Trail of Women in Mathemati-

cs �Contemporary Women in Mathematics�, September 15�17, 2022,

Gdansk, Poland,

https://otowim22.ptkwm.pl/

� International Algebraic Conference �At the End of the Year 2021� (onli-

ne), December 27�28, 2021, Kyiv, Ukraine,

https://www.imath.kiev.ua/~algebra/algebra2021/

� 3rd TA visitors meeting (TAM) (online), November 3�4, 2021,

Amsterdam, Netherlands, https://www.hpc-europa.org/3rdTAM

� The 13th International Algebraic Conference in Ukraine, July 6�9, 2021,

Kyiv, Ukraine,

https://drive.google.com/file/d/

1wdZLWtj9jeFLH9BjSb7ZX5RFnTfTpstE/view
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� Ìiæíàðîäíà êîíôåðåíöiÿ ìîëîäèõ ìàòåìàòèêiâ (online), 3�5 ÷åðâíÿ

2021 ðîêó, Êè¨â, Óêðà¨íà,

https://www.imath.kiev.ua/~young/

youngconf2021/Abstracts_2021.pdf

� The conference dedicated to the 60th anniversary of the algebra

department of Kyiv University, July 14�17, 2020, Kyiv, Ukraine,

https://sites.google.com/view/kyiv-algebra60/home

� GAP-Singular-Meeting as part of the OpenDreamKit project, August

15�23, 2019, PfalzAkademie, Lambrecht, Germany,

https://opendreamkit.org/meetings/

2019-04-02-GAPSingularMeeting/

� XII International Algebraic Conference in Ukraine dedicated to the

215th anniversary of V. Bunyakovsky, July 02�06, 2019, Vinnytsia,

Ukraine,

https://xvuac.mmf.com.ua/index.php/

history/all-history/90-xii-iacu

� 4th Conference of Mathematical Society of Moldova CMSM4'2017, June

28 � July 2, 2017, Chisinau, Republic of Moldova,

http://cmsm4.math.md/

� International mathematical conference �Groups and Actions: Geometry

and Dynamics, dedicated to the memory of professor Vitaly

Sushchanskyy�, December 19�22, 2016, Kyiv, Ukraine,

https://www.ukma.edu.ua/eng/index.php/news/

667-international-conference-groups-and-

actions-geometry-and-dynamics

� XI Ëiòíÿ øêîëà �Àëãåáðà, Òîïîëîãiÿ, Àíàëiç�, 1�14 ñåðïíÿ 2016 ðîêó,
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Îäåñà, Óêðà¨íà,

https://www.imath.kiev.ua/~topology/ata11/

� Summer School on Algebra, Statistics and Combinatorics, June 27 �

July 2, 2016, Espoo, Finland,

https://www.aalto.fi/en/news/summer-school-on-

algebra-statistics-and-combinatorics

� ÕVII Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ iì. àêàä. Ìèõàéëà Êðàâ÷ó-

êà, 19�20 òðàâíÿ 2016 ðîêó, Êè¨â, Óêðà¨íà,

https://matan.kpi.ua/uk/kravchuk-conf2016.html

� X Ìiæíàðîäíà àëãåáðà¨÷íà êîíôåðåíöiÿ â Óêðà¨íi ïðèñâÿ÷åíà 70-

ði÷÷þ Þ. À. Äðîçäà, 20�27 ñåðïíÿ 2015 ðîêó, Îäåñà, Óêðà¨íà

� X Ëiòíÿ øêîëà �Àëãåáðà, Òîïîëîãiÿ, Àíàëiç�, 3�15 ñåðïíÿ 2015 ðîêó,

Îäåñà, Óêðà¨íà,

https://imath.kiev.ua/~topology/xata/

� Íàóêîâà êîíôåðåíöiÿ, ïðèñâÿ÷åíà 100-ði÷÷þ âiä äíÿ íàðîäæåííÿ

Ê. Ì. Ôiøìàíà òà Ì. Ê. Ôà å, 1�4 ëèïíÿ 2015 ðîêó, ×åðíiâöi, Óêðà-

¨íà

� Conference �Groups and their actions�, June 22�26, 2015, Bedlewo (near

Poznan), Poland

� Ìiæíàðîäíà êîíôåðåíöiÿ ìîëîäèõ ìàòåìàòèêiâ, 3�6 ÷åðâíÿ 2015 ðî-

êó, Êè¨â, Óêðà¨íà

� AAA89: Workshop on General Algebra, February 26 � March 01, 2015,

Dresden, Germany,

https://tu-dresden.de/mn/math/algebra/

forschung/tagungen/aaaseries/aaa89
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� IX-à Ëiòíÿ øêîëà �Àëãåáðà, òîïîëîãiÿ i àíàëiç�, 7�18 ëèïíÿ 2014

ðîêó, Ïîëÿíèöÿ, Óêðà¨íà,

https://imath.kiev.ua/~topology/xata/xata_program.pdf

� Humboldt Kolleg �Education and Science and their Role in Social and

Industrial Progress of Society�, June 12�15, 2014, Kyiv, Ukraine,

http://hk2014.humboldt.org.ua/

� 9th International Algebraic Conference in Ukraine, July 08�13, 2013,

Lviv, Ukraine,

http://iapmm.lviv.ua/iacu2013/

Ñåìiíàðàõ:

� çàñiäàííÿõ Â÷åíî¨ ðàäè Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè (20

÷åðâíÿ 2023 ð. � îíëàéí, 24 ÷åðâíÿ 2025 ð. � îíëàéí)

� ëàáîðàòîði¨ òîïîëîãi¨ (Òîïîëîãi÷íèé ñåìiíàð) Iíñòèòóòó ìàòåìàòèêè

ÍÀÍ Óêðà¨íè (êåðiâíèê: ÷ë.-êîð. Ñ. I. Ìàêñèìåíêî, Êè¨â, Óêðà¨íà)

(19 êâiòíÿ 2023 ð. � îíëàéí)

https://www.imath.kiev.ua/events/

index.php?seminarId=34&archiv=1

� �Àëãåáðà� Âàðøàâñüêîãî óíiâåðñèòåòó (êåðiâíèê: ïðîô. ßí Îêíií-

ñüêèé, Âàðøàâà, Ïîëüùà) (21 êâiòíÿ 2022 ð., 9 áåðåçíÿ 2023 ð., 18

ñi÷íÿ 2024 ð.)

https://www.mimuw.edu.pl/en/

seminars/seminar-algebra/

� �Secant group� â IÌ ÏÀÍ (êåðiâíèê: ïðîô. ßðîñëàâ Áó÷èíñüêèé,

Âàðøàâà, Ïîëüùà) (31 ñi÷íÿ 2023 ð.)

� �Algebra and Discrete Mathematics� â Óíiâåðñèòåòi ìiñòà Ëiíö (êåðiâ-

íèê: ïðîô. Ìàíóåëü Êàóåðñ, Ëiíö, Àâñòðiÿ) (18 êâiòíÿ 2024 ð.)
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http://www.algebra.uni-linz.ac.at/

teaching/seminar/schedule.php?term=ss2024

� Àëãåáðà¨÷íèé ñåìiíàð Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè (êåðiâ-

íèêè: ÷ë.-êîð. Þ. À. Äðîçä, ÷ë.-êîð. Ñ. I. Ìàêñèìåíêî, Êè¨â, Óêðà¨-

íà) (6 æîâòíÿ 2015 ð., 18 ãðóäíÿ 2018 ð., 26 ÷åðâíÿ 2024 ð. � îíëàéí,

12.11.2025 ð.)

https://www.imath.kiev.ua/events/

index.php?seminarId=22&archiv=1

� ðîçøèðåíå çàñiäàííÿ �Ïiä êiíåöü ðîêó� Àëãåáðà¨÷íîãî ñåìiíàðó Êè-

¨âñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iìåíi Òàðàñà Øåâ÷åíêà (êåðiâ-

íèê: ïðîô. À. Ï. Ïåòðàâ÷óê) (26 ãðóäíÿ 2017 ð.)

� Ñåìiíàð ìîëîäèõ â÷åíèõ Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè (îðãà-

íiçàòîð: Ðàäà ìîëîäèõ â÷åíèõ IÌ ÍÀÍÓ, Êè¨â, Óêðà¨íà) (29 âåðåñíÿ

2016 ð.)

https://www.imath.kiev.ua/events/

index.php?seminarId=85

� Scienti�c Seminar �Geometry, Topology, Applications� (êåðiâíèê: ïðîô.

Ò. Î. Áàíàõ, Ëüâiâ, Óêðà¨íà) (9 áåðåçíÿ 2026 ð.)

http://www.math.lviv.ua/seminar/past.php

Ïóáëiêàöi¨.

Ðåçóëüòàòè äèñåðòàöi¨ âèñâiòëåíî ó 40 íàóêîâèõ ïóáëiêàöiÿõ (äèâ. ñïè-

ñîê ïóáëiêàöié çäîáóâà÷à íà ñ. 12 � 18), ç íèõ 14 � ñòàòòi ó íàóêîâèõ

âèäàííÿõ, âíåñåíèõ äî ïåðåëiêó íàóêîâèõ ôàõîâèõ âèäàíü Óêðà¨íè òà

çàêîðäîííèõ âèäàííÿõ, à òàêîæ 21 ïóáëiêàöi¨ ó òåçàõ äîïîâiäåé i ìàòåði-

àëàõ ìiæíàðîäíèõ òà âiò÷èçíÿíèõ êîíôåðåíöié. Ñòàòòi [1, 3, 5, 7, 9, 11,
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12, 16] ïðîiíäåêñîâàíi ó ìiæíàðîäíèõ íàóêîìåòðè÷íèõ áàçàõ Scopus àáî

Web of Science. Ñòàòòþ [12] îïóáëiêîâàíî ó âèäàííi ç êâàðòèëÿ Q2 âiäïî-

âiäíî äî êëàñèôiêàöi¨ SCImago Journal and Country Rank, ñòàòòi [1, 3, 5,

7, 9, 11] ó âèäàííÿõ ç êâàðòèëÿ Q3, ñòàòòþ [16] ó âèäàííi ç êâàðòèëÿ Q4.

Âiäïîâiäíî äî ï. 2 Íàêàçó � 1220 ÌÎÍ Óêðà¨íè âiä 23.09.2019 âêàçàíi 14

ñòàòåé çàðàõîâóþòüñÿ ÿê 22 íàóêîâi ïóáëiêàöi¨. Ðîáîòè [1, 2, 3, 4, 7, 8, 9,

10, 11, 12, 13] ïðîiíäåêñîâàíî ó áàçi Zentrablatt Math, à ðîáîòè [3, 7, 9, 11,

12, 13, 16] ïðîiíäåêñîâàíî ó áàçi MathSciNet. Ñòàòòi [6, 8, 10] îäíîîñiáíi.

Ñòðóêòóðà é îá'¹ì äèñåðòàöi¨.

Äèñåðòàöiÿ ñêëàäà¹òüñÿ ç ïåðåëiêó óìîâíèõ ïîçíà÷åíü, âñòóïó, ñåìè

ðîçäiëiâ, âèñíîâêiâ, ñïèñêó âèêîðèñòàíèõ äæåðåë, ùî ìiñòèòü 121 íàéìå-

íóâàíü òà äîäàòêó çi ñïèñêîì ïóáëiêàöié i àïðîáàöi¹þ ðåçóëüòàòiâ. Ïîâ-

íèé îáñÿã ðîáîòè ñòàíîâèòü 318 ñòîðiíîê äðóêîâàíîãî òåêñòó iç íèõ ñïè-

ñîê âèêîðèñòàíèõ äæåðåë ìiñòèòüñÿ íà 14 ñòîðiíêàõ, à äîäàòîê � íà 14

ñòîðiíêàõ.

Äåðæàâíi íàãîðîäè (ïðåìi¨) Óêðà¨íè àáî iíøèõ äåðæàâ.

Çà ðîáîòó �Äîñëiäæåííÿ àëãåáðà¨÷íèõ ñòðóêòóð òåîðåòèêî-ãðóïîâèìè

ìåòîäàìè�, ó ñêëàäi êîëåêòèâó Ïëàêîø À. I., Ðà¹âñüêà I. Þ., Ðà¹â-

ñüêà Ì. Þ., Ñîðîêà Þ. Þ. ïðèñóäæåíî ïðåìiþ Âåðõîâíî¨ Ðàäè Óêðà¨-

íè ìîëîäèì ó÷åíèì çà 2020 ðiê (ÏÎÑÒÀÍÎÂÀ Âåðõîâíî¨ Ðàäè Óêðà¨íè

� 1918-IX). Äî çàçíà÷åíî¨ ðîáîòè óâiéøëè 4 ñòàòòi, à ñàìå ñòàòòi [11, 13,

14, 15] çi ñïèñêó ïóáëiêàöié.

Ñòèïåíäiÿ.

Ñòèïåíäiÿ Ïðåçèäåíòà Óêðà¨íè äëÿ ìîëîäèõ â÷åíèõ (æîâòåíü 2016 ð.

� âåðåñåíü 2018 ð).

Ãðàíòè.
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1. Ïðî¹êò �LocalNearRings� ïîâíiñòþ ïiäòðèìàíî HPC-Europa3 Programme,

ùî ïiäòðèìó¹òüñÿ European Commission's Horizon 2020 ïðîãðàìîþ

ïiä Grant Agreement 730897 (01.03-15.03.2020);

2. Grant of the Polish Academy of Sciences (PAN) and National Academy

of Sciences (NAS) (1.04�30.06.2022);

3. Institute of International Education's Scholar Rescue Fund (IIE-SRF)

fellowship (1.10.2022�30.09.2023);

4. Institute of International Education's Scholar Rescue Fund (IIE-SRF)

fellowship (1.10.2023�30.09.2024);

5. Grant from the Simons Foundation (SFI-PD-Ukraine-00014586

(04.2025�03.2026);

6. the European Union's Horizon 2020 research and innovation programme

under the Marie Sklodowska-Curie grant agreement No 873071,

SOMPATY.

Ïîäÿêè.

Âèñëîâëþþ ùèðó âäÿ÷íiñòü íàóêîâîìó êîíñóëüòàíòó ïðîâiäíîìó íà-

óêîâîìó ñïiâðîáiòíèêó âiääiëó àëãåáðè i òîïîëîãi¨, äîêòîðó ôiçèêî-

ìàòåìàòè÷íèõ íàóê, ïðîôåñîðó ßðîñëàâó Ïðîêîïîâè÷ó ÑÈÑÀÊÓ çà ïiä-

òðèìêó, ïîñòiéíó óâàãó, äîïîìîãó â ðîáîòi òà êîðèñíi îáãîâîðåííÿ îäåð-

æàíèõ ðåçóëüòàòiâ, à òàêîæ ñïiâðîáiòíèêàì âiääiëó àëãåáðè i òîïîëîãi¨.

Îñíîâíèé çìiñò äèñåðòàöi¨

Ó âñòóïi îá ðóíòîâàíî àêòóàëüíiñòü òåìè äèñåðòàöi¨, ñôîðìóëüîâàíî

ìåòó, çàâäàííÿ äîñëiäæåííÿ òà íàóêîâó íîâèçíó îäåðæàíèõ ðåçóëüòàòiâ.

Ó ðîçäiëi 1 íàâåäåíî îãëÿä ëiòåðàòóðè çà òåìîþ äèñåðòàöi¨.
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Ó ðîçäiëi 2 íàâåäåíî îñíîâíi îçíà÷åííÿ òà ðåçóëüòàòè, ùî ñòîñóþ-

òüñÿ ëîêàëüíèõ ìàéæå-êiëåöü. Ó ïiäðîçäiëi 2.1 íàâåäåíî ðåçóëüòàòè ïðî

íiëüïîòåíòíi ãðóïè, ãðóïè Øìiäòà, ÿêi áóäå âèêîðèñòàíî â ïîäàëüøèõ

äîñëiäæåííÿõ.

Âèâ÷åííÿ ëîêàëüíèõ ìàéæå-êiëåöü áóëî çàïî÷àòêîâàíî Ìåêñî-

íîì [61], ÿêèé âñòàíîâèâ, çîêðåìà, ùî àäèòèâíà ãðóïà ñêií÷åííîãî ëî-

êàëüíîãî ìàéæå-êiëüöÿ ïîâèííà áóòè p-ãðóïîþ.

Îçíà÷åííÿ 2.1. Ìàéæå-êiëüöå R ç îäèíèöåþ íàçèâà¹òüñÿ ëîêàëü-

íèì, ÿêùî ìíîæèíà L = R \ R∗ âñiõ íåîáîðîòíèõ åëåìåíòiâ iç (R, ·)
óòâîðþ¹ àäèòèâíó ïiäãðóïó â R+, òà ìàéæå-ïîëåì, êîëè L = 0.

Íàâåäåìî îçíà÷åííÿ íiëüïîòåíòíî¨ ãðóïè (äèâ., íàïðèêëàä, [49]).

Íåõàé G � ãðóïà. Íîðìàëüíèé ðÿä

{e} = G0 ⊂ G1 ⊂ G2 ⊂ . . . ⊂ Gn = G,

ãðóïè G íàçèâà¹òüñÿ öåíòðàëüíèì, ÿêùî ïðè i = 0, 1, . . . , n− 1 ôàêòîð-

ãðóïà Gi+1/Gi ìiñòèòüñÿ â öåíòði ôàêòîð-ãðóïè G/Gi. Ãðóïà G, ùî ìà¹

õî÷à á îäèí öåíòðàëüíèé ðÿä, íàçèâà¹òüñÿ íiëüïîòåíòíîþ.

Ãðóïîþ Øìiäòà àáî ìiíiìàëüíîþ íåíiëüïîòåíòíîþ ãðóïîþ íàçè-

âà¹òüñÿ ñêií÷åííà íåíiëüïîòåíòíà ãðóïà, áóäü-ÿêà âëàñíà ïiäãðóïà ÿêî¨

íiëüïîòåíòíà. Âèâ÷åííÿ òàêèõ ãðóï áóëî çàïî÷àòêîâàíî Î. Þ. Øìiäòîì

â [113].

Ïiäðîçäië 2.3 ïðèñâÿ÷åíî âèâ÷åííþ ëîêàëüíèõ ìàéæå-êiëåöü ç íiëü-

ïîòåíòíîþ ìóëüòèïëiêàòèâíîþ ãðóïîþ.

Â íàñòóïíié òåîðåìi âñòàíîâëåíèé çâ'ÿçîê ìiæ íiëüïîòåíòíîþ ìóëüòè-

ïëiêàòèâíîþ ãðóïîþ òà àäèòèâíîþ ãðóïîþ â ëîêàëüíîìó ìàéæå-êiëüöi.

Òåîðåìà 2.9. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ïîðÿäêó pn ç íiëü-

ïîòåíòíîþ ìóëüòèïëiêàòèâíîþ ãðóïîþ R∗. ßêùî p > 2 àáî p = 2 òà

−i ∈ Z(R∗), òî ìàþòü ìiñöå òàêi òâåðäæåííÿ:

1. Àäèòèâíà ãðóïà R+ � àáåëåâà.
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2. L � àáåëåâà òà ìà¹ iíäåêñ 2 â R+.

Çîêðåìà, R/L ¹ ïîëå.

Ïiäðîçäië 2.3 ïðèñâÿ÷åíî âèâ÷åííþ ëîêàëüíèõ ìàéæå-êiëåöü ç ìóëü-

òèïëiêàòèâíèìè ãðóïàìè Øìiäòà.

Îñêiëüêè ìàéæå-ïîëÿ ç ìóëüòèïëiêàòèâíîþ ãðóïîþ Øìiäòà ïîâíiñòþ

îïèñàíi â [8, òåîðåìà 6], òî ðîçãëÿíåìî ëîêàëüíi ìàéæå-êiëüöÿ, ïiäãðóïè

íåîáîðîòíèõ åëåìåíòiâ ÿêèõ ¹ íåòðèâiàëüíèìè.

Íàãàäà¹ìî, ùî ïðîñòå ÷èñëî âèäó p = 22s + 1 ç öiëèì ÷èñëîì s ≥ 0

íàçèâà¹òüñÿ ïðîñòèì ÷èñëîì Ôåðìà.

Òåîðåìà 2.10. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ïîðÿäêó pn,

ÿêå íå ¹ ìàéæå-ïîëåì òà ìóëüòèïëiêàòèâíà ãðóïà R∗ ÿêîãî ¹ ãðóïîþ

Øìiäòà. Òîäi ìàþòü ìiñöå íàñòóïíi òâåðäæåííÿ:

1) ÿêùî p > 2, òî |R| = p2 äëÿ äåÿêîãî ïðîñòîãî ÷èñëà Ôåðìà p,

àäèòèâíà ãðóïà R+ ¹ åëåìåíòàðíîþ àáåëåâîþ òà iñíó¹ òàêèé íåî-

áîðîòíèé åëåìåíò a iç R, ùî

R+ =<i> + <a>,

äå i � îäèíèöÿ â R, a2 = 0 òà (ik)a = −ak äëÿ äîâiëüíîãî ïåðâi-

ñíîãî êîðåíÿ k çà ìîäóëåì p. Çîêðåìà, äëÿ êîæíîãî ïðîñòîãî ÷èñëà

Ôåðìà p iñíó¹ ¹äèíå ëîêàëüíå ìàéæå-êiëüöå ïîðÿäêó p2, ìóëüòè-

ïëiêàòèâíà ãðóïïà ÿêîãî ¹ ãðóïîþ Ìiëëåðà�Ìîðåíî;

2) ÿêùî p = 2, òî |R| = 2n ç n = 2m, äå m � ïðîñòå ÷èñëî, äëÿ

ÿêîãî 2m−1 ¹ ïðîñòèì ÷èñëîì Ìåðñåííà, òà R∗ ¹ ãðóïîþ Ìiëëåðà�

Ìîðåíî.

Ó ïiäðîçäiëi 2.5 äîñëiäæåíî ëîêàëüíi ìàéæå-êiëüöÿ íà ñêií÷åííèõ p-

ãðóïàõ ç öèêëi÷íèìè ïiäãðóïàìè iíäåêñó p.

Â [13, Theorem 12.5.1] äîâåäåíî, ùî iñíó¹ ñiì òèïiâ p-ãðóï ç öèêëi÷íîþ

ïiäãðóïîþ iíäåêñó p.
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Òåîðåìà 2.17. Ãðóïè ïîðÿäêó pn, ÿêi ìiñòÿòü öèêëi÷íó ïiäãðóïó ç

iíäåêñîì p, ìàþòü òàêi òèïè: àáåëåâi,

n ≥ 1, öèêëi÷íi:

1) ap
n

= 1;

n ≥ 2:

2) ap
n−1

= 1, bp = 1, ba = ab;

íåàáåëåâi,

p � íåïàðíå, n ≥ 3:

3) ap
n−1

= 1, bp = 1, ba = a1+pn−2

b;

p = 2, n ≥ 3:

4) óçàãàëüíåíà ãðóïè êâàòåðíiîíiâ:

a2n−1

= 1, b2 = a2n−2

, ba = a−1b;

p = 2, n ≥ 3:

5) ãðóïà äiåäðà:

a2n−1

= 1, b2 = 1, ba = a−1b;

p = 2, n ≥ 4:

6) a2n−1

= 1, b2 = 1, ba = a1+2n−2

b;

p = 2, n ≥ 4:

7) a2n−1

= 1, b2 = 1, ba = a−1+2n−2

b.

Òåîðåìà 2.21. Íåõàé G � p-ãðóïà ç öèêëi÷íîþ ïiäãðóïîþ iíäåêñó

p. G � àäèòèâíà ãðóïà ìàéæå-êiëüöÿ ç îäèíèöåþ òîäi i òiëüêè òîäi,

êîëè âèêîíó¹òüñÿ îäíå ç íàñòóïíèõ òâåðäæåíü:

1. G =<a| apn>, n ≥ 1.

2. G =<a, b| apn−1

, bp, ba = ab>, n ≥ 2.

3. G =<a, b| apn−1

, bp, ba = a1+pn−2

b>, p � íåïàðíå, n ≥ 3.

4. G =<a, b| a4, b2, ba = a−1b>.

5. G =<a, b| a2n−1

, b2, ba = a1+2n−2

b>, n ≥ 4.
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Ó ðîçäiëi 3 âèâ÷àþòüñÿ ëîêàëüíi ìàéæå-êiëüöÿ íà ñêií÷åííèõ íåàáå-

ëåâèõ 2-ïîðîäæåííèõ p-ãðóïàõ.

Êëàñèôiêàöiÿ ñêií÷åííèõ íåàáåëåâèõ 2-ïîðîäæåíèõ p-ãðóï ç öèêëi-

÷íèì êîìóòàíòîì äëÿ íåïàðíèõ ïðîñòèõ ÷èñåë p äàíà Ì¹õîì [67] (äèâ.

òàêîæ [66]).

Òåîðåìà 3.1. Íåõàé G � ñêií÷åííà íåàáåëåâà 2-ïîðîäæåíà p-ãðóïà

ç öèêëi÷íèì êîìóòàíòîì äëÿ íåïàðíèõ ïðîñòèõ ÷èñåë p. Äàëi äàíi âè-

çíà÷àëüíi ñïiââiäíîøåííÿ âñiõ íåiçîìîðôíèõ ãðóï G.

(A.1) G = 〈a, b | apl = bp
m

= 1, ba = ba = b1+ps〉, äå 1 ≤ s < m òà

m− s ≤ l.

(A.2) G = 〈a, b | bpm = 1, ba = b1+ps, ap
l

= bp
h〉, äå 1 ≤ s < h < m òà

m− s ≤ h < l.

(B.1) G = 〈a, b, u | apl = bp
m

= up
n

= 1, ba = bu, ua = ub = u〉, äå
1 ≤ n ≤ m ≤ l.

(B.2) G = 〈a, b, u | apl = up
n

= 1, bp
m

= up
k

, ba = bu, ua = ub = u〉, äå
n ≤ l, n ≤ m, 1 ≤ k < n.

(B.3) G = 〈a, b, u | upn = 1, ap
l

= up
h

, bp
m

= up
k

, ba = bu, ua = ub = u〉, äå
1 ≤ k < h < n ≤ m, m+ h− k < l.

(C.1) G = 〈a, b, u | apl = bp
m

= up
n

= 1, up
n

= 1, ba = bu, ua = u1+ps, ub =

u〉, äå n ≤ l, n ≤ m, 0 < s < n.

(C.2) G = 〈a, b, u | apl = up
n

= 1, ba = bu, ua = u1+ps, ub = u, bp
m

= urp
k〉,

äå n ≤ l, k ≤ m, r 6≡ 0(p), 0 < k < n, 0 < s < n, pm ≡ rpk+s(pn).

(D.1) G = 〈a, b, u | apl = up
h

, ba = bu, ua = u1+ps, ub = u, bp
m

= up
n

= 1〉,
äå n ≤ l, n− s ≤ h < n ≤ m, 0 < s < n.
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(D.2) G = 〈a, b, u | apl = up
h

, up
n

= 1, ba = bu, ua = u1+ps, ub = u, bp
m

=

urp
k〉, äå 0 < h < n ≤ l, 0 < s < n, n − s ≤ h, r ≡ 0(p), 0 < k < n,

k < m, pm ≡ rpk+s(pn), òà ÿêùî k < h, òî l + k > m + h, ÿêùî

h ≤ k, òî m+ n− s > l + k − h.

(E.1) G = 〈a, b, u | bpm = up
n

= 1, ba = bu, ua = u1+ps, ub = u, bp
h

= ap
l〉,

äå 0 < s < n, 0 < h < m, 0 < l − h < n− s, n ≤ h.

(E.2) G = 〈a, b, u | bpm = up
n

= 1, ba = bu, ua = u1+ps, ub = u, ap
l

=

bp
h

utp
j〉 äå n ≤ l, 0 < h < m, 0 < s < n, 0 < l − h < n − s, n ≤ m,

t 6≡ 0(p), 0 ≤ j < h, j < n, ph + tps+j ≡ 0(pn) òà n ≤ j +m− h.

(E.3) G = 〈a, b, u | bpm = up
n

= 1, ba = bu, ua = u1+ps, ub = u, ap
l

=

bp
h

utp
j〉 äå n ≤ l, 0 < h < m, 0 < s < n, 0 < l − h < n − s, n ≤ m,

t 6≡ 0(p), 0 ≤ j < h, j < n, ph + tps+j ≡ 0(pn) òà n > j +m− h.

(F.1) G = 〈a, b, u | upn = 1, ba = bu, ua = u1+ps, ub = u, bp
m

= urp
k

, ap
l

=

bp
h

utp
j〉 äå 0 < s < n, 0 < k < n, s < m, k < m, pm ≡ rpk+s(pn),

r 6≡ 0(p), h < l, h < m, l − h < n − s, t 6≡ 0(p), n ≤ l, ph +

tpj+s ≡ 0(pn), rpk + tpj+m−h ≡ 0(pn).

(F.2) G = 〈a, b, u | upn = 1, ba = bu, ua = u1+ps, ub = u, ap
l

= bp
h

utp
j

, bp
m

=

urp
k〉, äå 0 < s < n, 0 < k < n, k < m, s < m, pm ≡ rpk+s(pn),

r 6≡ 0(p), h < l, h < m, l − h < n − s, t 6≡ 0(p), n ≤ l, ph +

tpj+s ≡ 0(pn), rpk + tpj+m−h 6≡ 0(pn), j +m+ n > l + s+ k.

Â ñòàòòi Ìåíåãàööî [66] çíàéäåíî ãðóïè àâòîìîðôiçìiâ ñêií÷åííèõ

íåàáåëåâèõ 2-ïîðîäæåíèõ p-ãðóï ç öèêëi÷íèì êîìóòàíòîì (p > 2).

Ëåìà 3.4. Ãðóïè àâòîìîðôiçìiâ ãðóï òèïiâ (A.2), (B.3), (D.1),

(D.2), (E.1), (E.2), (E.3), (F.1) i (F.2) ¹ p-ãðóïàìè.

ßê íàñëiäîê ìà¹ìî íàñòóïíå òâåðäæåííÿ.
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Ëåìà 3.5. Íå iñíó¹ ëîêàëüíèõ ìàéæå-êiëåöü ç àäèòèâíîþ ãðóïîþ

îäíîãî ç òèïiâ (A.2), (B.3), (D.1), (D.2), (E.1), (E.2), (E.3), (F.1) ÷è

(F.2).

Íàñòóïíà òåîðåìà äà¹ äîñòàòíi óìîâè äëÿ iñíóâàííÿ ñêií÷åí-

íèõ ëîêàëüíèõ ìàéæå-êiëåöü, àäèòèâíà ãðóïà ÿêèõ içîìîðôíà ãðóïi

G(pm, pn, r).

Òåîðåìà 3.35. Äëÿ êîæíîãî ïðîñòîãî ÷èñëà p òà òàêèõ äîäàòíiõ

öiëèõ m, n, ùî àáî m ≥ n+ r ≥ 2r+ [2
p ], àáî p = 2, 2 < m ≤ n òà r = 1

iñíó¹ ëîêàëüíå ìàéæå-êiëüöå R, àäèòèâíà ãðóïà ÿêîãî R+ içîìîðôíà

ãðóïi G(pm, pn, r).

Ó ïiäðîçäiëi 3.3 âèâ÷àþòüñÿ ëîêàëüíi ìàéæå-êiëüöÿ íà ãðóïàõ òèïó

B.1.

Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ç îäèíèöåþ i, ãðóïà R+ ÿêîãî

içîìîðôíà ãðóïi G(pm, pn, pd). Òîäi R+ = 〈a〉+ 〈b〉+ 〈c〉 ç åëåìåíòàìè

a, b òà c, ùî çàäîâîëüíÿþòü ñïiââiäíîøåííÿ apm = bpn = cpd = 0,

−b + a + b = a + c òà −a + c + a = −b + c + b = c ç 1 ≤ d ≤ n ≤ m,

äå a = i òà êîæåí åëåìåíò x ∈ R îäíîçíà÷íî çàïèñó¹òüñÿ ó âèãëÿ-

äi x = ax1 + bx2 + cx3 ç êîåôiöi¹íòàìè 0 ≤ x1 < pm, 0 ≤ x2 < pn òà

0 ≤ x3 <p
d.

Ïîêàæåìî, ùî ìíîæèíà L óñiõ íåîáîðîòíèõ åëåìåíòiâ R ¹ ïiäãðóïîþ

iíäåêñó p â R+.

Òåîðåìà 3.49. Ìàþòü ìiñöå òàêi òâåðäæåííÿ:

1. L = 〈a · p〉+ 〈b〉+ 〈c〉 i, çîêðåìà, ïiäãðóïà L ìà¹ iíäåêñ p â R+ òà

|R∗| = pm+n+d−1(p− 1);

2. x = ax1 + bx2 + cx3 ¹ îáîðîòíèì åëåìåíòîì òîäi i òiëüêè òîäi,

êîëè x1 6≡ 0 ( mod p ).

Îòðèìó¹ìî íàñòóïíó ôîðìóëó äëÿ ìíîæåííÿ åëåìåíòiâ x = ax1 +

bx2 + cx3 òà y = ay1 + by2 + cy3 ó ëîêàëüíîìó ìàéæå-êiëüöi R.
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Íàñëiäîê 3.50. ßêùî x, y ∈ R ç 1 ≤ d ≤ n ≤ m i xb = aα(x) +

bβ(x) + cγ(x), òî

xy = a(x1y1 + y2α(x)) + b(x2y1 + y2β(x))+

+c(−x1x2

(
y1

2

)
−
(
y2

2

)
α(x)β(x)− x2y1y2α(x)+

+x3y1 + y2γ(x) + x1y3β(x)− x2y3α(x)),

äå âiäîáðàæåííÿ α : R → Zpm, β : R → Zpn i γ : R → Zpd, òà ìàþòü

ìiñöå íàñòóïíi òâåðäæåííÿ:

(0) α(0) ≡ 0 ( mod pm), β(0) ≡ 0 ( mod pn) and γ(0) ≡ 0 ( mod pd) òîäi

i òiëüêè òîäi, êîëè ìàéæå-êiëüöå R ¹ íóëü-ñèìåòðè÷íèì;

(1) α(x) ≡ 0 ( mod p);

(2) ÿêùî β(x) ≡ 0 ( mod p), òî x1 ≡ 0 ( mod p);

(3) α(xy) ≡ x1α(y) + α(x)β(y) ( mod pm );

(4) β(xy) ≡ x2α(y) + β(x)β(y) ( mod pn );

(5) γ(xy) ≡ −x1x2

(
α(y)

2

)
− α(x)β(x)

(
β(y)

2

)
− x2α(x)α(y)β(y)

+x3α(y) + γ(x)β(y) + x1β(x)γ(y)− x2α(x)γ(y) ( mod pd ).

Íàñòóïíà òåîðåìà ïîêàçó¹, ùî óìîâè, íàâåäåíi â òåîðåìi 3.49, ¹ äîñòà-

òíiìè äëÿ iñíóâàííÿ ñêií÷åííèõ ëîêàëüíèõ ìàéæå-êiëåöü íàG(pm, pn, pd).

Áiëüø òîãî, êîæíà ãðóïà G(pm, pn, pd) ¹ àäèòèâíîþ ãðóïîþ ìàéæå-êiëüöÿ

ç îäèíèöåþ.

Òåîðåìà 3.51. Äëÿ êîæíîãî ïðîñòîãî ÷èñëà p òà äîäàòíèõ öiëèõ

÷èñåë m, n òà d ç 1 ≤ d ≤ n ≤ m iñíó¹ ëîêàëüíå ìàéæå-êiëüöå R,

àäèòèâíà ãðóïà ÿêîãî R+ içîìîðôíà ãðóïi G(pm, pn, pd).

ßê íàñëiäîê ìà¹ìî íàñòóïíå òâåðäæåííÿ.
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Íàñëiäîê 3.52. Êîæíà ãðóïà G(pm, pn, pd) ¹ àäèòèâíîþ ãðóïîþ

ìàéæå-êiëüöÿ ç îäèíèöåþ.

Ó ðîçäiëi 4 äîñëiäæóþòüñÿ íàïiâäèñòðèáóòèâíi ìàéæå-êiëüöÿ ç îäè-

íèöåþ òà ëîêàëüíi ìàéæå-êiëüöÿ.

Íàâåäåìî îçíà÷åííÿ íàïiâäèñòðèáóòèâíîãî ìàéæå-êiëüöÿ.

Îçíà÷åííÿ 4.5. (Ëiâå) ìàéæå-êiëüöå R íàçèâà¹òüñÿ íàïiâäèñòðè-

áóòèâíèì, ÿêùî òàêèì ¹ ìíîæåííÿ ñïðàâà âiäíîñíî éîãî äîäàâàííÿ.

Iíøèìè ñëîâàìè, äëÿ áóäü-ÿêèõ åëåìåíòiâ r, s, t ∈ R âèêîíó¹òüñÿ

ðiâíiñòü (r + s+ r)t = rt+ st+ rt.

Âiäîìî, ùî àäèòèâíà ãðóïà áóäü-ÿêîãî äèñòðèáóòèâíîãî ìàéæå-êiëüöå

ç îäèíèöåþ ¹ àáåëåâîþ. Íàñòóïíå òâåðäæåííÿ ïîøèðþ¹ öåé ôàêò íà íà-

ïiâäèñòðèáóòèâíi ìàéæå-êiëüöÿ.

Ëåìà 4.8. Àäèòèâíà ãðóïà êîæíîãî íàïiâäèñòðèáóòèâíîãî

ìàéæå-êiëüöÿ R ç îäèíèöåþ ¹ àáåëåâîþ.

Òåîðåìà 4.15. Íàïiâäèñòðèáóòèâíå ìàéæå-êiëüöå R ç îäèíèöåþ

¹ ïðîñòèì ÿê ìàéæå-êiëüöå òîäi i òiëüêè òîäi, êîëè R ¹ ïðîñòèì

àñîöiàòèâíèì êiëüöåì.

Ó ðîçäiëi 5 âèêîðèñòîâóþ÷è ïàêåò YangBaxter [119], íàäàíî êëàñèôi-

êàöiþ áðåéñiâ (äî ïîðÿäêó 32) òà êîñèõ áðåéñiâ (äî ïîðÿäêó 16) âiäïîâiä-

íî äî àäèòèâíèõ àáî ìóëüòèïëiêàòèâíèõ ãðóï, ÿêi ¹ p-ãðóïàìè Ìiëëåðà�

Ìîðåíî. Êðiì òîãî, ìè íàäà¹ìî äåÿêó iíôîðìàöiþ ùîäî áðåéñiâ, ùî ñòî-

ñóþòüñÿ, ïàêåòó LocalNR.

Ó ðîçäiëi 6 íàâåäåíî àëãîðèòì ïîáóäîâè ñêií÷åííèõ ëîêàëüíèõ

ìàéæå-êiëåöü, ôóíêöi¨ äëÿ ìàéæå-êiëåöü òà ãðóï äëÿ ïàêåòó LocalNR,

êëàñèôiêàöiÿ ëîêàëüíèõ ìàéæå-êiëåöü ìàëèõ ïîðÿäêiâ. Òàêîæ âèâ÷àþ-

òüñÿ åíäîöèêëi÷íi ãðóïè òà ëîêàëüíi ìàéæå-êiëüöÿ.

Àëãîðèòì ïîáóäîâè ìàéæå-êiëåöü ç îäèíèöåþ áàçó¹òüñÿ íà íàñòóïíié

òåîðåìi (äèâ. [115, Theorem 1]).

Òåîðåìà 6.3. Íåõàé G � ãðóïà, i íåõàé ìíîæèíà EndG óñiõ åíäî-
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ìîðôiçìiâ G ðîçãëÿäà¹òüñÿ ÿê ìîíî¨ä ùîäî êîìïîçèöi¨ åíäîìîðôiçìiâ.

Òîäi G � àäèòèâíà ãðóïà ìàéæå-êiëüöÿ ç îäèíèöåþ òîäi i òiëüêè òî-

äi, êîëè iñíóþòü åëåìåíò g ∈ G òà ïiäìîíî¨ä F ãðóïè EndG òàêi, ùî

G = gF òà gφ = gψ ëèøå òîäi, êîëè φ = ψ äëÿ áóäü-ÿêèõ φ, ψ ∈ F .
Íàñòóïíà òåîðåìà îïèñó¹ óìîâè, çà ÿêèõ ìàéæå-êiëüöå Nr =

(G, ·, ?F ), ïîáóäîâàíå íà G ìîíî¨äîì F , ¹ ëîêàëüíèì.

Òåîðåìà 6.4. Íåõàé ãðóïà G, ¨¨ åëåìåíò g òà ïiäìîíî¨ä F ç EndG

çàäîâîëüíÿþòü âèñíîâîê òåîðåìè 6.3 i íåõàé A = F ∩ AutG. Ìàéæå-

êiëüöå Nr = (G, ·, ?F ) ¹ ëîêàëüíèì òîäi é òiëüêè òîäi, êîëè iñíó¹ òàêà

ïiäãðóïà L ãðóïè G, ùî G = gA ∪ L òà gA ∩ L = ∅.
Ôóíêöi¨ äëÿ ìàéæå-êiëåöü äëÿ ïàêåòó LocalNR:

� TheAdditiveGroupsOfLibraryOfLNRsOfOrder

� TheLibraryOfLNRsOnGroup

� LocalNearRing

� AllLocalNearRings

� IsAdditiveGroupOfLibraryOfLNRs

� InfoLocalNearRing

Ôóíêöi¨ äëÿ ãðóï äëÿ ïàêåòó LocalNR:

� IsMinimalNonAbelianGroup

� IsMetacyclicPGroup

� EndoOrbitsOfGroup

� IsEndoCyclicGroup

Êëàñèôiêîâàíî 2-ïîðîäæåííi ãðóïè ¹ àäèòèâíèìè ãðóïàìè ëîêàëüíèõ

ìàéæå-êiëåöü ïîðÿäêó 64 (òåîðåìà 7.1).
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Òåîðåìà 7.4 îïèñó¹ òàêi ãðóïè ïîðÿäêó 81 = 34. Çîêðåìà, ñåðåä 15

íåiçîìîðôíèõ ãðóï öüîãî ïîðÿäêó ëèøå 9 ¹ òàêèìè ãðóïàìè.

Çàçíà÷èìî, ùî iñíóþòü 15 íåiçîìîðôíèõ ãðóï ïîðÿäêó 81 = 34, ç ÿêèõ

9 ¹ àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü. Òåîðåìà 7.5 îïèñó¹ 2-

ïîðîäæåíi ãðóïè ïîðÿäêó 243 = 35 ç öi¹þ âëàñòèâiñòþ. Çîêðåìà, ñåðåä

29 íåiçîìîðôíèõ 2-ïîðîäæåíèõ ãðóï öüîãî ïîðÿäêó ëèøå 10 ¹ òàêèìè

àäèòèâíèìè ãðóïàìè.

Âiäîìî, ùî iñíó¹ 5 íåiçîìîðôíèõ ãðóï ïîðÿäêó 113 = 1331. Âèÿâëÿ-

¹òüñÿ, ùî âñi âîíè ¹ àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü. Òåî-

ðåìà 7.8 ìiñòèòü ñïèñîê óñiõ íåiçîìîðôíèõ ìàéæå-êiëåöü öüîãî ïîðÿäêó.

Iñíó¹ 267 íåiçîìîðôíèõ ãðóï ïîðÿäêó 64 = 26, ç ÿêèõ 53 ¹ 2-

ïîðîäæåíèìè ãðóïàìè, i ëèøå 39 ç öèõ ãðóï ¹ åíäîöèêëi÷íèìè (ëå-

ìà 7.10). Áiëüøå òîãî, 24 ç öèõ ãðóï ¹ àäèòèâíèìè ãðóïàìè ëîêàëüíèõ

ìàéæå-êiëåöü.

Òåîðåìà 7.11. Íåõàé G � 2-ïîðîäæåíà ãðóïà ïîðÿäêó 64. ßêùî G

� àäèòèâíà ãðóïà ëîêàëüíîãî ìàéæå-êiëüöÿ R, òî G ¹ åíäîöèêëi÷íîþ.

Iñíó¹ 56092 íåiçîìîðôíèõ ãðóï ïîðÿäêó 256 = 28, ç ÿêèõ 540 ¹ 2-

ïîðîäæåíèìè ãðóïàìè: 3 ãðóïè ìàþòü åêñïîíåíòó 128, 9 ãðóï ìàþòü

åêñïîíåíòó 64, 30 ãðóï ìàþòü åêñïîíåíòó 32, 107 ãðóï ìàþòü åêñïîíåíòó

16, 84 ãðóïè ìàþòü åêñïîíåíòó 8, òà 3 ãðóïè ìàþòü åêñïîíåíòó 4.

Âèçíà÷åíî âñi åíäîöèêëi÷íi 2-ïîðîäæåíi ãðóïè G ïîðÿäêó 256 åêñ-

ïîíåíòè 16 òà ïîðÿäîê ìíîæèíè âñiõ åëåìåíòiâ ãðóïè G, ïîðÿäîê ÿêèõ

äîðiâíþ¹ åêñïîíåíòi öi¹¨ ãðóïè (ëåìà 7.17).
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Ðîçäië 1

Îãëÿä ëiòåðàòóðè òà ïîïåðåäíi âiäîìîñòi

1.1. Ìàéæå-ïîëÿ

Ìàéæå-ïîëåì íàçèâà¹òüñÿ íåïîðîæíà ìíîæèíà F ç âèçíà÷åíèìè íà

íié äâîìà àëãåáðà¨÷íèìè îïåðàöiÿìè, äîäàâàííÿì òà ìíîæåííÿì, ùî çà-

äîâîëüíÿ¹ íàñòóïíèì óìîâàì:

1) F óòâîðþ¹ àáåëåâó ãðóïó âiäíîñíî äîäàâàííÿ, ÿêà íàçèâà¹òüñÿ àäè-

òèâíîþ ãðóïîþ ìàéæå-ïîëÿ F òà ïîçíà÷à¹òüñÿ ÷åðåç F+;

2) ìíîæèíà íåíóëüîâèõ åëåìåíòiâ F \ 0 iç F óòâîðþ¹ ãðóïó âiäíîñ-

íî ìíîæåííÿ, ÿêà íàçèâà¹òüñÿ ìóëüòèïëiêàòèâíîþ ãðóïîþ ìàéæå-

ïîëÿ F òà ïîçíà÷à¹òüñÿ ÷åðåç F ∗;

3) âèêîíó¹òüñÿ îäíîñòîðîííié äèñòðèáóòèâíèé çàêîí a(b+ c) = ab+ ac

äëÿ âñiõ a, b, c ∈ F .

Íèæ÷å SL(2, q) ïîçíà÷à¹ ñïåöiàëüíó ëiíiéíó ãðóïó ñòåïåíÿ 2 íàä ñêií-

÷åííèì ïîëåì iç q åëåìåíòiâ, Cn � öèêëi÷íó ãðóïó ïîðÿäêó n.

Ñèñòåìàòè÷íå âèâ÷åííÿ ñêií÷åííèõ ìàéæå-ïîëiâ áóëî çàïî÷àòêîâà-

íî Öàññåíõàóçîì ó [121], äå äîâåäåíà àáåëåâiñòü ¨õ àäèòèâíî¨ ãðóïè òà

îõàðàêòåðèçîâàíî ¨õ ìóëüòèïëiêàòèâíi ãðóïè ÿê ãðóïè ðåãóëÿðíèõ àâòî-

ìîðôiçìiâ àáåëåâèõ ãðóï (äèâ., Ì. Õîëë [13], òåîðåìà 20.7.2).
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Òåîðåìà 1.1. Íåõàé F � ñêií÷åííå ìàéæå-ïîëå. Òîäi éîãî ïîðÿäîê ¹

ñòåïåíåì äåÿêîãî ïðîñòîãî ÷èñëà, à éîãî ìóëüòèïëiêàòèâíà ãðóïà F ∗

¹ àáî ìåòàöèêëi÷íîþ ãðóïîþ, àáî içîìîðôíîþ îäíié ç íàñòóïíèõ ñåìè

ãðóï:

I) SL(2, 3);

II) SL(2, 3)× C5;

III) ïiäãðóïà O(2, 7) ïîðÿäêó 48 ãðóïè SL(2, 7);

IV) O(2, 7)× C11;

V) SL(2, 5);

VI) SL(2, 5)× C7;

VII) SL(2, 5)× C29.

Ìàéæå-ïîëå ïî ñóòi òå ñàìå, ùî ãðóïà ç ãðóïîþ àâòîìîðôiçìiâ, ùî

äi¹ òî÷íî òðàíçèòèâíî íà ¨¨ íåòðèâiàëüíèõ åëåìåíòàõ. Ãðóïà G äi¹ òî÷íî

òðàíçèòèâíî (òî÷íî 2-òðàíçèòèâíî) íà ìíîæèíi S, ÿêùî äëÿ êîæíèõ äâîõ

ðiçíèõ åëåìåíòiâ s, t ∈ S (êîæíèõ äâîõ ïàð s1, s2 òà t1, t2 ðiçíèõ åëåìåíòiâ

S) iñíó¹ ðiâíî îäèí g ∈ G ç sg = t (sgi = ti äëÿ i = 1, 2).

ßêùî N ¹ ìàéæå-ïîëåì, òî íàïiâïðÿìèé äîáóòîê N+ oN ∗ äîïóñêà¹

òî÷íî 2-òðàíçèòèâíó äiþ íà N , â ÿêié N+ äi¹ äîäàâàííÿì, à N ∗ � ìíî-

æåííÿì. Äàâíÿ ãiïîòåçà ñòâåðäæó¹, ùî çâîðîòíå òàêîæ âiðíå. Ó ñêií-

÷åííîìó âèïàäêó öå áóëî äîâåäåíî Öàññåíõàóçîì ó âèùåçãàäàíié ñòàòòi.

Çàãàëüíèé âèïàäîê çàëèøà¹òüñÿ âiäêðèòèì.

Íüþìàí [68] ïîøèðþ¹ ðåçóëüòàò Öàññåíõàóçà íà âñi ìàéæå-ïîëÿ.

S � ãðóïà, çàïèñàíà àäèòèâíî, çàäàíà ðàçîì ç àâòîìîðôiçìîì.

A) Ó S ðiâíÿííÿ x+ x = a ìà¹ ðiøåííÿ äëÿ êîæíîãî a.
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B) Ó S ðiâíÿííÿ x+x = a ìà¹ íå áiëüøå îäíîãî ðiøåííÿ äëÿ áóäü-ÿêîãî

a.

C) Äàíèé àâòîìîðôiçì ìà¹ ïîðÿäîê 2.

D) Öåé àâòîìîðôiçì íå çàëèøà¹ íåçìiííèì æîäíîãî åëåìåíòà S, îêðiì

0.

Òåîðåìà 1.2 (Theorem, [68]). Ãðóïà ç âëàñòèâîñòÿìè A)�D) ¹ àáåëå-

âîþ.

Â ðîáîòi Ëàÿ [55] ìóëüòèïëiêàòèâíà ãðóïà ìàéæå-ïîëÿ íàçâàíà ñïàä-

êîâîþ, ÿêùî êîæíà ¨¨ ïiäãðóïà içîìîðôíà ìóëüòèïëiêàòèâíié ãðóïi äå-

ÿêîãî ìàéæå-ïîëÿ, òà îòðèìàíî ïîâíó õàðàêòåðèçàöiþ ñêií÷åííèõ òàêèõ

ãðóï ìàéæå-ïîëiâ.

Íàãàäà¹ìî, ùî ïðîñòå ÷èñëî p âèãëÿäó p = 2n − 1 äëÿ äåÿêîãî öiëî-

ãî n íàçèâà¹òüñÿ ïðîñòèì Ìåðñåííà. Öå íåâèðiøåíà ïðîáëåìà, ÷è iñíó¹

íåñêií÷åííî áàãàòî ïðîñòèõ Ìåðñåííà.

Îçíà÷åííÿ 1.3 (De�nition 1, [55]). Äîäàòíå öiëå m íàçèâà¹òüñÿ z-

÷èñëîì, ÿêùî êîæåí äiëüíèê d > 1 ÷èñëà m ìà¹ âèãëÿä qn − 1, äå q

� ïðîñòå ÷èñëî, n � äîäàòíå öiëå ÷èñëî.

Òåîðåìà 1.4 (Theorem 1, [55]). Äîäàòíå öiëå m ¹ z-÷èñëîì òîäi i òiëü-

êè òîäi, êîëè m = 2, 4, 6, 8, 12, 16, 24, 48 àáî ïðîñòèì Ìåðñåííà.

Òåîðåìà 1.5 (Theorem 3, [55]). Ñêií÷åííà ãðóïà G ¹ ñïàäêîâîþ ãðóïîþ

ìàéæå-ïîëÿ òîäi i òiëüêè òîäi, êîëè G ¹ îäíi¹þ ç íàñòóïíèõ ãðóï:

1) G ¹ öèêëi÷íîþ ãðóïîþ ïîðÿäêó z-÷èñëà.

2) G ∼= Q8.

3) G ∼= C8 o C3.

4) G ∼= Q8 o C3.
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Ìàéæå-ïîëÿ ç íåàáåëåâî ñïàäêîâèìè ìóëüòèïëiêàòèâíèìè ãðóïàìè, â

ÿêèõ óìîâà içîìîðôiçìó ç ìóëüòèïëiêàòèâíèìè ãðóïàìè ìàéæå-ïîëiâ íà-

êëàäà¹òüñÿ ëèøå íà íåàáåëåâi ïiäãðóïè, áóëè êëàñèôiêîâàíi ó ñòàòòi [1].

Òåîðåìà 1.6 (Òåîðåìà 3, [1]). Íåõàé F � ñêií÷åííå ìàéæå-ïîëå, ìóëü-

òèïëiêàòèâíà ãðóïà F ∗ ÿêîãî ¹ íåàáåëåâî ñïàäêîâîþ. Òîäi F ∗ � ãðóïà

îäíîãî ç íàñòóïíèõ òèïiâ:

1) öèêëi÷íà ãðóïà;

2) ãðóïà êâàòåðíiîíiâ Q8;

3) íåàáåëåâà ìåòàöèêëi÷íà ãðóïà ïîðÿäêó 24;

4) ãðóïà SL(2, 3);

5) íåàáåëåâà ìåòàöèêëi÷íà ãðóïà ïîðÿäêó 63;

6) íåàáåëåâà ìåòàöèêëi÷íà ãðóïà ïîðÿäêó 80.

Îñêiëüêè ãðóïè òèïó 3)�6) òåîðåìà 1.6 ¹ ãðóïàìè Øìiäòà, òî ïåðå-

ôîðìóëþ¹ìî öþ òåîðåìó:

Òåîðåìà 1.7. Íåõàé F � ñêií÷åííå ìàéæå-ïîëå, ìóëüòèïëiêàòèâíà

ãðóïà F ∗ ÿêîãî ¹ íåàáåëåâî ñïàäêîâîþ. Òîäi F ∗ � ãðóïà îäíîãî ç íàñòó-

ïíèõ òèïiâ:

1) öèêëi÷íà ãðóïà;

2) ãðóïà êâàòåðíiîíiâ Q8;

3) ãðóïà Øìiäòà.

Â öié ñòàòòi [1] òàêîæ îïèñàíî ìàéæå-ïîëÿ ç ìóëüòèïëiêàòèâíîþ ãðó-

ïîþ Ìiëëåðà�Ìîðåíî.
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Ëåìà 1.8 (Ëåìà 6, [1]). Íåõàé F � ñêií÷åííå ìàéæå-ïîëå, ìóëüòèïëi-

êàòèâíà ãðóïà F ∗ ÿêîãî ¹ ãðóïîþ Ìiëëåðà�Ìîðåíî. Òîäi F ∗ ¹ àáî ãðóïîþ

êâàòåðíiîíiâ ïîðÿäêó 8, àáî íåàáåëåâîþ ìåòàöèêëi÷íîþ ãðóïîþ îäíîãî

ç ïîðÿäêiâ 24, 63 àáî 80.

Ó ñòàòòi [8] äàíî îïèñ âñiõ ìàéæå-ïîëiâ ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

Øìiäòà. À ñàìå, ÿêùî R � ìàéæå-ïîëå, òî ìóëüòèïëiêàòèâíà ãðóïà R∗

içîìîðôíà àáî ãðóïi SL(2, 3), àáî îäíié iç ãðóï Ìiëëåðà�Ìîðåíî ïîðÿäêiâ

24, 63 òà 80.

Òåîðåìà 1.9 (Òåîðåìà 6, [8]). Íåõàé F � ñêií÷åííå ìàéæå-ïîëå ps,

ìóëüòèïëiêàòèâíà ãðóïà F ∗ ÿêîãî ¹ ãðóïîþ Øìiäòà. Òîäi F ∗ � ãðóïà

îäíîãî ç íàñòóïíèõ òèïiâ:

1) ãðóïà SL(2, 3);

2) íåàáåëåâà ìåòàöèêëi÷íà ãðóïà îäíîãî ç ïîðÿäêiâ 24, 63, 80.

Ó ïîäàëüøîìó ìàéæå-ïîëÿ âèâ÷àëèñÿ ãîëîâíèì ÷èíîì çàâäÿêè ¨õ çà-

ñòîñóâàííÿì ó ãåîìåòði¨. Âïåðøå ìàéæå-ïîëÿ çàñòîñóâàëè â ãåîìåòði¨

Âåáëåí i Âàäåðáàðí [118]. Òåîði¨ ìàéæå-ïîëiâ ïðèñâÿ÷åíî ìîíîãðàôiþ

Âèãëiíãà [120], â ÿêié ñèñòåìàòèçîâàíî áiëüøiñòü ðåçóëüòàòiâ ïðî ìàéæå-

ïîëÿ.

1.2. Ìàéæå-êiëüöÿ ç îäèíèöåþ

Ìàéæå-êiëüöå �� öå íåïîðîæíÿ ìíîæèíà ç äâîìà áiíàðíèìè îïåðà-

öiÿìè (äîäàâàííÿ òà ìíîæåííÿ), ÿêà âiäðiçíÿ¹òüñÿ âiä êiëüöÿ òèì, ùî

êîìóòàòèâíiñòü ïåðøî¨ îïåðàöi¨ òà îäèí iç äèñòðèáóòèâíèõ çàêîíiâ (ó

àíàëiçîâàíîìó âèïàäêó, ïðàâèé) íå îáîâ'ÿçêîâî ¹ iñòèííèìè. Ó âèçíà÷åí-

íi íå âèìàãà¹òüñÿ, ùîá ìàéæå-êiëüöå ìàëî îäèíèöþ. Îòæå, âiäñóòíiñòü
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îäíîãî ç äèñòðèáóòèâíèõ çàêîíiâ ó âèçíà÷åííi ìàéæå-êiëüöÿ ¹ âàæëè-

âiøîþ óìîâîþ, íiæ âiäñóòíiñòü êîìóòàòèâíîñòi îïåðàöi¨ äîäàâàííÿ, ùî

ñòâîðþ¹ îñíîâíi òðóäíîùi â ¨õ äîñëiäæåííi.

Ïðîáëåìà âèçíà÷åííÿ êëàñiâ ãðóï, ÿêi ìîæóòü áóòè àäèòèâíèìè àáî

ìóëüòèïëiêàòèâíèìè ãðóïàìè ìàéæå-êiëåöü ç îäèíèöåþ, ¹ âàæëèâîþ ç

òî÷êè çîðó ÿê òåîði¨ ãðóï, òàê i òåîði¨ ìàéæå-êiëåöü. Îäíàê, íàðàçi öÿ

ïðîáëåìà âèâ÷åíà äîñèòü ìàëî. Ç öi¹¨ ïðè÷èíè ðîçðîáêà íîâèõ ìåòîäiâ

òåîði¨ ìàéæå-êiëåöü (çîêðåìà, ëîêàëüíèõ ó âèïàäêó, êîëè ìíîæèíà íå-

îáîðîòíèõ åëåìåíòiâ ¹ àäèòèâíîþ ïiäãðóïîþ) âèäà¹òüñÿ âàæëèâîþ òà

ñïðèÿ¹ ¨õ êëàñèôiêàöi¨.

Äî ïî÷àòêó 40-õ ðð. ìèíóëîãî ñòîði÷÷ÿ âiäáóâàëîñÿ äîñëiäæåííÿ

îñíîâíèõ çàãàëüíèõ âëàñòèâîñòåé ìàéæå-êiëåöü, îïèñàííÿ äåÿêèõ êëàñiâ

ñêií÷åííèõ ìàéæå-êiëåöü, çàñòîñóâàííÿ â òåîði¨ ãðóï ïiäñòàíîâîê (Öàñ-

ñåíõàóç [121], Òàóññêi-Òîä [117], Âåáëåí òà Âàääåðáàðí [118]). Ïîäàëüøèé

ðîçâèòîê öi¹¨ òåîði¨ ñòèìóëþâàëè ðîáîòè Áëåêåòòà [26], Õ. Íîéìàí [69],

Áåò÷à [24], Áåéäëåìàíà [20] òà iíøi. Ç ïî÷àòêó 40-õ ðð. äî êiíöÿ 70-õ ðð.

òåîðiÿ ìàéæå-êiëåöü çàñòîñîâó¹òüñÿ â çàäà÷àõ êëàñèôiêàöi¨ íåëiíiéíèõ

ìàòåìàòè÷íèõ ñòðóêòóð. Çàêëàäåíî îñíîâè ñòðóêòóðíî¨ òåîði¨ ìàéæå-

êiëåöü. Ó öåé ïåðiîä âèÿâëåíî ïðîñòîòó ìàéæå-êiëåöü äåÿêèõ êëàñiâ i,

çîêðåìà, ïîâíèõ ìàéæå-êiëåöü ïåðåòâîðåíü ãðóï (ñèìåòðè÷íèõ ìàéæå-

êiëåöü íà ãðóïàõ) òà ïîëiíîìiàëüíèõ ìàéæå-êiëåöü íàä ïîëÿìè íóëüîâî¨

õàðàêòåðèñòèêè. Îòðèìàíî àíàëîãè òåîðåì Äæåêîáñîíà, Âàääåðáàðíà�

Àðòiíà, äåÿêèõ iíøèõ òåîðåì ñòðóêòóðíî¨ òåîði¨ êiëåöü. Ïîêëàäåíî ïî-

÷àòîê òåîði¨ ðàäèêàëiâ ìàéæå-êiëåöü.

Çàãàëüíié òåîði¨ ìàéæå-êiëåöü ïðèñâÿ÷åíi ìîíîãðàôi¨ Ïiëüöà [70],

Ìåëäðóìà [65], Êëåÿ [29], Ê. Ôåððåðî òà Ã. Ôåððåðî [37], Ëîêõàðòà [56].

Äî ïðîáëåìàòèêè òåîði¨ ìàéæå-êiëåöü çâåðòàëèñü Êóðîø, Ïëîòêií òà ¨õ

ó÷íi. Äåÿêèì ïèòàííÿì òåîði¨ ìàéæå-êiëåöü òà ¨¨ çâ'ÿçêàìè ç òåîði¹þ

ìóëüòèîïåðàòîðíèõ ãðóï ïðèñâÿ÷åíî ðîáîòè Ïîëiíà, Êóçüìiíà, Ìàðèíà,
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Êààðëi òà iíøèõ. Ïiçíiøå ç'ÿâèëèñÿ ðîáîòè, ïîâ'ÿçàíi ç âèâ÷åííÿì ãðó-

ïîâèõ âiäîáðàæåíü òà ìàéæå-êiëåöü ïåðåòâîðåíü (Êàëóæíiíà òà Ñóùàí-

ñüêîãî, Êèðè÷åíêî, Óñåíêî, Êiðòàäçå, Ìiõàéëîâà, Ðÿáóõî).

Ëîêõàðò â ñâî¨é êíèçi [56] âiäìiòèâ, ùî áàãàòî ðàííiõ ðîáiò ç ìàéæå-

êiëüöåâèõ ìîäåëåé ïðàãíóëè âèêîðèñòàòè ÿâíi óñïiõè òåîði¨ êiëåöü òà êî-

ìóòàòèâíî¨ àëãåáðè. Öå áóëî íàéáiëüø ïîìiòíî â òåîði¨ ïðåäñòàâëåíü òà

ðàäèêàëiâ, ç áàãàòüìà ñòàòòÿìè [20], [21], [39] íà öi òåìè â 1960-õ òà 1970-õ

ðîêàõ [70], àëå öå òàêîæ âêëþ÷àëî óçàãàëüíåííÿ ñòàíäàðòíèõ òåì, òàêèõ

ÿê ãðóïîâi ìàéæå-êiëüöÿ [65], òåíçîðíi äîáóòêè [57], òåîðiÿ êàòåãîðié [43].

Ïðèðîäíèì ïðèêëàäîì ¹ ìàéæå-êiëüöåMap(G) óñiõ âiäîáðàæåíü ãðó-

ïè G â ñåáå ç äîäàâàííÿì òà ìíîæåííÿì, âèçíà÷åíèõ ÿê xf+g = xfxg òà

xfg = (xf)g äëÿ âñiõ x ∈ G. Çîêðåìà, äëÿ áóäü-ÿêî¨ íåòðèâiàëüíî¨ ãðóïè
G â Map(G) äiéñíèé ëèøå ëiâèé ðîçïîäiëüíèé çàêîí f(g+h) = fg+ fh.

ßêùî e ¹ íåéòðàëüíèì åëåìåíòîì G, òî âiäîáðàæåííÿ o, i ç xo = e

òà xi = x äëÿ âñiõ x ∈ G äîðiâíþþòü íóëþ òà ¹ îäèíè÷íèì åëåìåíòîì

Map(G).

Àäèòèâíà ãðóïàMap(G)+ ãðóïèMap(G) içîìîðôíà äåêàðòîâîìó äî-

áóòêó |G| êîïié G, à ìóëüòèïëiêàòèâíà ãðóïà Map(G)∗ çáiãà¹òüñÿ iç ñè-

ìåòðè÷íîþ ãðóïîþ Sym(G) íà G.

Ìíîæèíè {f ∈ Map(G)|ef = e} òà {g ∈ Map(G)|xg = const} ¹

ïiäìàéæå-êiëüöÿìèMap(G), ÿêi íàçèâàþòüñÿ éîãî íóëü-ñèìåòðè÷íîþ òà

êîíñòàíòíîþ ÷àñòèíàìè òà ïîçíà÷àþòüñÿMap0(G) òàMapc(G), âiäïîâiä-

íî.

Îñêiëüêè Map0(G)+ ¹ íîðìàëüíîþ ãðóïîþ â Map(G)+, Mapc(G)

içîìîðôíà G òà Map(G) = Map0(G) + Mapc(G), äå Map0(G) ∩
Mapc(G) = {o}, òîMap(G) ¹ íàïiâïðÿìîþ ñóìîþMap0(G) òàMapc(G).

Áàãàòî ïðèêëàäiâ ìàéæå-êiëåöü âèíèêàþòü ïî ñóòi îäíàêîâî. Ñòàí-

äàðòíi ïðèêëàäè ìàþòü ôîðìó ìíîæèíè âñiõ âiäîáðàæåíü ãðóïè â ñå-

áå òà ïåâíi ïiäìíîæèíè öi¹¨ ìíîæèíè. Ìíîæåííÿ ìàéæå-êiëåöü ó öèõ
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âèïàäêàõ çàçâè÷àé ¹ êîìïîçèöi¹þ âiäîáðàæåíü. Â îñíîâi öèõ ïðèêëàäiâ

ëåæèòü çàãàëüíèé êàòåãîðiàëüíèé ìåõàíiçì äëÿ ïîáóäîâè ìàéæå-êiëåöü,

ÿêèé òàêîæ âêëþ÷à¹ iíøi òèïè ìàéæå-êiëåöü, óòâîðåíèõ çà äîñèòü ðiçíèõ

îáñòàâèí. Ãîëêîìá [43] ñôîðìóëþâàâ òåîðiþ ïðåäñòàâëåíü, âèêîðèñòîâó-

þ÷è íàéáiëüø òiñíî ïîâ'ÿçàíó êàòåãîðiþ äëÿ çàáåçïå÷åííÿ ïðåäñòàâëåííÿ

îá'¹êòiâ, à íå òðàäèöiéíèé ïiäõiä N -ãðóï àáî N -ìîäóëiâ.

Ëàé [52] äîâiâ íàñòóïíó òåîðåìó.

Òåîðåìà 1.10 (Theorem, [52]). Íåõàé R � ñêií÷åííå ìàéæå-êiëüöå ç

îäèíèöåþ 1 òàêå, ùî (−1)x = x îçíà÷à¹, ùî x = 0. Òîäi (R,+) ¹ àáåëå-

âèì.

À òàêîæ íàâåäåíî ïðèêëàä ìàéæå-êiëüöÿ, ÿêå çàäîâîëüíÿ¹ óìîâè òå-

îðåìè, àëå íå ¹ ìàéæå-ïîëåì.

Ïðèêëàä 1.11 (Example, [52]). Íåõàé R � òàêå ñêií÷åííå ìàéæå-ïîëå,

ùî (R,+) íå ìà¹ åëåìåíòiâ äðóãîãî ïîðÿäêó. Ðîçãëÿíåìî

G = R×R = {(r, s) : r ∈ R, s ∈ R}.

Âèçíà÷èìî �+� òà �·� íàñòóïíèì ÷èíîì:

(r1, s1) + (r2 · s2) = (r1 + r2, s1 + s2)

òà

r1, s1) · (r2, s2) = (r1 · r2, s1 · s2).

Òîäi ëåãêî ïåðåâiðèòè, ùî (G,+, ·) ¹ ìàéæå-êiëüöåì, ÿêå çàäîâîëüíÿ¹
óìîâè òåîðåìè 1.10. Îñêiëüêè G ìiñòèòü íóëüîâi äiëüíèêè, ìè ðîáèìî

âèñíîâîê, ùî G íå ¹ ìàéæå-ïîëåì.

Ðiçíi êëàñè ãðóï íå ìîæóòü áóòè àäèòèâíèìè ãðóïàìè ìàéæå-êiëåöü ç

îäèíèöåþ. Âèêîðèñòîâóþ÷è ãëèáîêó òåîðåìó ïðî òå, ùî ãðóïà íåïàðíîãî

ïîðÿäêó ¹ ðîçâ'ÿçíîþ [36].
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Òåîðåìà 1.12 (Theorem, [36]). Âñi ñêií÷åííi ãðóïè íåïàðíîãî ïîðÿäêó ¹

ðîçâ'ÿçíèìè.

Êëåé òà Ìàëîí [31] äîâåëè, ùî ïðîñòà ãðóïà ñêëàäåíîãî ïîðÿäêó íå

ìîæå áóòè àäèòèâíîþ ãðóïîþ ìàéæå-êiëåöü ç îäèíèöåþ.

Íàñëiäîê 1.13 (Corollary, [31]). Ïðîñòà ãðóïà ñêëàäåíîãî ïîðÿäêó íå

ìîæå áóòè àäèòèâíîþ ãðóïîþ ìàéæå-êiëüöÿ ç îäèíèöåþ.

Âèêîðèñòîâóþ÷è ðåçóëüòàò ç [36], Ëàé [53] ðîçøèðþ¹ öåé ðåçóëüòàò, à

ñàìå, ïîêàçó¹, ùî ñêií÷åííà íåàáåëåâà ãðóïà ç ðiâíî îäíi¹þ íåòðèâiàëü-

íîþ âëàñíîþ íîðìàëüíîþ ïiäãðóïîþ íå ìîæå áóòè àäèòèâíîþ ãðóïîþ

ìàéæå-êiëåöü ç îäèíèöåþ.

Òåîðåìà 1.14 (Theorem 1, [53]). Íåõàé (G,+) � ñêií÷åííà íåêîìóòà-

òèâíà ãðóïà ç ðiâíî îäíi¹þ âëàñíîþ íîðìàëüíîþ ïiäãðóïîþ. Òîäi (G,+)

íå ìîæå áóòè àäèòèâíîþ ãðóïîþ ìàéæå-êiëüöÿ ç îäèíèöåþ i.

Âèêîðèñòîâóþ÷è ëèøå ìåòîäè òåîði¨ ÷èñåë, â ñòàòòÿõ [31] òà [30] âiäïî-

âiäíî ïîêàçàíî, ùî ñèìåòðè÷íi ãðóïè Sn, n ≥ 3 òà çíàêîçìiííi ãðóïè An,

n ≥ 4, íå ìîæóòü áóòè àäèòèâíèìè ãðóïàìè ìàéæå-êiëåöü ç îäèíèöåþ.

Òåîðåìà 1.15 (Theorem 4, [31]). Íåõàé (Sn,+) � ñèìåòðè÷íà ãðóïà íà

n ñèìâîëàõ. Íå iñíó¹ ìàéæå-êiëüöÿ ç îäèíèöåþ àäèòèâíà ãðóïà ÿêîãî

(Sn,+) ïðè n ≥ 3.

Êðiììåë [48] íàâiâ äóæå ïðîñòèé äîêàç òåîðåìè, ÿêà çíà÷íîþ ìiðîþ

óçàãàëüíþ¹ ïîïåðåäíi ðåçóëüòàòè.

