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Äèñåðòàöiþ ïðèñâÿ÷åíî äîñëiäæåííþ ìàéæå-êiëåöü ç îäèíèöåþ

òà ëîêàëüíèõ ìàéæå-êiëåöü, òà ¨õ ïîáóäîâi çà äîïîìîãîþ ñèñòåìè

êîìï'þòåðíî¨ àëãåáðè GAP.

Ó âñòóïi îá ðóíòîâàíî àêòóàëüíiñòü òåìè äèñåðòàöi¨, ñôîðìóëüîâàíî

ìåòó òà çàâäàííÿ äîñëiäæåííÿ, íàóêîâó íîâèçíó îäåðæàíèõ ðåçóëüòàòiâ.

Ðîçäië 1 ñêëàäà¹òüñÿ ç òðüîõ ïiäðîçäiëiâ 1.1, 1.2 òà 1.3. Ó ðîçäiëi 1

íàâåäåíî îãëÿä ëiòåðàòóðè çà òåìîþ äèñåðòàöi¨. Ïiäðîçäië 1.1 ïðèñâÿ÷å-

íî îãëÿäó âiäîìèõ ðåçóëüòàòiâ ïðî ñêií÷åííi ìàéæå-êiëüöÿ ç îäèíèöåþ.

Î÷åâèäíî, ùî êîæíå àñîöiàòèâíå êiëüöå ¹ ìàéæå-êiëüöåì, i êîæíà ãðó-

ïà ¹ àäèòèâíîþ ãðóïîþ ìàéæå-êiëüöÿ, àëå íå îáîâ'ÿçêîâî ìàéæå-êiëüöÿ

ç îäèíèöåþ. Êëåé ââiâ ìåõàíiçì, íåîáõiäíèé i äîñòàòíié äëÿ ïîáóäîâè

âñiõ ìàéæå-êiëåöü, àäèòèâíà ãðóïà ÿêèõ ¹ ñêií÷åííîþ òà öèêëi÷íîþ. Ìå-

êñîí äîâiâ, ùî ÿêùî òàêå ìàéæå-êiëüöå ìà¹ ìóëüòèïëiêàòèâíó îäèíèöþ,

òî öå ìàéæå-êiëüöå ¹ êiëüöåì. Ïèòàííÿ ïðî òå, ÿêi ãðóïè ìîæóòü áóòè

àäèòèâíèìè ãðóïàìè ìàéæå-êiëåöü ç îäèíèöåþ, äîñëiäæó¹òüñÿ ç êiíöÿ

1960-õ ðîêiâ. Îäèí ç ïåðøèõ ðåçóëüòàòiâ â öüîìó íàïðÿìêó áóâ îòðèìà-

íèé Êëåéîì i Ìàëîí, ÿêi ïîêàçàëè, ùî ç òî÷íiñòþ äî içîìîðôiçìó iñíó¹

¹äèíå ìàéæå-êiëüöå ç îäèíèöåþ, àäèòèâíà ãðóïà ÿêîãî öèêëi÷íà, i ÿêå

ôàêòè÷íî ¹ êîìóòàòèâíèì êiëüöåì. Òàêîæ áóëî âñòàíîâëåíî, ùî àäèòèâ-

íà ãðóïà ñêií÷åííîãî ìàéæå-êiëüöÿ ç îäèíèöåþ ¹ ïðîñòîþ òîäi i òiëüêè

òîäi, êîëè öå ìàéæå-êiëüöå ¹ ïîëåì ïðîñòîãî ïîðÿäêó. Áiëüø òîãî, äîâåäå-
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íî, ùî êîæíà íåöèêëi÷íà ãðóïà, ïîðÿäîê ÿêî¨ ¹ äîáóòêîì ðiçíèõ ïðîñòèõ

÷èñåë, òà ñèìåòðè÷íà ãðóïà Sn ïðè n ≥ 3 íå ìîæóòü áóòè àäèòèâíèìè

ãðóïàìè ìàéæå-êiëåöü ç îäèíèöåþ. Êëåé ïîêàçàâ, ùî íå iñíó¹ ìàéæå-

êiëüöÿ ç îäèíèöåþ, àäèòèâíà ãðóïà ÿêîãî içîìîðôíà ãðóïi êâàòåðíiîíiâ

Q8 òà âñòàíîâèâ, ùî iñíó¹ ñiì íåiçîìîðôíèõ êëàñiâ ìàéæå-êiëåöü ç îäèíè-

öåþ íà ãðóïi äiåäðà D4 ïîðÿäêó 8. Öi ñiì êëàñiâ ìàéæå-êiëåöü ïåðåëi÷åíi

â òàáëèöi 3. Êëåé i Ìåêñîí äîâåëè, ùî óçàãàëüíåíi ãðóïè êâàòåðíiîíiâ

Q2n ïðè n > 3 íå ìîæóòü áóòè àäèòèâíèìè ãðóïàìè ìàéæå-êiëåöü ç îäè-

íèöåþ. Ãðóïè äiåäðà Dn ïîðÿäêó 2n ÿê àäèòèâíi ãðóïè ìàéæå-êiëåöü

ç îäèíèöåþ áóëè äîñëiäæåííi Äæîíñîíîì òà âñòàíîâëåíî, ùî äëÿ íå-

ïàðíîãî n ãðóïà Dn íå ìîæå áóòè àäèòèâíîþ ãðóïîþ ìàéæå-êiëüöÿ ç

îäèíèöåþ, òà äîâåäåíî, ùî ç òî÷íiñòþ äî içîìîðôiçìó iñíó¹ ¹äèíå òàêå

ìàéæå-êiëüöå íà ãðóïi Dn ïðè n = 2p, äå p � ïðîñòå ÷èñëî. Áîéêåòò òà

Íèáàóåð êëàñèôiêóâàëè âñi ìàéæå-êiëüöÿ ç îäèíèöåþ íà ãðóïàõ ïîðÿä-

êó, ùî íå ïåðåâèùó¹ 31, âèêîðèñòîâóþ÷è ñèñòåìó êîìï'þòåðíî¨ àëãåá-

ðè GAP. Çîêðåìà, âèçíà÷èëè âñi íåàáåëåâi ãðóïè âêàçàíèõ ïîðÿäêiâ, ÿêi

íå ìîæóòü áóòè àäèòèâíèìè ãðóïàìè ìàéæå-êiëåöü ç îäèíèöåþ. ßêùî

àäèòèâíà ãðóïà R+ äåÿêîãî ìàéæå-êiëüöÿ R ç îäèíèöåþ ¹ ìåòàöèêëi-

÷íîþ ãðóïîþ Ìiëëåðà�Ìîðåíî, òî âîíà ¹ p-ãðóïîþ. Î÷åâèäíî, ùî êîæ-

íå äèñòðèáóòèâíå ìàéæå-êiëüöå ¹ íàïiâäèñòðèáóòèâíèì, àëå íå íàâïàêè.

Íàïðèêëàä, ìàéæå-êiëüöå Map(G) âñiõ ôóíêöié íà ãðóïi G ïîðÿäêó 2 ¹

íàïiâäèñòðèáóòèâíèì, à íå äèñòðèáóòèâíèì. Âiäîìî, ùî àäèòèâíà ãðó-

ïà áóäü-ÿêîãî äèñòðèáóòèâíîãî ìàéæå-êiëüöÿ ç îäèíèöåþ ¹ àáåëåâîþ. Ó

ïiäðîçäiëi 1.2 íàâåäåíi ðåçóëüòàòè, ùî ñòîñóþòüñÿ ñêií÷åííèõ ëîêàëü-

íèõ ìàéæå-êiëåöü. Äîñëiäæåííÿ ëîêàëüíèõ ìàéæå-êiëåöü áóëî iíiöiéîâà-

íî Ìåêñîíîì, ÿêèé âèçíà÷èâ ðÿä ¨õ îñíîâíèõ âëàñòèâîñòåé i, çîêðåìà,

äîâiâ, ùî àäèòèâíà ãðóïà íóëü-ñèìåòðè÷íîãî ëîêàëüíîãî ìàéæå-êiëüöÿ

¹ p-ãðóïîþ. Öèì àâòîðîì áóëî îïèñàíî óñi íåiçîìîðôíi íóëü-ñèìåòðè÷íi

ëîêàëüíi ìàéæå-êiëüöÿ ç íåöèêëi÷íîþ àäèòèâíîþ ãðóïîþ ïîðÿäêó p2, ÿêi
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íå ¹ ìàéæå-ïîëÿìè. Çàçíà÷èìî, ùî çàëèøà¹òüñÿ âiäêðèòèì ïèòàííÿ, ÿêi

íåàáåëåâi p-ãðóïè ìîæóòü áóòè àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-

êiëåöü. Ó ïiäðîçäiëi 1.3 äàíî îãëÿä ñèñòåìè êîìï'þòåðíî¨ àëãåáðè GAP,

íàçâà ÿêî¨ ðîçøèôðîâó¹òüñÿ ÿê �Groups, Algorithms and Programming�.

Ðàçîì iç ñèñòåìîþ ðîçïîâñþäæó¹òüñÿ áàãàòî ïàêåòiâ äëÿ íå¨, íàïðèêëàä,

ïàêåò �Systems of nearrings and their applications� (SONATA) � öå ïàêåò

äëÿ ïîáóäîâè òà äîñëiäæåííÿ ñêií÷åííèõ ìàéæå-êiëåöü òà ìàéæå-êiëåöü

ç îäèíèöåþ. Â öüîìó ïàêåòi ìiñòèòüñÿ áiáëiîòåêà âñiõ 68659 ìàéæå-êiëåöü

ïîðÿäêó ìåíøèõ çà 16, òà âñiõ ìàéæå-êiëåöü ç îäèíèöåþ ïîðÿäêó ìåí-

øîãî çà 32. À òàêîæ, ðiçíîìàíiòíi ôóíêöi¨ äëÿ àíàëiçó ñòðóêòóðè òà

åëåìåíòiâ ñêií÷åííèõ ìàéæå-êiëåöü.

Ðîçäië 2 ñêëàäà¹òüñÿ ç ÷îòèðüîõ ïiäðîçäiëiâ 2.1, 2.2, 2.3 òà 2.4. Â öüîìó

ðîçäiëi íàâåäåíî îñíîâíi îçíà÷åííÿ òà ðåçóëüòàòè, ùî ñòîñóþòüñÿ ìàéæå-

êiëåöü ç îäèíèöåþ òà ãðóï ïîðÿäêó p3. Ó ïiäðîçäiëàõ 2.1 òà 2.2 íàâåäåíî

ðåçóëüòàòè ïðî ãðóïè ïîðÿäêó p3 òà ìàéæå-êiëüöÿ ç îäèíèöåþ, âiäïî-

âiäíî, ÿêi áóäå âèêîðèñòàíî â ïîäàëüøèõ äîñëiäæåííÿõ. Ïiäðîçäië 2.3

ïðèñâÿ÷åíî âèâ÷åííþ ìàéæå-êiëåöü ç îäèíèöåþ íà àáåëåâèõ ãðóïàõ ïî-

ðÿäêó p3. Îòðèìàíi íåîáõiäíi óìîâè iñíóâàííÿ ìàéæå-êiëåöü ç îäèíèöåþ

íà òàêèõ ãðóïàõ. Ó ïiäðîçäië 2.4 äîâåäåíî íåîáõiäíi óìîâè iñíóâàííÿ

ìàéæå-êiëåöü ç îäèíèöåþ íà íåàáåëåâèõ ãðóïàõ ïîðÿäêó p3. Öåé ðîçäië

ñêëàäà¹òüñÿ ç äâîõ ïiäïóíêòiâ 2.4.1 òà 2.4.2, â ÿêèõ âèâ÷àþòüñÿ ìàéæå-

êiëüöÿ ç îäèíèöåþ, àäèòèâíà ãðóïà ÿêèõ içîìîðôíà G1 òà G3, âiäïîâiäíî.

Ðîçäië 3 ñêëàäà¹òüñÿ ç òðüîõ ïiäðîçäiëiâ 3.1, 3.2 òà 3.3. Öåé ðîçäië ïðè-

ñâÿ÷åíî âèâ÷åííþ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó p3. Ó ïiäðîçäiëi 3.1

íàâåäåíå îçíà÷åííÿ ëîêàëüíèõ ìàéæå-êiëåöü òà ¨õ îñíîâíi âëàñòèâîñòi.

Ïiäðîçäië 3.2 ïðèñâÿ÷åíî âèâ÷åííþ ëîêàëüíi ìàéæå-êiëåöü íà åëåìåí-

òàðíèõ àáåëåâèõ ãðóïàõ ïîðÿäêó p3. Öåé ðîçäië ñêëàäà¹òüñÿ ç îäíîãî

ïiäïóíêòó 3.2.1, â ÿêîìó ïîáóäîâàíî ïðèêëàäè ëîêàëüíèõ ìàéæå-êiëåöü

ç åëåìåíòàðíîþ àáåëåâîþ àäèòèâíîþ ãðóïîþ ïîðÿäêó p3. Ó ïiäðîçäiëi 3.3



5

âèâ÷àþòüñÿ ëîêàëüíi ìàéæå-êiëüöÿ íà íåàáåëåâèõ ãðóïàõ ïîðÿäêó p3. Â

òðüîõ ïiäïóíêòàõ 3.3.1, 3.3.2 òà 3.3.3 öüîãî ðîçäiëó îòðèìàíi íåîáõiäíi òà

äîñòàòíi óìîâè iñíóâàííÿ ëîêàëüíi ìàéæå-êiëüöÿ, àäèòèâíi ãðóïè ÿêèõ

içîìîðôíi G1, G2 òà G3, âiäïîâiäíî.

Ðîçäië 4 ñêëàäà¹òüñÿ ç òðüîõ ïiäðîçäiëiâ 4.1, 4.2 òà 4.3. Â öüîìó ðîç-

äiëi âèâ÷àþòüñÿ ìàéæå-êiëüöÿ ç îäèíèöåþ ïîðÿäêiâ p4. Ó ïiäðîçäiëi 4.1

íàâåäåíî êëàñèôiêàöiþ ãðóï ïîðÿäêó p4. Ïiäðîçäiëàõ 4.2 òà 4.3 îòðèìà-

íî íåîáõiäíi óìîâè iñíóâàííÿ ìàéæå-êiëåöü ç îäèíèöåþ íà ãðóïàõ êëàñó

íiëüïîòåíòíîñòi 2 òà êëàñó íiëüïîòåíòíîñòi 3, âiäïîâiäíî.

Ðîçäië 5 ñêëàäà¹òüñÿ ç äâóõ ïiäðîçäiëiâ 5.1 òà 5.2. Â öüîìó ðîçäi-

ëi îïèñàíî ëîêàëüíi ìàéæå-êiëüöÿ ïîðÿäêó p4. Ïiäðîçäië 5.1 ïðèñâÿ÷å-

íî äîñëiäæåííþ ëîêàëüíi ìàéæå-êiëüöÿ íà ãðóïàõ ïîðÿäêó p4 òà êëàñó

íiëüïîòåíòíîñòi 2. À ñàìå, ïîêàçàíî, ùî äëÿ íåïàðíèõ p iç 6 òàêèõ ãðóï

4 ¹ àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü. Äåÿêi ïðèêëàäè òà-

êèõ ìàéæå-êiëåöü ÿâíî ïîáóäîâàíi. Ó ïiäðîçäiëi 5.2 äîñëiäæóþòüñÿ ãðóïè

êëàñó íiëüïîòåíòíîñòi 3 ïîðÿäêó p4, ÿêi ¹ àäèòèâíèìè ãðóïàìè ëîêàëü-

íèõ ìàéæå-êiëåöü. Â òðüîõ ïiäðîçäiëàõ 5.2.1, 5.2.2 òà 5.2.3 öüîãî ðîçäiëó

îòðèìàíi íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàííÿ ëîêàëüíi ìàéæå-êiëåöü,

àäèòèâíi ãðóïè ÿêèõ içîìîðôíi H1 òà H2. Ó ïiäðîçäiëi 5.2.4 ñôîðìóëüî-

âàíî ãiïîòåçó ùîäî ãðóï H3 òà H4.

Ðîçäië 6 ñêëàäà¹òüñÿ ç ï'ÿòè ïiäðîçäiëiâ 6.1, 6.2, 6.3, 6.4 òà 6.5. Ó öüî-

ìó ðîçäiëi âèâ÷àþòüñÿ ìàéæå-êiëüöÿì ç îäèíèöåþ íà äåÿêèõ íåàáåëåâèõ

ãðóïàõ. Ó ïiäðîçäiëi 6.1 äàíî îçíà÷åííÿ òà îïèñ ãðóï Ìiëëåðà�Ìîðåíî

òà ãðóï Øìiäò. Ó ïiäðîçäiëi 6.2 îïèñàíî âñi ìîæëèâi òèïè ãðóï Ìiëëåðà�

Ìîðåíî, ÿêi ¹ àäèòèâíèìè ãðóïàìè ìàéæå-êiëåöü ç îäèíèöåþ. Ó ïiäðîç-

äiëi 6.3 ïîêàçàíî, ùî íå iñíó¹ ìàéæå-êiëåöü ç îäèíèöåþ, àäèòèâíà ãðóïà

ÿêèõ içîìîðôíà ãðóïi Øìiäòà. Ïiäðîçäië 6.4 ñêëàäà¹òüñÿ ç òðüîõ ïiäïóí-

êòiâ 6.4.1, 6.4.2 òà 6.4.3. Ó öüîìó ïiäðîçäiëi äîñëiäæóþòüñÿ ïðÿìi äîáóòêè

ìåòàöèêëi÷íèõ p-ãðóï Ìiëëåðà�Ìîðåíî òà öèêëi÷íèõ p-ãðóï ÿê àäèòèâ-
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íi ãðóïè ìàéæå-êiëåöü ç îäèíèöåþ òà ëîêàëüíèõ ìàéæå-êiëåöü. Áiëüø

òîãî, âèçíà÷åíî ôîðìóëè ìíîæåííÿ äëÿ òàêèõ ìàéæå-êiëåöü òà îïèñà-

íî ôóíêöi¨, ùî ¨õ çàäàþòü. Ó ïiäðîçäiëi 6.5 âèâ÷àþòüñÿ ïðÿìi äîáóòêè

íåìåòàöèêëi÷íèõ p-ãðóï Ìiëëåðà�Ìîðåíî òà öèêëi÷íèõ p-ãðóï ÿê àäè-

òèâíi ãðóïè ìàéæå-êiëåöü ç îäèíèöåþ òà ëîêàëüíèõ ìàéæå-êiëåöü. Öåé

ïiäðîçäië ñêëàäà¹òüñÿ ç òðüîõ ïiäïóíêòiâ 6.5.1, 6.5.2 òà 6.5.3. Â ïåðøîìó

ïiäïóíêòi 6.5.1 íàâåäåíî ïîïåðåäíi ðåçóëüòàòè. Â ïiäïóíêòi 6.5.2 äîñëi-

äæóþòüñÿ ìàéæå-êiëüöÿ ç îäèíèöåþ íà ãðóïàõ F (pm, pn, p, pk). Â ïiäïóí-

êòi 6.5.3 âèçíà÷åíî ôîðìóëè ìíîæåííÿ äëÿ ëîêàëüíèõ ìàéæå-êiëåöü íà

ãðóïàõ F (pm, pn, p, pk) òà îïèñàíî ôóíêöi¨, ùî ¨õ çàäàþòü.

Ðîçäië 7 ñêëàäà¹òüñÿ ç ï'ÿòè ïiäðîçäiëiâ 7.1, 7.2, 7.3, 7.4 òà 7.5. Öåé

ðîçäië ïðèñâÿ÷åíî çàñòîñóâàííþ ñèñòåìè GAP äëÿ äîñëiäæåííÿ òà êëà-

ñèôiêàöi¨ ëîêàëüíèõ ìàéæå-êiëåöü. Â ïåðøèõ äâîõ ïiäðîçäiëàõ 7.1 òà

7.2 âèâ÷à¹òüñÿ ïîáóäîâà ìàéæå-êiëåöü ç îäèíèöåþ òà êëàñèôiêàöiÿ ëî-

êàëüíèõ ìàéæå-êiëåöü. Â ïiäðîçäiëi 7.3 îïèñàíî äåÿêi ôóíêöi¨ ç ïàêåòó

LocalNR, à ñàìå, UnitsOfNearRing 7.3.1, IsLocalNearRing 7.3.2, IsLocalRi-

ng 7.3.3, NearRingNonUnits 7.3.4 òà NonUnitsAsAdditiveSubgroup 7.3.5.

Â ïiäðîçäiëi 7.4 äîñëiäæåíî ìàéæå-êiëüöÿ ç îäèíèöåþ i ëîêàëüíi ìàéæå-

êiëüöÿ, òà åíäîöèêëi÷íi ãðóïè. Ïiäðîçäië 7.5 ïðèñâÿ÷åíî êëàñèôiêàöi¨ ëî-

êàëüíèõ ìàéæå-êiëåöü ìàëèõ ïîðÿäêiâ, à ñàìå, ëîêàëüíèõ ìàéæå-êiëåöü

ïîðÿäêó 32 7.5.1 òà 128 7.5.2 òà 7.5.3.

Êëþ÷îâi ñëîâà: Ìàéæå-êiëüöÿ ç îäèíèöåþ, ëîêàëüíi ìàéæå-êiëüöÿ,

àäèòèâíà ãðóïà, ãðóïè Ìiëëåðà�Ìîðåíî, ãðóïè Øìiäòà, GAP, SONATA,

LocalNR.
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Abstract

Raievska I. Iu. Finite nearrings with identity and local nearrings

with some restrictions on additive groups. � Qualifying scienti�c work

on the rights of the manuscript.

Thesis for the degree of Doctor of Physical and Mathematical Sciences,

speciality 01.01.06 �Algebra and Number Theory�. � Institute of Mathemati-

cs of National Academy of Sciences of Ukraine, Kyiv, 2026.

The thesis is devoted to the study of nearrings with identity and local

nearrings, and their construction using the computer algebra system GAP.

The introduction substantiates the relevance of the thesis topic,

formulates the goal and objectives of the research, and the scienti�c novelty

of the results obtained.

Chapter 1 of the thesis consists of three subsections 1.1, 1.2 and 1.3.

Section 1 provides a review of the literature on the topic of the dissertation.

Subsection 1.1 is devoted to a review of known results on �nite nearrings wi-

th identity. It is obvious that every associative ring is a nearring, and every

group is the additive group of a nearring, but not necessarily of a nearri-

ng with identity. Clay introduced a mechanism necessary and su�cient to

construct all nearrings whose additive group is �nite and cyclic. Maxson

proved that if such an nearring has a multiplicative identity, then this nearri-

ng is a ring. The question of which groups can be additive groups of nearrings

with identity has been studied since the late 1960s. One of the �rst results

in this direction was obtained by Clay and Malone, who showed that up

to isomorphism there exists a unique nearring with unity whose additive

group is cyclic and which is in fact a commutative ring. It was also establi-

shed that the additive group of a �nite nearring with unity is prime if and

only if this nearring is a �eld of prime order. Moreover, it was proved that

every non-cyclic group whose order is the product of distinct primes and the
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symmetric group Sn for n ≥ 3 cannot be additive groups of nearrings wi-

th identity. Clay showed that there is no nearring with unity whose additive

group is isomorphic to the quaternion groupQ8 and established that there are

seven non-isomorphic classes of nearrings with unity on the dihedral group

D4 of order 8. These seven classes of nearrings are listed in Table 3. Clay

and Maxson proved that the generalized quaternion groups Q2n for n > 3

cannot be additive groups of nearrings with identity. The dihedral groups

Dn of order 2n as additive groups of nearrings with identity were studied

by Johnson and it was established that for odd n the group Dn cannot be

an additive group of nearrings with identity, and it was proved that up to

isomorphism there exists a unique such nearring on the group Dn for n = 2p,

where p is a prime number. Boykett and Noebauer classi�ed all nearrings

with identity on groups of order not exceeding 31 using the GAP computer

algebra system. In particular, they de�ned all non-Abelian groups of the

speci�ed orders that cannot be additive groups of nearrings with identity.

Groups with wide systems of Abelian subgroups have been studied by many

authors. In particular, minimal non-Abelian groups, i.e., such non-Abelian

groups in which all proper subgroups are Abelian, have been called Miller�

Moreno groups, in honor of the authors who �rst considered �nite groups

with this property a century ago and proved their solvability. These groups

were �rst studied by Miller and Moreno. If the additive group R+ of some

nearring R with identity is a metacyclic Miller�Moreno group, then it is a

p-group. Moreover, as proved by Clay, the group of quaternions Q8 cannot

be the additive group of such a nearring R either. Therefore, the group R+

can be isomorphic only to the group G(pm, pn) for suitable primes p and

natural numbers m and n. It is obvious that every distributive nearring is

semidistributive, but not vice versa. For example, the nearring Map(G) of

all functions on the group G of order 2 is semidistributive, not distributive.