Òåîðåìà 1.16 (Theorem, [48]). Íåõàé (G,+) � ãðóïà, ùî ìà¹ åëåìåíòè

M ðiçíèõ ïðîñòèõ ïîðÿäêiâ. ßêùî êîæåí àíòèëàíöþã ðåøiòêè íîð-

ìàëüíèõ ïiäãðóï ãðóïè G ìà¹ ïîòóæíiñòü ìåíøó çà M , òî (G,+) íå

ìîæå áóòè àäèòèâíîþ ãðóïîþ ìàéæå-êiëüöÿ ç îäèíèöåþ.
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Êëåé [28] âèçíà÷èâ óñi ìàéæå-êiëüöÿ ç îäèíèöåþ íà (D4,+). Äæîí-

ñîí [50] ðîçãëÿíóâ ìàéæå-êiëüöÿ, âèçíà÷åíi íà (Dn,+), äiåäðàëüíié ãðó-

ïi ïîðÿäêó 2n òà ïîêàçàâ, ùî ÿêùî (Dn,+, ·) ¹ ìàéæå-êiëüöåì ç ìóëü-

òèïëiêàòèâíîþ îäèíèöåþ, òî íîðìàëüíi ïðàâi ïiäìîäóëi òà ïðàâi iäåàëè

(Dn,+, ·) çáiãàþòüñÿ òîäi i òiëüêè òîäi, êîëè âñi íîðìàëüíi ïðàâi ïiäìîäó-
ëi ¹ àíóëÿòîðíèìè ïðàâèìè iäåàëàìè. Äîâåäåíî iñíóâàííÿ ìàéæå-êiëüöÿ

ç ìóëüòèïëiêàòèâíîþ îäèíèöåþ íà (Dn,+), äå n = 2p, p � ïðîñòå ÷è-

ñëî. Ïîêàçó¹ìî, ùî ÿêùî p � íåïàðíå ïðîñòå ÷èñëî, òî iñíó¹, ç òî÷íi-

ñòþ äî içîìîðôiçìó, ¹äèíå ìàéæå-êiëüöå ç ìóëüòèïëiêàòèâíîþ îäèíèöåþ

íà (Dn,+). Êðiììåë òàêîæ (íåçàëåæíî) çàóâàæèâ, ùî iñíó¹, ç òî÷íiñòþ

äî içîìîðôiçìó, ¹äèíå ìàéæå-êiëüöå ç ìóëüòèïëiêàòèâíîþ îäèíèöåþ íà

(Dn,+), n = 2q.

Â ðîáîòi [79] ïîêàçàíî, ùî íå iñíó¹ ìàéæå-êiëåöü ç îäèíèöåþ, àäèòèâ-

íà ãðóïà ÿêèõ içîìîðôíà ãðóïi Øìiäòà.

Ìàéæå-êiëüöå R íàçèâà¹òüñÿ äèñòðèáóòèâíî ïîðîäæåíèì, ÿêùî

iñíó¹ ïiäíàïiâãðóïà S ≤ (Rd, ·) òàêà, ùî àäèòèâíà ãðóïà R+ ïîðîäæå-

íà S. Ó öüîìó âèïàäêó ÷àñòî ïèøóòü R = (R, S).

Äèñòðèáóòèâíî ïîðîäæåíi ìàéæå-êiëüöÿ äîçâîëÿþòü ñòâîðèòè íàáà-

ãàòî ñèëüíiøó òåîðiþ ñòðóêòóð òà òåîðiþ ïðåäñòàâëåíü, íiæ ìàéæå-

êiëüöÿ çàãàëîì. Áàãàòî ôóíäàìåíòàëüíèõ òåîðåì ïðî êiëüöÿ ìîæíà âiä-

ïîâiäíèì ÷èíîì óçàãàëüíèòè, òîäi ÿê, ç iíøîãî áîêó, ñòðóêòóðíi êîíöå-

ïöi¨, âëàñòèâi ìàéæå-êiëüöÿì, ïðèçâîäÿòü äî çíà÷íèõ ðåçóëüòàòiâ [38].

Îçíà÷åííÿ 1.17 (De�nition 1.2.1, [38]). Åëåìåíò c ìàéæå-êiëüöÿ R ¹

äèñòðèáóòèâíèì âiäíîñíî ïàðè åëåìåíòiâ a, b ç R, ÿêùî (a+b)c = ac+bc.

Åëåìåíò c ç R, ÿêèé ¹ äèñòðèáóòèâíèì âiäíîñíî ïàð åëåìåíòiâ x, y äëÿ

âñiõ x, y ∈ R, ¹ äèñòðèáóòèâíèì.

Îçíà÷åííÿ 1.18 (De�nition 1.2.2, [38]). Ìàéæå-êiëüöå R, â ÿêîìó êîæåí

åëåìåíò ¹ äèñòðèáóòèâíèì, ¹ äèñòðèáóòèâíèì ìàéæå-êiëüöåì.
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Ïðèêëàä 1.19 (Example 2, [38]). Íåõàé R+ � áóäü-ÿêà ãðóïà ïî äîäà-

âàííþ ç îäèíèöåþ 0. Âèçíà÷èìî äëÿ âñiõ x, y ∈ R+, xy = 0. Öå ìíîæåííÿ

âèçíà÷à¹ äèñòðèáóòèâíå ìàéæå-êiëüöå R.

Òåîðåìà 1.20 (Theorem 4.4.3, [38]). Íåõàé R � äèñòðèáóòèâíî ïîðî-

äæåíå ìàéæå-êiëüöå ç îäèíèöåþ. Êîæíà ç íàñòóïíèõ óìîâ ¹ (íåîáõi-

äíîþ òà) äîñòàòíüîþ äëÿ òîãî, ùîá R áóëî êiëüöåì:

� R ¹ äèñòðèáóòèâíèì,

� R+ ¹ êîìóòàòèâíèì.

Ñòàòòi [39] ¹ ïðîäîâæåííÿì [38], â ÿêié âèâ÷à¹òüñÿ ïðåäñòàâëåííÿ

äèñòðèáóòèâíî ïîðîäæåíèõ ìàéæå-êiëåöü âiäîáðàæåííÿìè ãðóï.

Ãîïêiíñ [44] äîâiâ íàñòóïíó òåîðåìó: ÿêùî R � êiëüöå, ÿêå çàäîâîëü-

íÿ¹ óìîâó ñïàäíîãî ëàíöþãà íà ïðàâèõ iäåàëàõ i ìà¹ àáî ëiâó îäèíèöþ,

àáî ïðàâó îäèíèöþ, òî R çàäîâîëüíÿ¹ óìîâó çðîñòàþ÷îãî ëàíöþãà íà

ïðàâèõ iäåàëàõ.

Áåéäëìàí [19] äîâiâ ïîäiáíó òåîðåìó äëÿ äèñòðèáóòèâíî ïîðîäæåíèõ

ìàéæå-êiëåöü R ç îäèíèöåþ, àäèòèâíà ãðóïà ÿêèõ R+ ¹ ðîçâ'ÿçíîþ.

Òåîðåìà 1.21 (Theorem, [19]). Íåõàé R � äèñòðèáóòèâíî ïîðîäæåíå

ìàéæå-êiëüöå, àäèòèâíà ãðóïà ÿêîãî R+ ¹ ðîçâ'ÿçíîþ. ßêùî R çàäî-

âîëüíÿ¹ óìîâó ñïàäíîãî ëàíöþãà íà R-ïiäãðóïàõ, òî R ¹ íåòåðîâèì.

Ñòàòòÿ [20] çäåáiëüøîãî ïðèñâÿ÷åíà âèâ÷åííþ ïðèìiòèâíîãî ðàäè-

êàëà äèñòðèáóòèâíî ïîðîäæåíîãî ìàéæå-êiëüöÿ. Ïðèìiòèâíèé ðàäèêàë

äèñòðèáóòèâíî ïîðîäæåíîãî ìàéæå-êiëüöÿ R ìiñòèòü ðàäèêàë R, ÿêèé,

ó ñâîþ ÷åðãó, ìiñòèòü ÿê êâàçiðàäèêàë, òàê i ðàäèêàë-ïiäãðóïó.

Òåîðåìà 1.22 (Theorem 1, [20]). Ðàäèêàë äèñòðèáóòèâíî ïîðîäæåíîãî

ìàéæå-êiëüöÿ R ìiñòèòüñÿ â ïðèìiòèâíîìó ðàäèêàëi R.

Îòæå, ìîæíà î÷iêóâàòè, ùî ïðèìiòèâíèé ðàäèêàë áóäå êîðèñíèì äëÿ

âèçíà÷åííÿ ïåâíèõ âëàñòèâîñòåé êâàçiðàäèêàëà òà ðàäèêàëà. Ñòàòòÿ [21]
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çäåáiëüøîãî ¹ ïðîäîâæåííÿì [20]. Ðîçãëÿäàþòüñÿ ëèøå äèñòðèáóòèâíî

ïîðîäæåíi ìàéæå-êiëüöÿ R ç îäèíèöåþ. Íàãàäà¹ìî ç [20], ùî ïðèìiòèâíèé

ðàäèêàë R ìiñòèòü ðàäèêàë R, ÿêèé ìiñòèòü êâàçiðàäèêàë R. Íiëüðàäè-

êàë R, ÿêèé ¹ ñóìîþ âñiõ íiëüïîòåíòíèõ iäåàëiâ R, ìiñòèòüñÿ â êâàçiðàäè-

êàëi R. Iäåÿ ñòàòòi ïîëÿãà¹ â ðîçâèòêó ïåâíèõ âëàñòèâîñòåé íiëüðàäèêàëà

äèñòðèáóòèâíî ïîðîäæåíîãî ìàéæå-êiëüöÿ. Äîñëiäæåííÿ íiëüðàäèêàëó

çàáåçïå÷èòü êiëüêà õàðàêòåðèñòèê ïðèìiòèâíîãî ðàäèêàëà, ðàäèêàëà òà

êâàçiðàäèêàëà ïåâíèõ êëàñiâ äèñòðèáóòèâíî ïîðîäæåíèõ ìàéæå-êiëåöü.

Îçíà÷åííÿ 1.23 (De�nition 1, [20]). Ïðèìiòèâíèé iäåàë B äèñòðèáóòèâ-

íî ïîðîäæåíîãî ìàéæå-êiëüöÿ R íàçèâà¹òüñÿ ñòðîãî ïðèìiòèâíèì òîäi

i òiëüêè òîäi, êîëè R/B ¹ ïðîñòèì äèñòðèáóòèâíî ïîðîäæåíèì ìàéæå-

êiëüöåì.

Îçíà÷åííÿ 1.24 (De�nition 2, [20]). Íåõàé L ïîçíà÷à¹ ìíîæèíó âñiõ

ñòðîãî ïðèìiòèâíèõ iäåàëiâ ìàéæå-êiëüöÿ R ìà¹òüñÿ íà óâàçi iäåàë

P (R) = ∩B(B ∈ L).

Ó ðîáîòi [54] âèêîðèñòàíî ðåçóëüòàò ñòàòòi [53] i âèçíà÷èìî âñi íåiçî-

ìîðôíi äèñòðèáóòèâíî ïîðîäæåíi ìàéæå êiëüöÿ, âèçíà÷åíi íà ñèìåòðè-

÷íèõ ãðóïàõ Sn(n ≥ 5) òà ñêií÷åííèõ äiåäðàëüíèõ ãðóïàõ Dp ïîðÿäêó 2p,

p � íåïàðíå ïðîñòå ÷èñëî.

Ó ñòàòòi [58] äîñëiäæóþòüñÿ äâà îñíîâíi ïèòàííÿ ùîäî ñêií÷åííèõ

äiåäðàëüíèõ ãðóï ïîðÿäêó 2n, äå n � íåïàðíå, òà äèñòðèáóòèâíî ïîðî-

äæåíèõ ìàéæå-êiëåöü. Ïîêàçàíî, ùî äèñòðèáóòèâíî ïîðîäæåíi ìàéæå-

êiëüöÿ, ïîðîäæåíi âiäïîâiäíî âíóòðiøíiìè àâòîìîðôiçìàìè, àâòîìîðôi-

çìàìè òà åíäîìîðôiçìàìè òàêî¨ ãðóïè, ¹ iäåíòè÷íèìè, ïîðÿäêó, ùî äî-

ðiâíþ¹ 2n3.

Òåîðåìà 1.25 (Theorem 3, [58]).

I(D2n) = A(D2n) = E(D2n)
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òà

|En| = 2n3.

Òàêîæ îòðèìàíî ðåçóëüòàòè ùîäî ñòðóêòóðè iäåàëiâ öèõ ìàéæå-

êiëåöü. Âèçíà÷åíî êiëüêiñòü íåiçîìîðôíèõ äèñòðèáóòèâíî ïîðîäæåíèõ

ìàéæå-êiëåöü, ÿêi ìîæíà âèçíà÷èòè íà òàêié äiåäðàëüíié ãðóïi. Öå ÷èñëî

äîðiâíþ¹ 1+2r, äå r � êiëüêiñòü ðiçíèõ ïðîñòèõ ÷èñåë, ùî çóñòði÷àþòüñÿ

ó ðîçêëàäi ÷èñëà n.

Òåîðåìà 1.26 (Theorem 7, [58]). Êiëüêiñòü íåiçîìîðôíèõ äèñòðèáóòèâ-

íî ïîðîäæåíèõ ìàéæå-êiëåöü, ÿêi ìîæíà âèçíà÷èòè íà D2n, äîðiâíþ¹

1 + 2r, äå r � êiëüêiñòü ðiçíèõ ïðîñòèõ ÷èñåë, ùî âõîäÿòü äî ôàêòî-

ðèçàöi¨ n.

Ó íàñòóïíié ñòàòòi [59] îïèñàíî äèñòðèáóòèâíî ïîðîäæåíi ìàéæå-

êiëüöÿ, ïîðîäæåíi âiäïîâiäíî âíóòðiøíiìè àâòîìîðôiçìàìè, àâòîìîðôi-

çìàìè òà åíäîìîðôiçìàìè äiåäðàëüíî¨ ãðóïè ïîðÿäêó 2n, n � ïàðíå.

Òåîðåìà 1.27 (Theorem 3.1, [59]).

|I(D2n)| = n3/4.

Òåîðåìà 1.28 (Theorem 3.2, [59]).

|A(D2n)| = n3/2, n ≥ 4.

Òåîðåìà 1.29 (Theorem 4.1, [59]). ßêùî 4|n, àëå 8 - n, òî ïîðÿäîê

E(D2n) ¹ n
7/64. Â iíøîìó âèïàäêó, ïîðÿäîê E(D2n) ¹ 2n3(n|gcd(n, 4))4.

Ó [60] âèçíà÷åíî âñi òèïè içîìîðôiçìó äèñòðèáóòèâíî ïîðîäæåíèõ

(ëiâèõ) ìàéæå-êiëåöü, àäèòèâíà ãðóïà ÿêèõ ¹ íåñêií÷åííîþ äiåäðàëüíîþ

ãðóïîþ D. À ñàìå ïîêàçàíî, ùî íà íåñêií÷åííié äiåäðàëüíié ãðóïi ìîæíà

âèçíà÷èòè ðiâíî øiñòü íåiçîìîðôíèõ äèñòðèáóòèâíî ïîðîäæåíèõ ìàéæå

êiëåöü. Îäíå ìà¹ íóëüîâå ìíîæåííÿ, äâà ìàþòü òðèâiàëüíi ìíîæåííÿ, â
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ÿêèõ ãðóïà ëiâèõ àíóëÿòîðiâ ìà¹ iíäåêñ äâà, à òðè ¹ äèñòðèáóòèâíèìè òà

ìàþòü ñâî¨ ìíîæèíè äîáóòêiâ, ùî äîðiâíþþòü ïiäãðóïi ïîðÿäêó 2.

Áåðìàí òà Ñiëüâåðìàí [22] ïîêàçàëè, ùî â ìàéæå-êiëüöi (N,+, ·) ç

äâîñòîðîííiì íóëåì (òîáòî x · 0 = 0 ·x = 0, äëÿ âñiõ x ∈ N) ïðàâèé iäåàë

òàêîæ ¹ ïðàâèì ïiäìîäóëåì. ßêùî (N,+, ·) íàñïðàâäi ¹ äèñòðèáóòèâíî
ïîðîäæåíèì ìàéæå-êiëüöåì, òî âñi íîðìàëüíi ïðàâi ïiäìîäóëi òàêîæ ¹

ïðàâèìè iäåàëàìè (äèâ. [38]).

Ìàéæå-êiëüöÿ òiñíî ïîâ'ÿçàíi ç áðåéñàìè, ÿêi äàþòü ðîçâ'ÿçêè êîìái-

íàòîðíèõ ðiâíÿíü ßíãà�Áàêñòåðà, ÿêi âiäiãðàþòü âàæëèâó ðîëü ó òåîðå-

òè÷íié ôiçèöi, çîêðåìà, ó òåîði¨ ñòðóí.

1.3. Ëîêàëüíi ìàéæå-êiëüöÿ

Êiëüöå ç îäèíèöåþ, ìíîæèíà âñiõ íåîáîðîòíèõ åëåìåíòiâ ÿêîãî óòâî-

ðþ¹ iäåàë â öüîìó êiëüöi, íàçèâà¹òüñÿ ëîêàëüíèì êiëüöåì. ßê ëåãêî ïåðå-

êîíàòèñÿ, â îçíà÷åííi ëîêàëüíîãî êiëüöÿ äîñòàòíüî íàñïðàâäi ïðèïóñêà-

òè, ùî ìíîæèíà âñiõ íåîáîðîòíèõ åëåìåíòiâ ¹ òiëüêè ïiäãðóïîþ àäèòèâ-

íî¨ ãðóïè êiëüöÿ. Çàìiíèâøè â íüîìó ñëîâî �êiëüöå� íà �ìàéæå-êiëüöå�,

îòðèìó¹ìî îçíà÷åííÿ ëîêàëüíèõ ìàéæå-êiëåöü, âèâ÷åííÿ ÿêèõ âïåðøå

áóëî iíiöiéîâàíî Ìåêñîíîì [61]. Â öié æå ñòàòòi âñòàíîâëåíî, ùî àäè-

òèâíà ãðóïà ñêií÷åííîãî íóëü-ñèìåòðè÷íîãî ëîêàëüíîãî ìàéæå-êiëüöÿ ¹

p-ãðóïîþ.

Íàñëiäîê 1.30 (Corollary 7.6, [61]). Àäèòèâíà ãðóïà ñêií÷åííîãî ëîêàëü-

íîãî êiëüöÿ ¹ p-ãðóïîþ.

Áiëüø çàãàëüíèé ðåçóëüòàò, ç ÿêîãî âèïëèâà¹, ùî ïåðiîäè÷íà i, çîêðå-

ìà, ñêií÷åííà àäèòèâíà ãðóïà êîæíîãî ëîêàëüíîãî ìàéæå-êiëüöÿ ¹ p-

ãðóïîþ ñêií÷åííî¨ åêñïîíåíòè, îòðèìàíèé â Àìáåðãîì, Õóáåðòîì òà Ñè-

ñàêîì [18].
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Ìåêñîí [62] ïîêàçàâ, ùî ç òî÷íiñòþ äî içîìîðôiçìó iñíó¹ p−1 ëîêàëüíå

ìàéæå-êiëüöå ç åëåìåíòàðíîþ àáåëåâîþ àäèòèâíîþ ãðóïîþ ïîðÿäêó p2, â

ÿêèõ ïiäãðóïè íåîáîðîòíèõ åëåìåíòiâ ìàþòü ïîðÿäîê p, òîáòî òèõ ìàéæå-

êiëåöü, ÿêi íå ¹ ìàéæå-ïîëÿìè.

Íàñëiäîê 1.31 (Corollary 1.11, [62]). Ç òî÷íiñòþ äî içîìîðôiçìó iñíó¹

p − 1 ëîêàëüíèõ ìàéæå-êiëåöü N = (N,+, ·) ç àäèòèâíîþ ãðóïîþ, içî-

ìîðôíîþ (Cp × Cp,+), ÿêi íå ¹ ìàéæå-ïîëÿìè.

Ðàçîì iç ôóíäàìåíòàëüíîþ ðîáîòîþ Öàññåíõàóçà ïðî ìàéæå-ïîëÿ

òà ðîáîòîþ Êëåÿ òà Ìàëîíå [31], îòðèìàíî ïîâíèé îïèñ óñiõ íóëü-

ñèìåòðè÷íèõ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó p2.

Ìåêñîí ïîêàçàâ ó [63], ùî êîæíà íåöèêëi÷íà àáåëåâà p-ãðóïà ïîðÿä-

êó pn > 4 ¹ àäèòèâíîþ ãðóïîþ íóëü-ñèìåòðè÷íîãî ëîêàëüíîãî ìàéæå-

êiëüöÿ, ÿêå íå ¹ êiëüöåì.

Òåîðåìà 1.32 ( [63]). Äëÿ êîæíî¨ ñêií÷åííî¨ íåöèêëi÷íî¨ àáåëåâî¨ p-

ãðóïè (G,+) ïîðÿäêó |G| > 4 iñíó¹ ëîêàëüíå ìàéæå-êiëüöå N ≡ (N,+, ·)
ç (N,+) = (G,+) òàêå, ùî N íå ¹ êiëüöåì.

Îäíàê ó âèïàäêó ñêií÷åííèõ íåàáåëåâèõ p-ãðóï ñèòóàöiÿ iíøà. Íà-

ïðèêëàä, íi óçàãàëüíåíà ãðóïà êâàòåðíiîíiâ, íi íåàáåëåâà ãðóïà ïîðÿäêó

8 íå ìîæóòü áóòè àäèòèâíîþ ãðóïîþ ëîêàëüíîãî ìàéæå-êiëüöÿ [64].

Ëîêàëüíi ìàéæå-êiëüöÿ ïîðÿäêó p3 äîñëiäæóâàëèñÿ â ñòàòòÿõ [5], [83].

Íàñòóïíå òâåðäæåííÿ ìiñòèòü êëàñèôiêàöiþ ãðóï ïîðÿäêó p3

(äèâ. [13]).

Òâåðäæåííÿ 1.33. Íåõàé G � ãðóïà ïîðÿäêó p3. Äàëi äàíi âèçíà÷àëüíi

ñïiââiäíîøåííÿ âñiõ íåiçîìîðôíèõ ãðóï G.

Àáåëåâi ãðóïè:

1) ap3 = 1;

2) ap2 = 1, bp = 1, ab = ba;
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3) ap = bp = cp = 1, ab = ba, ac = ca, cb = bc.

Íåàáåëåâi ãðóïè ïîðÿäêó 23 = 8:

4) ãðóïà äiåäðà, a4 = 1, b2 = 1, a−1b = ba;

5) ãðóïà êâàòåðíiîíiâ, a4 = 1, b2 = a2, a−1b = ba.

Íåàáåëåâi ãðóïè ïîðÿäêó p3, p � íåïàðíå:

4*) ap2 = 1, bp = 1, b−1ab = a1+p;

5*) ap = 1, bp = 1, cp = 1, ab = bac, ac = ca, bc = cb.

À ñàìå, îòðèìàíî íàñòóïíi ðåçóëüòàòè.

Íàâåäåíî ïðèêëàäè äîáóòêiâ â ëîêàëüíèõ ìàéæå-êiëüöÿõ íà åëåìåí-

òàðíié àáåëåâié ãðóïi ïîðÿäêó p3.

Ëåìà 1.34 (Ëåìà 4, [5]). Íåõàé G içîìîðôíà ãðóïi G(p, p, p). ßêùî x =

ax1 + bx2 + cx3 òà y = ay1 + by2 + cy3 ∈ G, òî ìíîæåííÿ

x · y = ax1y1 + b(x2y1 + β(x)y2) + c(x3y1 + ν(x)y2)

ç îäíèì ç íàñòóïíèõ íàáîðiâ ôóíêöié

� β(x) = 1 òà ν(x) = 1;

� β(x) = x1 òà ν(x) = x1;

� β(x) = x2
1 òà ν(x) = x2

1;

� . . .

� β(x) = xp−1
1 òà ν(x) = xp−1

1

âèçíà÷à¹ ëîêàëüíå ìàéæå-êiëüöå R = (G,+, ·).

Òåîðåìà 1.35 (Òåîðåìà 4, [5]). Iñíó¹ ùîíàéìåíøå p íåiçîìîðôíèõ ëî-

êàëüíèõ ìàéæå-êiëåöü íà åëåìåíòàðíié àáåëåâié ãðóïi ïîðÿäêó p3.
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Òâåðäæåííÿ 1.36 (Proposition 2, [83]). Íà êîæíié ãðóïi ïîðÿäêó p3 ç

p > 2 iñíó¹ ëîêàëüíå ìàéæå-êiëüöå.

Òåîðåìà 1.37 (Theorem 2, [83]). Íà êîæíié íåìåòàöèêëi÷íié íåàáåëå-

âié ãðóïi ïîðÿäêó p3 iñíó¹ ùîíàéìåíøå p + 1 íåiçîìîðôíèõ ëîêàëüíèõ

ìàéæå-êiëåöü.

Òåîðåìà 1.38 (Theorem 3, [83]). Íà êîæíié ìåòàöèêëi÷íié àáåëå-

âié ãðóïi ïîðÿäêó p3 iñíó¹ ùîíàéìåíøå p + 1 íåiçîìîðôíèõ ëîêàëüíèõ

ìàéæå-êiëåöü.

Äàëi â ðîáîòàõ [84], [85], [86] áóëè âèâ÷åíi ëîêàëüíi ìàéæå-êiëüöÿ ïî-

ðÿäêó p4.

Ãðóïè ïîðÿäêó p4 ç p > 3 îïèñàíî â òàêié òåîðåìi (äèâ., íàïðèêëàä,

[17], [27]).

Òåîðåìà 1.39. Iñíó¹ 10 íåiçîìîðôíèõ ãðóï ïîðÿäêó p4 ç p > 3, ÿêi ¹:

6 íåiçîìîðôíèõ ãðóï êëàñó íiëüïîòåíòíîñòi 2, ÿêi ¹:

� G1 = 〈a, b | ap2 = bp = [a, [a, b]] = [b, [a, b]] = [a, b]p = e〉 = (Cp2 ×
Cp) o Cp;

� G2 = 〈a, b | ap2 = bp
2

= e, [b, a] = bp〉 = Cp2 o Cp2;

� G3 = 〈a, b | ap3 = bp = e, [b, a] = ap
2〉 = Cp3 o Cp;

� G4 = 〈a, b, d | ap = bp = cp = dp = [a, c] = [b, c] = [a, d] = [b, d] =

[c, d] = e〉 = Cp × ((Cp × Cp) o Cp), äå c = [a, b];

� G5 = 〈a, b, c | ap2 = bp = cp = [a, c] = [b, c] = e, [b, a] = ap〉 = Cp ×
(Cp2 o Cp);

� G6 = 〈a, b, c | ap2 = bp = cp = [a, b] = [a, c] = e, [c, b] = ap〉 = (Cp2 ×
Cp) o Cp.

4 íåiçîìîðôíi ãðóïè êëàñó íiëüïîòåíòíîñòi 3, ÿêi ¹:
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� H1 = 〈a, b | ap = bp = cp = [a, c]p = [b, c] = e, [a, [a, c]] = [b, [a, c]] =

e〉 = (Cp × Cp × Cp) o Cp, äå c = [a, b];

� H2 = 〈a, b | ap2 = bp = [a, b]p = [b, [a, b]] = e, [a, [a, b]] = ap〉 = (Cp2 o
Cp) o Cp;.

� H3 = 〈a, b | ap2 = bp = [a, b]p = [a, [a, b]] = e, [b, [a, b]] = ap〉 = (Cp2 o
Cp) o Cp;

� H4 = 〈a, b | ap2 = bp = [a, b]p = [a, [a, b]] = e, [b, [a, b]] = a2p〉 = (Cp2 ×
Cp) o Cp.

Íàâåäåìî ïðèêëàäè ëîêàëüíèõ ìàéæå-êiëåöü íà ãðóïi G4.

Ëåìà 1.40 (Lemma 8, [85]). Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå,

àäèòèâíà ãðóïà ÿêîãî R+ içîìîðôíà G4 i |R : L| = p. ßêùî

x = ax1 + bx2 + cx3 + dx4, y = ay1 + by2 + cy3 + dy4 ∈ R, òîäi âiä-

îáðàæåííÿ β : R→ Zp, γ : R→ Zp, ϕ : R→ Zp, µ : R→ Zp, ν : R→ Zp i
ψ : R→ Zp ìîæå áóòè îäíèì iç íàñòóïíèõ:

1) β(x) = x1
i and ψ(x) = x1

i (0 < i < p),

γ(x) = ϕ(x) = µ(x) = ν(x) = 0;

2) β(x) = 1 and ψ(x) = 1, γ(x) = ϕ(x) = µ(x) = ν(x) = 0.

ßê íàñëiäîê ëåìè 1.40 ìà¹ìî íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 1.41 (Theorem 4, [85]). Äëÿ êîæíîãî íåïàðíîãî ïðîñòîãî ÷èñëà

p iñíó¹ ëîêàëüíå ìàéæå-êiëüöå R, àäèòèâíà ãðóïà ÿêîãî R+ içîìîðôíà

G4.

Äàëi, íàâåäåìî ïðèêëàäè ëîêàëüíèõ ìàéæå-êiëåöü íà ãðóïi G5.

Ëåìà 1.42 (Lemma 13, [85]). Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå,

àäèòèâíà ãðóïà ÿêîãî R+ içîìîðôíà G5, òà |R : L| = p. ßêùî

x = ax1 + bx2 + cx3, y = ay1 + by2 + cy3 ∈ R, òîäi âiäîáðàæåííÿ
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α : R → Zp2, β : R → Zp, γ : R → Zp, ν : R → Zp2, µ : R → Zp
òà φ : R→ Zp ìîæóòü áóòè îäíèìè ç íàñòóïíèõ:

1) β(x) = φ(x) =

{
1, x1 6≡ 0 (mod p);

0, x1 ≡ 0 (mod p),

α(x) = γ(x) = µ(x) = ν(x) = 0;

2) β(x) = φ(x) = 1, α(x) = γ(x) = µ(x) = ν(x) = 0.

ßê íàñëiäîê ëåìè 1.42 ìà¹ìî íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 1.43 (Theorem 5, [85]). Äëÿ êîæíîãî íåïàðíîãî ïðîñòîãî ÷èñëà

p iñíó¹ ëîêàëüíå ìàéæå-êiëüöå R, àäèòèâíà ãðóïà ÿêîãî R+ içîìîðôíà

G5.

Äàëi ìè íàâîäèìî ïðèêëàäè ëîêàëüíèõ ìàéæå-êiëåöü, àäèòèâíà ãðóïà

ÿêèõ R+ içîìîðôíà H1.

Ëåìà 1.44 (Lemma 7, [86]). Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå,

àäèòèâíà ãðóïà ÿêîãî R+ içîìîðôíà H1, òà |R : L| = p. ßêùî

x = ax1 +bx2 +cx3 +dx4, y = ay1 +by2 +cy3 +dy4 ∈ R, òîäi âiäîáðàæåííÿ

β : R→ Zp, γ : R→ Zp i φ : R→ Zp ìîæóòü áóòè β(x) ≡ x1
2 (mod p)

òà

φ(x) =

{
x2

2, x1 ≡ 0 (mod p)

0, x1 6≡ 0 (mod p)
,

γ(x) ≡ 0 (mod p).

ßê íàñëiäîê ëåìè 1.44 ìà¹ìî íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 1.45 (Theorem 5, [86]). Äëÿ êîæíîãî ïðîñòîãî ÷èñëà p > 3

iñíó¹ ëîêàëüíå ìàéæå-êiëüöå R, àäèòèâíà ãðóïà ÿêîãî R+ içîìîðôíà

H1.

Íàñòóïíà òåîðåìà äà¹ äîñòàòíi óìîâè äëÿ iñíóâàííÿ ñêií÷åííîãî ëî-

êàëüíîãî ìàéæå-êiëüöÿ, àäèòèâíà ãðóïà ÿêîãî içîìîðôíà ãðóïi H2.
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Òåîðåìà 1.46 (Theorem 3, [84]). Äëÿ êîæíîãî ïðîñòîãî p > 3 iñíó¹

ëîêàëüíå ìàéæå-êiëüöå R, àäèòèâíà ãðóïà ÿêîãî R+ içîìîðôíà H2.

Çàçíà÷èìî, ùî çàëèøà¹òüñÿ âiäêðèòèì ïèòàííÿ, ÿêi íåàáåëåâi ãðó-

ïè ïîðÿäêó pn ìîæóòü áóòè àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-

êiëåöü [35].

Îñíîâíi ðåçóëüòàòè, ùî ñòîñóþòüñÿ ëîêàëüíèõ ìàéæå-êiëåöü, ïiäñó-

ìîâàíi â îãëÿäàõ Ñèñàêà [114], Ðà¹âñüêî¨ I. i Ðà¹âñüêî¨ Ì. [4].

Ðÿä ðîáiò áóëî ñïðÿìîâàíî íà âñòàíîâëåííÿ âçà¹ìîçâ'ÿçêiâ ìiæ ëî-

êàëüíèì ìàéæå-êiëüöåì òà éîãî ìóëüòèïëiêàòèâíîþ ãðóïîþ. Íàâåäåìî

äåÿêi ç öèõ ðåçóëüòàòiâ.

Ëîêàëüíi ìàéæå-êiëüöÿ, ìóëüòèïëiêàòèâíi ãðóïè ÿêèõ ¹ àáåëåâèìè, i

ÿêi íå ¹ êiëüöÿìè, âèâ÷àëèñü Ãîðîäíèêîì [42]. Íèì äîâåäåíî, ùî ìíî-

æèíà âñiõ íåîáîðîòíèõ åëåìåíòiâ òàêîãî ìàéæå-êiëüöÿ óòâîðþ¹ àáåëåâó

ïiäãðóïó iíäåêñó 2 â éîãî àäèòèâíié ãðóïi. Çîêðåìà, âií îïèñàâ ëîêàëüíi

ìàéæå-êiëüöÿ ç öèêëi÷íèìè ãðóïàìè îäèíèöü. À ñàìå, ÿêùî ìóëüòèïëi-

êàòèâíà ãðóïà ëîêàëüíîãî ìàéæå-êiëüöÿ ¹ öèêëi÷íîþ, òî àäèòèâíà ãðóïà

¹ àáî ãðóïîþ òèïó (2, 2, 2), àáî (2, 4).

Íàñòóïíèì ïðèðîäíèì êðîêîì ¹ äîñëiäæåííÿ ëîêàëüíèõ ìàéæå-

êiëåöü, ìóëüòèïëiêàòèâíi ãðóïè ÿêèõ ¹ â ïåâíîìó ñåíñi áëèçüêèìè äî

àáåëåâèõ, çîêðåìà, ìiíiìàëüíèìè íåàáåëåâèìè àáî, â iíøié òåðìiíîëîãi¨,

ãðóïàìè Ìiëëåðà�Ìîðåíî. Ëîêàëüíi ìàéæå-êiëüöÿ ç ìóëüòèïëiêàòèâíîþ

2-ãðóïîþ Ìiëëåðà�Ìîðåíî âèâ÷àëèñÿ â [9].

Òåîðåìà 1.47 (Òåîðåìà 2, [9]). Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå,

ìóëüòèïëiêàòèâíà ãðóïà R∗ ÿêîãî ¹ 2-ãðóïîþ Ìiëëåðà-Ìîðåíî. Òîäi âè-

êîíóþòüñÿ íàñòóïíi òâåðäæåííÿ:

1) |R| = 2n ç n ≥ 4, L � ïiäãðóïà iíäåêñó 2 â R+ òà R∗ = i + L �

ãðóïà ïîðÿäêó 2n−1;

2) ÿêùî n ≥ 6, òî ãðóïà R∗ íåìåòàöèêëi÷íà;
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3) ÿêùî n ≥ 7, òî ïiäãðóïà L àáåëåâà, à åêñïîíåíòà ãðóïè R∗ íå

ïåðåâèùó¹ 2n−4.

Ëîêàëüíi ìàéæå-êiëüöÿ ç ìóëüòèïëiêàòèâíîþ ãðóïîþ Ìiëëåðà�

Ìîðåíî âèâ÷åíi â [8], à ñàìå äîâåäåíî íàñòóïíó òåîðåìó:

Òåîðåìà 1.48 (Òåîðåìà 7, [8]). Íåõàé R � ëîêàëüíå ìàéæå-êiëüöÿ ïî-

ðÿäêó pn (n > 2), ìóëüòèïëiêàòèâíà ãðóïà ÿêîãî ¹ ãðóïîþ Ìiëëåðà�

Ìîðåíî òà L ïiäãðóïà âñiõ íåîáîðîòíèõ åëåìåíòiâ ç R. Òîäi âèêîíóþ-

òüñÿ íàñòóïíi òâåðäæåííÿ:

1) ÿêùî R � ìàéæå-ïîëå, òî R∗ ¹ àáî ãðóïîþ êâàòåðíiîíiâ , àáî íåà-

áåëåâîþ ìåòàöèêëi÷íîþ ãðóïîþ îäíîãî ç ïîðÿäêiâ 24, 63, 80;

2) ÿêùî p > 2, òî p � ïðîñòå ÷èñëî Ôåðìà, R+ ∼= Cp×Cp àáî R+ ∼= Cp2,

|L| = p òà R∗ ∼= Cp o Cp−1

3) ÿêùî p = 2 òà iíäåêñ |R : L| 6= 2, òî L � åëåìåíòàðíà àáåëåâà

2-ãðóïà òà R+ � 2-ãðóïà åêñïîíåíòè íå âèùå 4.

Íàñòóïíà òåîðåìà ïiäñóìîâó¹ ðåçóëüòàòè, îòðèìàíi â 1.48 i 1.47, òà äà¹

õàðàêòåðèçàöiþ ñêií÷åííèõ ëîêàëüíèõ ìàéæå-êiëåöü, ìóëüòèïëiêàòèâíi

ãðóïè ÿêèõ ¹ ãðóïàìè Ìiëëåðà�Ìîðåíî (äèâ., íàïðèêëàä, [10]).

Òåîðåìà 1.49. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ïîðÿäêó pn, ìóëüòè-

ïëiêàòèâíà ãðóïà ÿêîãî ¹ ãðóïîþ Ìiëëåðà�Ìîðåíî, òà L ïiäãðóïà âñiõ

íåîáîðîòíèõ åëåìåíòiâ ç R. Òîäi âèêîíóþòüñÿ íàñòóïíi òâåðäæåííÿ:

(I) ÿêùî R � ìàéæå-ïîëå, òî R∗ ¹ àáî ãðóïîþ êâàòåðíiîíiâ ïîðÿäêó

8, àáî íåàáåëåâîþ ìåòàöèêëi÷íîþ ãðóïîþ îäíîãî ç ïîðÿäêiâ 24, 63

àáî 80;

(II) ÿêùî p 6= 2, òî |L| = p, äå p � ÷èñëî Ôåðìà, R+ ∼= Cp × Cp àáî

R+ ∼= Cp2 òà R
∗ ∼= Cp o Cp−1;
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(III) ÿêùî p = 2 òà |R : L|> 2, òî n ≥ 4, R+ � ãðóïà ïîðÿäêó 22q òà

åêñïîíåíòè íå âèùå 4, äå q � ïðîñòå ÷èñëî, äëÿ ÿêîãî ÷èñëî 2q− 1

¹ ïðîñòèì ÷èñëîì Ìåðñåííà, R∗ � ãðóïà Ìiëëåðà�Ìîðåíî ïîðÿäêó

2q(2q − 1) òà L � åëåìåíòàðíà àáåëåâà 2-ãðóïà, â ÿêié xy = 0 äëÿ

âñiõ x, y ∈ L;

(IV) ÿêùî p = 2 òà |R : L| = 2, òî ïðè n ≥ 6 R∗ � íåìåòàöèêëi÷íà

ãðóïà Ìiëëåðà�Ìîðåíî ïîðÿäêó 2n−1 òà åêñïîíåíòè íå âèùå 2n−4,

à ïðè n ≥ 7 ïiäãðóïà L àáåëåâà.

Ó ñòàòòi [18] äîñëiäæóâàëèñÿ ëîêàëüíi ìàéæå-êiëüöÿ ç ìóëüòèïëiêà-

òèâíîþ ãðóïîþ äiåäðà òà áóëî äîâåäåíî, ùî êîæíå ëîêàëüíå ìàéæå-

êiëüöå ç ìóëüòèïëiêàòèâíîþ ãðóïîþ äiåäðà ¹ ñêií÷åííèì ç àäèòèâíîþ

ãðóïîþ, ÿêà ¹ àáî 3-ãðóïîþ ïîðÿäêó íå âèùå 9, àáî 2-ãðóïîþ ïîðÿäêó íå

âèùå 32.

Òåîðåìà 1.50 (Main Theorem, [18]). Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå,

ìóëüòèïëiêàòèâíà ãðóïà ÿêîãî R∗ ¹ ãðóïîþ äiåäðà, i LR � ïiäãðóïà âñiõ

íåîáîðîòíèõ åëåìåíòiâ R. Òîäi âèêîíóþòüñÿ òàêi òâåðäæåííÿ.

(1) Ìàéæå-êiëüöå R ¹ ñêií÷åííèì.

(2) Àäèòèâíà ãðóïà R � öå àáî 3-ãðóïà ïîðÿäêó íå áiëüøå 9, àáî 2-ãðóïà

ïîðÿäêó íå áiëüøå 32.

(3) Ïiäãðóïà L � öå àáî àáåëåâà ãðóïà, àáî ãðóïà ïîðÿäêó 16 ç êîìó-

òàòîðíîþ ïiäãðóïîþ ïîðÿäêó 2. Çîêðåìà, L ìà¹ àáåëåâó ïiäãðóïó

iíäåêñó 2.

Îïèñ òàêèõ ìàéæå-êiëåöü áóâ ïðîäîâæåíèé â äèñåðòàöi¨ Õóáåðòà [45],

çîêðåìà, áóëî âñòàíîâëåíî, ùî ÿêùî ìóëüòèïëiêàòèâíà ãðóïà ëîêàëü-

íîãî ìàéæå-êiëüöÿ ¹ ãðóïîþ äiåäðà, òî ïîðÿäîê öüîãî ìàéæå-êiëüöÿ íå
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ïåðåâèùó¹ 16. Ñèñàê i Äi Òåðìiíi [116] ïîêàçàëè, ùî ÿêùî R ¹ ëîêàëü-

íèì ìàéæå-êiëüöåì (íå îáîâ'ÿçêîâî íóëü-ñèìåòðè÷íèì), ìóëüòèïëiêàòèâ-

íà ãðóïà ÿêîãî ¹ óçàãàëüíåíîþ ãðóïîþ êâàòåðíiîíiâ, òî ìóëüòèïëiêàòèâ-

íà ãðóïà ¹ àáî ãðóïîþ êâàòåðíiîíiâ ïîðÿäêó 8, àáî óçàãàëüíåíîþ ãðóïîþ

êâàòåðíiîíiâ ïîðÿäêó 16 ç àáåëåâèìè àäèòèâíèìè ãðóïàìè íàñòóïíèõ òè-

ïiâ: (3, 3), (2, 2, 2, 2), (2, 2, 4), (2, 2, 2, 2, 2) òà (2, 2, 2, 4), à ïiäãðóïà íåîáî-

ðîòíèõ åëåìåíòiâ ¹ òðèâiàëüíîþ â ïåðøîìó âèïàäêó òà åëåìåíòàðíîþ

àáåëåâîþ iíäåêñó 2 â iíøèõ.

Òåîðåìà 1.51 (Theorem B, [116]). Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå,

ìóëüòèïëiêàòèâíà ãðóïà ÿêîãî R∗ ¹ óçàãàëüíåíîþ ãðóïîþ êâàòåðíiîíiâ.

Òîäi âèêîíóþòüñÿ òàêi òâåðäæåííÿ.

(1) Ãðóïà R∗ ¹ àáî êâàòåðíiîíîì ïîðÿäêó 8, àáî óçàãàëüíåíîþ ãðóïîþ

êâàòåðíiîíiâ ïîðÿäêó 16.

(2) Àäèòèâíà ãðóïà R+ ç R ¹ àáåëåâîþ îäíîãî ç òèïiâ (3, 3), (2, 2, 2, 2),

(2, 2, 4), (2, 2, 2, 2, 2) òà (2, 2, 2, 4).

(3) Ïiäãðóïà LR óñiõ íåçâîðîòíèõ åëåìåíòiâ R ¹ òðèâiàëüíîþ, ÿêùî

R+ ìà¹ òèï (3, 3), i ¹ åëåìåíòàðíîþ àáåëåâîþ ãðóïîþ iíäåêñó 2 â

R+ â iíøîìó âèïàäêó.

Íàâïàêè, äëÿ êîæíî¨ àáåëåâî¨ ãðóïè òèïó, ïåðåëi÷åíîãî â òâåðäæåí-

íi (2), iñíó¹ ïðèíàéìíi îäíå ìàéæå-êiëüöå R ç àäèòèâíîþ ãðóïîþ R+

öüîãî òèïó, ìóëüòèïëiêàòèâíà ãðóïà R∗ ÿêîãî ¹ óçàãàëüíåíîþ ãðóïîþ

êâàòåðíiîíiâ.

Ñêií÷åííi ëîêàëüíi ìàéæå-êiëüöÿ ç öèêëi÷íîþ ïiäãðóïîþ íåîáîðî-

òíèõ åëåìåíòiâ îïèñàíi â [2].

Òåîðåìà 1.52 (Òåîðåìà 1, [2]). Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ïî-

ðÿäêó pn ç n> 1, ïiäãðóïà L ÿêîãî öèêëi÷íà òà íåòðèâiàëüíà. Òîäi éîãî

àäèòèâíà ãðóïà R+ àáî ñàìà öèêëi÷íà, àáî ¹ åëåìåíòàðíîþ àáåëåâîþ
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ãðóïîþ ïîðÿäêó p2. Â ïåðøîìó âèïàäêó R ¹ êîìóòàòèâíèì ëîêàëüíèì

êiëüöåì, içîìîðôíèì êiëüöþ ëèøêiâ Z/pnZ ç n ≥ 2, à â äðóãîìó � iñíó¹

p ïîïàðíî íåiçîìîðôíèõ òàêèõ ìàéæå-êiëåöü R ç |L| = p, iç ÿêèõ p− 1

¹ íóëü-ñèìåòðè÷íèìè, òà ìóëüòèïëiêàòèâíi ãðóïè R∗ ÿêèõ içîìîðôíi

íàïiâïðÿìîìó äîáóòêó äâîõ öèêëi÷íèõ ïiäãðóï ïîðÿäêiâ p òà p− 1.

Òåîðåìà 1.53 ( [61]). ßêùî R � ñêií÷åííå ëîêàëüíå ìàéæå-êiëüöå, ÿêå

íå ¹ ìàéæå-ïîëåì, òî |R| ≤ |L|2.

Îòðèìàíi ðåçóëüòàòè çíàéäóòü çàñòîñóâàííÿ ïðè âèâ÷åííi íåäèñòðè-

áóòèâíèõ ñòðóêòóð íà öèõ ãðóïàõ òà êëàñèôiêàöi¨ öèõ îá'¹êòiâ. Ëîêàëüíi

ìàéæå-êiëüöÿ òiñíî ïîâ'ÿçàíi ç áðåéñàìè, ÿêi äàþòü ðîçâ'ÿçêè êîìáiíà-

òîðíèõ ðiâíÿíü ßíãà�Áàêñòåðà [111].

1.4. Ñèñòåìà êîìï'þòåðíî¨ àëãåáðè GAP òà ïàêåò

SONATA

GAP íàäà¹ ìîâó ïðîãðàìóâàííÿ, òàêîæ âiäîìó ÿê GAP, áiáëiîòåêó

ìàòåìàòè÷íèõ àëãîðèòìiâ, ðåàëiçîâàíèõ öi¹þ ìîâîþ, òà ðiçíi áiáëiîòåêè

ìàòåìàòè÷íèõ îá'¹êòiâ, òàêi ÿê, íàïðèêëàä, 423164062 ãðóïè ïîðÿäêó íå

áiëüøå 2000 (çà âèíÿòêîì 49487365422 ãðóï ïîðÿäêó 1024).

1.4.1. Áiáëiîòåêà SmallGroups

Â öüîìó ïiäïóíêòi íàâåäåíî iíôîðìàöiþ ç ñàéòó ñèñòåìè GAP

https://docs.gap-system.org/pkg/smallgrp/doc/chap1.html

Áiáëiîòåêà SmallGroups íàäà¹ äîñòóï äî âñiõ ãðóï ïåâíèõ ìàëèõ ïî-

ðÿäêiâ. Ãðóïè âiäñîðòîâàíi çà ¨õíiìè ïîðÿäêàìè òà ïåðåëi÷åíi äî içîìîð-
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ôiçìó; òîáòî äëÿ êîæíîãî ç äîñòóïíèõ ïîðÿäêiâ íàäà¹òüñÿ ïîâíèé òà

íåíàäëèøêîâèé ñïèñîê ïðåäñòàâíèêiâ òèïiâ içîìîðôiçìó ãðóï.

Áiáëiîòåêà òàêîæ ìà¹ ôóíêöiþ iäåíòèôiêàöi¨: âîíà ïîâåðòà¹ íîìåð

áiáëiîòåêè çàäàíî¨ ãðóïè. Öÿ ôóíêöiÿ âèçíà÷à¹ íîìåðè áiáëiîòåê, âèêî-

ðèñòîâóþ÷è iíâàðiàíòè ãðóï. Ôóíêöiÿ äîñòóïíà äëÿ âñiõ ïîðÿäêiâ ó ái-

áëiîòåöi, êðiì ïîðÿäêiâ 512 òà 1536, à òàêîæ äëÿ ïîðÿäêiâ p5, p6 òà p7

âèùå 2000.

Áiáëiîòåêà îðãàíiçîâàíà â 11 øàðiâ. Êîæåí øàð ìiñòèòü ãðóïè ïåâíèõ

ïîðÿäêiâ òà âiäïîâiäíi ¨ì ïðîöåäóðè iäåíòèôiêàöi¨ ãðóï. Ìîæíà âñòàíî-

âèòè ïåðøi n øàðiâ áiáëiîòåêè ãðóï òà ïåðøi m øàðiâ iäåíòèôiêàöi¨ ãðóï

äëÿ êîæíîãî 1 ≤ m ≤ n ≤ 11. Öå ìîæå áóòè êîðèñíèì äëÿ åêîíîìi¨

ìiñöÿ íà äèñêó. Íàâåäåìî êîðîòêèé îïèñ öèõ øàðiâ:

1. ãðóïè, ïîðÿäîê ÿêèõ ðîçêëàäà¹òüñÿ íà ìíîæíèêè ùîíàéáiëüøå íà 3

ïðîñòi ÷èñëà;

2. ðåøòà ãðóï ïîðÿäêó íå áiëüøå 1000, êðiì 512 òà 768;

3. ðåøòà ãðóï ïîðÿäêó 2n · p, äå n ≤ 8 òà p � íåïàðíå ïðîñòå ÷èñëî;

4. ðåøòà ãðóï ïîðÿäêó 55, 74 òà ïîðÿäêó qn · p, äå qn äiëèòü 36, 55 àáî

74 òà p 6= q � ïðîñòå ÷èñëî;

5. ðåøòà ãðóï ïîðÿäêó íå áiëüøå 2000, êðiì 1024, 1152, 1536 òà 1920;

6. ãðóïè ïîðÿäêiâ 1152 òà 1920;

7. ãðóïè ïîðÿäêó 512;

8. ãðóïè ïîðÿäêó 1536;

9. ðåøòà ãðóï ïîðÿäêó pn äëÿ 4 ≤ n ≤ 6;

10. ðåøòà ãðóï âiëüíîãî âiä êóáiâ ïîðÿäêó íå áiëüøå 50000 òà ïîðÿäêó

âiëüíîãî âiä êâàäðàòiâ;
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11. ðåøòà ãðóï ïîðÿäêó p7 äëÿ p = 3, 5, 7, 11.

1.4.2. Ïàêåò SONATA

Íàâåäåìî äåÿêi ôóíêöi¨ äëÿ ïîáóäîâè ìàéæå-êiëåöü ç ïàêåòó SONATA

(äèâ. [16]):

� NearRingMultiplicationByOperationTable( G, table, elmlist ) (Ôóíê-

öiÿ NearRingMultiplicationByOperationTable ïîâåðòà¹ ìàéæå-

êiëüöåâå ìíîæåííÿ íà ãðóïi G, ÿêå âèçíà÷åíî òàáëèöåþ ìíîæåííÿ.

Çàìiñòü åëåìåíòiâ ãðóïè, çàïèñè òàáëèöi ¹ ïîçèöiÿìè åëåìåíòà ãðó-

ïè ó ñïèñêó elmlist (ïåðøèé åëåìåíò ó elmlist äîðiâíþ¹ 1, äðóãèé �

2 òîùî). Çàçâè÷àé íåéòðàëüíèì åëåìåíòîì ãðóïè áóäå ïåðøèé).

Ïðèêëàä.

# G � öèêëi÷íà ãðóïà ïîðÿäêó 4

gap > G := CyclicGroup(4);

< pc group of size 4 with 2 generators >

# Âèâîäèòü ïîðîäæóþ÷è åëåìåíòè ãðóïè G

gap > GeneratorsOfGroup(G);

[f1, f2]

# a � ïåðøèé ç ïîïåðåäíüîãî ñïèñêó òâiðíèé ãðóïè G

gap > a := last[1];

f1

# Âèâîäèòü ïîðÿäîê òâiðíîãî a

gap > Order(a);

4

gap > # a ñïðàâäi ïîðîäæó¹ G

gap > elmlist := List([0..3], x− > ax);

[< identity > of ..., f1, f2, f1 ∗ f2]
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gap > # Íåõàé: 1 := identity of ..., 2 := f1, 3 := f2,

4 := f1 ∗ f2

gap > # Ðîçãëÿíåìî íàñòóïíó òàáëèöþ ìíîæåííÿ íà G:

gap > OT := [[1, 1, 1, 1],

> [1, 4, 3, 2],

> [1, 1, 1, 1],

> [1, 2, 3, 4]];;

# mul � ìàéæå-êiëüöåâå ìíîæåííÿ íà ãðóïi G, ÿêå âèçíà÷åíî òà-

áëèöåþ ìíîæåííÿ OT

gap > mul :=

NearRingMultiplicationByOperationTable(G,OT, elmlist);

function(x, y)...end

# Ïåðåâiðêà ÷è ¹ ìíîæåííÿ mul ìàéæå-êiëüöåâèì ìíîæåííÿì íà

ãðóïi G

gap > IsNearRingMultiplication(G,mul);

true

� ExplicitMultiplicationNearRing( G, mul ) (Ôóíêöiÿ-êîíñòðóêòîð

ExplicitMultiplicationNearRing ïîâåðòà¹ ìàéæå-êiëüöå, âèçíà÷å-

íå ãðóïîþ G, òà ìíîæåííÿ ìàéæå-êiëüöÿmul. ExplicitMultiplica-

tionNearRing âèêëèêà¹ IsNearRingMultiplication, ùîá ïåðåêîíà-

òèñÿ, ùî mul ñïðàâäi ¹ ìàéæå-êiëüöåâèì ìíîæåííÿì. ßêùî ìàéæå-

êiëüöåâå ìíîæåííÿ íå ïîòðiáíî ïåðåâiðÿòè, ExplicitMultiplicationNe-

arRingNC( G, mul )).

� IsExplicitMultiplicationNearRing( obj ) (IsExplicitMultiplica-

tionNearRing ïîâåðòà¹ çíà÷åííÿ true, ÿêùî îá'¹êò obj ¹ ìàé-

æå êiëüöåì, âèçíà÷åíèì ãðóïîþ òà ìíîæåííÿì, ÿê ó âèïàäêó ç

ExplicitMultiplicationNearRing).
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� PrintTable( nr ) (Ôóíêöiÿ PrintTable äðóêó¹ àäèòèâíi òà ìóëüòè-

ïëiêàòèâíi òàáëèöi Êåëi äëÿ ìàéæå-êiëüöÿ nr. Öÿ ôóíêöiÿ ïðàöþ¹

òàê ñàìî, ÿê i äëÿ ãðóï). Ïðèêëàä.

# n � ìàéæå-êiëüöå íà öèêëi÷íié ãðóïi ïîðÿäêó 3 ç ìíîæåííÿì

mul_l

gap > n :=

ExplicitMultiplicationNearRingNC(CyclicGroup(3),mul_l);

ExplicitMultiplicationNearRing(< pcgroupofsize3with

1generators >,multiplication)

# Ìíîæèíà ñèìâîëiâ iç òðüîõ åëåìåíòiâ [”0 ”1 ”2”] íà ìàéæå-êiëüöi

n gap > SetSymbols(n, [”0 ”1 ”2”]);

# Äðóê òàáëèöi Êåëi ìàéæå-êiëüöÿ n

gap > PrintTable(n);

Let:

0 := (< identity > of ...)

1 := (f1)

2 := (f12)

# Òàáëèöÿ äîäàâàííÿ ìàéæå-êiëüöÿ n

+ 0 1 2

0 0 1 2

1 1 2 0

2 2 0 1

# Òàáëèöÿ ìíîæåííÿ ìàéæå-êiëüöÿ n
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* 0 1 2

0 0 1 2

1 0 1 2

2 0 1 2

� IsNearRingMultiplication( G, mul, [lcs] ) (Àðãóìåíòàìè ôóíêöi¨

IsNrMultiplication ¹ ãðóïà G, GAP-ôóíêöiÿ mul, ÿêà ìà¹ äâà àð-

ãóìåíòè x òà y, îáèäâà ç ÿêèõ ïîâèííi áóòè åëåìåíòàìè ãðóïè G, i

ïîâåðòà¹ åëåìåíò z ç G. Mul âèçíà÷à¹ áiíàðíó îïåðàöiþ íà G. ßê

íåîáîâ'ÿçêîâèé òðåòié ïàðàìåòð, IsNrMultiplication ïðèéìà¹ ñïè-

ñîê êåðóþ÷èõ ðÿäêiâ lcs. IsNearRingMultiplication ïîâåðòà¹ true

(false), ÿêùî mul ¹ (íå ¹) ìàéæå-êiëüöåâèì ìíîæåííÿì íà G, òîáòî

ïåðåâiðÿ¹, ÷è ¹ âîíî êîðåêòíî âèçíà÷åíèì, àñîöiàòèâíèì òà ëiâî-

äèñòðèáóòèâíèì íàä ãðóïîâîþ îïåðàöi¹þ G. Ñïèñîê lcs ìîæå ìi-

ñòèòè îäèí àáî äåêiëüêà ðÿäêiâ �closed�, �ass� òà �rdistr�, i â öüîìó

âèïàäêó âiäïîâiäíà âëàñòèâiñòü íå ïåðåâiðÿ¹òüñÿ. Ó öüîìó âèïàä-

êó ïåðåäáà÷à¹òüñÿ, ùî êîðèñòóâà÷ ïåðåâiðèâ ¨¨. Öþ ôóíêöiþ ñëiä

âèêîðèñòîâóâàòè ëèøå ó âèïàäêàõ, êîëè ïåðåâiðêà ïåâíèõ çàêîíiâ

ïî-åëåìåíòíî çàéìå çàáàãàòî ÷àñó, i êîðèñòóâà÷ àáñîëþòíî âïåâíå-

íèé ó ¨õ ïðàâèëüíîñòi). Ïðèêëàä.

gap > G := TWGroup(24, 6);

24/6

# mull � ôóíêöiÿ ìíîæåííÿ

gap > mull := function(x, y)returny; end;

function(x, y)...end

# Ïåðåâiðêà ÷è ¹ ìíîæåííÿ mull ìàéæå-êiëüöåâèì ìíîæåííÿì íà

ãðóïi G

gap > IsNearRingMultiplication(G,mull);

true
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# mulr � ôóíêöiÿ ìíîæåííÿ

gap > mulr := function(x, y)returnx; end;

function(x, y)...end

# Ïåðåâiðêà ÷è ¹ ìíîæåííÿ mulr ìàéæå-êiëüöåâèì ìíîæåííÿì íà

ãðóïi G

gap > IsNearRingMultiplication(G,mulr);

#I çàäàíå ìíîæåííÿ íå ¹ ëiâî-äèñòðèáóòèâíèì.

false

gap > IsNearRingMultiplication(G,mulr, [”closed ”ldistr”]);

true

Ôóíêöi¨ äëÿ âèçíà÷åííÿ âëàñòèâîñòåé ìàéæå-êiëüöÿ ç ïàêåòó

SONATA (äèâ., [16]), à ñàìå,

� IsAbelianNearRing( nr ) (Ôóíêöiÿ IsAbelianNearRing ïîâåðòà¹ âiä-

ïîâiäíå ëîãi÷íå çíà÷åííÿ true àáî false).

Îçíà÷åííÿ 1.54. Ìàéæå-êiëüöå íàçèâà¹òüñÿ àáåëåâèì, ÿêùî éîãî

àäèòèâíà ãðóïà ¹ àáåëåâîþ.

� IsBooleanNearRing( nr ) (Ôóíêöiÿ IsBooleanNearRing ïðîñòî ïåðå-

âiðÿ¹, ÷è âñi åëåìåíòè ¹ iäåìïîòåíòíèìè, òà ïîâåðòà¹ âiäïîâiäíå ëî-

ãi÷íå çíà÷åííÿ true àáî false).

Îçíà÷åííÿ 1.55. Ëiâå ìàéæå-êiëüöå N íàçèâà¹òüñÿ áóëåâèì, ÿêùî

âñi éîãî åëåìåíòè iäåìïîòåíòíi âiäíîñíî ìíîæåííÿ.

� IsNilNearRing( nr ) (Ôóíêöiÿ IsNilNearRing ïåðåâiðÿ¹, ÷è âñi åëå-

ìåíòè ¹ íiëüïîòåíòíèìè, òà ïîâåðòà¹ âiäïîâiäíå ëîãi÷íå çíà÷åííÿ

true àáî false).

Îçíà÷åííÿ 1.56. Ìàéæå-êiëüöå N íàçèâà¹òüñÿ íiëüìàéæå-

êiëüöåì, ÿêùî âñi éîãî åëåìåíòè íiëüïîòåíòíi.
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� IsNilpotentNearRing( nr ) (Ôóíêöiÿ IsNilpotentNearRing ïåðåâiðÿ¹,

÷è ¹ ìàéæå êiëüöå nr íiëüïîòåíòíèì, i ïîâåðòà¹ âiäïîâiäíå ëîãi÷íå

çíà÷åííÿ true àáî false).

Îçíà÷åííÿ 1.57. Ìàéæå-êiëüöå N íàçèâà¹òüñÿ íiëüïîòåíòíèì,

ÿêùî iñíó¹ äîäàòíå öiëå ÷èñëî k, s.t. Nk = {0}.

� IsCommutative( nr ) (Ôóíêöiÿ IsCommutative ïîâåðòà¹ âiäïîâiäíå

çíà÷åííÿ true àáî false).

Îçíà÷åííÿ 1.58. Ìàéæå-êiëüöå (N,+, ·) íàçèâà¹òüñÿ êîìóòàòèâ-

íèì, ÿêùî éîãî ìóëüòèïëiêàòèâíà íàïiâãðóïà ¹ êîìóòàòèâíîþ.

� IsPrimeNearRing( nr ) (Ôóíêöiÿ IsPrimeNearRing ïåðåâiðÿ¹, ÷è ¹ nr

ïðîñòèì ìàéæå-êiëüöåì, âèêîðèñòîâóþ÷è óìîâó äëÿ âñiõ íåíóëüîâèõ

iäåàëiâ I, J : I · J 6= {0} òà ïîâåðòà¹ âiäïîâiäíå çíà÷åííÿ true àáî

false).

Îçíà÷åííÿ 1.59. Ìàéæå-êiëüöå (N,+, ·) ç íóëüîâèì åëåìåíòîì 0

íàçèâà¹òüñÿ ïðîñòèì, ÿêùî iäåàë {0} ¹ ïðîñòèì iäåàëîì.

� IsNearField( nr ) (Ôóíêöiÿ IsNearField ïåðåâiðÿ¹, ÷è ìà¹ nr îäèíè-

öþ, i ÷è êîæåí íåíóëüîâèé åëåìåíò ìà¹ ìóëüòèïëiêàòèâíèé îáåðíå-

íèé åëåìåíò, i ïîâåðòà¹ âiäïîâiäíå çíà÷åííÿ true àáî false).

� IsPlanarNearRing( nr ) (Ôóíêöiÿ IsPlanarNearRing ïîâåðòà¹ âiäïî-

âiäíå çíà÷åííÿ true àáî false äëÿ nearring nr).

� IsWdNearRing( nr ) (Ôóíêöiÿ IsWdNearRing ïîâåðòà¹ âiäïîâiäíå çíà-

÷åííÿ true àáî false äëÿ nearring nr).

Îçíà÷åííÿ 1.60. Ëiâå ìàéæå-êiëüöå (N,+, ·) íàçèâà¹òüñÿ ñëàáêî

ïîäiëüíèì, ÿêùî a, b ∈ N x ∈ N a · x = b àáî b · x = a.
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� IsRegularNearRing( nr ) (Ôóíêöiÿ IsRegularNearRing ïðîñòî ïåðå-

âiðÿ¹, ÷è âñi åëåìåíòè nearring nr ¹ ðåãóëÿðíèìè, òà ïîâåðòà¹ âiäïî-

âiäíå ëîãi÷íå çíà÷åííÿ true àáî false).

Îçíà÷åííÿ 1.61. Ìàéæå-êiëüöå N íàçèâà¹òüñÿ ðåãóëÿðíèì, ÿêùî

âñi éîãî åëåìåíòè ðåãóëÿðíi.

� IsQuasiregularNearRing( nr ) (Ôóíêöiÿ IsQuasiregularNearRing

ïðîñòî ïåðåâiðÿ¹, ÷è âñi åëåìåíòè ìàéæå êiëüöÿ nr ¹ êâàçiðåãóëÿð-

íèìè, òà ïîâåðòà¹ âiäïîâiäíå ëîãi÷íå çíà÷åííÿ true àáî false).

Îçíà÷åííÿ 1.62. Ìàéæå-êiëüöå N íàçèâà¹òüñÿ êâàçiðåãóëÿðíèì,

ÿêùî âñi éîãî åëåìåíòè êâàçiðåãóëÿðíi.

1.4.3. Êëàñèôiêàöiÿ ìàéæå-êiëåöü ç îäèíèöåþ

Ïàêåò SONATA ìiñòèòü ñïèñîê óñiõ íåiçîìîðôíèõ ìàéæå-êiëåöü ç

îäèíèöåþ ïîðÿäêó ìåíøå íiæ 32.

Ïîçíà÷èìî ÷åðåç Cn, Dn òà Qn öèêëi÷íó, äiåäðàëüíó òà êâàòåðíiîííó

ãðóïè ïîðÿäêó n âiäïîâiäíî.

Íåõàé m(G) � êiëüêiñòü óñiõ íåiçîìîðôíèõ ìàéæå-êiëåöü ç îäèíèöåþ

R, àäèòèâíà ãðóïà ÿêèõ R+ içîìîðôíà ãðóïi G.

Ãðóïó G íàçâåìî åíäîìîðôíî öèêëi÷íîþ, êîëè â íié iñíó¹ åëåìåíò g,

äëÿ ÿêîãî G = gEndG.

Íàñòóïíà ëåìà îòðèìàíà çà äîïîìîãîþ GAP, ïàêåòiâ LocalNR [98] òà

SONATA.

Ëåìà 1.63 (Lemma 1, [87]). Íàñòóïíi ãðóïè G ïîðÿäêó ìåíøå 32 ¹ åí-

äîöèêëi÷íèìè. Áiëüø òîãî, ÿêùî G ¹ àäèòèâíîþ ãðóïîþ ìàéæå-êiëüöÿ

ç îäèíèöåþ R, òî âèêîíó¹òüñÿ íàñòóïíå.
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� IdGroup(G) = [4, 1], G ∼= C4 òà m(G) = 1;

� IdGroup(G) = [4, 2], G ∼= C2 × C2 òà m(G) = 5;

� IdGroup(G) = [5, 1], G ∼= C5 òà m(G) = 1;

� IdGroup(G) = [6, 2], G ∼= C6 òà m(G) = 1;

� IdGroup(G) = [7, 1], G ∼= C7 òà m(G) = 1;

� IdGroup(G) = [8, 1], G ∼= C8 òà m(G) = 1;

� IdGroup(G) = [8, 2], G ∼= C4 × C2 òà m(G) = 10;

� IdGroup(G) = [8, 3], G ∼= D8 òà m(G) = 7;

� IdGroup(G) = [8, 4], G ∼= Q8 òà m(G) = 0;

� IdGroup(G) = [8, 5], G ∼= C2 × C2 × C2 òà m(G) = 35;

� IdGroup(G) = [9, 1], G ∼= C9 òà m(G) = 1;

� IdGroup(G) = [9, 2], G ∼= C3 × C3 òà m(G) = 10;

� IdGroup(G) = [10, 2], G ∼= C10 òà m(G) = 1;

� IdGroup(G) = [11, 1], G ∼= C11 òà m(G) = 1;

� IdGroup(G) = [12, 2], G ∼= C12 òà m(G) = 1;

� IdGroup(G) = [12, 4], G ∼= D12 òà m(G) = 1;

� IdGroup(G) = [12, 5], G ∼= C6 × C2 òà m(G) = 9;

� IdGroup(G) = [13, 1], G ∼= C13 òà m(G) = 1;

� IdGroup(G) = [14, 2], G ∼= C14 òà m(G) = 1;

� IdGroup(G) = [15, 1], G ∼= C15 òà m(G) = 1;
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� IdGroup(G) = [16, 1], G ∼= C16 òà m(G) = 1;

� IdGroup(G) = [16, 2], G ∼= C4 × C4 òà m(G) = 51;

� IdGroup(G) = [16, 3], G ∼= (C4 × C2) o C2 òà m(G) = 132;

� IdGroup(G) = [16, 4], G ∼= C4 o C4 òà m(G) = 40;

� IdGroup(G) = [16, 5], G ∼= C8 × C2 òà m(G) = 37;

� IdGroup(G) = [16, 6], G ∼= C8 o C2 òà m(G) = 33;

� IdGroup(G) = [16, 7], G ∼= D16 òà m(G) = 0;

� IdGroup(G) = [16, 10], G ∼= C4 × C2 × C2 òà m(G) = 470;

� IdGroup(G) = [16, 11], G ∼= C2 ×D8 òà m(G) = 708;

� IdGroup(G) = [16, 12], G ∼= C2 ×Q8 òà m(G) = 4;

� IdGroup(G) = [16, 14], G ∼= C2 × C2 × C2 × C2 òà m(G) = 2798;

� IdGroup(G) = [17, 1], G ∼= C17 òà m(G) = 1;

� IdGroup(G) = [18, 2], G ∼= C18 òà m(G) = 1;

� IdGroup(G) = [18, 3], G ∼= C3 × S3 òà m(G) = 8;

� IdGroup(G) = [18, 5], G ∼= C6 × C3 òà m(G) = 17;

� IdGroup(G) = [19, 1], G ∼= C19 òà m(G) = 1;

� IdGroup(G) = [20, 2], G ∼= C20 òà m(G) = 1;

� IdGroup(G) = [20, 4], G ∼= D20 òà m(G) = 1;

� IdGroup(G) = [20, 5], G ∼= C10 × C2 òà m(G) = 9;

� IdGroup(G) = [21, 2], G ∼= C21 òà m(G) = 1;
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� IdGroup(G) = [22, 2], G ∼= C22 òà m(G) = 1;

� IdGroup(G) = [23, 1], G ∼= C23 òà m(G) = 1;

� IdGroup(G) = [24, 2], G ∼= C24 òà m(G) = 1;

� IdGroup(G) = [24, 5], G ∼= òà m(G) = 1;

� IdGroup(G) = [24, 6], G ∼= D24 òà m(G) = 0;

� IdGroup(G) = [24, 9], G ∼= C12 × C2 òà m(G) = 14;

� IdGroup(G) = [24, 10], G ∼= C3 ×D8 òà m(G) = 7;

� IdGroup(G) = [24, 11], G ∼= C3 ×Q8 òà m(G) = 0;

� IdGroup(G) = [24, 13], G ∼= C2 × A4 òà m(G) = 8;

� IdGroup(G) = [24, 14], G ∼= C2 × C2 × S3 òà m(G) = 10;

� IdGroup(G) = [24, 15], G ∼= C6 × C2 × C2 òà m(G) = 136;

� IdGroup(G) = [25, 1], G ∼= C25 òà m(G) = 1;

� IdGroup(G) = [25, 2], G ∼= C5 × C5 òà m(G) = 16;

� IdGroup(G) = [26, 2], G ∼= C26 òà m(G) = 1;

� IdGroup(G) = [27, 1], G ∼= C27 òà m(G) = 1;

� IdGroup(G) = [27, 2], G ∼= C9 × C3 òà m(G) = 20;

� IdGroup(G) = [27, 3], G ∼= (C3 × C3) o C3 òà m(G) = 22;

� IdGroup(G) = [27, 4], G ∼= C9 o C3 òà m(G) = 4;

� IdGroup(G) = [27, 5], G ∼= C3 × C3 × C3 òà m(G) = 202;

� IdGroup(G) = [28, 2], G ∼= C28 òà m(G) = 1;
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� IdGroup(G) = [28, 3], G ∼= D28 òà m(G) = 1;

� IdGroup(G) = [28, 4], G ∼= C14 × C2 òà m(G) = 9;

� IdGroup(G) = [29, 1], G ∼= C29 òà m(G) = 1;

� IdGroup(G) = [30, 4], G ∼= C30 òà m(G) = 1;

� IdGroup(G) = [31, 1], G ∼= C31 òà m(G) = 1.