It is known that the additive group of any distributive nearring with identi-
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ty is abelian. Subsection 1.2 gives results concerning �nite local nearrings.

The study of local nearrings was initiated by Maxson, who determined a

number of their basic properties and, in particular, proved that the additive

group of a zero-symmetric local nearring is a p-group. This author described

all non-isomorphic zero-symmetric local nearrings with a non-cyclic additi-

ve group of order p2 that are not near�elds. Note that it remains an open

question which non-abelian p-groups can be additive groups of local nearri-

ngs. In subsection 1.3, an overview of the GAP computer algebra system,

whose name stands for �Groups, Algorithms and Programming�, is given.

Many packages for it are distributed together with the system, for example,

the �Systems of nearrings and their applications� (SONATA) package � this

is a package for constructing and studying �nite nearrings and nearrings wi-

th identity. This package contains a library of all 68659 nearrings of order

less than 16, and all nearrings with identity order less than 32. Also, various

functions for analyzing the structure and elements of �nite nearrings.

Chapter 2 consists of four subsections 2.1, 2.2, 2.3, and 2.4. This section

presents the main de�nitions and results concerning nearrings with identity

and groups of order p3. Subsections 2.1 and 2.2 present results on groups of

order p3 and nearrings with identity, respectively, which will be used in further

research. Subsection 2.3 is devoted to the study of nearrings with identity on

abelian groups of order p3. Necessary conditions for the existence of nearrings

with identity on such groups are obtained. Subsection 2.4 proves necessary

conditions for the existence of nearrings with identity on non-abelian groups

of order p3. This section consists of two subsections 2.4.1 and 2.4.2, which

studies nearrings with identity whose additive group is isomorphic to G1 and

G3, respectively.

Chapter 3 consists of three subsections 3.1, 3.2, and 3.3. This section

is devoted to the study of local nearrings of order p3. Subsection 3.1 gives

the de�nition of local nearrings and their basic properties. Subsection 3.2
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is devoted to the study of local nearrings on elementary abelian groups of

order p3. This section consists of one subsection 3.2.1, in which examples of

local nearrings with an elementary abelian additive group of order p3 are

constructed. Subsection 3.3 studies local nearrings on non-abelian groups of

order p3. In three subsections 3.3.1, 3.3.2 and 3.3.3 of this section, necessary

and su�cient conditions for the existence of local nearrings whose additive

groups are isomorphic to G1, G2 and G3, respectively, are obtained.

Chapter 4 consists of three subsections 4.1, 4.2, and 4.3. This section

studies nearrings with identity of orders p4. In subsection 4.1, a classi�cation

of groups of order p4 is given. In subsections 4.2 and 4.3, necessary conditions

for the existence of nearrings with identity on groups of nilpotency class 2

and nilpotency class 3, respectively, are obtained.

Chapter 5 consists of two subsections 5.1 and 5.2. This section descri-

bes local nearrings of order p4. Subsection 5.1 is devoted to the study of

local nearrings on groups of order p4 and nilpotency class 2. Namely, it is

shown that for odd p out of 6 such groups 4 are additive groups of local

nearrings. Some examples of such nearrings are explicitly constructed. In

subsection 5.2 groups of nilpotency class 3 of order p4, which are additive

groups of local nearrings, are studied. In three subsections 5.2.1, 5.2.2 and

5.2.3 of this section, necessary and su�cient conditions for the existence of

local nearrings whose additive groups are isomorphic to H1 and H2 are obtai-

ned. In subsection 5.2.4, a hypothesis is formulated regarding the groups H3

and H4.

Chapter 6 consists of �ve subsections 6.1, 6.2, 6.3, 6.4, and 6.5. This secti-

on studies nearrings with identity on some non-Abelian groups. In subsecti-

on 6.1, the de�nition and description of Miller�Moreno groups and Schmi-

dt groups are given. In subsection 6.2, all possible types of Miller�Moreno

groups, which are additive groups of nearrings with identity, are described.

In subsection 6.3, it is shown that there are no nearrings with identity whose
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additive group is isomorphic to the Schmidt group. Subsection 6.4 consists

of three subsections 6.4.1, 6.4.2 and 6.4.3. In this subsection, direct products

of metacyclic Miller�Moreno p-groups and cyclic p-groups as additive groups

of nearrings with identity and local nearrings are studied. Moreover, multi-

plication formulas for such nearrings are de�ned and the functions that de�-

ne them are described. In subsection 6.5, direct products of non-metacyclic

Miller�Moreno p-groups and cyclic p-groups as additive groups of nearrings

with identity and local nearrings are studied. This subsection consists of

three subsections 6.5.1, 6.5.2 and 6.5.3. The �rst subsection 6.5.1 presents

preliminary results. Subsection 6.5.2 investigates nearrings with unity on the

groups F (pm, pn, p, pk). Subsection 6.5.3 de�nes multiplication formulas for

local nearrings on the groups F (pm, pn, p, pk) and describes the functions that

de�ne them.

Chapter 7 consists of �ve subsections 7.1, 7.2, 7.3, 7.4 and 7.5. This

section is devoted to the application of the GAP system to the study and

classi�cation of local nearrings. The �rst two subsections 7.1 and 7.2 study

the construction nearrings with identity and classi�cation of local nearrings.

Section 7.3 describes some functions from the LocalNR package, namely,

UnitsOfNearRing 7.3.1, IsLocalNearRing 7.3.2, IsLocalRing 7.3.3, NearRi-

ngNonUnits 7.3.4 and NonUnitsAsAdditiveSubgroup 7.3.5. In subsection 7.4,

nearrings with identity and local nearrings, and endocyclic groups are studi-

ed. Subsection 7.5 is devoted to the classi�cation of local nearrings of small

orders, namely, local nearrings of order 32 7.5.1 and 128 7.5.2 and 7.5.3.

Key words: Nearrings, local nearrings, additive group, Millera�Moreno

groups, Shmidt group, GAP, SONATA, LocalNR.
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ÏÅÐÅËIÊ ÓÌÎÂÍÈÕ ÏÎÇÍÀ×ÅÍÜ

Ïåðåëiê óìîâíèõ ïîçíà÷åíü

Ñèìâîë Îïèñ

∅ Ïîðîæíÿ ìíîæèíà

Cn Öèêëi÷íà ãðóïà ïîðÿäêó n

Zn Êiëüöå ëèøêiâ ïî ìîäóëþ n

<X> Ãðóïà, ïîðîäæåíà ìíîæèíîþ X

Q8 Ãðóïà êâàòåðíiîíiâ ïîðÿäêó 8

Dn Ãðóïà äiåäðà ïîðÿäêó n

A�B A ¹ íîðìàëüíîþ ïiäãðóïîþ ãðóïè B;

A ¹ iäåàëîì ìàéæå-êiëüöÿ B

A�B A ¹ âëàñíîþ íîðìàëüíîþ ïiäãðóïîþ ãðóïè B;

A ¹ âëàñíèì iäåàëîì ìàéæå-êiëüöÿ B

G ∼= H G òà H içîìîðôíi

|M | Ïîòóæíiñòü ìíîæèíè M

|G : H| Iíäåêñ ïiäãðóïè H â ãðóïi G

exp(G) Åêñïîíåíòà ãðóïè G

Z(G) Öåíòð ãðóïè G

CG(H) Öåíòðàëiçàòîð ïiäãðóïè H â ãðóïi G

End(G) Ìîíî¨ä âñiõ åíäîìîðôiçìiâ ãðóïè G

Aut(G) Ãðóïà âñiõ àâòîìîðôiçìiâ ãðóïè G

Inn(G) Ãðóïà âíóòðiøíiõ àâòîìîðôiçìiâ ãðóïè G

[a, b] Êîìóòàòîð ãðóïîâèõ åëåìåíòiâ a òà b, òîáòî

−a− b+ a+ b äëÿ àäèòèâíî çàïèñàíèõ ãðóï,

a−1b−1ab äëÿ ìóëüòèïëiêàòèâíî çàïèñàíèõ ãðóï
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[A,B] 〈[a, b]|a ∈ A, b ∈ B〉
G′ Êîìóòàíò ãðóïè G, òîáòî [G,G]

A×B Ïðÿìèé äîáóòîê ãðóï A òà B

AoB Íàïiâïðÿìèé äîáóòîê ãðóï A òà B,

â ÿêîìó A ¹ íîðìàëüíîþ ïiäãðóïîþ

R+ Àäèòèâíà ãðóïà ìàéæå-êiëüöÿ R

M(G) Ìàéæå-êiëüöå âiäîáðàæåíü ç ãðóïè G â G

L Ìíîæèíà âñiõ åëåìåíòiâ ìàéæå-êiëüöÿ R,

ÿêi íå ìàþòü ïðàâèõ îáåðíåíèõ â R

R∗ Ãðóïà îáîðîòíèõ åëåìåíòiâ ìàéæå-êiëüöÿ R

Φ(G) Ïiäãðóïà Ôðàòòiíi ãðóïè G
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Âñòóï

Ðîáîòó ïðèñâÿ÷åíî âèâ÷åííþ ñêií÷åííèõ ìàéæå-êiëåöü ç îäèíèöåþ òà

ëîêàëüíèõ ìàéæå-êiëåöü ç îáìåæåííÿìè íà àäèòèâíi ãðóïè.

Oá ðóíòóâàííÿ âèáîðó òåìè äîñëiäæåííÿ.

Õàðàêòåðíîþ ðèñîþ ñó÷àñíîãî åòàïó ðîçâèòêó àëãåáðè ¹ ïiäâèùåííÿ

àêòèâíîñòi äîñëiäæåíü â îáëàñòÿõ, ùî óçàãàëüíþþòü òåîði¨ êëàñè÷íèõ

àëãåáðà¨÷íèõ ñèñòåì, íàïðèêëàä, òåîðiÿ ìàéæå-êiëåöü. Ìàéæå-êiëüöÿ âè-

íèêàþòü ïðèðîäíèì ÷èíîì ïðè âèâ÷åííi ñèñòåì íåëiíiéíèõ âiäîáðàæåíü

i âèâ÷àþòüñÿ ïðîòÿãîì áàãàòüîõ äåñÿòèëiòü.

Îñíîâè àêñiîìàòèêè òåîði¨ ìàéæå-êiëåöü áóëè çàêëàäåíi â ðîáîòàõ

Îðå [70], Ôóðòâàíãëåðà�Òàóññêi [42] òà Òàóññêi-Òîää [127].

Äîñëiäæåííÿ ìàéæå-êiëåöü ïîâ'ÿçàíå ç ðîáîòàìè Áåéäëåìàíà [23,24],

Áåòøà [25], Áëåêåòòà [27], Âåíäòà [129], Ìåéñîíà [58], Õ. Íîéìàí [69],

Ïåòåðñîíà [71], Õåçåðëi [46] òà iíøi.

Îäíi¹þ ç ïåðøèõ ðîáiò â Óêðà¨íi, â ÿêié ðîçãëÿäàþòüñÿ ìàéæå-êiëüöÿ,

¹ ñòàòòÿ Êàëóæíiíà òà Ñóùàíñüêîãî [50], îïóáëiêîâàíî â 1978 ðîöi. Ïåð-

øîþ äèñåðòàöi¹þ â Óêðà¨íi, â ÿêié ðîçãëÿäàþòüñÿ ìàéæå-êiëüöÿ, ¹ äî-

êòîðñüêà äèñåðòàöiÿ Óñåíêà [15] çàõèùåíà ó 1999 ðîöi.

Âiäîìî, ùî áóäü-ÿêà ñêií÷åííà àáåëåâà ãðóïà A ¹ ïðÿìîþ ñóìîþ ïðè-

ìàðíèõ öèêëi÷íèõ ïiäãðóï, êîæíó ç ÿêèõ ìîæíà ðîçãëÿäàòè ÿê àäèòèâ-

íó ãðóïó äåÿêîãî êiëüöÿ ëèøêiâ Z/piZ. Çâiäñè A ¹ àäèòèâíîþ ãðóïîþ

ïðÿìî¨ ñóìè öèõ êiëåöü. Îòæå, êîæíà ñêií÷åííà àáåëåâà ãðóïà ¹ àäèòèâ-

íîþ ãðóïîþ àñîöiàòèâíîãî (i íàâiòü êîìóòàòèâíîãî) êiëüöÿ ç îäèíèöåþ.

Îäíàê, ó âèïàäêó ìàéæå-êiëåöü ç îäèíèöåþ àíàëîãi÷íèé ðåçóëüòàò äëÿ

ñêií÷åííèõ íåàáåëåâèõ ãðóï íå âèêîíó¹òüñÿ.
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Ïèòàííÿ ïðî òå, ÿêi ãðóïè ìîæóòü áóòè àäèòèâíèìè ãðóïàìè ìàéæå-

êiëåöü ç îäèíèöåþ, äîñëiäæó¹òüñÿ ç êiíöÿ 1960-õ ðîêiâ. Íàä âèðiøåííÿì

öüîãî ïèòàííÿ ïðàöþâàëè Áîéêåòò, Äæîíñîí, Äîé, Êëåé, Êðiììåë, Ëàé,

Ëåêñòîí, Ëîêõàðò, Ìàëîí, Ìåêñîí, Íèáàóåð, Ðà¹âñüêà Ì., Ñèñàê òà iíøi.

Â äèñåðòàöi¨ ðîçãëÿíóòî ìàéæå-êiëüöÿ íà ãðóïàõ Ìiëëåðà�Ìîðåíî,

Øìiäòà.

Ìîíîãðàôi¨ Ïiëüöà [72], Ìåëäðóìà [64], Êëåÿ [32], Ê. Ôåððåðî òà

Ã. Ôåððåðî [41], Ëîêõàðòà [56] ïðèñâÿ÷åíi çàãàëüíié òåîði¨ ìàéæå-êiëåöü.

Íàãàäà¹ìî, ùî êiëüöå R ç îäèíèöåþ, ìíîæèíà L âñiõ íåîáîðîòíèõ

åëåìåíòiâ ÿêîãî óòâîðþ¹ iäåàë â R (à îòæå, ôàêòîð-êiëüöå R/L ¹ òi-

ëîì), íàçèâà¹òüñÿ ëîêàëüíèì êiëüöåì. ßê ëåãêî ïåðåêîíàòèñÿ, â îçíà-

÷åííi ëîêàëüíîãî êiëüöÿ äîñòàòíüî íàñïðàâäi ïðèïóñêàòè, ùî L ¹ òiëüêè

ïiäãðóïîþ àäèòèâíî¨ ãðóïè êiëüöÿ R. Çàìiíèâøè â íüîìó ñëîâî �êiëü-

öå� íà �ìàéæå-êiëüöå�, îòðèìó¹ìî îçíà÷åííÿ ëîêàëüíèõ ìàéæå-êiëåöü,

âèâ÷åííÿ ÿêèõ ðîçïî÷àâ Ìåêñîí [60]. Âiäîìî, ùî ñêií÷åííà ãðóïà ¹ àäè-

òèâíîþ ãðóïîþ äåÿêîãî ëîêàëüíîãî êiëüöÿ òîäi i òiëüêè òîäi, êîëè âî-

íà ¹ àáåëåâîþ p-ãðóïîþ. ßê áóëî ïîêàçàíî Ìåêñîíîì, àäèòèâíà ãðóïà

R+ ñêií÷åííîãî ëîêàëüíîãî ìàéæå êiëüöÿ R ¹ p-ãðóïîþ, à éîãî ïiäãðó-

ïà L íåîáîðîòíèõ åëåìåíòiâ ¹ iäåàëîì â R. Çâiäñè âèïëèâà¹, çîêðåìà,

ùî ôàêòîð-ãðóïà R/L ¹ åëåìåíòàðíîþ àáåëåâîþ. Áiëüø òîãî, íèì áó-

ëî âñòàíîâëåíî, ùî êîæíà àáåëåâà p-ãðóïà, âiäìiííà âiä öèêëi÷íî¨ ãðóïè

òà ãðóïè ïîðÿäêó 4, ¹ àäèòèâíîþ ãðóïîþ ëîêàëüíîãî ìàéæå-êiëüöÿ, ùî

íå ¹ êiëüöåì, à òàêîæ îïèñàíi âñi íåiçîìîðôíi íóëü-ñèìåòðè÷íi ëîêàëüíi

ìàéæå-êiëüöÿ ç åëåìåíòàðíîþ àáåëåâîþ àäèòèâíîþ ãðóïîþ ïîðÿäêó p2,

ÿêi íå ¹ ìàéæå-ïîëÿìè.

Îäíàê, çàäà÷à êëàñèôiêàöi¨ ñêií÷åííèõ íåàáåëåâèõ p-ãðóï, ùî ¹ àäè-

òèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü, çàëèøà¹òüñÿ äàëåêîþ âiä

ðîçâ'ÿçàííÿ. Ïðÿìi äîáóòêè ìåòàöèêëi÷íèõ p-ãðóï Ìiëëåðà�Ìîðåíî òà

öèêëi÷íèõ p-ãðóï, ïðÿìi äîáóòêè íåìåòàöèêëi÷íèõ p-ãðóï Ìiëëåðà�
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Ìîðåíî òà öèêëi÷íèõ p-ãðóï äîñëiäæóþòüñÿ â äàíîìó ðóêîïèñi.

Âiäîìî, íàïðèêëàä, ùî óçàãàëüíåíi ãðóïè êâàòåðíiîíiâ òà ãðóïà äiå-

äðà ïîðÿäêó 8 íå ìîæóòü áóòè àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-

êiëåöü. Êðiì òîãî, ÿê ïîêàçàâ Ôåéãåëüñòîê [40], äëÿ êîæíîãî ïðîñòîãî

÷èñëà p òà öiëîãî n > p iñíó¹ ãðóïà ïîðÿäêó pn, ÿêà íå ¹ àäèòèâíîþ

ãðóïîþ ëîêàëüíîãî ìàéæå-êiëüöÿ. Â çâ'ÿçêó ç öèì â ðîáîòàõ [12,102] âè-

â÷àëèñü ëîêàëüíi ìàéæå-êiëüöÿ, àäèòèâíà ãðóïà ÿêèõ ¹ ìiíiìàëüíîþ íå-

àáåëåâîþ àáî, â iíøié òåðìiíîëîãi¨, ãðóïîþ Ìiëëåðà�Ìîðåíî (äèâ. [118]).

Óçàãàëüíåííÿ â öüîìó íàïðÿìêó äîñëiäæåííÿ ¹ àêòóàëüíèìè.

Âèâ÷åííþ ëîêàëüíèõ ìàéæå-êiëåöü ïðèñâÿ÷åíi ðîáîòè Àìáåðãà, Ãî-

ðîäíiêà, Ãóáåðòà, Ìåêñîíà, Ðà¹âñüêî¨ Ì., Ñèñàêà, Ôåéãåëñòîêà òà iíøèõ.

Îñêiëüêè ïîâíiñòþ îïèñàíi óñi íóëü-ñèìåòðè÷íi ëîêàëüíi ìàéæå-

êiëüöÿ ïîðÿäêó p2, òî íàñòóïíèì êðîêîì ¹ õàðàêòåðèçàöiÿ ëîêàëüíèõ

ìàéæå-êiëåöü íà àáåëåâèõ òà íåàáåëåâèõ ãðóïàõ ïîðÿäêó p3 òà íà ãðóïàõ

ïîðÿäêó p4 êëàñó íiëüïîòåíòíîñòi 2 òà êëàñó íiëüïîòåíòíîñòi 3.

Ñïèñîê óñiõ 698 íåiçîìîðôíèõ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó íå

áiëüøå 31 ìiñòÿòüñÿ â ïàêåòi SONATA [19] ñèñòåìè êîìþòåðíî¨ àëãåáðè

GAP [43]. Îäíàê êëàñèôiêàöiÿ ìàéæå-êiëåöü ïîðÿäêó 32 i âèùå âèìàãà¹

íàáàãàòî ñêëàäíiøèõ îá÷èñëåíü. Äëÿ ëîêàëüíèõ ìàéæå-êiëåöü âîíè áóëè

ðåàëiçîâàíi â íîâîìó GAP-ïàêåòi LocalNR [111].

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè.

Ðîáîòà âèêîíóâàëàñÿ â Iíñòèòóòi ìàòåìàòèêè ÍÀÍ Óêðà¨íè ó âiääi-

ëi àëãåáðè i òîïîëîãi¨ çãiäíî iç çàãàëüíèì ïëàíîì äîñëiäæåíü ó ðàìêàõ

íàóêîâî-äîñëiäíèõ òåì �Òåîðiÿ çîáðàæåíü òà ¨¨ çàñòîñóâàííÿ â àëãåáði,

ãåîìåòði¨ é òîïîëîãi¨� (íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0111U002096, 2011�

2015 ðð.), �Ðîçðîáêà é çàñòîñóâàííÿ íîâèõ ìåòîäiâ ó òåîði¨ çîáðàæåíü, àá-

ñòðàêòíié àëãåáði òà àëãåáðà¨÷íié ãåîìåòði¨� (íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨

0116U003125, 2016�2020 ðð.), �Äîñëiäæåííÿ äèíàìi÷íèõ ñèñòåì òà åâîëþ-
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öiéíèõ çàäà÷ òîïîëîãi÷íèìè, ñòîõàñòè÷íèìè òà àëãåáðè÷íèìè ìåòîäàìè�

(íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0117U004091, 2017�2021 ðð.) òà �Êàòåãîðíi,

êîìáiíàòîðíi òà àíàëiòè÷íi ìåòîäè äîñëiäæåííÿ ïðîáëåì òåîði¨ çîáðà-

æåíü, àëãåáðà¨÷íî¨ ãåîìåòði¨, àëãåáðà¨÷íî¨ òà äèôåðåíöiàëüíî¨ òîïîëîãi¨�

(íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0121U100395, 2021�2025 ðð.), �Ñó÷àñíi ìå-

òîäè àëãåáðè i òîïîëîãi¨ òà ¨õ çàñòîñóâàííÿ� (íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨

0126U000346, 2026�2030 ðð.).

Ìåòà i çàâäàííÿ äîñëiäæåííÿ.

Ìåòîþ äîñëiäæåííÿ ¹ ðîçâèòîê òåîði¨ ìàéæå-êiëåöü ç îäèíèöåþ òà

ïîâ'ÿçàíèõ ç íèìè ãðóï.

Îá'¹êòîì äîñëiäæåííÿ ¹ ñêií÷åííi ìàéæå-êiëüöÿ ç îäèíèöåþ òà ëî-

êàëüíi ìàéæå-êiëüöÿ.

Ïðåäìåòîì äîñëiäæåííÿ ¹ àäèòèâíi ãðóïè ñêií÷åííèõ ìàéæå-êiëüöÿ

ç îäèíèöåþ òà ëîêàëüíèõ ìàéæå-êiëåöü, êëàñèôiêàöiÿ ñêií÷åííèõ ëî-

êàëüíèõ ìàéæå-êiëåöü.

Çàâäàííÿ äîñëiäæåííÿ:

� Îïèñàòè ìàéæå-êiëüöÿ ç îäèíèöåþ íà ãðóïàõ ïîðÿäêó p3.

� Îòðèìàòè íåîáõiäíi óìîâè iñíóâàííÿ ìàéæå-êiëåöü ç îäèíèöåþ íà

àáåëåâèõ ãðóïàõ ïîðÿäêó p3.

� Îòðèìàòè íåîáõiäíi óìîâè iñíóâàííÿ ìàéæå-êiëåöü ç îäèíèöåþ íà

íåàáåëåâèõ ãðóïàõ ïîðÿäêó p3.

� Îïèñàòè ëîêàëüíi ìàéæå-êiëüöÿ ç àäèòèâíèìè ãðóïàìè ïîðÿäêó p3.

Âèçíà÷èòè ôîðìóëè ìíîæåííÿ äëÿ òàêèõ ìàéæå-êiëåöü òà îïèñàíî

ôóíêöi¨, ùî ¨õ çàäàþòü.

� Íàâåñòè ïðèêëàä ëîêàëüíèõ ìàéæå-êiëåöü ç àäèòèâíîþ ãðóïîþ ïî-

ðÿäêó p3.
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� Äàòè îöiíêó íèæíüî¨ ìåæi êiëüêîñòi ëîêàëüíèõ ìàéæå-êiëåöü íà

ãðóïàõ ïîðÿäêó p3.

� Íàâåñòè àëãîðèòì ïîáóäîâè ëîêàëüíîãî ìàéæå-êiëüöÿ ç åëåìåíòàð-

íîþ àáåëåâîþ àäèòèâíîþ ãðóïîþ ïîðÿäêó 53, ùî ðåàëiçîâàíî â ñè-

ñòåìi êîìï'þòåðíî¨ àëãåáðè GAP.

� Ïðîàíàëiçóâàòè iñíóâàííÿ òà êiëüêiñòü íåiçîìîðôíèõ ëîêàëüíèõ

ìàéæå-êiëåöü íà ãðóïàõ ïîðÿäêó p3.

� Íàâåñòè äåÿêi ñòðóêòóðíi ðåçóëüòàòè ñòîñîâíî ãðóï ïîðÿäêó p4.

� Îòðèìàòè íåîáõiäíi óìîâè iñíóâàííÿ ìàéæå-êiëåöü ç îäèíèöåþ íà

ãðóïàõ ïîðÿäêó p4. Âèçíà÷èòè ôîðìóëè ìíîæåííÿ äëÿ òàêèõ ìàéæå-

êiëåöü òà îïèñàíî ôóíêöi¨, ùî ¨õ çàäàþòü.

� Îïèñàòè ëîêàëüíi ìàéæå-êiëüöÿ ç àäèòèâíèìè ãðóïàìè ïîðÿäêó p4.

Âêàçàòè ôîðìóëè ìíîæåííÿ äëÿ òàêèõ ìàéæå-êiëåöü òà îïèñàíî

ôóíêöi¨, ùî ¨õ çàäàþòü.

� Íàâåñòè ïðèêëàä ëîêàëüíîãî ìàéæå-êiëüöÿ ïîðÿäêó 54 = 625.

� Äàòè àëãîðèòì ïîáóäîâè ëîêàëüíîãî ìàéæå-êiëüöÿ ç íåàáåëå-

âîþ àäèòèâíîþ ãðóïîþ ïîðÿäêó 54, ùî ðåàëiçîâàíî â ñèñòåìi

êîìï'þòåðíî¨ àëãåáðè GAP.

� Íàâåñòè íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàííÿ ìàéæå-êiëåöü ç îäè-

íèöåþ íà ãðóïàõ Ìiëëåðà�Ìîðåíî.

� Ïîêàçàòè, ùî íå iñíó¹ ìàéæå-êiëåöü ç îäèíèöåþ, àäèòèâíà ãðóïà

ÿêèõ içîìîðôíà ãðóïi Øìiäòà.

� Äîñëiäèòè ïðÿìi äîáóòêè p-ãðóï Ìiëëåðà�Ìîðåíî òà öèêëi÷íèõ p-

ãðóï ÿê àäèòèâíi ãðóïè ìàéæå-êiëåöü ç îäèíèöåþ òà ëîêàëüíèõ
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ìàéæå-êiëåöü. Âèçíà÷èòè ôîðìóëè ìíîæåííÿ äëÿ òàêèõ ìàéæå-

êiëåöü òà îïèñàíî ôóíêöi¨, ùî ¨õ çàäàþòü.

� Îïèñàòè ïîáóäîâó ìàéæå-êiëåöü ç îäèíèöåþ;

� Íàâåñòè äåÿêi ôóíêöi¨ äëÿ ëîêàëüíèõ ìàéæå-êiëåöü ç ïàêåòó

LocalNR, à ñàìå:

� UnitsOfNearRing(R) (âèâiä: ñïèñîê îáîðîòíèõ åëåìåíòiâ ìàéæå-

êiëüöÿ, ÿêùî R ¹ ìàéæå-êiëüöåì ç îäèíèöåþ, iíàêøå âèâiä ìà¹

âèãëÿä Error, no units exist),

� IsLocalNearRing(R) (âèâiä: çíà÷åííÿ true, ÿêùî R ¹ ëîêàëüíèì

ìàéæå-êiëüöåì, iíàêøå âèâiä ìà¹ çíà÷åííÿ false.),

� IsLocalRing(R) (âèâiä: çíà÷åííÿ true, ÿêùî R ¹ ëîêàëüíèì êiëü-

öåì, iíàêøå âèâiä ìà¹ çíà÷åííÿ false),

� NearRingNonUnits(R) (âèâiä: ñïèñîê íåîáîðîòíèõ åëåìåíòiâ R),

� NonUnitsAsAdditiveSubgroup(R) (âèâiä: àäèòèâíà ïiäãðóïà íåî-

áîðîòíèõ åëåìåíòiâ R);

� Îïèñàòè ìàéæå-êiëüöÿ ç îäèíèöåþ ïàêåòó SONATA òà åíäîöèêëi÷íi

ãðóïè.

� Ïðîàíàëiçóâàòè ëîêàëüíi ìàéæå-êiëüöÿ ïîðÿäêó 32.

� Íàâåñòè ÷àñòêîâó êëàñèôiêàöiþ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó

128.

� Çíàéòè 2-ïîðîäæåíi åíäîöèêëi÷íi ãðóïè ïîðÿäêó 256 òà åêñïîíåíòè

16, ÿêi íå ¹ àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü.

Ìåòîäè äîñëiäæåííÿ.
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Ó ðîáîòi âèêîðèñòîâóþòüñÿ ìåòîäè òåîði¨ ãðóï òà òåîði¨ ìàéæå-êiëåöü.

Äëÿ ïîáóäîâè ïðèêëàäiâ ëîêàëüíèõ ìàéæå-êiëåöü áóëè íàïèñàíi àëãîðè-

òìè òà ïðîãðàìè íà ìîâi GAP, ÿêi áóëî ðåàëiçîâàíî íà êëàñòåðàõ òà

ñóïåðêîìï'þòåðàõ;

� Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè (ì. Êè¨â, Óêðà¨íà);

� Iíñòèòóòó êiáåðíåòèêè ÍÀÍ Óêðà¨íè (ì. Êè¨â, Óêðà¨íà);

� Êè¨âñüêîãî ïîëiòåõíi÷íîãî iíñòèòóòó iìåíi Iãîðÿ Ñiêîðñüêîãî (ì. Êè-

¨â, Óêðà¨íà);

� CIRCA (ì. Ñåíò Àíäðþñ, Øîòëàíäiÿ, Âåëèêà Áðèòàíiÿ);

� CIRUS (ì. Åäèíáóðã, Øîòëàíäiÿ, Âåëèêà Áðèòàíiÿ);

� Iíñòèòóòó ìàòåìàòèêè Ïîëüñüêî¨ Àêàäåìi¨ Íàóê (ì. Âàðøàâà, Ïîëü-

ùà).

Íàóêîâà íîâèçíà îäåðæàíèõ ðåçóëüòàòiâ.

Ðåçóëüòàòè ðîáîòè, ùî âèíîñÿòüñÿ íà çàõèñò, ¹ íîâèìè i ïîëÿãàþòü ó

íàñòóïíîìó:

� Îïèñàíî ìàéæå-êiëüöÿ ç îäèíèöåþ íà ãðóïàõ ïîðÿäêó p3.

� Íàâåäåíî íåîáõiäíi óìîâè iñíóâàííÿ ìàéæå-êiëåöü ç îäèíèöåþ íà

àáåëåâèõ ãðóïàõ ïîðÿäêó p3.

� Íàâåäåíî íåîáõiäíi óìîâè iñíóâàííÿ ìàéæå-êiëåöü ç îäèíèöåþ íà

íåàáåëåâèõ ãðóïàõ ïîðÿäêó p3.

� Îïèñàíî ëîêàëüíi ìàéæå-êiëüöÿ ç àäèòèâíèìè ãðóïàìè ïîðÿäêó p3.

Âèçíà÷åíî ôîðìóëè ìíîæåííÿ äëÿ òàêèõ ìàéæå-êiëåöü òà îïèñàíî

ôóíêöi¨, ùî ¨õ çàäàþòü.
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� Íàâåäåíî ïðèêëàä ëîêàëüíîãî ìàéæå-êiëüöÿ ç àäèòèâíîþ ãðóïîþ

ïîðÿäêó p3.

� Äàíî îöiíêó íèæíüî¨ ìåæi êiëüêîñòi ëîêàëüíèõ ìàéæå-êiëåöü íà

ãðóïàõ ïîðÿäêó p3.

� Íàâåäåíî àëãîðèòì ïîáóäîâè ëîêàëüíîãî ìàéæå-êiëüöÿ ç åëåìåíòàð-

íîþ àáåëåâîþ àäèòèâíîþ ãðóïîþ ïîðÿäêó 53, ùî ðåàëiçîâàíî â ñè-

ñòåìi êîìï'þòåðíî¨ àëãåáðè GAP.

� Ïðîàíàëiçîâàíî iñíóâàííÿ òà êiëüêiñòü íåiçîìîðôíèõ ëîêàëüíèõ

ìàéæå-êiëåöü íà ãðóïàõ ïîðÿäêó p3.

� Íàâåäåíî äåÿêi ñòðóêòóðíi ðåçóëüòàòè ñòîñîâíî ãðóï ïîðÿäêó p4.

� Îòðèìàíî íåîáõiäíi óìîâè iñíóâàííÿ ìàéæå-êiëåöü ç îäèíèöåþ íà

ãðóïàõ ïîðÿäêó p4.

� Âèçíà÷åíî ôîðìóëè ìíîæåííÿ äëÿ òàêèõ ìàéæå-êiëåöü òà îïèñàíî

ôóíêöi¨, ùî ¨õ çàäàþòü.

� Îïèñàíî ëîêàëüíi ìàéæå-êiëüöÿ ç àäèòèâíèìè ãðóïàìè ïîðÿäêó p4.

Âêàçàíî ôîðìóëè ìíîæåííÿ äëÿ òàêèõ ìàéæå-êiëåöü òà îïèñàíî

ôóíêöi¨, ùî ¨õ çàäàþòü.

� Íàâåäåíî ïðèêëàä ëîêàëüíîãî ìàéæå-êiëüöÿ ïîðÿäêó 54 = 625.

� Äàíî àëãîðèòì ïîáóäîâè ëîêàëüíîãî ìàéæå-êiëüöÿ ç íåàáåëå-

âîþ àäèòèâíîþ ãðóïîþ ïîðÿäêó 54, ùî ðåàëiçîâàíî â ñèñòåìi

êîìï'þòåðíî¨ àëãåáðè GAP.

� Íàâåäåíî íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàííÿ ìàéæå-êiëåöü ç îäè-

íèöåþ íà ãðóïàõ Ìiëëåðà�Ìîðåíî.

� Ïîêàçàíî, ùî íå iñíó¹ ìàéæå-êiëåöü ç îäèíèöåþ, àäèòèâíà ãðóïà

ÿêèõ içîìîðôíà ãðóïi Øìiäòà.
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� Îïèñàíî ïðÿìi äîáóòêè p-ãðóï Ìiëëåðà�Ìîðåíî òà öèêëi÷íèõ p-ãðóï

ÿê àäèòèâíi ãðóïè ìàéæå-êiëåöü ç îäèíèöåþ òà ëîêàëüíèõ ìàéæå-

êiëåöü. Âèçíà÷åíî ôîðìóëè ìíîæåííÿ äëÿ òàêèõ ìàéæå-êiëåöü òà

îïèñàíî ôóíêöi¨, ùî ¨õ çàäàþòü.

� Îïèñàíî ïîáóäîâó ìàéæå-êiëåöü ç îäèíèöåþ.

� Íàâåäåíî äåÿêi ôóíêöi¨ äëÿ ëîêàëüíèõ ìàéæå-êiëåöü ç ïàêåòó

LocalNR, à ñàìå:

� UnitsOfNearRing(R) (âèâiä: ñïèñîê îáîðîòíèõ åëåìåíòiâ ìàéæå-

êiëüöÿ, ÿêùî R ¹ ìàéæå-êiëüöåì ç îäèíèöåþ, iíàêøå âèâiä ìà¹

âèãëÿä Error, no units exist),

� IsLocalNearRing(R) (âèâiä: çíà÷åííÿ true, ÿêùî R ¹ ëîêàëüíèì

ìàéæå-êiëüöåì, iíàêøå âèâiä ìà¹ çíà÷åííÿ false.),

� IsLocalRing(R) (âèâiä: çíà÷åííÿ true, ÿêùî R ¹ ëîêàëüíèì êiëü-

öåì, iíàêøå âèâiä ìà¹ çíà÷åííÿ false),

� NearRingNonUnits(R) (âèâiä: ñïèñîê íåîáîðîòíèõ åëåìåíòiâ R.),

� NonUnitsAsAdditiveSubgroup(R) (âèâiä: àäèòèâíà ïiäãðóïà íåî-

áîðîòíèõ åëåìåíòiâ R).

� Îïèñàíî ìàéæå-êiëüöÿ ç îäèíèöåþ ïàêåòó SONATA òà åíäîöèêëi÷íi

ãðóïè.

� Ïðîàíàëiçîâàíî ëîêàëüíi ìàéæå-êiëüöÿ ïîðÿäêó 32.

� Íàâåäåíî ÷àñòêîâó êëàñèôiêàöiþ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó

128.

� Çíàéäåíî 2-ïîðîäæåíi åíäîöèêëi÷íi ãðóïè ïîðÿäêó 256 òà åêñïîíåí-

òè 16, ÿêi íå ¹ àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü.
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Ïðàêòè÷íå çíà÷åííÿ îäåðæàíèõ ðåçóëüòàòiâ.

Äèñåðòàöiéíà ðîáîòà íîñèòü òåîðåòè÷íèé õàðàêòåð. Ðåçóëüòàòè ðî-

áîòè, à òàêîæ ìåòîäèêà ¨õ îòðèìàííÿ, ìîæóòü áóòè âèêîðèñòàíi äëÿ

ïîäàëüøîãî ðîçâèòêó òåîði¨ ìàéæå-êiëåöü, òåîði¨ ãðóï, ñèñòåìè GAP, i

ó äåÿêèõ iíøèõ ãàëóçÿõ íàóêè, çîêðåìà, òåîði¨ êîäóâàííÿ.

Îñîáèñòèé âíåñîê çäîáóâà÷à.

Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨, ÿêi âèíîñÿòüñÿ íà çàõèñò, îòðèìàíi àâ-

òîðîì îñîáèñòî. Òðè ñòàòòi îïóáëiêîâàíà áåç ñïiâàâòîðiâ. Ó ñïiëüíèõ ç

íàóêîâèì êîíñóëüòàíòîì òà Ì.Þ. Ðà¹âñüêîþ ïóáëiêàöiÿõ çà òåìîþ äè-

ñåðòàöi¨ ðîçïîäië îñîáèñòèõ âíåñêiâ òàêèé:

� ó ðîáîòàõ [1, 2, 17, 18, 19, 20] �� âèçíà÷åííÿ íàïðÿìêó äîñëiäæåíü,

ïîñòàíîâêà çàäà÷, iäå¨ âiäíîñíî âèáîðó ìåòîäèê ðîçâ'ÿçóâàííÿ, ïî-

áóäîâà àëãîðèòìó, áðàâ ó÷àñòü ó íàïèñàíi ôóíêöié, îáãîâîðåííi ðå-

çóëüòàòiâ, êîíòðîëü ÿêîñòi âèêëàäåííÿ ðåçóëüòàòiâ íàëåæèòü íàóêî-

âîìó êîíñóëüòàíòó ß.Ï. Ñèñàêó.

� ó ñòàòòi [1] �� â äèñåðòàöiþ âêëþ÷åíî òåîðåìó 1. Çäîáóâà÷êà áðàëà

ó÷àñòü â îáãîâîðåííi àëãîðèòìó.

� ó ñòàòòi [2] �� çäîáóâà÷êà áðàëà ó÷àñòü ó íàïèñàíi ôóíêöié

äëÿ ìàéæå-êiëåöü: UnitsOfNearRing, IsLocalNearRing, IsLocalRi-

ng, NearRingNonUnits, NonUnitsAsAdditiveSubgroup. Â äèñåðòàöiþ

âêëþ÷åíî òâåðäæåííÿ 1 òà ãiïîòåçó.

� ó ñòàòòi [3] �� âíåñîê àâòîðiâ ðiâíîöiííèé. Â äèñåðòàöiþ âêëþ÷åíî

ëåìó 4.

� ó ñòàòòÿõ [5, 9, 10, 12, 13, 16, 17, 18, 19] �� ñïiâàâòîðêà Ì.Þ. Ðà¹âñüêà

ïåðåâiðÿëà ðåçóëüòàòè òà áðàëà ó÷àñòü â îáãîâîðåííi ðåçóëüòàòiâ,

ïîñòàíîâöi ãiïîòåç òà ôiíàëüíîìó îôîðìëåííi ðåçóëüòàòiâ.
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� ó ñòàòòi [6] �� âíåñîê àâòîðiâ ðiâíîöiííèé. Â äèñåðòàöiþ âêëþ÷åíî

òåîðåìó 13.

� ó ñòàòòi [7] �� âíåñîê àâòîðiâ ðiâíîöiííèé. Â äèñåðòàöiþ âêëþ÷åíî

ëåìó 1, òåîðåìó 1, ëåìó 2, òåîðåìó 2.

� ó ñòàòòi [14] �� âíåñîê àâòîðiâ ðiâíîöiííèé. Â äèñåðòàöiþ âêëþ÷åíî

ëåìó 5, ëåìó 6, òåîðåìó 4.

� ó ñòàòòi [15] �� âíåñîê àâòîðiâ ðiâíîöiííèé. Â äèñåðòàöiþ âêëþ÷åíî

ëåìó 5, òåîðåìó 3.

� ó ïàêåòi [20] �� çäîáóâà÷êà òà Ì.Þ. Ðà¹âñüêà áðàëè ó÷àñòü ó íà-

ïèñàíi ôóíêöié, ïîáóäîâi ëîêàëüíèõ ìàéæå-êiëåöü, îôîðìëåííi òà

ïåðåâiðöi.

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨.

Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ äîïîâiäàëèñÿ òà îáãîâîðþâàëèñÿ íà:

Êîíôåðåíöiÿõ òà øêîëàõ:

� Âîðêøîï, ïðèñâÿ÷åíèé 70-ði÷÷þ Þðiÿ Âiêòîðîâè÷à Áîäíàð÷óêà, 23

ãðóäíÿ 2025 ðîêó, Íàöiîíàëüíèé óíiâåðñèòåò �Êè¹âî-Ìîãèëÿíñüêà

àêàäåìiÿ�, Êè¨â, Óêðà¨íà;

� Ukraine Mathematics Conference �At the End of the Year 2025�,

December 18�19, 2025, Taras Shevchenko National University of Kyiv,

Kyiv, Ukraine,

https://sites.google.com/knu.ua/umc-2025/

� Ìiæíàðîäíà êîíôåðåíöiÿ, ïðèñâÿ÷åíà 75-é ði÷íèöi âiä äíÿ íàðî-

äæåííÿ Âîëîäèìèðà Ìàñëþ÷åíêà, 25�27 âåðåñíÿ 2025 ðîêó, ×åðíi-

âåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à, ×åðíiâ-

öi, Óêðà¨íà,
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https://drive.google.com/file/d/

1Clufy2S3NPcxiNvsyQLnBD035EKDZQsV/view

� 15th Ukraine Algebra Conference, July 8�12, 2025, Lviv, Ukraine,

https://xvuac.mmf.com.ua/index.php/abstracts

� The conference of young scientists �Pidstryhach Readings � 2025�, May

27�29, 2025, Lviv, Ukraine,

http://iapmm.lviv.ua/chyt2025/abstracts/Raievska\_Iryna.pdf

� GAPDays Spring 2024, March 11�15, 2024, University of Kaiserslautern-

Landau, Kaiserslautern, Germany,

https://www.gapdays.de/gapdays2024-spring/abstracts/raievska

� Ukraine Algebra Conference �At the End of the Year 2023� (online),

December 26�27, 2023, Kyiv, Ukraine,

https://sites.google.com/view/aey2023/home

� XIX Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ iìåíi àêàäåìiêà Ìèõàéëà

Êðàâ÷óêà, ïðèñâÿ÷åíà 125-ði÷÷þ ÊÏI iì. Iãîðÿ Ñiêîðñüêîãî (îí-

ëàéí), 11�12 æîâòíÿ 2023 ðîêó, Êè¨â, Óêðà¨íà,

https://matan.kpi.ua/en/kravchuk-conf-2023/

� AAA103, The 103rd Workshop on General Algebra, June 9�11, 2023,

University of Tartu, Tartu, Estonia,

https://aaa103.ut.ee/

� Online Twinning Conference (online), March 27�30, 2023, Digital Theme

UK-Ukraine Twinning Initiative, Great Britain,

https://irp.cdn-website.com/ee30e730/files/uploaded/Final

\%20Programme\%20UA-DIGITAL\%202023.pdf

� International Algebraic Conference �At the End of the Year 2022� (onli-

ne), December 27�28, 2022, Kyiv, Ukraine,
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https://www.imath.kiev.ua/~algebra/algebra2022/abstracts

� International conference-workshop �GAP Days Summer 2022�, October

17�21, 2022, RWTH Aachen University, Aachen, Germany,

https://www.gapdays.de/gapdays2022-summer/abstracts/raievska

� International Conference �On the Trail of Women in Mathemati-

cs �Contemporary Women in Mathematics�, September 15�17, 2022,

Gdansk, Poland,

https://otowim22.ptkwm.pl/

� Ïiäñòðèãà÷iâñüêi ÷èòàííÿ � 2021 (îíëàéí), 26�28 òðàâíÿ 2021 ðîêó,

Ëüâiâ, Óêðà¨íà,

http://www.iapmm.lviv.ua/chyt2021/abstracts/Raievska.pdf

� 11th International Skorobohatko Mathematical Conference, October 26�

30, 2020, Lviv, Ukraine,

http://www.iapmm.lviv.ua/conf_skorob2020/index.html

� Êîíôåðåíöiÿ ìîëîäèõ ó÷åíèõ �Ïiäñòðèãà÷iâñüêi ÷èòàííÿ � 2020�, 26�

28 òðàâíÿ 2020 ðîêó, Ëüâiâ, Óêðà¨íà,

http://iapmm.lviv.ua/chyt2020/index.html

� 11th International Skorobohatko Mathematical Conference, October

26�30, 2020, Lviv, Ukraine,

http://www.iapmm.lviv.ua/conf_skorob2020/

� GAP-Singular-Meeting as part of the OpenDreamKit project, August

15�23, 2019, PfalzAkademie, Lambrecht, Germany,

https://opendreamkit.org/meetings/

2019-04-02-GAPSingularMeeting/

� Ìiæíàðîäíî¨ íàóêîâî¨ êîíôåðåíöi¨ �Ñó÷àñíi ïðîáëåìè ìåõàíiêè òà

ìàòåìàòèêè�, ÿêà ïðèñâÿ÷åíà 90-ði÷÷þ âiä äíÿ íàðîäæåííÿ àêàäå-
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ìiêà ÍÀÍ Óêðà¨íè ßðîñëàâà Ñòåïàíîâè÷à Ïiäñòðèãà÷à òà 40-ði÷÷þ

ñòâîðåíîãî íèì Iíñòèòóòó ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìà-

òèêè ÍÀÍ Óêðà¨íè, 22�25 òðàâíÿ 2018 ðîêó, Ëüâiâ, Óêðà¨íà,

http://www.iapmm.lviv.ua/mpmm2018/

� 11th International Algebraic Conference in Ukraine dedicated to the

75th anniversary of V. V. Kirichenko, July 03�07, 2017, Kyiv, Ukraine,

https://www.imath.kiev.ua/~algebra/iacu2017/

� XI Ëiòíÿ øêîëà �Àëãåáðà, Òîïîëîãiÿ, Àíàëiç�, 1�14 ñåðïíÿ 2016 ðîêó,

Îäåñà, Óêðà¨íà,

https://www.imath.kiev.ua/~topology/ata11/

� Ìiæíàðîäíà êîíôåðåíöiÿ ìîëîäèõ ìàòåìàòèêiâ ïðèñâÿ÷åíà 100-

ði÷÷þ ç äíÿ íàðîäæåííÿ àêàäåìiêà ÍÀÍ Óêðà¨íè Þðiÿ Îëåêñiéî-

âè÷à Ìèòðîïîëüñüêîãî (1917�2008), 7�10 ÷åðâíÿ 2017 ðîêó, Êè¨â,

Óêðà¨íà,

https://www.imath.kiev.ua/~young/conf2/

� Summer School on Algebra, Statistics and Combinatorics, June 27 �

July 2, 2016, Espoo, Finland,

https://www.aalto.fi/en/news/summer-school-on-

algebra-statistics-and-combinatorics

� AAA89: Workshop on General Algebra, February 26 � March 01, 2015,

Dresden, Germany,

https://tu-dresden.de/mn/math/algebra/forschung/

tagungen/aaaseries/aaa89

� The International Algebraic Conference dedicated to 100-th anniversary

of L. A. Kaluzhnin, 07�12 July, 2014, Kyiv, Ukraine;
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� IX-à Ëiòíÿ øêîëà �Àëãåáðà, òîïîëîãiÿ i àíàëiç�, 7�18 ëèïíÿ 2014

ðîêó, Ïîëÿíèöÿ, Óêðà¨íà,

https://imath.kiev.ua/~topology/xata/xata_program.pdf

� IV Ìiæíàðîäíà Ãàíñüêà êîíôåðåíöiÿ, 30 ÷åðâíÿ � 1 ëèïíÿ 2014 ðîêó,

×åðíiâöi, Óêðà¨íà;

� Humboldt Kolleg �Education and Science and their Role in Social and

Industrial Progress of Society�, June 12�15, 2014, Kyiv, Ukraine,

http://hk2014.humboldt.org.ua/

� II Âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ �Çàñòîñóâàííÿ ìàòåìàòè÷íèõ

ìåòîäiâ â íàóöi i òåõíiöi�, 22�23 ëèñòîïàäà 2013 ðîêó, Ëóöüê, Óêðà-

¨íà;

� 2nd EUMLS Conference Mathematics for Life Sciences, September 05�

10, 2013, Olenivka, Crimea, Ukraine,

http://eumls2013.humboldt.org.ua/

Ñåìiíàðàõ:

� çàñiäàííÿõ Â÷åíî¨ ðàäè Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè (20

÷åðâíÿ 2023 ð. � îíëàéí, 24 ÷åðâíÿ 2025 ð. � îíëàéí);

� Àëãåáðà¨÷íèé ñåìiíàð Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè (êåðiâ-

íèê: ÷ë.-êîð. Þ. À. Äðîçä, àêàäåìiê Ñ. I. Ìàêñèìåíêî, Êè¨â, Óêðà¨-

íà) (6 æîâòíÿ 2015 ð., 18 ãðóäíÿ 2018 ð., 26 ÷åðâíÿ 2024 ð. � îíëàéí,

12.11.2025 ð.);

� ëàáîðàòîði¨ òîïîëîãi¨ Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè (êåðiâ-

íèê: àêàäåìiê Ñ. I. Ìàêñèìåíêî, Êè¨â, Óêðà¨íà) (19 êâiòíÿ 2023 ð.);

� �Àëãåáðà� Âàðøàâñüêîãî óíiâåðñèòåòó (êåðiâíèê: ïðîô. ßí Îêíií-

ñüêèé, Âàðøàâà, Ïîëüùà) (21 êâiòíÿ 2022 ð., 9 áåðåçíÿ 2023 ð., 18

ñi÷íÿ 2024 ð.);



41

� �Secant group� â IÌ ÏÀÍ (êåðiâíèê: ïðîô. ßðîñëàâ Áó÷èíñüêèé,

Âàðøàâà, Ïîëüùà) (31 ñi÷íÿ 2023 ð.);

� �Algebra and Discrete Mathematics� â Óíiâåðñèòåòi ìiñòà Ëiíö (êåðiâ-

íèê: ïðîô. Ìàíóåëü Êàóåðñ, Ëiíö, Àâñòðiÿ) (18 êâiòíÿ 2024 ð.);

� Scienti�c Seminar �Geometry, Topology, Applications� (êåðiâíèê: ïðîô.