Ç ëåìè 1.63 âèïëèâà¹ íàñòóïíà òåîðåìà.

Òåîðåìà 1.64 (Theorem 1, [87]). Íåõàé G � ãðóïà ïîðÿäêó ìåíøå 32.

ßêùî G � àäèòèâíà ãðóïà ìàéæå-êiëüöÿ ç îäèíèöåþ R, òî G ¹ åíäî-

öèêëi÷íîþ.

1.4.4. Êëàñèôiêàöiÿ ëîêàëüíèõ ìàéæå-êiëåöü

Êëàñèôiêàöiÿ âñiõ ìàéæå-êiëåöü äî ïåâíèõ ïîðÿäêiâ ¹ âiäêðèòîþ ïðî-

áëåìîþ. Âîíà âèìàãà¹ âåëèêèõ îá÷èñëåíü, i íàéáiëüø ïiäõîäÿùîþ ïëà-

òôîðìîþ äëÿ ¨õ ðåàëiçàöi¨ ¹ ñèñòåìà îá÷èñëþâàëüíî¨ àëãåáðè GAP. Ïîòî-

÷íà âåðñiÿ ïàêåòà LocalNR [98] ìiñòèòü óñi íåiçîìîðôíi ëîêàëüíi ìàéæå-

êiëüöÿ ïîðÿäêó íå áiëüøå 361, êðiì ïîðÿäêiâ 32, 64, 128, 243 òà 256.

Iñíó¹ 51 íåiçîìîðôíà ãðóïà ïîðÿäêó 32, ç ÿêèõ 19 ¹ àäèòèâíèìè ãðó-

ïàìè ëîêàëüíèõ ìàéæå-êiëåöü (äèâ., íàïðèêëàä, [4]).

Òåîðåìà 1.65 (Òåîðåìà 19, [4]). Íàñòóïíi ãðóïè, i òiëüêè âîíè, ¹ àäè-

òèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó 32:

� IdGroup(G) = [32, 1], G ∼= C32 òà n(G) = 1;

� IdGroup(G) = [32, 2], G ∼= (C4 × C2) o C4 òà n(G) = 1396;

� IdGroup(G) = [32, 3], G ∼= C8 × C4 òà n(G) = 879;
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� IdGroup(G) = [32, 4], G ∼= C8 o C4 òà n(G) = 797;

� IdGroup(G) = [32, 5], G ∼= (C8 × C2) o C2 òà n(G) = 1944;

� IdGroup(G) = [32, 6], G ∼= ((C4 × C2) o C2) o C2 òà n(G) = 432;

� IdGroup(G) = [32, 7], G ∼= (C8 o C2) o C2 òà n(G) = 224;

� IdGroup(G) = [32, 8], G ∼= C2.((C4 × C2) o C2) òà n(G) = 208;

� IdGroup(G) = [32, 12], G ∼= C4 o C8 òà n(G) = 2406;

� IdGroup(G) = [32, 16], G ∼= C16 × C2 òà n(G) = 128;

� IdGroup(G) = [32, 17], G ∼= C16 o C2 òà n(G) = 128;

� IdGroup(G) = [32, 21], G ∼= C4 × C4 × C2 òà n(G) = 135500;

� IdGroup(G) = [32, 22], G ∼= C2×((C4×C2)oC2) òà n(G) = 149205;

� IdGroup(G) = [32, 23], G ∼= C2 × (C4 o C4) òà n(G) = 157845;

� IdGroup(G) = [32, 24], G ∼= (C4 × C4) o C2 òà n(G) = 262480;

� IdGroup(G) = [32, 36], G ∼= C8 × C2 × C2 òà n(G) = 177110;

� IdGroup(G) = [32, 37], G ∼= C2 × (C8 o C2) òà n(G) = 527226;

� IdGroup(G) = [32, 45], G ∼= C4 ×C2 ×C2 ×C2 òà n(G) > 6684533;

� IdGroup(G) = [32, 51], G ∼= C2 × C2 × C2 × C2 × C2 òà n(G) >

7007053.

Âèñíîâêè äî ðîçäiëó 1

Ó öüîìó ðîçäiëi çðîáëåíî ñòèñëèé îãëÿä ëiòåðàòóðè çà òåìîþ äèñåð-

òàöi¨.
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Ïiäñóìîâóþ÷è âèùåâèêëàäåíå, ìîæíà ñòâåðäæóâàòè, ùî õî÷à â öié

îáëàñòi áóëî îäåðæàíî ðÿä ðåçóëüòàòiâ, îäíàê ïèòàííÿ âèâ÷åííÿ âïëè-

âó íà áóäîâó ëîêàëüíîãî ìàéæå-êiëüöÿ éîãî ìóëüòèïëiêàòèâíî¨ ãðóïè òà

ïiäãðóïè íåîáîðîòíèõ åëåìåíòiâ ¹ íåäîñòàòíüî âèâ÷åíèì. Òîìó àêòóàëü-

íèì ¹ äîñëiäæåííÿ ëîêàëüíèõ ìàéæå-êiëåöü äåÿêèìè îáìåæåííÿìè íà ¨õ

ñòðóêòóðó. Òàêîæ çàëèøà¹òüñÿ âàæëèâèì ïèòàííÿ êëàñèôiêàöi¨ ïåâíèõ

êëàñiâ ìàéæå-êiëåöü.
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Ðîçäië 2

Ëîêàëüíi ìàéæå-êiëüöÿ ç äåÿêèìè

îáìåæåííÿìè íà ¨õ ñòðóêòóðó

Â ðîçäiëi äîñëiäæåíî ëîêàëüíi ìàéæå-êiëüöÿ, ìóëüòèïëiêàòèâíi ãðó-

ïè ÿêèõ ¹ â ïåâíîìó ñåíñi áëèçüêèìè äî àáåëåâèõ, çîêðåìà, íiëüïîòåí-

òíèìè. Îïèñàíî p-ãðóïè ç öèêëi÷íîþ ïiäãðóïîþ iíäåêñó p ÿê àäèòèâ-

íi ãðóïè òà ìóëüòèïëiêàòèâíi ãðóïè ëîêàëüíèõ ìàéæå-êiëåöü. Êðiì òî-

ãî, íàâåäåíî êëàñèôiêàöiþ òàêèõ ìàéæå-êiëåöü. Êëàñèôiêîâàíî ëîêàëüíi

ìàéæå-êiëüöÿ, ÿêi íå ¹ ïîëÿìè òà ìóëüòèïëiêàòèâíà ãðóïà ÿêèõ ¹ ãðóïîþ

Øìiäòà. Îòðèìàíî ëîêàëüíi ìàéæå-êiëüöÿ ç áiáëiîòåêè ïàêåòó SONATA

ñèñòåìè êîìï'þòåðíî¨ àëãåáðè GAP.

2.1. Äîïîìiæíi îçíà÷åííÿ òà òâåðäæåííÿ

Íåïîðîæíÿ ìíîæèíà R ç äâîìà áiíàðíèìè îïåðàöiÿìè �+� òà �·� ¹
(ëiâèì) ìàéæå-êiëüöåì, ÿêùî

1. (R,+) = R+ � ãðóïà ç íåéòðàëüíèì åëåìåíòîì 0;

2. (R, ·) � íàïiâãðóïà;

3. x · (y + z) = x · y + x · z äëÿ âñiõ x, y, z ∈ R.
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Ç óìîâè 3 îçíà÷åííÿ âèïëèâà¹, ùî äëÿ êîæíî¨ ïiäãðóïè M ãðóïè R+

òà êîæíîãî åëåìåíòà x ∈ R ìíîæèíà

xM = {xy|y ∈M}

¹ ïiäãðóïîþ â R+ i, çîêðåìà, x0 = 0. Ìàéæå-êiëüöå R íàçèâà¹òüñÿ íóëü-

ñèìåòðè÷íèì, ÿêùî 0x = 0 äëÿ âñiõ x ∈ R, òà ìàéæå-êiëüöåì ç îäè-

íèöåþ i, ÿêùî íàïiâãðóïà (R, ·) ¹ ìîíî¨äîì ç îäèíè÷íèì åëåìåíòîì i.

Ãðóïà R∗ îáîðîòíèõ åëåìåíòiâ ìîíî¨äà (R, ·) íàçèâà¹òüñÿ ìóëüòèïëiêà-

òèâíîþ, à ãðóïà R+ � àäèòèâíîþ ãðóïîþ ìàéæå-êiëüöÿ R. ÏiäãðóïàM

iç R+ íàçèâà¹òüñÿ R∗-iíâàðiàíòíîþ, ÿêùî rM ≤M äëÿ êîæíîãî r ∈ R∗,
òà (R,R)-ïiäãðóïîþ, ÿêùî xMy ⊆M äëÿ äîâiëüíèõ x, y ∈ R.

Âèâ÷åííÿ ëîêàëüíèõ ìàéæå-êiëåöü áóëî çàïî÷àòêîâàíî Ìåêñî-

íîì [61], ÿêèé âñòàíîâèâ, çîêðåìà, ùî àäèòèâíà ãðóïà ñêií÷åííîãî ëî-

êàëüíîãî ìàéæå-êiëüöÿ ïîâèííà áóòè p-ãðóïîþ.

Îçíà÷åííÿ 2.1. [61, De�nition 2.1] Ìàéæå-êiëüöå R ç îäèíèöåþ íàçèâà-

¹òüñÿ ëîêàëüíèì, ÿêùî ìíîæèíà L = R \R∗ âñiõ íåîáîðîòíèõ åëåìåíòiâ
iç (R, ·) óòâîðþ¹ àäèòèâíó ïiäãðóïó â R+, òà ìàéæå-ïîëåì, êîëè L = 0.

Íàäàëi áóäåìî ïîçíà÷àòè ÷åðåç L � ïiäãðóïó â R+ âñiõ íåîáîðîòíèõ

åëåìåíòiâ iç R.

Àêòóàëüíèì ¹ ïèòàííÿ âñòàíîâëåííÿ âçà¹ìîçâ'ÿçêiâ ìiæ ëîêàëüíèì

ìàéæå-êiëüöåì òà éîãî ìóëüòèïëiêàòèâíîþ ãðóïîþ. Ãîðîäíèêîì [42] âè-

â÷àëèñü ëîêàëüíi ìàéæå-êiëüöÿ, ìóëüòèïëiêàòèâíi ãðóïè ÿêèõ ¹ àáåëå-

âèìè, i ÿêi íå ¹ êiëüöÿìè. À ñàìå, äîâåäåíî, ùî ìíîæèíà âñiõ íåîáîðî-

òíèõ åëåìåíòiâ òàêîãî ìàéæå-êiëüöÿ óòâîðþ¹ àáåëåâó ïiäãðóïó iíäåêñó

2 â éîãî àäèòèâíié ãðóïi. Çîêðåìà, âií îïèñàâ ëîêàëüíi ìàéæå-êiëüöÿ ç

öèêëi÷íèìè ãðóïàìè îäèíèöü, òîáòî, ÿêùî ìóëüòèïëiêàòèâíà ãðóïà ëî-

êàëüíîãî ìàéæå-êiëüöÿ ¹ öèêëi÷íîþ, òî àäèòèâíà ãðóïà ¹ àáî ãðóïîþ

òèïó (2, 2, 2), àáî (2, 4).
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Äîñëiäæåííÿ ëîêàëüíèõ ìàéæå-êiëåöü, ìóëüòèïëiêàòèâíi ãðóïè ÿêèõ

¹ â ïåâíîìó ñåíñi áëèçüêèìè äî àáåëåâèõ, çîêðåìà, ìiíiìàëüíèìè íåàáå-

ëåâèìè àáî, â iíøié òåðìiíîëîãi¨, ãðóïàìè Ìiëëåðà�Ìîðåíî ¹ ïðèðîäíèì

óçàãàëüíåííÿì. Â ñòàòòÿõ [1], [8], [9] îïèñàíî ëîêàëüíi ìàéæå-êiëüöÿ òà

ìàéæå-ïîëÿ ç ìóëüòèïëiêàòèâíèìè ãðóïàìè Ìiëëåðà�Ìîðåíî.

Íàâåäåìî îçíà÷åííÿ íiëüïîòåíòíî¨ ãðóïè (äèâ., íàïðèêëàä, [49]).

Íåõàé G � ãðóïà. Íîðìàëüíèé ðÿä

{e} = G0 ⊂ G1 ⊂ G2 ⊂ . . . ⊂ Gn = G,

ãðóïè G íàçèâà¹òüñÿ öåíòðàëüíèì, ÿêùî ïðè i = 0, 1, . . . , n− 1 ôàêòîð-

ãðóïà Gi+1/Gi ìiñòèòüñÿ â öåíòði ôàêòîð-ãðóïè G/Gi. Ãðóïà G, ùî ìà¹

õî÷à á îäèí öåíòðàëüíèé ðÿä, íàçèâà¹òüñÿ íiëüïîòåíòíîþ.

Íàñòóïíà ëåìà âèçíà÷à¹ åêñïîíåíòó àäèòèâíî¨ ãðóïè ñêií÷åííîãî

ìàéæå-êiëüöÿ ç îäèíèöåþ (äèâ., íàïðèêëàä, [31], òåîðåìà 3).

Ëåìà 2.2. Åêñïîíåíòà àäèòèâíî¨ ãðóïè ñêií÷åííîãî ìàéæå-êiëüöÿ R

ç îäèíèöåþ i äîðiâíþ¹ àäèòèâíîìó ïîðÿäêó i, ÿêèé ñïiâïàäà¹ ç àäèòèâ-

íèì ïîðÿäêîì êîæíîãî îáîðîòíîãî åëåìåíòà R.

Íàñòóïíà ëåìà (äèâ. [18, Lemma 3.2]) õàðàêòåðèçó¹ îñíîâíi âëàñòèâî-

ñòi ëîêàëüíèõ ìàéæå-êiëåöü.

Ëåìà 2.3. Íåõàé R � ñêií÷åííå ëîêàëüíå ìàéæå-êiëüöå ç îäèíèöåþ i.

Òîäi R+ � p-ãðóïà äëÿ äåÿêîãî ïðîñòîãî p, åêñïîíåíòà ÿêî¨ çáiãà¹òüñÿ

ç ïîðÿäêîì åëåìåíòà i â R+, òà âèêîíóþòüñÿ íàñòóïíi òâåðäæåííÿ:

1) L � iäåàë â R òà (R,R)-ïiäãðóïà â R+;

2) êîæíà âëàñíà R∗-iíâàðiàíòíà ïiäãðóïà iç R+ ìiñòèòüñÿ â L;

3) ìíîæèíà i+ L óòâîðþ¹ íîðìàëüíó ñèëîâñüêó p-ïiäãðóïó ìóëüòè-

ïëiêàòèâíî¨ ãðóïè R∗;

4) ôàêòîð-ãðóïà R+/L+ ¹ åëåìåíòàðíîþ àáåëåâîþ p-ãðóïîþ;
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5) ôàêòîð-ãðóïà R∗/i + L içîìîðôíà ìóëüòèïëiêàòèâíié ãðóïi

ìàéæå-ïîëÿ R/L.

ßê íàñëiäîê ç 3) òà 5) ëåìè 2.3 ìà¹ìî íàñòóïíå òâåðäæåííÿ.

Ëåìà 2.4. Íåõàé R � ñêií÷åííå ëîêàëüíå ìàéæå-êiëüöå ç îäèíèöåþ i.

Òîäi

R∗ = (i+ L) oK

äëÿ äåÿêî¨ ïiäãðóïè K ãðóïè R∗, ùî içîìîðôíà ìóëüòèïëiêàòèâíié ãðó-

ïi ìàéæå-ïîëÿ R/L.

Ìà¹ ìiñöå íàñòóïíà òåîðåìà [62, Theorem 2.1] ïðî çâ'ÿçîê ïîðÿäêiâ

ëîêàëüíîãî ìàéæå-êiëüöÿ òà ïiäãðóïè íåîáîðîòíèõ åëåìåíòiâ.

Òåîðåìà 2.5. ßêùî R � ëîêàëüíå ìàéæå-êiëüöå, ÿêå íå ¹ ìàéæå-

ïîëåì, òî |R| ≤ |L|2.

Ñêií÷åííi ëîêàëüíi ìàéæå-êiëüöÿ ç öèêëi÷íîþ ïiäãðóïîþ íåîáîðî-

òíèõ åëåìåíòiâ îïèñàíi â [2, òåîðåìà 1].

Òåîðåìà 2.6. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ïîðÿäêó pn ç n> 1,

ïiäãðóïà L ÿêîãî öèêëi÷íà òà íåòðèâiàëüíà. Òîäi éîãî àäèòèâíà ãðóïà

R+ àáî ñàìà öèêëi÷íà, àáî ¹ åëåìåíòàðíîþ àáåëåâîþ ãðóïîþ ïîðÿäêó

p2. Â ïåðøîìó âèïàäêó R ¹ êîìóòàòèâíèì ëîêàëüíèì êiëüöåì, içîìîð-

ôíèì êiëüöþ ëèøêiâ Z/pnZ ç n ≥ 2, à â äðóãîìó � iñíó¹ p ïîïàðíî

íåiçîìîðôíèõ òàêèõ ìàéæå-êiëåöü R ç |L| = p, iç ÿêèõ p − 1 ¹ íóëü-

ñèìåòðè÷íèìè, òà ìóëüòèïëiêàòèâíi ãðóïè R∗ ÿêèõ içîìîðôíi íàïiâ-

ïðÿìîìó äîáóòêó äâîõ öèêëi÷íèõ ïiäãðóï ïîðÿäêiâ p òà p− 1.

ßê âiäîìî, ïðîñòi ÷èñëà âèäó 2n−1 ìàþòü íàçâó ïðîñòèõ ÷èñåë Ìåð-

ñåííà.

Íàñòóïíà ëåìà äîâåäåíà â [55, Lemma 1].

Ëåìà 2.7. Íåõàé p � íåïàðíå ïðîñòå ÷èñëî. ßêùî m òà n � äîäàòíi

öiëi ÷èñëà, äëÿ ÿêèõ 2n − 1 = pm, òî m = 1 òà n � ïðîñòå ÷èñëî.



96

Íàãàäà¹ìî, ùî ãðóïîþ Øìiäòà àáî ìiíiìàëüíîþ íåíiëüïîòåíòíîþ

ãðóïîþ íàçèâà¹òüñÿ ñêií÷åííà íåíiëüïîòåíòíà ãðóïà, áóäü-ÿêà âëàñíà

ïiäãðóïà ÿêî¨ íiëüïîòåíòíà. Âèâ÷åííÿ òàêèõ ãðóï áóëî çàïî÷àòêîâàíî

Î. Þ. Øìiäòîì â [113]. Â íàñòóïíié òåîðåìi äàíî ñòðóêòóðíèé îïèñ öèõ

ãðóï (äèâ. [46, Satz 5.5.2]).

Òåîðåìà 2.8. Ñêií÷åííà ãðóïà G òîäi i ëèøå òîäi ¹ ãðóïîþ Øìiä-

òà, êîëè âîíà ðîçêëàäà¹òüñÿ â íàïiâïðÿìèé äîáóòîê G = S o T ñâî¨õ

íîðìàëüíî¨ ñèëîâñüêî¨ p-ïiäãðóïè S ïîðÿäêó ps ç s ≥ 1 òà öèêëi÷íî¨

ñèëîâñüêî¨ q-ïiäãðóïè T =< b> ïîðÿäêó qt ç t ≥ 1, ùî çàäîâîëüíÿþòü

òàêèì óìîâàì:

1) Z(G) = Φ(G) = Φ(S)× <bq>, äå Φ(G) � ïiäãðóïà Ôðàòòiíi ãðóïè

G;

2) G′ = S, S ′ = Φ(S), G′′ = S ′, åêñïîíåíòà S ′ íå ïåðåâèùó¹ ÷èñëî p;

3) ÿêùî S � íåàáåëåâà, òî Z(S) = S ′ = Φ(S).

Ñêií÷åííà ãðóïà íàçèâà¹òüñÿ ìiíiìàëüíîþ íåàáåëåâîþ ãðóïîþ àáî

ãðóïîþ Ìiëëåðà�Ìîðåíî, ÿêùî âîíà íåàáåëåâà, à âñi ¨¨ âëàñíi ïiäãðóïè ¹

àáåëåâèìè. Î÷åâèäíî, ùî íåïðèìàðíi ãðóïè Ìiëëåðà�Ìîðåíî ¹ ãðóïàìè

Øìiäòà.

2.2. Ëîêàëüíi ìàéæå-êiëüöÿ ç íiëüïîòåíòíîþ

ìóëüòèïëiêàòèâíîþ ãðóïîþ

Â íàñòóïíié òåîðåìi âñòàíîâëåíèé çâ'ÿçîê ìiæ íiëüïîòåíòíîþ ìóëüòè-

ïëiêàòèâíîþ ãðóïîþ òà àäèòèâíîþ ãðóïîþ â ëîêàëüíîìó ìàéæå-êiëüöi.

Òåîðåìà 2.9. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ïîðÿäêó pn ç íiëüïî-

òåíòíîþ ìóëüòèïëiêàòèâíîþ ãðóïîþ R∗. ßêùî p > 2 àáî p = 2 òà

−i ∈ Z(R∗), òî ìàþòü ìiñöå òàêi òâåðäæåííÿ:
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1. Àäèòèâíà ãðóïà R+ � àáåëåâà.

2. L � àáåëåâà òà ìà¹ iíäåêñ 2 â R+.

Çîêðåìà, R/L ¹ ïîëå.

Äîâåäåííÿ. Î÷åâèäíî, ùî −i ∈ Z(R∗) ïðè p > 2.

Íåõàé r, s, r + s ∈ R∗. Ìà¹ìî

(−i)(r + s) = (−i)r + (−i)s = r(−i) + s(−i) =

= −r − s = (r + s)(−i) = (−i)(s+ r).

Çâiäêè,

r + s = s+ r (2.1)

Äàëi, íåõàé r ∈ R∗ òà l ∈ L. Òîäi

(l + r)(−i) = −(l + r) = −r − l = r(−i)− l = (−i)r − l =

= (−i)(r − l(−i)) = (r − l(−i))(−i).

Äîìíîæóþ÷è ñïðàâà íà (−i), îòðèìà¹ìî

− r + l + r = −l(−i). (2.2)

Äëÿ áóäü-ÿêèõ r ∈ R∗ ìà¹ìî

(r′)′ = (−i)(−((−i)(−r))) = (−i)(−i)r = r.

Îòæå,

(r′)′ = r. (2.3)

Íåõàé l, s ∈ L. Çàñòîñîâóþ÷è (2.2) äâi÷i, îòðèìà¹ìî

(i+ l) + s = s′ + (i+ l) = (i+ s− i) + i+ l = i+ s+ l.

Îòæå, ïiäãðóïà L � àáåëåâà.
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Ðîçãëÿíåìî äâà âèïàäêè, òîáòî êîëè |R+ : L+| = 2 òà |R+ : L+| > 2.

Î÷åâèäíî, ÿêùî |R+ : L+| = 2, òî R+ � àáåëåâà.

Íåõàé òåïåð |R+ : L+| > 2. Â ãðóïi R∗ iñíóþòü òàêi r òà s, ùî r +

s ∈ R∗. Çàñòîñîâóþ÷è (2.2) òà (2.3),

l′ = −(r + s) + l + (r + s) = −s+ (−r + l + r) + s = (l′)′ = l,

äëÿ êîæíîãî l ∈ L. Öå îçíà÷à¹, ùî L+ ≤ Z(R+).

Íåõàé r, s ∈ R∗. ßêùî r + s ∈ R∗, òî r + s = s + r çà (2.1). Çàðàç

ïðèïóñòèìî, ùî r+s ∈ L. Òîäi iñíó¹ òàêèé åëåìåíò t ∈ R∗, ùî r+ t ∈ R∗.
Çà (2.1), r + t = t+ r. Îòæå,

r + t+ s = t+ (r + s) = (r + s) + t, (2.4)

çà ïðèïóùåííÿì. Çâiäêè, t òà s êîìóòóþòü. Åëåìåíò t + (r + s) ∈ R∗.

Çíîâó çà (2.1), îòðèìà¹ìî

(t+ r) + s = s+ (t+ r)s+ r + t. (2.5)

Êîìáiíóþ÷è (2.4) òà (2.5), ìà¹ìî r+ s = s+ r. Çâiäêè, R+ � àáåëåâà.

Îòæå, àäèòèâíà ãðóïà R+ ¹ àáåëåâîþ ÷è |R+ : L+| = 2.

2.3. Ëîêàëüíi ìàéæå-êiëüöÿ ç ìóëüòèïëiêàòèâíèìè

ãðóïàìè Øìiäòà

Îñêiëüêè ìàéæå-ïîëÿ ç ìóëüòèïëiêàòèâíîþ ãðóïîþ Øìiäòà ïîâíiñòþ

îïèñàíi â [8, òåîðåìà 6], òî ðîçãëÿíåìî ëîêàëüíi ìàéæå-êiëüöÿ, ïiäãðóïè

íåîáîðîòíèõ åëåìåíòiâ ÿêèõ ¹ íåòðèâiàëüíèìè.

Íàãàäà¹ìî, ùî ïðîñòå ÷èñëî âèäó p = 22s + 1 ç öiëèì ÷èñëîì s ≥ 0

íàçèâà¹òüñÿ ïðîñòèì ÷èñëîì Ôåðìà.
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Òåîðåìà 2.10. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ïîðÿäêó pn, ÿêå íå ¹

ìàéæå-ïîëåì òà ìóëüòèïëiêàòèâíà ãðóïà R∗ ÿêîãî ¹ ãðóïîþ Øìiäòà.

Òîäi ìàþòü ìiñöå íàñòóïíi òâåðäæåííÿ:

1) ÿêùî p > 2, òî |R| = p2 äëÿ äåÿêîãî ïðîñòîãî ÷èñëà Ôåðìà p,

àäèòèâíà ãðóïà R+ ¹ åëåìåíòàðíîþ àáåëåâîþ òà iñíó¹ òàêèé íåî-

áîðîòíèé åëåìåíò a iç R, ùî

R+ =<i> + <a>,

äå i � îäèíèöÿ â R, a2 = 0 òà (ik)a = −ak äëÿ äîâiëüíîãî ïåðâi-

ñíîãî êîðåíÿ k çà ìîäóëåì p. Çîêðåìà, äëÿ êîæíîãî ïðîñòîãî ÷èñëà

Ôåðìà p iñíó¹ ¹äèíå ëîêàëüíå ìàéæå-êiëüöå ïîðÿäêó p2, ìóëüòè-

ïëiêàòèâíà ãðóïïà ÿêîãî ¹ ãðóïîþ Ìiëëåðà�Ìîðåíî;

2) ÿêùî p = 2, òî |R| = 2n ç n = 2m, äå m � ïðîñòå ÷èñëî, äëÿ

ÿêîãî 2m−1 ¹ ïðîñòèì ÷èñëîì Ìåðñåííà, òà R∗ ¹ ãðóïîþ Ìiëëåðà�

Ìîðåíî.

Äîâåäåííÿ. Îñêiëüêè ïiäãðóïà L ¹ íåòðèâiàëüíîþ âëàñíîþ ïiäãðóïîþ

R+, òî |L| = pm ç 1 ≤ m < n. Ïîêëàäåìî l = n − m. Â ñèëó òîãî,

ùî R = R∗ ∪ L, ìà¹ìî

|R∗| = pn − pm = pm(pl − 1).

Çà òåîðåìîþ 2.8 ïîðÿäîê ãðóïè Øìiäòà äiëèòüñÿ íà äâà ïðîñòèõ ÷èñëà,

çâiäêè pl − 1 = qk. Äàëi, ÿêùî ÷åðåç i ïîçíà÷èòè îäèíèöþ ìàéæå-êiëüöÿ

R, òî çà ëåìîþ 2.8 ãðóïà R∗ ðîçêëàäà¹òüñÿ â íàïiâïðÿìèé äîáóòîê R∗ =

So <b> ç íîðìàëüíîþ ñèëîâñüêîþ p-ïiäãðóïîþ S = i+L òà öèêëi÷íîþ

ïiäãðóïîþ <b>= K ïîðÿäêó qk. Áiëüø òîãî, çà òåîðåìîþ 2.8 bq ëåæèòü

â öåíòði ãðóïè R∗.

Íåõàé p > 2. Âðàõîâóþ÷è, ùî ÷èñëî pl−1 ¹ ïàðíèì, çâiäñè îòðèìó¹ìî

pl − 1 = 2k äëÿ äåÿêîãî k ≥ 1. Îñêiëüêè åëåìåíò b iíäóêó¹ íà ôàêòîð-
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ãðóïi S/S ′ íåçâiäíèé àâòîìîðôiçì ïîðÿäêó 2, òî öå ìîæëèâî ëèøå ó

âèïàäêó, êîëè |S/S ′| = p. Çâiäñè, |S| = p.

Îñêiëüêè |S| = |L| = p, òî çà òåîðåìîþ 2.6 R+ ¹ åëåìåíòàðíîþ àáå-

ëåâîþ ãðóïîþ ïîðÿäêó p2. Çâiäñè n = 2, à îòæå, l = 1. Òàêèì ÷èíîì,

p = 2k+1. Î÷åâèäíî, ùî k = 2s äëÿ äåÿêîãî öiëîãî s ≥ 0 i òîìó p = 22s+1

¹ ïðîñòèì ÷èñëîì Ôåðìà.

ßêùî a � òâiðíèé åëåìåíò L, òî R+ =<i> + <a>, äå <i> � ïiäãðó-

ïà, ïîðîäæåíà îäèíèöåþ i ìàéæå-êiëüöÿ R. Íåõàé k � ïåðâiñíèé êîðiíü

çà ìîäóëåì p òà T � ìóëüòèïëiêàòèâíà ïiäãðóïà íåíóëüîâèõ åëåìåíòiâ ç

àäèòèâíî¨ ïiäãðóïè < i >. Òîäi T � öèêëi÷íà ïiäãðóïà ïîðÿäêó p − 1 ç

òâiðíèì åëåìåíòîì ik ìóëüòèïëiêàòèâíî¨ ãðóïè R∗ i òîìó R∗ = S o T .

Çà òåîðåìîþ 2.8 åëåìåíò (ik)2 öåíòðàëiçó¹ ïiäãðóïó S, à òîìó

(ik)2(i+ a) = (i+ a)(ik)2.

Âðàõîâóþ÷è, ùî (ik)2 = ik2, çâiäñè âèâîäèìî

(ik)2a = ak2. (2.6)

Äàëi, çà òâåðäæåííÿì 1) ëåìè 2.3 xa ∈ L äëÿ âñiõ x ∈ R. Îòæå,

xa = aρ(x) äëÿ êîæíîãî x ∈ R, äå ÷èñëî ρ(x) îäíîçíà÷íî âèçíà÷åíî çà

ìîäóëåì p. Äëÿ äîâiëüíèõ x, y ∈ R ç îñòàííüî¨ ðiâíîñòi âèïëèâà¹

aρ(xy) = (xy)a = x(ya) = x(aρ(y)) = (xa)ρ(y) = a(ρ(x)ρ(y)),

çâiäêè ìà¹ìî (xy)a = a(ρ(x)ρ(y)). Çîêðåìà, ïîêëàâøè x = y = ik, ç

ðiâíîñòi (2.6) îòðèìó¹ìî

ak2 = (ik)2a = aρ(ik)2.

Öå îçíà÷à¹, ùî

ρ(ik)2 ≡ k2 ( mod p),

çâiäêè ρ(ik) ≡ ±k ( mod p). ßêùî ρ(ik) ≡ k ( mod p), òî

(ik)(i+ a) = ik + (ik)a = ik + ak = (i+ a)(ik)
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i òîìó ãðóïà R∗ áóäå àáåëåâîþ, ùî ñóïåðå÷èòü óìîâi òåîðåìè. Îòæå,

ρ(ik) ≡ −k ( mod p), òîáòî (ik)a = −ak. Ïîìíîæèâøè öþ ðiâíiñòü çëiâà

íà 0, ìà¹ìî

0a = (0(ik))a = −(0a)k,

çâiäêè (0a)(k + 1) = 0. Îñêiëüêè k � äîâiëüíèé ïåðâiñíèé êîðiíü çà

ìîäóëåì p, òî ç îñòàííüî¨ ðiâíîñòi îòðèìó¹ìî 0a = 0.

Ç iíøîãî áîêó, çà îçíà÷åííÿì ÷èñëà ρ(x) ìà¹ìî a2 = aρ(a), çâiäêè

â ñèëó ëiâîãî äèñòðèáóòèâíîãî çàêîíó ìà¹ìî a(a− iρ(a)) = 0. Îñêiëüêè

a 6= 0, òî ç ðiâíîñòi 0a = 0 âèïëèâà¹, ùî åëåìåíò a− iρ(a) ¹ íåîáîðîòíèì,

òîáòî a − iρ(a) ∈ L, ùî ìîæëèâî ëèøå ïðè ρ(a) = 0. Îòæå, a2 = 0. Òà-

êèì ÷èíîì, â ìàéæå-êiëüöi R âèêîíóþòüñÿ ñïiââiäíîøåííÿ (ik)a = −ak
òà a2 = 0, à öå îçíà÷à¹, çîêðåìà, ùî äëÿ êîæíîãî ïðîñòîãî ÷èñëà Ôåð-

ìà p iñíó¹ ¹äèíå ëîêàëüíå ìàéæå-êiëüöå ïîðÿäêó p2, ìóëüòèïëiêàòèâíà

ãðóïà ÿêîãî ¹ ãðóïîþ Ìiëëåðà�Ìîðåíî. Îòæå, òâåðäæåííÿ 1) òåîðåìè

äîâåäåíî.

Íåõàé òåïåð p = 2. Î÷åâèäíî, ùî ìóëüòèïëiêàòèâíà ãðóïà ëîêàëüíîãî

ìàéæå-êiëüöÿ R ïîðÿäêó 2n òîäi i òiëüêè òîäi íå ¹ 2-ãðóïîþ, êîëè L ¹

ïiäãðóïîþ â R+ iíäåêñó |R+ : L| > 2. Òîäi |R : L| = 2l òà |L| = 2m, çâiäêè

|R∗ : S| = 2l − 1. Îñêiëüêè 2l − 1 = qk, òî â ñèëó ëåìè 2.7 öå ìîæëèâî

ëèøå, êîëè k = 1 òà m � ïðîñòå ÷èñëî. Çîêðåìà, | <b> | = q = 2l − 1.

Êðiì òîãî, åëåìåíò b iíäóêó¹ íåçâiäíèé àâòîìîðôiçì ïîðÿäêó q = 2l − 1

íà ôàêòîð-ãðóïi S/S ′. Îñêiëüêè |S/S ′| = 2m−s ç s ≥ 0, òî q = 2l − 1 �

äiëüíèê ÷èñëà 2m−s−1 (äèâ., íàïðèêëàä, [41, Lemma 5.6.3]). Ïðèïóñòèìî,

ùî ïiäãðóïà S � íåàáåëåâà. Òîäi çà [41, Theorem 5.6.5] 2l−1 äiëèòü 2r+1,

äå r ≤ (m−s)/2. Î÷åâèäíî, r = tm+w, äå t ∈ N òà 0 ≤ w < m. Îñêiëüêè

2r + 1 = 2tm+w + 1 = 2w(2tm − 1) + 2w + 1,

òî 2l − 1 äiëèòü 2r + 1 ëèøå ïðè r = 1 òà m = 2. Çâiäñè |R : L| = 22 = 4

òà | < b > | = 3, à òîìó |S/S ′| = 4. Çâiäñè òà çà [41, Theorem 5.4.5]) S
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içîìîðôíà àáî ãðóïi äiåäðà, àáî ãðóïi êâàòåðíiîíiâ ïîðÿäêó 8. À îòæå,

n = 5, |R| = 32 òà |S| = |L| = 8. Çà äîïîìîãîþ ñèñòåìè êîìï'þòåðíî¨

àëãåáðè GAP ïåðåâiðåíî, ùî íå iñíó¹ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó

32 ç ïiäãðóïîþ L ïîðÿäêó 8. Îòæå, ïiäãðóïà S � àáåëåâà, à òîìó, åëå-

ìåíòàðíà àáåëåâà ïîðÿäêó 2m. Çâiäñè R∗ � ãðóïà Ìiëëåðà�Ìîðåíî, ùî

äîâîäèòü òâåðäæåííÿ 2) òåîðåìè.

2.4. Ëîêàëüíi ìàéæå-êiëüöÿ äåÿêîãî ïîðÿäêó ç

ìóëüòèïëiêàòèâíèìè

ãðóïàìè Ìiëëåðà�Ìîðåíî

Íàãàäà¹ìî, ùî ñêií÷åííà ãðóïà íàçèâà¹òüñÿ ãðóïîþ Ìiëëåðà�Ìîðåíî,

ÿêùî âîíà íåàáåëåâà i âñi ¨¨ âëàñíi ïiäãðóïè ¹ àáåëåâèìè. Î÷åâèäíî, ùî

íåïðèìàðíi ãðóïè Ìiëëåðà�Ìîðåíî ¹ ãðóïàìè Øìiäòà. Ñòðóêòóðà öèõ

ãðóï ïîâíiñòþ îïèñó¹òüñÿ âiäîìîþ òåîðåìîþ Ðåäå¨ (äèâ., [109]).

Òåîðåìà 2.11. Ñêií÷åííi ãðóïè Ìiëëåðà�Ìîðåíî ¹ ãðóïàìè íàñòóïíèõ

òèïiâ:

1) ãðóïà êâàòåðíiîíiâ Q8;

2) ãðóïà G = 〈a〉o 〈b〉 ïîðÿäêó pm+n ç ap
m

= bp
n

= 1 i b−1ab = a1+pm−1

,

äå p ¹ ïðîñòèì ÷èñëîì, m ≥ 2 and n ≥ 1;

3) ãðóïà G = (〈a〉 × 〈c〉) o 〈b〉 ïîðÿäêó pm+n+1 ç ap
m

= bp
n

= cp = 1,

b−1ab = ac i b−1cb = c, äå m ≥ n ≥ 1 i m+ n > 2 äëÿ p = 2;

4) ãðóïà G = P o 〈b〉 ïîðÿäêó prqs ç åëåìåíòàðíîþ àáåëåâîþ ïiäãðó-

ïîþ P ïîðÿäêó pr, â ÿêié åëåìåíò b iíäóêó¹ íåçâiäíèé àâòîìîðôiçì

ïðîñòîãî ïîðÿäêó q, à òàêîæ, bq
s

= 1 òà 〈bq〉 = Z(G), äå p òà q �

ðiçíi ïðîñòi ÷èñëà, à r, s � íàòóðàëüíi ÷èñëà.
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2.4.1. Ëîêàëüíi ìàéæå-êiëüöÿ ïîðÿäêó 32

Íàãàäà¹ìî, ùî iñíó¹ 51 íåiçîìîðôíà ãðóïà ïîðÿäêó 32.

Çàóâàæåííÿ 2.12. Î÷åâèäíî, iñíóþòü òðè íåiçîìîðôíi ãðóïè Ìiëëåðà�

Ìîðåíî ïîðÿäêó 16, à ñàìå:

1) G =<a> o <b> ç |a| = 8, |b| = 2, b−1ab = a5,

2) G =<a> o <b> ç |a| = 4, |b| = 4, b−1ab = a3 òà

3) G = (<a> × < c>)o < b> ç |a| = 4, |b| = 2, |c| = 2, b−1ab = ac,

b−1cb = c.

Òåîðåìà 2.13. Íàñòóïíi ãðóïè, i òiëüêè âîíè, ¹ àäèòèâíèìè ãðóïà-

ìè R+ ëîêàëüíèõ ìàéæå-êiëåöü R ïîðÿäêó 32 ç ìóëüòèïëiêàòèâíèìè

ãðóïàìè Ìiëëåðà�Ìîðåíî R∗.

I. ßêùî R∗ � ãðóïà òèïó 1) iç çàóâàæåííÿ 2.12, òî R+ içîìîðôíà îäíié

iç ãðóï (êiëüêiñòü ëîêàëüíèõ ìàéæå-êiëåöü íà òàêié ãðóïi):

� C4 × C4 × C2 [32, 21] (2);

� C2 × ((C4 × C2) o C2) [32, 22] (30);

� C4 × C2 × C2 × C2 [32, 45] (32);

� C2 × C2 × C2 × C2 × C2 [32, 51] (32).

II. ßêùî R∗ � ãðóïà òèïó 2) iç çàóâàæåííÿ 2.12, òî R+ içîìîðôíà

îäíié iç ãðóï (êiëüêiñòü ëîêàëüíèõ ìàéæå-êiëåöü íà òàêié ãðóïi):

� C4 × C4 × C2 [32, 21] (136);

� C2 × ((C4 × C2) o C2) [32, 22] (3120);

� C2 × (C4 o C4) [32, 23] (4);
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� C4 × C2 × C2 × C2 [32, 45] (47904);

� C2 × C2 × C2 × C2 × C2 [32, 51] (17100).

III. ßêùî R∗ � ãðóïà òèïó 3) iç çàóâàæåííÿ 2.12, òî R+ içîìîðôíà

îäíié iç ãðóï (êiëüêiñòü ëîêàëüíèõ ìàéæå-êiëåöü íà òàêié ãðóïi):

� (C4 × C2) o C4 [32, 2] (369);

� C8 × C4 [32, 3] (208);

� C8 o C4 [32, 4] (238);

� (C8 × C2) o C2 [32, 5] (548);

� ((C4 × C2) o C2) o C2 [32, 6] (64);

� (C8 o C2) o C2 [32, 7] (32);

� C2.((C4 × C2) o C2) = (C2 × C2).(C4 × C2) [32, 8] (32);

� C4 o C8 [32, 12] (624);

� C4 × C4 × C2 [32, 21] (634);

� C2 × ((C4 × C2) o C2) [32, 22] (5936);

� C2 × (C4 o C4) [32, 23] (458);

� C8 × C2 × C2 [32, 36] (448);

� C2 × (C8 o C2) [32, 37] (496);

� C4 × C2 × C2 × C2 [32, 45] (40447);

� C2 × C2 × C2 × C2 × C2 [32, 51] (23205).

2.4.2. Ëîêàëüíi ìàéæå-êiëüöÿ ïîðÿäêó 64

ÍåõàéR � ëîêàëüíå ìàéæå-êiëüöå ïîðÿäêó 64, ìóëüòèïëiêàòèâíà ãðó-

ïà ÿêîãî R∗ ¹ 2-ãðóïîþ Ìiëëåðà�Ìîðåíî. ßê âèïëèâà¹ ç ëåìè 9 [108], òîäi
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R∗ ìîæå áóòè ëèøå íåìåòàöèêëi÷íîþ ãðóïîþ ïîðÿäêó 32. Îòæå, R∗ �

îäíà ç äâîõ ãðóï G ç IdGroup(G) = [32, 2] òà IdGroup(G) = [32, 5]. Òóò

IdGroup(G) = [n, i], ÿêùî G � i-òà ãðóïà ïîðÿäêó n. ßêùî Cn � öèêëi-

÷íà ãðóïà ïîðÿäêó n, òî íåìåòàöèêëi÷íi ãðóïè Ìiëëåðà-Ìîðåíî ïîðÿäêó

32 � öå 1) G ∼= (C4 × C2) o C4 òà 2) G ∼= (C8 × C2) o C2.

Íåõàé n(G) � êiëüêiñòü íåiçîìîðôíèõ ëîêàëüíèõ ìàéæå-êiëåöü ç

ìóëüòèïëiêàòèâíîþ ãðóïîþ G.

Òâåðäæåííÿ 2.14. ßêùî G � ãðóïà òèïó 1), òî R+ ìîæå áóòè îäíi-

¹þ ç íàñòóïíèõ ãðóï âiäïîâiäíî:

� ((C4 × C2) o C4) o C2 [64, 61];

� (C4 × C4) o C4 [64, 65];

� C4 × C4 × C2 × C2 [64, 192] òà n(G) ≥ 2304;

� C2 × C2 × ((C4 × C2) o C2) [64, 193];

� C2 × C2 × (C4 o C4) [64, 194] òà n(G) ≥ 416;

� C2 × ((C4 × C4) o C2) [64, 195] òà n(G) ≥ 4096;

� C4 × C2 × C2 × C2 × C2 [64, 260];

� C2 × C2 × C2 ×Q8 [64, 262];

� C2 × C2 × C2 × C2 × C2 × C2 [64, 267].

Òâåðäæåííÿ 2.15. ßêùî G � ãðóïà òèïó 2), òî R+ ìîæå áóòè îäíi¹þ

ç íàñòóïíèõ ãðóï âiäïîâiäíî:

� C8 × C8 [64, 2] òà n(G) = 96;

� C8 o C8 [64, 3] òà n(G) = 96;

� C8 o C8 [64, 15] òà n(G) = 96;
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� C8 o C8 [64, 16] òà n(G) = 96;

� C16 × C4 [64, 26] òà n(G) = 16;

� C16 o C4 [64, 27] òà n(G) = 16;

� C4 × C4 × C4 [64, 55] òà n(G) = 1092;

� (C4 × C4) o C4 [64, 57] òà n(G) = 1092;

� (C2 × ((C4 × C2) o C2)) o C2 [64, 60] òà n(G) = 1680;

� ((C4 × C2) o C4) o C2 [64, 62] òà n(G) = 1296;

� (C4 × C4) o C4 [64, 63] òà n(G) = 1024;

� (C4 × C4) o C4 [64, 65] òà n(G) = 1024;

� C8 × C4 × C2 [64, 83] òà n(G) = 1088;

� C2 × (C8 o C4) [64, 84] òà n(G) = 1088;

� (C2 × (C8 o C2)) o C2 [64, 88] òà n(G) = 2176;

� (C4 o C8) o C2 [64, 104] òà n(G) = 2048;

� C4 × C4 × C2 × C2 [64, 192];

� C2 × C2 × ((C4 × C2) o C2) [64, 193];

� C2 × C2 × (C4 o C4) [64, 194];

� C2 × ((C4 × C4) o C2) [64, 195];

� C8 × C2 × C2 × C2 [64, 246] òà n(G) = 1088;

� C2 × C2 × (C8 o C2) [64, 247] òà n(G) = 1088;

� C4 × C2 × C2 × C2 × C2 [64, 260];

� C2 × C2 × C2 ×Q8 [64, 262].
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2.4.3. Ëîêàëüíi ìàéæå-êiëüöÿ ïîðÿäêó 128

Íàïðèêëàä, ó GAP ìîæíà îòðèìàòè íàñòóïíå òâåðäæåííÿ.

Çàóâàæåííÿ 1. Iñíó¹ 6 íåiçîìîðôíèõ ãðóï Ìiëëåðà�Ìîðåíî ïîðÿäêó

64, à ñàìå:

� C8 o C8 [64, 3];

� (C8 × C2) o C4 [64, 17];

� C16 o C4 [64, 27];

� (C16 × C2) o C2 [64, 29];

� C4 o C16 [64, 44];

� C32 o C2 [ 64, 51 ].

Ìè íàäà¹ìî GAP-êîä äëÿ öèõ ðîçðàõóíêiâ.

# G � ñïèñîê ãðóï ç áiáëiîòåêè AllSmallGroups ïîðÿäêó 64.

gap> G:=AllSmallGroups(64);;

# Ðîçìið ñïèñêó G.

gap> Size(G);

267

# Ôiëüòðó¹ìî âñi ãðóïè Ìiëëåðà�Ìîðåíî ç ñïèñêó G.

gap> F:=Filtered(G,x->IsMinimalNonAbelianGroup(x)=true);;

# Ðîçìið ñïèñêó F .

gap> Size(F);

6

# Âèâîäèìî ñïèñîê IdGroup, çíàéäåíèõ ó ïîïåðåäíüîìó ñïèñêó ïiä-

ãðóï.

gap> List(F,IdGroup);
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[[64, 3], [64, 17], [64, 27], [64, 29], [64, 44], [64, 51]]

# Âèâîäèìî ñïèñîê çi ñòðóêòóðíèì îïèñîì ãðóï çi ñïèñêó F .

gap> List(F,StructureDescription);

[“C8oC8′′, “(C8×C2)oC4′′, “C16oC4′′, “(C16×C2)oC2′′, “C4o
C16′′, “C32 o C2′′]

Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå íà 2-ïîðîäæåíié ãðóïi ïîðÿäêó

128, ìóëüòèïëiêàòèâíà ãðóïà ÿêîãî R∗ ¹ ãðóïîþ Ìiëëåðà�Ìîðåíî ïîðÿä-

êó 64. ßê âèïëèâà¹ ç ëåìè 9 [108], R∗ ìîæå áóòè ëèøå íåìåòàöèêëi÷íîþ

ãðóïîþ. Îòæå, R∗ ¹ îäíi¹þ ç äâîõ ãðóï G ç IdGroup(G) = [64, 17] òà

IdGroup(G) = [64, 29].

Íàñòóïíà òåîðåìà ¹ ðåçóëüòàòîì îá÷èñëåíü, âèêîíàíèõ çà äîïîìîãîþ

GAP òà ïàêåòà LocalNR.

Ïiñëÿ àíàëiçó 2-ïîðîäæåíèõ ãðóï ïîðÿäêó 128 ÿê àäèòèâíèõ ãðóï ëî-

êàëüíèõ ìàéæå-êiëåöü ç íåìåòàöèêëi÷íèìè ìóëüòèïëiêàòèâíèìè ãðóïà-

ìè Ìiëëåðà�Ìîðåíî ïîðÿäêó 64 çà äîïîìîãîþ GAP áóëî âèÿâëåíî, ùî

òàêèõ ëîêàëüíèõ ìàéæå-êiëåöü íåìà¹. Öå äîçâîëÿ¹ íàì çðîáèòè íàñòóïíå

ïðèïóùåííÿ.

Òåîðåìà 2.16. Íà 2-ïîðîäæåíèõ ãðóïàõ ïîðÿäêó 128, ìóëüòèïëiêàòèâ-

íà ãðóïà ÿêèõ ¹ ãðóïîþ Ìiëëåðà�Ìîðåíî ïîðÿäêó 64, íåìà¹ ëîêàëüíèõ

ìàéæå-êiëåöü.

2.5. Ëîêàëüíi ìàéæå-êiëüöÿ íà ñêií÷åííèõ p-ãðóïàõ

ç öèêëi÷íèìè ïiäãðóïàìè iíäåêñó p

2.5.1. Ïîïåðåäíi âiäîìîñòi
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Â [13, Theorem 12.5.1] äîâåäåíî, ùî iñíó¹ ñiì òèïiâ p-ãðóï ç öèêëi÷íîþ

ïiäãðóïîþ iíäåêñó p.

Òåîðåìà 2.17. Ãðóïè ïîðÿäêó pn, ÿêi ìiñòÿòü öèêëi÷íó ïiäãðóïó ç ií-

äåêñîì p, ìàþòü òàêi òèïè:

àáåëåâi, n ≥ 1, öèêëi÷íi:

1) ap
n

= 1;

n ≥ 2:

2) ap
n−1

= 1, bp = 1, ba = ab;

íåàáåëåâi, p � íåïàðíå, n ≥ 3:

3) ap
n−1

= 1, bp = 1, ba = a1+pn−2

b;

p = 2, n ≥ 3:

4) óçàãàëüíåíà ãðóïè êâàòåðíiîíiâ:

a2n−1

= 1, b2 = a2n−2

, ba = a−1b;

p = 2, n ≥ 3:

5) ãðóïà äiåäðà:

a2n−1

= 1, b2 = 1, ba = a−1b;

p = 2, n ≥ 4:

6) a2n−1

= 1, b2 = 1, ba = a1+2n−2

b;

p = 2, n ≥ 4:

7) a2n−1

= 1, b2 = 1, ba = a−1+2n−2

b.

ßê áóëî ïîêàçàíî â [61, Òåîðåìà 7.4], àäèòèâíà ãðóïà ñêií÷åííîãî

ëîêàëüíîãî ìàéæå-êiëüöÿ ¹ p-ãðóïîþ äëÿ ïðîñòîãî p.

Ìà¹ìî íàñòóïíèé ðåçóëüòàò.

Òâåðäæåííÿ 2.18. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ïîðÿäêó pn, à

L � ïîðÿäêó pk. Ìóëüòèïëiêàòèâíà ãðóïà R∗ ìà¹ ïîðÿäîê ñòåïåíÿ

ïðîñòîãî ÷èñëà òîäi i òiëüêè òîäi, êîëè p = 2 i k = n − 1, òîáòî

|R∗| = 2n−1.
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Äîâåäåííÿ. Çà âèçíà÷åííÿì 2.1 R = R∗ ∪L, ùî îçíà÷à¹ |R| = |R∗|+ |L|.
Òîìó

|R∗| = |R| − |L| = pn − pk = pk(pn−k − 1).

Îòæå, |R∗| ìîæå áóòè ñòåïåíåì ïðîñòîãî ÷èñëà òîäi i òiëüêè òîäi, êîëè

p = 2 òà k = n− 1, òîáòî |R∗| = 2n−1 ÿê âèìàãàëîñÿ.

Ó [51] äîñëiäæåííÿ áóëî çîñåðåäæåíî íà ìàéæå-êiëüöÿõ ç îäèíèöåþ

íà ãðóïàõ ç ïðåäñòàâëåííÿì âèãëÿäó

H = 〈a, b| apn−1

= 1, bp = 1, ab = a1+pn−2〉, p − ïðîñòå, n ≥ 3. (2.7)

Çðîçóìiëî, ùî öi ãðóïè ¹ ãðóïàìè Ìiëëåðà�Ìîðåíî, òîáòî âîíè íåà-

áåëåâi, à âñi ¨¨ âëàñíi ïiäãðóïè ¹ àáåëåâèìè.

Ïîçíà÷èìî ÷åðåç n(G) êiëüêiñòü óñiõ íåiçîìîðôíèõ íóëü-ñèìåòðè÷íèõ

ìàéæå-êiëåöü ç îäèíèöåþ R, àäèòèâíà ãðóïà ÿêèõ R+ içîìîðôíà ãðóïi

G.

Íàñòóïíà òåîðåìà ìiñòèòü êiëüêiñòü âñiõ ìàéæå-êiëåöü ç îäèíèöåþ íà

ãðóïàõ H ïðåäñòàâëåííÿ (2.7) (äèâ. [51, Theorem 7.1] i [28]).

Òåîðåìà 2.19. (i) ßêùî p = 2 i n = 3, òî n(H) = 7.

(ii) ßêùî p = 2 i n = 4, òî n(H) = 32.

(iii) ßêùî p = 2 i n > 4, òî n(H) = 2n+2.

(iv) ßêùî p = 3, òî n(H) = 3n−2.

(v) ßêùî p > 3, òî n(H) = pn−3.

Íàñòóïíèé ðåçóëüòàò îäðàçó âèïëèâà¹ ç [51, Theorem 4.2]

Òâåðäæåííÿ 2.20. Iñíó¹ ðiâíî îäíå íåiçîìîðôíå íåíóëü-ñèìåòðè÷íå

ìàéæå-êiëüöå ç îäèíèöåþ íà êîæíié ãðóïi ïðåäñòàâëåííÿ (2.7).
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2.5.2. Ñêií÷åííi p-ãðóïè ç öèêëi÷íîþ ïiäãðóïîþ iíäåêñó p

ÿê àäèòèâíi ãðóïè ëîêàëüíèõ ìàéæå-êiëåöü

Òåîðåìà 2.21. Íåõàé G � p-ãðóïà ç öèêëi÷íîþ ïiäãðóïîþ iíäåêñó p. G

� àäèòèâíà ãðóïà ìàéæå-êiëüöÿ ç îäèíèöåþ òîäi i òiëüêè òîäi, êîëè

âèêîíó¹òüñÿ îäíå ç íàñòóïíèõ òâåðäæåíü:

1. G =<a| apn>, n ≥ 1.

2. G =<a, b| apn−1

, bp, ba = ab>, n ≥ 2.

3. G =<a, b| apn−1

, bp, ba = a1+pn−2

b>, p � íåïàðíå, n ≥ 3.

4. G =<a, b| a4, b2, ba = a−1b>.

5. G =<a, b| a2n−1

, b2, ba = a1+2n−2

b>, n ≥ 4.

Äîâåäåííÿ. Ãðóïè ïîðÿäêó pn, ùî ìiñòÿòü öèêëi÷íó ïiäãðóïó iíäåêñó p,

ïîâíiñòþ îïèñàíi â òåîðåìi 2.17.

ßê áóëî ïîêàçàíî â [31, Òåîðåìà 1], öèêëi÷íà ãðóïà ¹ àäèòèâíîþ ãðó-

ïîþ ìàéæå-êiëåöü ç îäèíèöåþ, òîáòî êîìóòàòèâíèõ êiëåöü. Îòæå, ìè

îòðèìó¹ìî òâåðäæåííÿ 1 òåîðåìè.

ßê ïðÿìèé íàñëiäîê ç [32, Theorem] ìè îòðèìó¹ìî òâåðäæåííÿ 2 òå-

îðåìè.

Ãðóïè ç òâåðäæåíü 3 òà 5 ¹ ìåòàöèêëi÷íèìè ãðóïàìè Ìiëëåðà�

Ìîðåíî. Òîìó öi ãðóïè ¹ øóêàíèìè ãðóïàìè.

Ãðóïè òèïó 4) ç òåîðåìè 2.17 íå ìîæóòü áóòè àäèòèâíèìè ãðóïàìè

ìàéæå-êiëåöü ç îäèíèöåþ çãiäíî [32].

Îñêiëüêè ãðóïè òèïó 5) ¹ äiåäðàëüíèìè ãðóïàìè ç p = 2, i ç ðåçóëü-

òàòiâ ðîáîòè [50], ìè îòðèìó¹ìî òâåðäæåííÿ 4 òåîðåìè.

ßê íàñëiäîê ç [94, Ëåìà 14], íå iñíó¹ ìàéæå-êiëüöÿ ç îäèíèöåþ, âè-

çíà÷åíîþ íà ãðóïàõ òèïó 7) ç òåîðåìè 2.17.
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Çðîçóìiëî, ùî êîæíà íåàáåëåâà ãðóïà ç òåîðåìè 2.21 ìà¹ ïðåäñòàâëå-

ííÿ (1) àáî äiåäðàëüíó ãðóïó ïîðÿäêó 8. Îòæå, òåîðåìà 2.19 îïèñó¹ âñi

ìàéæå-êiëüöÿ ç îäèíèöåþ íà òàêèõ ãðóïàõ.

Öiêàâî çíàòè, ùî âiäáóâà¹òüñÿ ç òâåðäæåííÿì òåîðåìè 2.21 ó âèïàäêó,

êîëè ìàéæå-êiëüöå ¹ ëîêàëüíèì.

Íàñëiäîê 2.22. Íåõàé G � ãðóïà ç òåîðåìè 2.17. G � àäèòèâíà ãðóïà

ëîêàëüíîãî ìàéæå-êiëüöÿ òîäi i òiëüêè òîäi, êîëè âèêîíó¹òüñÿ îäíå ç

íàñòóïíèõ òâåðäæåíü:

1. G ¹ ãðóïîþ òèïó 1).

2. G ¹ ãðóïîþ òèïó 2).

3. G ¹ ãðóïîþ òèïó 3).

4. G ¹ ãðóïîþ òèïó 6).

Áóëî çàçíà÷åíî, ùî ÿêùî G ìà¹ òèï 1), òî R ¹ ëîêàëüíèì êîìóòàòèâ-

íèì êiëüöåì i íàâïàêè. Òîìó ìè ðîçãëÿäà¹ìî ãðóïè, ÿêi íå ¹ öèêëi÷íèìè.

Òâåðäæåííÿ 2.23. Íåõàé G � íåöèêëi÷íà ãðóïà ç òåîðåìè 2.21. ßêùî

L � öèêëi÷íà, òî G � åëåìåíòàðíà àáåëåâà ãðóïà ïîðÿäêó p2.

Äîâåäåííÿ. Öå îäðàçó âèïëèâà¹ ç [2, Theorem 1].

Ïðÿìèì íàñëiäêîì [102, Lemma 6] ¹ íàñòóïíå òâåðäæåííÿ.

Òâåðäæåííÿ 2.24. Íåõàé G � ãðóïà òèïó 3) ÷è 6) ç òåîðåìè 2.17.

Òîäi |R : L| = p àáî |R : L| = 2, âiäïîâiäíî.

2.6. Ñêií÷åííi ìàéæå-êiëüöÿ ç îäèíèöåþ ç ìîíîãåí-

íîþ íàïiâãðóïîþ íåîáîðîòíèõ åëåìåíòiâ
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Íàãàäà¹ìî, ùî íàïiâãðóïà S ¹ ìîíîãåííîþ, ÿêùî âîíà ïîðîäæåíà

îäíèì åëåìåíòîì.

Çàóâàæèìî, ùî â ñêií÷åííîìó ìàéæå-êiëüöi R ç îäèíèöåþ ìîíîãåí-

íiñòü íàïiâãðóïè L îçíà÷à¹, ùî L = {x, x2, . . . , xk = 0}, äå |L| = k.

Òåîðåìà 2.25. ßêùî íàïiâãðóïà íåîáîðîòíèõ åëåìåíòiâ L ñêií÷åííîãî

ìàéæå-êiëüöÿ R ç îäèíèöåþ ¹ ìîíîãåííîþ, òî R ¹ ìàéæå-ïîëåì àáî

íóëü-ñèìåòðè÷íèì ëîêàëüíèì ìàéæå-êiëüöåì ïîðÿäêó 4.

Äîâåäåííÿ. Ó âèïàäêó, êîëè R � ìàéæå-ïîëå, òîäi çà îçíà÷åííÿì L = 0

� ìîíîãåííà.

Íåõàé R � ìàéæå-êiëüöå ç îäèíèöåþ i òà ìîíîãåííîþ íàïiâãðóïîþ

íåîáîðîòíèõ åëåìåíòiâ L 6= 0.

Ïðèïóñòèìî, ùî xk+xm ∈ R∗ äëÿ k < m òà x ∈ R. Òîäi xk(i+xs) = y ∈
R∗, äå s = m− k. Çâiäñè òà ìîíîãåííîñòi L ìà¹ìî xk = (i+ xs)−1y /∈ R∗,
áî xk ∈ L. Îòðèìàëè ïðîòèði÷÷ÿ. Òîäi äëÿ âñiõ x ∈ R xk + xm ∈ L òà

(L,+) ¹ ïiäíàïiâãðóïîþ â R+, à îòæå, (L,+) ¹ ïiäãðóïîþ â R+. Îòæå, R

� ëîêàëüíå ìàéæå-êiëüöå. Çâiäñè |R| = pn òà k = pl ç l < n.

Íåõàé äëÿ x ∈ L òà 0 < s < l ìà¹ ìiñöå x + x2 = xs. Ïîìíîæèìî íà

xl−s. Ìà¹ìî

xl−s+1 + xl−s+2 = 0.

Çâiäñè

xl−s+1(i+ x) = 0.

Ïîìíîæèâøè çëiâà íà i + x îòðèìà¹ìî xl−s+1 = 0, çâiäêè k = 1. Îòæå,

x2 = 0, òîáòî |R| = 4. À îñêiëüêè äëÿ âñiõ x ∈ R 0x = x0 = 0, òî R �

íóëü-ñèìåòðè÷íå ëîêàëüíå ìàéæå-êiëüöå ïîðÿäêó 4.
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2.7. Ëîêàëüíi ìàéæå-êiëüöÿ, îòðèìàíi ç áiáëiîòåêè

ïàêåòó SONATA

Ïàêåò SONATA ñèñòåìè êîìï'þòåðíî¨ àëãåáðè GAP ìiñòèòü áiáëiîòå-

êó âñiõ ìàéæå-êiëåöü ç îäèíèöåþ ïîðÿäêó íå âèùå 31. Â öié áiáëiîòåöi

ìàéæå-êiëüöÿ âïîðÿäêîâàíi çà ¨õ àäèòèâíèìè ãðóïàìè, à êîìàíäà

R := LibraryNearRingWithOne(G, t)

âèçíà÷à¹ ìàéæå-êiëüöå R ç îäèíèöåþ íà àäèòèâíié ãðóïi G ç íîìåðîì t.

Ùîá âèçíà÷èòè, ÷è áóäå âèáðàíå ìàéæå-êiëüöå N ëîêàëüíèì, çà äî-

ïîìîãîþ êîìàíäè u := Size(NearRingUnits(R)) çíàõîäèìî ïîðÿäîê u

ìóëüòèïëiêàòèâíî¨ ãðóïè R∗ öüîãî ìàéæå-êiëüöÿ. Äàëi, çà äîïîìîãîþ êî-

ìàíäè Id := NearRingIdeals(R) âèçíà÷à¹ìî ñïèñîê âñiõ iäåàëiâ ìàéæå-

êiëüöÿ R, à êîìàíäîþ Ord := List(Id, Size) � âiäïîâiäíèé ñïèñîê ¨õ

ïîðÿäêiâ. Íàéáiëüøèé ç öèõ ïîðÿäêiâ � öå ïîðÿäîê t ìàéæå-êiëüöÿ R.

ßêùî ÷èñëî t− u ìiñòèòüñÿ â ñïèñêó Ord, òî ìàéæå-êiëüöå R ¹ ëîêàëü-

íèì, â ïðîòèâíîìó ðàçi � íi.

Íàãàäà¹ìî, ùî àáåëåâà ãðóïà ¹ ãðóïîþ òèïó (pk, pl, . . . , pm), ÿêùî âîíà

içîìîðôíà ïðÿìié ñóìi öèêëi÷íèõ p-ãðóï ïîðÿäêiâ pk, pl,. . . , pm, âiäïî-

âiäíî, äå p � ïðîñòå òà k, l, . . . ,m � íàòóðàëüíi ÷èñëà.

Ïîçíà÷èìî ÷åðåç Cn öèêëi÷íó ãðóïó ïîðÿäêó n.

ßê çàçíà÷åíî âèùå, êîæíå ìàéæå-êiëüöå ç îäèíèöåþ, àäèòèâíà ãðóïà

ÿêîãî öèêëi÷íà, ¹ íàñïðàâäi êîìóòàòèâíèì êiëüöåì, à îòæå, içîìîðôíèì

êiëüöþ ëèøêiâ Z/nZ äëÿ äåÿêîãî öiëîãî ÷èñëà n. Òîìó íàäàëi íå áóäåìî

ðîçãëÿäàòè ëîêàëüíi ìàéæå-êiëüöÿ ç öèêëi÷íèìè àäèòèâíèìè ãðóïàìè.

Íàñòóïíi ïðîïîçèöi¨ � ðåçóëüòàò îá÷èñëåíü, âèêîíàíèõ ç âèêîðèñòàí-

íÿì ñèñòåìè êîìï'þòåðíî¨ àëãåáðè GAP.
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Òâåðäæåííÿ 2.26. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ïîðÿäêó íå âè-

ùå 31, ÿêå íå ¹ ìàéæå-ïîëåì. Òîäi ìóëüòèïëiêàòèâíà ãðóïà R∗ içîìîð-

ôíà îäíié ç íàñòóïíèõ ãðóï:

1) C2;

2) C4;

3) (2, 2);

4) C6;

5) (4, 2);

6) (2, 2, 2);

7) (6, 2);

8) (6, 3);

9) C20;

10) ñèìåòðè÷íié ãðóïi S3;

11) C3 × S3;

12) ãðóïi êâàòåðíiîíiâ Q8;

13) ãðóïi äiåäðà D8;

14) çíàêîçìiííié ãðóïi A4;

15) (C3 × C3) o C2;

16) ãðóïi Ìiëëåðà�Ìîðåíî C5 o C4;

17) ãðóïi C5 o C4 ç òðèâiàëüíèì öåíòðîì.
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Òâåðäæåííÿ 2.27. Íåõàé n(G) � ÷èñëî âñiõ ïîïàðíî íåiçîìîðôíèõ

ëîêàëüíèõ ìàéæå-êiëåöü ç ìóëüòèïëiêàòèâíîþ ãðóïîþ G ç ïðîïî-

çèöi¨ 5.24, R+(G) � àäèòèâíà ãðóïà âiäïîâiäíîãî ìàéæå-êiëüöÿ òà

L(G) � ïiäãðóïà éîãî íåîáîðîòíèõ åëåìåíòiâ. Ìàþòü ìiñöå íàñòóïíi

òâåðäæåííÿ.

1. ßêùî G içîìîðôíà ãðóïi C2, òî n(G) = 2 òà R+(G) ¹ ãðóïîþ òèïó

(2, 2) ç ïiäãðóïîþ L(G) ïîðÿäêó 2.

2. ßêùî G içîìîðôíà ãðóïi C4, òî n(G) = 4, à ñàìå:

� 2 ìàéæå-êiëüöÿ íà ãðóïi R+(G) òèïó (4, 2) ç ïiäãðóïîþ L(G)

òèïó (2, 2) òà

� 2 � íà ãðóïi R+(G) òèïó (2, 2, 2) ç ïiäãðóïîþ L(G) òèïó (2, 2).

3. ßêùî G içîìîðôíà ãðóïi (2, 2), òî n(G) = 7, à ñàìå:

� 3 ìàéæå-êiëüöÿ íà ãðóïi R+(G) òèïó (4, 2) ç ïiäãðóïîþ L(G)

òèïó (2, 2) òà

� 4 � íà ãðóïi R+(G) òèïó (2, 2, 2) ç ïiäãðóïîþ L(G) òèïó (2, 2).

4. ßêùî G içîìîðôíà ãðóïi C6, òî n(G) = 1 òà R+(G) ¹ ãðóïîþ òèïó

(3, 3) ç ïiäãðóïîþ L(G) ïîðÿäêó 3.

5. ßêùî G içîìîðôíà ãðóïi (4, 2), òî n(G) = 227, à ñàìå:

� 8 ìàéæå-êiëüöÿ íà ãðóïi R+(G) òèïó (8, 2) ç ïiäãðóïîþ L(G)

òèïó (4, 2) òà

� 10 � íà ãðóïi R+(G) òèïó (4, 4) ç ïiäãðóïîþ L(G) òèïó (4, 2);

� 97 � íà ãðóïi R+(G) òèïó (4, 2, 2) ç ïiäãðóïîþ L(G) òèïó

(2, 2, 2);

� 83 � íà ãðóïi R+(G) òèïó (2, 2, 2, 2) ç ïiäãðóïîþ L(G) òèïó

(2, 2, 2);
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� 14 � íà ãðóïi R+(G) ∼= (C4 × C2) o C2 ç ïiäãðóïîþ L(G) òèïó

(2, 2, 2);

� 7 � íà ãðóïi R+(G) ∼= C4 o C4 ç ïiäãðóïîþ L(G) òèïó (4, 2);

� 8 � íà ãðóïi R+(G) ∼= C8 o C2 òèïó (4, 4) ç ïiäãðóïîþ L(G)

òèïó (4, 2).

6. ßêùî G içîìîðôíà ãðóïi (2, 2, 2), òî n(G) = 114, à ñàìå:

� 9 ìàéæå-êiëüöÿ íà ãðóïi R+(G) òèïó (8, 2) ç ïiäãðóïîþ L(G)

òèïó (4, 2) òà

� 6 � íà ãðóïi R+(G) òèïó (4, 4) ç ïiäãðóïîþ L(G) òèïó (4, 2);

� 41 � íà ãðóïi R+(G) òèïó (4, 2, 2) ç ïiäãðóïîþ L(G) òèïó

(2, 2, 2);

� 37 � íà ãðóïi R+(G) òèïó (2, 2, 2, 2) ç ïiäãðóïîþ L(G) òèïó

(2, 2, 2);

� 6 � íà ãðóïi R+(G) ∼= (C4 × C2) o C2 ç ïiäãðóïîþ L(G) òèïó

(2, 2, 2);

� 7 � íà ãðóïi R+(G) ∼= C4 o C4 ç ïiäãðóïîþ L(G) òèïó (4, 2);

� 8 � íà ãðóïi R+(G) ∼= C8 o C2 òèïó (4, 4) ç ïiäãðóïîþ L(G)

òèïó (4, 2).

7. ßêùî G içîìîðôíà ãðóïi (6, 2), òî n(G) = 4, à ñàìå:

� 2 ìàéæå-êiëüöÿ íà ãðóïi R+(G) òèïó (4, 4) ç ïiäãðóïîþ L(G)

òèïó (2, 2) òà

� 2 � íà ãðóïi R+(G) òèïó (2, 2, 2, 2) ç ïiäãðóïîþ L(G) òèïó

(2, 2).

8. ßêùî G içîìîðôíà ãðóïi (6, 3), òî n(G) = 14, à ñàìå:
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� 9 ìàéæå-êiëüöÿ íà ãðóïi R+(G) òèïó (9, 3) ç ïiäãðóïîþ L(G)

òèïó (3, 3) òà

� 5 � íà ãðóïi R+(G) òèïó (3, 3, 3) ç ïiäãðóïîþ L(G) òèïó (3, 3).

9. ßêùî G içîìîðôíà ãðóïi C20, òî n(G) = 1 òà R+(G) ¹ ãðóïîþ òèïó

(5, 5) ç ïiäãðóïîþ L(G) ïîðÿäêó 5.

10. ßêùî G içîìîðôíà ñèìåòðè÷íié ãðóïi S3, òî n(G) = 2 òà îáèäâi

R+(G) ¹ ãðóïàìè òèïó (3, 3) ç ïiäãðóïîþ L(G) ïîðÿäêó 3.