Ò. Î. Áàíàõ, Ëüâiâ, Óêðà¨íà) (9 áåðåçíÿ 2026 ð.);

� ðîçøèðåíå çàñiäàííÿ �Ïiä êiíåöü ðîêó� Àëãåáðà¨÷íîãî ñåìiíàðó Êè-

¨âñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iìåíi Òàðàñà Øåâ÷åíêà (êåðiâ-

íèê: ïðîô. À. Ï. Ïåòðàâ÷óê, Êè¨â, Óêðà¨íà) (26 ãðóäíÿ 2017 ð.);

� Ñåìiíàð ìîëîäèõ â÷åíèõ Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè (îðãà-

íiçàòîð: Ðàäà ìîëîäèõ â÷åíèõ IÌ ÍÀÍÓ, Êè¨â, Óêðà¨íà) (22 âåðåñíÿ

2016 ð.).

Ïóáëiêàöi¨.

Ðåçóëüòàòè äèñåðòàöi¨ âèñâiòëåíî ó 42 íàóêîâèõ ïóáëiêàöiÿõ (äèâ. ñïè-

ñîê ïóáëiêàöié çäîáóâà÷à íà ñ. 12 � 18), ç íèõ 15 � ñòàòòi ó íàóêîâèõ

âèäàííÿõ, âíåñåíèõ äî ïåðåëiêó íàóêîâèõ ôàõîâèõ âèäàíü Óêðà¨íè òà

çàêîðäîííèõ âèäàííÿõ, à òàêîæ 22 ïóáëiêàöi¨ ó òåçàõ äîïîâiäåé i ìàòåði-

àëàõ ìiæíàðîäíèõ òà âiò÷èçíÿíèõ êîíôåðåíöié. Ñòàòòi [5, 1, 2, 6, 9, 10,

14, 12] ïðîiíäåêñîâàíi ó ìiæíàðîäíèõ íàóêîìåòðè÷íèõ áàçàõ Scopus àáî

Web of Science. Ñòàòòþ [5] îïóáëiêîâàíî ó âèäàííi ç êâàðòèëÿ Q1 âiäïî-

âiäíî äî êëàñèôiêàöi¨ SCImago Journal and Country Rank, ñòàòòi [1, 2, 6,

9, 10, 14] ó âèäàííÿõ ç êâàðòèëÿ Q3, ñòàòòþ [12] ó âèäàííi ç êâàðòèëÿ Q4.

Âiäïîâiäíî äî ï. 2 Íàêàçó � 1220 ÌÎÍ Óêðà¨íè âiä 23.09.2019 âêàçàíi 15

ñòàòåé çàðàõîâóþòüñÿ ÿê 23 íàóêîâi ïóáëiêàöi¨. Ðîáîòè [1, 2, 5 �7, 9 �16,

20] ïðîiíäåêñîâàíî ó áàçi Zentrablatt Math, à ðîáîòè [1, 5, 6, 9, 10, 12, 14,

15] ïðîiíäåêñîâàíî ó áàçi MathSciNet. Ñòàòòi [4, 8, 11] îäíîîñiáíi.
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Ñòðóêòóðà é îá'¹ì äèñåðòàöi¨.

Äèñåðòàöiÿ ñêëàäà¹òüñÿ ç ïåðåëiêó óìîâíèõ ïîçíà÷åíü, âñòóïó, ñåìè

ðîçäiëiâ, âèñíîâêiâ, ñïèñêó âèêîðèñòàíèõ äæåðåë, ùî ìiñòèòü 130 íàéìå-

íóâàíü òà äîäàòêó çi ñïèñêîì ïóáëiêàöié i àïðîáàöi¹þ ðåçóëüòàòiâ. Ïîâ-

íèé îáñÿã ðîáîòè ñòàíîâèòü 325 ñòîðiíîê äðóêîâàíîãî òåêñòó iç íèõ ñïè-

ñîê âèêîðèñòàíèõ äæåðåë ìiñòèòüñÿ íà 16 ñòîðiíêàõ, à äîäàòîê � íà 13

ñòîðiíêàõ.

Äåðæàâíi íàãîðîäè (ïðåìi¨) Óêðà¨íè àáî iíøèõ äåðæàâ.

Çà ðîáîòó �Äîñëiäæåííÿ àëãåáðà¨÷íèõ ñòðóêòóð òåîðåòèêî-ãðóïîâèìè

ìåòîäàìè�, ó ñêëàäi êîëåêòèâó Ïëàêîø À. I., Ðà¹âñüêà I. Þ., Ðà¹â-

ñüêà Ì. Þ., Ñîðîêà Þ. Þ. ïðèñóäæåíî ïðåìiþ Âåðõîâíî¨ Ðàäè Óêðà¨-

íè ìîëîäèì ó÷åíèì çà 2020 ðiê (ÏÎÑÒÀÍÎÂÀ Âåðõîâíî¨ Ðàäè Óêðà¨íè

� 1918-IX). Äî çàçíà÷åíî¨ ðîáîòè óâiéøëè 3 ñòàòòi, à ñàìå ñòàòòi [14 �16]

çi ñïèñêó ïóáëiêàöié.

Ñòèïåíäiÿ.

Ñòèïåíäiÿ Ïðåçèäåíòà Óêðà¨íè äëÿ ìîëîäèõ â÷åíèõ (æîâòåíü 2016 ð.

� âåðåñåíü 2018 ð).

Ãðàíòè.

1. Ïðî¹êò �LocalNearRings� ïîâíiñòþ ïiäòðèìàíî HPC-Europa3 Programme,

ùî ïiäòðèìó¹òüñÿ European Commission's Horizon 2020 ïðîãðàìîþ

ïiä Grant Agreement 730897 (01.03-15.03.2020);

2. Grant of the Polish Academy of Sciences (PAN) and National Academy

of Sciences (NAS) (1.04�30.06.2022);

3. Institute of International Education's Scholar Rescue Fund (IIE-SRF)

fellowship (1.10.2022�30.09.2023);
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4. Institute of International Education's Scholar Rescue Fund (IIE-SRF)

fellowship (1.10.2023�30.09.2024);

5. Grant from the Simons Foundation (SFI-PD-Ukraine-00014586

(04.2025�03.2026).

6. the European Union's Horizon 2020 research and innovation programme

under the Marie Sklodowska-Curie grant agreement No 873071,

SOMPATY.

Ïîäÿêè.

Âèñëîâëþþ ùèðó âäÿ÷íiñòü íàóêîâîìó êîíñóëüòàíòó ïðîâiäíîìó íà-

óêîâîìó ñïiâðîáiòíèêó âiääiëó àëãåáðè i òîïîëîãi¨, äîêòîðó ôiçèêî-

ìàòåìàòè÷íèõ íàóê, ïðîôåñîðó ßðîñëàâó Ïðîêîïîâè÷ó ÑÈÑÀÊÓ çà ïiä-

òðèìêó, ïîñòiéíó óâàãó, äîïîìîãó â ðîáîòi òà êîðèñíi îáãîâîðåííÿ îäåð-

æàíèõ ðåçóëüòàòiâ, à òàêîæ ñïiâðîáiòíèêàì âiääiëó àëãåáðè i òîïîëîãi¨.

Îñíîâíèé çìiñò äèñåðòàöi¨

Ó âñòóïi îá ðóíòîâàíî àêòóàëüíiñòü òåìè äèñåðòàöi¨, ñôîðìóëüîâàíî

ìåòó òà çàâäàííÿ äîñëiäæåííÿ, íàóêîâó íîâèçíó îäåðæàíèõ ðåçóëüòàòiâ.

Ó ðîçäiëi 1 íàâåäåíî îãëÿä ëiòåðàòóðè çà òåìîþ äèñåðòàöi¨.

Â ðîçäiëi 2 íàâåäåíî îñíîâíi îçíà÷åííÿ òà ðåçóëüòàòè, ùî ñòîñóþòüñÿ

ìàéæå-êiëåöü ç îäèíèöåþ òà ãðóï ïîðÿäêó p3. Ó ïiäðîçäiëàõ 2.1 òà 2.2

íàâåäåíî ðåçóëüòàòè ïðî ãðóïè ïîðÿäêó p3 òà ìàéæå-êiëüöÿ ç îäèíèöåþ,

âiäïîâiäíî, ÿêi áóäå âèêîðèñòàíî â ïîäàëüøèõ äîñëiäæåííÿõ.

Íàñòóïíå òâåðäæåííÿ ìiñòèòü êëàñèôiêàöiþ ãðóï ïîðÿäêó p3

(äèâ. [16]).

Òâåðäæåííÿ 2.1. Íåõàé G � ãðóïà ïîðÿäêó p3. Äàëi äàíi âèçíà-

÷àëüíi ñïiââiäíîøåííÿ âñiõ íåiçîìîðôíèõ ãðóï G. Àáåëåâi ãðóïè:

1) ap3 = 1;
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2) ap2 = 1, bp = 1, ab = ba;

3) ap = bp = cp = 1, ab = ba, ac = ca, cb = bc.

Íåàáåëåâi ãðóïè ïîðÿäêó 23 = 8:

4) ãðóïà äiåäðà, a4 = 1, b2 = 1, a−1b = ba;

5) ãðóïà êâàòåðíiîíiâ, a4 = 1, b2 = a2, a−1b = ba.

Íåàáåëåâi ãðóïè ïîðÿäêó p3, p � íåïàðíå:

4*) ap2 = 1, bp = 1, b−1ab = a1+p;

5*) ap = 1, bp = 1, cp = 1, ab = bac, ac = ca, bc = cb.

Íàâåäåìî îñíîâíi îçíà÷åííÿ (äèâ., íàïðèêëàä, [72], [64], [32], [41],

[122]).

Îçíà÷åííÿ 2.4. Íåïîðîæíÿ ìíîæèíà R ç äâîìà áiíàðíèìè îïåðà-

öiÿìè “ + ” òà “ · ” íàçèâà¹òüñÿ ìàéæå-êiëüöåì, ÿêùî:

1) (R,+) � ãðóïà ç íåéòðàëüíèì åëåìåíòîì 0;

2) (R, ·) � íàïiâãðóïà;

3) x · (y + z) = x · y + x · z äëÿ âñiõ x, y, z ∈ R.

Òàêå ìàéæå-êiëüöå íàçèâà¹òüñÿ ëiâèì ìàéæå-êiëüöåì. ßêùî æ àêñi-

îìó 3) çàìiíèòè àêñiîìîþ (x+ y) · z = x · z + y · z äëÿ âñiõ x, y, z ∈ R,
òî îòðèìà¹ìî ïðàâå ìàéæå-êiëüöå.

Ãðóïà (R,+) ïîçíà÷à¹òüñÿ ÷åðåç R+ òà íàçèâà¹òüñÿ àäèòèâíîþ ãðó-

ïîþ, à ¨¨ íåéòðàëüíèé åëåìåíò 0 � íóëåì ìàéæå-êiëüöÿ R.

Ìàéæå-êiëüöå R, â ÿêîìó íàïiâãðóïà (R, ·) ¹ ìîíî¨äîì ç îäèíè÷íèì

åëåìåíòîì i, íàçèâà¹òüñÿ ìàéæå-êiëüöåì ç îäèíèöåþ i.

Ïiäðîçäië 2.3 ïðèñâÿ÷åíî âèâ÷åííþ ìàéæå-êiëåöü ç îäèíèöåþ íà àáå-

ëåâèõ ãðóïàõ ïîðÿäêó p3. Îòðèìàíi íåîáõiäíi óìîâè iñíóâàííÿ ìàéæå-

êiëåöü ç îäèíèöåþ íà òàêèõ ãðóïàõ.
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Íåõàé G(p, p, p) � ãðóïà çi ñïiââiäíîøåííÿìè 3) ç òâåðäæåííÿ 2.1.

Íåõàé R � ìàéæå-êiëüöå ç îäèíèöåþ, àäèòèâíà ãðóïà R+ ÿêîãî içî-

ìîðôíà ãðóïi G(p, p, p). Òîäi R+ = 〈a〉+ 〈b〉+ 〈c〉 äëÿ äåÿêèõ a, b, c ∈ R,
ùî çàäîâîëüíÿþòü ñïiââiäíîøåííÿ ap = bp = cp = 1, a + b = b + a,

a+c = c+a, c+b = b+c. Çîêðåìà, êîæíèé åëåìåíò x ∈ R ¹äèíèì ÷èíîì

çàïèñó¹òüñÿ ó âèãëÿäi x = ax1 + bx2 + cx3 ç êîåôiöi¹íòàìè 0 ≤ x1 < p,

0 ≤ x2 < p òà 0 ≤ x3 < p.

Áåç âòðàòè çàãàëüíîñòi, ìîæíà ïðèïóñòèòè, ùî a ¹ îäèíèöåþ â R,

òîáòî ax = xa = x äëÿ êîæíîãî x ∈ R. Áiëüø òîãî, äëÿ êîæíîãî x ∈ R
iñíóþòü òàêi êîåôiöi¹íòè α(x), β(x), γ(x), λ(x), µ(x) òà ν(x), ùî

xb = aα(x) + bβ(x) + cγ(x)

òà

xc = aλ(x) + bµ(x) + cν(x).

Çðîçóìiëî, ùî âîíè ¹äèíèì ÷èíîì âèçíà÷åíi çà ìîäóëåì p, òîìó äåÿêi âiä-

îáðàæåííÿ α : R→ Zp, β : R→ Zp, γ : R→ Zp, λ : R→ Zp, µ : R→ Zp,

ν : R→ Zp.

Òåîðåìà 2.7. ßêùî x, y = ay1 + by2 + cy3 ∈ R, òî

xy = a(x1y1 + α(x)y2 + λ(x)y3) + b(x2y1 + β(x)y2 + µ(x)y3)+

+c(x3y1 + γ(x)y2 + ν(x)y3),

ïðè÷îìó âèêîíóþòüñÿ íàñòóïíi òâåðäæåííÿ:

(0) α(0) ≡ 0 (mod p), β(0) ≡ 0 (mod p), γ(0) ≡ 0 (mod p),

λ(0) ≡ 0 (mod p), µ(0) ≡ 0 (mod p) òà ν(0) ≡ 0 (mod p) òîäi i

òiëüêè òîäi, êîëè ìàéæå-êiëüöå R ¹ íóëü-ñèìåòðè÷íèì;

(1) α(a) = 0, β(a) = 1, γ(a) = 0, λ(a) = 0, µ(a) = 0, ν(a) = 1

(mod p);
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(2) α(xy) ≡ x1α(y) + α(x)β(y) + λ(x)γ(y) (mod p);

(3) β(xy) ≡ x2α(y) + β(x)β(y) + µ(x)γ(y) (mod p);

(4) γ(xy) ≡ x3α(y) + γ(x)β(y) + ν(x)γ(y) (mod p);

(5) λ(xy) ≡ x1λ(y) + α(x)µ(y) + λ(x)ν(y) (mod p);

(6) µ(xy) ≡ x2λ(y) + β(x)µ(y) + µ(x)ν(y) (mod p);

(7) ν(xy) ≡ x3λ(y) + γ(x)µ(y) + ν(x)ν(y) (mod p).

Ïiäðîçäië 2.3 ïðèñâÿ÷åíî âèâ÷åííþ ìàéæå-êiëåöü ç îäèíèöåþ íà àáå-

ëåâèõ ãðóïàõ ïîðÿäêó p3. Îòðèìàíi íåîáõiäíi óìîâè iñíóâàííÿ ìàéæå-

êiëåöü ç îäèíèöåþ íà òàêèõ ãðóïàõ.

Íåõàé G(p, p, p) � ãðóïà çi ñïiââiäíîøåííÿìè 3) ç ëåìè 2.1.

Íåõàé R � ìàéæå-êiëüöå ç îäèíèöåþ, àäèòèâíà ãðóïà R+ ÿêîãî içî-

ìîðôíà ãðóïi G(p, p, p). Òîäi R+ = 〈a〉+ 〈b〉+ 〈c〉 äëÿ äåÿêèõ a, b, c ∈ R,
ùî çàäîâîëüíÿþòü ñïiââiäíîøåííÿ ap = bp = cp = 1, a + b = b + a,

a+c = c+a, c+b = b+c. Çîêðåìà, êîæíèé åëåìåíò x ∈ R ¹äèíèì ÷èíîì

çàïèñó¹òüñÿ ó âèãëÿäi x = ax1 + bx2 + cx3 ç êîåôiöi¹íòàìè 0 ≤ x1 < p,

0 ≤ x2 < p òà 0 ≤ x3 < p.

Áåç âòðàòè çàãàëüíîñòi, ìîæíà ïðèïóñòèòè, ùî a ¹ îäèíèöåþ â R,

òîáòî ax = xa = x äëÿ êîæíîãî x ∈ R. Áiëüø òîãî, äëÿ êîæíîãî x ∈ R
iñíóþòü òàêi êîåôiöi¹íòè α(x), β(x), γ(x), λ(x), µ(x) òà ν(x), ùî

xb = aα(x) + bβ(x) + cγ(x)

òà

xc = aλ(x) + bµ(x) + cν(x).

Çðîçóìiëî, ùî âîíè ¹äèíèì ÷èíîì âèçíà÷åíi çà ìîäóëåì p, òîìó äåÿêi âiä-

îáðàæåííÿ α : R→ Zp, β : R→ Zp, γ : R→ Zp, λ : R→ Zp, µ : R→ Zp,

ν : R→ Zp.
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Òåîðåìà 2.7. ßêùî x, y = ay1 + by2 + cy3 ∈ R, òî

xy = a(x1y1 + α(x)y2 + λ(x)y3) + b(x2y1 + β(x)y2 + µ(x)y3)+

+c(x3y1 + γ(x)y2 + ν(x)y3),

ïðè÷îìó âèêîíóþòüñÿ íàñòóïíi òâåðäæåííÿ:

(0) α(0) ≡ 0 (mod p), β(0) ≡ 0 (mod p), γ(0) ≡ 0 (mod p),

λ(0) ≡ 0 (mod p), µ(0) ≡ 0 (mod p) òà ν(0) ≡ 0 (mod p) òîäi i

òiëüêè òîäi, êîëè ìàéæå-êiëüöå R ¹ íóëü-ñèìåòðè÷íèì;

(1) α(a) = 0, β(a) = 1, γ(a) = 0, λ(a) = 0, µ(a) = 0, ν(a) = 1

(mod p);

(2) α(xy) ≡ x1α(y) + α(x)β(y) + λ(x)γ(y) (mod p);

(3) β(xy) ≡ x2α(y) + β(x)β(y) + µ(x)γ(y) (mod p);

(4) γ(xy) ≡ x3α(y) + γ(x)β(y) + ν(x)γ(y) (mod p);

(5) λ(xy) ≡ x1λ(y) + α(x)µ(y) + λ(x)ν(y) (mod p);

(6) µ(xy) ≡ x2λ(y) + β(x)µ(y) + µ(x)ν(y) (mod p);

(7) ν(xy) ≡ x3λ(y) + γ(x)µ(y) + ν(x)ν(y) (mod p).

Ðîçäië 3 ïðèñâÿ÷åíî âèâ÷åííþ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó p3. Ó

ïiäðîçäiëi 3.1 íàâåäåíå îçíà÷åííÿ ëîêàëüíèõ ìàéæå-êiëåöü òà ¨õ îñíîâíi

âëàñòèâîñòi. Ïiäðîçäië 3.2 ïðèñâÿ÷åíî âèâ÷åííþ ëîêàëüíi ìàéæå-êiëåöü

íà àáåëåâèõ ãðóïàõ ïîðÿäêó p3. Öåé ðîçäië ñêëàäà¹òüñÿ ç îäíîãî ïiä-

ïóíêòó 3.2.1, â ÿêîìó ïîáóäîâàíî ïðèêëàäè ëîêàëüíèõ ìàéæå-êiëåöü ç

åëåìåíòàðíîþ àáåëåâîþ àäèòèâíîþ ãðóïîþ ïîðÿäêó p3. Ó ïiäðîçäiëi 3.3

âèâ÷àþòüñÿ ëîêàëüíi ìàéæå-êiëüöÿ íà íåàáåëåâèõ ãðóïàõ ïîðÿäêó p3. Â

òðüîõ ïiäïóíêòàõ 3.3.1, 3.3.2 òà 3.3.3 öüîãî ðîçäiëó îòðèìàíi íåîáõiäíi òà
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äîñòàòíi óìîâè iñíóâàííÿ ëîêàëüíi ìàéæå-êiëüöÿ, àäèòèâíi ãðóïè ÿêèõ

içîìîðôíi G1, G2 òà G3, âiäïîâiäíî.

Îçíà÷åííÿ 3.1. Ìàéæå-êiëüöå R ç îäèíèöåþ íàçèâà¹òüñÿ ëîêàëü-

íèì, ÿêùî ìíîæèíà L âñiõ íåîáîðîòíèõ åëåìåíòiâ iç R óòâîðþ¹ ïiä-

ãðóïó àäèòèâíî¨ ãðóïè R+. Â öüîìó âèïàäêó L áóäåìî íàçèâàòè ïiäãðó-

ïîþ íåîáîðîòíèõ åëåìåíòiâ ìàéæå-êiëüöÿ R.