11. ßêùî G içîìîðôíà ãðóïi C3 × S3, òî n(G) = 15, à ñàìå:

� 4 ìàéæå-êiëüöÿ íà ãðóïi R+(G) òèïó (9, 3) ç ïiäãðóïîþ L(G)

òèïó (3, 3) òà

� 3 � íà ãðóïi R+(G) òèïó (3, 3, 3) ç ïiäãðóïîþ L(G) òèïó (3, 3);

� 4 � íà ãðóïi R+(G) ∼= (C3 × C3) o C2 ç ïiäãðóïîþ L(G) òèïó

(3, 3);

� 4 � íà ãðóïi R+(G) ∼= C9 o C3 ç ïiäãðóïîþ L(G) òèïó (3, 3).

12. ßêùî G içîìîðôíà ãðóïi êâàòåðíiîíiâ Q8, òî n(G) = 48, à ñàìå:

� 24 ìàéæå-êiëüöÿ íà ãðóïi R+(G) òèïó (4, 2, 2) ç ïiäãðóïîþ

L(G) òèïó (2, 2, 2) òà

� 24 � íà ãðóïi R+(G) òèïó (2, 2, 2, 2) ç ïiäãðóïîþ L(G) òèïó

(2, 2, 2).

13. ßêùî G içîìîðôíà ãðóïi äiåäðà D8, òî n(G) = 236, à ñàìå:

� 16 ìàéæå-êiëåöü íà ãðóïi R+(G) òèïó (8, 2) ç ïiäãðóïîþ L(G)

òèïó (4, 2),

� 9 � íà ãðóïi R+(G) òèïó (4, 4) ç ïiäãðóïîþ L(G) òèïó (4, 2),
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� 90 � íà ãðóïi R+(G) òèïó (4, 2, 2) ç ïiäãðóïîþ L(G) òèïó

(2, 2, 2),

� 77 � íà ãðóïi R+(G) òèïó (2, 2, 2, 2) ç ïiäãðóïîþ L(G) òèïó

(2, 2, 2),

� 17 � íà ãðóïi R+(G) ∼= (C4 × C2) o C2 ç ïiäãðóïîþ L(G) òèïó

(2, 2, 2),

� 10 � íà ãðóïi R+(G) ∼= C4 o C4 ç ïiäãðóïîþ L(G) òèïó (4, 2)

òà

� 17 � íà ãðóïi R+(G) ∼= C8 o C2 ç ïiäãðóïîþ L(G) òèïó (4, 2).

14. ßêùî G içîìîðôíà çíàêîçìiííié ãðóïi A4, òî n(G) = 9, à ñàìå:

� 2 ìàéæå-êiëüöÿ íà ãðóïi R+(G) òèïó (4, 4) ç ïiäãðóïîþ L(G)

òèïó (2, 2),

� 2 � íà ãðóïi R+(G) ∼= C2×Q8 ç ïiäãðóïîþ L(G) òèïó (2, 2) òà

� 5 � íà ãðóïi R+(G) òèïó (2, 2, 2, 2) ç ïiäãðóïîþ L(G) òèïó

(2, 2).

15. ßêùî G içîìîðôíà ãðóïi (C3×C3)oC2, òî n(G) = 4 òà âñi R+(G)

¹ ãðóïàìè òèïó (3, 3, 3) ç ïiäãðóïîþ L(G) òèïó (3, 3).

16. ßêùî G içîìîðôíà ãðóïi Ìiëëåðà�Ìîðåíî C5 oC4, òî n(G) = 1 òà

R+(G) ¹ ãðóïîþ òèïó (5, 5) ç ïiäãðóïîþ L(G) ïîðÿäêó 5.

17. ßêùî G içîìîðôíà ãðóïi C5 o C4 ç òðèâiàëüíèì öåíòðîì, òî

n(G) = 3 òà R+(G) ¹ ãðóïîþ òèïó (5, 5) ç ïiäãðóïîþ L(G) ïîðÿäêó

5.
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Âèñíîâêè äî ðîçäiëó 2

Ó äàíîìó ðîçäiëi:

� âñòàíîâëåíî çâ'ÿçîê ìiæ íiëüïîòåíòíîþ ìóëüòèïëiêàòèâíîþ ãðóïîþ

òà àäèòèâíîþ ãðóïîþ â ëîêàëüíîìó ìàéæå-êiëüöi;

� êëàñèôiêîâàíî ëîêàëüíi ìàéæå-êiëüöÿ, ÿêi íå ¹ ïîëÿìè òà ìóëüòè-

ïëiêàòèâíà ãðóïà ÿêèõ ¹ ãðóïîþ Øìiäòà;

� çíàéäåíi àäèòèâíi ãðóïè ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó 32 òà 128

ç ìóëüòèïëiêàòèâíèìè ãðóïàìè Ìiëëåðà�Ìîðåíî;

� âèâ÷åíi ñêií÷åííi p-ãðóïè ç öèêëi÷íîþ ïiäãðóïîþ iíäåêñó p ÿê àäè-

òèâíi ãðóïè ëîêàëüíèõ ìàéæå-êiëåöü;

� îòðèìàíî ëîêàëüíi ìàéæå-êiëüöÿ ç áiáëiîòåêè ïàêåòó SONATA ñèñ-

òåìè êîìï'þòåðíî¨ àëãåáðè GAP.

Îñíîâíi ðåçóëüòàòè äàíîãî ðîçäiëó îïóáëiêîâàíî ó ïðàöÿõ [8, 11, 6,

14] çi ñïèñêó ïóáëiêàöié i, âiäïîâiäíî, [11], [79], [106], [2] çi ñïèñêó âèêî-

ðèñòàíèõ äæåðåë, à òàêîæ îïóáëiêîâàíî ó òåçàõ êîíôåðåíöié [20, 21, 27,

30, 38, 40] i, âiäïîâiäíî, [107], [12], [15], [76], [103], [92].
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Ðîçäië 3

Ëîêàëüíi ìàéæå-êiëüöÿ íà ñêií÷åííèõ

íåàáåëåâèõ 2-ïîðîäæåííèõ p-ãðóïàõ

Ó äàíîìó ðîçäiëi ïðîàíàëiçîâàíî ñêií÷åííi íåàáåëåâi 2-ïîðîäæåííi

p-ãðóïè ç öèêëi÷íèì êîìóòàíòîì òà âèâ÷åíî ñêií÷åííi ëîêàëüíi ìàéæå-

êiëüöÿ ç ðîçùåïëåíîþ ìåòàöèêëi÷íîþ àäèòèâíîþ ãðóïîþ. Îòðèìàíî íå-

îáõiäíi i äîñòàòíi óìîâè iñíóâàííÿ ëîêàëüíèõ ìàéæå-êiëåöü íà ãðóïàõ

òèïó (A.1) òà (B.1).

3.1. Ñêií÷åííi íåàáåëåâi 2-ïîðîäæåííi p-ãðóïè ç öè-

êëi÷íèì êîìóòàíòîì

Êëàñèôiêàöiÿ ñêií÷åííèõ íåàáåëåâèõ 2-ïîðîäæåíèõ p-ãðóï ç öèêëi-

÷íèì êîìóòàíòîì äëÿ íåïàðíèõ ïðîñòèõ ÷èñåë p äàíà Ì¹õîì [67] (äèâ.

òàêîæ [66]).

Òåîðåìà 3.1. [66] Íåõàé G � ñêií÷åííà íåàáåëåâà 2-ïîðîäæåíà p-ãðóïà

ç öèêëi÷íèì êîìóòàíòîì äëÿ íåïàðíèõ ïðîñòèõ ÷èñåë p. Äàëi äàíi âè-

çíà÷àëüíi ñïiââiäíîøåííÿ âñiõ íåiçîìîðôíèõ ãðóï G.

(A.1) ãðóïà G = 〈a, b | apl = bp
m

= 1, ba = ba = b1+ps〉, äå 1 ≤ s < m òà

m− s ≤ l.
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(A.2) ãðóïà G = 〈a, b | bpm = 1, ba = b1+ps, ap
l

= bp
h〉, äå 1 ≤ s < h < m

òà m− s ≤ h < l.

(B.1) ãðóïà G = 〈a, b, u | apl = bp
m

= up
n

= 1, ba = bu, ua = ub = u〉, äå
1 ≤ n ≤ m ≤ l.

(B.2) ãðóïà G = 〈a, b, u | apl = up
n

= 1, bp
m

= up
k

, ba = bu, ua = ub = u〉,
äå n ≤ l, n ≤ m, 1 ≤ k < n.

(B.3) ãðóïà G = 〈a, b, u | upn = 1, ap
l

= up
h

, bp
m

= up
k

, ba = bu, ua = ub =

u〉, äå 1 ≤ k < h < n ≤ m, m+ h− k < l.

(C.1) ãðóïà G = 〈a, b, u | apl = bp
m

= up
n

= 1, up
n

= 1, ba = bu, ua =

u1+ps, ub = u〉, äå n ≤ l, n ≤ m, 0 < s < n.

(C.2) ãðóïà G = 〈a, b, u | apl = up
n

= 1, ba = bu, ua = u1+ps, ub = u, bp
m

=

urp
k〉, äå n ≤ l, k ≤ m, r 6≡ 0(p), 0 < k < n, 0 < s < n, pm ≡

rpk+s(pn).

(D.1) ãðóïà G = 〈a, b, u | apl = up
h

, ba = bu, ua = u1+ps, ub = u, bp
m

=

up
n

= 1〉, äå n ≤ l, n− s ≤ h < n ≤ m, 0 < s < n.

(D.2) ãðóïà G = 〈a, b, u | apl = up
h

, up
n

= 1, ba = bu, ua = u1+ps, ub =

u, bp
m

= urp
k〉, äå 0 < h < n ≤ l, 0 < s < n, n − s ≤ h, r ≡ 0(p),

0 < k < n, k < m, pm ≡ rpk+s(pn), òà ÿêùî k < h, òî l+k > m+h,

ÿêùî h ≤ k, òî m+ n− s > l + k − h.

(E.1) ãðóïà G = 〈a, b, u | bpm = up
n

= 1, ba = bu, ua = u1+ps, ub = u, bp
h

=

ap
l〉, äå 0 < s < n, 0 < h < m, 0 < l − h < n− s, n ≤ h.

(E.2) ãðóïà G = 〈a, b, u | bpm = up
n

= 1, ba = bu, ua = u1+ps, ub = u, ap
l

=

bp
h

utp
j〉 äå n ≤ l, 0 < h < m, 0 < s < n, 0 < l − h < n − s, n ≤ m,

t 6≡ 0(p), 0 ≤ j < h, j < n, ph + tps+j ≡ 0(pn) òà n ≤ j +m− h.
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(E.3) ãðóïà G = 〈a, b, u | bpm = up
n

= 1, ba = bu, ua = u1+ps, ub = u, ap
l

=

bp
h

utp
j〉 äå n ≤ l, 0 < h < m, 0 < s < n, 0 < l − h < n − s, n ≤ m,

t 6≡ 0(p), 0 ≤ j < h, j < n, ph + tps+j ≡ 0(pn) òà n > j +m− h.

(F.1) ãðóïà G = 〈a, b, u | upn = 1, ba = bu, ua = u1+ps, ub = u, bp
m

=

urp
k

, ap
l

= bp
h

utp
j〉 äå 0 < s < n, 0 < k < n, s < m, k < m,

pm ≡ rpk+s(pn), r 6≡ 0(p), h < l, h < m, l − h < n − s, t 6≡ 0(p),

n ≤ l, ph + tpj+s ≡ 0(pn), rpk + tpj+m−h ≡ 0(pn).

(F.2) ãðóïà G = 〈a, b, u | upn = 1, ba = bu, ua = u1+ps, ub = u, ap
l

=

bp
h

utp
j

, bp
m

= urp
k〉, äå 0 < s < n, 0 < k < n, k < m, s < m,

pm ≡ rpk+s(pn), r 6≡ 0(p), h < l, h < m, l − h < n − s, t 6≡ 0(p),

n ≤ l, ph+ tpj+s ≡ 0(pn), rpk+ tpj+m−h 6≡ 0(pn), j+m+n > l+s+k.

Íàñòóïíà ëåìà (äèâ. [18, Lemma 3.2]) õàðàêòåðèçó¹ îñíîâíi âëàñòèâî-

ñòi ëîêàëüíèõ ìàéæå-êiëåöü.

Ëåìà 3.2. Íåõàé R � ñêií÷åííå ëîêàëüíå ìàéæå-êiëüöå ç îäèíèöåþ i.

Òîäi R+ � p-ãðóïà äëÿ äåÿêîãî ïðîñòîãî p, åêñïîíåíòà ÿêî¨ çáiãà¹òüñÿ

ç ïîðÿäêîì åëåìåíòà i â R+, òà âèêîíóþòüñÿ íàñòóïíi òâåðäæåííÿ:

1) L � iäåàë â R òà (R,R)-ïiäãðóïà â R+;

2) êîæíà âëàñíà R∗-iíâàðiàíòíà ïiäãðóïà iç R+ ìiñòèòüñÿ â L;

3) ìíîæèíà i+ L óòâîðþ¹ íîðìàëüíó ñèëîâñüêó p-ïiäãðóïó ìóëüòè-

ïëiêàòèâíî¨ ãðóïè R∗;

4) ôàêòîð-ãðóïà R+/L+ ¹ åëåìåíòàðíîþ àáåëåâîþ p-ãðóïîþ;

5) ôàêòîð-ãðóïà R∗/i + L içîìîðôíà ìóëüòèïëiêàòèâíié ãðóïi

ìàéæå-ïîëÿ R/L.

Âçà¹ìîçâ'ÿçîê ìiæ ãðóïîþ àâòîìîðôiçìiâ àäèòèâíî¨ ãðóïè ìàéæå-

êiëüöÿ ç îäèíèöåþ òà éîãî ìóëüòèïëiêàòèâíîþ ãðóïîþ âñòàíîâëþ¹ íà-

ñòóïíà ëåìà.
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Ëåìà 3.3 ( [9]). Íåõàé R � ìàéæå-êiëüöå ç îäèíèöåþ i. Òîäi â ãðóïi

àâòîìîðôiçìiâ AutR+ iñíó¹ ïiäãðóïà A, ÿêà içîìîðôíà ìóëüòèïëiêà-

òèâíié ãðóïi R∗ òà çàäîâîëüíÿ¹ óìîâi

iA = {ia | a ∈ A} = R∗.

Â ñòàòòi Ìåíåãàööî [66] çíàéäåíî ãðóïè àâòîìîðôiçìiâ ñêií÷åííèõ

íåàáåëåâèõ 2-ïîðîäæåíèõ p-ãðóï ç öèêëi÷íèì êîìóòàíòîì (p > 2).

Ëåìà 3.4. Ãðóïè àâòîìîðôiçìiâ ãðóï òèïiâ (A.2), (B.3), (D.1), (D.2),

(E.1), (E.2), (E.3), (F.1) i (F.2) ¹ p-ãðóïàìè.

ßê íàñëiäîê ìà¹ìî íàñòóïíå òâåðäæåííÿ.

Ëåìà 3.5. Íå iñíó¹ ëîêàëüíèõ ìàéæå-êiëåöü ç àäèòèâíîþ ãðóïîþ îäíî-

ãî ç òèïiâ (A.2), (B.3), (D.1), (D.2), (E.1), (E.2), (E.3), (F.1) ÷è (F.2).

Äîâåäåííÿ. Îñêiëüêè çà ëåìîþ 3.2 R+ ¹ ãðóïîþ ïîðÿäêó pn ç íåïàðíèì

ïðîñòèì ÷èñëîì p òà n ≥ 1, òî |L| = pm äëÿ äåÿêîãî 1 ≤ m < n, çâiäêè

pn − pm = pm(pn−m − 1) = |R∗| 6= pk

äëÿ áóäü-ÿêîãî k. Îñêiëüêè çà ëåìîþ 3.4 ãðóïè àâòîìîðôiçìiâ ãðóï òè-

ïiâ (A.2), (B.3), (D.1), (D.2), (E.1), (E.2), (E.3), (F.1) òà (F.2) ¹ p-

ãðóïàìè, òî â ãðóïi àâòîìîðôiçìiâ AutR+ íå iñíó¹ ïiäãðóïè A, ÿêà içî-

ìîðôíà ìóëüòèïëiêàòèâíié ãðóïi R∗. Òîäi çà ëåìîþ 3.3 íå iñíó¹ ëîêàëü-

íîãî ìàéæå-êiëüöÿ íà öèõ ãðóïàõ.

3.2. Ñêií÷åííi ëîêàëüíi ìàéæå-êiëüöÿ ç ðîçùåïëå-

íîþ ìåòàöèêëi÷íîþ àäèòèâíîþ ãðóïîþ

Íàãàäà¹ìî, ùî ìàéæå-êiëüöå R ç îäèíèöåþ íàçèâà¹òüñÿ ëîêàëüíèì,

ÿêùî ìíîæèíà âñiõ íåîáîðîòíèõ åëåìåíòiâ R óòâîðþ¹ ïiäãðóïó àäèòèâ-

íî¨ ãðóïè R.



125

Â öüîìó ïiäðîçäiëi ðîçãëÿäàþòüñÿ ðîçùåïëþâàëüíi ìåòàöèêëi÷íi ãðó-

ïè, ÿêi ¹ àäèòèâíèìè ãðóïàìè ñêií÷åííèõ ëîêàëüíèõ ìàéæå-êiëåöü.

3.2.1. Ìàéæå-êiëüöÿ ç îäèíèöåþ íà ãðóïàõ Ìiëëåðà�

Ìîðåíî

Óçàãàëüíèìî ðåçóëüòàòè, îòðèìàíi â [7] i [102].

Òåîðåìà 3.6 (Theorem 2, [71]). Ãðóïà Ìiëëåðà�Ìîðåíî G ¹ àäèòèâíîþ

ãðóïîþ ëîêàëüíîãî ìàéæå-êiëüöÿ R òîäi i òiëüêè òîäi, êîëè âîíà ¹

p-ãðóïîþ äëÿ äåÿêîãî ïðîñòîãî p i âèêîíó¹òüñÿ îäíå ç íàñòóïíèõ òâåð-

äæåíü:

1) ãðóïà G içîìîðôíà îäíié iç ãðóï G(pm, pn) ç pm+n > 8 i m > n i

öèêëi÷íà ïiäãðóïà ïîðÿäêó pm, ïîðîäæåíà i, ¹ íîðìàëüíîþ â G;

2) p = 2, ãðóïà G içîìîðôíà îäíié iç ãðóï G(2m, 2n) ç m ≤ n i öèêëi÷íà

ïiäãðóïà ïîðÿäêó 2n, ïîðîäæåíà i, íå ¹ íîðìàëüíîþ â G;

3) ãðóïà G içîìîðôíà îäíié iç ãðóï G(pm, pn, p) i öèêëi÷íà ïiäãðóïà,

ïîðîäæåíà i, íå ¹ íîðìàëüíîþ â G.

Äàëi îïèñàíî âñi ìîæëèâi òèïè ãðóï Ìiëëåðà�Ìîðåíî, ÿêi ¹ àäèòèâ-

íèìè ãðóïàìè ìàéæå-êiëåöü ç îäèíèöåþ.

Òåîðåìà 3.7 (Theorem 3, [71]). Íåõàé G � ãðóïà Ìiëëåðà�Ìîðåíî. Ãðóïà

G ¹ àäèòèâíîþ ãðóïîþ ìàéæå-êiëüöÿ R ç îäèíèöåþ òîäi i òiëüêè òîäi,

êîëè G ¹ àáî îäíi¹þ ç ãðóï òåîðåìè 3.6, àáî ãðóïîþ G(4, 2).

Íàñòóïíå òâåðäæåííÿ ¹ ïðÿìèì íàñëiäêîì òåîðåìè 3.7.

Íàñëiäîê 3.8. Íå iñíó¹ ìàéæå-êiëüöÿ ç îäèíèöåþ, àäèòèâíà ãðóïà ÿêî-

ãî içîìîðôíà ãðóïi G(pm, pn) ç p > 2 i 2 ≤ m ≤ n.



126

3.2.2. Äîïîìiæíi îçíà÷åííÿ òà òâåðäæåííÿ

Ñïî÷àòêó çãàäà¹ìî äåÿêi ïîçíà÷åííÿ òà ôàêòè, ùî ñòîñóþòüñÿ ìàéæå-

êiëåöü òà ìåòàöèêëi÷íèõ ãðóï.

Îçíà÷åííÿ 3.9. (Ëiâå) ìàéæå-êiëüöå ¹ ìíîæèíþ R = (R,+, ·) ç òàêèìè
äâîìà áiíàðíèìè îïåðàöiÿìè, äîäàâàííÿì “ + ” òà ìíîæåííÿì “ · ”, ùî

1) (R,+) ¹ ãðóïîþ ç íåéòðàëüíèì åëåìåíòîì 0;

2) (R, ·) ¹ íàïiâãðóïîþ;

3) x(y + z) = xy + xz äëÿ âñiõ x, y, z ∈ R.

Ãðóïà (R,+) ìàéæå-êiëüöÿ R ïîçíà÷à¹òüñÿ ÿê R+ i íàçèâà¹òüñÿ àäè-

òèâíîþ ãðóïîþ â R. Ëåãêî áà÷èòè, ùî äëÿ êîæíî¨ ïiäãðóïè M ç R+ i

êîæíîãî åëåìåíòà x ∈ R ìíîæèíà xM = {x · y|y ∈ M} ¹ ïiäãðóïîþ â

R+ i, çîêðåìà, x · 0 = 0. ßêùî äîäàòêîâî 0 · x = 0, òî ìàéæå-êiëüöå R

íàçèâà¹òüñÿ íóëü-ñèìåòðè÷íèì. Áiëüø òîãî, R ¹ ìàéæå-êiëüöåì ç îäè-

íèöåþ i ÿêùî íàïiâãðóïà (R, ·) ¹ ìîíî¨äîì ç îäèíè÷íèì åëåìåíòîì i. Â

îñòàííüîìó âèïàäêó ãðóïà âñiõ îáåðíåíèõ åëåìåíòiâ ìîíî¨äà (R, ·) ïîçíà-
÷à¹òüñÿ ÿê R∗ i íàçèâà¹òüñÿ ìóëüòèïëiêàòèâíîþ ãðóïîþ R. Ïiäãðóïà M

â R+ íàçèâà¹òüñÿ R∗-iíâàðiàíòíîþ, ÿêùî rM ≤ M äëÿ êîæíîãî r ∈ R∗,
i (R,R)-ïiäãðóïîþ, ÿêùî xMy ⊆M äëÿ äîâiëüíèõ x, y ∈ R.

ßê çâè÷àéíî, äëÿ êîæíîãî åëåìåíòà r ∈ R i êîæíîãî öiëîãî n ∈ Z ìè

âèçíà÷èìî åëåìåíò rn â R íàñòóïíèì ÷èíîì:

rn =



r + · · ·+ r︸ ︷︷ ︸
n times

, ÿêùîn > 0,

0 ifn = 0,

(−r) + · · ·+ (−r)︸ ︷︷ ︸
−n times

, ÿêùîn < 0.
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Òîäi r(m+ n) = rm+ rn äëÿ áóäü-ÿêèõ öiëèõ m i n, òàê, ùî ìè ìîæåìî

iäåíòèôiêóâàòè íåéòðàëüíèé åëåìåíò 0 ç öiëèì 0. Ç iíøîãî áîêó, ÿêùî

i ¹ îäèíèöåþ â R, òîäi ìè íå áóäåìî iäåíòèôiêóâàòè i ç öiëèì 1, òîìó,

ùî â öiëîìó (in)r 6= rn = r(in) äëÿ n 6= 1. Òàêèì ÷èíîì, ùîá óíèêíóòè

ïëóòàíèíè, ìè íå âèêîðèñòîâó¹ìî ïîçíà÷åííÿ nr ç öiëèì ÷èñëîì n.

Íàñòóïíi äâi ëåìè ¹ äîáðå âiäîìèìè.

Ëåìà 3.10. Íåõàé R ñêií÷åííå ìàéæå-êiëüöå R ç îäèíèöåþ i. Òîäi

åêñïîíåíòà àäèòèâíî¨ ãðóïè R+ äîðiâíþ¹ àäèòèâíîìó ïîðÿäêó i, ÿêèé

ñïiâïàäà¹ ç àäèòèâíèì ïîðÿäêîì êîæíîãî åëåìåíòà ç ìóëüòèïëiêà-

òèâíîþ ãðóïîþ R∗.

Äîâåäåííÿ. Äiéñíî, ÿêùî ik = 0 äëÿ äåÿêîãî öiëîãî k, òîäi äëÿ êîæíîãî

x ∈ R ìè ìà¹ìî

xk = (xi)k = x(ik) = x0 = 0.

Ç iíøîãî áîêó, ÿêùî y ∈ R∗ i yl = 0 äëÿ äîäàòíüîãî öiëîãî l, òîäi il =

y−1(yl) = 0, îñêiëüêè àäèòèâíi ïîðÿäêè r i i ñïiâïàäàþòü.

Ëåìà 3.11. Íåõàé R ìàéæå-êiëüöå ç îäèíèöåþ i i a ∈ R∗. Äëÿ áóäü-

ÿêèõ åëåìåíòiâ x, y ∈ R ìè ïîêëàäåìî x◦y = xa−1y. Òîäi ïî âiäíîøåííþ

äî îïåðàöi¨ �+” i �◦” ìíîæèíà (R,+, ◦) ¹ ìàéæå-êiëüöåì ç îäèíèöåþ

a, ÿêå içîìîðôíå R.

Äîâåäåííÿ. Ëåãêî ïåðåâiðèòè, ùî îïåðàöiÿ �◦” àñîöiàòèâíà òà ëiâî-

äèñòðèáóòèâíå ïî âiäíîøåííþ äî äîäàâàííÿ òà âiäîáðàæåííÿ r 7→ ar

âèçíà÷à¹ içîìîðôiçì ìàéæå-êiëüöÿ R â (R,+, ◦).

Îçíà÷åííÿ 3.12. [61]Ìàéæå-êiëüöå R ç îäèíèöåþ íàçèâà¹òüñÿ ëîêàëü-

íèì ÿêùî ìíîæèíà L = R\R∗ âñiõ íåîáîðîòíèõ åëåìåíòiâ R ¹ ïiäãðóïîþ

â R+.

Íàñòóïíà ëåìà õàðàêòåðèçó¹ çàãàëüíi âëàñòèâîñòi ñêií÷åííèõ ëîêàëü-

íèõ ìàéæå-êiëåöü (äèâ., íàïðèêëàä, [18, Lemma 3.2]).
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Ëåìà 3.13. Íåõàé R ¹ ëîêàëüíèì ìàéæå-êiëüöå ç îäèíèöåþ i i L ïiä-

ãðóïà âñiõ íåîáîðîòíèõ åëåìåíòiâ â R. Òîäi âèêîíóþòüñÿ íàñòóïíi

òâåðäæåííÿ:

1) L ¹ (R,R)-ïiäãðóïîþ R+;

2) êîæíà âëàñíà R∗-iíâàðiàíòíà ïiäãðóïà â R+ ìiñòèòüñÿ â L;

3) ìíîæèíà i+ L óòâîðþ¹ ïiäãðóïó â ìóëüòèïëiêàòèâíié ãðóïi R∗.

Íàãàäà¹ìî, ùî ãðóïà G íàçèâà¹òüñÿ ìåòàöèêëi÷íîþ, ÿêùî iñíó¹ òàêà

öèêëi÷íà íîðìàëüíà ïiäãðóïà 〈a〉, ùî ôàêòîð-ãðóïà G/〈a〉 ¹ öèêëi÷íîþ.
Äëÿ êîæíîãî ïðîñòîãî p, ìåòàöèêëi÷íà p-groupG ¹ ðîçùåïëþâàíîþ, òîäi i

òiëüêè òîäi, êîëè ðîçêëàäà¹òüñÿ â ïðÿìèé äîáóòîêG = 〈a〉o〈b〉 öèêëi÷íî¨
íîðìàëüíî¨ ïiäãðóïè 〈a〉 i öèêëi÷íî¨ ïiäãðóïè 〈b〉.

Íàñòóïíà êîðèñíà õàðàêòåðèçàöiÿ íåàáåëåâèõ ðîçùåïëþâàíèõ ìåòà-

öèêëi÷íèõ p-ãðóï çãiäíî Á. Êiíã (äèâ. [47], Theorem 3.2 òà Propositi-

on 4.10).

Òâåðäæåííÿ 3.14. Íåõàé G = 〈a〉 o 〈b〉 ¹ íåàáåëåâîþ ðîçùåïëþâàíîþ

ìåòàöèêëi÷íîþ p-ãðóïîþ ç ap
m

= bp
n

= 1 äëÿ äåÿêèõ äîäàòíiõ öiëèõ

m òà n. Òîäi åêñïîíåíòà G äîðiâíþ¹ max{pm, pn} i âèêîíó¹òüñÿ îäíå ç

íàñòóïíèõ òâåðäæåíü :

I. b−1ab = a1+pm−r

ç 1 ≤ r < min{m,n+ 1} i r < m− 1 äëÿ p = 2;

II. p = 2 i b−1ab = a−1+2m−r

ç 0 ≤ r < min{m− 1, n+ 1}.

Íåõàé ãðóïà G, ùî çàäîâîëüíÿ¹ îäíå ç òâåðäæåíü I àáî II ïðîïîçè-

öi¨ 3.14 áóäåìî ïîçíà÷àòè ÷åðåç G(pm, pn, r) àáî G(2m, 2n,−r), âiäïîâiäíî.
Êðiì òîãî, äëÿ áóäü-ÿêèõ öiëèõ ÷èñåë l i k ≥ 0 ïîêëàäåìî j(l, 0) = 0 òà

j(l, k) = 1 + l + . . .+ lk−1

äëÿ k ≥ 1.
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Çàóâàæåííÿ 3.15. Î÷åâèäíî, ùî ãðóïè G(pm, pn, r) içîìîðôíi ãðóïàì

òèïó (A.1) ç òåîðåìè 3.1.

Òåïåð íåõàé m, n i r äîäàòíi öiëi, ùî çàäîâîëüíÿþòü òâåðäæåííÿ I ç

ïðîïîçèöi¨ 3.14, i íåõàé t òàêå íàéìåíøå íàòóðàëüíå ÷èñëî, ùî

t(1 + pm−r) ≡ 1 ( mod pm).

Ëåãêî áà÷èòè, ùî t = 1 + hpm−r äëÿ äåÿêîãî h ç 0 < h < pr i (h, p) = 1.

Ëåìà 3.16. Íåõàé p > 2 ÷è p = 2 im−r > 1. ßêùî d i k ¹ íåâiä'¹ìíèìè,

òîäi âèêîíóþòüñÿ íàñòóïíi êîíãðóåíöi¨:

1) td ≡ tdt ≡ 1 + dhpm−r ( mod p2(m−r));

2) j(td, k) ≡ k +
(
k
2

)
dhpm−r ( mod p2(m−r)).

Äîâåäåííÿ. 1) Îñêiëüêè

td = (1 + hpm−r)d = 1 + dhpm−r +

(
d

2

)
h2p2(m−r) + . . .+ hdpd(m−r)

≡ 1 + dhpm−r ( mod p2(m−r)),

òîäi âèïëèâà¹, ùî

tdt = (td)t ≡ (1 + dhpm−r)t

≡ 1 + tdhpm−r = 1 + dhpm−r+

+dh2p2(m−r) ≡ 1 + dhpm−r ( mod p2(m−r)).

2) Ç âèçíà÷åíü òà òâåðäæåííÿ 1) ìà¹ìî

j(td, k) = 1 + td + . . .+ t(k−1)d

≡ 1 + (1 + dhpm−r) + (1 + 2dhpm−r) + . . .+ (1 + (k − 1)dhpm−r)

= k +

(
k

2

)
dhpm−r ( mod p2(m−r)).



130

Ïðèïóñòèìî, ùî öiëi m, n i r çàäîâîëüíÿþòü òâåðäæåííÿ II ïðîïî-

çèöi¨ 3.14 i íåõàé t ¹ íàéìåíøèì íàòóðàëüíèì ÷èñëîì, ùî çàäîâîëüíÿ¹

êîíãðóåíöiþ

t(−1 + 2m−r) ≡ 1 ( mod 2m).

Ëåãêî ïåðåâiðèòè, ùî t = −1 +h2m−r äëÿ äåÿêîãî íåïàðíîãî h ç 0 < h <

2r.

Ëåìà 3.17. Íåõàé r > 0. Òîäi äëÿ íå íåâiä'¹ìíèõ öiëèõ d i k íàñòóïíi

êîíãðóåíöi¨ ìàþòü ìiñöå:

1) td2k ≡

{
(−1)d(1− dh2m−r) ( mod 22(m−r)) ÿêùî k = 0 and

1− dh2m−r+k ( mod 22(m−r)+k−1) ÿêùî k > 0.

2) j(td, k) ≡



1−(−1)k

2 + (2k−1)(−1)k+1
4 dh2m−r ( mod 22(m−r))

ÿêùî d ≡ 1 ( mod 2),

k −
(
k
2

)
dh2m−r ( mod 22(m−r))

ÿêùî d ≡ 0 ( mod 2).

Äîâåäåííÿ. Äiéñíî,

td2k = (−1 + h2m−r)d2k = (−1)d2k + (−1)d2k−1d2kh2m−r

+(−1)d2k−2

(
d2k

2

)
h222(m−r) + . . .+ hd2k2d2k(m−r)

i (
d2k

2

)
≡ 0 ( mod 2k−1),

ùî äîâîäèòü 1).

Íàñòóïíå, âèïëèâà¹ ç 1), ùî

j(td, k) = 1 + td + . . .+ t(k−1)d

≡ 1 + (−1)d(1− dh2m−r) + (−1)2d(1− 2dh2m−r) + . . .

+(−1)(k−1)d(1− (k − 1)dh2m−r) ( mod 22(m−r)).
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Çâiäñè äëÿ íåïàðíîãî d ìè ìà¹ìî

j(td, k) ≡ 1 + (−1 + dh2m−r) + (1− 2dh2m−r) + . . .

+((−1)k−1 + (−1)k−2(k − 1)dh2m−r) =
1− (−1)k

2

+(1− 2 + 3− . . .+ (−1)k−2(k − 1))dh2m−r =
1− (−1)k

2

+
(2k − 1)(−1)k + 1

4
dh2m−r ( mod 22(m−r)).

ßêùî d ¹ ïàðíèì, òîäi ìè ìà¹ìî

j(td, k) ≡ 1 + (1− dh2m−r)+

+(1− 2dh2m−r) + . . .+ (1− (k − 1)dh2m−r)

= k − (1 + 2 + . . .+ (k − 1))dh2m−r =

= k −
(
k

2

)
dh2m−r ( mod 22(m−r)).

Ëåìà 3.18. Íåõàé G àäèòèâíî çàïèñàíà ãðóïà, åëåìåíòè a i b ÿêî¨

çàäîâîëüíÿþòü ñïiââiäíîøåííþ a+ b = b+as äëÿ äåÿêîãî íàòóðàëüíîãî

÷èñëà s. ßêùî t òàêå íàéìåíøå íàòóðàëüíå ÷èñëî, ùî ast = 0, òîäi

äëÿ áóäü-ÿêèõ íåâiä'¹ìíèõ öiëèõ d, k i u âèêîíóþòüñÿ ðiâíîñòi

au+ bd = bd+ asdu, bd+ au = autd + bd,

(au+ bd)k = auj(td, k) + bdk

i

(bd+ au)k = bdk + auj(sd, k).

Äîâåäåííÿ. Îñêiëüêè −b+ a+ b = as i

−b+ at+ b = (−b+ a+ b)t = ast = a,
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ìè ìà¹ìî b + a = at + b i òîäi b + au = atu + b. Çà iíäóêöi¹þ ïî d, ìè

îòðèìà¹ìî au+ bd = bd+ asdu i bd+ au = atdu+ bd. Îòæå,

(au+ bd)k = au(1 + td + . . .+ td(k−1))+

+bdk = auj(td, k) + bdk

i çâiäñè

(bd+ au)k = bdk + au(1 + sd + . . .+ sd(k−1)) =

= bdk + auj(sd, k).

Íàñòóïíó ïðîïîçèöiþ ïðî ãðóïó àâòîìîðôiçìiâ íåàáåëåâî¨ ðîçùåïëþ-

âàíî¨ ìåòàöèêëi÷íî¨ p-ãðóïè ìîæíà çíàéòè â [25, Theorem 3.1], äëÿ p > 2

i â [33, Theorem 3.5], äëÿ p = 2.

Òâåðäæåííÿ 3.19. Íåõàé G ¹ ðîçùåïëþâàíîþ ìåòàöèêëi÷íîþ p-

ãðóïîþ i íåõàé S ¹ ñèëîâñüêîþ p-ïiäãðóïîþ ãðóïè àâòîìîðôiçìiâ

Aut(G). Òîäi S ¹ íîðìàëüíîþ ïiäãðóïîþ iíäåêñó p−1 â Aut(G). Çîêðåìà,

ÿêùî p = 2, òîäi Aut(G) ¹ 2-ãðóïîþ.

Iíôîðìàöiþ ïðî îðáiòè ãðóïè G âiäíîñíî äi¨ ¨¨ ãðóïè àâòîìîðôiçìiâ

Aut(G) äà¹òüñÿ â íàñòóïíié ëåìi.

Ëåìà 3.20. Íåõàé G = G(pm, pn, r) ç m ≤ n+r, A = Aut(G) i íåõàé 〈x〉
¹ öèêëi÷íîþ ïiäãðóïîþ G. Òîäi âèêîíóþòüñÿ íàñòóïíi òâåðäæåííÿ:

1) ÿêùî 〈x〉 ¹ íîðìàëüíîþ ïiäãðóïîþ ïîðÿäêó pm â G, òîäi

|xA| ≤ p2m−r−1(p− 1);

2) ÿêùî p > 2, m ≤ n i 〈x〉 íå ¹ íîðìàëüíîþ ïiäãðóïîþ ïîðÿäêó pn,

òîäi x−1 /∈ xA.
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Äîâåäåííÿ. ßêùî G = 〈a〉o 〈b〉 with b−1ab = a1+pm−r

i 〈x〉 ¹ íîðìàëüíîþ
ïiäãðóïîþ ïîðÿäêó pm â G, òîäi àáî 〈a〉∩〈x〉 = 1 i òîäi 〈x〉 öåíòðàëiçàòîð
ïiäãðóïè 〈a〉, àáî apm−1 ∈ 〈x〉. Îñêiëüêè G′ = 〈apm−r〉 ¹ õàðàêòåðèñòè÷íîþ
ïiäãðóïîþ G, çâiäêè âèïëèâà¹, ùî â ïåðøîìó âèïàäêó 〈a〉∩ 〈xα〉 = 1 äëÿ

êîæíî¨ α ∈ A. Çâiäêè xA ⊆ CG(a) = 〈a〉×〈bpr〉 i òîäi |xA| ≤ p2m−r−1(p−1).

Â äðóãîìó âèïàäêó G = 〈x〉o 〈b〉 i òîäi G′ = 〈apm−r〉 ≤ 〈x〉. Òîäi

|〈x〉〈xα〉| = |x||xα|
|〈x〉 ∩ 〈x〉α|

≤ p2m−r,

çâiäñè

〈x〉〈xα〉 ≤ 〈x〉o 〈bpn+r−m〉

i, çîêðåìà,

xα ∈ 〈x〉o 〈bpn+r−m〉.

Âðàõîâóþ÷è, ùî êiëüêiñòü åëåìåíòiâ ïîðÿäêó pm â 〈x〉 ðiâíà pm−1(p− 1),

ìà¹ìî |xA| ≤ p2m−r−1(p− 1), ùî äîâîäèòü òâåðäæåííÿ 1).

Òåïåð íåõàé p> 2, m ≤ n i íåõàé 〈x〉 íå ¹ íîðìàëüíèìè ïiäãðóïàìè

ïîðÿäêó pn â G. Îñêiëüêè G′ = 〈apm−r〉, çâiäñè âèïëèâà¹, ùî

〈a〉 ∩ 〈x〉 = 〈aps〉

äëÿ òàêîãî äåÿêîãî öiëîãî s, ùî m ≥ s > m− r i òîäi

〈aps〉 = 〈xpn−m+s〉.

Îòæå, x = aubvp
m−s

äëÿ äåÿêèõ öiëèõ u i v ç (v, p) = 1 i çâiäêè

[a, x] = [a, bvp
m−s

] = awp
2m−r−s

,

äå

w =
(1 + pm−r)vp

m−s−1

p2m−r−s

i, çîêðåìà, (w, p) = 1.
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Ïðèïóñòèìî, ùî xα = x−1 äëÿ äåÿêîãî àâòîìîðôiçìà α ∈ A. ßê áóëî
ïîêàçàíî âèùå,

aα ∈ 〈a〉o 〈bpn+r−m〉,

çâiäêè aα = akblp
n+r−m

äëÿ äåÿêèõ öiëèõ k i l ç (k, p) = 1. Áiëüø òîãî,

〈apm−r〉
α

= 〈apm−r〉

i òîäi

(ap
m−r

)α = (akblp
n+r−m

)p
m−r

=

= akp
m−r

blp
n

= akp
m−r

.

Îñêiëüêè (ap
m−r

)α = akp
m−r

. Ç iíøîãî áîêó, òîìó, ùî m ≤ n çâiäêè âèïëè-

âà¹, ùî

blp
n+r−m ∈ 〈br〉 ≤ Z(G).

Îòæå,

akwp
m−r

= (awp
m−r

)α = [a, x]α =

= [aα, x−1] = [akblp
n+r−m

, x−1] = [ak, x−1] =

= [a, x−1]k = ([a, x]−k)x
−1

= (a−kwp
m−r

)x
−1

.

Çâiäêè

(akwp
m−r

)x = a−kwp
m−r

.

Â òîé æå ÷àñ, ïðè p > 2 îñòàííÿ ðiâíiñòü ìà¹ ìiñöå ëèøå ó âèïàäêó

akwp
m−r

= 1. Îñêiëüêè (kw, p) = 1, öå îçíà÷à¹, ùî ap
m−r

= 1, ùî ñóïå-

ðå÷èòü ãiïîòåçi ëåìè. Îòæå, x−1 /∈ xA, ÿê ñòâåðäæóâàëîñÿ â òâåðäæåí-

íi 2).

Ëåìà 3.21. Íåõàé R ç ðîçùåïëþâàëüíîþ ìåòàöèêëi÷íîþ àäèòèâíîþ

p-ãðóïîþ R+ i íåõàé L ¹ ¨¨ ïiäãðóïîþ âñiõ íåîáîðîòíèõ åëåìåíòiâ ç R.

ßêùî R+ ¹ íåàáåëåâîþ, òîäi |R+ : L| = p.
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Äîâåäåííÿ. Äiéñíî, ìà¹ìî |R+ : L| = pk äëÿ äåÿêèõ k ≥ 1 i òîäi |R| =

pk|L|. Îñêiëüêè R = R∗ ∪ L ç R∗ ∩ L = ∅, òî

|R∗| = pk|L| − |L| = (pk − 1)|L|

i, òàêèì ÷èíîì, ïîðÿäîê R∗ äiëèòüñÿ íà pk − 1. Ç iíøîãî áîêó, äëÿ êî-

æíîãî åëåìåíòà r ∈ R∗ âiäîáðàæåííÿ x 7→ rx ç x ∈ R ¹ àâòîìîðôiçìîì

R+, òîìó, ùî r(x + y) = rx + ry äëÿ âñiõ x, y ∈ R. Òîìó R∗ ìîæ-

íà ðîçãëÿäàòè ÿê ïiäãðóïó Aut(R+). Êðiì òîãî, öå âèïëèâà¹ ç ïðîïîçè-

öi¨ 3.19, ùî ïîðÿäîêAut(R+) äiëèòüñÿ íà pk−1 òiëüêè ÿêùî k = 1. Îòæå,

|R+ : L| = p, ÿê âèìàãàëîñÿ.

ßê ïðÿìèé íàñëiäîê ç ëåì 3.14, 3.11 i 3.21 ìè ìà¹ìî íàñòóïíå

òâåðäæåííÿ.

Íàñëiäîê 3.22. Íåõàé R ¹ ëîêàëüíèì ìàéæå-êiëüöåì ÷èÿ àäèòèâíà

ãðóïà R+ ¹ íåàáåëåâîþ ðîçùåïëþâàíîþ p-ãðóïîþ. Òîäi ãðóïà R+ ïîðî-

äæó¹òüñÿ åëåìåíòàìè a i b ïîðÿäêiâ pm i pn, âiäïîâiäíî, îäèí ç ÿêèõ

çáiãà¹òüñÿ ç îäèíè÷íèì åëåìåíòîì R i a + b = b + a(1 + pm−r), ÿêùî

R+ ¹ içîìîðôíîþ ãðóïi G(pm, pn, r), i a+ b = b+ a(−1 + 2m−r), ÿêùî R+

¹ içîìîðôíîþ ãðóïi G(2m, 2n,−r).

3.2.3. Ìàéæå-êiëüöå ç îäèíèöåþ íà íåàáåëåâié ðîçùåïëþâà-

íié ìåòàöèêëi÷íié p-ãðóïi

Íåõàé R ¹ ìàéæå-êiëüöåì ç îäèíèöåþ àäèòèâíi ãðóïà ÿêîãî R+ ¹

ðîçùåïëþâàíîþ íåàáåëåâîþ ìåòàöèêëi÷íîþ p-ãðóïîþ ç p ≥ 2. Òîäi

R+ = 〈a〉+ 〈b〉 äëÿ äåÿêèõ åëåìåíòiâ a i b ç R çàäîâîëüíÿþòü ñïiââiäíî-

øåííÿ apm = bpn = 0 i b+a = at+b ç (p, t) = 1. Çîêðåìà, êîæíèé åëåìåíò

x ∈ R îäíîçíà÷íî çàïèñó¹òüñÿ ó âèãëÿäi x = ax1 + bx2 ç êîåôiöi¹íòàìè
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0 ≤ x1 < pm i 0 ≤ x2 < pn. Ó öüîìó ðîçäiëi ìè ðîçãëÿíåìî âèïàäêè, êîëè

îäèí iç åëåìåíòiâ a ÷è b íàëåæèòü R∗.

Ïðèïóñòèìî ñïî÷àòêó, ùî a ∈ R∗. Òîäi R+ ¹ ãðóïîþ ç åêñïîíåíòîþ

pm çà ëåìîþ 3.10 and so m ≥ n. Äàëi, çãiäíî ëåìè 3.11, ìè ìîæåìî

áåç âòðàòè çàãàëüíîñòi ïðèïóñòèòè, ùî a ¹ îäèíèöåþ â R, òîáòî ax =

xa = x äëÿ êîæíîãî x ∈ R. Êðiì òîãî, äëÿ êîæíîãî x ∈ R iñíóþòü

òàêi êîåôiöi¹íòè α(x) i β(x), ùî xb = aα(x) + bβ(x). Çðîçóìiëî, ùî âîíè

îäíîçíà÷íî âèçíà÷åíi ïî ìîäóëþ pm i pn, âiäïîâiäíî, òîìó âèçíà÷åíi äåÿêi

âiäîáðàæåííÿ α : R→ Zpm òà β : R→ Zpn.

Ëåìà 3.23. Íåõàé x = ax1 + bx2 i y = ay1 + by2 ¹ åëåìåíòàìè

ìàéæå-êiëüöÿ R. ßêùî a îäèíèöåþ â R, òîäi r < m ≥ n i íàñòóïíi

òâåðäæåííÿ âèêîíóþòüñÿ:

(0) α(0) = β(0) = 0 òîäi i òiëüêè òîäi, êîëè ìàéæå-êiëüöå R ¹ íóëü-

ñèìåòðè÷íèì;

(1) α(a) = 0 i β(a) = 1;

(2) xy = a[x1j(t
x2, y1) + α(x)j(tβ(x), y2)t

x2y1] + b(x2y1 + β(x)y2);

(3) α(x)(tx2t − 1) ≡ x1(t
β(x) − j(tx2, t)) ( mod pm);

(4) x2(t− 1) ≡ 0 ( mod pn).

Äîâåäåííÿ. Îñêiëüêè 0 · a = a · 0 = 0, çâiäñè âèïëèâà¹ R ¹ íóëü-

ñèìåòðè÷íèì íàáëèæåííÿì òîäi i òiëüêè òîäi, êîëè

0 = 0 · b = aα(0) + bβ(0)

àáî åêâiâàëåíòíî α(0) = β(0) = 0. Áiëüø òîãî, îñêiëüêè

b = ab = aα(a) + bβ(a),

ìè ìà¹ìî α(a) = 0 i β(a) = 1, òàê, ùî âèêîíóþòüñÿ òâåðäæåííÿ (0) i (1).
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Äàëi âèêîðèñòîâóþ÷è ëiâîäèñòðèáóòèâíèé çàêîí

xy = (xa)y1 + (xb)y2 = (ax1 + bx2)y1 + (aα(x) + bβ(x))y2.

Çàñòîñîâóþ÷è ëåìó 3.18, ìè òàêîæ ìà¹ìî

(ax1 + bx2)y1 = ax1j(t
x2, y1) + bx2y1,

(aα(x) + bβ(x))y2 = aα(x)j(tβ(x), y2) + bβ(x)y2

i

bx2y1 + aα(x)j(tβ(x), y2) = aα(x)j(tβ(x), y2)t
x2y1 + bx2y1.

Îòæå,

xy = a[x1j(t
x2, y1) + α(x)j(tβ(x), y2)t

x2y1] + b(x2y1 + β(x)y2)

i òîìó âèêîíó¹òüñÿ òâåðäæåííÿ (2). Ïîêëàäàþ÷è â öié ôîðìóëi y = at+b,

ìè îòðèìà¹ìî

xy = a[x1j(t
x2, t) + α(x)tx2t] + b(x2t+ β(x)).

Ç iíøîãî áîêó, y = b+ a i òàê

xy = xb+ x = a(α(x) + x1t
β(x)) + b(x2 + β(x))

çà ëåìîþ 3.18. Ïîðiâíþþ÷è êîåôiöi¹íòè áiëÿ a i b â äâîõ îñòàííiõ âèðàçàõ

äëÿ xy, îòðèìó¹ìî äëÿ êîæíîãî x ∈ R ðiâíiñòü

α(x)(tx2t − 1) ≡ x1(t
β(x) − j(tx2, t)) ( mod pm)

i

x2(t− 1) ≡ 0 ( mod pn),

òîáòî òâåðäæåííÿ (3) i (4), ÿê ñòâåðäæóâàëîñÿ.

Ðîçãëÿíåìî òåïåð âèïàäîê, êîëè b ∈ R∗.

Ëåìà 3.24. ßêùî b ∈ R∗, òîäi a /∈ R∗, p = 2 i r + 1 < m ≤ n.
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Äîâåäåííÿ. Íåõàé b ∈ R∗. Òîäi R+ ¹ åêñïîíåíòîþ pn çà ëåìîþ 3.10 i òîäi

m ≤ n. Ðîçãëÿíåìî ìóëüòèïëiêàòèâíó ãðóïó R∗ ÿê ïiäãðóïó ãðóïè àâòî-

ìîðôiçìiâ A = Aut(R+) â R+, ìè ìà¹ìî R∗x ⊆ xA äëÿ êîæíîãî x ∈ R
i, çîêðåìà, R∗ = R∗b ⊆ bA. ßêùî a ∈ bA, òî a = bφ äëÿ äåÿêîãî àâòî-

ìîðôiçìó φ ∈ A i òîäi 〈a〉φ = 〈b〉. Îñêiëüêè ïiäãðóïà 〈a〉 ¹ íîðìàëüíîþ
â R+ i 〈b〉 íå ¹ íîðìàëüíîþ, îñòàííÿ ðiâíiñòü íåìîæëèâà. Òîìó a /∈ bA i,

îòæå, a /∈ R∗. Ïðèïóñòèìî, ùî p > 2. Òîäi −b 6∈ bA çà ëåìîþ 3.20 i òîäi

−b 6∈ R∗. Ç iíøîãî áîêó, ÿêùî i ¹ îäèíèöåþ â R, òîäi

b−1(−b) = −(b−1b) = −i.

Îñêiëüêè (−i)2 = −(−i) = i, ç öüîãî âèïëèâà¹ b−1(−b) = −i ∈ R∗ i òîäi
−b ∈ bR∗ = R∗. Öå ïðîòèði÷÷ÿ ïîêàçó¹, ùî p = 2 i òîäi r + 1 < m çà

ïðîïîçèöi¹þ 3.14.

ßê i âèùå, çãiäíî ëåìè 3.11, ó âèïàäêó b ∈ R∗ ìè ìîæåìî ïðèïóñòèòè,
ùî b ¹ îäèíèöåþ â R i äëÿ êîæíîãî x ∈ R iñíóþòü êîåôiöi¹íòè α(x) i

β(x) ÿêi îäíîçíà÷íî âèçíà÷àþòüñÿ x çà ìîäóëåì 2m i 2n, âiäïîâiäíî òàêi,

ùî xa = aα(x) + bβ(x).

Ëåìà 3.25. Íåõàé x = ax1 + bx2 i y = ay1 + by2 ¹ åëåìåíòàìè ìàéæå-

êiëüöÿ R. ßêùî b ¹ îäèíèöåþ â R, òîäi p = 2, r+1 < m ≤ n i ñïðàâåäëèâi

íàñòóïíi òâåðäæåííÿ:

(0) α(0) = β(0) = 0 òîäi i òiëüêè òîäi, êîëè ìàéæå-êiëüöå R ¹ íóëü-

ñèìåòðè÷íèì;

(1) α(b) = 1 i β(b) = 0;

(2) xy = a[α(x)j(tβ(x), y1) + x1j(t
x2, y2)t

β(x)y1] + b(β(x)y1 + x2y2);

(3) α(x)(j(tβ(x), t)− tx2) ≡ x1(1− tβ(x)t) ( mod 2m);

(4) β(x)(t− 1) ≡ 0 ( mod 2n).
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Äîâåäåííÿ. Ñïî÷àòêó ðîçãëÿíåìî p = 2 i r + 1 < m ≤ n çà ëåìîþ 3.24.

Îñêiëüêè 0 · b = b · 0 = 0, ìàéæå-êiëüöå R ¹ íóëü-ñèìåòðè÷íèì òîäi i

òiëüêè òîäi, êîëè

0 = 0 · a = aα(0) + bβ(0),

çâiäêè α(0) = β(0) = 0. Òàê ñàìî i ðiâíiñòü a = ba = aα(b) + bβ(b)

îçíà÷à¹, ùî α(b) = 1 i β(b) = 0, òîáòî âèêîíóþòüñÿ òâåðäæåííÿ (0) i (1).

Äàëi âèêîðèñòîâóþ÷è ëiâîäèñòðèáóòèâíèé çàêîí, ìè îòðèìà¹ìî

xy = (xa)y1 + (xb)y2 = (aα(x) + bβ(x))y1 + (ax1 + bx2)y2.

Çàñòîñîâóþ÷è ëåìó 3.18, ìè òàêîæ ìà¹ìî

(aα(x) + bβ(x))y1 = aα(x)j(tβ(x), y1) + bβ(x)y1,

(ax1 + bx2)y2 = ax1j(t
x2, y2) + bx2y2

òà

bβ(x)y1 + ax1j(t
x2, y2) = ax1j(t

x2, y2)t
β(x)y1 + bβ(x)y1.

Òîìó

xy = a[α(x)j(tβ(x), y1) + x1j(t
x2, y2)t

β(x)y1] + + b(β(x)y1 + x2y2),

ùî ïiäòâåðäæó¹ òâåðäæåííÿ (2). Ïiäñòàâëÿþ÷è y = at+ b ó öié ðiâíîñòi

ìè îòðèìó¹ìî

xy = a[α(x)j(tβ(x), t) + x1t
β(x)t] + b(x2 + β(x)t).

Ç iíøîãî áîêó, y = b+ a i, òàêèì ÷èíîì

xy = x+ xa = a(x1 + α(x)tx2) + b(x2 + β(x)).

Ïîðiâíþþ÷è êîåôiöi¹íòè áiëÿ a i b â äâîõ îñòàííiõ âèðàçàõ äëÿ xy, îòðè-

ìó¹ìî ðiâíîñòi

α(x)j(tβ(x), t) + x1t
β(x)t ≡ x1+
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α(x)tx2 ( mod 2m)

òà

x2 + β(x)t ≡ x2 + β(x) ( mod 2n),

ç ÿêèõ ïðÿìî âèïëèâàþòü òâåðäæåííÿ (3) i (4).

3.2.4. Ìàéæå-êiëüöå ç îäèíèöåþ íà ãðóïi G(pm, pn, r)

Íàñòóïíi äâi ëåìè îïèñóþòü ìíîæåííÿ â ìàéæå-êiëüöi R àäèòèâíà

ãðóïà ÿêîãî R+ ¹ içîìîðôíîþ ãðóïi G(pm, pn, r), òîáòî R+ ïîðîäæó¹òüñÿ

åëåìåíòàìè a i b çàäîâîëüíÿ¹ ñïiââiäíîøåííÿ apm = bpn = 0 i b+a = at+b

ç t = 1 + hpm−r, äå 0 < h < pr i (h, p) = 1.ßê çàçíà÷àëîñÿ âèùå, ìè

îáìåæèìîñÿ âèïàäêàìè, êîëè îäèí ç åëåìåíòiâ a i b ¹ îäèíèöåþ â R.

Íàäàëi, x = ax1 + bx2 i y = ay1 + by2 ¹ äîâiëüíèìè åëåìåíòàìè ç R.

Ëåìà 3.26. ßêùî a ¹ îäèíè÷íèì åëåìåíòîì â R, òî m ≥ n+ r ≥ 2r i

xy = a(x1y1 + α(x)y2 − x1x2

(
y1

2

)
pm−r) + b(x2y1 + β(x)y2).

Êðiì òîãî, ñïðàâåäëèâi íàñòóïíi òâåðäæåííÿ:

(1) α(x) ≡ 0 ( mod pm−n );

(2) x1(β(x)− 1) ≡ 0 ( mod pr ) àáî p = 2, m = 2r, n = r òà x1(β(x)−
1) ≡ 0 ( mod 2r−1 );

(3) α(xy) = x1α(y) + α(x)β(y)− x1x2

(
α(y)

2

)
pm−r;

(4) β(xy) = x2α(y) + β(x)β(y).

Äîâåäåííÿ. Îñêiëüêè t− 1 = hpm−r ç (h, p) = 1 i x2(t− 1) ≡ 0 ( mod pn)

çà òâåðäæåííÿì (4) ëåìè 3.23, ìè ìà¹ìî m− r ≥ n. Òîìó

m ≥ n+ r ≥ 2r (3.1)
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i, çîêðåìà, 2(m− r) ≥ m. Êðiì òîãî, ç

(1 + hpm−r)(1 + pm−r) ≡ 1 ( mod pm )

âèïëèâà¹

hpm−r ≡ −pm−r ( mod pm ). (3.2)

Çâiäñè i ëåìè 3.16 îòðèìó¹ìî

j(tx2, y1) ≡ y1 − x2

(
y1

2

)
pm−r ( mod pm ), (3.3)

j(tβ(x), y2) ≡ y2 − β(x)

(
y2

2

)
pm−r ( mod pm ) (3.4)

òà

tx2y1 ≡ 1− x2y1p
m−r ( mod pm ). (3.5)

Ïiäñòàâëÿþ÷è òåïåð ó ôîðìóëó (2) ëåìè 3.23 çàìiñòü ëiâèõ ÷àñòèí êîí-

ãðóåíöié (3.3)�(3.5) ¨õ ïðàâi ÷àñòèíè, îäåðæó¹ìî ðiâíiñòü

xy = a[(x1y1 + α(x)y2)− (x1x2

(
y1

2

)
+ α(x)β(x)

(
y2

2

)
+ (3.6)

+α(x)x2y1y2)p
m−r] + b(x2y1 + β(x)y2).

Ïiäñòàâëÿþ÷è â öié ðiâíîñòi y = bpn = 0, ìà¹ìî

0 = x(bpn) = a(α(x)pn − α(x)β(x)

(
pn

2

)
pm−r)

= aα(x)pn(1− β(x)

(
pn

2

)
pm−r−n).

Îñêiëüêè m− r ≥ 1 äëÿ p > 2 òà m− r ≥ 2 äëÿ p = 2, òî

1− β(x)

(
pn

2

)
pm−r−n ≡ 1 ( mod p )

i aα(x)pn = 0. Òîìó

α(x) ≡ 0 ( mod pm−n), (3.7)
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òîáòî òâåðäæåííÿ (1) âèêîíó¹òüñÿ. Áiëüø òîãî, îñêiëüêèm−n ≥ r çãiäíî

(3.1), ç öüîãî âèïëèâà¹, ùî aα(x)pm−r = 0 à, îòæå, ðiâíiñòü (3.6) ìîæíà

ïåðåïèñàòè ó âèãëÿäi

xy = a(x1y1 + α(x)y2 − x1x2

(
y1

2

)
pm−r) + b(x2y1 + β(x)y2),

ÿê ñòâåðäæóâàëîñÿ.

Îñêiëüêè

x(yb) = (xy)b = aα(xy) + bβ(xy),

çàìiíèâøè â îñòàííié ðiâíiñòü y íà yb = aα(y) + bβ(y) òà ïîðiâíþþ÷è

êîåôiöi¹íòè ïðè a i b ó äâîõ âèðàçàõ îòðèìàíi äëÿ x(yb), îòðèìó¹ìî

ôîðìóëè

α(xy) = a(x1α(y) + α(x)β(y)− x1x2

(
α(y)

2

)
pm−r

i

β(xy) = b(x2α(y) + β(x)β(y))

òâåðäæåííÿ (3) i (4) ëåìè.

Äàëi, âèêîðèñòîâóþ÷è ëåìó 3.16, òàêîæ ìà¹ìî

tx2t ≡ 1− x2p
m−r (mod pm), (3.8)

tβ(x) ≡ 1− β(x)pm−r (mod pm) (3.9)

òà

j(tx2, t) ≡

{
1− pm−r (mod pm), ÿêùî p > 2,

1− 2m−r(1− x22
m−r−1) (mod 2m) ÿêùî p = 2.

(3.10)

Ïiäñòàâëÿþ÷è ïðàâi ÷àñòèíè êîíãðóåíöié (3.7)�(3.9) â êîíãðóåíöiþ (3) ç

ëåìè 3.23, îòðèìà¹ìî êîíãðóåíòíîñòi

α(x)x2 ≡ x1(β(x)− 1) (mod pr) (3.11)
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äëÿ p > 2 òà

α(x)x2 ≡ x1(β(x)− 1 + x22
m−r−1) (mod 2r) (3.12)

äëÿ p = 2. Îñêiëüêè m − n ≥ r çà (3.1), òî ç óìîâ (3.7), (3.11) òà (3.12)

âèïëèâà¹, ùî

x1(β(x)− 1) ≡ 0 (mod pm)

äëÿ p > 2 i

x1(β(x)− 1 + x22
m−r−1) ≡ 0 (mod 2r)

äëÿ p = 2. Áiëüø òîãî, ÿêùî m > 2r, òî

x1(β(x)− 1) ≡ 0 (mod 2r)

òîìó â öüîìó âèïàäêó âèêîíó¹òüñÿ òâåðäæåííÿ (2). Â iíøîìó âèïàäêó

p = 2, m = 2r, n = r òà

x1(β(x)− 1) ≡ 0 (mod 2r−1).

Ëåìà 3.27. ßêùî b ¹ îäèíèöåþ â R, òî p = 2 < m ≤ n, r = 1 òà

xy = a[α(x)y1 + x1j(t
x2, y2)] + b(β(x)y1 + x2y2).

Áiëüø òîãî, ñïðàâåäëèâi íàñòóïíi òâåðäæåííÿ:

(0) α(0) = β(0) = 0;

(1) β(x) ≡ 0 (mod 2n−m+1);

(2) α(x)(1− x2) ≡ 0 (mod 2);

(3) α(xy) = α(x)α(y) + x1j(t
x2, β(y));

(4) β(xy) = β(x)α(y) + x2β(y).
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Äîâåäåííÿ. Öå âèïëèâà¹ ç ëåìè 3.25, ùî p = 2 òà m ≤ n. Êðiì òîãî,

òâåðäæåííÿ (4) ç öi¹¨ ëåìè i ðiâíîñòi t− 1 = h2m−r ç (h, 2) = 1 âèïëèâà¹,

ùî

β(x) ≡ 0 (mod 2n−m+r).

Ç öüîãî òà ëåìè 3.16 âèïëèâà¹, ùî äëÿ êîæíîãî öiëîãî ÷èñëà k ≥ 0

âèêîíóþòüñÿ êîíãðóåíöi¨

tβ(x)k ≡ 1 ( mod 2n) (3.13)

òà

j(tβ(x), k) ≡ k ( mod 2n ). (3.14)

Çîêðåìà, ïðèéìàþ÷è k = y1 i çàñòîñîâóþ÷è öi êîíãðóåíöi¨ äî ôîðìóëè (2)

â ëåìi 3.25, ìè îòðèìó¹ìî äëÿ R ôîðìóëó ìíîæåííÿ

xy = a[α(x)y1 + x1j(t
x2, y2)] + b(β(x)y1 + x2y2), (3.15)

ÿê âèìàãàëîñÿ. Äàëi, âèðàæàþ÷è ëiâó ÷àñòèíó ðiâíîñòi x(ya) = (xy)a çà

ôîðìóëîþ (3.15) i âðàõîâóþ÷è öå ya = aα(y) + bβ(y) òà

(xy)a = aα(xy) + bβ(xy),

âèâåäåìî ôîðìóëè äëÿ α(xy) òà β(xy), òîáòî òâåðäæåííÿ (3) òà (4) ëåìè.

Äàëi, ïîêëàäàþ÷è k = t â êîíãðóåíöiÿõ (3.13) òà (3.14), ìè ìà¹ìî

1− tβ(x)t ≡ 0 (mod 2n) (3.16)

òà

j(tβ(x), t)− tx2 ≡ t− tx2 (mod 2n). (3.17)

Îñêiëüêè m ≤ n, êîíãðóåíöi¨ (3.3), (3.4) òà òâåðäæåííÿ (3) ëåìè 3.25

âèïëèâà¹, ùî

α(x)(t− tx2) ≡ 0 (mod 2n). (3.18)

Ç iíøîãî áîêó,

tx2 ≡ 1 + x2h2m−r (mod 22(m−r))
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çà ëåìîþ 3.16 i, îòæå,

t− tx2 ≡ (1− x2)h2m−r (mod 22(m−r)). (3.19)

Òîìó êîíãðóåíöi¨ (3.5) òà (3.7) îçíà÷àþòü öå

α(x)(1− x2) ≡ 0 (mod 2min{r,m−r}).

Çîêðåìà,

α(−b)(1 + 1) ≡ 0 (mod 2min{r,m−r})

i, îòæå,

α(−b) ≡ 0 (mod 2min{r,m−r}−1). (3.20)

Íàðåøòi, îñêiëüêè b = (−b)2 òà α(b) = 1 çà òâåðäæåííÿì (1) ç ëå-

ìè 3.25, çâiäñè âèâïëèâà¹ α((−b)2) = 1. Îäíàê, α((−b)2) = α(−b)2 çà

òâåðäæåííÿì (3) ç ëåìè, òàê ùî α(−b) ≡ ±1 ( mod 2 ). Ïîðiâíÿííÿ

öüîãî òà êîíãðóåíöié (vii), îòðèìó¹ìî, ùî min{r,m− r} = 1 òà

α(x)(1− x2) ≡ 0 ( mod 2 ),

òîáòî âèêîíó¹òüñÿ òâåðäæåííÿ (2) ëåìè. Áiëüø òîãî, îñêiëüêè r < m− 1

çà ïðîïîçèöi¹þ 3.14, âèïëèâà¹, ùî r = 1 i, òàêèì ÷èíîì β(x) ≡ 0

(mod 2n−m+1). Çîêðåìà, ÿêùî x = 0, ïîòiì îáèäâà α(0) òà β(0) ¹ ïàð-

íèìè öiëèìè ÷èñëàìè. Îñêiëüêè α(0) = α(0)2 òà β(0) = β(0)α(0) çà

òâåðäæåííÿìè (3) òà (4) ëåìè, ç öüîãî âèïëèâà¹, ùî α(0) = β(0) = 0. Öå

äîâîäèòü òâåðäæåííÿ (0) òà (1) ëåìè i çàâåðøó¹ äîâåäåííÿ.

3.2.5. Ìàéæå-êiëüöå ç îäèíèöåþ íà ãðóïi G(2m, 2n,−r)

Ó öüîìó ïiäðîçäiëi ìè îïèñó¹ìî ìíîæåííÿ â ìàéæå-êiëüöi R, àäèòèâ-

íà ãðóïà R+ ÿêîãî içîìîðôíà ãðóïi G(2m, 2n,−r) i îäèí iç äâîõ òâiðíèõ a
òà b öi¹¨ ãðóïè çáiãà¹òüñÿ ç îäèíèöåþ â R. Íàãàäà¹ìî, ùî ïîðîäæóþ÷è a
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òà b â R+ çàäîâîëüíÿþòü ñïiââiäíîøåííÿ a2m = b2n = 0 òà b+ a = at+ b

ç t = −1 +h2m−r, äå 0 ≤ r < min{m−1, n+ 1} òà 0 < h < 2r ç (h, 2) = 1.

ßê i ðàíiøå, x = ax1 +bx2 òà y = ay1 +by2 ïîçíà÷àþòü äîâiëüíi åëåìåíòè

R.

Ëåìà 3.28. ßêùî a ¹ îäèíè÷íèì åëåìåíòîì â R, òî m = 2, n = 1 òà

r = 0, òîáòî, R+ ¹ äiåäðàëüíîþ ãðóïîþ ïîðÿäêó 8.

Äîâåäåííÿ. Îñêiëüêè

x2(−2 + h2m−r) ≡ 0 (mod 2n)

çà òâåðäæåííÿì (4) ëåìè 3.23, âèïëèâà¹, ùî

−1 + h2m−r−1 ≡ 0 (mod 2n−1),

à, îòæå, n = 1. Çâiäñè 0 ≤ r ≤ 1 i òàêèì ÷èíîì àáî r = 0 òà t = −1 + 2m

÷è r = 1 òà t = −1 + 2m−1. Àëå ÿêùî t = −1 + 2m, òîäi R+ = 〈a〉+ 〈b〉 ¹
içîìîðôíîþ äiåäðàëüíié ãðóïi ïîðÿäêó 2m+1 à öå ìîæëèâî òiëüêè â òîìó

âèïàäêó, ÿêùî m = 2 çà [50, Proposition 4.4].

Íåõàé t = −1 + 2m−1. Òîäi òâåðäæåííÿ (3) ç ëåìè 3.23 âèïëèâà¹, ùî

α(x)(tx2t − 1) ≡ x1(t
β(x) − j(tx2, t)) (mod 2m)

äëÿ êîæíîãî x = ax1 + bx2. Çîêðåìà, ÿêùî x = a+ b, òîäi

α(x)(tt − 1) ≡ tβ(x) − j(t, t) (mod 2m).

Êðiì òîãî,

tt ≡ −1− 2m−1 ( mod 2m ), j(t, t) ≡ 1− 2m−1 (mod 2m)

òà

tβ(x) ≡ (−1)β(x)(1− β(x)2m−1) (mod 2m)

çà ëåìîþ 3.17. Òîìó

α(x)(−2− 2m−1) ≡ ((−1)β(x) − 1)−
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−((−1)β(x)β(x)− 1)2m−1 (mod 2m).

Ïðîòå, ÿêùî β(x) ≡ 1 (mod 2), òîäi

α(x)(−2− 2m−1) ≡ −2 (mod 2m),

ç ÷îãî âèïëèâà¹, ùî α(x) ≡ 1 (mod 2) ç m ≥ 3. Ç iíøîãî áîêó, b2 = 0 i

xb = aα(x) + bβ(x), òàê, ùî α(x) ≡ 2 (mod 2m). Òîìó β(x) ≡ 0 (mod 2)

i çâiäñè xb = aα(x). Àëå òîäi α(x) ≡ 2m−1 (mod 2m) à, îòæå,

0 ≡ α(x)(−2− 2m−1) ≡ 2m−1 (mod 2m),

ùî íåìîæëèâî äëÿ m > 1. Öå ïðîòèði÷÷ÿ çàâåðøó¹ äîâåäåííÿ.

Ëåìà 3.29. ßêùî b ¹ îäèíè÷íèì åëåìåíòîì â R, òîäi 2 < m ≤ n,

0 ≤ r ≤ 1 òà

xy = a[α(x)y1 + x1j(t
x2, y2)] + b(β(x)y1 + x2y2).

Êðiì òîãî, ìàþòü ìiñöå íàñòóïíi òâåðäæåííÿ:

(0) α(0) = β(0) = 0 àáî α(0) = 1;

(1) β(x) ≡ 0 (mod 2n−1);

(2) α(xy) =

{
α(x)α(y) + x1β(y), ÿêùî m = n òà x2 ≡ 0 (mod 2),òà

α(x)α(y), iíàêøå;

(3) β(xy) = β(x)α(y) + x2β(y).