Ìà¹ìî íàñòóïíó òåîðåìó.

Òåîðåìà 3.11. Iñíó¹ ùîíàéìåíøå p íåiçîìîðôíèõ ëîêàëüíèõ

ìàéæå-êiëåöü íà åëåìåíòàðíié àáåëåâié ãðóïi ïîðÿäêó p3.

Ïîçíà÷èìî ÷åðåç G1 ãðóïó çi ñïiââiäíîøåííÿìè 5*) òâåðäæåííÿ 2.1,

G2 ãðóïó çi ñïiââiäíîøåííÿìè 4*) òâåðäæåííÿ 2.1, G3 ãðóïó çi ñïiââiäíî-

øåííÿìè 2) òâåðäæåííÿ 2.1.

Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà ÿêîãî R+ içîìîð-

ôíà G1. Òîäi R
+ = 〈a〉 + 〈b〉 + 〈c〉 äëÿ äåÿêèõ åëåìåíòiâ a, b i c ç R, ùî

çàäîâîëüíÿþòü ñïiââiäíîøåííÿ ap = 0, bp = 0, cp = 0, a + b = b + a + c,

a + c = c + a i b + c = c + b. Çîêðåìà, êîæåí åëåìåíò x ∈ R îäíîçíà÷íî

çàïèñó¹òüñÿ ó âèãëÿäi x = ax1 + bx2 + cx3 ç êîåôiöi¹íòàìè 0 ≤ x1 < p,

0 ≤ x2 < p i 0 ≤ x3 < p.

Îñêiëüêè ïîðÿäîê åëåìåíòà a äîðiâíþ¹ åêñïîíåíòi ãðóïè G, òî çà ëå-

ìîþ 2.2 ìîæíà ââàæàòè, ùî a ¹ îäèíèöåþ â R, òîáòî ax = xa = x äëÿ

êîæíîãî x ∈ R. Êðiì òîãî, äëÿ êîæíîãî x ∈ R iñíóþòü òàêi êîåôiöi¹íòè

α(x), β(x) i γ(x), ùî

xb = aα(x) + bβ(x) + cγ(x).

Çðîçóìiëî, ùî âîíè òàê îäíîçíà÷íî âèçíà÷åíi çà ìîäóëåì p, ùî âèçíà÷åíi

äåÿêi âiäîáðàæåííÿ α : R→ Zp, β : R→ Zp i γ : R→ Zp.
Îòæå, ìà¹ìî ïðèêëàäè p+1 ìàéæå-êiëüöåâèõ äîáóòêiâ i ôîðìóëþ¹ìî

íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 3.15. Íà êîæíié íåìåòàöèêëi÷íié íåàáåëåâié ãðóïi ïîðÿä-
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êó p3 iñíó¹ ùîíàéìåíøå p+ 1 íåiçîìîðôíèõ ëîêàëüíèõ ìàéæå-êiëåöü.

Íà âñiõ àáåëåâèõ ãðóïàõ iñíóþòü ëîêàëüíi ìàéæå-êiëüöÿ. Òàêîæ, çãi-

äíî ç [12] i [54], iñíóþòü ëîêàëüíi ìàéæå-êiëüöÿ íà G1 i G2, âiäïîâiäíî.

Îòæå, ìà¹ìî íàñòóïíèé ðåçóëüòàò.

Òâåðäæåííÿ 3.17. Íà êîæíié ãðóïi ïîðÿäêó p3 ç p > 2 iñíó¹ ëî-

êàëüíå ìàéæå-êiëüöå.

Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå, ÿêå íå ¹ ìàéæå-ïîëåì, àäèòèâíà

ãðóïà ÿêîãî R+ içîìîðôíà G3. Òîäi R
+ = 〈a〉+ 〈b〉 äëÿ äåÿêèõ åëåìåíòiâ

a i b ç R, ùî çàäîâîëüíÿþòü âiäíîøåííÿ ap2 = 0, bp = 0 òà b+ a = a+ b.

Îòæå, ôîðìóëþ¹ìî íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 3.21. Íà êîæíié ìåòàöèêëi÷íié àáåëåâié ãðóïi ïîðÿäêó p3

iñíó¹ ùîíàéìåíøå p+ 1 íåiçîìîðôíèõ ëîêàëüíèõ ìàéæå-êiëåöü.

Ðîçäië 4 ñêëàäà¹òüñÿ ç òðüîõ ïiäðîçäiëiâ 4.1, 4.2 òà 4.3. Â öüîìó ðîç-

äiëi âèâ÷àþòüñÿ ìàéæå-êiëüöÿ ç îäèíèöåþ ïîðÿäêiâ p4. Ó ïiäðîçäiëi 4.1

íàâåäåíî êëàñèôiêàöiþ ãðóï ïîðÿäêó p4. Ïiäðîçäiëàõ 4.2 òà 4.3 îòðèìà-

íî íåîáõiäíi óìîâè iñíóâàííÿ ìàéæå-êiëåöü ç îäèíèöåþ íà ãðóïàõ êëàñó

íiëüïîòåíòíîñòi 2 òà êëàñó íiëüïîòåíòíîñòi 3, âiäïîâiäíî.

Ãðóïè ïîðÿäêó p4 ç p > 3 îïèñàíî â òàêié òåîðåìi (äèâ., íàïðèêëàä,

[20], [28]).

Òåîðåìà 4.1. Iñíó¹ 10 íåiçîìîðôíèõ ãðóï ïîðÿäêó p4 ç p > 3, ÿêi ¹:

6 íåiçîìîðôíèõ ãðóï êëàñó íiëüïîòåíòíîñòi 2, ÿêi ¹:

� G1 = 〈a, b | ap2 = bp = [a, [a, b]] = [b, [a, b]] = [a, b]p = e〉 = (Cp2 ×
Cp) o Cp;

� G2 = 〈a, b | ap2 = bp
2

= e, [b, a] = bp〉 = Cp2 o Cp2;

� G3 = 〈a, b | ap3 = bp = e, [b, a] = ap
2〉 = Cp3 o Cp;

� G4 = 〈a, b, d | ap = bp = cp = dp = [a, c] = [b, c] = [a, d] = [b, d] =

[c, d] = e〉 = Cp × ((Cp × Cp) o Cp), äå c = [a, b];
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� G5 = 〈a, b, c | ap2 = bp = cp = [a, c] = [b, c] = e, [b, a] = ap〉 = Cp ×
(Cp2 o Cp);

� G6 = 〈a, b, c | ap2 = bp = cp = [a, b] = [a, c] = e, [c, b] = ap〉 = (Cp2 ×
Cp) o Cp.

4 íåiçîìîðôíi ãðóïè êëàñó íiëüïîòåíòíîñòi 3, ÿêi ¹:

� H1 = 〈a, b | ap = bp = cp = [a, c]p = [b, c] = e, [a, [a, c]] = [b, [a, c]] =

e〉 = (Cp × Cp × Cp) o Cp, äå c = [a, b];

� H2 = 〈a, b | ap2 = bp = [a, b]p = [b, [a, b]] = e, [a, [a, b]] = ap〉 = (Cp2 o
Cp) o Cp;.

� H3 = 〈a, b | ap2 = bp = [a, b]p = [a, [a, b]] = e, [b, [a, b]] = ap〉 = (Cp2 o
Cp) o Cp;

� H4 = 〈a, b | ap2 = bp = [a, b]p = [a, [a, b]] = e, [b, [a, b]] = a2p〉 = (Cp2 ×
Cp) o Cp.

Ðîçãëÿíåìî ãðóïè êëàñó íiëüïîòåíòíîñòi 2 ïîðÿäêó p4.

Íåõàé G4 � àäèòèâíî çàïèñàíà ãðóïà ç òåîðåìè 4.1. Òîäi G4 = 〈a〉 +

〈b〉 + 〈c〉 + 〈d〉 äëÿ äåÿêèõ åëåìåíòiâ a, b, c i d ç R, ùî çàäîâîëüíÿþòü

ñïiââiäíîøåííÿ ap = 0, bp = 0, cp = 0, dp = 0, a+b = b+a+c, a+c = c+a,

b+ c = c+ b, a+ d = d+ a, b+ d = d+ b i c+ d = d+ c.

Íåõàé R � ìàéæå-êiëüöå ç îäèíèöåþ àäèòèâíà ãðóïà R+ ÿêîãî içî-

ìîðôíà ãðóïi G4. Òîäi

R+ = 〈a〉+ 〈b〉+ 〈c〉+ 〈d〉

äëÿ äåÿêèõ åëåìåíòiâ a, b, c i d çR çàäîâîëüíÿþòü ñïiââiäíîøåííÿ ap = 0,

bp = 0, cp = 0, dp = 0, a + b = b + a + c, a + c = c + a, b + c = c + b,

a + d = d + a, b + d = d + b i c + d = d + c. Çîêðåìà, êîæåí åëåìåíò
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x ∈ R ¹äèíèì ÷èíîì çàïèñàíèé ó âèãëÿäi x = ax1 + bx2 + cx3 + dx4 ç

êîåôiöi¹íòàìè 0 ≤ x1 < p, 0 ≤ x2 < p, 0 ≤ x3 < p i 0 ≤ x4 < p.

Îñêiëüêè ïîðÿäîê åëåìåíòà a ðiâíèé åêñïîíåíòi ãðóïè G, òî çà ëå-

ìîþ 2.2 ìîæíà ïðèïóñòèòè, ùî a ¹ îäèíèöåþ â R, òîáòî ax = xa = x äëÿ

êîæíîãî x ∈ R. Êðiì òîãî, äëÿ êîæíîãî x ∈ R iñíóþòü òàêi êîåôiöi¹íòè

α(x), β(x), γ(x), ϕ(x), λ(x), µ(x), ν(x) i ψ(x), ùî

xb = aα(x) + bβ(x) + cγ(x) + dϕ(x)

i

xd = aλ(x) + bµ(x) + cν(x) + dψ(x).

Çðîçóìiëî, ùî âîíè îäíîçíà÷íî âèçíà÷åíi òàê ïî ìîäóëþ p, ùî âèçíà÷å-

íi äåÿêi âiäîáðàæåííÿ α : R → Zp, β : R→ Zp, γ : R→ Zp, ϕ : R→ Zp,
λ : R→ Zp, µ : R→ Zp, ν : R→ Zp i ψ : R→ Zp.

Ëåìà 4.5. Íåõàé R � ìàéæå-êiëüöå ç îäèíèöåþ àäèòèâíà ãðóïà

R+ ÿêîãî içîìîðôíà ãðóïi G4. ßêùî a ñïiâïàäà¹ ç îäèíè÷íèì åëåìåíòîì

â R, x = ax1 + bx2 + cx3 + dx4, y = ay1 + by2 + cy3 + dy4 ∈ R,

xb = aα(x) + bβ(x) + cγ(x) + dϕ(x)

i

xd = aλ(x) + bµ(x) + cν(x) + dψ(x),

òî

xy = a(x1y1 + α(x)y2 + λ(x)y4) + b(x2y1 + β(x)y2 + µ(x)y4)+

+c(−x1x2
(
y1
2

)
− α(x)β(x)

(
y2
2

)
− x2α(x)y1y2 − λ(x)µ(x)

(
y4
2

)
−

−x2α(x)y3 + x3y1 + γ(x)y2 + x1β(x)y3 + ν(x)y4) + d(x4y1+

+ϕ(x)y2 + ψ(x)y4).

Áiëüø òîãî, äëÿ âiäîáðàæåíü

α : R→ Zp, β : R→ Zp, γ : R→ Zp, ϕ : R→ Zp, λ : R→ Zp, µ : R→ Zp,
ν : R→ Zp i ψ : R→ Zp âèêîíóþòüñÿ íàñòóïíi òâåðäæåííÿ:
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(0) α(0) ≡ 0 (mod p), β(0) ≡ 0 (mod p), γ(0) ≡ 0 (mod p);

ϕ(0) ≡ 0 (mod p), λ(0) ≡ 0 (mod p), µ(0) ≡ 0 (mod p),

ν(0) ≡ 0 (mod p) i ψ(0) ≡ 0 (mod p) òîäi é ëèøå òîäi, êîëè

ìàéæå-êiëüöå R ¹ íóëü-ñèìåòðè÷íèì;

(1) α(xy) ≡ x1α(y) + α(x)β(y) + λ(x)ϕ(y) (mod p);

(2) β(xy) ≡ x2α(y) + β(x)β(y) + µ(x)ϕ(y) (mod p);

(3) γ(xy) ≡ −x1x2
(
α(y)
2

)
− α(x)β(x)

(
β(y)
2

)
− x2α(x)α(y)β(y)−

− λ(x)µ(x)
(
ϕ(y)
2

)
− x2α(x)γ(y) + x3α(y) + γ(x)β(y) +

+ x1β(x)γ(y) + ν(x)ϕ(y) (mod p);

(4) ϕ(xy) ≡ x4α(y) + ϕ(x)β(y) + ψ(x)ϕ(y) (mod p);

(5) λ(xy) ≡ x1λ(y) + α(x)µ(y) + λ(x)ψ(y) (mod p);

(6) µ(xy) ≡ x2λ(y) + β(x)µ(y) + µ(x)ψ(y) (mod p);

(7) ν(xy) ≡ −x1x2
(
λ(y)
2

)
− α(x)β(x)

(
µ(y)
2

)
− x2α(x)λ(y)µ(y)−

− λ(x)µ(x)
(
ψ(y)
2

)
− x2α(x)ν(y) + x3λ(y) + γ(x)µ(y) +

+ x1β(x)ν(y) + ν(x)ψ(y) (mod p);

(8) ψ(xy) ≡ x4λ(y) + ϕ(x)µ(y) + ψ(x)ψ(y) (mod p).

Ìè ðîçãëÿíåìî ãðóïè êëàñó íiëüïîòåíòíîñòi 3 ïîðÿäêó p4.

Íåõàé H1 � àäèòèâíî çàïèñàíà ãðóïà ç òåîðåìè 4.1. Òîäi

H1 = 〈a〉+ 〈b〉+ 〈c〉+ 〈d〉 äëÿ äåÿêèõ åëåìåíòiâ a, b, c i d ç R çàäîâîëüíÿ-
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þòü ñïiââiäíîøåííÿ ap = bp = cp = dp = 0, b + c = c + b, a + d = d + a,

b+ d = d+ b, äå c = −a− b+ a+ b i d = −a− c+ a+ c.

Íåõàé R � ìàéæå-êiëüöå ç îäèíèöåþ, àäèòèâíà ãðóïà ÿêîãî R+ içî-

ìîðôíà H1. Òîäi R
+ = 〈a〉 + 〈b〉 + 〈c〉 + 〈d〉 äëÿ äåÿêèõ åëåìåíòiâ a,

b, c i d of R çàäîâîëüíÿþòü ñïiââiäíîøåííÿ ap = bp = cp = dp = 0,

b + c = c + b, a + d = d + a, b + d = d + b, äå c = −a − b + a + b i

d = −a − c + a + c. Çîêðåìà, êîæåí åëåìåíò x ∈ R îäíîçíà÷íî çàïèñó-

¹òüñÿ ó ôîðìi x = ax1 + bx2 + cx3 + dx4 ç êîåôiöi¹íòàìè 0 ≤ x1 < p,

0 ≤ x2 < p, 0 ≤ x3 < p i 0 ≤ x4 < p.

Îñêiëüêè ïîðÿäîê åëåìåíòà a äîðiâíþ¹ åêñïîíåíòi ãðóïè G, òîáòî p, ç

öüîãî âèïëèâà¹, ùî ìè ìîæåìî ïðèïóñòèòè, ùî a ¹ îäèíèöåþ â R, òîáòî

ax = xa = x äëÿ êîæíîãî x ∈ R. Êðiì òîãî, äëÿ êîæíîãî x ∈ R iñíóþòü

òàêi êîåôiöi¹íòè α(x), β(x), γ(x), φ(x), ùî

xb = aα(x) + bβ(x) + cγ(x) + dφ(x).

Çðîçóìiëî, ùî âîíè îäíîçíà÷íî âèçíà÷åíi çà ìîäóëåì p, òîìó âèçíà÷åíi

äåÿêi âiäîáðàæåííÿ α : R→ Zp, β : R→ Zp, γ : R→ Zp, φ : R→ Zp.
Ëåìà 4.17. Íåõàé R � ìàéæå-êiëüöå ç îäèíèöåþ, àäèòèâíà ãðóïà

ÿêîãî R+ içîìîðôíà H1. ßêùî a çáiãà¹òüñÿ ç îäèíè÷íèì åëåìåíòîì R,

x = ax1 + bx2 + cx3 + dx4, y = ay1 + by2 + cy3 + dy4 ∈ R,

xb = aα(x) + bβ(x) + cγ(x) + dφ(x),

òîäi

xy = a(x1y1 + α(x)y2) + b(x2y1 + β(x)y2) + c(x3y1 − x1x2
(
y1
2

)
−

−x2α(x)y1y2 + γ(x)y2)− α(x)β(x)

(
y2
2

)
+ x1β(x)y3−

−x2α(x)y3) + d(x4y1 + x2

(
x1
2

)(
y1
2

)
− x1x3

(
y1
2

)
+



54

+x1
2x2

(
y1

y1 − 3

)
+ x2y1

(
α(x)y2

2

)
− α(x)x3y1y2+

+x1x2α(x)

(
y1
2

)
y2 + φ(x)y2 + β(x)

(
α(x)

2

)(
y2
2

)
−

−α(x)γ(x)

(
y2
2

)
+ α(x)2β(x)

(
y2

y2 − 3

)
+ x1γ(x)y3−

−β(x)

(
x1
2

)
y3 + x2

(
α(x)

2

)
y3 − x3α(x)y3 + x21β(x)y4−

−x1x2α(x)y4).

Êðiì òîãî, äëÿ âiäîáðàæåíü

α : R → Zp, β : R → Zp, γ : R → Zp, φ : R → Zp ñïðàâåäëèâi íàñòóïíi
òâåðäæåííÿ:

(0) α(0) ≡ 0 (mod p), β(0) ≡ 0 (mod p), γ(0) ≡ 0 (mod p);

òà φ(0) ≡ 0 (mod p) òîäi i òiëüêè òîäi, êîëè ìàéæå-êiëüöå R ¹

íóëü-ñèìåòðè÷íèì;

(1) xc = c(x1β(x)− x2α(x)) + d(x1γ(x)− β(x)
(
x1
2

)
+ x2

(
α(x)
2

)
− x3α(x));

(2) xd = d(x1
2β(x)− x1x2α(x));

(3) α(xy) ≡ x1α(y) + α(x)β(y) (mod p);

(4) β(xy) ≡ x2α(y) + β(x)β(y) (mod p);

(5) γ(xy) ≡ x3α(y)− x1x2
(
α(y)
2

)
− x2α(x)α(y)β(y) + γ(x)β(y)−

− α(x)β(x)
(
β(y)
2

)
+ x1β(x)γ(y)− x2α(x)γ(y) (mod p);

(6) φ(xy) ≡ x4α(y) + x2
(
x1
2

)(
α(y)
2

)
− x1x3

(
α(y)
2

)
+ x1

2x2
(
α(y)
α(y)−3

)
+

+ x2α(y)
(
α(x)β(y)

2

)
− α(x)x3α(y)β(y) + x1x2α(x)

(
α(y)
2

)
y2 +
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+ φ(x)β(y) + β(x)
(
α(x)
2

)(
β(y)
2

)
− α(x)γ(x)

(
β(y)
2

)
+

+ α(x)2β(x)
(
β(y)
β(y)−3

)
+ x1γ(x)γ(y)− β(x)

(
x1
2

)
γ(y) +

+ x2
(
α(x)
2

)
γ(y)− x3α(x)γ(y) + x21β(x)φ(y)− x1x2α(x)φ(y) (mod p).

Ó ðîçäiëi 5 îïèñàíî ëîêàëüíi ìàéæå-êiëüöÿ ïîðÿäêó p4. Ïiäðîçäië 5.1

ïðèñâÿ÷åíî äîñëiäæåííþ ëîêàëüíi ìàéæå-êiëüöÿ íà ãðóïàõ ïîðÿäêó p4 òà

êëàñó íiëüïîòåíòíîñòi 2. À ñàìå, ïîêàçàíî, ùî äëÿ íåïàðíèõ p iç 6 òàêèõ

ãðóï 4 ¹ àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü. Äåÿêi ïðèêëà-

äè òàêèõ ìàéæå-êiëåöü ÿâíî ïîáóäîâàíi. Ó ïiäðîçäiëi 5.2 äîñëiäæóþòüñÿ

ãðóïè êëàñó íiëüïîòåíòíîñòi 3 ïîðÿäêó p4, ÿêi ¹ àäèòèâíèìè ãðóïàìè

ëîêàëüíèõ ìàéæå-êiëåöü. Â òðüîõ ïiäðîçäiëàõ 5.2.1, 5.2.2 òà 5.2.3 öüîãî

ðîçäiëó îòðèìàíi íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàííÿ ëîêàëüíi ìàéæå-

êiëåöü, àäèòèâíi ãðóïè ÿêèõ içîìîðôíi H1 òà H2. Ó ïiäðîçäiëi 5.2.4 ñôîð-

ìóëüîâàíî ãiïîòåçó ùîäî ãðóï H3 òà H4.

Ãðóïè G1, G2 òà G3 ç òåîðåìè 4.1 ¹ ãðóïàìè Ìiëëåðà�Ìîðåíî.

Çãiäíî ç [102] G2 òà G3 ¹ ãðóïàìè G(p2, p2) i G(p3, p), âiäïîâiäíî (äèâ.,

íàïðèêëàä, ëåìà 2 [102]). Òîìó, çà òåîðåìîþ 2 [102] iñíó¹ ëîêàëüíå ìàéæå-

êiëüöå R, àäèòèâíà ãðóïà R+ ÿêîãî içîìîðôíà ãðóïi G3. ßê íàñëiäîê, íà

àäèòèâíié ãðóïi íå iñíó¹ ëîêàëüíîãî ìàéæå-êiëüöÿ G2.

Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà R+ ÿêîãî içîìîð-

ôíà ãðóïi G3. Òîäi R
+ = 〈a〉+〈b〉 äëÿ äåÿêèõ åëåìåíòiâ a i b ç R çàäîâîëü-

íÿþ÷è ñïiââiäíîøåííÿ ap3 = 0, bp = 0 i −b+ a+ b = a(1− p2). Çîêðåìà,
êîæåí åëåìåíò x ∈ R îäíîçíà÷íî çàïèñó¹òüñÿ ó âèãëÿäi x = ax1 + bx2 ç

êîåôiöi¹íòàìè 0 ≤ x1 < p3 i 0 ≤ x2 < p.

Ôîðìóëà äëÿ ìíîæåííÿ åëåìåíòiâ ëîêàëüíèõ ìàéæå-êiëåöü íà ìåòà-

öèêëi÷íèõ ãðóïàõ Ìiëëåðà�Ìîðåíî âèçíà÷åíà â [102]. Ôîðìóëà ìíîæåí-
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íÿ äîâiëüíèõ åëåìåíòiâ íóëü-ñèìåòðè÷íîãî ëîêàëüíîãî ìàéæå-êiëüöÿ íà

G3 íàâåäåíà â äîâåäåííi [102, Theorem 2], à ñàìå:

x · y = a(x1y1 + p2x1x2

(
y1
2

)
) + b(x2y1 + β(x)y2),

äå

β(x) =

{
1, x1 6≡ 0 (mod p);

0, x1 ≡ 0 (mod p).

Àíàëîãi÷íî, G1 �� öå ãðóïà G(p2, p, p) çãiäíî ç [12]. Îòæå, çà òåîðå-

ìîþ 3 [12] iñíó¹ ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà ÿêîãî içîìîðôíà

G1. Îñêiëüêè G1 ¹ íåìåòàöèêëi÷íîþ ãðóïîþ Ìiëëåðà�Ìîðåíî, âèêîðè-

ñòîâóþ÷è [12, Theorem 3], äëÿ äîâiëüíèõ åëåìåíòiâ x = ax1 + bx2 + cx3 i

y = ay1 + by2 + cy3 ç G1 îòðèìó¹ìî íàñòóïíó ôîðìóëó ìíîæåííÿ:

x · y = a(x1y1 + pkx2y2) + b(x2y1 + x1y2)+

+c(−x1x2
(
y1
2

)
+ x3y1 + x21y3),

äå k = 1, 2.

Ëåãêî ïîáà÷èòè, ùî R = (G1,+, ·) ¹ íåíóëü-ñèìåòðè÷íèì ëîêàëüíèì

ìàéæå-êiëüöåì.

Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà ÿêîãî R+ içîìîð-

ôíà G4. Òîäi R
+ = 〈a〉 + 〈b〉 + 〈c〉 + 〈d〉 äëÿ äåÿêèõ åëåìåíòiâ a, b, c òà

d ç R, ùî çàäîâîëüíÿþòü ñïiââiäíîøåííÿ ap = 0, bp = 0, cp = 0, dp = 0,

a+ b = b+ a+ c, a+ c = c+ a, b+ c = c+ b, d+ c = c+ d, a+ d = d+ a i

b+ d = d+ b.

Ìà¹ìî íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 5.6. Äëÿ êîæíîãî íåïàðíîãî ïðîñòîãî ÷èñëà p iñíó¹ ëî-

êàëüíå ìàéæå-êiëüöå R, àäèòèâíà ãðóïà ÿêîãî R+ içîìîðôíà G4.

Íåõàé G6 � àäèòèâíî çàïèñàíà ãðóïà ç òåîðåìè 4.1. Òîäi

G6 = 〈a〉+〈b〉+〈c〉 äëÿ äåÿêèõ åëåìåíòiâ a, b òà c ç R, ùî çàäîâîëüíÿþòü
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ñïiââiäíîøåííÿ ap2 = 0, bp = 0, cp = 0, a + b = b + a, a + c = c + a,

c+ b = b+ c+ ap.

Ëåìà 5.12. G6 íå ¹ åíäîöèêëi÷íîþ.

Ãiïîòåçà 5.13. Íå iñíó¹ ëîêàëüíîãî ìàéæå-êiëüöÿ, àäèòèâíà ãðóïà

ÿêîãî içîìîðôíà G6.

Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà ÿêîãî R+ içîìîð-

ôíà H1. Òîäi R
+ = 〈a〉 + 〈b〉 + 〈c〉 + 〈d〉 äëÿ äåÿêèõ åëåìåíòiâ a, b, c i d

ç R çàäîâîëüíÿþ÷è ñïiââiäíîøåííÿ ap = bp = cp = dp = 0, b+ c = c+ b,

a+ d = d+ a, b+ d = d+ b, äå c = −a− b+ a+ b i d = −a− c+ a+ c.

Ìà¹ìî íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 5.17. Äëÿ êîæíîãî ïðîñòîãî ÷èñëà p > 3 iñíó¹ ëîêàëüíå

ìàéæå-êiëüöå R, àäèòèâíà ãðóïà ÿêîãî R+ içîìîðôíà H1.

Ïðîàíàëiçóâàâøè ãðóïè H3 òà H4 ïîðÿäêó 625 çà äîïîìîãîþ GAP,

ç'ÿñóâàëè, ùî íå iñíó¹ ëîêàëüíèõ ìàéæå-êiëåöü íà öèõ ãðóïàõ. Öå äîçâî-

ëÿ¹ çðîáèòè íàñòóïíå ïðèïóùåííÿ.

Ãiïîòåçà 5.23. Íå iñíó¹ ëîêàëüíîãî ìàéæå-êiëüöÿ, àäèòèâíà ãðóïà

ÿêîãî içîìîðôíà H3 ÷è H4.

Ó ðîçäiëi 6 âèâ÷àþòüñÿ ìàéæå-êiëüöÿì ç îäèíèöåþ íà äåÿêèõ íåàáå-

ëåâèõ ãðóïàõ. Ó ïiäðîçäiëi 6.1 äàíî îçíà÷åííÿ òà îïèñ ãðóï Ìiëëåðà�

Ìîðåíî òà ãðóï Øìiäò. Ó ïiäðîçäiëi 6.2 îïèñàíî âñi ìîæëèâi òèïè ãðóï

Ìiëëåðà�Ìîðåíî, ÿêi ¹ àäèòèâíèìè ãðóïàìè ìàéæå-êiëåöü ç îäèíèöåþ. Ó

ïiäðîçäiëi 6.3 ïîêàçàíî, ùî íå iñíó¹ ìàéæå-êiëåöü ç îäèíèöåþ, àäèòèâíà

ãðóïà ÿêèõ içîìîðôíà ãðóïi Øìiäòà. Ïiäðîçäië 6.4 ñêëàäà¹òüñÿ ç òðüîõ

ïiäïóíêòiâ 6.4.1, 6.4.2 òà 6.4.3. Ó öüîìó ïiäðîçäiëi äîñëiäæóþòüñÿ ïðÿìi

äîáóòêè ìåòàöèêëi÷íèõ p-ãðóï Ìiëëåðà�Ìîðåíî òà öèêëi÷íèõ p-ãðóï ÿê

àäèòèâíi ãðóïè ìàéæå-êiëåöü ç îäèíèöåþ òà ëîêàëüíèõ ìàéæå-êiëåöü.

Áiëüø òîãî, âèçíà÷åíî ôîðìóëè ìíîæåííÿ äëÿ òàêèõ ìàéæå-êiëåöü òà

îïèñàíî ôóíêöi¨, ùî ¨õ çàäàþòü. Ó ïiäðîçäiëi 6.5 âèâ÷àþòüñÿ ïðÿìi äî-

áóòêè íåìåòàöèêëi÷íèõ p-ãðóï Ìiëëåðà�Ìîðåíî òà öèêëi÷íèõ p-ãðóï ÿê
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àäèòèâíi ãðóïè ìàéæå-êiëåöü ç îäèíèöåþ òà ëîêàëüíèõ ìàéæå-êiëåöü.

Öåé ïiäðîçäië ñêëàäà¹òüñÿ ç òðüîõ ïiäïóíêòiâ 6.5.1, 6.5.2 òà 6.5.3. Â ïåð-

øîìó ïiäïóíêòi 6.5.1 íàâåäåíî ïîïåðåäíi ðåçóëüòàòè. Â ïiäïóíêòi 6.5.2 äî-

ñëiäæóþòüñÿ ìàéæå-êiëüöÿ ç îäèíèöåþ íà ãðóïàõ F (pm, pn, p, pk). Â ïiä-

ïóíêòi 6.5.3 âèçíà÷åíî ôîðìóëè ìíîæåííÿ äëÿ ëîêàëüíèõ ìàéæå-êiëåöü

íà ãðóïàõ F (pm, pn, p, pk) òà îïèñàíî ôóíêöi¨, ùî ¨õ çàäàþòü.

Íàãàäà¹ìî, ùî ãðóïîþ Øìiäòà àáî ìiíiìàëüíîþ íåíiëüïîòåíòíîþ íà-

çèâà¹òüñÿ ñêií÷åííà íåíiëüïîòåíòíà ãðóïà, áóäü-ÿêà âëàñíà ïiäãðóïà ÿêî¨

íiëüïîòåíòíà.

Ìà¹ìî íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 6.12. Íå iñíó¹ ìàéæå-êiëåöü ç îäèíèöåþ, àäèòèâíà ãðóïà

ÿêèõ içîìîðôíà ãðóïi Øìiäòà.

Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà ÿêîãî R+ içîìîð-

ôíà F (pm, pn, pk). Òîäi R+ = 〈a〉 + 〈b〉 + 〈c〉 ç åëåìåíòàìè a, b òà c, äå
a ñïiâïàäà¹ ç îäèíè÷íèì åëåìåíòîì R òà âèêîíóþòüñÿ ñïiââiäíîøåííÿ

ap
m

= bp
n

= cp
k

= 1, b−1ab = a1+p
m−1

, ca = ac òà cb = bc, äå m ≥ 2, n ≥ 1

òà k ≥ 1.

Òåîðåìà 6.18. Äëÿ êîæíîãî íåïàðíîãî ïðîñòîãî ÷èñëà p, m ≥ n

òà m ≥ k iñíó¹ ëîêàëüíå ìàéæå-êiëüöå R, àäèòèâíà ãðóïà ÿêîãî R+

içîìîðôíà F (pm, pn, pk).

Ðîçäië 7 ïðèñâÿ÷åíî çàñòîñóâàííþ ñèñòåìè GAP äëÿ äîñëiäæåí-

íÿ òà êëàñèôiêàöi¨ ëîêàëüíèõ ìàéæå-êiëåöü. Â ïåðøèõ äâîõ ïiäðîç-

äiëàõ 7.1 òà 7.2 âèâ÷à¹òüñÿ ïîáóäîâà òà êëàñèôiêàöiÿ ìàéæå-êiëåöü ç

îäèíèöåþ. Â ïiäðîçäiëi 7.3 îïèñàíî äåÿêi ôóíêöi¨ ç ïàêåòó LocalNR,

à ñàìå, UnitsOfNearRing 7.3.1, IsLocalNearRing 7.3.2, IsLocalRing 7.3.3,

NearRingNonUnits 7.3.4 òà NonUnitsAsAdditiveSubgroup 7.3.5. Â ïiäðîç-

äiëi 7.4 äîñëiäæåíî ìàéæå-êiëüöÿ ç îäèíèöåþ i ëîêàëüíi ìàéæå-êiëüöÿ,

òà åíäîöèêëi÷íi ãðóïè. Ïiäðîçäië 7.5 ïðèñâÿ÷åíî êëàñèôiêàöi¨ ëîêàëüíèõ

ìàéæå-êiëåöü ìàëèõ ïîðÿäêiâ, à ñàìå, ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó
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32 7.5.1 òà 128 7.5.2 òà 7.5.3.

Àëãîðèòì ïîáóäîâè ìàéæå-êiëåöü ç îäèíèöåþ áàçó¹òüñÿ íà íàñòóïíié

òåîðåìi.

Òåîðåìà 7.1. Íåõàé G � ãðóïà, i íåõàé ìíîæèíà EndG óñiõ åíäî-

ìîðôiçìiâ G ðîçãëÿäà¹òüñÿ ÿê ìîíî¨ä ùîäî êîìïîçèöi¨ åíäîìîðôiçìiâ.

Òîäi G � àäèòèâíà ãðóïà ìàéæå-êiëüöÿ ç îäèíèöåþ òîäi i òiëüêè òîäi,

êîëè iñíóþòü åëåìåíò g ∈ G òà ïiäìîíî¨ä F ç EndG òàêi, ùî G = gF

òà gφ = gψ ëèøå òîäi, êîëè φ = ψ äëÿ áóäü-ÿêèõ φ, ψ ∈ F .
Ïàêåò LocalNR ìiñòèòü áiáëiîòåêó ëîêàëüíèõ ìàéæå-êiëåöü äî ïîðÿä-

êó 361 òà äåÿêi ôóíêöi¨ äëÿ àíàëiçó ñêií÷åííèõ ìàéæå-êiëåöü. Ïîòî÷íà

âåðñiÿ öüîãî ïàêåòó � 1.0.4, âèïóùåíà 15.03.2024.
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Ðîçäië 1

Îãëÿä ëiòåðàòóðè òà ïîïåðåäíi âiäîìîñòi

1.1. Ñêií÷åííi ìàéæå-êiëüöÿ ç îäèíèöåþ

Ìàéæå-êiëüöÿ âèíèêàþòü ïðèðîäíèì ÷èíîì ïðè âèâ÷åííi ñèñòåì íåëi-

íiéíèõ âiäîáðàæåíü i âèâ÷àþòüñÿ ïðîòÿãîì áàãàòüîõ äåñÿòèëiòü. Îñíîâíi

âèçíà÷åííÿ òà áàãàòî ðåçóëüòàòiâ ñòîñîâíî ìàéæå-êiëåöü ìîæíà çíàéòè,

íàïðèêëàä, ó êíèçi Ïiëüöà [72].

Ìàéæå-êiëüöÿ � öå óçàãàëüíåííÿ êiëåöü â òîìó ñåíñi, ùî äîäàâàííÿ

íå îáîâ'ÿçêîâî ¹ êîìóòàòèâíèì i ïåðåäáà÷à¹òüñÿ ëèøå îäèí äèñòðèáó-

òèâíèé çàêîí. Î÷åâèäíî, ùî êîæíå àñîöiàòèâíå êiëüöå ¹ ìàéæå-êiëüöåì,

i êîæíà ãðóïà ¹ àäèòèâíîþ ãðóïîþ ìàéæå-êiëüöÿ, àëå íå îáîâ'ÿçêîâî

ìàéæå-êiëüöÿ ç îäèíèöåþ. Ïèòàííÿ ïðî òå, ÿêà ãðóïà ìîæå áóòè àäèòèâ-

íîþ ãðóïîþ ìàéæå-êiëüöÿ ç îäèíèöåþ, äàëåêå âiä âèðiøåííÿ.

Êëåé [30] ââiâ ìåõàíiçì, íåîáõiäíèé i äîñòàòíié äëÿ ïîáóäîâè âñiõ

ìàéæå-êiëåöü, àäèòèâíà ãðóïà ÿêèõ ¹ ñêií÷åííîþ òà öèêëi÷íîþ.

Òåîðåìà 1.1 (Theorem 1, [30]). Íåõàé ∗ � áiíàðíà îïåðàöiÿ íà Zn. Îïå-

ðàöiÿ ∗ ¹ ëiâîþ äèñòðèáóòèâíîþ íàä + òîäi i òiëüêè òîäi, êîëè iñíó¹

ôóíêöiÿ π òàêà, ùî äëÿ âñiõ p, q ∈ Zn, p ∗ q = π(p) · q.

Ìåêñîí [59] äîâiâ, ùî ÿêùî òàêå ìàéæå-êiëüöå ìà¹ ìóëüòèïëiêàòèâíó

îäèíèöþ, òî öå ìàéæå-êiëüöå ¹ êiëüöåì.
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Òâåðäæåííÿ 1.2 (Proposition 1, [59]). ßêùî (N,+, ∗) ¹ ìàéæå-êiëüöåì

ç îäèíèöåþ i òà (N,+) ∼= (Zn,+) äëÿ äåÿêîãî äîäàòíîãî öiëîãî ÷èñëà n,

n ≥ 2, òî (N,+, ∗) ¹ êiëüöåì.

Òàêîæ ïîêàçàâ, ùî ÿêùî ïîòóæíiñòü ìíîæèíè N ¹ äîáóòêîì ðiçíèõ

ïðîñòèõ ÷èñåë, òî ìàéæå-êiëüöå ç îäèíèöåþ ¹ êiëüöåì.

Òâåðäæåííÿ 1.3 (Proposition 3, [59]). ßêùî (N,+, ∗) ¹ ìàéæå-êiëüöåì

ç îäèíèöåþ i òà |N | =
∏m

k=1 Pk, äå Pk ¹ ïðîñòèì ÷èñëîì i Pk 6= Pl ÿêùî

k 6= l, òî N ¹ êiëüöåì.

Ïðèêëàäîì ìàéæå-êiëüöÿ ¹ ìíîæèíà M(G) âñiõ âiäîáðàæåíü äîâiëü-

íî¨ ãðóïè G â ñåáå, ÿêùî îïåðàöiþ äîäàâàííÿ âiäîáðàæåíü âèçíà÷èòè ÿê

ïî-åëåìåíòíó îïåðàöiþ ¨õ îáðàçiâ â ãðóïi G, òîáòî gα+β = gαgβ äëÿ âñiõ

g ∈ G òà α, β ∈ M(G), à îïåðàöiþ ìíîæåííÿ âiäîáðàæåíü ÿê ¨õ êîì-

ïîçèöiþ, òîáòî gα·β = (gα)β. Çàóâàæèìî, ùî íàâiòü ÿêùî G ¹ àáåëåâîþ

ãðóïîþ, òî ïðè òàêîìó âèçíà÷åííi îïåðàöié â M(G) ïðàâèé äèñòðèáó-

òèâíèé çàêîí íå âèêîíó¹òüñÿ.

ßêùî îïåðàöiÿ â ãðóïi G çàïèñó¹òüñÿ àäèòèâíî ç íåéòðàëüíèì åëå-

ìåíòîì 0, òî ëåãêî áà÷èòè, ùî íàñòóïíi ïiäìíîæèíè iç M(G) òàêîæ ¹

ìàéæå-êiëüöÿìè âiäíîñíî âêàçàíèõ âèùå îïåðàöié:

� ìíîæèíà M0(G) = {α : G → G | 0α = 0} âñiõ âiäîáðàæåíü, ùî

ïåðåâîäÿòü 0 â 0;

� ìíîæèíà Mc(G) = {α : G→ G | gα = 0α, g ∈ G} âñiõ âiäîáðàæåíü,
çíà÷åííÿ ÿêèõ äëÿ áóäü-ÿêîãî åëåìåíòó ãðóïè G ¹ ñòàëèì.

Ìàéæå-êiëüöÿ ïåðøîãî âèäó íàçèâàþòüñÿ íóëü-ñèìåòðè÷íèìè, à äðóãîãî

� êîíñòàíòíèìè.

Âiäîìî, ùî áóäü-ÿêà ñêií÷åííà àáåëåâà ãðóïà A ¹ ïðÿìîþ ñóìîþ ïðè-

ìàðíèõ öèêëi÷íèõ ïiäãðóï, êîæíó ç ÿêèõ ìîæíà ðîçãëÿäàòè ÿê àäèòèâ-

íó ãðóïó äåÿêîãî êiëüöÿ ëèøêiâ Z/piZ. Çâiäñè A ¹ àäèòèâíîþ ãðóïîþ
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ïðÿìî¨ ñóìè öèõ êiëåöü. Îòæå, êîæíà ñêií÷åííà àáåëåâà ãðóïà ¹ àäèòèâ-

íîþ ãðóïîþ àñîöiàòèâíîãî (i íàâiòü êîìóòàòèâíîãî) êiëüöÿ ç îäèíèöåþ.

Îäíàê, ó âèïàäêó ìàéæå-êiëåöü ç îäèíèöåþ àíàëîãi÷íèé ðåçóëüòàò äëÿ

ñêií÷åííèõ íåàáåëåâèõ ãðóï íå âèêîíó¹òüñÿ.

Ïèòàííÿ ïðî òå, ÿêi ãðóïè ìîæóòü áóòè àäèòèâíèìè ãðóïàìè ìàéæå-

êiëåöü ç îäèíèöåþ, äîñëiäæó¹òüñÿ ç êiíöÿ 1960-õ ðîêiâ. Îäèí ç ïåðøèõ

ðåçóëüòàòiâ â öüîìó íàïðÿìêó áóâ îòðèìàíèé Êëåéîì i Ìàëîí [34], ÿêi

ïîêàçàëè, ùî ç òî÷íiñòþ äî içîìîðôiçìó iñíó¹ ¹äèíå ìàéæå-êiëüöå ç îäè-

íèöåþ, àäèòèâíà ãðóïà ÿêîãî öèêëi÷íà, i ÿêå ôàêòè÷íî ¹ êîìóòàòèâíèì

êiëüöåì.

Òåîðåìà 1.4 (Theorem 1, [34]). Íåõàé (G,+) � öèêëi÷íà ãðóïà. ßêùî

(G,+, ∗) ¹ ìàéæå-êiëüöåì ç îäèíèöåþ, òî (G,+, ∗) ¹ êîìóòàòèâíèé

êiëüöåì ç îäèíèöåþ.

Íàñëiäîê 1.5 (Corollary, [34]). Íåõàé (G,+) � öèêëi÷íà ãðóïà. Iñíó¹,

ç òî÷íiñòþ äî içîìîðôiçìó, ¹äèíå ìàéæå-êiëüöå (êiëüöå) ç îäèíèöåþ,

àäèòèâíà ãðóïà ÿêîãî ¹ (G,+).

Òàêîæ áóëî âñòàíîâëåíî, ùî àäèòèâíà ãðóïà ñêií÷åííîãî ìàéæå-

êiëüöÿ ç îäèíèöåþ ¹ ïðîñòîþ òîäi i òiëüêè òîäi, êîëè öå ìàéæå-êiëüöå

¹ ïîëåì ïðîñòîãî ïîðÿäêó.

Òåîðåìà 1.6 (Theorem 2, [34]). Íåõàé (G,+) � ïðîñòà (íåòðèâiàëüíà)

ãðóïà ñêií÷åííîãî ïîðÿäêó. ßêùî (G,+, ∗) ¹ ìàéæå-êiëüöåì ç îäèíèöåþ,

òî (G,+, ∗) ¹ ïîëåì.

Áiëüø òîãî, äîâåäåíî, ùî êîæíà íåöèêëi÷íà ãðóïà, ïîðÿäîê ÿêî¨ ¹

äîáóòêîì ðiçíèõ ïðîñòèõ ÷èñåë, òà ñèìåòðè÷íà ãðóïà Sn ïðè n ≥ 3 íå

ìîæóòü áóòè àäèòèâíèìè ãðóïàìè ìàéæå-êiëåöü ç îäèíèöåþ.

Íàñëiäîê 1.7 (Corollary, [34]). Ïðîñòà ãðóïà ñêëàäåíîãî ïîðÿäêó íå ìî-

æå áóòè àäèòèâíîþ ãðóïîþ ìàéæå-êiëüöÿ ç îäèíèöåþ.
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Òåîðåìà 1.8 (Theorem 4, [34]). Íåõàé (Sn,+) � ñèìåòðè÷íà ãðóïà íà

n ñèìâîëàõ. Íå iñíó¹ ìàéæå-êiëüöÿ ç îäèíèöåþ àäèòèâíà ãðóïà ÿêîãî

(Sn,+) ïðè n ≥ 3.

Ðåçóëüòàòè ñòàòòi [34] áóëè óçàãàëüíåíi Ëàéîì [55], äå äîâåäåíî, ùî

ñêií÷åííi íåàáåëåâi ãðóïè ç òî÷íî îäíi¹þ âëàñíîþ íîðìàëüíîþ ïiäãðóïîþ

íå ìîæóòü áóòè àäèòèâíèìè ãðóïàìè ìàéæå-êiëåöü ç îäèíèöåþ.

Òåîðåìà 1.9 (Theorem 1, [55]). Íåõàé (G,+) � ñêií÷åííà íåêîìóòà-

òèâíà ãðóïà ç ðiâíî îäíi¹þ âëàñíîþ íîðìàëüíîþ ïiäãðóïîþ. Òîäi (G,+)

íå ìîæå áóòè àäèòèâíîþ ãðóïîþ ìàéæå-êiëüöÿ ç îäèíèöåþ i.

Áiëüø òîãî, öèì æå àâòîðîì áóëî âñòàíîâëåíî, ùî êîæíå ìàéæå-

êiëüöå ç îäèíèöåþ íà íåàáåëåâié ãðóïi ç òî÷íî îäíi¹þ âëàñíîþ íîðìàëü-

íîþ ïiäãðóïîþ ¹ êîìóòàòèâíèì êiëüöåì ïîðÿäêó p2 äëÿ äåÿêîãî ïðîñòîãî

÷èñëà p. Êëåé òà Äîé [33] äîâåëè, ùî çíàêîçìiííà ãðóïà A4 òàêîæ íå ìî-

æå áóòè àäèòèâíîþ ãðóïîþ ìàéæå-êiëüöÿ ç îäèíèöåþ.

Òåîðåìà 1.10 (Theorem A, [33]). Äëÿ n ≥ 4, çíàêîçìiííà ãðóïà (A4,+)

íå ìîæå áóòè àäèòèâíîþ ãðóïîþ ìàéæå-êiëüöÿ ç îäèíèöåþ.

Íàâåäåíi âèùå ðåçóëüòàòè áóëè óçàãàëüíåíi Êðiììåëîì [53] òà äîâå-

äåíî, ùî êîæíà ñêií÷åííà ãðóïà íåïðîñòîãî ïîðÿäêó,  ðàòêà íîðìàëü-

íèõ ïiäãðóï ÿêî¨ ëiíiéíî âïîðÿäêîâàíà, íå ìîæå áóòè àäèòèâíîþ ãðóïîþ

ìàéæå-êiëüöÿ ç îäèíèöåþ.

Òåîðåìà 1.11 (Theorem, [53]). Íåõàé (G,+) � ãðóïà, ùî ìà¹ åëåìåíòè

M ðiçíèõ ïðîñòèõ ïîðÿäêiâ. ßêùî êîæåí àíòèëàíöþã ðåøiòêè íîð-

ìàëüíèõ ïiäãðóï ãðóïè G ìà¹ ïîòóæíiñòü ìåíøó çà M , òî (G,+) íå

ìîæå áóòè àäèòèâíîþ ãðóïîþ ìàéæå-êiëüöÿ ç îäèíèöåþ.

Êëåé [31] ïîêàçàâ, ùî íå iñíó¹ ìàéæå-êiëüöÿ ç îäèíèöåþ, àäèòèâíà

ãðóïà ÿêîãî içîìîðôíà ãðóïi êâàòåðíiîíiâ Q8 òà âñòàíîâèâ, ùî iñíó¹ ñiì

íåiçîìîðôíèõ êëàñiâ ìàéæå-êiëåöü ç îäèíèöåþ íà ãðóïi äiåäðà D4 ïîðÿä-

êó 8. Öi ñiì êëàñiâ ìàéæå-êiëåöü ïåðåëi÷åíi â òàáëèöi 3 ó ñòàòòi [31]. Êëåé
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i Ìåêñîí [35] äîâåëè, ùî óçàãàëüíåíi ãðóïè êâàòåðíiîíiâ Q2n ïðè n > 3

íå ìîæóòü áóòè àäèòèâíèìè ãðóïàìè ìàéæå-êiëåöü ç îäèíèöåþ. Ãðóïè

äiåäðà Dn ïîðÿäêó 2n ÿê àäèòèâíi ãðóïè ìàéæå-êiëåöü ç îäèíèöåþ áóëè

äîñëiäæåííi Äæîíñîíîì [49] òà âñòàíîâëåíî, ùî äëÿ íåïàðíîãî n ãðóïà

Dn íå ìîæå áóòè àäèòèâíîþ ãðóïîþ ìàéæå-êiëüöÿ ç îäèíèöåþ, òà äî-

âåäåíî, ùî ç òî÷íiñòþ äî içîìîðôiçìó iñíó¹ ¹äèíå òàêå ìàéæå-êiëüöå íà

ãðóïi Dn ïðè n = 2p, äå p � ïðîñòå ÷èñëî.

Òåîðåìà 1.12 (Theorem 5.4, [49]). Iñíó¹, ç òî÷íiñòþ äî içîìîðôiçìó,

¹äèíå ìàéæå-êiëüöå ç ìóëüòèïëiêàòèâíîþ îäèíèöåþ i íà (Dn,+), n =

2q.

Ëåêñòîí, Ëîêõàðò [54] äîñëiäèëè ñòðóêòóðó ìàéæå-êiëåöü íà åëåìåí-

òàõ êëàñó K ç áiëüø àëãåáðà¨÷íî¨ òî÷êè çîðó i òèì ñàìèì çàâåðøèëè òà

ðîçøèðèëè ïðîãðàìó Êðiììåëà [52].

Êëàñ K ñêëàäà¹òüñÿ ç òèõ ãðóï H çi ñêií÷åííèì ïðåäñòàâëåííÿì âè-

ãëÿäó

H = 〈e, µ : µm− ei, en,−µ+ e+ µ− ej〉, (1.1)

äå i, j � äîäàòíi öiëi ÷èñëà, 1 < j < n, 0 ≤ i < n, à m � ïðîñòå ÷èñëî.

Ó ñâî¨é äèñåðòàöi¨ Êðiììåë [52] ðîçãëÿíóâ ãðóïó H ç ïðåäñòàâëåííÿì

ó âèãëÿäi (1.1) òà îá÷èñëèâ [H : W1; ç îäèíèöåþ e], òà [H : N1; ç îäèíèöåþ

e] ëèøå äëÿ ïåâíèõ âèïàäêiâ.

Ó [54] äîñëiäæåííÿ áóëî çîñåðåäæåíî íà ìàéæå-êiëüöÿõ ç îäèíèöåþ

íà ãðóïàõ ç ïðåäñòàâëåííÿì âèãëÿäó

H = 〈a, b| apn−1

= 1, bp = 1, ab = a1+p
n−2〉, p � ïðîñòå ÷èñëî, n ≥ 3.

(1.2)

Íàñòóïíà òåîðåìà ìiñòèòü êiëüêiñòü âñiõ ìàéæå-êiëåöü ç îäèíèöåþ íà

ãðóïàõ H ïðåäñòàâëåííÿ (1.2).

Òåîðåìà 1.13 (Theorem 7.1, [54]). (i) ßêùî p = 2 i n = 4, òî n(H) =

32.
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(ii) ßêùî p = 2 i n > 4, òî n(H) = 2n+2.

(iii) ßêùî p = 3, òî n(H) = 3n−2.

(iv) ßêùî p > 3, òî n(H) = pn−3.

Áîéêåòò òà Íèáàóåð [29] êëàñèôiêóâàëè âñi ìàéæå-êiëüöÿ ç îäèíè-

öåþ íà ãðóïàõ ïîðÿäêó, ùî íå ïåðåâèùó¹ 31, âèêîðèñòîâóþ÷è ñèñòåìó

êîìï'þòåðíî¨ àëãåáðè GAP [43]. Çîêðåìà, âèçíà÷èëè âñi íåàáåëåâi ãðó-

ïè âêàçàíèõ ïîðÿäêiâ, ÿêi íå ìîæóòü áóòè àäèòèâíèìè ãðóïàìè ìàéæå-

êiëåöü ç îäèíèöåþ.

Ãðóïè ç øèðîêèìè ñèñòåìàìè àáåëåâèõ ïiäãðóï âèâ÷àëèñü áàãàòüìà

àâòîðàìè. Çîêðåìà, ìiíiìàëüíi íåàáåëåâi ãðóïè, òîáòî òàêi íåàáåâi ãðó-

ïè, ó ÿêèõ âñi âëàñíi ïiäãðóïè àáåëåâi, îòðèìàëè íàçâó ãðóï Ìiëëåðà�

Ìîðåíî, â ÷åñòü àâòîðiâ, ÿêi ñòîëiòòÿ òîìó âïåðøå ðîçãëÿíóëè ñêií÷åííi

ãðóïè ç öi¹þ âëàñòèâiñòþ òà äîâåëè ¨õ ðîçâ'ÿçíiñòü. Öi ãðóïè âïåðøå âè-

â÷àëèñÿ Ìiëëåðîì òà Ìîðåíî [67]. Äåòàëüíà êëàñèôiêàöiÿ öèõ ãðóï áóëà

îòðèìàíà Ðåäå¨ [118] ëèøå âñåðåäèíi ìèíóëîãî ñòîëiòòÿ. Áóäîâà òàêèõ

ãðóï äîáðå âiäîìà i ïîâíiñòþ îïèñó¹òüñÿ íàñòóïíîþ òåîðåìîþ (äèâ. [118,

Chapter XII]).

Òåîðåìà 1.14. Ñêií÷åííi ãðóïè Ìiëëåðà�Ìîðåíî âè÷åðïóþòüñÿ ãðóïà-

ìè íàñòóïíèõ òèïiâ:

1) ãðóïà êâàòåðíiîíiâ Q8;

2) ãðóïà G = 〈a〉 o 〈b〉 ïîðÿäêó pm+n (p � ïðîñòå ÷èñëî) ç |a| = pm,

|b| = pn, b−1ab = a1+p
m−1

, äå m ≥ 2, n ≥ 1;

3) ãðóïà G = (〈a〉 × 〈c〉) o 〈b〉 ïîðÿäêó pm+n+1 (p � ïðîñòå ÷èñëî) ç

|a| = pm, |b| = pn, |c| = p, b−1ab = ac, b−1cb = c, äå m ≥ n ≥ 1 òà

m+ n> 2 ïðè p = 2;
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4) ãðóïà G = Po〈b〉 ïîðÿäêó prqs ç åëåìåíòàðíîþ àáåëåâîþ ïiäãðóïîþ

P ïîðÿäêó pr, íà ÿêié åëåìåíò b iíäóêó¹ íåçâiäíèé àâòîìîðôiçì

ïðîñòîãî ïîðÿäêó q, ïðè÷îìó bq
s

= 1 òà 〈bq〉 = Z(G), äå p, q �

ðiçíi ïðîñòi òà r, s � íàòóðàëüíi ÷èñëà.

Íàãàäà¹ìî, ùî ãðóïà G íàçèâà¹òüñÿ ìåòàöèêëi÷íîþ, ÿêùî iñíó¹ òàêà

öèêëi÷íà íîðìàëüíà ïiäãðóïà 〈a〉, ùî ôàêòîð-ãðóïà G/〈a〉 ¹ öèêëi÷íîþ.
Â ñòàòòi [102] äëÿ êîæíîãî ïðîñòîãî ÷èñëà p òà íàòóðàëüíèõ ÷èñåë m,

n ç m ≥ 2 ïîçíà÷èìî ÷åðåç G(pm, pn) íàïiâïðÿìèé äîáóòîê <a> o <b>

äâîõ öèêëi÷íèõ ãðóï <a> òà < b> ïîðÿäêiâ pm i pn âiäïîâiäíî, â ÿêî-

ìó b−1ab = a1+p
m−1

. ßê âèïëèâà¹ ç òåîðåìè 6.1, êîæíà ìåòàöèêëi÷íà

p-ãðóïà Ìiëëåðà-Ìîðåíî içîìîðôíà àáî ãðóïi êâàòåðíiîíiâ Q8, àáî ãðóïi

G(pm, pn).

Òàêèì ÷èíîì, ÿêùî àäèòèâíà ãðóïà R+ äåÿêîãî ìàéæå-êiëüöÿ R ç

îäèíèöåþ ¹ ìåòàöèêëi÷íîþ ãðóïîþ Ìiëëåðà-Ìîðåíî, òî âîíà ¹ p-ãðóïîþ.

Êðiì òîãî, ÿê äîâåäåíî â [31], ãðóïà êâàòåðíiîíiâ Q8 òàêîæ íå ìîæå áó-

òè àäèòèâíîþ ãðóïîþ òàêîãî ìàéæå-êiëüöÿ R. Çâiäñè òà ç òåîðåìè 6.1

âèïëèâà¹, ùî ãðóïà R+ ìîæå áóòè içîìîðôíà ëèøå ãðóïi G(pm, pn) äëÿ

ïiäõîäÿùèõ ïðîñòèõ p òà íàòóðàëüíèõ ÷èñåë m òà n.

Â ðîáîòi [12] äëÿ êîæíîãî ïðîñòîãî ÷èñëà p òà íàòóðàëüíèõ ÷èñåë

m, n ç m ≥ n ≥ 1 ïîçíà÷èìî ÷åðåç G(pm, pn, p) íàïiâïðÿìèé äîáóòîê

(<a> × <c>)o <b> ç öèêëi÷íèìè ïiäãðóïàìè < a >, < b > òà < c >

ïîðÿäêiâ pm, pn òà p, âiäïîâiäíî, â ÿêîìó b−1ab = ac òà b−1cb = c. ßê

âèïëèâà¹ ç òåîðåìè 6.1, êîæíà íåìåòàöèêëi÷íà p-ãðóïà Ìiëëåðà-Ìîðåíî

içîìîðôíà ãðóïi G(pm, pn, p).

Â ìî¨é êàíäèäàòñüêié äèñåðòàöi¨ [2] äîâåäåíî íàñòóïíó òåîðåìó.

Òåîðåìà 1.15. Íåõàé R � ìàéæå-êiëüöå ç îäèíèöåþ i, àäèòèâíà ãðóïà

R+ ÿêîãî ¹ ãðóïîþ Ìiëëåðà-Ìîðåíî. Òîäi R+ ¹ p-ãðóïîþ òà âèêîíó¹òüñÿ

îäíå ç íàñòóïíèõ òâåðäæåíü:
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1) ãðóïà R+ içîìîðôíà ãðóïi G(pm, pn) ç m ≥ n òà i ïîðîäæó¹ â R+

öèêëi÷íó íîðìàëüíó ïiäãðóïó ïîðÿäêó pm;

2) ãðóïà R+ içîìîðôíà ãðóïi G(2m, 2n) ç m ≤ n òà i ïîðîäæó¹ öèêëi-

÷íó ïiäãðóïó ïîðÿäêó 2n, ÿêà íå ¹ íîðìàëüíîþ â R+;

3) ãðóïà R+ içîìîðôíà ãðóïi G(pm, pn, p) òà i ïîðîäæó¹ â R+ öèêëi÷íó

íîðìàëüíó ïiäãðóïó ïîðÿäêó pm.

ßê áåçïîñåðåäíié íàñëiäîê, ç òåîðåìè 6.7 âèïëèâà¹ íàñòóïíèé ðåçóëü-

òàò.

Íàñëiäîê 1.16. Íå iñíó¹ ìàéæå-êiëåöü ç îäèíèöåþ, àäèòèâíà ãðóïà

ÿêèõ içîìîðôíà ãðóïi G(pm, pn) ç p > 2 òà 2 ≤ m < n.

Ó ñòàòòi [110] îòðèìàíî ñòðóêòóðíèé îïèñ íàïiâäèñòðèáóòèâíèõ

ìàéæå-êiëåöü ç îäèíèöåþ.

Îçíà÷åííÿ 1.17 ( [110]). (Ëiâå) ìàéæå-êiëüöå R íàçèâà¹òüñÿ íàïiâ-

äèñòðèáóòèâíèì, ÿêùî òàêèì ¹ ìíîæåííÿ ñïðàâà âiäíîñíî éîãî äîäà-

âàííÿ. Iíøèìè ñëîâàìè, äëÿ áóäü-ÿêèõ åëåìåíòiâ r, s, t ∈ R ìà¹ ìiñöå

ðiâíiñòü (r + s+ r)t = rt+ st+ rt.

Î÷åâèäíî, ùî êîæíå äèñòðèáóòèâíå ìàéæå-êiëüöå ¹ íàïiâäèñòðèáó-

òèâíèì, àëå íå íàâïàêè. Íàïðèêëàä, ìàéæå-êiëüöåMap(G) âñiõ ôóíêöié

íà ãðóïi G ïîðÿäêó 2 ¹ íàïiâäèñòðèáóòèâíèì, à íå äèñòðèáóòèâíèì.

Âiäîìî, ùî àäèòèâíà ãðóïà áóäü-ÿêîãî äèñòðèáóòèâíîãî ìàéæå-

êiëüöÿ ç îäèíèöåþ ¹ àáåëåâîþ. Íàñòóïíå òâåðäæåííÿ ïîøèðþ¹ öåé ôàêò

íà íàïiâäèñòðèáóòèâíi ìàéæå-êiëüöÿ.

Ëåìà 1.18 (Lemma 4, [110]). Àäèòèâíà ãðóïà êîæíîãî íàïiâäèñòðèáó-

òèâíîãî ìàéæå-êiëüöÿ R ç îäèíèöåþ ¹ àáåëåâîþ.

Òåîðåìà 1.19 (Theorem 1, [110]). Íàïiâäèñòðèáóòèâíå ìàéæå-êiëüöå

R ç îäèíèöåþ ¹ ïðîñòèì ÿê ìàéæå-êiëüöå òîäi i òiëüêè òîäi, êîëè R

¹ ïðîñòèì àñîöiàòèâíèì êiëüöåì.
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Òàêîæ ïîáóäîâàíî ïðèêëàä íàïiâäèñòðèáóòèâíîãî ìàéæå-êiëüöÿ áåç

îäèíèöi íà íåàáåëåâié àäèòèâíié ãðóïi.

Ïðèêëàä 1.20 (Example, [110]). Íåõàé N � ìàéæå-êiëüöå, àäèòèâíà

ãðóïà ÿêîãî N+ içîìîðôíà ñèìåòðè÷íié ãðóïi ñòåïåíÿ 3. Òîäi N+ = 〈a〉+
〈b〉, äå a · 3 = b · 2 = 0 òà b + a + b = a · 2. Çîêðåìà, êîæåí åëåìåíò N+

ìîæíà îäíîçíà÷íî çàïèñàòè ó âèãëÿäi a · m + b · n, äå 0 ≤ m ≤ 2 òà

0 ≤ n ≤ 1. Ìè âèçíà÷à¹ìî ìíîæåííÿ ∗ íà N+ çà òàáëèöåþ:

∗ 0 a a · 2 b a+ b a · 2 + b

0 0 0 0 0 0 0

a 0 a+ b a+ b 0 0 a+ b

a · 2 0 b b 0 0 b

b 0 0 0 0 0 0

a+ b 0 0 0 0 0 0

a · 2 + b 0 a · 2 + b a · 2 + b 0 0 a · 2 + b

Àíàëiçóþ÷è öþ òàáëèöþ, ëåãêî ïîáà÷èòè, ùî (N,+, ∗) � öå ìàéæå-

êiëüöå, ÿêå ¹ íàïiâäèñòðèáóòèâíèì òà íóëü-ñèìåòðè÷íèì.

Ìîíîãðàôi¨ Ïiëüöà [72], Ìåëäðóìà [64], Êëåÿ [32], Ê. Ôåððåðî òà

Ã. Ôåððåðî [41], Ëîêõàðòà [56] ïðèñâÿ÷åíi çàãàëüíié òåîði¨ ìàéæå-êiëåöü.

1.2. Ñêií÷åííi ëîêàëüíi ìàéæå-êiëüöÿ

Ìàéæå-êiëüöå R ç îäèíèöåþ íàçèâà¹òüñÿ ëîêàëüíèì, ÿêùî ïiäãðóïà

óñiõ íåîáîðîòíèõ åëåìåíòiâ iç R óòâîðþ¹ ïiäãðóïó àäèòèâíî¨ ãðóïè R.

Î÷åâèäíî, ùî êîæíå ëîêàëüíå êiëüöå R ¹ íóëü-ñèìåòðè÷íèì ëîêàëü-

íèì ìàéæå-êiëüöåì, ïiäãðóïà L ÿêîãî ñïiâïàäà¹ ç ðàäèêàëîì Äæåêîáñîíà

êiëüöÿ R.
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Íàãàäà¹ìî, ùî ÿêùî G � àäèòèâíà ãðóïà, òî ìíîæèíà âñiõ âiäîáðà-

æåíü ãðóïè G â ñåáå âiäíîñíî îïåðàöié äîäàâàííÿ âiäîáðàæåíü òà ¨õ

êîìïîçèöi¨ óòâîðþ¹ ìàéæå-êiëüöå M(G), íóëåì ÿêîãî ¹ âiäîáðàæåííÿ

o : G→ {0}, à îäèíèöåþ � òîòîæíå âiäîáðàæåííÿ ι íà ãðóïi G.

Íàñòóïíå òâåðäæåííÿ ¹ ïðèêëàäîì ëîêàëüíîãî ìàéæå-êiëüöÿ íàéìåí-

øîãî ïîðÿäêó, ùî íå ¹ êiëüöåì.

Òâåðäæåííÿ 1.21 ( [5]). Ìàéæå-êiëüöå M(G) òîäi i òiëüêè òîäi ¹

ëîêàëüíèì, êîëè G � ãðóïà ïîðÿäêó 2. Â öüîìó âèïàäêó M(G) � ëî-

êàëüíå ìàéæå-êiëüöå ïîðÿäêó 4, ÿêå íå ¹ íóëü-ñèìåòðè÷íèì, à îòæå,

íå ¹ ëîêàëüíèì êiëüöåì.

Äîñëiäæåííÿ ëîêàëüíèõ ìàéæå-êiëåöü áóëî iíiöiéîâàíî Ìåêñî-

íîì [60], ÿêèé âèçíà÷èâ ðÿä ¨õ îñíîâíèõ âëàñòèâîñòåé i, çîêðåìà, äî-

âiâ, ùî àäèòèâíà ãðóïà íóëü-ñèìåòðè÷íîãî ëîêàëüíîãî ìàéæå-êiëüöÿ ¹

p-ãðóïîþ.

Íàñëiäîê 1.22 (Corollary 7.6, [60]). Àäèòèâíà ãðóïà ñêií÷åííîãî ëîêàëü-

íîãî êiëüöÿ ¹ p-ãðóïîþ.

Ëîêàëüíi ìàéæå-êiëüöÿ áóëè äîñëiäæåíi â ðîáîòàõ Àìáåðãà, Ãóáåðòà,

Ñèñàêà [21], Ãîðîäíiêà [45], Ãóáåðòà [47], Ìåêñîíà ( [60], [61], [62], [63]),

Ðà¹âñüêî¨ I., Ðà¹âñüêî¨ Ì. òà Ñèñàêà ( [103], [107], [110]), Ôåéãåëñòîêà [40]

òà iíøèõ.

Ìåêñîí [61] îïèñàâ óñi íåiçîìîðôíi íóëü-ñèìåòðè÷íi ëîêàëüíi ìàéæå-

êiëüöÿ ç íåöèêëi÷íîþ àäèòèâíîþ ãðóïîþ ïîðÿäêó p2, ÿêi íå ¹ ìàéæå-

ïîëÿìè.

Òåîðåìà 1.23 (Theorem 1.6, [61]). Êîæíå ëîêàëüíå ìàéæå-êiëüöå ç ïî-

òóæíiñòþ p2 âèçíà÷à¹ âiäîáðàæåííÿ ρ : C(p)→ C(p), ÿêå çàäîâîëüíÿ¹

(i) ρ(x) = 0⇔ x = 0, x ∈ C(p), (1.3)

(ii) ρ ¹ ãðóïîâèì åíäîìîðôiçìîì â (C(p)→ C(p), ·).
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Íàâïàêè, ïðèïóñòèìî, ùî íàì äàíî âiäîáðàæåííÿ ρ : C(p) → C(p),

ÿêå çàäîâîëüíÿ¹ óìîâè 1.3 âèùåçàçíà÷åíî¨ òåîðåìè. Âèêîðèñòîâóþ÷è ρ,

âèçíà÷à¹ìî ìíîæåííÿ ∗ íà (N,+) ≡ (C(p) × C(p),+) íàñòóïíèì ÷è-

íîì [61]:

(x1, x2) ∗ (y1, y2) = (x1, x2)

(
y1 y2

0 ρ(y1).

)
(1.4)

Òåîðåìà 1.24 (Theorem 1.7, [61]). ßêùî ρ : C(p) → C(p) çàäîâîëüíÿ¹

óìîâè 1.3 Òåîðåìè 1.23, òî N = (C(p)×C(p),+, ∗) � ëîêàëüíå ìàéæå-

êiëüöå, äå�+� � ïî-òî÷êîâå äîäàâàííÿ, à �∗� çàäà¹òüñÿ ÿê 1.4.

Ìåêñîí [61] ïîêàçàâ, ùî ç òî÷íiñòþ äî içîìîðôiçìó iñíó¹ p−1 ëîêàëüíå

ìàéæå-êiëüöå ç åëåìåíòàðíîþ àáåëåâîþ àäèòèâíîþ ãðóïîþ ïîðÿäêó p2, â

ÿêèõ ïiäãðóïè íåîáîðîòíèõ åëåìåíòiâ ìàþòü ïîðÿäîê p, òîáòî òèõ ìàéæå-

êiëåöü, ÿêi íå ¹ ìàéæå-ïîëÿìè.

Íàñëiäîê 1.25 (Corollary 1.11, [61]). Ç òî÷íiñòþ äî içîìîðôiçìó iñíó¹

p − 1 ëîêàëüíèõ ìàéæå-êiëåöü N = (N,+, ·) ç àäèòèâíîþ ãðóïîþ, içî-

ìîðôíîþ (C(p)× C(p),+), ÿêi íå ¹ ìàéæå-ïîëÿìè.

Ðàçîì iç ôóíäàìåíòàëüíîþ ðîáîòîþ Öàññåíõàóçà [130] ïðî ìàéæå-

ïîëÿ é ðîáîòîþ Êëåÿ òà Ìàëîíå [34], öÿ ñòàòòÿ äà¹ ïîâíèé îïèñ óñiõ

íóëü-ñèìåòðè÷íèõ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó p2.

Ìåêñîí ó ñòàòòi [62] òàêîæ ïîêàçàâ, ùî êîæíà íåöèêëi÷íà àáåëåâà

p-ãðóïà ïîðÿäêó pn > 4 ¹ àäèòèâíîþ ãðóïîþ íóëü-ñèìåòðè÷íîãî ëîêàëü-

íîãî ìàéæå-êiëüöÿ, ÿêå íå ¹ êiëüöåì. Ìåêñîíîì ñôîðìóëüîâàíî ïðîáëåìó

ïîøóêó ¹äèíîãî íàáîðó âiäîáðàæåíü, ùî âèçíà÷àþòü âñi íåiçîìîðôíi ëî-

êàëüíi ìàéæå-êiëüöÿ íà öèõ ãðóïàõ. Öÿ ïðîáëåìà é äîñi çàëèøà¹òüñÿ

âiäêðèòîþ, ÿê i ïðîáëåìà âèçíà÷åííÿ êiëüêîñòi íåiçîìîðôíèõ ëîêàëüíèõ

ìàéæå-êiëåöü íà äàíié ãðóïi.