Äîâåäåííÿ. Ñïî÷àòêó çàçíà÷èìî, ùî r + 1 < m ≤ n çà ëåìîþ 3.24 òà

β(x)(t − 1) ≡ 0 (mod 2n) çà òâåðäæåííÿì (4) ëåìè 3.25. Îñêiëüêè t =

−1 + h2m−r äëÿ äåÿêîãî íåïàðíîãî öiëîãî ÷èñëà h, ìà¹ìî

β(x)(−2 + h2m−r) ≡ 0 (mod 2n)

òà β(x) ≡ 0 (mod 2n−1), òîáòî, âèêîíó¹òüñÿ òâåðäæåííÿ (1) ëåìè. ßê

2(m− r) + n− 2 ≥ m+ n− r òà

tβ(x) ≡ 1 + h2m+n−r−1 (mod 2m+n−r)
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çà òâåðäæåííÿì 1) ëåìè 3.17, âèïëèâà¹, ùî tβ(x)k ≡ 1 (mod 2m) à, îòæå,

j(tβ(x), k) ≡ k (mod 2m) äëÿ êîæíîãî öiëîãî k ≥ 0. Çîêðåìà, ïîêëàäå-

ìî k = y1 i âèêîðèñòàííÿ äâîõ îñòàííiõ êîíãðóåíöié ó òâåðäæåííi (2)

ëåìè 3.25, ìè ìîæåìî ïåðåïèñàòè ôîðìóëó äëÿ xy ó âèãëÿäi

xy = a[α(x)y1 + x1j(t
x2, y2)] + b(β(x)y1 + x2y2), (3.21)

ÿê âèìàãàëîñÿ.

Äàëi, ÿêùî k = t, òîäi çãàäàíi âèùå êîíãðóåíöi¨ òà òâåðäæåííÿ (3) ç

ëåìè 3.25 âèïëèâà¹, ùî

α(x)(t− tx2) ≡ 0 (mod 2m).

Çîêðåìà, ÿêùî x = −b = b(2n − 1), òîäi x2 = 2n − 1 i

t− tx2 = t− t2n−1 ≡ t2 − t2n (mod 2m).

Îñêiëüêè t2
m−1 ≡ 1 (mod 2m) òà m ≤ n, âèïëèâà¹, ùî

t− tx2 ≡ t2 − 1 = h2m−r+1(−1 + h2m−r−1) (mod 2m).

Îòæå,

α(−b)2m−r+1 ≡ 0 (mod 2m),

òàê, ùî r = 0 àáî r ≥ 1 òà

α(−b) ≡ 0 (mod 2r−1). (3.22)

Òåïåð âèðàæà¹ìî îáèäâi ÷àñòèíè ðiâíîñòi x(ya) = (xy)a çà ôîðìóëîþ

(3.21) i ïiäðiâíþþ÷è êîåôiöi¹íòè ïðè a òà b, îòðèìó¹ìî

α(xy) = α(x)α(y) + x1j(t
x2, β(y)) (3.23)

òà

β(xy) = β(x)α(y) + x2β(y). (3.24)
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Çîêðåìà, ÿêùî x = y = −b, òîäi x1 = 0 i âiä ðiâíîñòi (3.23) âèïëèâà¹,

ùî α((−b)2) = α(−b)2. ßê (−b)2 = −(−b) = b and α(b) = 1 çà òâåðäæå-

ííÿì (1) ç ëåìè 3.25, ç öüîãî âèïëèâà¹ α(−b) ≡ ±1 (mod 2m) i, îòæå,

êîíãðóåíòíiñòü (3.22) âèêîíó¹òüñÿ ÿêùî i òiëüêè ÿêùî r = 1.

Íàðåøòi, öå âèïëèâà¹ ç òâåðäæåííÿ 2) ëåìè 3.17, ùî

j(tx2, β(x)) ≡ 0 (mod 2n−1)

äëÿ x2 ≡ 0 (mod 2) òà

j(tx2, β(x)) ≡ 0 (mod 2n)

äëÿ x2 ≡ 1 (mod 2). Òîìó òâåðäæåííÿ (2) i (3) ëåìè áåçïîñåðåäíüî âè-

ïëèâàþòü ç ðiâíîñòåé (3.23) òà (3.24). Êðiì òîãî, ÿêùî x = y = 0, òîäi

α(0) = α(0)2 çà ðiâíiñòþ (3.23) òà β(0) = β(0)α(0) çà ðiâíiñòþ (3.24), òàê

ùî α(0) = β(0) = 0 àáî α(0) = 1. Öå ïiäòâåðäæó¹ òâåðäæåííÿ (0) ëåìè i

çàâåðøó¹ äîâåäåííÿ.

3.2.6. Ëîêàëüíi ìàéæå-êiëüöÿ íà ãðóïàõ G(pm, pn, r)

òà G(2m, 2n,−r)

Òåïåð ìè çàñòîñó¹ìî ðåçóëüòàòè ïîïåðåäíüîãî ðîçäiëó äëÿ îïèñó ëî-

êàëüíèõ ìàéæå-êiëåöü, àäèòèâíi ãðóïè ÿêèõ ¹ íåàáåëåâèìè ðîçùåïëþ-

âàíèìè ìåòàöèêëi÷íèìè ãðóïàìè. Íàãàäà¹ìî, ùî ÿêùî R ¹ òàêèì ëî-

êàëüíèì ìàéæå-êiëüöåì, òî éîãî àäèòèâíà ãðóïà R+ ¹ ïîðÿäêó pm+n äëÿ

äåÿêîãî ïðîñòîãî ÷èñëà p i òîìó ¹ içîìîðôíîþ äî îäíi¹¨ ç ãðóïG(pm, pn, r)

÷è G(2m, 2n,−r) çà ïðîïîçèöi¹þ 3.14. Îòæå, R+ = 〈a〉 + 〈b〉 ç åëåìåíòà-
ìè a òà b òàêèìè, ùî apm = bpn = 0 òà 〈a〉 ¹ íîðìàëüíîþ ïiäãðóïîþ

â R+. Çîêðåìà, êîæåí åëåìåíò x ∈ R îäíîçíà÷íî çàïèñàíèé ó âèãëÿäi

x = ax1 + bx2 ç êîåôiöi¹íòàìè 0 ≤ x1 < pm òà 0 ≤ x2 < pn. Êðiì òîãî,
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ìíîæèíà L âñiõ íåîáîðîòíèõ åëåìåíòiâ â R ¹ ïiäãðóïîþ iíäåêñó p â R+

çà ëåìîþ 3.21.

Òåîðåìà 3.30. Íåõàé R ¹ ëîêàëüíèì ìàéæå-êiëüöåì àäèòèâíà ãðóïà

R+, ÿêîãî ¹ içîìîðôíîþ ãðóïi G(pm, pn, r). Òîäi R+ = 〈a〉+ 〈b〉, îäèí ç

åëåìåíòiâ a ÷è b çáiãà¹òüñÿ ç îäèíè÷íèì åëåìåíòîì â R i âèêîíóþòüñÿ

íàñòóïíi òâåðäæåííÿ:

1) apm = bpn = 0 òà a+ b = b+ a(1 + pm−r) ç

1 ≤ r < min{m,n+ 1} òà r < m− 1 äëÿ p = 2;

2) ÿêùî a ¹ îäèíèöåþ â R, òîäi m ≥ n + r ≥ 2r, L = 〈ap〉+ 〈b〉 òà
R∗ = {ax1 + bx2 | x1 6≡ 0 (mod p)};

3) ÿêùî b ¹ îäèíèöåþ â R, òîäi p = 2 < m ≤ n, r = 1, L = 〈a〉+ 〈b2〉
òà R∗ = {ax1 + bx2 | x2 ≡ 1 (mod 2)}.

Äîâåäåííÿ. Öå âèïëèâà¹ ç íàñëiäêiâ 3.22, ùî R+ = 〈a〉 + 〈b〉 äëÿ äåÿêèõ
åëåìåíòiâ a òà b, îäèí ç ÿêèõ ñïiâïàäà¹ ç îäèíèöåþ â R, à, îòæå, âèêîíó-

¹òüñÿ òâåðäæåííÿ 1) òåîðåìè.

ßêùî a ¹ îäèíèöåþ â R, òî m ≥ n + r ≥ 2r çà ëåìîþ 3.26. Çîêðåìà,

m > n i òîìó b ∈ L çà ëåìîþ 3.10. Òîìó L = 〈ap〉+ 〈b〉. Îñêiëüêè
R∗ = R \ L, åëåìåíò x = ax1 + bx2 íàëåæèòü R

∗ òîäi i òiëüêè òîäi, êîëè

x1 6≡ 0 (mod p).

Àíàëîãi÷íî, ÿêùî b ¹ îäèíèöåþ â R, òîäi ç ëåì 3.24 òà 3.27 âèïëèâà¹,

ùî a ∈ L, p = 2 < m ≤ n i r = 1. Çâiäñè L = 〈a〉+ 〈b2〉 i òîìó åëåìåíò
x = ax1 + bx2 íàëåæèòü R

∗ òîäi i òiëüêè òîäi, êîëè x2 ≡ 1 ( mod 2 ).

Çàñòîñîâóþ÷è çàðàç òâåðäæåííÿ 2) i 3) òåîðåìè 3.30 äî ëåì 3.26 i

3.27, âiäïîâiäíî, îòðèìó¹ìî íàñòóïíi ôîðìóëè ìíîæåííÿ áóäü-ÿêèõ äâîõ

åëåìåíòiâ x = ax1 + bx2 òà y = ay1 + by2 â ëîêàëüíîìó ìàéæå-êiëüöi R,

àäèòèâíà ãðóïà ÿêîãî içîìîðôíà G(pm, pn, r).
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Íàñëiäîê 3.31. ßêùî a ¹ îäèíèöåþ â R i xb = aα(x)+bβ(x), òîm ≥ n+

r ≥ 2r i

xy = a(x1y1 + α(x)y2 − x1x2

(
y1

2

)
pm−r) + b(x2y1 + β(x)y2)

ç êîåôiöi¹íòàìè α(x) òà β(x), ùî çàäîâîëüíÿþòü íàñòóïíi óìîâè:

(0) α(0) = β(0) = 0 òîäi i òiëüêè òîäi, êîëè ìàéæå-êiëüöå R ¹ íóëü-

ñèìåòðè÷íèì;

(1) α(a) = 0 i β(a) = 1;

(2) α(x) ≡ 0 (mod pm−n);

(3) x1(β(x)− 1) ≡ 0 (mod pr);

(4) α(xy) = x1α(y) + α(x)β(y)− x1x2

(
α(y)

2

)
pm−r;

(5) β(xy) = x2α(y) + β(x)β(y).

Íàñëiäîê 3.32. ßêùî b ¹ îäèíèöåþ â R i xa = aα(x) + bβ(x), òî p =

2 < m ≤ n, r = 1 òà

xy = a[α(x)y1 + x1j(t
x2, y2)] + b(β(x)y1 + x2y2)

ç êîåôiöi¹íòàìè α(x) òà β(x), ùî çàäîâîëüíÿþòü íàñòóïíi óìîâè:

(0) α(0) = β(0) = 0;

(1) α(b) = 1 and β(b) = 0;

(2) β(x) ≡ 0 (mod 2n−m+1);

(3) α(x)(1− x2) ≡ 0 (mod 2);

(4) α(xy) = α(x)α(y) + x1j(t
x2, β(y));

(5) β(xy) = β(x)α(y) + x2β(y).
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Òåîðåìà 3.33. Íåõàé R ¹ ëîêàëüíèì ìàéæå-êiëüöåì, àäèòèâíà ãðóïà

ÿêîãî R+ içîìîðôíà ãðóïi G(2m, 2n,−r). Òîäi R+ = 〈a〉+ 〈b〉, åëåìåíò b

¹ îäèíèöåþ â R i âèêîíóþòüñÿ íàñòóïíi òâåðäæåííÿ:

1) 2 < m ≤ n òà r = 1;

2) a2m = b2n = 0 òà a+ b = b+ a(−1 + 2m−1);

3) L = 〈a〉+ 〈b2〉 òà R∗ = {ax1 + bx2 | x2 ≡ 1 (mod 2)}.

Äîâåäåííÿ. ßê i â äîâåäåííi òåîðåìè 3.30, öå âèïëèâà¹ ç íàñëiäêó 3.22 ùî

iñíó¹ ðîçêëàäàííÿ R+ = 〈a〉+ 〈b〉 â ÿêîìó îäèí ç åëåìåíòiâ a àáî b ñïiâ-
ïàäà¹ ç îäèíèöåþ R òà òâåðäæåííÿì 2) òåîðåìè ìà¹ ìiñöå. Îäíàê, ÿêùî

a ¹ îäèíèöåþ â R, òîäi ãðóïà R+ ¹ äiåäðàëüíîþ ïîðÿäêó 8 çà ëåìîþ 3.28

i òîìó âîíà íå ìîæå áóòè àäèòèâíîþ ãðóïîþ ëîêàëüíîãî ìàéæå-êiëüöÿ

çà [64]. Îòæå, åëåìåíò b ¹ îäèíèöåþ R. Òîäi 2 < m ≤ n i r = 1 çà ëå-

ìîþ 3.29 òà a ∈ L çà ëåìîþ 3.24. Òîìó L = 〈a〉+ 〈b2〉 çà ëåìîþ 3.10 i,

îòæå,

R∗ = {ax1 + bx2 | x2 ≡ 1 (mod 2)},

ÿê ñòâåðäæóâàëîñÿ.

ßê íàñëiäîê ëåì 3.25, 3.29 i òåîðåìè 3.33, ìà¹ìî òàêó ôîðìóëó äëÿ

ìíîæåííÿ áóäü-ÿêèõ äâîõ åëåìåíòiâ ó ëîêàëüíîìó ìàéæå-êiëüöi R, àäè-

òèâíà ãðóïà ÿêîãî içîìîðôíà G(2m, 2n,−r).

Íàñëiäîê 3.34. ßêùî x = ax1 + bx2 i y = ay1 + by2 ¹ åëåìåíòàìè â R,

òî

xy = a[α(x)y1 + x1j(t
x2, y2)] + b(β(x)y1 + x2y2)

ç êîåôiöi¹íòàìè α(x) i β(x) çàäîâîëüíÿþòü íàñòóïíi óìîâè:

(0) α(0) = β(0) = 0;

(1) α(b) = 1 i β(b) = 0;
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(2) β(x) ≡ 0 (mod 2n−1);

(3) α(xy) =

{
α(x)α(y) + x1β(y), ÿêùî m = n òà x2 ≡ 0 (mod 2),òà

α(x)α(y), iíàêøå;

(4) β(xy) = β(x)α(y) + x2β(y).

3.2.7. Ãðóïè G(pm, pn, r) ÿê àäèòèâíi ãðóïè ëîêàëüíèõ ìàéæå-

êiëåöü

Íàñòóïíà òåîðåìà äà¹ äîñòàòíi óìîâè äëÿ iñíóâàííÿ ñêií÷åí-

íèõ ëîêàëüíèõ ìàéæå-êiëåöü, àäèòèâíà ãðóïà ÿêèõ içîìîðôíà ãðóïi

G(pm, pn, r). Ðàçîì ç òåîðåìàìè 3.30 òà 3.33 öå çàâåðøó¹ íàøó êëàñèôiêà-

öiþ âñiõ ðîçùåïëþâàíèõ ìåòàöèêëi÷íèõ ãðóï, ÿêi ¹ àäèòèâíèìè ãðóïàìè

ëîêàëüíèõ ìàéæå-êiëåöü.

Òåîðåìà 3.35. Äëÿ êîæíîãî ïðîñòîãî ÷èñëà p òà òàêèõ äîäàòíiõ öi-

ëèõ m, n, ùî àáî m ≥ n + r ≥ 2r + [2
p ], àáî p = 2, 2 < m ≤ n òà r = 1

iñíó¹ ëîêàëüíå ìàéæå-êiëüöå R, àäèòèâíà ãðóïà ÿêîãî R+ içîìîðôíà

ãðóïi G(pm, pn, r).

Äîâåäåííÿ. Íåõàé G � àäèòèâíî çàïèñàíà ãðóïà G(pm, pn, r) ç òâiðíè-

ìè a, b ÿêi çàäîâîëüíÿþòü ñïiââiäíîøåííÿ apm = 0, bpn = 0, a+ b =

b+ a(1 + pm−r). Òîäi G = 〈a〉+ 〈b〉 i êîæåí åëåìåíò x ∈ G îäíîçíà÷íî

çàïèñó¹òüñÿ ó âèãëÿäi x = ax1 + bx2 ç êîåôiöi¹íòàìè x1 ∈ Zpm i x2 ∈ Zpn.
Ùîá âèçíà÷èòè ìíîæåííÿ �·” íà G òàêå, ùî ñèñòåìà R = (G,+, ·) ¹

ëîêàëüíèì ìàéæå-êiëüöåì.

I. Ïî÷íåìî ç âèïàäêó m ≥ n + r ≥ 2r, äå äëÿ äîâiëüíèõ åëåìåíòiâ

x = ax1 + bx2 i y = ay1 + by2 ãðóïè G âèçíà÷èìî ìíîæåííÿ x · y çà

ïðàâèëîì

x · y = a(x1y1 − x1x2

(
y1

2

)
pm−r) + b(x2y1 + β(x)y2),
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äå β(x) =

{
1, x1 6≡ 0 (mod p);

0, x1 ≡ 0 (mod p).
Ëåãêî ïîáà÷èòè, ùî åëåìåíò a ¹ ìóëüòèïëiêàòèâíîþ îäèíèöåþ äëÿ

(G, ·) i xb = bβ(x) äëÿ êîæíîãî x ∈ G. Ïîêàæåìî, ùî ñòîñîâíî îïåðàöié
�+” i �·” ñèñòåìà (G,+, ·) ¹ ìàéæå-êiëüöåì ç îäèíè÷íèì åëåìåíòîì a.

Î÷åâèäíî, ùî äîñòàòíüî ïåðåâiðèòè, ùî ÿêùî x · (y + z) = x · y + x · z ¹
äîâiëüíèì åëåìåíòîì z = az1 + bz2 â R i (x · y) · b = x · (y · b).

Äiéñíî, çà îçíà÷åííÿì ìíîæåííÿ ìà¹ìî

x · z = a(x1z1 − x1x2

(
z1

2

)
pm−r) + b(x2z1 + β(x)z2).

Çà ëåìàìè 3.16 i 3.18,

b[x2y1 + β(x)y2] + a[x1z1 − x1x2

(
z1

2

)
pm−r]

= a[(1 + (x2y1 + β(x)y2)hp
m−r)(x1z1 − x1x2

(
z1

2

)
pm−r)]

+b[x2y1 + β(x)y2].

Òîìó

x · y + x · z = a[x1y1 + x1z1 − x1x2

(
y1

2

)
pm−r − x1x2

(
z1

2

)
pm−r

+x1x2y1z1hp
m−r + x1β(x)y2z1hp

m−r]

+b[x2y1 + x2z1 + β(x)y2 + β(x)z2)].

Ç iíøîãî áîêó,

y + z = (ay1 + by2) + (az1 + bz2) =

= a(y1 + z1 + y2z1hp
m−r) + b(y2 + z2),

òîìó ùî

by2 + az1 = a(1 + y2hp
m−r)z1 + by2
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çà ëåìîþ 3.18. Çà îçíà÷åííÿì ìíîæåííÿ ìà¹ìî

x · (y + z) = a[x1(y1 + z1 + y2z1hp
m−r)

−x1x2

(
y1 + z1 + y2z1hp

m−r

2

)
pm−r]+

+b[x2(y1 + z1) + β(x)(y2 + z2)].

ßê ïîêàçàíî âãîði, ðiâíîñòi

x1β(x)y2z1hp
m−r = x1y2z1hp

m−r

i òâåðäæåííÿ (2) ëåìè 3.26, îòðèìó¹ìî x · (y + z) = x · y + x · z, ÿê
âèìàãàëîñÿ.

Äàëi, y · b = bβ(y), i, îòæå,

x · (y · b) = (x · b)β(y) = bβ(x)β(y).

Îñêiëüêè β(x · y) = bβ(x)β(y) äëÿ âñiõ x, y ∈ G, âèïëèâà¹, ùî

(x · y) · b = bβ(x · y) = bβ(x)β(y) = x · (y · b).

Òîìó ùîäî îïåðàöié �+” i �·” ñèñòåìà R = (G,+, ·) ¹ ìàéæå-êiëüöåì ç

îäèíè÷íèì åëåìåíòîì a.

Íàðåøòi ïîêàæåìî, ùî R = (G,+, ·) ¹ ëîêàëüíèì ìàéæå-êiëüöåì, ó

ÿêîìó ïiäãðóïà L = 〈ap〉+〈b〉 ñêëàäà¹òüñÿ ç óñiõ íåîáîðîòíèõ åëåìåíòiâ ç
R. Î÷åâèäíî, ùî äîñòàòíüî äîâåñòè, ùî åëåìåíò x = ax1 +bx2 îáîðîòíèé

ñïðàâà òîäi i òiëüêè òîäi, êîëè x1 6≡ 0 ( mod p ), îñêiëüêè â öüîìó âèïàäêó

ìíîæèíà R\L çáiãà¹òüñÿ ç ìóëüòèïëiêàòèâíîþ ãðóïîþ R∗ çà ëåìîþ 3.13.

Äiéñíî, ÿêùî x îáîðîòíèé ñïðàâà, òî iñíó¹ òàêèé åëåìåíò y = ay1+by2,

ùî x · y = a. Ç íàøîãî âèçíà÷åííÿ

x1y1 − x1x2

(
y1

2

)
pm−r ≡ 1 (mod pm).

Àëå òîäi x1y1 ≡ 1 ( mod p ), çâiäñè x1 6≡ 0 (mod p).
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I íàâïàêè, ÿêùî îñòàíí¹ âèêîíó¹òüñÿ, òî β(x) ≡ 1 ( mod p ) çà óìî-

âîþ (3) íàñëiäêó 3.31, òîìó iñíóþòü òàêi íàòóðàëüíi ÷èñëà y1, y2, ùî

x1y1 ≡ 1 (mod pm) i

x2y1 + β(x)y2 ≡ 0 (mod pn).

Ïîêëàâøè y = ay1 + by2 i

z1 = 1− x1x2

(
y1

2

)
pm−r,

çà îçíà÷åííÿì ìíîæåííÿ ìà¹ìî x · y = az1. Òîäi iñíó¹ òàêå íàòóðàëüíå

÷èñëî s, ùî z1s ≡ 1 (mod pm), çâiäñè

x · (ys) = (x · y)s = (az1)s = a.

Òàêèì ÷èíîì, åëåìåíò x îáîðîòíèé ñïðàâà, à îòæå, ìàéæå-êiëüöå R ¹

ëîêàëüíèì.

II. Ðîçãëÿíåìî òåïåð âèïàäîê p = 2, 2 < m ≤ n i r = 1, äå äëÿ äî-

âiëüíèõ åëåìåíòiâ x = ax1 +bx2 i y = ay1 +by2 â G âèçíà÷à¹ìî ìíîæåííÿ

x · y çà ïðàâèëîì

x · y = a(α(x)y1 + x1j(t
x2, y2)) + b(x2y2),

äå α(x) =

{
1, x1 6≡ 0 (mod 2);

0, x1 ≡ 0 (mod 2).

Ëåãêî ïîáà÷èòè, ùî åëåìåíò b ¹ ìóëüòèïëiêàòèâíîþ îäèíèöåþ â (G, ·)
i xa = aα(x) äëÿ êîæíîãî x ∈ G. Ïîêàæåìî, ùî ñòîñîâíî îïåðàöié �+”

and �·” ñèñòåìà (G,+, ·) ¹ ìàéæå-êiëüöåì ç îäèíè÷íèì åëåìåíòîì b. Î÷å-

âèäíî, ùî äîñòàòíüî ïåðåâiðèòè, ùî x ·(y+z) = x ·y+x ·z äëÿ äîâiëüíîãî
z = az1 + bz2 ç R i (x · y) · z = x · (y · z).

Äiéñíî, ìà¹ìî

x · z = a(α(x)z1 + x1z2 + x1x2

(
z2

2

)
h2m−r) + b(x2z2)
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çà îçíà÷åííÿì i

b[x2y2] + a[α(x)z1 + x1z2 + x1x2

(
z2

2

)
h2m−r]

= a[(1 + x2y2h2m−r)(α(x)z1 + x1z2+

+x1x2

(
z2

2

)
h2m−r)] + b(x2y2)

çà ëåìàìè 3.16 i 3.18. Îòæå,

x · y + x · z = a[α(x)(y1 + z1)+

+x1(y2 + z2) + (x1x2

(
y2

2

)
+ x1x2

(
z2

2

)
+x2y2α(x)z1 + x1x2y2z2)h2m−r] + b(x2(y2 + z2)).

Ç iíøîãî áîêó,

y + z = a(y1 + z1 + y2z1h2m−1) + b(y2 + z2)

i, îòæå,

x · (y + z) = a[α(x)(y1 + z1 + y2z1h2m−1) + x1(y2 + z2)

+x1x2

(
y2 + z2

2

)
h2m−1] + b[x2(y2 + z2)].

Òîìó

−x · (y + z) + x · y + x · z

= −b[x2(y2 + z2)] + a[(α(x)(y1 + z1 + y2z1h2m−1)

+x1(y2 + z2) + x1x2

(
y2 + z2

2

)
h2m−1]

+a[α(x)(y1 + z1) + x1(y2 + z2) + (x1x2

(
y2

2

)
+ x1x2

(
z2

2

)
+x2y2α(x)z1 + x1x2y2z2)h2m−r] + b(x2(y2 + z2)).

Òàê ÿê çà íàøîþ óìîâîþ

aα(x)(1− x2)y2z2h2m−r = 0
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âèïëèâà¹, ùî

−x · (y + z) + x · y + x · z = 0

ÿê âèìàãàëîñÿ.

Äàëi,

(x · y) · z = a(α(x · y)z1 + (α(x)y1+

+x1y2 + x1x2

(
y2

2

)
h2m−r)z2

+(α(x)y1 + x1y2 + x1x2

(
y2

2

)
h2m−r)x2y2

(
z2

2

)
h2m−r)

+b(x2y2z2) = a(α(x · y)z1 + α(x)y1z2 + x1y2z2

+x1x2

(
y2

2

)
z2h2m−r + (x2α(x)y1y2 + x1x2y

2
2

+x1x
2
2y2

(
y2

2

)
h2m−r)

(
z2

2

)
h2m−r) + b(x2y2z2)

= a(α(x · y)z1 + α(x)y1z2 + x1y2z2 + x1x2

(
y2

2

)
z2h2m−r

+x2α(x)y1y2

(
z2

2

)
h2m−r + x1x2y

2
2

(
z2

2

)
h2m−r) + b(x2y2z2).

Ç iíøîãî áîêó,

x · (y · z) = a(α(x)(α(y)z1 + y1z2 + y1y2

(
z2

2

)
h2m−r + x1y2z2

+x1x2

(
y2z2

2

)
h2m−r) + b(x2y2z2)

= a(α(x)α(y)z1 + α(x)y1z2 + α(x)y1y2

(
z2

2

)
h2m−r + x1y2z2

+x1x2

(
y2z2

2

)
h2m−r) + b(x2y2z2).

Îòæå, x·(y ·z) = (x·y)·z. Òîìó (R,+, ·) ¹ ìàéæå-êiëüöåì ç îäèíè÷íèì

åëåìåíòîì b.
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Äëÿ çàâåðøåííÿ äîâåäåííÿ çàëèøà¹òüñÿ ïîêàçàòè, ùî ìíîæèíà âñiõ

íåîáîðîòíèõ åëåìåíòiâ (R,+, ·) çáiãà¹òüñÿ ç L =< a > + < b2 >. ßê i

â ïîïåðåäíüîìó âèïàäêó, äîñòàòíüî äîâåñòè, ùî åëåìåíò x = ax1 + bx2

îáîðîòíèé ñïðàâà òîäi i òiëüêè òîäi, êîëè x2 ≡ 1 (mod 2).

Ñïðàâäi, ÿêùî iñíó¹ òàêèé åëåìåíò y = ay1 + by2, ùî x · y = b, òî

x2y2 ≡ 1 ( mod 2n ) çà íàøèì îçíà÷åííÿì x · y. Çâiäêè x2 ≡ 1 (mod 2).

I íàâïàêè, ÿêùî âèêîíó¹òüñÿ îñòàííÿ êîíãðóåíöiÿ, òî α(x) ≡ 1

(mod 2), òîìó iñíóþòü òàêi íàòóðàëüíi ÷èñëà y1, y2, ùî x2y2 ≡ 1 (mod 2)

i

α(x)y1 + x1y2 ≡ 0 (mod 2m).

Àëå òîäi x·y = b i òîìó åëåìåíò x îáîðîòíèé ñïðàâà. Îòæå, ìàéæå-êiëüöå

R ¹ ëîêàëüíèì, i öå çàâåðøó¹ äîâåäåííÿ.

3.3. Ëîêàëüíi ìàéæå-êiëüöÿ íà ãðóïàõ òèïó (B.1)

Äîâåäåíî, ùî êîæíà íåìåòàöèêëi÷íà p-ãðóïà Ìiëëåðà�Ìîðåíî ïîðÿäêó

pn > 8 ¹ àäèòèâíîþ ãðóïîþ ëîêàëüíîãî ìàéæå-êiëüöÿ, à ìóëüòèïëiêà-

òèâíà ãðóïà òàêîãî ìàéæå-êiëüöÿ ¹ ãðóïîþ ïîðÿäêó pn−1(p − 1) [7]. Ó

öüîìó ïiäðîçäiëi äîñëiäæóþòüñÿ ñêií÷åííi íåàáåëåâi íåìåòàöèêëi÷íi 2-

ïîðîäæåíi p-ãðóïè (p > 2) êëàñó íiëüïîòåíòíîñòi 2 ç öèêëi÷íîþ êîìóòà-

òîðíîþ ïiäãðóïîþ.

3.3.1. Äîïîìiæíi ðåçóëüòàòè

Íåõàé G �ãðóïà òèïó (B.1) ç òåîðåìè 3.1. Òîäi G � ñêií÷åííà íåàáå-

ëåâà íåìåòàöèêëi÷íà 2-ïîðîäæåíà p-ãðóïà (p > 2) êëàñó íiëüïîòåíòíîñòi

2 ç öèêëi÷íîþ êîìóòàòîðíîþ ïiäãðóïîþ.
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Ïîçíà÷èìî ÷åðåç G′ òà Z(G) êîìóòàòîðíó ïiäãðóïó òà öåíòð G, âiä-

ïîâiäíî.

Íåõàé a òà b áóäóòü òâiðíèìè äëÿ G òàêèìè, ùî G/G′ = 〈aG′〉×〈bG′〉,
aG′ ìà¹ ïîðÿäîê pm òà bG′ ìà¹ ïîðÿäîê pn. Òîäi c = [a, b] ïîðîäæó¹ G′, c

ìà¹ ïîðÿäîê pd ç 1 ≤ d ≤ n ≤ m, òà

c ∈ Z(G) = 〈apm, bpn, c〉.

Ïðèïóñòèìî, ùî 〈a〉 ∩G′ = 〈b〉 ∩G′ = 1. Òîäi

G = 〈a, b, c|apm = bp
n

= cp
d

= 1, ab = ac, ca = cb = c〉

i êîæåí åëåìåíò G ìîæíà îäíîçíà÷íî çàïèñàòè ó âèãëÿäi ax1bx2cx3,

x1 ∈ Cpm, x2 ∈ Cpn, x3 ∈ Cpd. Òîìó ãðóïó G ç p > 2 ïîçíà÷àòèìåìî

ÿê G(pm, pn, pd).

Ëåìà 3.36. Äëÿ áóäü-ÿêèõ íàòóðàëüíèõ ÷èñåë k òà l âèêîíó¹òüñÿ ðiâ-

íiñòü [ak, bl] = ckl.

Äîâåäåííÿ. Îñêiëüêè b−1ab = ac, òî b−labl = acl. Îòæå,

b−lakbl = (acl)k = akckl,

à òîìó a−kb−lakbl = ckl.

Íàñëiäîê 3.37. Íåõàé ãðóïà G(pm, pn, pd) ¹ àäèòèâíî çàïèñàíîþ. Òîäi

äëÿ áóäü-ÿêèõ íàòóðàëüíèõ ÷èñåë k òà l âèêîíóþòüñÿ ðiâíîñòi

−ak − bl + ak + bl = c(kl) òà bl + ak = −c(kl) + ak + bl.

Ëåìà 3.38. Äëÿ áóäü-ÿêèõ íàòóðàëüíèõ ÷èñåë k, l òà r âèêîíó¹òüñÿ

ðiâíiñòü

(akbl)r = akrblrc−kl(
r
2) (3.25)
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Äîâåäåííÿ. Äëÿ r = 1 íi÷îãî äîâîäèòè. Iíäóêöi¹þ ïî r îòðèìó¹ìî

(akbl)r = akrblrc−kl(
r
2).

Çàìiíèâøè r íà r + 1 ó ðiâíîñòi (3.25), ìà¹ìî

(akbl)(r+1) = akrblrakblc−kl(
r
2) =

= ak(r+1)bl(r+1)c−klrc−kl(
r
2)

= ak(r+1)bl(r+1)c−kl(r+(r
2)) = ak(r+1)bl(r+1)ckl(

r+1
2 ).

Îòæå, ðiâíiñòü (3.25) âèêîíó¹òüñÿ äëÿ äîâiëüíîãî r.

Íàñëiäîê 3.39. Íåõàé ãðóïà G(pm, pn, pd) ¹ àäèòèâíî çàïèñàíîþ. Òîäi

äëÿ áóäü-ÿêèõ íàòóðàëüíèõ ÷èñåë k, l òà r âèêîíó¹òüñÿ ðiâíiñòü

(ak + bl)r = akr + blr − ckl
(
r

2

)
.

Î÷åâèäíî, ùî åêñïîíåíòà ãðóïè G(pm, pn, pd) äîðiâíþ¹ pm äëÿ

1 ≤ d ≤ n ≤ m.

Ëåìà 3.40. ßêùî x � åëåìåíò ïîðÿäêó pm ãðóïè G(pm, pn, pd), òî iñíó-

þòü òàêi òâiðíi a, b, c öi¹¨ ãðóïè, ùî a = x òà ap
m

= bp
n

= cp
d

= 1,

ab = ac, ca = cb = c.

Äîâåäåííÿ. Äiéñíî, äëÿ êîæíîãî x ∈ G(pm, pn, pd) iñíóþòü òàêi äîäàòíi

öiëi ÷èñëà α, β òà γ, ùî x = aαbβcγ. Òàêèì ÷èíîì, ìà¹ìî

xp
m

= (aαbβcγ)p
m

= (aαbβ)p
m

cγp
m

=

= aαp
m

bβp
m

cγp
m−αβ(pm

2 ) =

= ap
mα
bp

mβcp
m(γ−αβ (pm−1)

2 ) = 1

çà ëåìîþ 3.38. Îñêiëüêè |a| = pm òà 1 ≤ d ≤ n ≤ m, äå m > 1 òà p > 2,

òî åêñïîíåíòà ãðóïè G(pm, pn, pd) äîðiâíþ¹ pm.
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ßêùî

xp
m−1

= ap
m−1αbp

m−1βcp
m−1(γ−αβ (pm−1−1)

2 ) 6= 1,

òîäi àáî (α, p) = 1, àáî (β, p) = 1 äëÿ m = n, àáî (γ, p) = 1 äëÿ m = n =

d. Îòæå, áåç îáìåæåííÿ çàãàëüíîñòi, ìîæíà ââàæàòè, ùî (α, p) = 1. Òîäi

〈x, b〉 = 〈aαbβcγ, b〉 = 〈aα, b〉 = 〈a, b〉 = G

i

b−1xb = b−1(aαbβcγ)b = (ac)αbβcγ = (aαbβcγ)cα = xcα.

Êðiì òîãî, ïiäñòàâëÿþ÷è cα çàìiñòü c äëÿ òâiðíèõ x òà b ãðóïè

G(pm, pn, pd), ìè ìà¹ìî ïîäiáíi âèðàçè, ÿê i äëÿ òâiðíèõ a òà b, òàêèì

÷èíîì çàìiíþþ÷è åëåìåíò a íà x.

Íàñòóïíå òâåðäæåííÿ ùîäî ãðóïè àâòîìîðôiçìiâ G(pm, pn, pd) ¹ ïðÿ-

ìèì íàñëiäêîì òâåðäæåííÿ (B1) [66].

Ëåìà 3.41. Íåõàé G = G(pm, pn, pd) òà Aut(G) � ãðóïà àâòîìîðôiçìiâ

G. Òîäi âèêîíóþòüñÿ òàêi òâåðäæåííÿ:

1) ÿêùî m = n, òî |Aut(G)| = p2d+4m−5(p2 − 1)(p− 1);

2) ÿêùî m > n, òî |Aut(G)| = p2d+3n+m−2(p− 1)2.

Iíôîðìàöiþ ïðî ãðóïó àâòîìîðôiçìiâ G(pm, pm, pd) äà¹ íàñòóïíà ëå-

ìà.

Ëåìà 3.42. Íåõàé G = G(pm, pm, pd) i iñíó¹ ïiäãðóïà A ãðóïè Aut(G)

ïîðÿäêó p2m+d−2(p2 − 1), äå m, d > 1 ç íåïàðíèì p. ßêùî åëåìåíò

g ∈ G ïîðÿäêó pm òà A ìiñòèòü ñèëîâñüêó íîðìàëüíó p-ïiäãðóïó, òî

G 6= gA ∪ Φ(G).

Äîâåäåííÿ. Ïðèïóñòèìî, ùî G = gA ∪Φ(G). Òîäi G = (〈a〉 × 〈c〉) o 〈b〉 ç
òâiðíèìè a, b ïîðÿäêó pm òà öåíòðàëüíèì êîìóòàòîðîì c = [a, b] ïîðÿäêó

pd çà âèçíà÷åííÿì. Îòæå,

Φ(G) = (〈ap〉 × 〈c〉) o 〈bp〉,
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i òàêèì ÷èíîì óñi åëåìåíòè ïîðÿäêó pm ìiñòÿòüñÿ â gA. Êðiì òîãî, a = gu

äëÿ äåÿêîãî u ∈ A, îòæå gA = aA, òîáòî G = aA ∪ Φ(G). Îñêiëüêè

|G| = p2m+d òà Φ(G) = p2m+d−2, òî âèïëèâà¹, ùî

|aA| = |G| − |Φ(G)| = p2m+d−2(p2 − 1),

i òîìó öåíòðàëiçàòîð CA(a) äëÿ a â A äîðiâíþ¹ 1. Çîêðåìà,

(a〈cp〉)A = (a〈cp〉)B = a〈cp〉

äëÿ íîðìàëüíî¨ ïiäãðóïè B = CA(a〈cp〉) ïîðÿäêó pd−1 â A.

Âðàõîâóþ÷è ôàêòîð-ãðóïó Ḡ = G/〈cp〉 i Ā = A/B. Áåðó÷è äî óâàãè,

ùî

|āĀ| = p2m−1(p2 − 1),

ìà¹ìî

Ḡ = āĀ ∪ Φ(Ḡ).

Îñêiëüêè |Φ(Ḡ)| = |Z(Ḡ)| òà xy = yx äëÿ âñiõ x ∈ Φ(Ḡ), y ∈ Ḡ, ìà¹ìî
Φ(Ḡ) = Z(Ḡ). Îòæå, Ḡ ¹ ãðóïîþ Ìiëëåðà�Ìîðåíî. Îñêiëüêè Ḡ = āĀ ∪
Z(Ḡ), îñòàííÿ ðiâíiñòü íåìîæëèâà çãiäíî ç [7, Ëåìà 7]. Öÿ ñóïåðå÷íiñòü

çàâåðøó¹ äîâåäåííÿ.

3.3.2. Ìàéæå-êiëüöÿ ç îäèíèöåþ íà ãðóïi G(pm, pn, pd)

Íàñòóïíå òâåðäæåííÿ ¹ çàãàëüíîâiäîìèì.

Ëåìà 3.43. Íåõàé R � ñêií÷åííå ìàéæå-êiëüöå ç îäèíèöåþ i. Òîäi åêñ-

ïîíåíòà R+ äîðiâíþ¹ àäèòèâíîìó ïîðÿäêó i, ÿêèé çáiãà¹òüñÿ ç àäèòèâ-

íèì ïîðÿäêîì êîæíîãî åëåìåíòà R∗.

ßê ïðÿìèé íàñëiäîê ëåì 3.40 òà 3.43 ìà¹ìî íàñòóïíèé íàñëiäîê.
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Íàñëiäîê 3.44. Íåõàé R � ìàéæå-êiëüöå ç îäèíèöåþ i, ãðóïà ÿêîãî R+

içîìîðôíà ãðóïi G(pm, pn, pd). Òîäi R+ = 〈a〉+ 〈b〉+ 〈c〉 ç åëåìåíòàìè

a, b òà c, ùî çàäîâîëüíÿþòü ñïiââiäíîøåííÿ apm = bpn = cpd = 0,

−b + a + b = a + c òà −a + c + a = −b + c + b = c ç 1 ≤ d ≤ n ≤ m, äå

a = i.

Íàñòóïíå òâåðäæåííÿ [9, Lemma 1] âñòàíîâëþ¹ çâ'ÿçîê ìiæ ãðóïîþ

àâòîìîðôiçìiâ àäèòèâíî¨ ãðóïè ìàéæå-êiëüöÿ ç îäèíèöåþ òà ¨¨ ìóëüòè-

ïëiêàòèâíîþ ãðóïîþ.

Ëåìà 3.45. Íåõàé R � ìàéæå-êiëüöå ç îäèíèöåþ i. Òîäi iñíó¹ ïiäãðó-

ïà A ãðóïè àâòîìîðôiçìiâ Aut(R+), ÿêà içîìîðôíà R∗ òà çàäîâîëüíÿ¹

óìîâó

iA = {ia | a ∈ A} = R∗.

Ïiäãðóïà A, âèçíà÷åíà â ëåìi 3.45, íàçèâà¹òüñÿ ãðóïîþ àâòîìîðôiçìiâ

ãðóïè R+, ïîâ'ÿçàíî¨ ç ãðóïîþ R∗.

Íàñòóïíå òâåðäæåííÿ [114, Theorem 54] ñòîñó¹òüñÿ ñòðóêòóðè L, ÿêà

¹ ïiäãðóïîþ âñiõ íåîáîðîòíèõ åëåìåíòiâ ñêií÷åííîãî ëîêàëüíîãî ìàéæå-

êiëüöÿ R. Íåõàé Φ(G) ïîçíà÷à¹ ïiäãðóïó Ôðàòòiíi G.

Òåîðåìà 3.46. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ïîðÿäêó pn, à

G(R) = R+ o R∗ � ãðóïà, àñîöiéîâàíà ç R. Òîäi H = R+ o (i + L)

� öå ñèëîâñüêà íîðìàëüíà p-ïiäãðóïà G(R), à L = R+∩Φ(H). Çîêðåìà,

ÿêùî L íåàáåëåâà, òî ¨¨ öåíòð íåöèêëi÷íèé.

Âðàõîâóþ÷è Φ(R+) ≤ Φ(H), ìà¹ìî íàñòóïíèé íàñëiäîê.

Íàñëiäîê 3.47. Φ(R+) ≤ L = Φ(H) ∩R+.

Íåõàé R � ìàéæå-êiëüöå ç îäèíèöåþ i, ãðóïà R+ ÿêîãî içîìîðôíà

ãðóïi G(pm, pn, pd). Ç íàñëiäêó 3.44 âèïëèâà¹, ùî R+ = 〈a〉+ 〈b〉+ 〈c〉 ç
åëåìåíòàìè a, b òà c, ùî çàäîâîëüíÿþòü ñïiââiäíîøåííÿ apm = bpn =

cpd = 0, −b + a + b = a + c òà −a + c + a = −b + c + b = c ç 1 ≤



165

d ≤ n ≤ m, äå a = i òà êîæåí åëåìåíò x ∈ R îäíîçíà÷íî çàïèñó¹òüñÿ ó

âèãëÿäi x = ax1 + bx2 + cx3 ç êîåôiöi¹íòàìè 0 ≤ x1 < p
m, 0 ≤ x2 < p

n i

0 ≤ x3 <p
d.

Êðiì òîãî, ìîæíà ïðèïóñòèòè, ùî xa = ax = x äëÿ êîæíîãî x ∈
R. Òîäi iñíóþòü òàêi îäíîçíà÷íî âèçíà÷åíi âiäîáðàæåííÿ α : R→ Zpm,
β : R→ Zpn òà γ : R→ Zpd, ùî

xb = aα(x) + bβ(x) + cγ(x). (3.26)

Ëåìà 3.48. ßêùî x = ax1 + bx2 + cx3 i y = ay1 + by2 + cy3 ¹ äîâiëüíèìè

åëåìåíòàìè R, òî

xy = a(x1y1 + y2α(x)) + b(x2y1 + y2β(x))+

+c(−x1x2

(
y1

2

)
−
(
y2

2

)
α(x)β(x)− x2y1y2α(x)+

+x3y1 + y2γ(x) + x1y3β(x)− x2y3α(x)),

äå âiäîáðàæåííÿ α : R→ Zpm, β : R→ Zpn i γ : R→ Zpd çàäîâîëüíÿþòü
óìîâè:

(0) α(0) ≡ 0 ( mod pm), β(0) ≡ 0 ( mod pn) i γ(0) ≡ 0 ( mod pd) òîäi i

òiëüêè òîäi, êîëè ìàéæå-êiëüöå R ¹ íóëü-ñèìåòðè÷íèì;

(1) α(xy) ≡ x1α(y) + α(x)β(y) ( mod pm );

(2) β(xy) ≡ x2α(y) + β(x)β(y) ( mod pn );

(3) γ(xy) ≡ −x1x2

(
α(y)

2

)
− α(x)β(x)

(
β(y)

2

)
− x2α(x)α(y)β(y)

+x3α(y) + γ(x)β(y) + x1β(x)γ(y)− x2α(x)γ(y) ( mod pd ).

Äîâåäåííÿ. ßêùî R � íóëü-ñèìåòðè÷íå ìàéæå-êiëüöå, òî

0 = 0 · b = aα(0) + bβ(0) + cγ(0),
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òàêèì ÷èíîì α(0) ≡ 0 (mod pm), β(0) ≡ 0 (mod pn) òà γ(0) ≡ 0 (mod pd).

Ç iíøîãî áîêó, ÿêùî îñòàííi êîíãðóåíöi¨ âèêîíóþòüñÿ, òî

0 · b = a · 0 + b · 0 + c · 0 = 0.

Îñêiëüêè a ¹ ìóëüòèïëiêàòèâíîþ îäèíèöåþ â R, ìà¹ìî 0 · a = a · 0 = 0.

Áiëüø òîãî, ç ðiâíîñòi c = −a−b+a+b òà ëiâîãî äèñòðèáóòèâíîãî çàêîíó

âèïëèâà¹, ùî

0 · c = −0 · a− 0 · b+ 0 · a+ 0 · b = 0,

îòæå,

0 · x = 0 · (ax1 + bx2 + cx3) = (0 · a)x1 + (0 · b)x2 + (0 · c)x3 = 0.

Öå äîâîäèòü òâåðäæåííÿ (0).

Äàëi, âèêîðèñòîâóþ÷è (3.26) òà íàñëiäîê 3.37, îòðèìó¹ìî

xc = −xa− xb+ xa+ xb = −cx3 − bx2 − ax1−

−cγ(x)− bβ(x)− aα(x)

+ax1 + bx2 + cx3 + aα(x) + bβ(x) + cγ(x)

= −bx2 − ax1 − bβ(x)− aα(x) + ax1 + bx2 + aα(x) + bβ(x)

= −bx2 + cx1β(x)− bβ(x)− ax1−

−a(α(x)− x1) + bx2 + aα(x) + bβ(x)

= cx1β(x)− b(x2 + β(x))− aα(x) + bx2+

+aα(x) + bβ(x) = cx1β(x)− b(x2 + β(x))−

−aα(x)− cx2α(x) + aα(x) + bx2 + bβ(x)

= c(x1β(x)− x2α(x))− b(x2 + β(x))+

+bx2 + bβ(x) = c(x1β(x)− x2α(x)).
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Òîìó

xy = (ax1 + bx2 + cx3)y1 + (aα(x) + bβ(x) + cγ(x))y2

+(cx1β(x)− x2α(x))y3.

Çà íàñëiäêîì 3.39, ìà¹ìî

(ax1 + bx2)y1 = ax1y1 + bx2y1 − cx1x2

(
y1

2

)
,

(aα(x) + bβ(x))y2 = ay2α(x)+

+by2β(x)− c
(
y2

2

)
α(x)β(x)

i

bx2y1 + ay2α(x) = ay2α(x) + bx2y1 − cx2y1y2α(x).

Çãiäíî ç ëiâèì äèñòðèáóòèâíèì çàêîíîì, ìà¹ìî

xy = a(x1y1 + y2α(x)) + b(x2y1 + y2β(x))+

+c(−x1x2

(
y1

2

)
−
(
y2

2

)
α(x)β(x)− x2y1y2α(x)+

+x3y1 + y2γ(x) + x1y3β(x)− x2y3α(x)).

Çðåøòîþ, àñîöiàòèâíiñòü ìíîæåííÿ äëÿ âñiõ x, y ∈ R îçíà÷à¹, ùî

(xy)b = x(yb). (3.27)

Òàêèì ÷èíîì,

(xy)b = aα(xy) + bβ(xy) + cγ(xy) (3.28)

i yb = aα(y) + bβ(y) + cγ(y) çà ôîðìóëîþ (3.26). Ïiäñòàâëÿþ÷è îñòàííié

âèðàç ó ïðàâó ÷àñòèíó ðiâíîñòi (3.27), îòðèìó¹ìî

x(yb) = a(x1α(y) + α(x)β(y)) + b(x2α(y)+ (3.29)

+β(x)β(y)) + c(−x1x2

(
α(y)

2

)
− α(x)β(x)

(
β(y)

2

)
−
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−x2α(x)α(y)β(y) + x3α(y) + γ(x)β(y)+

+x1β(x)γ(y)− x2α(x)γ(y)).

Ïîðiâíþþ÷è êîåôiöi¹íòè a, b òà c ó (3.28) òà (3.29) çà ðiâíiñòþ (3.27),

îòðèìó¹ìî òâåðäæåííÿ (1)�(3) ëåìè.

3.3.3. Ëîêàëüíi ìàéæå-êiëüöÿ íà ãðóïi G(pm, pn, pd)

Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ç îäèíèöåþ i, ãðóïà R+ ÿêîãî

içîìîðôíà ãðóïi G(pm, pn, pd). Òîäi R+ = 〈a〉+ 〈b〉+ 〈c〉 ç åëåìåíòàìè

a, b òà c, ùî çàäîâîëüíÿþòü ñïiââiäíîøåííÿ apm = bpn = cpd = 0,

−b + a + b = a + c òà −a + c + a = −b + c + b = c ç 1 ≤ d ≤ n ≤ m,

äå a = i òà êîæåí åëåìåíò x ∈ R îäíîçíà÷íî çàïèñó¹òüñÿ ó âèãëÿ-

äi x = ax1 + bx2 + cx3 ç êîåôiöi¹íòàìè 0 ≤ x1 < pm, 0 ≤ x2 < pn òà

0 ≤ x3 <p
d.

Ïîêàæåìî, ùî ìíîæèíà L óñiõ íåîáîðîòíèõ åëåìåíòiâ R ¹ ïiäãðóïîþ

iíäåêñó p â R+.

Òåîðåìà 3.49. Ìàþòü ìiñöå òàêi òâåðäæåííÿ:

1. L = 〈a · p〉+ 〈b〉+ 〈c〉 i, çîêðåìà, ïiäãðóïà L ìà¹ iíäåêñ p â R+ òà

|R∗| = pm+n+d−1(p− 1);

2. x = ax1 + bx2 + cx3 ¹ îáîðîòíèì åëåìåíòîì òîäi i òiëüêè òîäi,

êîëè x1 6≡ 0 (mod p).

Äîâåäåííÿ. Ïðèïóñòèìî, ùî |R+ : L| = pt, t > 1. Îñêiëüêè R = R∗ ∪ L,
òî âèïëèâà¹, ùî

|R∗| = |R| − |L| = pm+n+d − pm+n+d−t =

= pm+n+d−t(pt − 1).



169

Çãiäíî ç ëåìîþ 3.45, ãðóïà R∗ içîìîðôíà ïiäãðóïi A ãðóïè àâòîìîðôiçìiâ

R+, òîìó |R∗| äiëèòü |Aut(R+)|. Çãiäíî ç òâåðäæåííÿì 1) ëåìè 3.41 öå

ìîæëèâî ëèøå òîäi, êîëè t = 2 òà m = n.

Ïðèïóñòèìî, ùî |R+ : L| = p2 i m = n. ßêùî d = 1, òî öå íåìîæëèâî

çà [7, Theorem 2]. Òåïåð íåõàé d > 1. Îñêiëüêè |R+ : Φ(R+)| = p2 òà

íàñëiäîê 3.47, ìà¹ìî L = Φ(R+). Îòæå, çà ëåìîþ 3.45, îòðèìó¹ìî R+ =

aA ∪ Φ(R+), ùî íåìîæëèâî çà ëåìîþ 3.42. Öÿ ñóïåðå÷íiñòü ïîêàçó¹, ùî

íàøå ïðèïóùåííÿ õèáíå, i òîìó |R+ : L| = p.

Çðîçóìiëî, ùî R/L ¹ ìàéæå-ïîëåì, à îòæå, ôàêòîð-ãðóïà R+/L+ ¹

åëåìåíòàðíîþ àáåëåâîþ p-ãðóïîþ. Òàêèì ÷èíîì, äëÿ a /∈ L ìà¹ìî ap ∈ L
i òîìó

L = 〈a · p〉+ 〈b〉+ 〈c〉.

Îòæå, R∗ = R \ L i òîìó

R∗ = {ax1 + bx2 + cx3 | x1 6≡ 0 (mod p)}.

Çàñòîñîâóþ÷è òâåðäæåííÿ (1) òåîðåìè 3.49 äî ëåìè 3.48, îòðèìó¹ìî

íàñòóïíó ôîðìóëó äëÿ ìíîæåííÿ åëåìåíòiâ x = ax1 + bx2 + cx3 òà y =

ay1 + by2 + cy3 ó ëîêàëüíîìó ìàéæå-êiëüöi R.

Íàñëiäîê 3.50. ßêùî x, y ∈ R ç 1 ≤ d ≤ n ≤ m i xb = aα(x) + bβ(x) +

cγ(x), òî

xy = a(x1y1 + y2α(x)) + b(x2y1 + y2β(x))+

+c(−x1x2

(
y1

2

)
−
(
y2

2

)
α(x)β(x)− x2y1y2α(x)+

+x3y1 + y2γ(x) + x1y3β(x)− x2y3α(x)),

äå âiäîáðàæåííÿ α : R → Zpm, β : R → Zpn i γ : R → Zpd, òà ìàþòü

ìiñöå íàñòóïíi òâåðäæåííÿ:
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(0) α(0) ≡ 0 (mod pm), β(0) ≡ 0 (mod pn) and γ(0) ≡ 0 (mod pd) òîäi

i òiëüêè òîäi, êîëè ìàéæå-êiëüöå R ¹ íóëü-ñèìåòðè÷íèì;

(1) α(x) ≡ 0 (mod p);

(2) ÿêùî β(x) ≡ 0 ( mod p), òî x1 ≡ 0 ( mod p);

(3) α(xy) ≡ x1α(y) + α(x)β(y) (mod pm);

(4) β(xy) ≡ x2α(y) + β(x)β(y) (mod pn);

(5) γ(xy) ≡ −x1x2

(
α(y)

2

)
− α(x)β(x)

(
β(y)

2

)
− x2α(x)α(y)β(y)

+x3α(y) + γ(x)β(y) + x1β(x)γ(y)− x2α(x)γ(y) (mod pd).

Äîâåäåííÿ. Äiéñíî, òâåðäæåííÿ (0), (3)�(5) ïîâòîðþþòü òâåðäæåííÿ

(0)�(4) ëåìè 3.48. Îñêiëüêè L = 〈a · p〉 + 〈b〉 + 〈c〉 çà òåîðåìîþ 3.49, à

L ¹ (R,R)-ïiäãðóïîþ â R çà òâåðäæåííÿì 2) [18, Ëåìà 3.2], òî xb ∈ L,
à îòæå, α(x) ≡ 0 (mod p), ùî äîâîäèòü òâåðäæåííÿ (1). Âçÿâøè y = c,

ìà¹ìî

xc = c(x1β(x)− x2α(x)).

Òàêèì ÷èíîì, ÿêùî β(x) ≡ 0 ( mod p), òî xc = 0 (mod p), i òîìó x ∈ L.
Îòæå, x1 ≡ 0 (mod p) çà òåîðåìîþ 3.49, ùî äîâîäèòü òâåðäæåííÿ (2).

Íàñòóïíà òåîðåìà ïîêàçó¹, ùî óìîâè, íàâåäåíi â òåîðåìi 3.49, ¹ äîñòà-

òíiìè äëÿ iñíóâàííÿ ñêií÷åííèõ ëîêàëüíèõ ìàéæå-êiëåöü íàG(pm, pn, pd).

Áiëüø òîãî, êîæíà ãðóïà G(pm, pn, pd) ¹ àäèòèâíîþ ãðóïîþ ìàéæå-êiëüöÿ

ç îäèíèöåþ.

Òåîðåìà 3.51. Äëÿ êîæíîãî ïðîñòîãî ÷èñëà p òà äîäàòíèõ öiëèõ ÷èñåë

m, n òà d ç 1 ≤ d ≤ n ≤ m iñíó¹ ëîêàëüíå ìàéæå-êiëüöå R, àäèòèâíà

ãðóïà ÿêîãî R+ içîìîðôíà ãðóïi G(pm, pn, pd).
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Äîâåäåííÿ. Íåõàé R � àäèòèâíî çàïèñàíà ãðóïà G(pm, pn, pd) ç òâiðíèìè

a, b òà c, ùî çàäîâîëüíÿþòü ñïiââiäíîøåííÿ |a| = pm, |b| = pn, |c| =

pd, b−1ab = ac òà a−1ca = b−1cb = c. Òîäi G = 〈a〉+ 〈b〉+ 〈c〉 i êîæåí
åëåìåíò x ∈ R îäíîçíà÷íî çàïèñó¹òüñÿ ó âèãëÿäi x = ax1 + bx2 + cx3 ç

êîåôiöi¹íòàìè 0 ≤ x1 <p
m, 0 ≤ x2 <p

n òà 0 ≤ x3 <p
d. Ùîá âèçíà÷èòè

ìíîæåííÿ �·� íà R òàêèì ÷èíîì, ùîá (R,+, ·) áóëî ëîêàëüíèì ìàéæå-

êiëüöåì.

Ïðèïóñòèìî, ùî 1 ≤ d ≤ n ≤ m i íåõàé âiäîáðàæåííÿ ç íàñëiäêó 3.50

âèçíà÷àþòüñÿ êîíãðóåíöiÿìè α(x) ≡ 0 (mod pm), β(x) ≡ x1 (mod pn) òà

γ(x) ≡ 0 (mod pd) äëÿ êîæíîãî x ∈ G. Òîäi

x · y = ax1y1 + b(x2y1 + x1y2) + c(−x1x2

(
y1

2

)
+ x3y1 + x2

1y3).

Äîñòàòíüî ïîêàçàòè, ùî âiäîáðàæåííÿ α : G → Zpm, β : G → Zpn òà
γ : G → Zpd âiäíîñíî ìíîæåííÿ �·� çàäîâîëüíÿþòü òâåðäæåííÿ (0)�(5)

íàñëiäêó 3.50.

Äiéñíî, α(0) ≡ 0 (mod pm), β(0) ≡ 0 (mod pn) òà γ(0) ≡ 0 (mod pd)

çà îçíà÷åííÿì. Îñêiëüêè

0 · y = a · 0 + b · 0 + c · 0 = 0

äëÿ êîæíîãî y ∈ G öå îçíà÷à¹, ùî ìíîæåííÿ �·� ¹ íóëü-ñèìåòðè÷íèì, i
òîìó äîâîäèòüñÿ òâåðäæåííÿ (0) íàñëiäêó 3.50. Äiéñíî, ìà¹ìî α(x) ≡ 0

(mod p) òà x1 ≡ 0 (mod p), ÿêùî β(x) ≡ 0 (mod p), òîáòî âèêîíóþòüñÿ

òâåðäæåííÿ (1) òà (2) íàñëiäêó 3.50. Î÷åâèäíî, âèâîäèìî òâåðäæåííÿ

(3)�(5) íàñëiäêó 3.50.

ßê íàñëiäîê ìà¹ìî íàñòóïíå òâåðäæåííÿ.

Íàñëiäîê 3.52. Êîæíà ãðóïà G(pm, pn, pd) ¹ àäèòèâíîþ ãðóïîþ

ìàéæå-êiëüöÿ ç îäèíèöåþ.



172

3.4. Ïðî ãðóïè (C.1)

Íåõàé G � ãðóïà òèïó (C.1) ç òåîðåìè 3.1. Òîäi G ¹ íåìåòàöèêëi÷íîþ

ãðóïîþ êëàñó íiëüïîòåíòíîñòi 2.

Ïðèéìåìî íàñòóïíi ïîçíà÷åííÿ: a, b � òâiðíi ãðóïè G òàêi,

ùî G/G′ =< aG′ > × < bG′ >, aG′ ìà¹ ïîðÿäîê pm òà

bG′ ìà¹ ïîðÿäîê pn. Òîäi c = [a, b] ïîðîäæó¹ G′, c ìà¹ ïîðÿ-

äîê pd ç d ≤ m, d ≤ n, c ∈ Z(G). G ìà¹ ïðåäñòàâëåííÿ

G =< a, b, c|apm = bp
n

= cp
d

= 1, ab = ac, ca = c1+pd−r

, cb = c >, òà êîæ-

íèé åëåìåíò ãðóïè G ìîæå áóòè çàïèñàíèé ó âèãëÿäi axbycz, x ∈ Z/pmZ,
y ∈ Z/pnZ, z ∈ Z/pdZ. Ïîçíà÷èìî ãðóïó G ÿê G(pm, pn, pd, r).

Íàäàëi, äëÿ êîæíîãî ïðîñòîãî ÷èñëà p òà íàòóðàëüíèõ ÷èñåë m, n, d,

s ç d ≤ m, d ≤ n, 0 ≤ r ≤ n ïîçíà÷èìî ÷åðåç G(pm, pn, pd, r) íàïiâïðÿìèé

äîáóòîê (<a> × <c>)o <b>, äå |a| = pm, |b| = pn, |c| = pd, b−1ab = ac,

a−1ca = c1+pd−r

òà b−1cb = c.

Äëÿ äîâiëüíèõ öiëèõ ÷èñåë h òà k ≥ 0 ïîêëàäåìî j(h, k) = hk−1
h−1 , ÿêùî

h 6= 1 òà j(1, k) = k.

Ëåìà 3.53. Íåõàé q = 1 + pd−r. Äëÿ äîâiëüíèõ öiëèõ w, k ≥ 0 ìàþòü

ìiñöå íàñòóïíi êîíãðóåíòíîñòi:

1) qw ≡ qwq ≡ 1 + wpd−r (mod p2(d−r));

2) j(qw, k) ≡ k +
(
k
2

)
wpd−r (mod p2(d−r));

3) 1 + q + . . .+ qk−1 ≡ k +
(
k
2

)
pd−r (mod p2(d−r)).

Äîâåäåííÿ. Âðàõîâóþ÷è, ùî j(h, k) = hk−1
h−1 ïðè h 6= 1, j(1, k) = k òà

q = 1 + pd−r.

1) qw = (1 + pd−r)w =

1 + wpd−r +

(
w

2

)
p2(d−r) + . . .+ pw(d−r) ≡
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1 + wpd−r (mod p2(d−r)).

Òîäi

qwq = (qw)q = (1 + wpd−r)q =

= 1 + qwpd−r = 1 + (1 + pd−r)wp2(d−r) =

= 1 + wpd−r + wp2(d−r) ≡ 1 + wpd−r (mod p2(d−r)),

ùî äîâîäèòü òâåðäæåííÿ 1).

2) j(qw, k) = (1+wpd−r)k−1
1+wpd−r−1

=

=
1 + kwpd−r +

(
k
2

)
wp2(d−r) + . . .+ wpw(d−r)−1

wpd−r
≡

k +

(
k

2

)
wpd−r (mod p2(d−r)),

ùî äîâîäèòü òâåðäæåííÿ 2).

3) 1 + q + . . .+ qk−1 =

1 + (1 + pd−r) + . . .+ (1 + (k − 1)pd−r) ≡

k +

(
k

2

)
pd−r (mod p2(d−r)),

ùî äîâîäèòü òâåðäæåííÿ 3).

Ëåìà 3.54. Äëÿ áóäü-ÿêèõ íàòóðàëüíèõ ÷èñåë v òà u â ãðóïi

G(pm, pn, pd, r) âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

vc+ a = a+ vqc

òà

vc+ ua ≡ ua+ vquc (mod p2(d−r)).

Äîâåäåííÿ. Î÷åâèäíî, ùî

−a+ c+ a = qc,
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c = a+ qc− a,

c+ c = a+ qc− a+ a+ qc− a,

2c = a+ qc+ qc− a,

2c = a+ 2qc− a,

vc = vc+ c = a+ vqc− a+ a+ qc− a =

= a+ vqc+ qc− a = a+ (v + 1)qc− a.

À òàêîæ,

vc+ a = a+ vqc,

vc+ a+ a = a+ vqc+ a,

vc+ 2a = a+ a+ vqqc = 2a+ vq2c,

vc+ a+ a+ a = vc+ 3a = 2a+ vq2c+ a =

= 2a+ a+ vq2qc = 3a+ vq3c.

Çàóâàæèìî, ùî

vc+ ua ≡ ua+ vquc (mod p2(d−r)).

Äàëi, çà iíäóêöi¹þ ïî u, ìà¹ìî

vc+ (u+ 1)a = ua+ vquc+ a =

= ua+ a+ vquqc ≡ (u+ 1)a+ vqu+1c (mod p2(d−r)).

Ùî äîâîäèòü òâåðäæåííÿ ëåìè.

Ëåìà 3.55. Äëÿ áóäü-ÿêèõ íàòóðàëüíèõ ÷èñåë k òà l â ãðóïi

G(pm, pn, pd, r) âèêîíóþòüñÿ ñïiââiäíîøåííÿ

−ka− lb+ ka+ lb = lj(q, k)c

òà

lb+ ka = ka+ lb− lj(q, k)c.
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Äîâåäåííÿ. Îñêiëüêè −a − b + a + b = c, òî −b + a + b = a + c, çâiäêè

−lb+ a+ lb = a+ lc. Âðàõîâóþ÷è ëåìó 3.54, ìà¹ìî

−lb+ ka+ lb = ka+ l(1 + q + . . .+ qk−1)c.

Äàëi, çà iíäóêöi¹þ ïî k, ìà¹ìî

−lb+ (k + 1)a+ lb = ka+ l(1 + q + . . .+ qk−1)c+ a+ lc =

= ka+ a+ l(1 + q + . . .+ qk−1)qc+ lc =

= (k + 1)a+ l((1 + q + . . .+ qk−1)q + 1)c =

= (k + 1)a+ l(1 + q + . . .+ qk)c.

Îäíàê, çàñòîñóâàâøè òâåðäæåííÿ 3) ëåìè 3.53, ìà¹ìî

−lb+ ka+ lb = ka+ l(k +

(
k

2

)
pd−r)c

àáî

−ka− lb+ ka+ lb = l(k +

(
k

2

)
pd−r)c.

Îòæå, çà òâåðäæåííÿì 2) ëåìè 3.53, ìà¹ìî

−ka− lb+ ka+ lb = lj(q, k)c,

çâiäñè

lb+ ka = ka+ lb− lj(q, k)c.

Ëåìà 3.56. Äëÿ áóäü-ÿêèõ íàòóðàëüíèõ ÷èñåë k, l, v òà t â ãðóïi

G(pm, pn, pd, r) âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

(ak + bl + cv)t = akt+ blt+

+c(−lj(q, k)(j(qk, t− 2) + 1) + vj(qk, t− 2)).
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Äîâåäåííÿ. Âðàõîâóþ÷è ëåìè 3.54 òà 3.55, ìà¹ìî

(ak + bl + cv)t =

= akt+ blt+ c(−lj(q, k)(n− 1 + (n− 2)qk + . . .+ q(n−2)k)+

+v(1 + qk + . . .+ q(n−2)k)).

Òîäi

(ak + bl + cv)(t+ 1) = akt+ blt+ c(−lj(q, k)(n− 1+

+(n− 2)qk + . . .+ q(n−2)k) + v(1 + qk + . . .+ q(n−2)k))+

+ak + bl + cv = akt+ blt+ ak + c(−lj(q, k)(n− 1+

+(n− 2)qk + . . .+ q(n−2)k) + v(1 + qk + . . .+ q(n−2)k))qk + bl + vc =

akt+ ak + blt− ctlj(q, k) + c(−lj(q, k)(n− 1

+(n− 2)qk + . . .+ q(n−2)k) + v(1 + qk + . . .+ q(n−2)k))qk + bl + cv =

= a(t+ 1)k + b(t+ 1)l + c(−tlj(q, k) + (−lj(q, k)(t− 1+

+(t− 2)qk + . . .+ q(t−2)k)+

+v(1 + qk + . . .+ q(t−2)kqk + v) =

= a(t+ 1)k + b(t+ 1)l + c(−tlj(q, k)− lj(q, k)(t− 1+

+(t− 2)qk + . . .+ q(t−2)k)qk+

+v(1 + qk + . . .+ q(t−2)k)qk + v =

= a(t+ 1)k + b(t+ 1)l + c(−tlj(q, k)− lj(q, k)((t− 1)qk+

+(t− 2)q2k + . . .+ q(t−2)k+k)+

+v(1 + qk + q2k + . . .+ q(t−2)k+k) =

= a(t+ 1)k + b(t+ 1)l + c(−lj(q, k)(t+ (t− 1)qk + . . .+ q(t−1)k)+

+v(1 + qk + q2k + . . .+ q(t−1)k) =
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Îòæå,

= akt+ blt+ c(−lj(q, k)(j(qk, t− 2) + 1) + vj(qk, t− 2)).

Çà äîïîìîãîþ ñèñòåìè GAP ïîêàæåìî, ùî ãðóïà G(32, 32, 32, 1) íå

ìîæå áóòè àäèòèâíîþ ãðóïîþ ëîêàëüíîãî ìàéæå-êiëüöÿ.

Çíàéäåìî IdGroup ãðóïè G(32, 32, 32, 1).

gap > f := FreeGroup(“a′′, “b′′, “u′′); ;

gap > G := f/[f.1∧9, f.2∧9, f.3∧9, f.2∧−1∗f.1∧−1∗f.2∗f.1∗f.3∧−
1, f.3∧ − 4 ∗ f.1∧ − 1 ∗ f.3 ∗ f.1, f.3∧ − 1 ∗ f.2∧ − 1 ∗ f.3 ∗ f.2];

< fp group on the generators [a, b, u] >

# Çíàéäåìî ïîðÿäîê ãðóïè G.

gap > Size(G);

729

# G � ãðóïà ç IdGroup [729, 30].

gap > IdGroup(G);

[729, 30]

# Îïèñ ñòðóêòóðè ãðóïè G.

gap > StructureDescription(G);

“(C9× C9) o C9”

Äîâåäåìî íàñòóïíå òâåðäæåííÿ.

Ëåìà 3.57. Íå iñíó¹ ëîêàëüíîãî ìàéæå-êiëüöÿ, àäèòèâíà ãðóïà ÿêîãî

içîìîðôíà ãðóïi G(32, 32, 32, 1).

Äîâåäåííÿ. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå íà ãðóïi G(32, 32, 32, 1).

Çà ëåìîþ 1.53 |R| ≤ |L|2. Âðàõîâóþ÷è, iíôîðìàöiþ çi ñòîð. 88 [66],

ìà¹ìî |R : L| = 3. Çâiäñè |L| = 35 = 243.

Â ñèëó òîãî, ùî R = R∗ ∪ L, ìà¹ìî

|R∗| = pn − pm = pm(pl − 1).
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Òîäi |R∗| = 486.

# Â ñåðåäîâèùi ñèñòåìè GAP çàâàíòàæó¹ìî ïàêåò SONATA.

gap > LoadPackage(“sonata′′);

# G � ãðóïà, içîìîðôíà G(32, 32, 32, 1).

gap > G := SmallGroup(729, 30);

< pc group of size 729 with 6 generators >

# Ïåðåâiðêà, ÷è ¹ ãðóïà G åíäîöèêëi÷íîþ.

gap > IsEndoCyclicGroup(G);

true

# Aut � ãðóïà àâòîìîðôiçìiâ ãðóïè G.

gap > Aut := AutomorphismGroup(G);

< group of size 39366 with 10 generators >

# Ïåðåâiðêà, ÷è ¹ â ãðóïi Aut ïiäãðóïè ïîðÿäêó 486 òà äîâæèíîþ

îðáiòè 486.

gap > is := IsomorphismPermGroup(Aut);

< action isomorphism >

gap > Au := Image(is);

< permutation group of size 39366 with 10 generators >

gap > Ccs := ConjugacyClassesSubgroups(Au); ;

gap > Sub := [];

[]

gap > for x in Ccs do

> d := Representative(x);

> Add(Sub, d);

> od;

gap > Su := Filtered(Sub, x− > Size(x) = 486); ;

gap > Size(Su);

421

gap > Mul := [];
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[]

gap > for x in u do

> c := PreImage(is, x);

> Add(Mul, c);

> od;

gap > U0 := Filtered(Mul, x− > Maximum(OrbitLengths(x,G)) =

486); ;

gap > Size(U0);

0

Ñôîðìóëþ¹ìî íàñòóïíó ãiïîòåçó.

Ãiïîòåçà 3.58. Íå iñíó¹ ëîêàëüíîãî ìàéæå-êiëüöÿ, àäèòèâíà ãðóïà

ÿêîãî içîìîðôíà ãðóïi òèïó (C.1) ç òåîðåìè 3.1.

3.5. Ãðóïè (B.2) òà (C.2)

Àíàëiç ãðóï (B.2) òà (C.2) ç òåîðåìè 3.1 ïîðÿäêó 729 çà äîïîìîãîþ

GAP äîçâîëÿ¹ çðîáèòè íàñòóïíå ïðèïóùåííÿ.

Ãiïîòåçà 3.59. Íå iñíó¹ ëîêàëüíîãî ìàéæå-êiëüöÿ, àäèòèâíà ãðóïà

ÿêîãî içîìîðôíà (B.2) ÷è (C.2).

Äëÿ ïðèêëàäó ðîçãëÿíåìî ãðóïó òèïó (B.2), à ñàìå ãðóïó ç IdGroup

[729, 33].

gap > f := FreeGroup(“a′′, “b′′, “u′′); ;

gap > G := f/[f.1∧9, f.3∧9, f.2∧ − 1 ∗ f.1∧ − 1 ∗ f.2 ∗ f.1 ∗ f.3∧ −
1, f.1∧− 1 ∗ f.3 ∗ f.1 ∗ f.3∧− 4, f.3∧− 1 ∗ f.2∧− 1 ∗ f.3 ∗ f.2, f.2∧9 ∗ f.3∧3];

< fp group on the generators [a, b, u] >

# Çíàéäåìî ïîðÿäîê ãðóïè G.

gap > Size(G);
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729

# G � ãðóïà ç IdGroup [729, 33].

gap > IdGroup(G);

[729, 33]

# Îïèñ ñòðóêòóðè ãðóïè G.

gap > StructureDescription(G);

“(C27× C3) o C9”

# Aut � ãðóïà àâòîìîðôiçìiâ ãðóïè G.

gap > Aut := AutomorphismGroup(G);

< group of size 13122 with 9 generators >

# Ïåðåâiðêà, ÷è ¹ â ãðóïi Aut ïiäãðóïè ïîðÿäêó 486 òà äîâæèíîþ

îðáiòè 486.

gap > is := IsomorphismPermGroup(Aut);

< action isomorphism >

gap > Au := Image(is);

< permutation group of size 13122 with 9 generators >

gap > Ccs := ConjugacyClassesSubgroups(Au); ;

gap > Sub := [];

[]

gap > for x in Ccs do

> d := Representative(x);

> Add(Sub, d);

> od;

gap > Su := Filtered(Sub, x− > Size(x) = 486); ;

gap > Size(Su);

346

gap > Mul := [];

[]

gap > for x in Su do
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> c := PreImage(is, x);

> Add(Mul, c);

> od;

gap > U0 := Filtered(Mul, x− > Maximum(OrbitLengths(x,G)) =

486); ;

gap > Size(U0);

0

Îòæå, ñôîðìóëþ¹ìî íàñòóïíèé ðåçóëüòàò.

Ëåìà 3.60. Íå iñíó¹ ëîêàëüíîãî ìàéæå-êiëüöÿ, àäèòèâíà ãðóïà ÿêîãî

içîìîðôíà ãðóïi [729, 33].

Âèñíîâêè äî ðîçäiëó 3

Ó äàíîìó ðîçäiëi:

� ïðîàíàëiçîâàíî ñêií÷åííi íåàáåëåâi 2-ïîðîäæåííi p-ãðóïè ç öèêëi-

÷íèì êîìóòàíòîì;

� ïîêàçàíî, ùî íå iñíó¹ ìàéæå-êiëåöü ç îäèíèöåþ, àäèòèâíà ãðóïà ÿêî-

ãî içîìîðôíà ãðóïi G(pm, pn) ç p > 2 i 2 ≤ m ≤ n;

� âèâ÷åíî ñêií÷åííi ëîêàëüíi ìàéæå-êiëüöÿ ç ðîçùåïëåíîþ ìåòàöèêëi-

÷íîþ àäèòèâíîþ ãðóïîþ;

� îòðèìàíî íåîáõiäíi i äîñòàòíi óìîâè iñíóâàííÿ ëîêàëüíèõ ìàéæå-

êiëåöü íà ãðóïàõ òèïó (B.1). Äîâåäåíî, ùî iíäåêñ ïiäãðóïè âñiõ íåî-

áîðîòíèõ åëåìåíòiâ òàêèõ ìàéæå-êiëåöü â àäèòèâíié ãðóïi äîðiâíþ¹

p. À òàêîæ, ïîêàçàíî, ùî êîæíà ãðóïà òèïó (B.1) ¹ àäèòèâíîþ ãðó-

ïîþ ìàéæå-êiëüöÿ ç îäèíèöåþ.



182

Îñíîâíi ðåçóëüòàòè äàíîãî ðîçäiëó îïóáëiêîâàíî ó ïðàöÿõ [12, 16, 7,

13] çi ñïèñêó ïóáëiêàöié i, âiäïîâiäíî, [78], [94], [89], [71] çi ñïèñêó âèêî-

ðèñòàíèõ äæåðåë, à òàêîæ îïóáëiêîâàíî ó òåçàõ êîíôåðåíöié [31, 37, 36,

37] i, âiäïîâiäíî, [3], [74], [104], [74].
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Ðîçäië 4

Íàïiâäèñòðèáóòèâíi ìàéæå-êiëüöÿ ç

îäèíèöåþ òà ëîêàëüíi ìàéæå-êiëüöÿ

Â ðîçäiëi ââåäåíî òà äîñëiäæåíî íàïiâäèñòðèáóòèâíi ìàéæå-êiëüöÿ

ç îäèíèöåþ. Òàêîæ âèâ÷åíî íàïiâãðóïó íåîáîðîòíèõ åëåìåíòiâ ëîêàëü-

íèõ ìàéæå-êiëåöü, àäèòèâíà ãðóïà ÿêîãî içîìîðôíà àáåëåâié ãðóïi òèïó

(2m, 2n) ç m ≥ n > 1.

4.1. Äèñòðèáóòèâíi òà íàïiâäèñòðèáóòèâíi ìàéæå-

êiëüöÿ ç îäèíèöåþ

Ñïî÷àòêó íàãàäà¹ìî äåÿêi îñíîâíi îçíà÷åííÿ òåîði¨ ìàéæå-êiëåöü.

Îçíà÷åííÿ 4.1. Ìíîæèíà R ç äâîìà áiíàðíèìè îïåðàöiÿìè “+” òà “ ·”
íàçèâà¹òüñÿ (ëiâèì) ìàéæå-êiëüöåì, ÿêùî âèêîíóþòüñÿ òàêi òâåðäæåííÿ:

(1) (R,+) � (íå îáîâ'ÿçêîâî àáåëåâà) ãðóïà ç íåéòðàëüíèì åëåìåíòîì

0;

(2) (R, ·) � íàïiâãðóïà;

(3) x · (y + z) = x · y + x · z äëÿ âñiõ x, y, z ∈ R.
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ßêùî R ¹ ìàéæå-êiëüöåì, òî ãðóïà R+ = (R,+) íàçèâà¹òüñÿ àäèòèâ-

íîþ ãðóïîþ R. Êðiì òîãî, ÿêùî M ¹ ïiäãðóïîþ R+, òî ç òâåðäæåííÿ (3)

âèïëèâà¹, ùî äëÿ êîæíîãî åëåìåíòà x ∈ R ìíîæèíà xM = {x ·y|y ∈M}
¹ ïiäãðóïîþ R+ i, çîêðåìà, x · 0 = 0. ßêùî êðiì òîãî 0 · x = 0, òî

ìàéæå-êiëüöå R íàçèâà¹òüñÿ íóëü-ñèìåòðè÷íèì, à ÿêùî íàïiâãðóïà (R, ·)
¹ ìîíî¨äîì, òîáòî âîíà ìà¹ îäèíè÷íèé åëåìåíò i, òî R ¹ ìàéæå-êiëüöåì

ç îäèíèöåþ i. Â îñòàííüîìó âèïàäêó ãðóïà R∗ óñiõ îáîðîòíèõ åëåìåí-

òiâ ìîíî¨äà (R, ·) íàçèâà¹òüñÿ ìóëüòèïëiêàòèâíîþ ãðóïîþ R. Ïiäãðóïà

M ãðóïè R+ íàçèâà¹òüñÿ R∗-iíâàðiàíòíîþ, ÿêùî rM ≤ M äëÿ êîæíîãî

r ∈ R∗ òà M ¹ (R,R)-ïiäãðóïîþ, ÿêùî xMy ⊆M äëÿ äîâiëüíèõ åëåìåí-

òiâ x, y ∈ R.
Äîáðå âiäîìî, ùî ìíîæèíà âñiõ åíäîìîðôiçìiâ ãðóïè G óòâîðþ¹ ìî-

íî¨ä âiäíîñíî êîìïîçèöi¨ åíäîìîðôiçìiâ. Öåé ìîíî¨ä áóäå ïîçíà÷àòèñÿ

End(G) i íàçèâàòèñÿ ìîíî¨äîì åíäîìîðôiçìiâ G. Î÷åâèäíî, ùî ãðóïà àâ-

òîìîðôiçìiâ Aut(G) ¹ ïiäìîíî¨äîì End(G), ùî ñêëàäà¹òüñÿ ç ìíîæèíè

âñiõ îáîðîòíèõ åëåìåíòiâ End(G). Íàñòóïíà ëåìà âñòàíîâëþ¹ çâ'ÿçîê ìiæ

äåÿêèìè íàïiâãðóïàìè åíäîìîðôiçìiâ àäèòèâíî¨ ãðóïè ìàéæå-êiëüöÿ òà

éîãî ìóëüòèïëiêàòèâíèìè ïiäíàïiâãðóïàìè.

Ëåìà 4.2. Íåõàé R � ìàéæå-êiëüöå ç îäèíèöåþ i, à S � íàïiâãðó-

ïà (R, ·). Òîäi ìîíî¨ä åíäîìîðôiçìó End(R+) ìiñòèòü ïiäíàïiâãðóïó T ,

içîìîðôíó S i çàäîâîëüíÿ¹ óìîâó

iT = {it|t ∈ T} = S.

Çîêðåìà, ÿêùî S = (R, ·), òî ïåðåòèí A = Aut(R+) ∩ T ¹ ïiäãðóïîþ â

Aut(R+) içîìîðôíîþ ìóëüòèïëiêàòèâíié ãðóïi R∗ òà

iA = {ia|a ∈ A} = R∗.

Ïiäãðóïà A ãðóïè àâòîìîðôiçìiâ Aut(R+), âèçíà÷åíî¨ â ëåìi 4.2, íà-

çèâà¹òüñÿ ïiäãðóïîþ Aut(R+) àñîöiéîâàíîþ ç ãðóïîþ R∗.
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Íàãàäà¹ìî, îçíà÷åííÿ äèñòðèáóòèâíîãî òà äèñòðèáóòèâíî ïîðîäæå-

íîãî ìàéæå-êiëüöÿ.

Îçíà÷åííÿ 4.3. Ëiâå ìàéæå-êiëüöå N íàçèâà¹òüñÿ äèñòðèáóòèâíèì

ìàéæå-êiëüöåì, ÿêùî éîãî ìíîæåííÿ òàêîæ ¹ äèñòðèáóòèâíèì ñïðàâà.

Îçíà÷åííÿ 4.4 ( [16]). Ìàéæå-êiëüöå (N,+, ·) íàçèâà¹òüñÿ äèñòðèáó-

òèâíî ïîðîäæåíèì, ÿêùî (N,+) ïîðîäæåíå àäèòèâíî äèñòðèáóòèâíèìè

åëåìåíòàìè ìàéæå-êiëüöÿ.

Íàñòóïíi ôóíêöi¨, ÿêi âèçíà÷àþòü ÷è ¹ ìàéæå-êiëüöå äèñòðèáóòèâíèì

÷è äèñòðèáóòèâíî ïðîðîäæåíèì ðåàëiçîâàíi â ïàêåòi SONATA ñèñòåìè

GAP.

IsDistributiveNearRing(nr) (ôóíêöiÿ)

Ïîâåðòà¹: ëîãi÷íèé îïåðàòîð

Àðãóìåíòîì ¹ ìàéæå-êiëüöå nr. Âèâiä ìà¹ çíà÷åííÿ true, ÿêùî

ìàéæå-êiëüöå ¹ äèñòðèáóòèâíèì, iíàêøå âèâiä ìà¹ çíà÷åííÿ false.

Ïðèêëàä.

gap > n := LibraryNearRing( GTW12_4, 8 );

LibraryNearRing(12/4, 8)

gap > IsDistributiveNearRing( n );

false

IsDgNearRing(nr) (ôóíêöiÿ)

Ïîâåðòà¹: ëîãi÷íèé îïåðàòîð

Àðãóìåíòîì ¹ ìàéæå-êiëüöå nr. Âèâiä ìà¹ çíà÷åííÿ true, ÿêùî

ìàéæå-êiëüöå ¹ äèñòðèáóòèâíî ïîðîäæåíèì, iíàêøå âèâiä ìà¹ çíà÷åííÿ

false.

Ïðèêëàä.
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gap > n := LibraryNearRing( GTW12_4, 8 );

LibraryNearRing(12/4, 8)

gap > IsDgNearRing( n );

false

Íàâåäåìî îçíà÷åííÿ íàïiâäèñòðèáóòèâíîãî ìàéæå-êiëüöÿ.

Îçíà÷åííÿ 4.5. (Ëiâå) ìàéæå-êiëüöå R íàçèâà¹òüñÿ íàïiâäèñòðèáóòèâ-

íèì, ÿêùî òàêèì ¹ ìíîæåííÿ ñïðàâà âiäíîñíî éîãî äîäàâàííÿ. Iíøè-

ìè ñëîâàìè, äëÿ áóäü-ÿêèõ åëåìåíòiâ r, s, t ∈ R âèêîíó¹òüñÿ ðiâíiñòü

(r + s+ r)t = rt+ st+ rt.

Ôóíêöiÿ, ÿêà âèçíà÷à¹ ÷è ìàéæå-êiëüöå ¹ íàïiâäèñòðèáóòèâíèì ðåà-

ëiçîâàíà â ïàêåòi LocalNR.

IsSemiDistributiveNearRing(R) (ôóíêöiÿ)

Ïîâåðòà¹: ëîãi÷íèé îïåðàòîð

Àðãóìåíòîì ¹ ìàéæå-êiëüöå R. Âèâiä ìà¹ çíà÷åííÿ true, ÿêùî

ìàéæå-êiëüöå ¹ íàïiâäèñòðèáóòèâíèì, iíàêøå âèâiä ìà¹ çíà÷åííÿ false.

Ïðèêëàä.

gap > N := LocalNearRing(16,10,8,2,7);

ExplicitMultiplicationNearRing ( <pc group of size 16 with 4 generators>

, multiplication )

gap > IsDistributiveNearRing(N);

false

gap > IsDgNearRing(N);

false

gap > IsSemiDistributiveNearRing(N);

true
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Íåõàé m(G), d(G), dg(G) òà sd(G) � êiëüêiñòü óñiõ íåiçîìîðôíèõ

ìàéæå-êiëåöü ç îäèíèöåþ R, àäèòèâíà ãðóïà ÿêèõ R+ içîìîðôíà ãðó-

ïi G, óñiõ íåiçîìîðôíèõ äèñòðèáóòèâíèõ, äèñòðèáóòèâíî ïîðîäæåíèõ òà

íàïiâäèñòðèáóòèâíèõ ìàéæå-êiëåöü ç îäèíèöåþ R, àäèòèâíà ãðóïà ÿêèõ

R+ içîìîðôíà ãðóïi G.

Íàñòóïíà ëåìà îòðèìàíà çà äîïîìîãîþ ëåìè 1.63, GAP, ïàêåòiâ

LocalNR òà SONATA.

Ëåìà 4.6. Íåõàé G ¹ àäèòèâíà ãðóïà ìàéæå-êiëüöÿ ç îäèíèöåþ R ïî-

ðÿäêó ìåíøå 32, òî âèêîíó¹òüñÿ íàñòóïíå.

� IdGroup(G) = [4, 1], ãðóïà G ∼= C4, m(G) = 1, d(G) = 1, dg(G) = 1

òà sd(G) = 1;

� IdGroup(G) = [4, 2], ãðóïà G ∼= C2 × C2, m(G) = 5, d(G) = 3,

dg(G) = 3 òà sd(G) = 5;

� IdGroup(G) = [5, 1], ãðóïà G ∼= C5, m(G) = 1, d(G) = 1, dg(G) = 1

òà sd(G) = 1;

� IdGroup(G) = [6, 2], ãðóïà G ∼= C6, m(G) = 1, d(G) = 1, dg(G) = 1

òà sd(G) = 1;

� IdGroup(G) = [7, 1], ãðóïà G ∼= C7, m(G) = 1, d(G) = 1, dg(G) = 1

òà sd(G) = 1;

� IdGroup(G) = [8, 1], ãðóïà G ∼= C8, m(G) = 1, d(G) = 1, dg(G) = 1

òà sd(G) = 1;

� IdGroup(G) = [8, 2], ãðóïà G ∼= C4 × C2, m(G) = 10, d(G) = 3,

dg(G) = 3 òà sd(G) = 7;
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� IdGroup(G) = [8, 3], ãðóïà G ∼= D8, m(G) = 7, d(G) = 0, dg(G) = 1

òà sd(G) = 0;

� IdGroup(G) = [8, 5], ãðóïà G ∼= C2×C2×C2, m(G) = 35, d(G) = 7,

dg(G) = 7 òà sd(G) = 35;

� IdGroup(G) = [9, 1], ãðóïà G ∼= C9, m(G) = 1, d(G) = 1, dg(G) = 1

òà sd(G) = 1;

� IdGroup(G) = [9, 2], ãðóïà G ∼= C3 × C3, m(G) = 10, d(G) = 3,

dg(G) = 3 òà sd(G) = 3;

� IdGroup(G) = [10, 2], ãðóïà G ∼= C10, m(G) = 1, d(G) = 1, dg(G) =

1 òà sd(G) = 1;

� IdGroup(G) = [11, 1], ãðóïà G ∼= C11, m(G) = 1, d(G) = 1, dg(G) =

1 òà sd(G) = 1;

� IdGroup(G) = [12, 2], ãðóïà G ∼= C12, m(G) = 1, d(G) = 1, dg(G) =

1 òà sd(G) = 1;

� IdGroup(G) = [12, 4], ãðóïà G ∼= D12, m(G) = 1, d(G) = 0, dg(G) =

0 òà sd(G) = 0;

� IdGroup(G) = [12, 5], ãðóïà G ∼= C6 × C2, m(G) = 9, d(G) = 3,

dg(G) = 3 òà sd(G) = 5;

� IdGroup(G) = [13, 1], ãðóïà G ∼= C13, m(G) = 1, d(G) = 1, dg(G) =

1 òà sd(G) = 1;

� IdGroup(G) = [14, 2], ãðóïà G ∼= C14, m(G) = 1, d(G) = 1, dg(G) =

1 òà sd(G) = 1;

� IdGroup(G) = [15, 1], ãðóïà G ∼= C15, m(G) = 1, d(G) = 1, dg(G) =

1 òà sd(G) = 1;
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� IdGroup(G) = [16, 1], ãðóïà G ∼= C16, m(G) = 1, d(G) = 1, dg(G) =

1 òà sd(G) = 1;

� IdGroup(G) = [16, 2], ãðóïà G ∼= C4 × C4, m(G) = 51, d(G) = 6,

dg(G) = 6 òà sd(G) = 10;

� IdGroup(G) = [16, 3], ãðóïà G ∼= (C4 × C2) o C2, m(G) = 132,

d(G) = 0, dg(G) = 6 òà sd(G) = 0;

� IdGroup(G) = [16, 4], ãðóïà G ∼= C4 o C4, m(G) = 40, d(G) = 0,

dg(G) = 4 òà sd(G) = 0;

� IdGroup(G) = [16, 5], ãðóïà G ∼= C8 × C2, m(G) = 37, d(G) = 3,

dg(G) = 3 òà sd(G) = 7;

� IdGroup(G) = [16, 6], ãðóïà G ∼= C8 o C2, m(G) = 33, d(G) = 0,

dg(G) = 8 òà sd(G) = 0;

� IdGroup(G) = [16, 10], ãðóïà G ∼= C4 × C2 × C2, m(G) = 470,

d(G) = 15, dg(G) = 15 òà sd(G) = 264;

� IdGroup(G) = [16, 11], ãðóïà G ∼= C2 ×D8, m(G) = 708, d(G) = 0,

dg(G) = 6 òà sd(G) = 0;

� IdGroup(G) = [16, 12], ãðóïà G ∼= C2 × Q8, m(G) = 4, d(G) = 0,

dg(G) = 1 òà sd(G) = 0;

� IdGroup(G) = [16, 14], ãðóïà G ∼= C2×C2×C2×C2, m(G) = 2798,

d(G) = 25, dg(G) = 25 òà sd(G) = 2798;

� IdGroup(G) = [17, 1], ãðóïà G ∼= C17, m(G) = 1, d(G) = 1, dg(G) =

1 òà sd(G) = 1;

� IdGroup(G) = [18, 2], ãðóïà G ∼= C18, m(G) = 1, d(G) = 1, dg(G) =

1 òà sd(G) = 1;
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� IdGroup(G) = [18, 3], ãðóïà G ∼= C3 × S3, m(G) = 8, d(G) = 0,

dg(G) = 2 òà sd(G) = 0;

� IdGroup(G) = [18, 5], ãðóïà G ∼= C6 × C3, m(G) = 17, d(G) = 3,

dg(G) = 3 òà sd(G) = 3;

� IdGroup(G) = [19, 1], ãðóïà G ∼= C19, m(G) = 1, d(G) = 1, dg(G) =

1 òà sd(G) = 1;

� IdGroup(G) = [20, 2], ãðóïà G ∼= C20, m(G) = 1, d(G) = 1, dg(G) =

1 òà sd(G) = 1;

� IdGroup(G) = [20, 4], ãðóïà G ∼= D20, m(G) = 1, d(G) = 0, dg(G) =

0 òà sd(G) = 0;

� IdGroup(G) = [20, 5], ãðóïà G ∼= C10 × C2, m(G) = 9, d(G) = 3,

dg(G) = 3 òà sd(G) = 5;

� IdGroup(G) = [21, 2], ãðóïà G ∼= C21, m(G) = 1, d(G) = 1, dg(G) =

1 òà sd(G) = 1;

� IdGroup(G) = [22, 2], ãðóïà G ∼= C22, m(G) = 1, d(G) = 1, dg(G) =

1 òà sd(G) = 1;

� IdGroup(G) = [23, 1], ãðóïà G ∼= C23, m(G) = 1, d(G) = 1, dg(G) =

1 òà sd(G) = 1;

� IdGroup(G) = [24, 2], ãðóïà G ∼= C24, m(G) = 1, d(G) = 1, dg(G) =

1 òà sd(G) = 1;

� IdGroup(G) = [24, 5], ãðóïà G ∼=, m(G) = 1, d(G) = 0, dg(G) = 0

òà sd(G) = 0;

� IdGroup(G) = [24, 9], ãðóïà G ∼= C12 × C2, m(G) = 14, d(G) = 3,

dg(G) = 3 òà sd(G) = 7;
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� IdGroup(G) = [24, 10], ãðóïà G ∼= C3 × D8, m(G) = 7, d(G) = 0,

dg(G) = 1 òà sd(G) = 0;

� IdGroup(G) = [24, 13], ãðóïà G ∼= C2 × A4, m(G) = 8, d(G) = 0,

dg(G) = 2 òà sd(G) = 0;

� IdGroup(G) = [24, 14], ãðóïà G ∼= C2×C2×S3, m(G) = 10, d(G) =

0, dg(G) = 0 òà sd(G) = 0;

� IdGroup(G) = [24, 15], ãðóïà G ∼= C6 × C2 × C2, m(G) = 136,

d(G) = 7, dg(G) = 7 òà sd(G) = 35;

� IdGroup(G) = [25, 1], ãðóïà G ∼= C25, m(G) = 1, d(G) = 1, dg(G) =

1 òà sd(G) = 1;

� IdGroup(G) = [25, 2], ãðóïà G ∼= C5 × C5, m(G) = 16, d(G) = 3,

dg(G) = 3 òà sd(G) = 3;

� IdGroup(G) = [26, 2], ãðóïà G ∼= C26, m(G) = 1, d(G) = 1, dg(G) =

1 òà sd(G) = 1;

� IdGroup(G) = [27, 1], ãðóïà G ∼= C27, m(G) = 1, d(G) = 1, dg(G) =

1 òà sd(G) = 1;

� IdGroup(G) = [27, 2], ãðóïà G ∼= C9 × C3, m(G) = 20, d(G) = 4,

dg(G) = 4 òà sd(G) = 4;

� IdGroup(G) = [27, 3], ãðóïà G ∼= (C3 × C3) o C3, m(G) = 22,

d(G) = 0, dg(G) = 2 òà sd(G) = 0;

� IdGroup(G) = [27, 4], ãðóïà G ∼= C9 o C3, m(G) = 4, d(G) = 0,

dg(G) = 0 òà sd(G) = 0;

� IdGroup(G) = [27, 5], ãðóïà G ∼= C3×C3×C3, m(G) = 202, d(G) =

7, dg(G) = 7 òà sd(G) = 7;
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� IdGroup(G) = [28, 2], ãðóïà G ∼= C28, m(G) = 1, d(G) = 1, dg(G) =

1 òà sd(G) = 1;

� IdGroup(G) = [28, 3], ãðóïà G ∼= D28, m(G) = 1, d(G) = 0, dg(G) =

0 òà sd(G) = 0;

� IdGroup(G) = [28, 4], ãðóïà G ∼= C14 × C2, m(G) = 9, d(G) = 3,

dg(G) = 3 òà sd(G) = 5;

� IdGroup(G) = [29, 1], ãðóïà G ∼= C29, m(G) = 1, d(G) = 1, dg(G) =

1 òà sd(G) = 1;

� IdGroup(G) = [30, 4], ãðóïà G ∼= C30, m(G) = 1, d(G) = 1, dg(G) =

1 òà sd(G) = 1;

� IdGroup(G) = [31, 1], ãðóïà G ∼= C31, m(G) = 1, d(G) = 1, dg(G) =

1 òà sd(G) = 1.

4.1.1. Àäèòèâíi ãðóïè íàïiâäèñòðèáóòèâíèõ ìàéæå-êiëåöü

Î÷åâèäíî, ùî êîæíå äèñòðèáóòèâíå ìàéæå-êiëüöå ¹ íàïiâäèñòðèáó-

òèâíèì, àëå íå íàâïàêè. Íàïðèêëàä, ìàéæå-êiëüöåMap(G) óñiõ ôóíêöié

íà ãðóïi G ïîðÿäêó 2 ¹ íàïiâäèñòðèáóòèâíèì, à íå äèñòðèáóòèâíèì.

Ëåìà 4.7. Íåõàé R � íàïiâäèñòðèáóòèâíå ìàéæå-êiëüöå, n � íàòó-

ðàëüíå ÷èñëî i r, s � áóäü-ÿêi åëåìåíòè ç R. Òîäi ñïðàâåäëèâi òàêi

òâåðäæåííÿ:

(1) (−r) · s = −(r · s) i òîìó 0 · s = 0 àáî 0 · s ¹ åëåìåíòîì ïîðÿäêó

2 â R+. Çîêðåìà, ÿêùî r ¹ åëåìåíòîì íåïàðíîãî ïîðÿäêó â R+, òî

0 · r = 0;

(2) (r ·n)s = (rs) ·n äëÿ íåïàðíèõ n i (r ·n)s = (rs) ·n+0 ·s äëÿ ïàðíèõ
n;
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(3) ÿêùî r i s � åëåìåíòè âçà¹ìíî ïðîñòèõ ïîðÿäêiâ, òî r · s = 0.

Äîâåäåííÿ. Îñêiëüêè

r · s = (r + (−r) + r) · s = r · s+ (−r) · s+ r · s,

âèïëèâà¹, ùî 0 = (−r) · s+ r · s, çâiäêè (−r) · s = −(r · s). Çîêðåìà, ÿêùî
r ·m = 0 äëÿ äåÿêîãî íåïàðíîãî m, òî 1 = 2n−m äëÿ n = m+1

2 i òîìó

0 · r = (0 · r) · 2n− (0 · r) ·m = 0,

ÿê âèìàãàëîñÿ.

Äëÿ n = 1 òâåðäæåííÿ (2) ¹ î÷åâèäíèì. ßêùî n > 1, òî

(r · n)s = (r + r · (n− 2) + r)s =

= rs+ (r · (n− 2))s+ rs = (rs) · 2 + (r · (n− 2))s.

Çà äîïîìîãîþ iíäóêöi¨ ïî n ìà¹ìî

(r · (n− 2))s = (rs) · (n− 2)

äëÿ íåïàðíèõ n i

(r · (n− 2))s = (rs) · (n− 2) + 0 · s

äëÿ ïàðíèõ n. Òîìó

(r · n)s = (rs) · 2 + (rs) · (n− 2) = (rs) · n

äëÿ íåïàðíèõ n i

(r · n)s = (rs) · 2 + (rs) · (n− 2) =

= (rs) · n+ 0 · s

äëÿ ïàðíèõ n, ùî äîâîäèòü (2).
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Íàðåøòi, íåõàé m i n � ïîðÿäêè r i s âiäïîâiäíî. ßêùî (m,n) = 1,

òî îäíå ç öèõ ÷èñåë, ñêàæiìî m, ¹ íåïàðíèì, òîìó

(rs) ·m = (r ·m)s = 0 · s = 0

çà òâåðäæåííÿì (2). Ç iíøîãî áîêó,

(rs) · n = r(s · n) = r · 0 = 0.

Òîìó rs = 0, ÿê âèìàãàëîñÿ.

Âiäîìî, ùî àäèòèâíà ãðóïà áóäü-ÿêîãî äèñòðèáóòèâíîãî ìàéæå-êiëüöå

ç îäèíèöåþ ¹ àáåëåâîþ. Íàñòóïíå òâåðäæåííÿ ïîøèðþ¹ öåé ôàêò íà íà-

ïiâäèñòðèáóòèâíi ìàéæå-êiëüöÿ.

Ëåìà 4.8. Àäèòèâíà ãðóïà êîæíîãî íàïiâäèñòðèáóòèâíîãî ìàéæå-

êiëüöÿ R ç îäèíèöåþ ¹ àáåëåâîþ.

Äîâåäåííÿ. Äiéñíî, ÿêùî i ¹ îäèíèöåþ â R, òî (−i)s = −s äëÿ êîæíîãî
s ∈ R çãiäíî ç òâåðäæåííÿì (1) ëåìè 4.7 i òîìó

(−i)(r + s) = −(r + s) = −s− r.

Ç iíøîãî áîêó,

(−i)(r + s) = (−i)r + (−i)s = −r − s

çà ëiâîþ äèñòðèáóòèâíiñòþ. Îòæå, −s − r = −r − s i, òàêèì ÷èíîì,

r + s = s+ r, ÿê ñòâåðäæó¹òüñÿ.

Ç iíøîãî áîêó, àäèòèâíi ãðóïè íàïiâäèñòðèáóòèâíèõ ìàéæå-êiëåöü áåç

îäèíèöi íå ïîâèííi áóòè àáåëåâèìè, ÿê ïîêàçó¹ íàñòóïíèé ïðèêëàä.

Ïðèêëàä 4.9. Íåõàé N � ìàéæå-êiëüöå, àäèòèâíà ãðóïà ÿêîãî N+ içî-

ìîðôíà ñèìåòðè÷íié ãðóïi ñòåïåíÿ 3. Òîäi N+ = 〈a〉+〈b〉 ç a ·3 = b ·2 = 0

i b + a + b = a · 2. Çîêðåìà, êîæåí åëåìåíò N+ ìîæíà îäíîçíà÷íî çàïè-

ñàòè ó âèãëÿäi a ·m+ b · n ç 0 ≤ m ≤ 2 i 0 ≤ n ≤ 1. Ìíîæåííÿ ∗ íà N+

âèçíà÷èìî íàñòóïíîþ òàáëèöåþ:



195

∗ 0 a a · 2 b a+ b a · 2 + b

0 0 0 0 0 0 0

a 0 a+ b a+ b 0 0 a+ b

a · 2 0 b b 0 0 b

b 0 0 0 0 0 0

a+ b 0 0 0 0 0 0

a · 2 + b 0 a · 2 + b a · 2 + b 0 0 a · 2 + b

Àíàëiçóþ÷è òàáëèöþ ç ïðèêëàäó 4.9, ìîæíà ïîáà÷èòè, ùî (N,+, ∗) ¹
ìàéæå-êiëüöåì, ÿêå ¹ íàïiâäèñòðèáóòèâíèì i íóëü-ñèìåòðè÷íèì.

Çàóâàæèìî, ùî ïàêåò SONATA ñèñòåìè êîìï'þòåðíî¨ àëãåáðè GAP

ìiñòèòü áiáëiîòåêó âñiõ ìàéæå-êiëåöü ïîðÿäêó íå áiëüøå 15. Çîêðåìà,

iñíó¹ 39 íåiçîìîðôíèõ ìàéæå-êiëåöü, àäèòèâíi ãðóïè ÿêèõ içîìîðôíi ñè-

ìåòðè÷íié ãðóïi ñòåïåíÿ 3, ñåðåä ÿêèõ ëèøå 4 íàïiâäèñòðèáóòèâíi, ó òîìó

÷èñëi, 2 äèñòðèáóòèâíi.

Ëåìà 4.10. Íåõàé R � íàïiâäèñòðèáóòèâíå ìàéæå-êiëüöå ç îäèíèöåþ.

ßêùî àäèòèâíà ãðóïà R+ áåç ñêðóòó, òî R ¹ êiëüöåì.

Äîâåäåííÿ. Î÷åâèäíî, ùî äîñòàòíüî äîâåñòè, ùî â R âèêîíó¹òüñÿ ïðàâèé

äèñòðèáóòèâíèé çàêîí. Äiéñíî, îñêiëüêè àäèòèâíà ãðóïà R+ ¹ àáåëåâîþ

çà ëåìîþ 4.8, äëÿ áóäü-ÿêèõ åëåìåíòiâ r, s, t R ìà¹ìî

(r + s)t = (r + s+ (−(r + s)) + s+ r)t =

= rt+ (s+ (−(r + s)) + s)t+ rt =

= rt2 + st2 + (−(r + s))t

i (−(r + s))t = −(r + s)t çà òâåðäæåííÿì (1) ëåìè 4.7. Îòæå, ((r + s)t−
rt− st)2 = 0, çâiäêè (r + s)t = rt+ st, ÿê ñòâåðäæó¹òüñÿ.
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4.1.2. Äèñòðèáóòèâíi åëåìåíòè â íàïiâäèñòðèáóòèâíèõ

ìàéæå-êiëüöÿõ

Íàãàäà¹ìî, ùî åëåìåíò t ìàéæå-êiëüöÿ R íàçèâà¹òüñÿ äèñòðèáóòèâ-

íèì â R, ÿêùî (r + s)t = rt+ st äëÿ áóäü-ÿêèõ åëåìåíòiâ r, s R.

Ëåìà 4.11. Íåõàé R � íàïiâäèñòðèáóòèâíå ìàéæå-êiëüöå ç îäèíèöåþ.

Òîäi åëåìåíòè íåïàðíèõ ïîðÿäêiâ àäèòèâíî¨ ãðóïè R ¹ äèñòðèáóòèâíè-

ìè â R. Çîêðåìà, êîæíå íàïiâäèñòðèáóòèâíå ìàéæå-êiëüöå íåïàðíîãî

ïîðÿäêó ¹ êiëüöåì.

Äîâåäåííÿ. Íåõàé t �� åëåìåíò íåïàðíîãî ïîðÿäêó n â R+ i m = n+1
2 .

Òîäi u = tm ¹ åëåìåíòîì ïîðÿäêó n i t = u + u. Îñêiëüêè ìàéæå-êiëüöå

R ¹ íàïiâäèñòðèáóòèâíèì, äëÿ áóäü-ÿêèõ åëåìåíòiâ r, s ∈ R ìà¹ìî

(r + s)u = (r + (s− r) + r)u = ru+ (s− r)u+ ru

i àíàëîãi÷íî

(s+ r)u = (s+ (r − s) + s)u = su+ (r − s)u+ su.

Êðiì òîãî, ÿê r + s = s+ r çà ëåìîþ 4.8 i

(r − s)u = (−(s− r))u = −(s− r)u

çà òâåðäæåííÿì (1) ëåìè 4.7 âèïëèâà¹, ùî

(r + s)u = ru+ (s− r)u+ ru = su− (s− r)u+ su.

Òîìó

(r + s)t = (r + s)(u+ u) = r(u+ u) + s(u+ u) = rt+ st,

îòæå, åëåìåíò t ¹ äèñòðèáóòèâíèì. Çîêðåìà, ÿêùî R ìà¹ íåïàðíèé ïîðÿ-

äîê, òîR ¹ äèñòðèáóòèâíèì ìàéæå-êiëüöå ç îäèíèöåþ, îòæå, êiëüöåì.
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Íàãàäà¹ìî, ùî ïîíÿòòÿ ïiäìàéæå-êiëüöÿ òà ìàéæå-êiëüöåâîãî ãî-

ìîìîðôiçìó âèçíà÷àþòüñÿ òàê ñàìî, ÿê i äëÿ êiëåöü. Çîêðåìà, ÿêùî λ

¹ ìàéæå-êiëüöåâèì ãîìîìîðôiçìîì R, òî éîãî ÿäðî Ker λ ¹ ïiäìàéæå-

êiëüöåì R, àäèòèâíà ïiäãðóïà ÿêîãî íîðìàëüíà â R+. Ïiäìàéæå-êiëüöå

I ç R ¹ iäåàëîì â R, ÿêùî I = Kerλ äëÿ äåÿêîãî λ. Ìîæíà ïðîñòî ïå-

ðåâiðèòè, ùî I ¹ iäåàëîì R òîäi i òiëüêè òîäi, êîëè I+ ¹ íîðìàëüíîþ

ïiäãðóïîþ R+ i äëÿ áóäü-ÿêèõ åëåìåíòiâ r, s ∈ R i a ∈ I âèêîíóþòüñÿ

âêëþ÷åííÿ ra ∈ I òà (r + a)s− rs ∈ I.

Ëåìà 4.12. Íåõàé R � íàïiâäèñòðèáóòèâíå ìàéæå-êiëüöå ç îäèíèöåþ.

ßêùî p � ïðîñòå ÷èñëî, à P � p-êîìïîíåíòà àäèòèâíî¨ ãðóïè R+, òî

P � iäåàë â R.

Äîâåäåííÿ. Îñêiëüêè àäèòèâíà ãðóïà R+ ¹ àáåëåâîþ çà ëåìîþ 4.8, êîæåí

p-åëåìåíò ç R íàëåæèòü äî P i äëÿ êîæíîãî a ∈ P iñíó¹ òàêå íàòóðàëüíå

÷èñëî n, ùî apn = 0. Îñêiëüêè

(ra)pn = r(apn) = r0 = 0

äëÿ êîæíîãî r ∈ R, öå îçíà÷à¹ ra ∈ P . Òàêèì ÷èíîì, ùîá äîâåñòè, ùî

P ¹ iäåàëîì R, çàëèøà¹òüñÿ ïîêàçàòè, ùî äëÿ êîæíîãî s ∈ R åëåìåíò

x = (r + a)s− rs íàëåæèòü P .
Ïðèïóñòèìî ñïî÷àòêó, ùî p íåïàðíå, òîìó a ìà¹ íåïàðíèé ïîðÿäîê.

Òîäi iñíó¹ åëåìåíò b ∈ P òàêîãî æ ïîðÿäêó, ùî a = b + b. Ïîêëàâøè

t = s+ s, ìè ìà¹ìî

x = (b+ r + b)s− rs = bs+ rs+ bs− rs = bs+ bs = bt

i òîìó

xpn = (bt)pn = (bpn)t = 0t = 0

çà òâåðäæåííÿì (2) ëåìè 4.8. Òîìó x = 0 ∈ P , ÿê âèìàãàëîñÿ.
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Íåõàé òåïåð p = 2, îòæå a2n = 0. Òîäi

x2n = ((r + a)s− rs)2n = ((r + a)s)2n − (rs)2n.

Äàëi, çàñòîñîâóþ÷è òâåðäæåííÿ (2) ëåìè 4.7, ìà¹ìî

((r + a)s)2n + 0s = ((r + a)2n)s =

= (r2n + a2n)s = (r2n)s = (rs)2n + 0s.

Ç öüîãî âèïëèâà¹, ùî

((r + a)s)2n = (rs)2n

i, îòæå,

x2n = ((r + a)s)2n − (rs)2n = 0.

Îòæå, x ∈ P i öå çàâåðøó¹ äîâåäåííÿ.

4.1.3. Ìîäóëi íàä ìàéæå-êiëüöÿìè òà íàïiâäèñòðèáóòèâíiñòü

Íåõàé R � ìàéæå-êiëüöå, à G � àäèòèâíà ãðóïà. Òîäi G íàçèâà¹òüñÿ

(ïðàâèì) R-ìîäóëåì, ÿêùî äëÿ áóäü-ÿêèõ åëåìåíòiâ g ∈ G òà r ∈ R iñíó¹

¹äèíèé åëåìåíò gr ∈ G òàêèé, ùî (gr)s = g(rs) òà g(r + s) = gr + gs

äëÿ êîæíîãî s ∈ R. Çðîçóìiëî, ùî àäèòèâíà ãðóïà ìàéæå-êiëüöÿ R ¹

R-ìîäóëåì íàä R âiäíîñíî ìàéæå-êiëüöåâîãî ìíîæåííÿ ñïðàâà ÿê äi¨.

Êðiì òîãî, ÿêùî H ¹ ïiäìíîæèíîþ R-ìîäóëÿ G, òî ìíîæèíà AnnR(H) =

{x ∈ R|Hx = 0} íàçèâà¹òüñÿ (ïðàâèì) àíóëÿòîðîì H â R. R-ìîäóëü G

íàçèâà¹òüñÿ òî÷íèì, ÿêùî AnnR(G) = 0.

Ëåìà 4.13. ßêùî R � ìàéæå-êiëüöå, à G � R-ìîäóëü, òî àíóëÿòîð

AnnR(G) � iäåàë R.

Äîâåäåííÿ. Äiéñíî, íåõàé g ∈ G òà x ∈ AnnR(G). Îñêiëüêè gr ∈ G äëÿ

êîæíîãî r ∈ R, òî âèïëèâà¹, ùî g(rx) = (gr)x = 0. Îòæå, rx ∈ AnnR(G),
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à òîìó AnnR(G) ¹ ëiâèì iäåàëîì R. Ùîá äîâåñòè, ùî AnnR(G) ¹ iäåàëîì

R, äîñòàòíüî ïîêàçàòè, ùî äëÿ áóäü-ÿêèõ r, s ∈ R åëåìåíò t = (r +

x)s − rs íàëåæèòü AnnR(G). Îñêiëüêè G ¹ R-ìîäóëåì i gx = 0, ìà¹ìî

g(r + x) = gr + gx = gr i òîìó

gt = g((r + x)s) + g(−rs) = (g(r + x))s+ g(−rs) =

= g(rs) + g(−rs) = g0 = 0.

Öå îçíà÷à¹, ùî t ∈ AnnR(G), i òàêèì ÷èíîì AnnR(G) ¹ iäåàëîì R, ÿê i

ñòâåðäæóâàëîñÿ.

Íàñòóïíà ëåìà äîâåäåíà â [65, Lemma 3.7].

Ëåìà 4.14. Íåõàé R � ìàéæå-êiëüöå, à G � R-ìîäóëü ç âëàñòèâî-

ñòÿìè:

(i) G ¹ òî÷íèì ÿê R-ìîäóëü,

(ii) (G,+) ¹ àáåëåâîþ ãðóïîþ,

(iii) äëÿ êîæíîãî r ∈ R âiäîáðàæåííÿ r̂ : G → G, çàäàíå ÿê r̂ : g → gr,

¹ åíäîìîðôiçìîì G.

Òîäi R ¹ êiëüöåì.

Äîâåäåííÿ. Íåõàé s, t � åëåìåíòè R òà r = s+ t. Òîäi

gr = g(s+ t) = gs+ gt = gt+ gs = g(t+ s)

çà âëàñòèâiñòþ (ii). Êðiì òîãî, ç (iii) âèïëèâà¹, ùî

g(s+ t)r = (gs+ gt)r̂ =

= (gs)r + (gt)r = g(sr + tr).

Çðåøòîþ, îñêiëüêè R-ìîäóëü G ¹ òî÷íèì çãiäíî ç (i), öå îçíà÷à¹ (s +

t)r = sr + tr, à îòæå, R ¹ äèñòðèáóòèâíèì êiëüöåì.
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Òåîðåìà 4.15. Íàïiâäèñòðèáóòèâíå ìàéæå-êiëüöå R ç îäèíèöåþ ¹

ïðîñòèì ÿê ìàéæå-êiëüöå òîäi i òiëüêè òîäi, êîëè R ¹ ïðîñòèì àñî-

öiàòèâíèì êiëüöåì.

Äîâåäåííÿ. ßê çàçíà÷àëîñÿ âèùå, àäèòèâíó ãðóïó G = R+ ìîæíà ðîç-

ãëÿäàòè ÿê R-ìîäóëü íàä R âiäíîñíî ìàéæå-êiëüöåâîãî ìíîæåííÿ ñïðàâà

ÿê äi¨. ßêùî ìàéæå-êiëüöå R ïðîñòå, âîíî íå ìà¹ âëàñíèõ iäåàëiâ, à îòæå

Ann(R(G)) = 0 çà ëåìîþ 4.13. Îòæå, G ¹ òî÷íèì ÿê R-ìîäóëü, à G = R+

¹ àáåëåâîþ ãðóïîþ çà ëåìîþ 4.8. Çðåøòîþ, äëÿ êîæíîãî r ∈ R âiäîáðà-

æåííÿ ρ : G→ G, çàäàíå ÿê ρ : g → gr, ¹ åíäîìîðôiçìîì G, îñêiëüêè

ρ(g + h) = r(g + h) = rg + rh = ρ(g) + ρ(h)

äëÿ êîæíîãî g, h ∈ G. Çàñòîñîâóþ÷è òåïåð ëåìó 4.14, âèâîäèìî, ùî R

� ïðîñòå êiëüöå. Çâîðîòíå î÷åâèäíå.

4.2. Ñêií÷åííi íàïiâäèñòðèáóòèâíi ëîêàëüíi ìàéæå-

êiëüöÿ

Ìåêñîí ïîêàçàâ ó [63], ùî êîæíà íåöèêëi÷íà àáåëåâà p-ãðóïà ïîðÿä-

êó pn > 4 ¹ àäèòèâíîþ ãðóïîþ íóëü-ñèìåòðè÷íîãî ëîêàëüíîãî ìàéæå-

êiëüöÿ, ÿêå íå ¹ êiëüöåì.

Îçíà÷åííÿ 4.16. Ìàéæå-êiëüöå R ç îäèíèöåþ íàçèâà¹òüñÿ ëîêàëüíèì,

ÿêùî ìíîæèíà L = R \ R∗ óñiõ íåîáîðîòíèõ åëåìåíòiâ R ¹ ïiäãðóïîþ

R+.

Íàñòóïíà ëåìà õàðàêòåðèçó¹ îñíîâíi âëàñòèâîñòi ñêií÷åííèõ ëîêàëü-

íèõ ìàéæå-êiëåöü (äèâ. [18]).

Ëåìà 4.17. Íåõàé R � ñêií÷åííå ëîêàëüíå ìàéæå-êiëüöå ç îäèíèöåþ

i, à L � ïiäãðóïà R+ óñiõ íåîáîðîòíèõ åëåìåíòiâ ç R. Òîäi R+ � öå
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p-ãðóïà äëÿ äåÿêîãî ïðîñòîãî ÷èñëà p, åêñïîíåíòà ÿêîãî ¹ àäèòèâíèì

ïîðÿäêîì îäèíèöi i.

Íàñòóïíèé ðåçóëüòàò âèçíà÷à¹ ñòðóêòóðíó îñîáëèâiñòü ñêií÷åííèõ ëî-

êàëüíèõ ìàéæå-êiëåöü.

Òâåðäæåííÿ 4.18. Êîæíå íåòðèâiàëüíå ïiäìàéæå-êiëüöå ç îäèíèöåþ

ñêií÷åííîãî ëîêàëüíîãî ìàéæå-êiëüöÿ ¹ ëîêàëüíèì ìàéæå-êiëüöåì.

Äîâåäåííÿ. Íåõàé R = (R,+, ·) � ñêií÷åííå ëîêàëüíå ìàéæå-êiëüöå, à

L � ïiäãðóïà R+ óñiõ íåîáîðîòíèõ åëåìåíòiâ ç R. Íåõàé R1 � íåòðè-

âiàëüíå ïiäêiëüöå ç îäèíèöåþ â R, à (L1,+) � íàïiâãðóïà íåîáîðîòíèõ

åëåìåíòiâ R1. Îñêiëüêè (L1,+) ¹ ïiäíàïiâãðóïîþ L, òî (L1,+) ¹ ïiäãðó-

ïîþ L, à îòæå, ïiäãðóïîþ â R1
+. Îòæå, R1 ¹ ëîêàëüíèì ìàéæå-êiëüöåì

çà âèçíà÷åííÿì. Òâåðäæåííÿ äîâåäåíî.

ßê ïðÿìèé íàñëiäîê iç ëåì 4.8, 4.11 òà 4.17 ìà¹ìî òàêå òâåðäæåííÿ.

Ëåìà 4.19. Íåõàé R � ñêií÷åííå íàïiâäèñòðèáóòèâíå ëîêàëüíå

ìàéæå-êiëüöå, ÿêå íå ¹ êiëüöåì. Òîäi R+ ¹ àáåëåâîþ 2-ãðóïîþ.

Íåõàé R � ñêií÷åííå íàïiâäèñòðèáóòèâíå ëîêàëüíå ìàéæå-êiëüöå íà

2-ïîðîäæåííié 2-ãðóïi R+. Îòæå, R+ ¹ àáåëåâîþ ãðóïîþ òèïó (2m, 2n) ç

m ≥ n ≥ 1 ÿê íàñëiäîê ç ëåìè 4.19. Íåõàé |R : L| = 2k ç 1 ≤ k < m+ n.

Òîäi R+ = 〈a〉+〈b〉, äå a2m = b2n = 0 çm ≥ n ≥ 1 i a+b = b+a. Îòæå, R+

ìà¹ åêñïîíåíòó 2m i, îòæå, a ñïiâïàäà¹ ç îäèíèöåþ R çà ëåìîþ 4.17. Êðiì

òîãî, êîæåí åëåìåíò x ∈ R îäíîçíà÷íî çàïèñó¹òüñÿ ó âèãëÿäi x = ax1 +

bx2 ç êîåôiöi¹íòàìè 0 ≤ x1 < 2m i 0 ≤ x2 < 2n. Îòæå, xa = ax = x äëÿ

êîæíîãî x ∈ R. Êðiì òîãî, äëÿ êîæíîãî x ∈ R iñíóþòü òàêi îäíîçíà÷íî

âèçíà÷åíi öiëi α(x) ∈ Z2m i β(x) ∈ Z2n, ùî xb = aα(x) + bβ(x) i òîìó

äåÿêi âiäîáðàæåííÿ α : R→ Z2m i β : R→ Z2n âèçíà÷åíi. Òàêèì ÷èíîì,

b ∈ L, çâiäêè L = 〈a2k〉+ 〈b〉. Êðiì òîãî, R∗ = R \ L, îòæå, åëåìåíò
x = ax1 + bx2 íàëåæèòü äî R

∗ òîäi i òiëüêè òîäi, êîëè x1 6≡ 0 ( mod 2k ).
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Ëåìà 4.20. Íåõàé x = ax1 + bx2 i y = ay1 + by2 ¹ åëåìåíòàìè R. Òîäi

xy = a(x1y1 + α(x)y2) + b(x2y1 + β(x)y2).

Êðiì òîãî, äëÿ âiäîáðàæåíü α : R → Z2m i β : R → Z2n âèêîíóþòüñÿ

òàêi òâåðäæåííÿ:

(0) α(0) = β(0) = 0 òîäi i òiëüêè òîäi, êîëè ìàéæå-êiëüöå R ¹ íóëü-

ñèìåòðè÷íèì;

(1) α(a) = 0 i β(a) = 1;

(2) α(x) ≡ 0 ( mod 2m−n);

(3) α(xy) = x1α(y) + α(x)β(y);

(4) β(xy) = x2α(y) + β(x)β(y).

Äîâåäåííÿ. Îñêiëüêè 0 · a = an · 0 = 0, ìàéæå-êiëüöå R ¹ íóëü-

ñèìåòðè÷íèì òîäi i òiëüêè òîäi, êîëè

0 = 0 · b = aα(0) + bβ(0).

Çâiäñè α(0) = β(0) = 0, äîâîäèòü òâåðäæåííÿ (0). Êðiì òîãî, ç ðiâíîñòi

b = ab = aα(a) + bβ(a)

âèïëèâà¹, ùî α(a) = 0 òà β(a) = 1, i òîìó âèêîíó¹òüñÿ òâåðäæåííÿ (1).

Äàëi, çãiäíî ç ëiâèì äèñòðèáóòèâíèì çàêîíîì, ìà¹ìî

xy = (xa)y1 + (xb)y2 = (ax1 + bx2)y1 + (aα(x) + bβ(x))y2 = (4.1)

= ax1y1 + bx1y1 + aα(x)y2 + bβ(x)y2 =

= a(x1y1 + α(x)y2) + b(x2y1 + β(x)y2)

ÿê âèìàãàëîñÿ.
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Äàëi, çà ôîðìóëîþ (4.1) äëÿ y = b2n = 0 ìà¹ìî

0 = x(b2n) = aα(x)2n.

Òàêèì ÷èíîì, α(x) ≡ 0 ( mod 2m−n), ÿê ñòâåðäæó¹òüñÿ â (2).

Çðåøòîþ, àñîöiàòèâíiñòü ìíîæåííÿ â R îçíà÷à¹, ùî

x(yb) = (xy)b = aα(xy) + bβ(xy).

Êðiì òîãî, ïiäñòàâëÿþ÷è yb = aα(y) + bβ(y) çàìiñòü y ó ôîðìóëó (4.1),

òàêîæ ìà¹ìî

xy = a((x1α(y) + α(x)β(y)) + b(x2β(y) + β(x)β(y)).

Ïîðiâíþþ÷è êîåôiöi¹íòè ïðè a òà b ó äâîõ âèðàçàõ, îòðèìàíèõ äëÿ x(yb),

îòðèìó¹ìî òâåðäæåííÿ (3) òà (4) ëåìè.

Òåîðåìà 4.21. Íåõàé R � íàïiâäèñòðèáóòèâíå ëîêàëüíå ìàéæå-

êiëüöå, àäèòèâíà ãðóïà ÿêîãî R+ içîìîðôíà àáåëåâié ãðóïi òèïó (2m, 2n)

ç m ≥ n > 1. Òîäi íàïiâãðóïà (L, ·) ¹ êîìóòàòèâíîþ.

Äîâåäåííÿ. ßêùî x = ax1 +bx2 i y = ay1 +by2 ∈ L, òî x1 ≡ 0 ( mod 2k ) i

y1 ≡ 0 ( mod 2k ). Íåõàé x1 = 2s i y1 = 2t, äå s, t ∈ N . Òîäi äëÿ êîæíîãî

x, y ∈ L ç âèêîðèñòàííÿì ëiâîãî äèñòðèáóòèâíîãî i íàïiâäèñòðèáóòèâ-

íîãî çàêîíiâ ìà¹ìî:

xy = (ax1 + bx2)y = (a2s+ bx2)y = (as+ bx2 + as)y =

= (as)y + (bx2)y + (as)y = as(y + y) + (bx2)y =

= (as)(y2) + (bx2)y = as(a2y1 + b2y2) + bx2(ay1 + by2) =

= a2sy1 + b2sy2 + bx2y1 + aα(b)x2y2 + bβ(b)x2y2 =

= ax1y1 + bx1y2 + bx2y1 + aα(b)x2y2 + bβ(b)x2y2 =

= a(x1y1 + α(b)x2y2) + b(x1y2 + x2y1 + β(b)x2y2).
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Ïðè öüîìó îòðèìó¹ìî:

yx = (ay1 + by2)x = (a2t+ by2)x = (at+ by2 + at)x =

= (at)x+ (by2)x+ (at)x = at(x+ x) + (by2)x =

= (at)(x2) + (by2)x = at(a2x1 + b2x2) + by2(ax1 + bx2) =

= a2tx1 + b2tx2 + by2x1 + aα(b)x2y2 + bβ(b)x2y2 =

= ax1y1 + bx2y1 + bx1y2 + aα(b)x2y2 + bβ(b)x2y2 =

= a(x1y1 + α(b)x2y2) + b(x1y2 + x2y1 + β(b)x2y2).

Òîìó xy = yx äëÿ êîæíîãî x, y ∈ L i òîìó (L, ·) ¹ êîìóòàòèâíèì, ÿê i

ñòâåðäæóâàëîñÿ.

ßê ïðèêëàä, iñíó¹ 1068 íåiçîìîðôíèõ ëîêàëüíèõ ìàéæå-êiëåöü íà 2-

ïîðîäæåíèõ àáåëåâèõ 2-ãðóïàõ ïîðÿäêó íå áiëüøå 32, ñåðåä ÿêèõ 42 ¹

íàïiâäèñòðèáóòèâíèìè. Íàñòóïíó òàáëèöþ îòðèìàíî ç ïàêåòiâ SONATA

òà LocalNR ñèñòåìè êîìï'þòåðíî¨ àëãåáðè GAP.

Àäèòèâíà ãðóïà Êiëüêiñòü ëîêàëüíèõ Êiëüêiñòü

íàïiâäèñòðèáóòèâíèõ

ìàéæå-êiëåöü ëîêàëüíèõ ìàéæå-êiëåöü

C2 ⊕ C2 2 2

C4 ⊕ C2 5 5

C4 ⊕ C4 29 9

C8 ⊕ C2 23 5

C8 ⊕ C4 880 16

C16 ⊕ C2 129 5
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Âèñíîâêè äî ðîçäiëó 4

Ó äàíîìó ðîçäiëi:

� ââåäåíî òà äîñëiäæåíî íàïiâäèñòðèáóòèâíi ìàéæå-êiëüöÿ ç îäèíè-

öåþ;

� âèâ÷åíî íàïiâãðóïó íåîáîðîòíèõ åëåìåíòiâ ëîêàëüíèõ ìàéæå-êiëåöü,

àäèòèâíà ãðóïà ÿêîãî içîìîðôíà àáåëåâié ãðóïi òèïó (2m, 2n) ç

m ≥ n > 1.

Îñíîâíi ðåçóëüòàòè äàíîãî ðîçäiëó îïóáëiêîâàíî ó ïðàöÿõ [9, 10] çi

ñïèñêó ïóáëiêàöié i, âiäïîâiäíî, [97], [105] çi ñïèñêó âèêîðèñòàíèõ äæåðåë,

à òàêîæ îïóáëiêîâàíî ó òåçàõ êîíôåðåíöié [33, 39] i, âiäïîâiäíî, [75], [72].
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Ðîçäië 5

Ìàéæå-êiëüöåâi áðåéñè òà ëîêàëüíi

ìàéæå-êiëüöÿ

Âèêîðèñòîâóþ÷è ïàêåò YangBaxter [119], íàäà¹ìî êëàñèôiêàöi¨ p-

áðåéñiâ (äî ïîðÿäêó 32) òà êîñèõ p-áðåéñiâ (äî ïîðÿäêó 16) âiäïîâiäíî

äî àäèòèâíèõ àáî ìóëüòèïëiêàòèâíèõ ãðóï, ÿêi ¹ p-ãðóïàìè Ìiëëåðà�

Ìîðåíî. Êðiì òîãî, ìè íàäà¹ìî äåÿêó iíôîðìàöiþ ùîäî ìàéæå-êiëüöåâèõ

áðåéñiâ, ùî ñòîñóþòüñÿ, ïàêåòó LocalNR.

5.1. Áðåéñè òà êîñi áðåéñè

Äëÿ ñêií÷åííîãî áðåéñà A = (A,+, ◦), äå (A,+) òà (A, ◦) � òàêi äâi

àáåëåâi ãðóïè, ùî a ◦ (b + c) = a ◦ b − a + a ◦ c âèêîíó¹òüñÿ äëÿ âñiõ

a, b, c ∈ A.
ßêùî àäèòèâíà ãðóïà ¹ öèêëi÷íîþ, òî áðåéñ A íàçèâà¹òüñÿ öèêëi-

÷íèì.

Êîñèé áðåéñ � öå òðiéêà (A,+, ◦), äå (A,+) òà (A, ◦) � äâi (íå

îáîâ'ÿçêîâî àáåëåâi) ãðóïè òàêi, ùî ðiâíiñòü a ◦ (b+ c) = a ◦ b− a+ a ◦ c
âèêîíó¹òüñÿ äëÿ âñiõ a, b, c ∈ A.

Ðóìï [110] êëàñèôiêóâàâ áðåéñè äâîõ òèïiâ: (A,+) � öèêëi÷íà p-

ãðóïà; (A,+) � öèêëi÷íà ãðóïà òàêà, ùî (A, ◦) òàêîæ ¹ öèêëi÷íîþ.
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Êâàòåðíiîííèé áðåéñ � öå áðåéñ, ìóëüòèïëiêàòèâíà ãðóïà ÿêîãî içî-

ìîðôíà äåÿêié óçàãàëüíåíié ãðóïi êâàòåðíiîíiâ Q2m. Ðóìï [112] âñòàíî-

âèâ ïîâíó êëàñèôiêàöiþ êâàòåðíiîííèõ áðåéñiâ ïîðÿäêó ≥ 32.

Ç îãëÿäó íà âèùåçàçíà÷åíi ðåçóëüòàòè, íàñòóïíèì ïðèðîäíèì êðîêîì

¹ ðîçãëÿä áðåéñiâ òà êîñèõ áðåéñiâ, àäèòèâíi òà ìóëüòèïëiêàüòâíi ãðó-

ïè ÿêèõ ¹ ìiíiìàëüíèìè íåàáåëåâèìè àáî, â iíøié òåðìiíîëîãi¨, ãðóïàìè

Ìiëëåðà�Ìîðåíî.

Íàãàäà¹ìî, ùî ñêií÷åííà ãðóïà íàçèâà¹òüñÿ ãðóïîþ Ìiëëåðà�Ìîðåíî,

ÿêùî âîíà íåàáåëåâà, à âñi ¨¨ âëàñíi ïiäãðóïè ¹ àáåëåâèìè. Ñòðóêòóðà öèõ

ãðóï ïîâíiñòþ îïèñó¹òüñÿ âiäîìîþ òåîðåìîþ Ðåäå¨.

Äàëi, ìè çîñåðåäèìîñÿ íà áðåéñàõ òà êîñèõ áðåéñàõ ïîðÿäêó pn, ÿêi

ìè òàêîæ íàçèâà¹ìî p-áðåéñàìè òà p-êîñèìè áðåéñàìè, âiäïîâiäíî.

Ìè êàæåìî, ùî p-áðåéñ (p-êîñèé áðåéñ) ¹ Ìiëëåðà�Ìîðåíî, ÿêùî éîãî

ìóëüòèïëiêàòèâíà (ñïðÿæåíà) ãðóïà ¹ p-ãðóïîþ Ìiëëåðà�Ìîðåíî.

Äàëi, íàâåäåìî îçíà÷åííÿ ëîêàëüíîãî ìàéæå-êiëüöÿ çi ñòàòòi Ðóì-

ïà [111], à òàêîæ îçíà÷åííÿ ðîçùåïëþâàëüíîãî ëîêàëüíîãî ìàéæå-êiëüöÿ

òà ìàéæå êiëüöåâîãî áðåéñà ç öi¹¨ ðîáîòè.

Îçíà÷åííÿ 5.1. [111] Ìàéæå-êiëüöå N íàçèâà¹òüñÿ ëîêàëüíèì, ÿêùî

N ¹ ìàéæå-êiëüöå ç îäèíèöåþ, à åëåìåíòè r ∈ N ç Nr = N óòâîðþþòü

ïiäìîäóëü J(N), ðàäèêàë N . Òîäi N ∗ = N \ J(N).

Îçíà÷åííÿ 5.2. [111, De�nition 9] Ìè êàæåìî, ùî ëîêàëüíå ìàéæå-

êiëüöå N ðîçùåïëþ¹òüñÿ, ÿêùî iñíó¹ ïiäìàéæå-ïîëåK äëÿ N ç N = K⊕
J(N) ÿê àäèòèâíèìè ãðóïàìè. ßêùî K ìîæíà âèáðàòè ïiäìàéæå-ïîëåì

öåíòðó

Z(N) = {r ∈ N : ∀s ∈ N : rs = sr},

òî êàæåìî, ùî N ïîâíiñòþ ðîçùåïëþ¹òüñÿ.

Çàóâàæåííÿ 5.3. [111] ßêùî N ïîâíiñòþ ðîçùåïëþâàíå, òî áóäü-ÿêå

ìàéæå-ïîëå K ⊂ Z(N) ¹ êîìóòàòèâíèì, à îòæå, ïîëåì.
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Îçíà÷åííÿ 5.4. [111, De�nition 10] Âèçíà÷èìî ìàéæå-êiëüöåâèé áðåéñ

ÿê áðåéñ A ç òàêîþ ìàéæå-êiëüöåâîþ ñòðóêòóðîþ, ùî (ab)c = a(bc) òà

a(bc+ c) = (ab)c âèêîíóþòüñÿ äëÿ âñiõ a, b, c ∈ A. ßêùî A ¹ K-ëiíiéíèì

ÿê áðåéñ òà ÿê ìàéæå-êiëüöå, ìè ãîâîðèìî ïðî ìàéæå-êiëüöåâèéK-áðåéñ.

Íàñòóïíèé ïðèêëàä âèïëèâà¹ ç [111, Example 8].

Ïðèêëàä 5.5. Íåõàé N � ëîêàëüíå ìàéæå-êiëüöå. Ðàäèêàë J(N) � öå

êîñèé áðåéñ.

Òåîðåìà 5.6. [111, Theorem 5] Íåõàé K � ïîëå. Ç òî÷íiñòþ äî içî-

ìîðôiçìó, N 7→ J(N) çàäà¹ áiåêöiþ ìiæ ïîâíiñòþ ðîçùåïëåíèìè ëî-

êàëüíèìè ìàéæå-êiëüöÿìè N ç N/J(N) ∼= K òà ìàéæå-êiëüöåâèìè

K-áðåéñàìè.

5.2. Áðåéñè ç ïàêåòó YangBaxter

Ïàêåò YangBaxter íàäà¹ ôóíêöiîíàëüíiñòü äëÿ ïîáóäîâè êëàñè÷íèõ

òà êîñèõ áðåéñiâ. Âií òàêîæ âêëþ÷à¹ áàçó äàíèõ êëàñè÷íèõ òà êîñèõ

áðåéñiâ ìàëèõ ïîðÿäêiâ.

Ïàêåò YangBaxter ìiñòèòü áiáëiîòåêè áðåéñiâ AllBraces òà êîñèõ

áðåéñiâ AllSmallSkewbraces ìàëîãî ïîðÿäêó. Ó öèõ áiáëiîòåêàõ áðåéñè

âïîðÿäêîâóþòüñÿ âiäïîâiäíî äî ¨õíüîãî ïîðÿäêó, i, íàïðèêëàä, êîìàíäè

B := AllBraces(n) òà S := AllSmallSkewbraces(n) âèçíà÷àþòü ñïèñêè

áðåéñiâ B òà êîñèõ áðåéñiâ S ïîðÿäêó n, âiäïîâiäíî. Íàïðèêëàä, áðåéñè

ïîðÿäêiâ 64 òà 128 íå ðåàëiçîâàíi â áiáëiîòåöi AllBraces.

Ôóíêöi¨ äëÿ îòðèìàííÿ ìóëüòèïëiêàòèâíèõ òà àäèòèâíèõ ãðóï

áðåéñiâ (êîñèõ áðåéñiâ) � öå UnderlyingMultiplicativeGroup òà

UnderlyingAdditiveGroup, âiäïîâiäíî. Ïàêåò ìiñòèòü ôóíêöi¨ äëÿ âè-

âîäó ñïèñêiâ âñiõ áðåéñiâ òà êîñèõ áðåéñiâ çàäàíîãî ïîðÿäêó, òîáòî

AllSmallBraces òà AllSmallSkewbraces, âiäïîâiäíî.
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Íåõàé [n, i] � i-òà ãðóïà ïîðÿäêó n ó áiáëiîòåöi SmallGroups â ñèñòåìi

GAP. Ïîçíà÷èìî ÷åðåç Cn, Dn òà Qn öèêëi÷íó ãðóïó, ãðóïó äiåäðà òà

ãðóïó êâàòåðíiîíiâ ïîðÿäêó n, âiäïîâiäíî.

Òâåðäæåííÿ 5.7. Íåõàé (A,+, ◦) � Ìiëëåðà�Ìîðåíî p-áðåéñ äî ïîðÿä-

êó 32. Òîäi (A, ◦) içîìîðôíà îäíié ç íàñòóïíèõ ãðóï:

1) D8 [8, 3];

2) Q8 [8, 4];

3) (C4 × C2) o C2 [16, 3];

4) C4 o C4 [16, 4];

5) C8 o C2 [16, 6];

6) (C4 × C2) o C4 [32, 2];

7) C8 o C4 [32, 4];

8) (C8 × C2) o C2 [32, 5];

9) C4 o C8 [32, 12];

10) C16 o C2 [32, 17].

Íàâåäåìî êëàñèôiêàöiþ áðåéñiâ Ìiëëåðà�Ìîðåíî ç ìóëüòèïëiêàòèâ-

íîþ ãðóïîþ içîìîðôíîþ ãðóïi D8 [8, 3].

Òâåðäæåííÿ 5.8. Iñíó¹ 8 áðåéñiâ Ìiëëåðà�Ìîðåíî ç

(A, ◦) ∼= D8 [8, 3],

òîáòî:

� 1 áðåéñ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C8 [8, 1];
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� 5 áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C4 × C2 [8, 2];

� 2 áðåéñè ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C2 × C2 × C2 [8, 5].

Íàâåäåìî êëàñèôiêàöiþ áðåéñiâ Ìiëëåðà�Ìîðåíî ç ìóëüòèïëiêàòèâ-

íîþ ãðóïîþ içîìîðôíîþ ãðóïi Q8 [8, 4].

Òâåðäæåííÿ 5.9. Iñíó¹ 3 áðåéñiâ Ìiëëåðà�Ìîðåíî ç

(A, ◦) ∼= Q8 [8, 4],

òîáòî:

� 1 áðåéñ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C8 [8, 1];

� 1 áðåéñ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C4 × C2 [8, 2];

� 1 áðåéñ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C2 × C2 × C2 [8, 5].

Íàâåäåìî êëàñèôiêàöiþ áðåéñiâ Ìiëëåðà�Ìîðåíî ç ìóëüòèïëiêàòèâ-

íîþ ãðóïîþ içîìîðôíîþ ãðóïi (C4 × C2) o C2 [16, 3].

Òâåðäæåííÿ 5.10. Iñíó¹ 65 áðåéñiâ Ìiëëåðà�Ìîðåíî ç

(A, ◦) ∼= (C4 × C2) o C2 [16, 3],

òîáòî:

� 19 áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C4 × C4 [16, 2];

� 2 áðåéñè ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C8 × C2 [16, 5];
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� 36 áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C4 × C2 × C2 [16, 10];

� 8 áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C2 × C2 × C2 × C2 [16, 14].

Íàâåäåìî êëàñèôiêàöiþ áðåéñiâ Ìiëëåðà�Ìîðåíî ç ìóëüòèïëiêàòèâ-

íîþ ãðóïîþ içîìîðôíîþ ãðóïi C4 o C4 [16, 4].

Òâåðäæåííÿ 5.11. Iñíó¹ 45 áðåéñiâ Ìiëëåðà�Ìîðåíî ç

(A, ◦) ∼= C4 o C4 [16, 4],

òîáòî:

� 14 áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C4 × C4 [16, 2];

� 4 áðåéñè ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C8 × C2 [16, 5];

� 23 áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C4 × C2 × C2 [16, 10];

� 4 áðåéñè ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C2 × C2 × C2 × C2 [16, 14].

Íàâåäåìî êëàñèôiêàöiþ áðåéñiâ Ìiëëåðà�Ìîðåíî ç ìóëüòèïëiêàòèâ-

íîþ ãðóïîþ içîìîðôíîþ ãðóïi C8 o C2 [16, 6].

Òâåðäæåííÿ 5.12. Iñíó¹ 11 áðåéñiâ Ìiëëåðà�Ìîðåíî ç

(A, ◦) ∼= C8 o C2 [16, 6],

òîáòî:

� 1 áðåéñ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C16 [16, 1];
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� 2 áðåéñè ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C4× C4 [16, 2];

� 6 áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C8 × C2 [16, 5];

� 1 áðåéñ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C4 × C2 × C2 [16, 10];

� 1 áðåéñ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C2 × C2 × C2 × C2 [16, 14].

Íàâåäåìî êëàñèôiêàöiþ áðåéñiâ Ìiëëåðà�Ìîðåíî ç ìóëüòèïëiêàòèâ-

íîþ ãðóïîþ içîìîðôíîþ ãðóïi (C4 × C2) o C4 [32, 2].

Òâåðäæåííÿ 5.13. Iñíó¹ 296 áðåéñiâ Ìiëëåðà�Ìîðåíî ç

(A, ◦) ∼= (C4 × C2) o C4 [32, 2],

òîáòî:

� 6 áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C8 × C4 [32, 3];

� 125 áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C4 × C4 × C2 [32, 21];

� 8 áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C8 × C2 × C2 [32, 36];

� 135 áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C4 × C2 × C2 × C2 [32, 45];

� 22 áðåéñè ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C2 × C2 × C2 × C2 × C2 [32, 51].
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Íàâåäåìî êëàñèôiêàöiþ áðåéñiâ Ìiëëåðà�Ìîðåíî ç ìóëüòèïëiêàòèâ-

íîþ ãðóïîþ içîìîðôíîþ ãðóïi C8 o C4 [32, 4].

Òâåðäæåííÿ 5.14. Iñíó¹ 30 áðåéñiâ Ìiëëåðà�Ìîðåíî ç

(A, ◦) ∼= C8 o C4 [32, 4],

òîáòî:

� 18 áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C8 × C4 [32, 3];

� 2 áðåéñè ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C16 × C2 [32, 16];

� 10 áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C8 × C2 × C2 [32, 36].

Íàâåäåìî êëàñèôiêàöiþ áðåéñiâ Ìiëëåðà�Ìîðåíî ç ìóëüòèïëiêàòèâ-

íîþ ãðóïîþ içîìîðôíîþ ãðóïi (C8 × C2) o C2 [32, 5].

Òâåðäæåííÿ 5.15. Iñíó¹ 101 áðåéñiâ Ìiëëåðà�Ìîðåíî ç

(A, ◦) ∼= (C8 × C2) o C2 [32, 5],

òîáòî:

� 30 áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C8 × C4 [32, 3];

� 2 áðåéñè ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C16 × C2 [32, 16];

� 15 áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C4 × C4 × C2 [32, 21];

� 36 áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C8 × C2 × C2 [32, 36];
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� 12 áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C4 × C2 × C2 × C2 [32, 45];

� 6 áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C2 × C2 × C2 × C2 × C2 [32, 51].

Íàâåäåìî êëàñèôiêàöiþ áðåéñiâ Ìiëëåðà�Ìîðåíî ç ìóëüòèïëiêàòèâ-

íîþ ãðóïîþ içîìîðôíîþ ãðóïi C4 o C8 [32, 12].

Òâåðäæåííÿ 5.16. Iñíó¹ 48 áðåéñiâ Ìiëëåðà�Ìîðåíî ç

(A, ◦) ∼= C4 o C8 [32, 12],

òîáòî:

� 26 áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C8 × C4 [32, 3];

� 2 áðåéñè ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C16 × C2 [32, 16];

� 20 áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C8 × C2 × C2 [32, 36].

Íàâåäåìî êëàñèôiêàöiþ áðåéñiâ Ìiëëåðà�Ìîðåíî ç ìóëüòèïëiêàòèâ-

íîþ ãðóïîþ içîìîðôíîþ ãðóïi C16 o C2 [32, 17].

Òâåðäæåííÿ 5.17. Iñíó¹ 12 áðåéñiâ Ìiëëåðà�Ìîðåíî ç

(A, ◦) ∼= C16 o C2 [32, 17],

òîáòî:

� 1 áðåéñ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C32 [32, 1];

� 11 áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C16 × C2 [32, 16].
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5.3. Êîñi áðåéñè ç ïàêåòó YangBaxter

Çàñòîñîâóþ÷è ñèñòåìó GAP òà ïàêåò YangBaxter, íàâåäåìî êëàñè-

ôiêàöiþ êîñèõ áðåéñiâ ç ìóëüòèïëiêàòèâíèìè òà àäèòèâíèìè ãðóïàìè

Ìiëëåðà�Ìîðåíî ìàëèõ ïîðÿäêiâ.

Òâåðäæåííÿ 5.18. Íåõàé (A,+, ◦) � êîñèé p-áðåéñ Ìiëëåðà�Ìîðåíî äî

ïîðÿäêó 16. Òîäi (A, ◦) içîìîðôíà îäíié ç íàñòóïíèõ ãðóï:

1) D8 [8, 3];

2) Q8 [8, 4];

3) (C4 × C2) o C2 [16, 3];

4) C4 o C4 [16, 4];

5) C8 o C2 [16, 6].

Íàâåäåìî êëàñèôiêàöiþ êîñèõ áðåéñiâ Ìiëëåðà�Ìîðåíî ç ìóëüòèïëi-

êàòèâíîþ ãðóïîþ içîìîðôíîþ ãðóïi D8 [8, 3].

Òâåðäæåííÿ 5.19. Iñíó¹ 14 êîñèõ áðåéñiâ Ìiëëåðà�Ìîðåíî ç

(A, ◦) ∼= D8 [8, 3],

òîáòî:

� 1 êîñèé áðåéñ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C8 [8, 1];

� 5 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C4 × C2 [8, 2];

� 4 êîñèõ áðåéñè ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= D8 [8, 3];
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� 2 êîñèõ áðåéñè ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= Q8 [8, 4];

� 2 êîñèõ áðåéñè ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C2 × C2 × C2 [8, 5].

Íàâåäåìî êëàñèôiêàöiþ êîñèõ áðåéñiâ Ìiëëåðà�Ìîðåíî ç ìóëüòèïëi-

êàòèâíîþ ãðóïîþ içîìîðôíîþ ãðóïi Q8 [8, 4].

Òâåðäæåííÿ 5.20. Iñíó¹ 7 êîñèõ áðåéñiâ Ìiëëåðà�Ìîðåíî ç

(A, ◦) ∼= Q8 [8, 4],

òîáòî:

� 1 êîñèé áðåéñ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C8 [8, 1];

� 1 êîñèé áðåéñ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C4 × C2 [8, 2];

� 2 êîñèõ áðåéñè ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= D8 [8, 3];

� 2 êîñèõ áðåéñè ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= Q8 [8, 4];

� 1 êîñèé áðåéñ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C2 × C2 × C2 [8, 5].

Íàâåäåìî êëàñèôiêàöiþ êîñèõ áðåéñiâ Ìiëëåðà�Ìîðåíî ç ìóëüòèïëi-

êàòèâíîþ ãðóïîþ içîìîðôíîþ ãðóïi (C4 × C2) o C2 [16, 3].

Òâåðäæåííÿ 5.21. Iñíó¹ 189 êîñèõ áðåéñiâ Ìiëëåðà�Ìîðåíî ç

(A, ◦) ∼= (C4 × C2) o C2 [16, 3],

òîáòî:
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� 19 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C4 × C4 [16, 2];

� 43 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= (C4 × C2) o C2 [16, 3];

� 36 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C4 o C4 [16, 4];

� 2 êîñèõ áðåéñè ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C8 × C2 [16, 5];

� 2 êîñèõ áðåéñè ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C8 o C2 [16, 6];

� 36 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C4 × C2 × C2 [16, 10];

� 30 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C2 ×D8 [16, 11];

� 13 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C2 ×Q8 [16, 12];

� 8 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C2 × C2 × C2 × C2 [16, 14].

Íàâåäåìî êëàñèôiêàöiþ êîñèõ áðåéñiâ Ìiëëåðà�Ìîðåíî ç ìóëüòèïëi-

êàòèâíîþ ãðóïîþ içîìîðôíîþ ãðóïi C4 o C4 [16, 4].

Òâåðäæåííÿ 5.22. Iñíó¹ 162 êîñèõ áðåéñiâ Ìiëëåðà�Ìîðåíî ç

(A, ◦) ∼= C4 o C4 [16, 4],

òîáòî:
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� 14 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C4 × C4 [16, 2];

� 38 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= (C4 × C2) o C2 [16, 3];

� 40 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C4 o C4 [16, 4];

� 4 êîñèõ áðåéñè ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C8 × C2 [16, 5];

� 2 êîñèõ áðåéñè ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C8 o C2 [16, 6];

� 23 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C4 × C2 × C2 [16, 10];

� 11 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C2 ×D8 [16, 11];

� 13 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C2 ×Q8 [16, 12];

� 4 êîñèõ áðåéñè ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C2 × C2 × C2 × C2 [16, 14].

Íàâåäåìî êëàñèôiêàöiþ êîñèõ áðåéñiâ Ìiëëåðà�Ìîðåíî ç ìóëüòèïëi-

êàòèâíîþ ãðóïîþ içîìîðôíîþ ãðóïi C8 o C2 [16, 6].

Òâåðäæåííÿ 5.23. Iñíó¹ 79 êîñèõ áðåéñiâ Ìiëëåðà�Ìîðåíî ç

(A, ◦) ∼= C8 o C2 [16, 6],

òîáòî:
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� 1 êîñèé áðåéñ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C16 [16, 1];

� 2 êîñèõ áðåéñè ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C4 × C4 [16, 2];

� 2 êîñèõ áðåéñè ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= (C4 × C2) o C2 [16, 3];

� 4 êîñèõ áðåéñè ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C4 o C4 [16, 4];

� 6 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C8 × C4 [16, 5];

� 6 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C8 o C4 [16, 6];

� 8 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= D16 [16, 7];

� 16 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= QD16 [16, 8];

� 8 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= Q16 [16, 9];

� 1 êîñèé áðåéñ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C4 × C2 × C2 [16, 10];

� 7 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C2 ×D8 [16, 11];

� 7 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C2 ×Q8 [16, 12];
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� 8 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= (C4 × C2) o C2 [16, 13];

� 1 êîñèé áðåéñ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C2 × C2 × C2 × C2 [16, 14].

Òâåðäæåííÿ 5.24. Íåõàé (A,+, ◦) � êîñèé p-áðåéñ ç àäèòèâíîþ ãðó-

ïîþ Ìiëëåðà�Ìîðåíî (A,+) äî ïîðÿäêó 16. Òîäi (A,+) içîìîðôíà îäíié

ç íàñòóïíèõ ãðóï:

1) D8 [8, 3];

2) Q8 [8, 4];

3) (C4 × C2) o C2 [16, 3];

4) C4 o C4 [16, 4];

5) C8 o C2 [16, 6].

Íàâåäåìî êëàñèôiêàöiþ êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ Ìiëëåðà�

Ìîðåíî içîìîðôíîþ ãðóïi D8 [8, 3].

Òâåðäæåííÿ 5.25. Iñíó¹ 12 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= D8 [8, 3],

òîáòî:

� 2 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C8 [8, 1];

� 3 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C4 × C2 [8, 2];

� 4 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= D8 [8, 3];
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� 2 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= Q8 [8, 4];

� 1 êîñèé áðåéñ ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C2 × C2 × C2 [8, 5].

Íàâåäåìî êëàñèôiêàöiþ êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ Ìiëëåðà�

Ìîðåíî içîìîðôíîþ ãðóïi Q8 [8, 4].

Òâåðäæåííÿ 5.26. Iñíó¹ 8 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= Q8 [8, 4],

òîáòî:

� 2 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C8 [8, 1];

� 1 êîñèé áðåéñ ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C4 × C2 [8, 2];

� 2 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= D8 [8, 3];

� 2 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= Q8 [8, 4];

� 1 êîñèé áðåéñ ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C2 × C2 × C2 [8, 5].

Íàâåäåìî êëàñèôiêàöiþ êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ Ìiëëåðà�

Ìîðåíî içîìîðôíîþ ãðóïi (C4 × C2) o C2 [16, 3].

Òâåðäæåííÿ 5.27. Iñíó¹ 191 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= (C4 × C2) o C2 [16, 3],

òîáòî:
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� 14 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C4 × C4 [16, 2];

� 43 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= (C4 × C2) o C2 [16, 3];

� 38 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C4 o C4 [16, 4];

� 2 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C8 × C2 [16, 5];

� 2 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C8 o C2 [16, 6];

� 2 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= QD16 [16, 8];

� 2 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= Q16 [16, 9];

� 21 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C4 × C2 × C2 [16, 10];

� 38 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C2 ×D8 [16, 11];

� 7 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C2 ×Q8 [16, 12];

� 19 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= (C4 × C2) o C2 [16, 13];

� 3 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C2 × C2 × C2 × C2 [16, 14].
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Íàâåäåìî êëàñèôiêàöiþ êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ Ìiëëåðà�

Ìîðåíî içîìîðôíîþ ãðóïi C4 o C4 [16, 4].

Òâåðäæåííÿ 5.28. Iñíó¹ 190 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C4 o C4 [16, 4],

òîáòî:

� 12 êîñèõ áðåéñiâ ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C4 × C4 [16, 2];

� 36 êîñèõ áðåéñiâ ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= (C4 × C2) o C2 [16, 3];

� 40 êîñèõ áðåéñiâ ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C4 o C4 [16, 4];

� 4 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C8 × C2 [16, 5];

� 4 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C8 o C2 [16, 6];

� 4 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= D16 [16, 7];

� 4 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= QD16 [16, 8];

� 18 êîñèõ áðåéñiâ ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C4 × C2 × C2 [16, 10];

� 38 êîñèõ áðåéñiâ ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C2 ×D8 [16, 11];
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� 8 êîñèõ áðåéñiâ ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C2 ×Q8 [16, 12];

� 20 êîñèõ áðåéñiâ ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= (C4 × C2) o C2 [16, 13];

� 2 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C2 × C2 × C2 × C2 [16, 14].

Íàâåäåìî êëàñèôiêàöiþ êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ Ìiëëåðà�

Ìîðåíî içîìîðôíîþ ãðóïi C8 o C2 [16, 6].

Òâåðäæåííÿ 5.29. Iñíó¹ 66 êîñèõ áðåéñiâ ç àäèòèâíîþ ãðóïîþ

(A,+) ∼= C8 o C2 [16, 6],

òîáòî:

� 2 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C4 × C4 [16, 2];

� 2 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= (C4 × C2) o C2 [16, 3];

� 2 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C4 o C4 [16, 4];

� 6 êîñèõ áðåéñiâ ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C8 × C4 [16, 5];

� 8 êîñèõ áðåéñiâ ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C8 o C4 [16, 6];

� 4 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= D16 [16, 7];
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� 10 êîñèõ áðåéñiâ ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= QD16 [16, 8];

� 6 êîñèõ áðåéñiâ ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= Q16 [16, 9];

� 3 êîñèõ áðåéñè ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C4 × C2 × C2 [16, 10];

� 7 êîñèõ áðåéñiâ ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C2 ×D8 [16, 11];

� 5 êîñèõ áðåéñiâ ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= C2 ×Q8 [16, 12];

� 11 êîñèõ áðåéñiâ ç ìóëüòèïëiêàòèâíîþ ãðóïîþ

(A, ◦) ∼= (C4 × C2) o C2 [16, 13].

5.4. Ìàéæå-êiëüöåâi áðåéñè

Çàóâàæèìî, ùî áðåéñè ðîçìiðó 64 íå ðåàëiçîâàíi â áiáëiîòåöi

AllBraces. Ç ïàêåòó LocalNR ìîæåìî çàâàíòàæèòè ëîêàëüíi ìàéæå-

êiëüöÿ ïîðÿäêó 128, äå àðãóìåíòè k, l, m, n ïîõîäÿòü ç IdGroup àäèòèâ-

íî¨ ãðóïè òà ìóëüòèïëiêàòèâíî¨ ãðóïè âiäïîâiäíî, w � ïîçèöiÿ ó ñïèñêó

áiáëiîòåêè.

ßê ïðèêëàä, ìè íàâîäèìî ìàéæå-êiëüöå

R := LocalNearRing(128, 160, 64, 183, 2)

ç |R : L| = 2. Î÷åâèäíî, ùî R∗ = 1 + L, i òîìó ìè ìîæåìî âèäiëèòè

ìàéæå-êiëüöåâèé iäåàë I = (L,+, ·), ìóëüòèïëiêàòèâíó òà àäèòèâíó ãðó-
ïè ìàéæå-êiëüöåâîãî áðåéñó [111] B = (L, 1 + L) ïîðÿäêó 64. Çðîçóìiëî,

ùî R∗ = 1 + L ∼= C16 × C2 × C2 òà L ∼= C32 × C2.
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Öþ iíôîðìàöiþ îòðèìàíî çà äîïîìîãîþ êîìàíä:

# R � çàäàíå ìàéæå-êiëüöå.

R := LocalNearRing(128, 160, 64, 183, 2);

# G � ìóëüòèïëiêàòèâíà ãðóïà R.

G := SmallGroup(64, 183);

# Ñòðóêòóðíèé îïèñ G.

StructureDescription(G);

# L � ïiäãðóïà íåîáîðîòíèõ åëåìåíòiâ R.

L := NonUnitsAsAdditiveSubgroup(R);

# Ñòðóêòóðíèé îïèñ L.

StructureDescription(L);

Âiäìiòèìî, ùî â ïàêåòi LocalNR ¹ ôóíêöiÿNonUnitsAsNearRingIdeal,

çà äîïîìîãîþ ÿêî¨ ìîæíà çíàõîäèòè iäåàëè ëîêàëüíèõ ìàéæå-êiëåöü àáî

ìàéæå-êiëüöåâi áðåéñè.

NonUnitsAsNearRingIdeal( R ) ( àòðèáóò )

Ïîâåðòà¹: iäåàë

Àðãóìåíòîì ¹ ëîêàëüíå ìàéæå-êiëüöå R.

Âèâiä ¹ iäåàë, ïîðîäæåíèé óñiìà íåîáîðîòíèìè åëåìåíòàìè ç R.

Ïðèêëàä.

# R � çàäàíå ìàéæå-êiëüöå.

R := LocalNearRing(128, 160, 64, 183, 2);



227

ExplicitMultiplicationNearRing ( <pc group of size 128 with 7

generators> , multiplication )

# I � iäåàë ìàéæå-êiëüöÿ R.

gap> I := NonUnitsAsNearRingIdeal(R);

< nearring ideal >

# Çíàõîäèìî ïîðÿäîê iäåàëó I.

gap> Size(I);

54

Îòæå, iäåàë I ëîêàëüíîãî ìàéæå-êiëüöÿR ¹ ìàéæå-êiëüöåâèì áðåéñîì

B.

Âèñíîâêè äî ðîçäiëó 5

Ó äàíîìó ðîçäiëi:

� âèêîðèñòîâóþ÷è ïàêåò YangBaxter, íàäàíî êëàñèôiêàöi¨ áðåéñiâ (äî

ïîðÿäêó 32) òà êîñèõ áðåéñiâ (äî ïîðÿäêó 16) âiäïîâiäíî äî àäèòèâ-

íèõ àáî ìóëüòèïëiêàòèâíèõ ãðóï, ÿêi ¹ p-ãðóïàìè Ìiëëåðà�Ìîðåíî;

� íàâåäåíî äåÿêó iíôîðìàöiþ ùîäî ìàéæå-êiëüöåâèõ áðåéñiâ, ùî ñòî-

ñóþòüñÿ, ïàêåòó LocalNR.

Îñíîâíi ðåçóëüòàòè äàíîãî ðîçäiëó îïóáëiêîâàíî ó ïðàöÿõ [5] çi ñïèñêó

ïóáëiêàöié i, âiäïîâiäíî, [88] çi ñïèñêó âèêîðèñòàíèõ äæåðåë, à òàêîæ

îïóáëiêîâàíî ó òåçàõ êîíôåðåíöié [22] i, âiäïîâiäíî, [90].
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Ðîçäië 6

Âèêîðèñòàííÿ ñèñòåìè êîìï'þòåðíî¨ àëãåáðè

GAP

äëÿ ïîáóäîâè òà âèâ÷åííÿ íåäèñòðèáóòèâíèõ

àëãåáðà¨÷íèõ ñòðóêòóð

Â ðîçäiëi íàâåäåíî àëãîðèòì ïîáóäîâè ñêií÷åííèõ ëîêàëüíèõ ìàéæå-

êiëåöü, ôóíêöi¨ äëÿ ìàéæå-êiëåöü òà ãðóï äëÿ ïàêåòó LocalNR ç ïðèêëà-

äàìè ¨õ âèêîðèñòàííÿ.

6.1. Àëãîðèòì ïîáóäîâè ñêií÷åííèõ ëîêàëüíèõ

ìàéæå-êiëåöü

Íàãàäà¹ìî, ùî çà Ìåêñîíîì [61], ìàéæå-êiëüöå R ç îäèíèöåþ 1 6= 0

íàçèâà¹òüñÿ ëîêàëüíèì, ÿêùî ìíîæèíà L = R \ R∗ óñiõ íåîáîðîòíèõ

åëåìåíòiâR óòâîðþ¹ ïiäãðóïó àäèòèâíî¨ ãðóïèR+. Çîêðåìà, ÿêùî L = 0,

òî R � ìàéæå-ïîëå.

Íàâåäåìî äåÿêi ïðèêëàäè.

� Êîæíå ëîêàëüíå êiëüöå ¹ ëîêàëüíèì ìàéæå-êiëüöåì, à êîæíå êiëüöå

ç äiëåííÿì ¹ ìàéæå-ïîëåì.
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� ßêùî G � ãðóïà ïîðÿäêó 2, òîMap(G) � öå ëîêàëüíå ìàéæå-êiëüöå

ïîðÿäêó 4, ÿêå íå ¹ êiëüöåì.

� ßêùî G � ñêií÷åííà p-ãðóïà, à A � p-ãðóïà àâòîìîðôiçìiâ G,

ùî ìiñòèòü ãðóïó âíóòðiøíiõ àâòîìîðôiçìiâ Inn(G), òî ïiäêiëüöå

Map(G), ïîðîäæåíå A, ¹ ëîêàëüíèì.

Ëåìà 6.1. [18, Lemma 3.2] Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå. Òîäi

âèêîíóþòüñÿ íàñòóïíi òâåðäæåííÿ:

� åëåìåíòè L íå ìàþòü íi ëiâèõ, íi ïðàâèõ îáîðîòíèõ åëåìåíòiâ â R,

à R = L ∪R∗;

� RLR = L, òîáòî L ¹ (R,R)-ïiäãðóïîþ R;

� L ìiñòèòü òàêó ïiäãðóïó M , ùî RM = M , M ¹ íîðìàëüíîþ â ãðóïi

R+ òà ôàêòîð-ãðóïà R+ = M ¹ àáî p-ãðóïîþ ç ïðîñòîãî åêñïîíåíòîþ

p, àáî ïîäiëüíîþ ãðóïîþ áåç êðó÷åííÿ;

� ìíîæèíà 1 + L ¹ ïiäãðóïîþ R∗, òîìó L ¹ �êîíñòðóêòèâíîþ ïiäãðó-

ïîþ� ó ñåíñi Ï. Ãóáåðòà.;

� íàïiâïðÿìèé äîáóòîê G = L o (1 + L) ìà¹ òàêi ïiäãðóïè A òà B,

içîìîðôíi 1 + L, ùî G = AB = Lo A = LoB òà A ∩B = 1.

Äëÿ ìàéæå-êiëüöÿ R, éîãî iäåàë I ¹ òàêîþ íîðìàëüíîþ ïiäãðóïîþ

R+, ùî (r + x)s − rs ∈ I äëÿ êîæíîãî x ∈ I òà êîæíèõ r, s ∈ R. Íàðàçi
íåâiäîìî, ÷è äëÿ êîæíîãî ëîêàëüíîãî ìàéæå-êiëüöÿ R ïiäãðóïà L ¹ iäåà-

ëîì R ÷è íàâiòü íîðìàëüíîþ ïiäãðóïîþ R+. Àëå ó ñêií÷åííîìó âèïàäêó

ìà¹ìî íàñòóïíå òâåðäæåííÿ (äèâ., íàïðèêëàä, [18]).

Ëåìà 6.2. ßêùî R ¹ ñêií÷åííèì ëîêàëüíèì ìàéæå-êiëüöåì, òî âèêî-

íóþòüñÿ òàêi òâåðäæåííÿ:

� R+ ¹ p-ãðóïîþ, òîìó |R| = pn äëÿ äåÿêèõ n ≥ 1;
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� L ¹ iäåàëîì R;

� ôàêòîð ìàéæå-êiëüöå R/L ¹ ìàéæå-ïîëåì;

� 1 + L ¹ íîðìàëüíîþ ñèëîâñüêîþ p-ïiäãðóïîþ ãðóïè R∗;

� R∗ = (1 + L) oK äëÿ p′-ïiäãðóïè K içîìîðôíî¨ (R/L)∗.

Àëãîðèòì ïîáóäîâè ìàéæå-êiëåöü ç îäèíèöåþ áàçó¹òüñÿ íà íàñòóïíié

òåîðåìi.

Òåîðåìà 6.3 (Theorem 1, [115]). Íåõàé G � ãðóïà, i íåõàé ìíîæèíà

EndG óñiõ åíäîìîðôiçìiâ G ðîçãëÿäà¹òüñÿ ÿê ìîíî¨ä ùîäî êîìïîçèöi¨

åíäîìîðôiçìiâ. Òîäi G � àäèòèâíà ãðóïà ìàéæå-êiëüöÿ ç îäèíèöåþ òî-

äi i òiëüêè òîäi, êîëè iñíóþòü åëåìåíò g ∈ G òà ïiäìîíî¨ä F ãðóïè

EndG òàêi, ùî G = gF òà gφ = gψ ëèøå òîäi, êîëè φ = ψ äëÿ áóäü-ÿêèõ

φ, ψ ∈ F .

Íàñòóïíà òåîðåìà îïèñó¹ óìîâè, çà ÿêèõ ìàéæå-êiëüöå Nr =

(G, ·, ?F ), ïîáóäîâàíå íà G ìîíî¨äîì F , ¹ ëîêàëüíèì.

Òåîðåìà 6.4. Íåõàé ãðóïà G, ¨¨ åëåìåíò g òà ïiäìîíî¨ä F ç EndG

çàäîâîëüíÿþòü âèñíîâîê òåîðåìè 6.3 i íåõàé A = F ∩ AutG. Ìàéæå-

êiëüöå Nr = (G, ·, ?F ) ¹ ëîêàëüíèì òîäi é òiëüêè òîäi, êîëè iñíó¹ òàêà

ïiäãðóïà L ãðóïè G, ùî G = gA ∪ L òà gA ∩ L = ∅.

Äîâåäåííÿ. ßêùî G � ñêií÷åííà ãðóïà, òî ìíîæèíà EndG \ AutG ¹

ïiäíàïiâãðóïîþ EndG. Îòæå, âñi íåàâòîìîðôiçìè F ⊂ EndG óòâîðþþòü

òàêó A-iíâàðiàíòíó ïiäíàïiâãðóïó X, ùî F = A ∪ X òà A ∩ X = ∅.
Îñêiëüêè G = gF = gA ∪ L, òî L = gX .

Âèêîðèñòîâóþ÷è ìîâó ïðîãðàìóâàííÿ GAP òà ïàêåò SONATA, ðîç-

ðîáëåíî àëãîðèòì, ÿêèé äîçâîëÿ¹ êëàñèôiêóâàòè ëîêàëüíi ìàéæå-êiëüöÿ

ïîðÿäêó 32 i áiëüøå.
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Íåõàé G � ñêií÷åííà ãðóïà, ùî ìiñòèòüñÿ â áiáëiîòåöi ñèñ-

òåìè êîìï'þòåðíî¨ àëãåáðè GAP. Ðîçãëÿíåìî ÿê ïðèêëàä ãðóïó

G = (〈a〉 o 〈b〉) o 〈c〉 ïîðÿäêó 32 ç a8 = b2 = c2 = 1, [a, c] = b, [a, b] = a4

òà [b, c] = 1.

Íåõàé [n, i] � i-òà ãðóïà ïîðÿäêó n ó áiáëiîòåöi SmallGroups â GAP.

G � ãðóïà ç áiáëiîòåêè AllSmallGroups ç IdGroup = [32, 7].

gap > G := SmallGroup(32, 7);

< pc group of size 32 with 5 generators >

Âèâåäåìî ñòðóêòóðíèé îïèñ çàäàíî¨ ãðóïè.

gap > StructureDescription(G);

“(C8 : C2) : C2”

Çíàõîäèìî ãðóïó àâòîìîðôiçìiâ çàäàíî¨ ãðóïè òà ¨¨ ïîðÿäîê.

gap > A := AutomorphismGroup(G);

< group >

gap > Size(A);

128

Øóêà¹ìî äîâæèíè îðáiò çàäàíî¨ ãðóïè â ¨¨ ãðóïi àâòîìîðôiçìiâ.

gap > OrbitLengths(A,G);

[1, 16, 8, 2, 4, 1]

Ïîâåðòà¹ìî äðóãó îðáiòó çi ñïèñêó îðáiò çàäàíî¨ ãðóïè â ¨¨ ãðóïi àâ-

òîìîðôiçìiâ.

gap > Or := OrbitsDomain(A,G)[2]; ;

gap > Size(Or);

16

Øóêà¹ìî ðiçíèöþ åëåìåíòiâ ãðóïè òà çíàéäåíî¨ îðáiòè.

gap > L := Difference(G,Or); ;

Ïîâåðòà¹ìî ïiäãðóïó çi çíàéäåíî¨ ðiçíèöi.

gap > L := Subgroup(G;L);
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Group([< identity > of . . . , f2, f3, f4, f5, f2 ∗ f3, f2 ∗ f4, f2 ∗ f5, f3 ∗
f4, f3 ∗ f5, f4 ∗ f5, f2 ∗ f3 ∗ f4, f2 ∗ f3 ∗ f5, f2 ∗ f4 ∗ f5, f3 ∗ f4 ∗ f5, f2 ∗
f3 ∗ f4 ∗ f5])

Øóêàíà ïiäãðóïà ìà¹ îäíàêîâèé ïîðÿäîê ç êiëüêiñòþ åëåìåíòiâ ði-

çíèöi.

gap > Size(L);

16

Âèâîäèìî ñòðóêòóðíèé îïèñ çíàéäåíî¨ ïiäãðóïè íåîáîðîòíèõ åëåìåí-

òiâ.

gap > StructureDescription(L);

“C2×D8”

Çíàõîäèìî ïiäãðóïè ãðóïè àâòîìîðôiçìiâ.

gap > S := SubgroupsSolvableGroup(A); ;

Ôiëüòðó¹ìî âñi ïiäãðóïè ïîðÿäêó 16 çi çíàéäåíîãî ñïèñêó ïiäãðóï.

gap > T := Filtered(S, x− > Size(x) = 16); ;

Øóêà¹ìî â çíàéäåíîìó ñïèñêó âñi ïiäãðóïè, â ÿêèõ çàäàíà ãðóïà ìà¹

äîâæèíó îðáiòè 16.

gap > U := Filtered(T, x− > Maximum(OrbitLengths(x,G)) =

16); ;

Âèâîäèìî ðîçìið îòðèìàíîãî ñïèñêó.

gap > Size(U);

6

Âèâîäèìî ñïèñîê IdGroup, çíàéäåíèõ ó ïîïåðåäíüîìó ñïèñêó ïiä-

ãðóï.

gap > List(U, IdGroup);

[[16, 3], [16, 11], [16, 11], [16, 13], [16, 8], [16, 7]]

Øóêà¹ìî âñi åíäîìîðôiçìè çàäàíî¨ ãðóïè òà âèâîäèìî ðîçìið îòðè-

ìàíîãî ñïèñêó.

gap > En := AllEndomorphisms(G); ;
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gap > Size(En);

320

Ôiêñó¹ìî ïåðøèé åëåìåíò ñïèñêó åíäîìîðôiçìiâ.

gap > o := En[1]; ;

Çíàõîäèìî íiëüïîòåíòíi åíäîìîðôiçìè ç îòðèìàíîãî ðàíiøå ñïèñêó.

gap > Nil := [];

[]

gap > for x in En do;

> if x5 = o then Add(Nil, x); fi;

> od;

Çíàõîäèìî ðîçìið ñïèñêó Nil íiëüïîòåíòíèõ åíäîìîðôiçìiâ.

gap > Size(Nil);

64

gap > . . .

Íàâîäèìî ñòðóêòóðíèé îïèñ îòðèìàíèõ ìóëüòèïëiêàòèâíèõ ãðóï ëî-

êàëüíèõ ìàéæå-êiëåöü íà çàäàíié ãðóïi.

gap > StructureDescription(U [1]);

“(C4× C2) : C2”

gap > StructureDescription(U [2]);

“C2×D8”

gap > StructureDescription(U [3]);

“C2×D8”

gap > StructureDescription(U [4]);

“(C4× C2) : C2”

gap > . . .

Öå îçíà÷à¹, çîêðåìà, ùî ¹ ëèøå òàêi òðè÷i ôàêòîðèçîâàíi ãðóïè M o
A = M o B = AB ç A ∩ B = 1 òà M ∼= C2 × D8, à ñàìå ãðóïè, â ÿêèõ

A ∼= B içîìîðôíà îäíié ç ãðóï
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� C2 ×D8,

� (C4 × C2) o C2,

� D16 àáî

� QD16.

Àëãîðèòì ïîáóäîâè ñêií÷åííèõ ëîêàëüíèõ ìàéæå-êiëåöü íà àäèòèâíié

ãðóïi [32, 7] ìîæíà îòðèìàòè çà äîïîìîãîþ GAP, âèêîðèñòîâóþ÷è ïàêåòè

LocalNR òà SONATA.

Íà äàíèé ìîìåíò ìè âèêîðèñòîâó¹ìî ïîñëiäîâíi êîäè. Íàñ öiêàâèòü

¨õ ïàðàëåëiçàöiÿ äëÿ ïîáóäîâè ëîêàëüíèõ ìàéæå-êiëåöü áiëüøèõ ïîðÿä-

êiâ. Ïàðàëåëiçàöiÿ GAP ïðèíöèïîâî âiäðiçíÿ¹òüñÿ âiä çàãàëüíîâæèâà-

íèõ ïiäõîäiâ äî ÷èñëîâèõ îá÷èñëåíü, òàêèõ ÿê, íàïðèêëàä, OpenMP

àáî MPI, ÷åðåç ðiçíi òèïè îá'¹êòiâ, ç ÿêèìè ïðàöþ¹ GAP. Â ïåðñïå-

êòèâi äëÿ ïàðàëåëiçàöi¨ îá÷èñëåíü GAP ìîæíà âèêîðèñòîâóâàòè ïàêåò

GAP SCSCP https://gap-packages.github.io/scscp/, ÿêèé çàáåçïå-

÷ó¹ îñíîâíó ñòðóêòóðó äëÿ ðîçïîäiëåíèõ ïàðàëåëüíèõ îá÷èñëåíü ó GAP.

6.2. Ïàêåò LocalNR: ôóíêöi¨ äëÿ ìàéæå-êiëåöü

Äëÿ äîñëiäíèêiâ ìàéæå-êiëåöü ñïèñîê óñiõ 698 íåiçîìîðôíèõ ëîêàëü-

íèõ ìàéæå-êiëåöü ïîðÿäêó íå áiëüøå 31 ìiñòèòüñÿ ó ïàêåòi SONATA.

Îäíàê êëàñèôiêàöiÿ âñiõ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó áiëüøå 32 ¹

çíà÷íîþ ïðîáëåìîþ.

Ìîòèâîâàíi öèì, ìè ðåàëiçóâàëè àëãîðèòìè äëÿ îá÷èñëåííÿ âñiõ ëî-

êàëüíèõ ìàéæå-êiëåöü ïîäàëüøèõ ïîðÿäêiâ ó íîâîìó ïàêåòi GAP ïiä íà-

çâîþ LocalNR. Ïîòî÷íà âåðñiÿ öüîãî ïàêåòó ìiñòèòü óñi 37441 ëîêàëüíèõ
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ìàéæå-êiëåöü ïîðÿäêó íå áiëüøå 361, êðiì ïîðÿäêiâ 32, 64, 128, 243, 256

òà äåÿêi ôóíêöi¨ äëÿ àíàëiçó ñêií÷åííèõ ìàéæå-êiëåöü. Ïîòî÷íà âåðñiÿ

öüîãî ïàêåòó � 1.0.4, îïóáëiêîâàíà 15.03.2024.

Íàäàìî äåÿêi ôóíêöi¨ äëÿ ëîêàëüíèõ ìàéæå-êiëåöü ç ïàêåòó LocalNR.

6.2.1. TheAdditiveGroupsOfLibraryOfLNRsOfOrder

TheAdditiveGroupsOfLibraryOfLNRsOfOrder(n) (ôóíêöiÿ)

Ïîâåðòà¹: iíôîðìàöiÿ

Àðãóìåíò � n. Âèâåñòè ñïèñîê IdGroup àäèòèâíèõ ãðóï ëîêàëüíèõ

ìàéæå-êiëåöü ïîðÿäêó n ç áiáëiîòåêè.

Ïðèêëàä.

Âèâåäåìî ñïèñîê IdGroup âñiõ ìîæëèâèõ ãðóï ïîðÿäêó 81, ÿêi ¹ àäè-

òèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü ç áiáëiîòåêè.

gap> List(TheAdditiveGroupsOfLibraryOfLNRsOfOrder(81),IdGroup);

[ [ 81, 1 ], [ 81, 2 ], [ 81, 3 ], [ 81, 5 ], [ 81, 6 ], [ 81, 11 ],

[ 81, 12 ], [ 81, 13 ], [ 81, 15 ] ]

Íàâåäåìî ïðîãðàìíó ðåàëiçàöiþ öi¹¨ ôóíêöi¨ íà ìîâi GAP, ùî ìiñòè-

òüñÿ â ïàêåòi LocalNR.

# TheAdditiveGroupsOfLibraryOfLNRsOfOrder

InstallGlobalFunction(TheAdditiveGroups

OfLibraryOfLNRsOfOrder, function(n)

local t, cont, i, h, j, f, g, r, us;

t := DirectoriesPackageLibrary(“LocalNR

Concatenation(“Endom/ String(n)));
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if IsEmpty(t) then Error(“the order must be

PrimePowerInt and 3 < n andn < 1331

(except orders 128, 256, 512, 625, 729, 1024)”);

else

cont := DirectoryContents(t[1]); ;

Size(cont);

for i in cont do

RemoveCharacters(i, ”Endom\.txt\.gz”);

od;

h := [];

for j in cont do

f := SplitStringInternal(j, “_′′, “′′);

Add(h, f);

od;

g := [];

for i in h do

if Size(i) > 0 then

Add(g, i[2]); fi; od;

us := Set(g, Int);

r := [];

for i in us do

Add(r, SmallGroup(n, i)); od;

return r; fi;

end);

6.2.2. TheLibraryOfLNRsOnGroup
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TheLibraryOfLNRsOnGroup(G) (ôóíêöiÿ)

Ïîâåðòà¹: iíôîðìàöiÿ

Àðãóìåíòîì ¹ ãðóïà G. Âèâiä ñïèñêó êàòàëîãiâ ëîêàëüíèõ ìàéæå-

êiëåöü íà ãðóïi G ç áiáëiîòåêè.

Ïðèêëàä.

G � ãðóïà ç IdGroup [81, 2].

gap> G := SmallGroup(81,2);

<pc group of size 81 with 4 generators>

Âèâåäåìî ñïèñîê êàòàëîãiâ ëîêàëüíèõ ìàéæå-êiëåöü íà ãðóïi G.

gap> TheLibraryOfLNRsOnGroup(G);

[ �AllLocalNearRings(81,2,54,3)�, �AllLocalNearRings(81,2,54,6)�,

�AllLocalNearRings(81,2,54,9)�, �AllLocalNearRings(81,2,54,10)�,

�AllLocalNearRings(81,2,54,11)�, �AllLocalNearRings(81,2,54,15)�,

�AllLocalNearRings(81,2,72,14)�, �AllLocalNearRings(81,2,72,19)�,

�AllLocalNearRings(81,2,72,24)�, �AllLocalNearRings(81,2,72,26)� ]

Íàâåäåìî ïðîãðàìíó ðåàëiçàöiþ öi¹¨ ôóíêöi¨ íà ìîâi GAP, ùî ìiñòè-

òüñÿ â ïàêåòi LocalNR.

# TheLibraryOfLNRsOnGroup

InstallGlobalFunction(TheLibraryOfLNRsOnGroup,

function(G)

local s, t, cont, i, h, j, f, hj, g, r, ee, ww, b, w;

Çíàéäåìî ïîðÿäîê ãðóïè G.

s := Size(G);

t := DirectoriesPackageLibrary(“LocalNR′′,

Concatenation(“Endom/′′, String(s)));

if IsEmpty(t) then Error(“false”);

else
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cont := DirectoryContents(t[1]);

Size(cont);

for i in cont do

RemoveCharacters(i,

“Endom\.txt\.gz′′);
od;

h := [];

for j in cont do

f := SplitStringInternal(j, “_′′, “−′′);
Add(h, f);

od;

fi;

hj := IdGroup(G);

g := [];

for i in h do

if Size(i) > 0 and EvalString(i[2]) = hj[2] then

Add(g, i);

fi;

od;

ww := function(b, w)

if Int(b[3]) = Int(w[3]) then

return Int(b[4]) < Int(w[4]);

else

return Int(b[3]) < Int(w[3]);

fi;

end;

Sort(g, ww);

ee := [];

for i in g do
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if Size(i) > 0 then

Add(ee, Concatenation(“AllLocalNearRings

(“, i[1], “, “, i[2], “, “, i[3], “, “, i[4], “)“));

fi; od;

return ee;

end);

6.2.3. LocalNearRing

LocalNearRing(k, l, m, n, w) (îïåðàöiÿ)

Ïîâåðòà¹: ìàéæå-êiëüöå

Àðãóìåíòè: k, l, m, n, w. Âèâiä: ëîêàëüíå ìàéæå-êiëüöå ç áiáëiîòåêè

áåç ïåðåâiðêè. Àðãóìåíòè k, l, m, n âçÿòi ç IdGroup àäèòèâíî¨ ãðóïè òà

ìóëüòèïëiêàòèâíî¨ ãðóïè âiäïîâiäíî, w � öå ïîçèöiÿ ó ñïèñêó áiáëiîòåêè.

Ïðèêëàä.

L � ëîêàëüíå ìàéæå-êiëüöå ç àäèòèâíîþ ãðóïîþ [81, 12], ìóëüòèïëi-

êàòèâíîþ ãðóïîþ [54, 8], ÿêå ¹ 3 â ñïèñêó áiáëiîòåêè.

gap> L := LocalNearRing(81,12,54,8,3);

ExplicitMultiplicationNearRing (<pc group of size 81 with

4 generators> , multiplication )

Íàâåäåìî ïðîãðàìíó ðåàëiçàöiþ öi¹¨ ôóíêöi¨ íà ìîâi GAP, ùî ìiñòè-

òüñÿ â ïàêåòi LocalNR.

# LocalNearRing(< k, l,m, n, w >)

InstallMethod(LocalNearRing,

”Local nearring′′,
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[IsInt, IsInt, IsInt, IsInt, IsInt],

function(k, l,m, n, w)

local h, dio,G, P, P1, H,R, Li, t, gr, Pos, x, y, d, z, hom,

f, const, constructor, u, B,A, k1, Or, a, g, Em,ma,mul,Nr;

h := DirectoriesPackageLibrary(”LocalNR′′,

Concatenation(”Endom/′′, String(k)));

if IsEmpty(h) then return false;

else

gap > . . .

G := SmallGroup(k, l);

P1 := ReadAsFunction(dio)();

P := P1[w];

H := [];

R := [];

Li := AsSortedList(G);

t := Size(P );

gr := MinimalGeneratingSet(G);

Pos := [];

for x in gr do

Add(Pos, Position(Li, x)); od;

for y in [1..t] do

d := [];

for z in Pos do

Add(d, Li[P [y][z]]); od;

Add(H, d); od;

hom := [];

for x in H do

d := GroupHomomorphismByImagesNC(G,G, gr, x);

Add(hom, d); od;
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f := function(x, y) return x ∗ y; end;

const := function(y) return function(x) return y∧x; end; end;

constructor := function(z) return function(u)

return function(x, y)

return u(PreImage(z, y) ∗ PreImage(z, x)); end; end; end;

B := Filtered(hom, x− > IsInjective(x));

A := GroupByGenerators(B);

k1 := Position(OrbitLengths(A,G), Size(A));

Or := OrbitsDomain(A,G)[k1];

a := Or[1];

g := const(a);

Em := MagmaWithOne(hom);

ma := MappingByFunction(Em,G, g);

mul := constructor(ma)(a);

Nr := ExplicitMultiplicationNearRingNC(G,mul);

returnNr; fi;

end);

6.2.4. AllLocalNearRings

AllLocalNearRings(k, l, m, n) (operation)

Ïîâåðòà¹: ñïèñîê

Àðãóìåíòè: k, l, m, n. Âèõiäíèìè äàíèìè ¹ ñïèñîê âñiõ ëîêàëüíèõ

ìàéæå-êiëåöü ç áiáëiîòåêè áåç ïåðåâiðêè. Àðãóìåíòè k, l, m, n òàêi æ, ÿê

i âèùå.

Ïðèêëàä.
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L �ñïèñîê ëîêàëüíèõ ìàéæå-êiëåöü ç àäèòèâíîþ ãðóïîþ [81, 12] òà

ìóëüòèïëiêàòèâíîþ ãðóïîþ [54, 8] çi ñïèñêó áiáëiîòåêè.

gap> L := AllLocalNearRings(81,12,54,8);;

gap> Size(L);

30

6.2.5. IsAdditiveGroupOfLibraryOfLNRs

IsAdditiveGroupOfLibraryOfLNRs(G) (ôóíêöiÿ)

Ïîâåðòà¹: ëîãi÷íèé îïåðàòîð

Àðãóìåíòîì ¹ ãðóïà G. Âèâiä ìà¹ çíà÷åííÿ true, ÿêùî â áiáëiîòåöi

iñíó¹ ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà ÿêîãî içîìîðôíà G, iíàêøå

âèâiä ìà¹ çíà÷åííÿ false.

Ïðèêëàä.

G � ãðóïà ç IdGroup [25, 2].

gap> G := SmallGroup(25,2);

<pc group of size 25 with 2 generators>

Ïåðåâiðêà, ÷è iñíó¹ ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà ÿêîãî içî-

ìîðôíà G.

gap> IsAdditiveGroupOfLibraryOfLNRs(G);

true

Ïåðåâiðêà, ÷è iñíó¹ ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà ÿêîãî içî-

ìîðôíà ãðóïi ç IdGroup [81, 14].

gap> IsAdditiveGroupOfLibraryOfLNRs(SmallGroup(81,14));

false
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Íàâåäåìî ïðîãðàìíó ðåàëiçàöiþ öi¹¨ ôóíêöi¨ íà ìîâi GAP, ùî ìiñòè-

òüñÿ â ïàêåòi LocalNR.

# IsAdditiveGroupOfLibraryOfLNRs

InstallGlobalFunction(IsAdditiveGroup

OfLibraryOfLNRs, function(G)

local s, t, cont, i, h, j, f, g, r, us, d, k;

# s � ïîðÿäîê ãðóïè G.

s := Size(G);

# t � øëÿõ äî êàòàëîãó, ùî ìiñòèòü ìàéæå-êiëüöÿ ïîðÿäêó s.

t := DirectoriesPackageLibrary(”LocalNR′′,

Concatenation(”Endom/′′, String(s)));

if IsEmpty(t) then Error(”false′′);

else

# t � ìiñòèòü ñïèñîê íàçâ ôàéëiâ, ùî ìiñòÿòüñÿ â äèðåêòîði¨ t.

cont := DirectoryContents(t[1]); ;

# Çíàõîäèìî ðîçìið cont.

Size(cont);

#Ïåðåâiðêà, ÷è ìiñòèòü äèðåêòîðiÿ cont ôàéëè, â ÿêèõ ¹ IdGroup(G).

for i in cont do

RemoveCharacters(i,

”Endom\.txt\.gz′′);
od;

h := [];

for j in cont do

gap > . . .

Add(h, f); od;

g := [];

for i in h do
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if Size(i) > 0 then

Add(g, i[2]); fi;

od;

us := Set(g, Int);

r := [];

for i in us do

Add(r, [s, i]); od;

fi;

k := Size(r);

d := Filtered([1..k], x− > IdGroup(G) = r[x]);

if Size(d) > 0 then Print(”true′′);

else Print(”false′′); fi;

end);

6.2.6. InfoLocalNearRing

InfoLocalNearRing(G) (function)

Ïîâåðòà¹: iíôîðìàöiÿ

Àðãóìåíòîì ¹ ãðóïà G. Âèâiä: äåÿêà iíôîðìàöiÿ ïðî ëîêàëüíi ìàéæå-

êiëüöÿ íà G ç áiáëiîòåêè.

Ïðèêëàä.

Âèâiä iíôîðìàöi¨ áiáëiîòåêè AllLocalNearRings ïðî ëîêàëüíi ìàéæå-

êiëüöÿ íà ãðóïi ç iäåíòèôiêàòîðîì [361,2] ç áiáëiîòåêè AllSmallGroups.

gap> InfoLocalNearRing(SmallGroup(361,2));

The local nearrings are sorted by their multiplicative groups.

[ "AllLocalNearRings(361,2,342,1) (2)�,

"AllLocalNearRings(361,2,342,2) (2)�,
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"AllLocalNearRings(361,2,342,4) (1)�,

"AllLocalNearRings(361,2,342,6) (1)�,

"AllLocalNearRings(361,2,342,7) (7)�,

"AllLocalNearRings(361,2,342,8) (6)�,

"AllLocalNearRings(361,2,360,4) (1)�,

"AllLocalNearRings(361,2,360,15) (1)�

]

Íàâåäåìî ïðîãðàìíó ðåàëiçàöiþ öi¹¨ ôóíêöi¨ íà ìîâi GAP, ùî ìiñòè-

òüñÿ â ïàêåòi LocalNR.

# InfoLocalNearRing

InstallGlobalFunction(InfoLocalNearRing,

function(G)

local R, s, T, i,K, t, h;

# h � øëÿõ äî êàòàëîãó “Endom/′′

h := DirectoriesPackageLibrary(“LocalNR′′,

“Endom/′′);

# t � øëÿõ äî ôàéëó, ùî ìiñòèòü iíôîðìàöiþ ïðî ìàéæå-êiëüöÿ íà

çàäàíié ãðóïi ç áiáëiîòåêè ïàêåòó LocalNR.

t := Filename(h,Concatenation(“info′′, “.txt′′));

# R � ìiñòèòü iíôîðìàöiþ ç ôàéëó ç íàçâîþ t.

R := ReadAsFunction(t)();

# K � iäåíòèôiêàòîð ãðóïè G â áiáëiîòåöi AllSmallGroups.

K := IdGroup(G);

# s � ðîçìið R.

s := Size(R);

Äàëi, íàâîäèìî iíôîðìàöiþ ïðî ëîêàëüíi ìàéæå-êiëüöÿ íà G ç áiáëiî-

òåêè.
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T := [];

for i in [1..s] do

if R[i][1] = K[1] and R[i][2] = K[2] then

Add(T,Concatenation(”AllLocalNearRings( String(R[i][1]),

String(R[i][2]), String(R[i][3]), String(R[i][4]), ”)( String(R[i][5]), ”)”));

fi;

od;

if Size(T ) > 1 then Print(”Thelocalnearringsare

sortedbytheirmultiplicativegroups.

elif Size(T ) = 1 then Print(T );

else return Error(”group is not recognized

in the library′′); fi;

end);

6.3. Ïàêåò LocalNR: ôóíêöi¨ äëÿ ãðóï

Íàâåäåìî äåÿêi ôóíêöi¨ äëÿ ãðóï ç ïàêåòó LocalNR.

6.3.1. IsMinimalNonAbelianGroup

IsMinimalNonAbelianGroup(G) (âëàñòèâiñòü)

Ïîâåðòà¹: ëîãi÷íèé îïåðàòîð

Àðãóìåíòîì ¹ ãðóïà G. Âèâiä ìà¹ çíà÷åííÿ true, ÿêùî G ¹ ìiíiìàëü-

íîþ íåàáåëåâîþ ãðóïîþ, iíàêøå âèâiä ìà¹ çíà÷åííÿ false.

Ïðèêëàä.
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H � ãðóïà ç iäåíòèôiêàòîðîì [120,4] ç áiáëiîòåêè AllSmallGroups.

gap> H := SmallGroup(120,4);

<pc group of size 120 with 5 generators>

Ïåðåâiðêà, ÷è ¹ ãðóïà H ìiíiìàëüíîþ íåàáåëåâîþ ãðóïîþ.

gap> IsMinimalNonAbelianGroup(H);

false

K � ãðóïà ç iäåíòèôiêàòîðîì [16,6] ç áiáëiîòåêè AllSmallGroups.

gap> K := SmallGroup(16,6);

<pc group of size 16 with 4 generators>

Ïåðåâiðêà, ÷è ¹ ãðóïà K ìiíiìàëüíîþ íåàáåëåâîþ ãðóïîþ.

gap> IsMinimalNonAbelianGroup(K);

true

Ïåðåâiðêà, ÷è ¹ ãðóïà ç iäåíòèôiêàòîðîì [16,8] ç áiáëiîòåêè

AllSmallGroups ìiíiìàëüíîþ íåàáåëåâîþ ãðóïîþ.

gap> IsMinimalNonAbelianGroup(SmallGroup(16,8));

false

Íàâåäåìî ïðîãðàìíó ðåàëiçàöiþ öi¹¨ ôóíêöi¨ íà ìîâi GAP, ùî ìiñòè-

òüñÿ â ïàêåòi LocalNR.

# IsMinimalNonAbelianGroup(< G >)

InstallMethod(IsMinimalNonAbelianGroup,

“Is minimal non− abelian group′′,
[IsGroup],

function(G)

if IsAbelian(G) then

return false;

else

if IsPGroup(G) and FrattiniSubgroup(G) = Centre(G) and
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Size(MinimalGeneratingSet(G)) = 2

then

return true;

else

if Size(AsSet(Factors(Size(G)))) = 2 and

ForAll(MaximalSubgroups(G), x− > IsAbelian(x)) then

return true;

else return false;

fi;

fi;

fi;

end);

6.3.2. IsMetacyclicPGroup

IsMetacyclicPGroup( G ) ( âëàñòèâiñòü )

Ïîâåðòà¹: ëîãi÷íèé îïåðàòîð

Àðãóìåíòîì ¹ ãðóïà G. Âèâiä ìà¹ çíà÷åííÿ true, ÿêùî G ¹ ìåòàöè-

êëi÷íîþ p-ãðóïîþ, iíàêøå âèâiä ìà¹ çíà÷åííÿ false.

Ïðèêëàä.

Ïåðåâiðêà, ÷è ¹ ãðóïà K ç ïîïåðåäíüî¨ ïiäñåêöi¨ ìåòàöèêëi÷íîþ p-

ãðóïîþ.

gap> IsMetacyclicPGroup(K);

true

Ïåðåâiðêà, ÷è ¹ ãðóïè ç iäåíòèôiêàòîðàìè [81,4] òà [81,15] ç áiáëiîòåêè

AllSmallGroups ìåòàöèêëi÷íèìè p-ãðóïàìè.

gap> IsMetacyclicPGroup(SmallGroup(81,4));

true
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gap> IsMetacyclicPGroup(SmallGroup(81,15));

false

Íàâåäåìî ïðîãðàìíó ðåàëiçàöiþ öi¹¨ ôóíêöi¨ íà ìîâi GAP, ùî ìiñòè-

òüñÿ â ïàêåòi LocalNR.

# IsMetacyclicPGroup(< G >)

InstallMethod(IsMetacyclicPGroup,

“Is metacyclic p− group′′,
[IsGroup],

function(G)

local p;

p := Factors(Size(G))[1];

if p = 2 then

if Maximum(List(List(MaximalSubgroups(G),

MinimalGeneratingSet), Size)) <= 2

then return true;

fi;

else

if Size(FactorGroup(G,Agemo(G, p))) <= p2 then

return true;

fi;

fi;

return false;

end);

6.3.3. EndoOrbitsOfGroup
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EndoOrbitsOfGroup( G ) ( îïåðàöiÿ )

Ïîâåðòà¹: ñïèñîê

Àðãóìåíòîì ¹ ãðóïà G. Âèâîäèòü ñïèñîê åíäîöèêëi÷íèõ îðáiò ãðóïè

G.

Ïðèêëàä.

D � ãðóïà ç áiáëiîòåêè AllSmallGroups ç IdGroup = [81, 2].

gap> D := SmallGroup(81,2);

<pc group of size 81 with 4 generators>

T � ñïèñîê åíäîöèêëi÷íèõ îðáiò ãðóïè D.

gap> T := EndoOrbitsOfGroup(D);;

gap> Length(T);

1

gap> Size(T[1][2]);

81

Íàâåäåìî ïðîãðàìíó ðåàëiçàöiþ öi¹¨ ôóíêöi¨ íà ìîâi GAP, ùî ìiñòè-

òüñÿ â ïàêåòi LocalNR.

# EndoOrbitsOfGroup(< G >)

InstallMethod(EndoOrbitsOfGroup,

“Compute endo− orbits of group′′,
[IsGroup],

function(G)

local A, En, F, H, M, m, Or, T, x, y;

Ãðóïà A � ãðóïà àâòîìîðôiçìiâ ãðóïè G.

A := AutomorphismGroup(G);

Ñïèñîê En � ñïèñîê åíäîìîðôiçìiâ ãðóïè G.

En := Endomorphisms(G);

Çíàõîäèìî m �åêñïîíåíòó ãðóïè G.
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m := Exponent(G);

Ñïèñîê M �ñïèñîê åëåìåíòiâ ãðóïè G, ïîðÿäîê ÿêèõ äîðiâíþ¹ m.

M := Filtered(G, x− > Order(x) = m);

Äàëi, çíàõîäèìî ñïèñîê åíäîöèêëi÷íèõ îðáiò ãðóïè G.

if Size(M) = 0 then

return M ;

else

Çíàõîäèìî ñïèñîê îðáiò A íà îáëàñòi âèçíà÷åííÿ M .

Or := OrbitsDomain(A,M);

Çíàõîäèìî ìàñèâ T ïðåäñòàâíèêiâ iç ñïèñêó Or.

T := [];

for x in Or do

Add(T,Representative(x));

od;

F := [];

for x in T do

H := [];

for y in En do

Add(H, xy);

Ñïèñîê H íîâèé çìiííèé ñïèñîê, çàïèñè ÿêîãî ¹ åëåìåíòàìè ñïèñêó

H ç âèäàëåíèìè äóáëiêàòàìè.

H := Unique(H);

od;

Add(F,H);

od;

Ïîâåðòà¹ìî ìàñèâ F .

return F ;

fi;

end);
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6.3.4. IsEndoCyclicGroup

IsEndoCyclicGroup( G ) ( âëàñòèâiñòü )

Ïîâåðòà¹: ëîãi÷íèé îïåðàòîð

Àðãóìåíòîì ¹ ãðóïà G. Âèâiä ìà¹ çíà÷åííÿ true, ÿêùî G ¹ åíäîöè-

êëi÷íîþ ãðóïîþ, iíàêøå � çíà÷åííÿ false.

Ïðèêëàä.

D � ãðóïà ç áiáëiîòåêè AllSmallGroups ç IdGroup = [81, 2].

gap> D := SmallGroup(81,2);

<pc group of size 81 with 4 generators>

Ïåðåâiðêà, ÷è ãðóïà G ¹ åíäîöèêëi÷íîþ ãðóïîþ.

gap> IsEndoCyclicGroup(D);

true

Íàâåäåìî ïðîãðàìíó ðåàëiçàöiþ öi¹¨ ôóíêöi¨ íà ìîâi GAP, ùî ìiñòè-

òüñÿ â ïàêåòi LocalNR.

# IsEndoCyclicGroup(< G >)

InstallMethod(IsEndoCyclicGroup,

“Is endo− cyclic group′′,
[IsGroup],

function(G)

local Fe;

Ñïèñîê Fe � ñïèñîê åíäîöèêëi÷íèõ îðáiò ãðóïè G.

Fe := EndoOrbitsOfGroup(G);

ßêùî ðîçìið ñïèñîêó Fe åíäîöèêëi÷íèõ îðáiò ãðóïè G íå íóëüîâèé

òà ìàêñèìàëüíà çíà÷åííÿ ðîçìiðó ñïèñîêó Fe äîðiâíþ¹ ïîðÿäêó ãðóïè

G, òî ïîâåðòà¹ìî true, iíàêøå � false.
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if Size(Fe) > 0 and

Maximum(List(Fe, Size)) = Size(G) then

return true;

else return false; fi;

end);

Âèñíîâêè äî ðîçäiëó 6

Ó äàíîìó ðîçäiëi:

� îòðèìàíî àëãîðèòì ïîáóäîâè ñêií÷åííèõ ëîêàëüíèõ ìàéæå-êiëåöü;

� íàâåäåíî ôóíêöi¨ äëÿ ëîêàëüíèõ ìàéæå-êiëåöü ç ïàêåòó LocalNR, à

ñàìå:

� TheAdditiveGroupsOfLibraryOfLNRsOfOrder,

� TheLibraryOfLNRsOnGroup,

� LocalNearRing,

� AllLocalNearRings,

� IsAdditiveGroupOfLibraryOfLNRs,

� InfoLocalNearRing;

� íàâåäåíî ôóíêöi¨ äëÿ ãðóï ç ïàêåòó LocalNR, à ñàìå:

� IsMinimalNonAbelianGroup,

� IsMetacyclicPGroup,

� EndoOrbitsOfGroup,

� IsEndoCyclicGroup;
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Îñíîâíi ðåçóëüòàòè äàíîãî ðîçäiëó îïóáëiêîâàíî ó ïðàöÿõ [1, 3, 17,

18, 19] çi ñïèñêó ïóáëiêàöié i, âiäïîâiäíî, [101], [115], [99], [100], [98] çi

ñïèñêó âèêîðèñòàíèõ äæåðåë, à òàêîæ îïóáëiêîâàíî ó òåçàõ êîíôåðåíöié

[23, 33, 39] i, âiäïîâiäíî, [91], [75], [72].



255

Ðîçäië 7

Êëàñèôiêàöiÿ ëîêàëüíèõ ìàéæå-êiëåöü

ìàëèõ ïîðÿäêiâ òà åíäîöèêëi÷íi ãðóïè

Â ðîçäiëi íàâåäåíî êëàñèôiêàöiÿ ëîêàëüíèõ ìàéæå-êiëåöü ìàëèõ ïî-

ðÿäêiâ. Òàêîæ âèâ÷àþòüñÿ åíäîöèêëi÷íi ãðóïè òà ëîêàëüíi ìàéæå-êiëüöÿ.

7.1. Êëàñèôiêàöiÿ ëîêàëüíèõ ìàéæå-êiëåöü ìàëèõ

ïîðÿäêiâ

Ïðîòÿãîì 10 ðîêiâ íàøà äîñëiäíèöüêà ãðóïà âèêîðèñòîâóâàëà îá÷è-

ñëþâàëüíèé êëàñòåð SCIT3 â Iíñòèòóòi êiáåðíåòèêè iìåíi Â. Ãëóøêîâà

Íàöiîíàëüíî¨ àêàäåìi¨ íàóê Óêðà¨íè. Âií ìàâ 127 âóçëiâ (75 âóçëiâ ç äâî-

ÿäåðíèìè ïðîöåñîðàìè Intel Xeon 5160 òà 52 âóçëè ç ÷îòèðèÿäåðíèìè

ïðîöåñîðàìè Xeon 5345 ç ÷àñòîòîþ 3,0 ÃÃö òà 2,2 ÃÃö âiäïîâiäíî, ç 8 àáî

16 ÃÁ îïåðàòèâíî¨ ïàì'ÿòi. Êiëüêiñòü ÿäåð íà âóçîë ñòàíîâèëà 4 àáî 8;

çàãàëîì âií ìàâ 716 ÿäåð.

7.1.1. Ëîêàëüíi ìàéæå-êiëüöÿ ïîðÿäêó 64
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Iñíó¹ 267 íåiçîìîðôíèõ ãðóï ïîðÿäêó 64 = 26, ç ÿêèõ 53 ¹ 2-

ïîðîäæåíèìè ãðóïàìè, i ëèøå 24 ç öèõ ãðóï ¹ àäèòèâíèìè ãðóïàìè ëî-

êàëüíèõ ìàéæå-êiëåöü òà êëàñèôiêîâàíî öi ìàéæå-êiëüöÿ.

Íåõàé [n, i] � i-òà ãðóïà ïîðÿäêó n ó áiáëiîòåöi SmallGroups ó GAP,

n(G) � êiëüêiñòü íåiçîìîðôíèõ ëîêàëüíèõ ìàéæå-êiëåöü.

Íàâåäåìî êëàñèôiêàöiþ 2-ïîðîäæåíèõ ãðóï, ÿêi ¹ àäèòèâíèìè ãðóïà-

ìè ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó 64.

Òåîðåìà 7.1. Íàñòóïíi 2-ïîðîäæåííi ãðóïè ¹ àäèòèâíèìè ãðóïàìè

ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó 64:

� IdGroup(G) = [64, 2], ãðóïà G ∼= C8 × C8 òà n(G) = 1683;

� IdGroup(G) = [64, 3], ãðóïà G ∼= C8 o C8 òà n(G) = 1628;

� IdGroup(G) = [64, 4], ãðóïà G ∼= ((C8 × C2) o C2) o C2 òà n(G) =

167245;

� IdGroup(G) = [64, 5], ãðóïà G ∼= (C4×C2)oC8 òà n(G) = 118190;

� IdGroup(G) = [64, 10], ãðóïà G ∼= (C8 o C4) o C2 òà n(G) = 7424;

� IdGroup(G) = [64, 12], ãðóïà G ∼= (C4 o C8) o C2 òà n(G) = 5633;

� IdGroup(G) = [64, 14], ãðóïà G ∼= (C2 × C2).((C4 × C2) o C2) òà

n(G) = 5520;

� IdGroup(G) = [64, 15], ãðóïà G ∼= C8 o C8 òà n(G) = 2384;

� IdGroup(G) = [64, 16], ãðóïà G ∼= C8 o C8 òà n(G) = 2384;

� IdGroup(G) = [64, 17], ãðóïà G ∼= (C8×C2)oC4 òà n(G) = 433060;

� IdGroup(G) = [64, 23], ãðóïà G ∼= (C4 × C2 × C2) o C4 òà n(G) =

111758;

� IdGroup(G) = [64, 24], ãðóïà G ∼= (C8oC2)oC4 òà n(G) = 109189;
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� IdGroup(G) = [64, 26], ãðóïà G ∼= C16 × C4 òà n(G) = 11467;

� IdGroup(G) = [64, 27], ãðóïà G ∼= C16 o C4 òà n(G) = 11467;

� IdGroup(G) = [64, 29], ãðóïà G ∼= (C16×C2)oC2 òà n(G) = 28185;

� IdGroup(G) = [64, 30], ãðóïà G ∼= (C16 oC2)oC2 òà n(G) = 4433;

� IdGroup(G) = [64, 34], ãðóïà G ∼= (((C4 × C2) o C2) o C2) o C2 òà

n(G) = 16177;

� IdGroup(G) = [64, 35], ãðóïà G ∼= (C4×C4)oC4 òà n(G) = 15504;

� IdGroup(G) = [64, 36], ãðóïà G ∼= (C2.((C4 × C2) o C2) òà

n(G) =15761;

� IdGroup(G) = [64, 37], ãðóïà G ∼= C2.(((C4 × C2) o C2) o C2) òà

n(G) = 15920;

� IdGroup(G) = [64, 44], ãðóïà G ∼= C4 o C16 òà n(G) = 28500;

� IdGroup(G) = [64, 45], ãðóïà G ∼= C8.D8 = C4.(C8×C2) òà n(G) =

1920;

� IdGroup(G) = [64, 50], ãðóïà G ∼= C32 × C2 òà n(G) = 257;

� IdGroup(G) = [64, 51], ãðóïà G ∼= C32 o C2 òà n(G) = 257.

Ñåðåä 267 íåiçîìîðôíèõ ãðóï ïîðÿäêó 64 = 26 íèõ ëèøå 2 ãðóïè

åêñïîíåíòè 32 òà 8 ãðóï åêñïîíåíòè 16 ¹ àäèòèâíèìè ãðóïàìè ëîêàëüíèõ

ìàéæå-êiëåöü.

ßê ïðÿìèé íàñëiäîê òåîðåìè 7.1, ìà¹ìî íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 7.2. Íàñòóïíi ãðóïè åêñïîíåíòè 32 ¹ àäèòèâíèìè ãðóïàìè

ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó 64:

� IdGroup(G) = [64, 50], ãðóïà G ∼= C32 × C2 òà n(G) = 257;
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� IdGroup(G) = [64, 51], ãðóïà G ∼= C32 o C2 òà n(G) = 257;

Çíàéäåíi âñi íåiçîìîðôíi ãðóïè ïîðÿäêó 64 ç åêñïîíåíòîþ 16, ÿêi ¹

àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü.

Òåîðåìà 7.3. Íàñòóïíi ãðóïè åêñïîíåíòè 16 ¹ àäèòèâíèìè ãðóïàìè

ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó 64:

� IdGroup(G) = [64, 26], ãðóïà G ∼= C16 × C4 òà n(G) = 11467;

� IdGroup(G) = [64, 27], ãðóïà G ∼= C16 o C4 òà n(G) = 11467;

� IdGroup(G) = [64, 29], ãðóïà G ∼= (C16×C2)oC2 òà n(G) = 28185;

� IdGroup(G) = [64, 30], ãðóïà G ∼= (C16 oC2)oC2 òà n(G) = 4433;

� IdGroup(G) = [64, 44], ãðóïà G ∼= C4 o C16 òà n(G) = 28500;

� IdGroup(G) = [64, 45], ãðóïà G ∼= C8.D8 = C4.(C8×C2) òà n(G) =

1920;

� IdGroup(G) = [64, 183], ãðóïà G ∼= C16 × C2 × C2;

� IdGroup(G) = [64, 184], ãðóïà G ∼= C2 × (C16 o C2).

7.1.2. Ëîêàëüíi ìàéæå-êiëüöÿ ïîðÿäêó 81

Íàïðèêëàä, iñíóþòü 14 íåiçîìîðôíèõ ãðóï ïîðÿäêó 16 = 24, ç ÿêèõ 9 ¹

àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü. Íàñòóïíà òåîðåìà îïèñó¹

òàêi ãðóïè ïîðÿäêó 81 = 34. Çîêðåìà, ñåðåä 15 íåiçîìîðôíèõ ãðóï öüîãî

ïîðÿäêó ëèøå 9 ¹ òàêèìè ãðóïàìè.

Íàâåäåíî êëàñèôiêàöiþ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó 81 òà ¨õ

àäèòèâíèõ ãðóï.

Òåîðåìà 7.4. Íàñòóïíi ãðóïè, i òiëüêè âîíè, ¹ àäèòèâíèìè ãðóïàìè

ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó 81.
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� IdGroup(G) = [81, 1], ãðóïà G ∼= C81 òà n(G) = 1;

� IdGroup(G) = [81, 2], ãðóïà G ∼= C9 × C9 òà n(G) = 268;

� IdGroup(G) = [81, 3], ãðóïà G ∼= (C9 × C3) o C3 òà n(G) = 46;

� IdGroup(G) = [81, 5], ãðóïà G ∼= C27 × C3 òà n(G) = 388;

� IdGroup(G) = [81, 6], ãðóïà G ∼= C27 o C3 òà n(G) = 10;

� IdGroup(G) = [81, 11], ãðóïà G ∼= C9 × C3 × C3 òà n(G) = 22989;

� IdGroup(G) = [81, 12], ãðóïà G ∼= C3× ((C3×C3)oC3) òà n(G) =

807;

� IdGroup(G) = [81, 13], ãðóïà G ∼= C3 × (C9 o C3) òà n(G) = 337;

� IdGroup(G) = [81, 15], ãðóïà G ∼= C3 × C3 × C3 × C3 òà n(G) =

12322.

7.1.3. Ëîêàëüíi ìàéæå-êiëüöÿ ïîðÿäêó 243

Çàçíà÷èìî, ùî iñíóþòü 15 íåiçîìîðôíèõ ãðóï ïîðÿäêó 81 = 34, ç

ÿêèõ 9 ¹ àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü. Íàñòóïíà òå-

îðåìà îïèñó¹ 2-ïîðîäæåíi ãðóïè ïîðÿäêó 243 = 35 ç öi¹þ âëàñòèâiñòþ.

Çîêðåìà, ñåðåä 29 íåiçîìîðôíèõ 2-ïîðîäæåíèõ ãðóï öüîãî ïîðÿäêó ëèøå

10 ¹ òàêèìè àäèòèâíèìè ãðóïàìè.

Íàâåäåíî êëàñèôiêàöiþ 2-ïîðîäæåíèõ ãðóï ïîðÿäêó 243, ÿêi ¹ àäèòèâ-

íèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü. Áiëüø òîãî, âêàçàíî ¨õ ïiäãðóïè

íåîáîðîòíèõ åëåìåíòiâ.

Òåîðåìà 7.5. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ïîðÿäêó 243, R∗ ìóëü-

òèïëiêàòèâíà ãðóïà â R i L àäèòèâíà ïiäãðóïà íåîáîðîòíèõ åëåìåíòiâ
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àäèòèâíî¨ ãðóïè R+ â R. ßêùî R+ ¹ 2-ïîðîäæåíîþ, òî ïàðà R+ i L ¹

îäíi¹þ ç íàñòóïíèõ:

[243, 2] (C9 × C3) o C9 i [81, 11] C9 × C3 × C3;

[243, 10] C27 × C9 i [81, 2] C9 × C9;

[243, 11] C27 o C9 i [81, 2] C9 × C9;

[243, 12] (C27 × C3) o C3 i [81, 11] C9 × C3 × C3;

[243, 13] ((C9 × C3) o C3) o C3 i [81, 15] C3 × C3 × C3 × C3;

[243, 14] (C9 × C3) o C9 i [81, 11] C9 × C3 × C3;

[243, 15] (C9 × C3) o C9 i [81, 11] C9 × C3 × C3;

[243, 16] (C27 o C3) o C3 i [81, 11] C9 × C3 × C3;

[243, 23] C81 × C3 i [81, 5] C27 × C3;

[243, 24] C81 o C3 i [81, 5] C27 × C3.

Â íàñòóïíié òåîðåìi íàâåäåíî êiëüêiñòü óñiõ íåiçîìîðôíèõ ëîêàëüíèõ

ìàéæå-êiëåöü iç çàäàíèìè àäèòèâíèìè ç òåîðåìè 7.5 òà íàâåäåíî ¨õ ìóëü-

òèïëiêàòèâíi ãðóïè.

Òåîðåìà 7.6. Íåõàé n(G) êiëüêiñòü óñiõ íåiçîìîðôíèõ ëîêàëüíèõ

ìàéæå-êiëåöü R àäèòèâíà ãðóïà R+ ÿêèõ içîìîðôíà ãðóïi G. ßêùî

n(R∗) ¹ êiëüêiñòþ öèõ ìàéæå-êiëåöü, äëÿ ÿêèõ IdGroup(R∗) ¹ ôiêñî-

âàíèì, òî ìà¹ ìiñöå íàñòóïíå.

� IdGroup(G) = [243, 2], ãðóïà G ∼= (C9×C3)oC9 òà n(G) = 119629:

� IdGroup(R∗) = [162, 32], ãðóïà R∗ ∼= C3×C3×D18 òà n(R∗) =

12879;

� IdGroup(R∗) = [162, 33], ãðóïà R∗ ∼= C3 × C9 × S3 òà n(R∗) =

3351;

� IdGroup(R∗) = [162, 35], ãðóïà R∗ ∼= ((C3 × C3) o C3)× S3 òà

n(R∗) = 87;
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� IdGroup(R∗) = [162, 36], ãðóïà R∗ ∼= C3 × ((C9 o C3) o C2) òà

n(R∗) = 96472;

� IdGroup(R∗) = [162, 37], ãðóïà R∗ ∼= (C9oC3)×S3 òà n(R∗) =

6810;

� IdGroup(R∗) = [162, 51], ãðóïà R∗ ∼= C3 × C3 × C3 × S3 òà

n(R∗) = 30;

� IdGroup(G) = [243, 10], ãðóïà G ∼= C27 × C9 òà n(G) = 119298:

� IdGroup(R∗) = [162, 3], ãðóïà R∗ ∼= C9 ×D18 òà n(R∗) = 477;

� IdGroup(R∗) = [162, 6], ãðóïà R∗ ∼= (C9 oC9)oC2 òà n(R∗) =

811;

� IdGroup(R∗) = [162, 23], ãðóïà R∗ ∼= C18 × C9 òà n(R∗) =

21372;

� IdGroup(R∗) = [162, 25], ãðóïà R∗ ∼= C2×(C9oC9) òà n(R∗) =

96531;

� IdGroup(R∗) = [162, 30], ãðóïà R∗ ∼= C2 × ((C9 × C3) o C3) òà

n(R∗) = 36;

� IdGroup(R∗) = [162, 31], ãðóïà R∗ ∼= C2 × (C3.((C3 × C3) o
C3) = (C3 × C3).(C3 × C3)) òà n(R∗) = 27;

� IdGroup(R∗) = [162, 47], ãðóïà R∗ ∼= C18×C3×C3 òà n(R∗) = 6;

� IdGroup(R∗) = [162, 49], ãðóïà R∗ ∼= C6×(C9oC3) òà n(R∗) =

6;

� IdGroup(R∗) = [162, 50], ãðóïà R∗ ∼= C2 × ((C9 × C3) o C3) òà

n(R∗) = 32;

� IdGroup(G) = [243, 11], ãðóïà G ∼= C27 o C9 òà n(G) = 1288:

� IdGroup(R∗) = [162, 3], ãðóïà R∗ ∼= C9 ×D18 òà n(R∗) = 477;
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� IdGroup(R∗) = [162, 6], ãðóïà R∗ ∼= (C9 oC9)oC2 òà n(R∗) =

811;

� IdGroup(G) = [243, 12], ãðóïà G ∼= (C27×C3)oC3 òà n(G) = 29989:

� IdGroup(R∗) = [162, 33], ãðóïà R∗ ∼= C3 × C9 × S3 òà n(R∗) =

10306;

� IdGroup(R∗) = [162, 37], ãðóïà R∗ ∼= (C9oC3)×S3 òà n(R∗) =

19683;

� IdGroup(G) = [243, 13], ãðóïà G ∼= ((C9×C3)oC3)oC3 òà n(G) =

139672:

� IdGroup(R∗) = [162, 32], ãðóïà R∗ ∼= C3×C3×D18 òà n(R∗) =

2430;

� IdGroup(R∗) = [162, 33], ãðóïà R∗ ∼= C3 × C9 × S3 òà n(R∗) =

90;

� IdGroup(R∗) = [162, 34], ãðóïà R∗ ∼= C3×(((C3×C3)oC3)oC2)

òà n(R∗) = 81811;

� IdGroup(R∗) = [162, 35], ãðóïà R∗ ∼= ((C3 × C3) o C3)× S3 òà

n(R∗) = 6723;

� IdGroup(R∗) = [162, 36], ãðóïà R∗ ∼= C3 × ((C9 o C3) o C2) òà

n(R∗) = 32076;

� IdGroup(R∗) = [162, 37], ãðóïà R∗ ∼= (C9oC3)×S3 òà n(R∗) =

342;

� IdGroup(R∗) = [162, 51], ãðóïà R∗ ∼= C3 × C3 × C3 × S3 òà

n(R∗) = 3321;

� IdGroup(R∗) = [162, 52], ãðóïà R∗ ∼= C3×C3× ((C3×C3)oC2)

òà n(R∗) = 12879;
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� IdGroup(G) = [243, 14], ãðóïà G ∼= (C9×C3)oC9 òà n(G) = 115020:

� IdGroup(R∗) = [162, 32], R∗ ∼= C3×C3×D18 òà n(R∗) = 12393;

� IdGroup(R∗) = [162, 33], R∗ ∼= C3 × C9 × S3 òà n(R∗) = 3321;

� IdGroup(R∗) = [162, 36], R∗ ∼= C3×((C9oC3)oC2) òà n(R∗) =

92583;

� IdGroup(R∗) = [162, 37], R∗ ∼= (C9 oC3)×S3 òà n(R∗) = 6723;

� IdGroup(G) = [243, 15], ãðóïà G ∼= (C9×C3)oC9 òà n(G) = 117783:

� IdGroup(R∗) = [162, 32], ãðóïà R∗ ∼= C3×C3×D18 òà n(R∗) =

11961;

� IdGroup(R∗) = [162, 33], ãðóïà R∗ ∼= C3 × C9 × S3 òà n(R∗) =

3432;

� IdGroup(R∗) = [162, 34], ãðóïà R∗ ∼= C3×(((C3×C3)oC3)oC2)

òà n(R∗) = 5832;

� IdGroup(R∗) = [162, 36], ãðóïà R∗ ∼= C3 × ((C9 o C3) o C2) òà

n(R∗) = 89127;

� IdGroup(R∗) = [162, 37], ãðóïà R∗ ∼= (C9oC3)×S3 òà n(R∗) =

6702;

� IdGroup(R∗) = [162, 52], ãðóïà R∗ ∼= C3×C3× ((C3×C3)oC2)

òà n(R∗) = 729;

� IdGroup(G) = [243, 16], ãðóïà G ∼= (C27oC3)oC3 òà n(G) = 59049:

� IdGroup(R∗) = [162, 33], ãðóïà R∗ ∼= C3 × C9 × S3 òà n(R∗) =

19683;

� IdGroup(R∗) = [162, 37], ãðóïà R∗ ∼= (C9oC3)×S3 òà n(R∗) =

39366;

� IdGroup(G) = [243, 23], ãðóïà G ∼= C81 × C3 òà n(G) = 3349:
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� IdGroup(R∗) = [162, 8], ãðóïà R∗ ∼= C27 × S3 òà n(R∗) = 28;

� IdGroup(R∗) = [162, 26], ãðóïà R∗ ∼= C54×C3 òà n(R∗) = 1134;

� IdGroup(R∗) = [162, 27], ãðóïà R∗ ∼= C2×(C27oC3) òà n(R∗) =

2187;

� IdGroup(G) = [243, 24], ãðóïàG ∼= C81 o C3, n(G) = 28 òà

IdGroup(R∗) = [162, 8], ãðóïà R∗ ∼= C27 × S3, n(R∗) = 28.

7.1.4. Ëîêàëüíi ìàéæå-êiëüöÿ ïîðÿäêiâ 343

Âiäîìî, ùî iñíó¹ 5 íåiçîìîðôíèõ ãðóï ïîðÿäêó 73 = 343. Âèÿâëÿ¹òüñÿ,

ùî âñi âîíè ¹ àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü. Íàñòóïíà

òàáëèöÿ ìiñòèòü ñïèñîê óñiõ íåiçîìîðôíèõ ìàéæå-êiëåöü öüîãî ïîðÿäêó,

ÿêi íå ¹ ìàéæå-ïîëÿìè.

Íàâåäåíî êëàñèôiêàöiþ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó 343.

Òåîðåìà 7.7. Íåõàé n(G) êiëüêiñòü óñiõ íåiçîìîðôíèõ ëîêàëüíèõ

ìàéæå-êiëåöü R àäèòèâíà ãðóïà R+ ÿêèõ içîìîðôíà ãðóïi G. Iñíó¹ 88

ëîêàëüíèõ ìàéæå-êiëåöü R ïîðÿäêó 343:

� IdGroup(G) = [343, 1], ãðóïà G ∼= C343 òà n(G) = 1;

� IdGroup(G) = [343, 2], ãðóïà G ∼= C49 × C7 òà n(G) = 31;

� IdGroup(G) = [343, 3], ãðóïà G ∼= (C7 × C7) o C7 òà n(G) = 8;

� IdGroup(G) = [343, 4], ãðóïà G ∼= C49 o C7 òà n(G) = 2;

� IdGroup(G) = [343, 5], ãðóïà G ∼= C7 × C7 × C7 òà n(G) = 46.

7.1.5. Ëîêàëüíi ìàéæå-êiëüöÿ ïîðÿäêiâ 1331
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Âiäîìî, ùî iñíó¹ 5 íåiçîìîðôíèõ ãðóï ïîðÿäêó 113 = 1331. Âèÿâ-

ëÿ¹òüñÿ, ùî âñi âîíè ¹ àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü.

Íàñòóïíà òåîðåìà ìiñòèòü ñïèñîê óñiõ íåiçîìîðôíèõ ìàéæå-êiëåöü öüîãî

ïîðÿäêó.

Äàëi, íàâåäåíî êëàñèôiêàöiþ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó 1331.

Òåîðåìà 7.8. Iñíó¹ 158 ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó 1331:

� IdGroup(G) = [1331, 1], ãðóïà G ∼= C81 òà n(G) = 1;

� IdGroup(G) = [1331, 2], ãðóïà G ∼= C121 × C11 òà n(G) = 47;

� IdGroup(G) = [1331, 3], ãðóïà G ∼= (C11×C11)oC11 òà n(G) = 12;

� IdGroup(G) = [1331, 4], ãðóïà G ∼= C121 o C11 òà n(G) = 2;

� IdGroup(G) = [1331, 5], ãðóïà G ∼= C11 × C11 × C11 òà n(G) = 96.

7.2. Åíäîöèêëi÷íi ãðóïè òà ëîêàëüíi ìàéæå-êiëüöÿ

Íåõàé G � ãðóïà òà EndG � ìíîæèíà âñiõ ¨¨ åíäîìîðôiçìiâ,

ÿêó ìîæíà ðîçãëÿäàòè ÿê íàïiâãðóïó âiäíîñíî îïåðàöi¨ êîìïîçèöi¨ åí-

äîìîðôiçìiâ. Äëÿ êîæíîãî g ∈ G ïîçíà÷èìî ÷åðåç gEndG ìíîæèíó

{gα|α ∈ EndG} âñiõ îáðàçiâ åëåìåíòà g âiäíîñíî åíäîìîðôiçìiâ iç EndG.

Íàãàäà¹ìî îçíà÷åííÿ åíäîìîðôíî öèêëi÷íî¨ ãðóïè.

Îçíà÷åííÿ 7.9. Ãðóïó G íàçâåìî åíäîìîðôíî öèêëi÷íîþ, êîëè â íié

iñíó¹ åëåìåíò g, äëÿ ÿêîãî G = gEndG.

Ïàêåò SONATA ìiñòèòü áiáëiîòåêó ìàéæå-êiëåöü ç îäèíèöåþ

AllLibraryNearRingsWithOne. Ó öié áiáëiîòåöi ìàéæå-êiëüöÿ âïîðÿä-

êîâàíi âiäïîâiäíî äî ¨õíiõ àäèòèâíèõ ãðóï G, íàïðèêëàä, êîìàíäà

N := AllLibraryNearRingsWithOne(G)
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âèçíà÷à¹ ñïèñîê ëîêàëüíèõ ìàéæå-êiëåöü N .

Ìè âèêîðèñòîâó¹ìî ôóíêöiþ IsEndoCyclicGroup ç ïàêåòó LocalNR

äëÿ ïåðåâiðêè, ÷è ¹ G åíäîöèêëi÷íîþ ãðóïîþ.

Íåõàé [n, i] � i-òà ãðóïà ïîðÿäêó n ó áiáëiîòåöi SmallGroups â GAP.

Ïîçíà÷èìî ÷åðåç Cn, Dn òà Qn öèêëi÷íó ãðóïó, ãðóïó äiåäðà òà ãðóïó

êâàòåðíiîíiâ ïîðÿäêó n, âiäïîâiäíî.

7.2.1. Ëîêàëüíi ìàéæå-êiëüöÿ òà åíäîöèêëi÷íi

2-ïîðîäæåíi ãðóïè ïîðÿäêó 64

Iñíó¹ 267 íåiçîìîðôíèõ ãðóï ïîðÿäêó 64 = 26, ç ÿêèõ 53 ¹ 2-

ïîðîäæåíèìè ãðóïàìè, i ëèøå 39 ç öèõ ãðóï ¹ åíäîöèêëi÷íèìè. Áiëüø

òîãî, 24 ç öèõ ãðóï ¹ àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü.

Íàñòóïíó ëåìó îòðèìàíî çà äîïîìîãîþ GAP, ïàêåòiâ LocalNR òà

SONATA, äå íàâåäåíî ñïèñîê åíäîöèêëi÷íèõ 2-ïîðîäæåíèõ ãðóï ïîðÿäêó

64.

Ëåìà 7.10. Íàñòóïíi 2-ïîðîäæåííi ãðóïè G ïîðÿäêó 64 ¹ åíäîöèêëi-

÷íèìè. Áiëüø òîãî, ÿêùî G ¹ àäèòèâíîþ ãðóïîþ ëîêàëüíîãî ìàéæå-

êiëüöÿ R, òî âèêîíó¹òüñÿ íàñòóïíå.

� IdGroup(G) = [64, 2], ãðóïà G ∼= C8 × C8 òà n(G) = 1683;

� IdGroup(G) = [64, 3], ãðóïà G ∼= C8 o C8 òà n(G) = 1628;

� IdGroup(G) = [64, 4], ãðóïà G ∼= ((C8 × C2) o C2) o C2 òà n(G) =

167245;

� IdGroup(G) = [64, 5], ãðóïà G ∼= (C4×C2)oC8 òà n(G) = 118190;

� IdGroup(G) = [64, 6], ãðóïà G ∼= (C8 × C4) o C2 òà n(G) = 0;

� IdGroup(G) = [64, 7], ãðóïà G ∼= Q8 o C8 òà n(G) = 0;
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� IdGroup(G) = [64, 8], ãðóïà G ∼= ((C8×C2)oC2)oC2 òà n(G) = 0;

� IdGroup(G) = [64, 9], ãðóïà G ∼= (C2 ×Q8) o C4 òà n(G) = 0;

� IdGroup(G) = [64, 10], ãðóïà G ∼= (C8 o C4) o C2 òà n(G) = 7424;

� IdGroup(G) = [64, 11], ãðóïà G ∼= (C2×C2).((C4×C2)oC2) = (C4×
C2).(C4 × C2) òà n(G) = 0;

� IdGroup(G) = [64, 12], ãðóïà G ∼= (C4 o C8) o C2 òà n(G) = 5633;

� IdGroup(G) = [64, 14], ãðóïà G ∼= (C2×C2).((C4×C2)oC2) = (C4×
C2).(C4 × C2) òà n(G) = 5520;

� IdGroup(G) = [64, 15], ãðóïà G ∼= C8 o C8 òà n(G) = 2384;

� IdGroup(G) = [64, 16], ãðóïà G ∼= C8 o C8 òà n(G) = 2384;

� IdGroup(G) = [64, 17], ãðóïà G ∼= (C8×C2)oC4 òà n(G) = 433060;

� IdGroup(G) = [64, 18], ãðóïà G ∼= (C8 × C2) o C4 òà n(G) = 0;

� IdGroup(G) = [64, 19], ãðóïà G ∼= C4.(C4 × C4) òà n(G) = 0;

� IdGroup(G) = [64, 20], ãðóïà G ∼= (C4 × C4) o C4 òà n(G) = 0;

� IdGroup(G) = [64, 21], ãðóïà G ∼= (C8 × C2) o C4 òà n(G) = 0;

� IdGroup(G) = [64, 23], ãðóïà G ∼= (C4 × C2 × C2) o C4 òà n(G) =

111758;

� IdGroup(G) = [64, 24], ãðóïà G ∼= (C8oC2)oC4 òà n(G) = 109189;

� IdGroup(G) = [64, 26], ãðóïà G ∼= C16 × C4 òà n(G) = 11467;

� IdGroup(G) = [64, 27], ãðóïà G ∼= C16 o C4 òà n(G) = 11467;

� IdGroup(G) = [64, 28], ãðóïà G ∼= C16 o C4 òà n(G) = 0;
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� IdGroup(G) = [64, 29], ãðóïà G ∼= (C16×C2)oC2 òà n(G) = 28185;

� IdGroup(G) = [64, 30], ãðóïà G ∼= (C16 oC2)oC2 òà n(G) = 4433;

� IdGroup(G) = [64, 32], ãðóïà G ∼= ((C8oC2)oC2)oC2 òà n(G) = 0;

� IdGroup(G) = [64, 33], ãðóïà G ∼= (C4 × C2 × C2) o C4 òà n(G) =;

� IdGroup(G) = [64, 34], ãðóïà G ∼= (((C4 × C2) o C2) o C2) o C2 òà

n(G) = 16177;

� IdGroup(G) = [64, 35], ãðóïà G ∼= (C4×C4)oC4 òà n(G) = 15504;

� IdGroup(G) = [64, 36], ãðóïà G ∼= (C2.((C4 × C2) o C2) = (C2 ×
C2).(C4 × C2)) o C2 òà n(G) = 15761;

� IdGroup(G) = [64, 37], ãðóïà G ∼= C2.(((C4×C2)oC2)oC2) = (C4×
C2).(C4 × C2) òà n(G) = 15920;

� IdGroup(G) = [64, 38], ãðóïà G ∼= (C16 × C2) o C2 òà n(G) = 0;

� IdGroup(G) = [64, 41], ãðóïà G ∼= (C16 o C2) o C2 òà n(G) = 0;

� IdGroup(G) = [64, 44], ãðóïà G ∼= C4 o C16 òà n(G) = 28500;

� IdGroup(G) = [64, 45], ãðóïà G ∼= C8.D8 = C4.(C8×C2) òà n(G) =

1920;

� IdGroup(G) = [64, 50], ãðóïà G ∼= C32 × C2 òà n(G) = 257;

� IdGroup(G) = [64, 51], ãðóïà G ∼= C32 o C2 òà n(G) = 257;

� IdGroup(G) = [64, 52], ãðóïà G ∼= D64 òà n(G) = 0.

Ç ëåìè 7.10 âèïëèâà¹ íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 7.11. Íåõàé G � 2-ïîðîäæåíà ãðóïà ïîðÿäêó 64. ßêùî G �

àäèòèâíà ãðóïà ëîêàëüíîãî ìàéæå-êiëüöÿ R, òî G ¹ åíäîöèêëi÷íîþ.
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7.2.2. 2-Ïîðîäæåíi åíäîöèêëi÷íi ãðóïè ïîðÿäêó 256

Íàãàäà¹ìî, ùî åêñïîíåíòîþ ãðóïè ¹ íàéìåíøå ñïiëüíå êðàòíå ïîðÿä-

êiâ ¨¨ åëåìåíòiâ. Çîêðåìà, åêñïîíåíòîþ ñêií÷åííî¨ p-ãðóïè ¹ ìàêñèìàëü-

íèé ïîðÿäîê ¨¨ åëåìåíòiâ.

Íàñòóïíà ëåìà âèçíà÷à¹ åêñïîíåíòó àäèòèâíî¨ ãðóïè ñêií÷åííîãî

ìàéæå-êiëüöÿ ç îäèíèöåþ.

Ëåìà 7.12. Åêñïîíåíòà àäèòèâíî¨ ãðóïè ñêií÷åííîãî ìàéæå-êiëüöÿ R

ç îäèíèöåþ äîðiâíþ¹ àäèòèâíîìó ïîðÿäêó éîãî îäèíèöi, ÿêèé ñïiâïàäà¹ ç

àäèòèâíèì ïîðÿäêîì êîæíîãî åëåìåíòó éîãî ìóëüòèïëiêàòèâíî¨ ãðó-

ïè R∗.

Ëåìà 7.13. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ïîðÿäêó pn. Òîäi |R∗| =
pn − pk, äå [n2 ] ≤ k < n.

Ïîçíà÷èìî ÷åðåç U(G) ìíîæèíó âñiõ åëåìåíòiâ ãðóïè G, ïîðÿäîê

ÿêèõ äîðiâíþ¹ åêñïîíåíòi öi¹¨ ãðóïè.

Áåçïîñåðåäíié íàñëiäîê ëåìè 7.13.

Íàñëiäîê 7.14. ßêùî ãðóïà G ¹ àäèòèâíîþ ãðóïîþ ëîêàëüíîãî ìàéæå-

êiëüöÿ R ïîðÿäêó pn, òîäi U(G) íå ìåíøå pn − pn−1.

Iñíó¹ 56092 íåiçîìîðôíèõ ãðóï ïîðÿäêó 256 = 28, ç ÿêèõ 540 ¹ 2-

ïîðîäæåíèìè ãðóïàìè: 3 ãðóïè ìàþòü åêñïîíåíòó 128, 9 ãðóï ìàþòü

åêñïîíåíòó 64, 30 ãðóï ìàþòü åêñïîíåíòó 32, 107 ãðóï ìàþòü åêñïîíåíòó

16, 84 ãðóïè ìàþòü åêñïîíåíòó 8, òà 3 ãðóïè ìàþòü åêñïîíåíòó 4.

Çàñòîñîâóþ÷è ñèñòåìó êîìï'þòåðíî¨ àëãåáðè GAP, ïàêåòè SONATA

òà LocalNR, ìè âèçíà÷èëè âñi åíäîöèêëi÷íi 2-ïîðîäæåíi ãðóïèG ïîðÿäêó

256 åêñïîíåíòè 16 òà ïîðÿäîê ìíîæèíè âñiõ åëåìåíòiâ ãðóïè G, ïîðÿäîê

ÿêèõ äîðiâíþ¹ åêñïîíåíòi öi¹¨ ãðóïè.

Â íàñòóïíié ëåìi íàâåäåíî åíäîöèêëi÷íi 2-ïîðîäæåíi ãðóïè ïîðÿäêó

256 òà åêñïîíåíòè 4.
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Ëåìà 7.15. Íàñòóïíi 2-ïîðîäæåíi ãðóïè G ïîðÿäêó 256 òà åêñïîíåíòè

4 ¹ åíäîöèêëi÷íèìè, òà âêàçàíî ïîðÿäîê U(G) äëÿ êîæíî¨ ãðóïè G:

� IdGroup(G) = [256, 295], ãðóïà G ∼= (C2×((C2×C2×C2)oC4))oC4

òà |U(G)| = 208;

� IdGroup(G) = [256, 298], ãðóïà G ∼= (C2×((C2×C2×C2)oC4))oC4

òà |U(G)| = 208;

� IdGroup(G) = [256, 306], ãðóïà G ∼= (((C4 × C2) o C4) o C2) o C4

òà |U(G)| = 224.

Â íàñòóïíié ëåìi íàâåäåíî åíäîöèêëi÷íi 2-ïîðîäæåíi ãðóïè ïîðÿäêó

256 òà åêñïîíåíòè 8.

Ëåìà 7.16. Íàñòóïíi 2-ïîðîäæåíi ãðóïè G ïîðÿäêó 256 òà åêñïîíåíòè

8 ¹ åíäîöèêëi÷íèìè, òà âêàçàíî ïîðÿäîê U(G) äëÿ êîæíî¨ ãðóïè G:

� IdGroup(G) = [256, 2], ãðóïà G ∼= (C8×C4)oC8(C òà |U(G)| = 192;

� IdGroup(G) = [256, 3], ãðóïà G ∼= (C4 oC8) oC8 òà |U(G)| = 192;

� IdGroup(G) = [256, 4], ãðóïà G ∼= ((C8×C2)oC2)oC8 òà |U(G)| =
192;

� IdGroup(G) = [256, 5], ãðóïà G ∼= ((C8×C2)oC4)oC4 òà |U(G)| =
128;

� IdGroup(G) = [256, 6], ãðóïà G ∼= (C8 ×C4) oC8 òà |U(G)| = 192;

� IdGroup(G) = [256, 7], ãðóïà G ∼= (C8 ×C4) oC8 òà |U(G)| = 192;

� IdGroup(G) = [256, 8], ãðóïà G ∼= (C8×C2×C2)oC8 òà |U(G)| =
192;

� IdGroup(G) = [256, 9], ãðóïà G ∼= ((C8×C2)oC2)oC8 òà |U(G)| =
192;
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� IdGroup(G) = [256, 10], ãðóïà G ∼= (C4oC8)oC8 òà |U(G)| = 192;

� IdGroup(G) = [256, 11], ãðóïà G ∼= (C8oC4)oC8 òà |U(G)| = 192;

� IdGroup(G) = [256, 12], ãðóïà G ∼= ((C8×C2)oC4)oC4 òà |U(G)| =
128;

� IdGroup(G) = [256, 13], ãðóïà G ∼= ((C8×C2)oC4)oC4 òà |U(G)| =
128;

� IdGroup(G) = [256, 14], ãðóïà G ∼= (C2×(C8oC2))oC8 òà |U(G)| =
192;

� IdGroup(G) = [256, 15], ãðóïà G ∼= (C4oC8)oC8 òà |U(G)| = 192;

� IdGroup(G) = [256, 16], ãðóïà G ∼= (C2×(C4oC8))oC4 òà |U(G)| =
128;

� IdGroup(G) = [256, 17], ãðóïà G ∼= ((C8×C2)oC2)oC8 òà |U(G)| =
192;

� IdGroup(G) = [256, 18], ãðóïà G ∼= (C8oC4)oC8 òà |U(G)| = 192;

� IdGroup(G) = [256, 19], ãðóïà G ∼= (C4oC8)oC8 òà |U(G)| = 192;

� IdGroup(G) = [256, 20], ãðóïà G ∼= (C2× ((C8×C2)oC2))oC4 òà

|U(G)| = 128;

� IdGroup(G) = [256, 21], ãðóïà G ∼= ((C8×C2)oC2)oC8 òà |U(G)| =
192;

� IdGroup(G) = [256, 22], ãðóïà G ∼= (C2× ((C4×C2)oC4))oC4 òà

|U(G)| = 192;

� IdGroup(G) = [256, 23], ãðóïà G ∼= ((C8×C2)oC2)oC8 òà |U(G)| =
64;
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� IdGroup(G) = [256, 35], ãðóïà G ∼= (C2 × C2 × C2).((C4 × C2) o
C4) = (C4 × C2 × C2).(C4 × C4) òà |U(G)| = 192;

� IdGroup(G) = [256, 36], ãðóïà G ∼= (C2 × C2 × C2).((C4 × C2) o
C4) = (C4 × C2 × C2).(C4 × C4) òà |U(G)| = 192;

� IdGroup(G) = [256, 38], ãðóïà G ∼= (C2 × C2 × C2).((C4 × C2) o
C4) = (C4 × C2 × C2).(C4 × C4) òà |U(G)| = 192;

� IdGroup(G) = [256, 91], ãðóïà G ∼= ((C4 × C2 × C2) o C8) o C2 òà

|U(G)| = 128;

� IdGroup(G) = [256, 92], ãðóïà G ∼= (C2×(C4oC4))oC8 òà |U(G)| =
128;

� IdGroup(G) = [256, 94], ãðóïà G ∼= ((C4×C4)oC8)oC2 òà |U(G)| =
160;

� IdGroup(G) = [256, 103], ãðóïà G ∼= ((C4 × C4) o C8) o C2 òà

|U(G)| = 160;

� IdGroup(G) = [256, 110], ãðóïà G ∼= ((C4 × C2) o C4) o C8 òà

|U(G)| = 160;

� IdGroup(G) = [256, 111], ãðóïà G ∼= ((C4 × C2) o C4) o C8 òà

|U(G)| = 128;

� IdGroup(G) = [256, 117], ãðóïà G ∼= ((C2×C2).(C2×C2×C2))oC8

òà |U(G)| = 160;

� IdGroup(G) = [256, 119], ãðóïà G ∼= (C2×C2×Q8)oC8 òà |U(G)| =
128;

� IdGroup(G) = [256, 120], ãðóïà G ∼= (C2 × (C4 o C4)) o C8 òà

|U(G)| = 128;
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� IdGroup(G) = [256, 122], ãðóïà G ∼= ((C2×C2).(C2×C2×C2))oC8

òà |U(G)| = 160;

� IdGroup(G) = [256, 175], ãðóïà G ∼= (((C8 × C2) o C2) o C2) o C4

òà |U(G)| = 192;

� IdGroup(G) = [256, 176], ãðóïà G ∼= (C8×C2×C2)oC8 òà |U(G)| =
192;

� IdGroup(G) = [256, 177], ãðóïà G ∼= ((C4 × C2) o C8) o C4 òà

|U(G)| = 128;

� IdGroup(G) = [256, 178], ãðóïà G ∼= (C8×C2×C2)oC8 òà |U(G)| =
192;

� IdGroup(G) = [256, 191], ãðóïà G ∼= ((C8 o C2) o C2) o C8 òà

|U(G)| = 192;

� IdGroup(G) = [256, 192], ãðóïà G ∼= (((C8 × C2) o C2) o C2) o C4

òà |U(G)| = 128;

� IdGroup(G) = [256, 193], ãðóïà G ∼= ((C4 × C2) o C8) o C4 òà

|U(G)| = 128;

� IdGroup(G) = [256, 194], ãðóïà G ∼= (C2.((C4 × C2) o C2) = (C2 ×
C2).(C4 × C2)) o C8 òà |U(G)| = 192;

� IdGroup(G) = [256, 201], ãðóïà G ∼= (((C4 × C2) o C2) o C4) o C4

òà |U(G)| = 64;

� IdGroup(G) = [256, 238], ãðóïà G ∼= (C2 ×C2 × (C4 oC4)) oC4 òà

|U(G)| = 64;

� IdGroup(G) = [256, 292], ãðóïà G ∼= (C2×((C2×C2×C2)oC4))oC4

òà |U(G)| = 64;
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� IdGroup(G) = [256, 293], ãðóïà G ∼= (C2×((C2×C2×C2)oC4))oC4

òà |U(G)| = 64;

� IdGroup(G) = [256, 296], ãðóïà G ∼= (C2 × (C2.((C4 × C2) o C2) =

(C2 × C2).(C4 × C2))) o C4 òà |U(G)| = 128;

� IdGroup(G) = [256, 299], ãðóïà G ∼= (C2 × ((C8 o C2) o C2)) o C4

òà |U(G)| = 128;

� IdGroup(G) = [256, 301], ãðóïà G ∼= (C2×((C2×C2×C2)oC4))oC4

òà |U(G)| = 64;

� IdGroup(G) = [256, 302], ãðóïà G ∼= (C2×((C2×C2×C2)oC4))oC4

òà |U(G)| = 64;

� IdGroup(G) = [256, 304], ãðóïà G ∼= ((C2×((C4×C2)oC2))oC2)oC4

òà |U(G)| = 64;

� IdGroup(G) = [256, 305], ãðóïà G ∼= C2.((C2 × ((C4 × C2) o C2)) o
C4) = (C2 × C2 × C2 × C2).(C4 × C4) òà |U(G)| = 192;

� IdGroup(G) = [256, 307], ãðóïà G ∼= ((C2 × (C8 o C2)) o C2) o C4

òà |U(G)| = 128;

� IdGroup(G) = [256, 312], ãðóïà G ∼= (((C8 × C2) o C2) o C2) o C4

òà |U(G)| = 128;

� IdGroup(G) = [256, 318], ãðóïà G ∼= ((C4 × C2) o C8) o C4 òà

|U(G)| = 128;

� IdGroup(G) = [256, 326], ãðóïà G ∼= ((((C8×C2)oC2)oC2)oC2)oC2

òà |U(G)| = 128;

� IdGroup(G) = [256, 327], ãðóïà G ∼= ((((C8×C2)oC2)oC2)oC2)oC2

òà |U(G)| = 128;
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� IdGroup(G) = [256, 332], ãðóïà G ∼= (((C4 × C2) o C8) o C2) o C2

òà |U(G)| = 160;

� IdGroup(G) = [256, 333], ãðóïà G ∼= ((C2 × Q8) o C8) o C2 òà

|U(G)| = 160;

� IdGroup(G) = [256, 336], ãðóïà G ∼= (C4×C4×C2)oC8 òà |U(G)| =
128;

� IdGroup(G) = [256, 337], ãðóïà G ∼= (C2 × ((C4 × C2) o C2)) o C8

òà |U(G)| = 128;

� IdGroup(G) = [256, 340], ãðóïà G ∼= ((C4 × C4) o C8) o C2 òà

|U(G)| = 160;

� IdGroup(G) = [256, 341], ãðóïà G ∼= (C4oQ8)oC8 òà |U(G)| = 160;

� IdGroup(G) = [256, 342], ãðóïà G ∼= ((C4 × C4) o C8) o C2 òà

|U(G)| = 160;

� IdGroup(G) = [256, 343], ãðóïà G ∼= (C4oQ8)oC8 òà |U(G)| = 160;

� IdGroup(G) = [256, 346], ãðóïà G ∼= ((C2×C2).(C2×C2×C2))oC8

òà |U(G)| = 160;

� IdGroup(G) = [256, 347], ãðóïà G ∼= ((C2×C2).(C2×C2×C2))oC8

òà |U(G)| = 160.

Â íàñòóïíîìó òâåðäæåííi êëàñèôiêîâàíî åíäîöèêëi÷íi 2-ïîðîäæåíi

ãðóïè ïîðÿäêó 256 òà åêñïîíåíòè 16

(https://github.com/raemarina/256_exp_16).

Ëåìà 7.17. Íàñòóïíi 2-ïîðîäæåíi ãðóïè G ïîðÿäêó 256 òà åêñïîíåíòè

16 ¹ åíäîöèêëi÷íèìè, òà âêàçàíî ïîðÿäîê U(G) äëÿ êîæíî¨ ãðóïè G:

� IdGroup(G) = [256, 39], ãðóïà G ∼= C16 × C16 òà |U(G)| = 192;
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� IdGroup(G) = [256, 40], ãðóïà G ∼= C16 o C16 òà |U(G)| = 192;

� IdGroup(G) = [256, 41], ãðóïà G ∼= C16 o C16 òà |U(G)| = 192;

� IdGroup(G) = [256, 42], ãðóïà G ∼= (((C16 × C2) o C2) o C2) o C2

òà |U(G)| = 128;

� IdGroup(G) = [256, 43], ãðóïà G ∼= (C4×C2×C2)oC16 òà |U(G)| =
128;

� IdGroup(G) = [256, 44], ãðóïà G ∼= ((C4 × C2) o C16) o C2 òà

|U(G)| = 128;

� IdGroup(G) = [256, 45], ãðóïà G ∼= (C2×Q8)oC16 òà |U(G)| = 128;

� IdGroup(G) = [256, 46], ãðóïà G ∼= (((C16 × C2) o C2) o C2) o C2

òà |U(G)| = 128;

� IdGroup(G) = [256, 47], ãðóïà G ∼= (C4 × C2).((C2 × C2 × C2) o
C4) = (C4 × C2 × C2).(C8 × C2) òà |U(G)| = 128;

� IdGroup(G) = [256, 48], ãðóïà G ∼= ((C4 × C2) o C16) o C2 òà

|U(G)| = 128;

� IdGroup(G) = [256, 49], ãðóïà G ∼= (C4 × C2).((C2 × C2 × C2) o
C4) = (C4 × C2 × C2).(C8 × C2) òà |U(G)| = 128;

� IdGroup(G) = [256, 50], ãðóïà G ∼= (C4×C4)oC16 òà |U(G)| = 128;

� IdGroup(G) = [256, 51], ãðóïà G ∼= (C4×C4)oC16 òà |U(G)| = 128;

� IdGroup(G) = [256, 52], ãðóïà G ∼= ((C4 × C2) o C2) o C16 òà

|U(G)| = 128;

� IdGroup(G) = [256, 53], ãðóïà G ∼= (C4 × C2).((C2 × C2 × C2) o
C4) = (C4 × C2 × C2).(C8 × C2) òà |U(G)| = 128;
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� IdGroup(G) = [256, 54], ãðóïà G ∼= (C4 × C2).((C2 × C2 × C2) o
C4) = (C4 × C2 × C2).(C8 × C2) òà |U(G)| = 128;

� IdGroup(G) = [256, 56], ãðóïà G ∼= (C16×C8)oC2 òà |U(G)| = 128;

� IdGroup(G) = [256, 57], ãðóïà G ∼= Q16 o C16 òà |U(G)| = 128;

� IdGroup(G) = [256, 58], ãðóïà G ∼= (C8oC16)oC2 òà |U(G)| = 128;

� IdGroup(G) = [256, 59], ãðóïà G ∼= Q16 o C16 òà |U(G)| = 128;

� IdGroup(G) = [256, 64], ãðóïà G ∼= (((C16 × C2) o C2) o C2) o C2

òà |U(G)| = 64;

� IdGroup(G) = [256, 80], ãðóïà G ∼= (C8oC16)oC2 òà |U(G)| = 128;

� IdGroup(G) = [256, 84], ãðóïà G ∼= (C8oC16)oC2 òà |U(G)| = 128;

� IdGroup(G) = [256, 87], ãðóïà G ∼= C16 o C16 òà |U(G)| = 192;

� IdGroup(G) = [256, 88], ãðóïà G ∼= C16 o C16 òà |U(G)| = 192;

� IdGroup(G) = [256, 89], ãðóïà G ∼= C16 o C16 òà |U(G)| = 192;

� IdGroup(G) = [256, 90], ãðóïà G ∼= ((C16 × C2) o C4) o C2 òà

|U(G)| = 128;

� IdGroup(G) = [256, 93], ãðóïà G ∼= ((C16 o C2) o C4) o C2 òà

|U(G)| = 128;

� IdGroup(G) = [256, 95], ãðóïà G ∼= ((C16 o C2) o C4) o C2 òà

|U(G)| = 128;

� IdGroup(G) = [256, 96], ãðóïà G ∼= (C2×C2).((C4oC8)oC2) = (C4×
C4).(C8 × C2) òà |U(G)| = 128;

� IdGroup(G) = [256, 97], ãðóïà G ∼= ((C16 × C2) o C4) o C2 òà

|U(G)| = 64;
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� IdGroup(G) = [256, 98], ãðóïà G ∼= ((C8×C2)oC8)oC2 òà |U(G)| =
64;

� IdGroup(G) = [256, 99], ãðóïà G ∼= (C2×Q16)oC8 òà |U(G)| = 64;

� IdGroup(G) = [256, 100], ãðóïà G ∼= ((C16 × C2) o C4) o C2 òà

|U(G)| = 64;

� IdGroup(G) = [256, 101], ãðóïà G ∼= (C2×Q16)oC8 òà |U(G)| = 64;

� IdGroup(G) = [256, 102], ãðóïà G ∼= ((C8 × C2) o C8) o C2 òà

|U(G)| = 102;

� IdGroup(G) = [256, 104], ãðóïà G ∼= ((C16 × C2) o C4) o C2 òà

|U(G)| = 128;

� IdGroup(G) = [256, 105], ãðóïà G ∼= (C2 × C2).((C8 o C4) o C2) =

(C4 × C4).(C8 × C2) òà |U(G)| = 128;

� IdGroup(G) = [256, 106], ãðóïà G ∼= (C4 o C4) o C16 òà |U(G)| =

128;

� IdGroup(G) = [256, 107], ãðóïà G ∼= (C8oC4)oC8 òà |U(G)| = 64;

� IdGroup(G) = [256, 109], ãðóïà G ∼= (C8oC4)oC8 òà |U(G)| = 64;

� IdGroup(G) = [256, 113], ãðóïà G ∼= (C8oC4)oC8 òà |U(G)| = 64;

� IdGroup(G) = [256, 114], ãðóïà G ∼= (C8oC4)oC8 òà |U(G)| = 64;

� IdGroup(G) = [256, 115], ãðóïà G ∼= (C8oC4)oC8 òà |U(G)| = 64;

� IdGroup(G) = [256, 116], ãðóïà G ∼= (C8oC4)oC8 òà |U(G)| = 128;

� IdGroup(G) = [256, 121], ãðóïà G ∼= (C2 × Q8) o C16 òà |U(G)| =

128;
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� IdGroup(G) = [256, 124], ãðóïà G ∼= ((C2×C2).(C2×C2×C2))oC8

òà |U(G)| = 128;

� IdGroup(G) = [256, 125], ãðóïà G ∼= (C4 × C2).((C2 × C2 × C2) o
C4) = (C4 × C2 × C2).(C8 × C2) òà |U(G)| = 128;

� IdGroup(G) = [256, 126], ãðóïà G ∼= (C16 × C2) o C8 òà |U(G)| =

128;

� IdGroup(G) = [256, 127], ãðóïà G ∼= (C16 × C2) o C8 òà |U(G)| =

128;

� IdGroup(G) = [256, 130], ãðóïà G ∼= (C16 o C2) o C8 òà |U(G)| =

128;

� IdGroup(G) = [256, 131], ãðóïà G ∼= (C16 o C2) o C8 òà |U(G)| =

128;

� IdGroup(G) = [256, 133], ãðóïà G ∼= (C16 × C4) o C4 òà |U(G)| =

128;

� IdGroup(G) = [256, 134], ãðóïà G ∼= (C16 o C4) o C4 òà |U(G)| =

128;

� IdGroup(G) = [256, 136], ãðóïà G ∼= (C8 × C2) o C16 òà |U(G)| =

128;

� IdGroup(G) = [256, 137], ãðóïà G ∼= (C4 × C2).((C4 × C2) o C4) =

(C4 × C2).(C8 × C4) òà |U(G)| = 128;

� IdGroup(G) = [256, 139], ãðóïà G ∼= (C4 o C16) o C4 òà |U(G)| =

128;

� IdGroup(G) = [256, 140], ãðóïà G ∼= (C8 × C2) o C16 òà |U(G)| =

128;
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� IdGroup(G) = [256, 151], ãðóïà G ∼= (C4 × C2).((C4 × C2) o C4) =

(C4 × C2).(C8 × C4) òà |U(G)| = 128;

� IdGroup(G) = [256, 155], ãðóïà G ∼= (C8 o C2) o C16 òà |U(G)| =

128;

� IdGroup(G) = [256, 159], ãðóïà G ∼= (C8oC8)oC4 òà |U(G)| = 64;

� IdGroup(G) = [256, 160], ãðóïà G ∼= (C4.D8 = C4.(C4 × C2)) o C8

òà |U(G)| = 64;

� IdGroup(G) = [256, 161], ãðóïà G ∼= (C4.D8 = C4.(C4 × C2)) o C8

òà |U(G)| = 64;

� IdGroup(G) = [256, 162], ãðóïà G ∼= (C8oC8)oC4 òà |U(G)| = 64;

� IdGroup(G) = [256, 163], ãðóïà G ∼= (C8oC8)oC4 òà |U(G)| = 64;

� IdGroup(G) = [256, 164], ãðóïà G ∼= (C4.D8 = C4.(C4 × C2)) o C8

òà |U(G)| = 64;

� IdGroup(G) = [256, 165], ãðóïà G ∼= (C4.D8 = C4.(C4 × C2)) o C8

òà |U(G)| = 64;

� IdGroup(G) = [256, 166], ãðóïà G ∼= (C8oC8)oC4 òà |U(G)| = 64;

� IdGroup(G) = [256, 167], ãðóïà G ∼= (C8.D8 = C4.(C8 × C2)) o C4

òà |U(G)| = 64;

� IdGroup(G) = [256, 168], ãðóïà G ∼= (C8.D8 = C4.(C8 × C2)) o C4

òà |U(G)| = 64;

� IdGroup(G) = [256, 169], ãðóïà G ∼= (C8.D8 = C4.(C8 × C2)) o C4

òà |U(G)| = 64;

� IdGroup(G) = [256, 170], ãðóïà G ∼= (C8.D8 = C4.(C8 × C2)) o C4

òà |U(G)| = 64;
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� IdGroup(G) = [256, 171], ãðóïà G ∼= ((C16 × C2) o C2) o C4 òà

|U(G)| =;

� IdGroup(G) = [256, 172], ãðóïà G ∼= ((C16 × C2) o C2) o C4 òà

|U(G)| = 128;

� IdGroup(G) = [256, 173], ãðóïà G ∼= ((C16 × C2) o C2) o C4 òà

|U(G)| = 128;

� IdGroup(G) = [256, 174], ãðóïà G ∼= ((C16 × C2) o C2) o C4 òà

|U(G)| = 128;

� IdGroup(G) = [256, 179], ãðóïà G ∼= ((C16 o C2) o C2) o C4 òà

|U(G)| = 128;

� IdGroup(G) = [256, 180], ãðóïà G ∼= ((C16 o C2) o C2) o C4 òà

|U(G)| = 128;

� IdGroup(G) = [256, 181], ãðóïà G ∼= ((C16 o C2) o C2) o C4 òà

|U(G)| = 128;

� IdGroup(G) = [256, 182], ãðóïà G ∼= (C8 × C2) o C16 òà |U(G)| =

128;

� IdGroup(G) = [256, 183], ãðóïà G ∼= (C4 × C2).((C4 × C2) o C4) =

(C4 × C2).(C8 × C4) òà |U(G)| = 128;

� IdGroup(G) = [256, 184], ãðóïà G ∼= (C4 × C2).((C4 × C2) o C4) =

(C2 × C2 × C2).(C8 × C4) òà |U(G)| = 128;

� IdGroup(G) = [256, 185], ãðóïà G ∼= (C4 × C4).((C4 × C2) o C2) =

(C4 × C2).(C8 × C4) òà |U(G)| = 128;

� IdGroup(G) = [256, 186], ãðóïà G ∼= ((C16 × C2) o C2) o C4 òà

|U(G)| = 128;
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� IdGroup(G) = [256, 187], ãðóïà G ∼= (C8 o C2) o C16 òà |U(G)| =

128;

� IdGroup(G) = [256, 197], ãðóïà G ∼= ((C4 o C4) o C4) o C4 òà

|U(G)| = 128;

� IdGroup(G) = [256, 218], ãðóïà G ∼= ((C4 o C4) o C4) o C4 òà

|U(G)| = 64;

� IdGroup(G) = [256, 221], ãðóïà G ∼= (C2 × (C8 o C4)) o C4 òà

|U(G)| = 64;

� IdGroup(G) = [256, 242], ãðóïà G ∼= (C2 × (C8 o C4)) o C4 òà

|U(G)| = 64;

� IdGroup(G) = [256, 246], ãðóïà G ∼= (C2 × (C8 o C4)) o C4 òà

|U(G)| = 64;

� IdGroup(G) = [256, 250], ãðóïà G ∼= (C2 × (C8 o C4)) o C4 òà

|U(G)| = 64;

� IdGroup(G) = [256, 256], ãðóïà G ∼= (C8.D8 = C4.(C8 × C2)) o C4

òà |U(G)| = 128;

� IdGroup(G) = [256, 257], ãðóïà G ∼= (C8.D8 = C4.(C8 × C2)) o C4

òà |U(G)| = 128;

� IdGroup(G) = [256, 328], ãðóïà G ∼= (((C16 o C2) o C2) o C2) o C2

òà |U(G)| = 128;

� IdGroup(G) = [256, 329], ãðóïà G ∼= C2.((((C8 × C2) o C2) o C2) o
C2) = (C2 × C2 × C2 × C2).(C8 × C2) òà |U(G)| = 128;

� IdGroup(G) = [256, 330], G ∼= (((C16 o C2) o C2) o C2) o C2 òà

|U(G)| = 128;
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� IdGroup(G) = [256, 331], G ∼= C2.((((C8 × C2) o C2) o C2) o C2) =

(C4 × C2 × C2).(C8 × C2) òà |U(G)| = 128;

� IdGroup(G) = [256, 344], G ∼= (C4.((C2 × C2 × C2) o C4) = (C4 ×
C2).(C8 × C2)) o C2 òà |U(G)| = 128;

� IdGroup(G) = [256, 345], G ∼= (C4.((C2 × C2 × C2) o C4) = (C4 ×
C2).(C8 × C2)) o C2 òà |U(G)| = 128;

� IdGroup(G) = [256, 348], G ∼= C4.((C2×Q8)oC4) = (C4×C4).(C8×
C2) òà |U(G)| = 128;

� IdGroup(G) = [256, 349], G ∼= C4.((C2×Q8)oC4) = (C4×C4).(C8×
C2) òà |U(G)| = 128;

� IdGroup(G) = [256, 356], G ∼= C4.((C4×C4)oC4) = (C4×C4).(C8×
C2) òà |U(G)| = 128;

� IdGroup(G) = [256, 357], G ∼= C4.((C4×C4)oC4) = (C4×C4).(C8×
C2) òà |U(G)| = 128;

� IdGroup(G) = [256, 361], G ∼= C4.(((C2×C2×C2)oC4)oC2) = (C4×
C4).(C8 × C2) òà |U(G)| = 128;

� IdGroup(G) = [256, 362], G ∼= C4.(((C2×C2×C2)oC4)oC2) = (C4×
C4).(C8 × C2) òà |U(G)| = 128;

� IdGroup(G) = [256, 384], G ∼= (((C16 o C2) o C2) o C2) o C2 òà

|U(G)| = 64.

Äàëi, íàâåäåíî ñïèñîê åíäîöèêëi÷íèõ 2-ïîðîäæåíèõ ãðóï ïîðÿäêó 256

òà åêñïîíåíòè 32.

Ëåìà 7.18. Íàñòóïíi 2-ïîðîäæåíi ãðóïè G ïîðÿäêó 256 òà åêñïîíåíòè

32 ¹ åíäîöèêëi÷íèìè, òà âêàçàíî ïîðÿäîê U(G) äëÿ êîæíî¨ ãðóïè G:
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� IdGroup(G) = [256, 316], ãðóïà G ∼= C32 × C8 òà |U(G)| = 128;

� IdGroup(G) = [256, 317], ãðóïà G ∼= C32 o C8 òà |U(G)| = 128;

� IdGroup(G) = [256, 318], ãðóïà G ∼= C32 o C8 òà |U(G)| = 128;

� IdGroup(G) = [256, 319], ãðóïà G ∼= C8 o C32 òà |U(G)| = 128;

� IdGroup(G) = [256, 320], ãðóïà G ∼= (C8×C2).(C4×C4) = C4.(C16×
C4) òà |U(G)| = 128;

� IdGroup(G) = [256, 322], ãðóïà G ∼= C32 o C8 òà |U(G)| = 128;

� IdGroup(G) = [256, 323], ãðóïà G ∼= ((C32 × C2) o C2) o C2 òà

|U(G)| = 128;

� IdGroup(G) = [256, 324], ãðóïà G ∼= ((C32 × C2) o C2) o C2 òà

|U(G)| = 128;

� IdGroup(G) = [256, 325], ãðóïà G ∼= ((C32 o C2) o C2) o C2 òà

|U(G)| = 128;

� IdGroup(G) = [256, 350], ãðóïà G ∼= ((C32 o C2) o C2) o C2 òà

|U(G)| = 128;

� IdGroup(G) = [256, 351], ãðóïà G ∼= (C4 × C2) o C32 òà |U(G)| =

128;

� IdGroup(G) = [256, 352], ãðóïà G ∼= (C8 × C2).((C4 × C2) o C2) =

(C4 × C2).(C16 × C2) òà |U(G)| = 128;

� IdGroup(G) = [256, 353], ãðóïà G ∼= C8.((C2×C2×C2)oC4) = (C4×
C2).(C16 × C2) òà |U(G)| = 128;

� IdGroup(G) = [256, 367], ãðóïà G ∼= C8.((C2×C2×C2)oC4) = (C2×
C2 × C2).(C16 × C2) òà |U(G)| = 128;
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� IdGroup(G) = [256, 371], ãðóïà G ∼= (C32×C4)oC2 òà |U(G)| = 64;

� IdGroup(G) = [256, 373], ãðóïà G ∼= (C32×C4)oC2 òà |U(G)| = 64;

� IdGroup(G) = [256, 380], ãðóïà G ∼= (C32 o C4) o C2 òà |U(G)| =

128;

� IdGroup(G) = [256, 406], ãðóïà G ∼= Q8 o C32 òà |U(G)| = 64;

� IdGroup(G) = [256, 410], ãðóïà G ∼= ((C32 × C2) o C2) o C2 òà

|U(G)| = 64;

� IdGroup(G) = [256, 443], ãðóïà G ∼= ((C32 o C2) o C2) o C2 òà

|U(G)| = 128;

� IdGroup(G) = [256, 444], ãðóïà G ∼= C8 o C32 òà |U(G)| = 128;

� IdGroup(G) = [256, 446], ãðóïà G ∼= C8.(C8 o C4) = C8.(C16 × C2)

òà |U(G)| = 128;

� IdGroup(G) = [256, 447], ãðóïà G ∼= C8 o C32 òà |U(G)| = 128;

� IdGroup(G) = [256, 453], ãðóïà G ∼= C16.D16 = C8.(C16 × C2) òà

|U(G)| = 128;

� IdGroup(G) = [256, 454], ãðóïà G ∼= (C32 × C2) o C4 òà |U(G)| =

128;

� IdGroup(G) = [256, 455], ãðóïà G ∼= (C32 o C2) o C4 òà |U(G)| =

128;

� IdGroup(G) = [256, 456], ãðóïà G ∼= (C32 o C2) o C4 òà |U(G)| =

128;

� IdGroup(G) = [256, 459], ãðóïà G ∼= (C16oC4)oC4 òà |U(G)| = 64;

� IdGroup(G) = [256, 463], ãðóïà G ∼= (C16oC4)oC4 òà |U(G)| = 64;
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� IdGroup(G) = [256, 465], ãðóïà G ∼= (C16oC4)oC4 òà |U(G)| = 64.

Íàâåäåíî ñïèñîê åíäîöèêëi÷íèõ 2-ïîðîäæåíèõ ãðóï ïîðÿäêó 256 òà

åêñïîíåíòè 64.

Ëåìà 7.19. Íàñòóïíi 2-ïîðîäæåíi ãðóïè G ïîðÿäêó 256 òà åêñïîíåíòè

64 ¹ åíäîöèêëi÷íèìè, òà âêàçàíî ïîðÿäîê U(G) äëÿ êîæíî¨ ãðóïè G:

� IdGroup(G) = [256, 497], ãðóïà G ∼= C64 × C4 òà |U(G)| = 128;

� IdGroup(G) = [256, 498], ãðóïà G ∼= C64 o C4 òà |U(G)| = 128;

� IdGroup(G) = [256, 499], ãðóïà G ∼= C64 o C4 òà |U(G)| = 64;

� IdGroup(G) = [256, 500], ãðóïà G ∼= (C64×C2)oC2 òà |U(G)| = 64;

� IdGroup(G) = [256, 501], ãðóïà G ∼= (C64oC2)oC2 òà |U(G)| = 64;

� IdGroup(G) = [256, 525], ãðóïà G ∼= (C64×C2)oC2 òà |U(G)| = 64;

� IdGroup(G) = [256, 528], ãðóïà G ∼= (C64oC2)oC2 òà |U(G)| = 64;

� IdGroup(G) = [256, 531], ãðóïà G ∼= C4 o C64 òà |U(G)| = 64;

� IdGroup(G) = [256, 532], ãðóïà G ∼= C32.D8 = C4.(C32 × C2) òà

|U(G)| = 64.

Íàâåäåíî ñïèñîê åíäîöèêëi÷íèõ 2-ïîðîäæåíèõ ãðóï ïîðÿäêó 256 òà

åêñïîíåíòè 128.

Ëåìà 7.20. Íàñòóïíi 2-ïîðîäæåíi ãðóïè G ïîðÿäêó 256 òà åêñïîíåíòè

128 ¹ åíäîöèêëi÷íèìè, òà âêàçàíî ïîðÿäîê U(G) äëÿ êîæíî¨ ãðóïè G:

� IdGroup(G) = [256, 537], ãðóïà G ∼= C128 × C2 òà |U(G)| = 128;

� IdGroup(G) = [256, 538], ãðóïà G ∼= C128 o C2 òà |U(G)| = 128;

� IdGroup(G) = [256, 539], ãðóïà G ∼= D256 òà |U(G)| = 64.
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Âèñíîâêè äî ðîçäiëó 7

Ó äàíîìó ðîçäiëi:

� êëàñèôiêîâàíî ëîêàëüíi ìàéæå-êiëüöÿ íà 2-ïîðîäæåíèõ ãðóïàõ ïî-

ðÿäêiâ 64 òà 243;

� íàâåäåíî êëàñèôiêàöiþ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêiâ 81 òà

1331;

� âèâ÷åíî ëîêàëüíi ìàéæå-êiëüöÿ òà åíäîöèêëi÷íi 2-ïîðîäæåíi ãðóïè

ïîðÿäêiâ 64 òà 256.

Îñíîâíi ðåçóëüòàòè äàíîãî ðîçäiëó îïóáëiêîâàíî ó ïðàöÿõ [2, 4, 15]

çi ñïèñêó ïóáëiêàöié i, âiäïîâiäíî, [6], [87], [96] çi ñïèñêó âèêîðèñòàíèõ

äæåðåë, à òàêîæ îïóáëiêîâàíî ó òåçàõ êîíôåðåíöié [24, 25, 26, 28, 29, 32,

35] i, âiäïîâiäíî, [81], [82], [80] [14], [77], [95], [93].
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Îñíîâíi ðåçóëüòàòè òà âèñíîâêè

Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ ìîæíà ñôîðìóëþâàòè òàêèì ÷èíîì:

� Âñòàíîâëåíèé çâ'ÿçîê ìiæ íiëüïîòåíòíîþ ìóëüòèïëiêàòèâíîþ ãðó-

ïîþ òà àäèòèâíîþ ãðóïîþ â ëîêàëüíîìó ìàéæå-êiëüöi.

� Êëàñèôiêîâàíî ëîêàëüíi ìàéæå-êiëüöÿ, ÿêi íå ¹ ïîëÿìè òà ìóëüòè-

ïëiêàòèâíà ãðóïà ÿêèõ ¹ ãðóïîþ Øìiäòà.

� Çíàéäåíi àäèòèâíi ãðóïè ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó 32 òà 128

ç ìóëüòèïëiêàòèâíèìè ãðóïàìè Ìiëëåðà�Ìîðåíî.

� Âèâ÷åíi ñêií÷åííi p-ãðóïè ç öèêëi÷íîþ ïiäãðóïîþ iíäåêñó p ÿê àäè-

òèâíi ãðóïè ëîêàëüíèõ ìàéæå-êiëåöü.

� Îòðèìàíî ëîêàëüíi ìàéæå-êiëüöÿ ç áiáëiîòåêè ïàêåòó SONATA ñèñ-

òåìè êîìï'þòåðíî¨ àëãåáðè GAP.

� Ïðîàíàëiçîâàíî ñêií÷åííi íåàáåëåâi 2-ïîðîäæåííi p-ãðóïè ç öèêëi-

÷íèì êîìóòàíòîì.

� Ïîêàçàíî, ùî íå iñíó¹ ìàéæå-êiëåöü ç îäèíèöåþ, àäèòèâíà ãðóïà

ÿêîãî içîìîðôíà ãðóïi G(pm, pn) ç p > 2 i 2 ≤ m ≤ n.

� Âèâ÷åíî ñêií÷åííi ëîêàëüíi ìàéæå-êiëüöÿ ç ðîçùåïëåíîþ ìåòàöè-

êëi÷íîþ àäèòèâíîþ ãðóïîþ.

� Îòðèìàíî íåîáõiäíi i äîñòàòíi óìîâè iñíóâàííÿ ëîêàëüíèõ ìàéæå-

êiëåöü íà ãðóïàõ òèïó (B.1). Äîâåäåíî, ùî iíäåêñ ïiäãðóïè âñiõ íåî-

áîðîòíèõ åëåìåíòiâ òàêèõ ìàéæå-êiëåöü â àäèòèâíié ãðóïi äîðiâíþ¹

p. À òàêîæ, ïîêàçàíî, ùî êîæíà ãðóïà òèïó (B.1) ¹ àäèòèâíîþ ãðó-

ïîþ ìàéæå-êiëüöÿ ç îäèíèöåþ.
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� Ââåäåíî òà äîñëiäæåíî íàïiâäèñòðèáóòèâíi ìàéæå-êiëüöÿ ç îäèíè-

öåþ.

� Âèâ÷åíî íàïiâãðóïó íåîáîðîòíèõ åëåìåíòiâ ëîêàëüíèõ ìàéæå-

êiëåöü, àäèòèâíà ãðóïà ÿêîãî içîìîðôíà àáåëåâié ãðóïi òèïó (2m, 2n)

ç m ≥ n > 1.

� Âèêîðèñòîâóþ÷è ïàêåò YangBaxter, íàäàíî êëàñèôiêàöi¨ áðåéñiâ (äî

ïîðÿäêó 32) òà êîñèõ áðåéñiâ (äî ïîðÿäêó 16) âiäïîâiäíî äî àäèòèâ-

íèõ àáî ìóëüòèïëiêàòèâíèõ ãðóï, ÿêi ¹ p-ãðóïàìè Ìiëëåðà�Ìîðåíî.

� Íàâåäåíî äåÿêó iíôîðìàöiþ ùîäî ìàéæå-êiëüöåâèõ áðåéñiâ, ùî ñòî-

ñóþòüñÿ, ïàêåòó LocalNR.

� Îòðèìàíî àëãîðèòì ïîáóäîâè ñêií÷åííèõ ëîêàëüíèõ ìàéæå-êiëåöü.

� Íàâåäåíî ôóíêöi¨ äëÿ ëîêàëüíèõ ìàéæå-êiëåöü ç ïàêåòó LocalNR, à

ñàìå:

� TheAdditiveGroupsOfLibraryOfLNRsOfOrder,

� TheLibraryOfLNRsOnGroup,

� LocalNearRing,

� AllLocalNearRings,

� IsAdditiveGroupOfLibraryOfLNRs,

� InfoLocalNearRing.

� Íàâåäåíî ôóíêöi¨ äëÿ ãðóï ç ïàêåòó LocalNR, à ñàìå:

� IsMinimalNonAbelianGroup,

� IsMetacyclicPGroup,

� EndoOrbitsOfGroup,

� IsEndoCyclicGroup.
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� Êëàñèôiêîâàíî ëîêàëüíi ìàéæå-êiëüöÿ íà 2-ïîðîäæåíèõ ãðóïàõ ïî-

ðÿäêiâ 64 òà 243.

� Íàâåäåíî êëàñèôiêàöiþ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêiâ 81 òà

1331.

� Âèâ÷åíî ëîêàëüíi ìàéæå-êiëüöÿ òà åíäîöèêëi÷íi 2-ïîðîäæåíi ãðóïè

ïîðÿäêiâ 64 òà 256.
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Äîäàòîê À

Ñïèñîê ïóáëiêàöié i àïðîáàöiÿ ðåçóëüòàòiâ

Öåé äîäàòîê ìiñòèòü ñïèñîê ïóáëiêàöié çäîáóâà÷à ïî òåìi äèñåðòàöi¨,

à òàêîæ âiäîìîñòi ïðî àïðîáàöiþ ðåçóëüòàòiâ äèñåðòàöiéíî¨ ðîáîòè.

Ðåçóëüòàòè äèñåðòàöi¨ âèñâiòëåíî ó 14 íàóêîâèõ ïóáëiêàöiÿõ. Îñíîâíi
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äíèõ íàóêîìåòðè÷íèõ áàçàõ Scopus àáî Web of Science [12, 2, 1, 5, 7, 9, 11,
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ìàòåðiàëàõ ìiæíàðîäíèõ íàóêîâèõ êîíôåðåíöié.
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306

4. Raievska I., Raievska M. Local nearrings and endocyclic groups of small

order. Scienti�c Bulletin of Uzhhorod University. Series of Mathematics

and Informatics, 2025, 47 (2), 65�71,
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Íàóêîâèé ÷àñîïèñ ÍÏÓ iìåíi Ì. Ï. Äðàãîìàíîâà. Ñåðiÿ 1. Ôiçèêî-
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15. Raievska I. Yu., Raievska M. Yu., Sysak Ya. P. Local nearrings of order
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ôåðåíöi¨ ìîëîäèõ ó÷åíèõ �Ïiäñòðèãà÷iâñüêi ÷èòàííÿ � 2024�. Ëüâiâ,

Óêðà¨íà, 27�29 òðàâíÿ, 2024,

http://www.iapmm.lviv.ua/chyt2024/

abstracts/Raievska.pdf
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311

óíiâåðñèòåò iìåíi Âàñèëÿ Ñòóñà, Âiííèöÿ, Óêðà¨íà, Ñ. 92�93,
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28 � July 2, 2017, Chisinau, Republic of Moldova,

http://cmsm4.math.md/

� International mathematical conference �Groups and Actions: Geometry

and Dynamics, dedicated to the memory of professor Vitaly

Sushchanskyy�, December 19�22, 2016, Kyiv, Ukraine,

https://www.ukma.edu.ua/eng/index.php/news/

667-international-conference-groups-and-

actions-geometry-and-dynamics

� XI Ëiòíÿ øêîëà �Àëãåáðà, Òîïîëîãiÿ, Àíàëiç�, 1�14 ñåðïíÿ 2016 ðîêó,
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Îäåñà, Óêðà¨íà,

https://www.imath.kiev.ua/~topology/ata11/

� Summer School on Algebra, Statistics and Combinatorics, June 27 �

July 2, 2016, Espoo, Finland,

https://www.aalto.fi/en/news/summer-school-on-

algebra-statistics-and-combinatorics

� ÕVII Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ iì. àêàä. Ìèõàéëà Êðàâ÷ó-

êà, 19�20 òðàâíÿ 2016 ðîêó, Êè¨â, Óêðà¨íà,

https://matan.kpi.ua/uk/kravchuk-conf2016.html

� X Ìiæíàðîäíà àëãåáðà¨÷íà êîíôåðåíöiÿ â Óêðà¨íi ïðèñâÿ÷åíà 70-

ði÷÷þ Þ. À. Äðîçäà, 20�27 ñåðïíÿ 2015 ðîêó, Îäåñà, Óêðà¨íà

� X Ëiòíÿ øêîëà �Àëãåáðà, Òîïîëîãiÿ, Àíàëiç�, 3�15 ñåðïíÿ 2015 ðîêó,

Îäåñà, Óêðà¨íà,

https://imath.kiev.ua/~topology/xata/

� Íàóêîâà êîíôåðåíöiÿ, ïðèñâÿ÷åíà 100-ði÷÷þ âiä äíÿ íàðîäæåííÿ

Ê. Ì. Ôiøìàíà òà Ì. Ê. Ôà å, 1�4 ëèïíÿ 2015 ðîêó, ×åðíiâöi, Óêðà-

¨íà

� Conference �Groups and their actions�, June 22�26, 2015, Bedlewo (near

Poznan), Poland

� Ìiæíàðîäíà êîíôåðåíöiÿ ìîëîäèõ ìàòåìàòèêiâ, 3�6 ÷åðâíÿ 2015 ðî-

êó, Êè¨â, Óêðà¨íà

� AAA89: Workshop on General Algebra, February 26 � March 01, 2015,

Dresden, Germany,

https://tu-dresden.de/mn/math/algebra/

forschung/tagungen/aaaseries/aaa89
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� IX-à Ëiòíÿ øêîëà �Àëãåáðà, òîïîëîãiÿ i àíàëiç�, 7�18 ëèïíÿ 2014

ðîêó, Ïîëÿíèöÿ, Óêðà¨íà,

https://imath.kiev.ua/~topology/xata/xata_program.pdf

� Humboldt Kolleg �Education and Science and their Role in Social and

Industrial Progress of Society�, June 12�15, 2014, Kyiv, Ukraine,

http://hk2014.humboldt.org.ua/

� 9th International Algebraic Conference in Ukraine, July 08�13, 2013,

Lviv, Ukraine,

http://iapmm.lviv.ua/iacu2013/

� çàñiäàííÿõ Â÷åíî¨ ðàäè Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè (20

÷åðâíÿ 2023 ð. � îíëàéí, 24 ÷åðâíÿ 2025 ð. � îíëàéí)

� cåìiíàði ëàáîðàòîði¨ òîïîëîãi¨ Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨-

íè (êåðiâíèê: ÷ë.-êîð. Ñ. I. Ìàêñèìåíêî, Êè¨â, Óêðà¨íà) (19 êâiòíÿ

2023 ð. � îíëàéí) https://www.imath.kiev.ua/events/

index.php?seminarId=34&archiv=1

� cåìiíàðàõ �Àëãåáðà� Âàðøàâñüêîãî óíiâåðñèòåòó (êåðiâíèê: ïðîô.

ßí Îêíiíñüêèé, Âàðøàâà, Ïîëüùà) (21 êâiòíÿ 2022 ð., 9 áåðåçíÿ

2023 ð., 18 ñi÷íÿ 2024 ð.) https://www.mimuw.edu.pl/en/

seminars/seminar-algebra/

� cåìiíàði �Secant group� â IÌ ÏÀÍ (êåðiâíèê: ïðîô. ßðîñëàâ Áó÷èí-

ñüêèé, Âàðøàâà, Ïîëüùà) (31 ñi÷íÿ 2023 ð.)

� cåìiíàði �Algebra and Discrete Mathematics� â Óíiâåðñèòåòi ìiñòà

Ëiíö (êåðiâíèê: ïðîô. Ìàíóåëü Êàóåðñ, Ëiíö, Àâñòðiÿ) (18 êâiòíÿ

2024 ð.) http://www.algebra.uni-linz.ac.at/

teaching/seminar/schedule.php?term=ss2024
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� Àëãåáðà¨÷íèõ ñåìiíàðàõ Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè (êåðiâ-

íèêè: ÷ë.-êîð. Þ. À. Äðîçä, ÷ë.-êîð. Ñ. I. Ìàêñèìåíêî, Êè¨â, Óêðà¨-

íà) (6 æîâòíÿ 2015 ð., 18 ãðóäíÿ 2018 ð., 26 ÷åðâíÿ 2024 ð. � îíëàéí,

12.11.2025 ð.) https://www.imath.kiev.ua/events/

index.php?seminarId=22&archiv=1

� ðîçøèðåíå çàñiäàííÿ �Ïiä êiíåöü ðîêó� Àëãåáðà¨÷íîãî ñåìiíàðó Êè-

¨âñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iìåíi Òàðàñà Øåâ÷åíêà (êåðiâ-

íèê: ïðîô. À. Ï. Ïåòðàâ÷óê) (26 ãðóäíÿ 2017 ð.)

� cåìiíàði ìîëîäèõ â÷åíèõ Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè (îðãà-

íiçàòîð: Ðàäà ìîëîäèõ â÷åíèõ IÌ ÍÀÍÓ, Êè¨â, Óêðà¨íà) (29 âåðåñíÿ

2016 ð.) https://www.imath.kiev.ua/events/

index.php?seminarId=85

� Scienti�c Seminar �Geometry, Topology, Applications� (êåðiâíèê: ïðîô.

Ò. Î. Áàíàõ, Ëüâiâ, Óêðà¨íà) (9 áåðåçíÿ 2026 ð.)

http://www.math.lviv.ua/seminar/past.php
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