Òåîðåìà 1.26 ( [62]). Äëÿ êîæíî¨ ñêií÷åííî¨ íåöèêëi÷íî¨ àáåëåâî¨ p-

ãðóïè (G,+) ïîðÿäêó |G| > 4 iñíó¹ ëîêàëüíå ìàéæå-êiëüöå N ≡ (N,+, ·)
ç (N,+) = (G,+) òàêå, ùî N íå ¹ êiëüöåì.
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À â ñòàòòi [63] íèì æå áóëî ïîêàçàíî, ùî ãðóïà äiåäðàD4 íå ìîæå áóòè

àäèòèâíîþ ãðóïîþ ëîêàëüíîãî ìàéæå-êiëüöÿ, òà ïîáóäîâàíi ïðèêëàäè

ëîêàëüíèõ ìàéæå-êiëåöü íà íåàáåëåâèõ ãðóïàõ ïîðÿäêó pn òà åêñïîíåíòè

pn−1 äëÿ n ≥ 3 ïðè p 6= 2 òà äëÿ n ≥ 4 ïðè p = 2.

Òåîðåìà 1.27 (Theorem, [63]). Äëÿ êîæíîãî ïðîñòîãî ÷èñëà p òà êî-

æíîãî äîäàòíüîãî öiëîãî ÷èñëà n, äå n ≥ 3, ÿêùî p íåïàðíå òà n ≥ 4,

ÿêùî p = 2, iñíó¹ ëîêàëüíå ìàéæå-êiëüöå N ïîðÿäêó pn òàêå, ùî (N,+)

¹ íåàáåëåâîþ ãðóïîþ.

Íàñòóïíà ëåìà (äèâ. [21]), õàðàêòåðèçó¹ îñíîâíi âëàñòèâîñòi äîâiëü-

íèõ ñêií÷åííèõ ëîêàëüíèõ ìàéæå-êiëåöü.

Ëåìà 1.28. Íåõàé R � ñêií÷åííå ëîêàëüíå ìàéæå-êiëüöå ç îäèíèöåþ

i òà L � ïiäãðóïà â R+ âñiõ íåîáîðîòíèõ åëåìåíòiâ iç R. Òîäi R+ �

p-ãðóïà äëÿ äåÿêîãî ïðîñòîãî p, åêñïîíåíòà ÿêî¨ çáiãà¹òüñÿ ç ïîðÿäêîì

åëåìåíòà i â R+, òà âèêîíóþòüñÿ íàñòóïíi òâåðäæåííÿ:

1) L � iäåàë òà (R,R)-ïiäãðóïà â R;

2) êîæíà âëàñíà R∗-iíâàðiàíòíà ïiäãðóïà iç R+ òà êîæíèé ïðàâèé

iäåàë iç R ìiñòèòüñÿ â L;

3) ìíîæèíà i+ L óòâîðþ¹ íîðìàëüíó ñèëîâñüêó p-ïiäãðóïó ìóëüòè-

ïëiêàòèâíî¨ ãðóïè R∗.

Çàçíà÷èìî, ùî çàëèøà¹òüñÿ âiäêðèòèì ïèòàííÿ, ÿêi íåàáåëåâi p-ãðóïè

ìîæóòü áóòè àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü.

ßê áóëî ïîêàçàíî Ôàéãåëñòîêîì [40], äëÿ êîæíîãî ïðîñòîãî ÷èñëà p

òà êîæíîãî öiëîãî n ç n> p iñíó¹ ãðóïà G ïîðÿäêó pn, ÿêà íå ìîæå áóòè

àäèòèâíîþ ãðóïîþ ëîêàëüíîãî ìàéæå-êiëüöÿ.

Òåîðåìà 1.29 (Theorem 8, [40]). Äëÿ êîæíîãî ïðîñòîãî ÷èñëà p òà

êîæíîãî öiëîãî ÷èñëà n> p iñíó¹ òàêà ãðóïà G ïîðÿäêó pn, ùî G íå ¹

àäèòèâíîþ ãðóïîþ ëîêàëüíîãî ìàéæå-êiëüöÿ.
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Îñêiëüêè êîæíà ñêií÷åííà àáåëåâà p-ãðóïà ¹ àäèòèâíîþ ãðóïîþ ëî-

êàëüíîãî ìàéæå-êiëüöÿ, òî íàñòóïíèì êðîêîì ¹ õàðàêòåðèçàöiÿ ëîêàëü-

íèõ ìàéæå-êiëåöü íà ìiíiìàëüíèõ íåàáåëåâèõ p-ãðóïàõ.

Ðà¹âñüêà I., Ñèñàê [102] êëàñèôiêóâàëè ìåòàöèêëi÷íi p-ãðóïè

Ìiëëåðà�Ìîðåíî, ÿêi âèñòóïàþòü ÿê àäèòèâíi ãðóïè ñêií÷åííèõ ëîêàëü-

íèõ ìàéæå-êiëåöü.

Îòðèìàíî íåîáõiäíi óìîâè, ïðè ÿêèõ ãðóïà G(pm, pn) ¹ àäèòèâíîþ

ãðóïîþ äåÿêîãî ëîêàëüíîãî ìàéæå-êiëüöÿ.

Òåîðåìà 1.30 (Theorem 1, [102]). Íåõàé R � ëîêàëüíå ìàéæå-

êiëüöå, àäèòèâíà ãðóïà R+ ÿêîãî içîìîðôíà ãðóïi G(pm, pn). Òîäi

R+ = <a> + <b>, îäèí iç åëåìåíòiâ a, b ¹ îäèíè÷íèì åëåìåíòîì

â R òà âèêîíóþòüñÿ íàñòóïíi òâåðäæåííÿ:

1) apm = bpn = 0 òà a+ b = b+ a(1 + pm−1);

2) ÿêùî a � îäèíè÷íèé åëåìåíò â R, òî pm+n> 8 ç m> n,

L = <a · p> + <b> òà R∗ = {ax1 + bx2 | x1 6≡ 0 (mod p)};

3) ÿêùî b � îäèíè÷íèé åëåìåíò â R, òî p = 2 ç m ≤ n,

L = <a> + <b · 2> òà R∗ = {ax1 + bx2 | x2 ≡ 1 (mod 2)}.

Ðà¹âñüêà I., Ñèñàê [102] îäåðæàëè íàñòóïíi ôîðìóëè äëÿ äîáóòêó xy

äîâiëüíèõ åëåìåíòiâ x = ax1 + bx2 òà y = ay1 + by2 ìàéæå-êiëüöÿ R ç

òåîðåìè 1.30.

Íàñëiäîê 1.31 (Corollary 2, [102]). ßêùî a � îäèíè÷íèé åëåìåíò â R

òà xb = aα(x) + bβ(x), òî

xy = a(x1y1 + α(x)y2 − x1x2
(
y1
2

)
pm−1) + b(x2y1 + β(x)y2),

äå âiäîáðàæåííÿ α : R→ Zpm òà β : R→ Zpn çàäîâîëüíÿþòü óìîâàì:
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(0) α(0) ≡ 0 ( mod pm) òà β(0) ≡ 0 ( mod pn) òîäi i òiëüêè òîäi, êîëè

ìàéæå-êiëüöå R ¹ íóëü-ñèìåòðè÷íèì;

(1) α(a) ≡ 0 ( mod pm) òà β(a) ≡ 1 ( mod pn);

(2) α(x) ≡ 0 ( mod pm−n);

(3) x1(β(x)− 1) ≡ 0 ( mod p );

(4) α(xy) ≡ x1α(y) + α(x)β(y)− x1x2
(
α(y)
2

)
pm−1 ( mod pm);

(5) β(xy) ≡ x2α(y) + β(x)β(y) ( mod pn).

Íàñëiäîê 1.32 (Corollary 3, [102]). ßêùî b � îäèíè÷íèé åëåìåíò â R

òà xa = aα(x) + bβ(x), òî

xy = a(α(x)y1 + x1y2 − x1x2
(
y2
2

)
2m−1) + b(β(x)y1 + x2y2),

äå âiäîáðàæåííÿ α : R→ Z2m òà β : R→ Z2n çàäîâîëüíÿþòü óìîâàì:

(0) α(0) ≡ 0 ( mod 2m) òà β(0) ≡ 0 ( mod 2n) òîäi i òiëüêè òîäi, êîëè

ìàéæå-êiëüöå R ¹ íóëü-ñèìåòðè÷íèì;

(1) α(b) ≡ 1 ( mod 2m) òà β(b) ≡ 0 ( mod 2n);

(2) β(x) ≡ 0 ( mod 2n−m+1);

(3) α(x) ≡ 0 ( mod 2 ) òîäi i òiëüêè òîäi, êîëè x2 ≡ 0 ( mod 2 );

(4) α(xy) ≡ α(x)α(y) + x1β(y)− x1x2
(
β(y)
2

)
2m−1 ( mod 2m);

(5) β(xy) ≡ β(x)α(y) + x2β(y) ( mod 2n).

Íàñòóïíà òåîðåìà ïîêàçó¹, ùî íàâåäåíi â òåîðåìi 1.30 íåîáõiäíi óìîâè

iñíóâàííÿ ñêií÷åííîãî ëîêàëüíîãî ìàéæå-êiëüöÿ ç àäèòèâíîþ ãðóïîþ,

içîìîðôíîþ ãðóïi G(pm, pn), ¹ i äîñòàòíiìè. Öå çàâåðøó¹ êëàñèôiêàöiþ

âñiõ ìåòàöèêëi÷íèõ ãðóï Ìiëëåðà�Ìîðåíî, ÿêi ¹ àäèòèâíèìè ãðóïàìè

ëîêàëüíèõ ìàéæå-êiëåöü.
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Òåîðåìà 1.33 (Theorem 2, [102]). Äëÿ äîâiëüíîãî ïðîñòîãî ÷èñëà p òà

íàòóðàëüíèõ ÷èñåë m, n òàêèõ, ùî àáî pm+n> 8 òà m> n àáî p = 2 òà

1 <m ≤ n, iñíó¹ ëîêàëüíå ìàéæå-êiëüöå R, àäèòèâíà ãðóïà R+ ÿêîãî

içîìîðôíà ãðóïi G(pm, pn).

Ðà¹âñüêà I., Ðà¹âñüêà Ì., Ñèñàê [12] äîâåëè, ùî äîâiëüíà íåìå-

òàöèêëi÷íà p-ãðóïà Ìiëëåðà�Ìîðåíî ïîðÿäêó pn > 8 ¹ àäèòèâíîþ

ãðóïîþ äåÿêîãî ëîêàëüíîãî ìàéæå-êiëüöÿ, ïðè÷îìó ìóëüòèïëiêàòèâ-

íà ãðóïà êîæíîãî òàêîãî ìàéæå-êiëüöÿ ìà¹ ïîðÿäîê pn−1(p − 1). Òà-

êîæ äîñëiäæåíî âëàñòèâîñòi àäèòèâíî¨ ïiäãðóïè L íåîáîðîòíèõ åëåìåí-

òiâ ëîêàëüíîãî ìàéæå-êiëüöÿ R ç íåìåòàöèêëi÷íîþ àäèòèâíîþ ãðóïîþ

Ìiëëåðà�Ìîðåíî. Àäèòèâíà ãðóïà R+ ìàéæå-êiëüöÿ R içîìîðôíà ãðóïi

G(pm, pn, p) äëÿ ïiäõîäÿùèõ ïðîñòîãî p òà íàòóðàëüíèõ ÷èñåë m òà n.

Òîìó R+ =<a> + <b> + <c> ç åëåìåíòîì a, ÿêèé ñïiâïàäà¹ ç îäèíè-

÷íèì åëåìåíòîì ìàéæå-êiëüöÿ R, òà åëåìåíòàìè b, c, ùî çàäîâîëüíÿþòü

ñïiââiäíîøåííÿì apm = bpn = 0, −b+ a+ b = a+ c òà −b+ c+ b = c.

Òåîðåìà 1.34 (Òåîðåìà 2, [12]). Ìàþòü ìiñöå íàñòóïíi òâåðäæåííÿ:

1. L =<a · p> + <b> + <c> i, çîêðåìà, L � ïiäãðóïà iíäåêñó p â R+;

2. åëåìåíò x = ax1 + bx2 + cx3 òîäi i òiëüêè òîäi ¹ îáîðîòíèì â R,

êîëè x1 6≡ 0 ( mod p ).

Áiëüø òîãî, îòðèìàíî íàñòóïíó ôîðìóëó äëÿ äîáóòêó xy äîâiëüíèõ

åëåìåíòiâ x = ax1 + bx2 + cx3 òà y = ay1 + by2 + cy3 ëîêàëüíîãî ìàéæå-

êiëüöÿ R.

Íàñëiäîê 1.35 (Íàñëiäîê 2, [12]). ßêùî x, y ∈ R òà

xb = aα(x) + bβ(x) + cγ(x),

òî

xy = a(x1y1 + α(x)y2) + b(x2y1 + β(x)y2)+
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+c(−x1x2
(
y1
2

)
+ x3y1 + γ(x)y2 + x1β(x)y3),

ïðè÷îìó äëÿ âiäîáðàæåíü α : R → Zpm, β : R → Zpn òà γ : R → Zp
âèêîíóþòüñÿ íàñòóïíi òâåðäæåííÿ:

(0) α(0) ≡ 0 ( mod pm), β(0) ≡ 0 ( mod pn) òà γ(0) ≡ 0 ( mod p) òîäi

i òiëüêè òîäi, êîëè ìàéæå-êiëüöå R ¹ íóëü-ñèìåòðè÷íèì;

(1) α(x) ≡ 0 ( mod p);

(2) ÿêùî β(x) ≡ 0 ( mod p), òî x1 ≡ 0 ( mod p);

(3) α(xy) ≡ x1α(y) + α(x)β(y) ( mod pm );

(4) β(xy) ≡ x2α(y) + β(x)β(y) ( mod pn );

(5) γ(xy) ≡ γ(x)β(y) + x1β(x)γ(y)− x1x2
(
α(y)
2

)
( mod p).

Çîêðåìà, ÿêùî α(x) ≡ pkx2 ( mod pm), β(x) ≡ x1 ( mod pn) òà γ(x) ≡
0 ( mod p) ç m− n < k ≤ m, òî îòðèìó¹ìî íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 1.36 (Òåîðåìà 3, [12]). Â àäèòèâíî çàïèñàíié ãðóïi

G = G(pm, pn, p) îïåðàöiÿ �·�, çàäàíà ÿê

x · y = a(x1y1 + pkx2y2) + b(x2y1 + x1y2)+

+c(−x1x2
(
y1
2

)
+ x3y1 + x21y3)

¹ àñîöiàòèâíîþ òà ëiâî-äèñòðèáóòèâíîþ ïî âiäíîøåííþ äî îïåðàöi¨

�+� ãðóïè G òà âèçíà÷à¹ äåÿêå íóëü-ñèìåòðè÷íå ëîêàëüíå ìàéæå-

êiëüöå (G,+, ·) ç îäèíè÷íèì åëåìåíòîì a.

Äëÿ êîæíîãî ïðîñòîãî p, ìåòàöèêëi÷íà p-group G ¹ ðîçùåïëþâàíîþ,

òîäi i òiëüêè òîäi, êîëè ðîçêëàäà¹òüñÿ â ïðÿìèé äîáóòîê G = 〈a〉 o 〈b〉
öèêëi÷íî¨ íîðìàëüíî¨ ïiäãðóïè 〈a〉 i öèêëi÷íî¨ ïiäãðóïè 〈b〉.

Ó ñòàòòi [103] êëàñèôiêîâàíî ðîçùåïëþâàíi ìåòàöèêëi÷íi ãðóïè, ÿêi ¹

àäèòèâíèìè ãðóïàìè ñêií÷åííèõ ëîêàëüíèõ ìàéæå-êiëåöü.



76

Íàñòóïíà êîðèñíà õàðàêòåðèçàöiÿ íåàáåëåâèõ ðîçùåïëþâàíèõ ìåòà-

öèêëi÷íèõ p-ãðóï çãiäíî Á. Êiíã (äèâ. [51], Theorem 3.2 òà Propositi-

on 4.10).

Òâåðäæåííÿ 1.37 (Proposition 1, [103]). Íåõàé G = 〈a〉 o 〈b〉 ¹ íåà-

áåëåâîþ ðîçùåïëþâàíîþ ìåòàöèêëi÷íîþ p-ãðóïîþ ç ap
m

= bp
n

= 1 äëÿ

äåÿêèõ äîäàòíiõ öiëèõm òà n. Òîäi åêñïîíåíòà G äîðiâíþ¹ max{pm, pn}
i âèêîíó¹òüñÿ îäíå ç íàñòóïíèõ òâåðäæåíü :

I. b−1ab = a1+p
m−r

ç 1 ≤ r < min{m,n+ 1} i r < m− 1 äëÿ p = 2;

II. p = 2 i b−1ab = a−1+2m−r

ç 0 ≤ r < min{m− 1, n+ 1}.

Íåõàé ãðóïà G, ùî çàäîâîëüíÿ¹ îäíå ç òâåðäæåíü I àáî II ïðîïîçè-

öi¨ 1.37 áóäåìî ïîçíà÷àòè ÷åðåç G(pm, pn, r) àáî G(2m, 2n,−r), âiäïîâiäíî.

Òåîðåìà 1.38 (Theorem 1, [103]). Íåõàé R ¹ ëîêàëüíèì ìàéæå-êiëüöåì

àäèòèâíà ãðóïà R+, ÿêîãî ¹ içîìîðôíîþ ãðóïi G(pm, pn, r). Òîäi R+ =

〈a〉+ 〈b〉, îäèí ç åëåìåíòiâ a ÷è b çáiãà¹òüñÿ ç îäèíè÷íèì åëåìåíòîì

â R i âèêîíóþòüñÿ íàñòóïíi òâåðäæåííÿ:

1) apm = bpn = 0 òà a+ b = b+ a(1 + pm−r) ç

1 ≤ r < min{m,n+ 1} òà r < m− 1 äëÿ p = 2;

2) ÿêùî a ¹ îäèíèöåþ â R, òîäi m ≥ n + r ≥ 2r, L = 〈ap〉+ 〈b〉 òà
R∗ = {ax1 + bx2 | x1 6≡ 0 ( mod p )};

3) ÿêùî b ¹ îäèíèöåþ â R, òîäi p = 2 < m ≤ n, r = 1, L = 〈a〉+ 〈b2〉
òà R∗ = {ax1 + bx2 | x2 ≡ 1 ( mod 2 )}.

Ðà¹âñüêà I., Ðà¹âñüêà Ì., Ñèñàê [102] îòðèìàëè íàñòóïíi ôîðìóëè

ìíîæåííÿ áóäü-ÿêèõ äâîõ åëåìåíòiâ x = ax1 + bx2 òà y = ay1 + by2 â ëî-

êàëüíîìó ìàéæå-êiëüöi R, àäèòèâíà ãðóïà ÿêîãî içîìîðôíà G(pm, pn, r).
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Íàñëiäîê 1.39 (Corollary 2, [103]). ßêùî a ¹ îäèíèöåþ â R i

xb = aα(x) + bβ(x), òî m ≥ n+ r ≥ 2r i

xy = a(x1y1 + α(x)y2 − x1x2
(
y1
2

)
pm−r) + b(x2y1 + β(x)y2)

ç êîåôiöi¹íòàìè α(x) òà β(x), ùî çàäîâîëüíÿþòü íàñòóïíi óìîâè:

(0) α(0) = β(0) = 0 òîäi i òiëüêè òîäi, êîëè ìàéæå-êiëüöå R ¹ íóëü-

ñèìåòðè÷íèì;

(1) α(a) = 0 i β(a) = 1;

(2) α(x) ≡ 0 ( mod pm−n);

(3) x1(β(x)− 1) ≡ 0 ( mod pr );

(4) α(xy) = x1α(y) + α(x)β(y)− x1x2
(
α(y)
2

)
pm−r;

(5) β(xy) = x2α(y) + β(x)β(y).

Íàñëiäîê 1.40 (Corollary 3, [103]). ßêùî b ¹ îäèíèöåþ â R i

xa = aα(x) + bβ(x), òî p = 2 < m ≤ n, r = 1 òà

xy = a[α(x)y1 + x1j(t
x2, y2)] + b(β(x)y1 + x2y2)

ç êîåôiöi¹íòàìè α(x) òà β(x), ùî çàäîâîëüíÿþòü íàñòóïíi óìîâè:

(0) α(0) = β(0) = 0;

(1) α(b) = 1 òà β(b) = 0;

(2) β(x) ≡ 0 ( mod 2n−m+1);

(3) α(x)(1− x2) ≡ 0 ( mod 2 );

(4) α(xy) = α(x)α(y) + x1j(t
x2, β(y));

(5) β(xy) = β(x)α(y) + x2β(y).
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Íàñòóïíà òåîðåìà äà¹ äîñòàòíi óìîâè äëÿ iñíóâàííÿ ñêií÷åí-

íèõ ëîêàëüíèõ ìàéæå-êiëåöü, àäèòèâíà ãðóïà ÿêèõ içîìîðôíà ãðóïi

G(pm, pn, r). Ðàçîì ç òåîðåìàìè 1.38 òà 1.42 öå çàâåðøó¹ íàøó êëàñèôiêà-

öiþ âñiõ ðîçùåïëþâàíèõ ìåòàöèêëi÷íèõ ãðóï, ÿêi ¹ àäèòèâíèìè ãðóïàìè

ëîêàëüíèõ ìàéæå-êiëåöü.

Òåîðåìà 1.41 (Theorem 4, [103]). ßêùî m, n i r ¹ òàêèìè öiëèìè ÷è-

ñëàìè r+ 1 < m ≤ n òà 0 ≤ r ≤ 1, ùî iñíó¹ ëîêàëüíå ìàéæå-êiëüöå R,

àäèòèâíà ãðóïà ÿêîãî R+ içîìîðôíà ãðóïi G(2m, 2n,−r).

Òåîðåìà 1.42 (Theorem 2, [103]). Íåõàé R ¹ ëîêàëüíèì ìàéæå-

êiëüöåì, àäèòèâíà ãðóïà ÿêîãî R+ içîìîðôíà ãðóïi G(2m, 2n,−r). Òî-
äi R+ = 〈a〉+ 〈b〉, åëåìåíò b ¹ îäèíèöåþ â R i âèêîíóþòüñÿ íàñòóïíi

òâåðäæåííÿ:

1) 2 < m ≤ n òà r = 1;

2) a2m = b2n = 0 òà a+ b = b+ a(−1 + 2m−1);

3) L = 〈a〉+ 〈b2〉 òà R∗ = {ax1 + bx2 | x2 ≡ 1 ( mod 2 )}.

Ìà¹ìî òàêó ôîðìóëó äëÿ ìíîæåííÿ áóäü-ÿêèõ äâîõ åëåìåíòiâ ó ëî-

êàëüíîìó ìàéæå-êiëüöi R, àäèòèâíà ãðóïà ÿêîãî içîìîðôíàG(2m, 2n,−r)
â [103].

Íàñëiäîê 1.43 (Corollary 4, [103]). ßêùî x = ax1 + bx2 i y = ay1 + by2

¹ åëåìåíòàìè â R, òî

xy = a(α(x)y1 + x1j(t
x2, y2)) + b(β(x)y1 + x2y2)

ç êîåôiöi¹íòàìè α(x) i β(x) çàäîâîëüíÿþòü íàñòóïíi óìîâè:

(0) α(0) = β(0) = 0;

(1) α(b) = 1 i β(b) = 0;
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(2) β(x) ≡ 0 ( mod 2n−1 );

(3) α(xy) =

{
α(x)α(y) + x1β(y), ÿêùî m = n òà x2 ≡ 0 ( mod 2 ),òà

α(x)α(y), iíàêøå;

(4) β(xy) = β(x)α(y) + x2β(y).

Òåîðåìà 1.44 (Theorem 3, [103]). Äëÿ êîæíîãî ïðîñòîãî ÷èñëà p òà

òàêèõ äîäàòíiõ öiëèõ m, n, ùî àáî m ≥ n + r ≥ 2r + [2p ], àáî p = 2,

2 < m ≤ n òà r = 1 iñíó¹ ëîêàëüíå ìàéæå-êiëüöå R, àäèòèâíà ãðóïà

ÿêîãî R+ içîìîðôíà ãðóïi G(pm, pn, r).

Â [88] äîâåäåíî, ùî äëÿ p > 2 êîæíà ñêií÷åííà íåìåòàöèêëi÷íà 2-

ïîðîäæåíà p-ãðóïà íiëüïîòåíòíîñòi êëàñó 2 ç öèêëi÷íîþ êîìóòàòîðíîþ

ïiäãðóïîþ ¹ àäèòèâíîþ ãðóïîþ ëîêàëüíîãî ìàéæå-êiëüöÿ òà, çîêðåìà,

ìàéæå-êiëüöÿ ç îäèíèöåþ. Òàêîæ ïîêàçàíî, ùî ïiäãðóïà âñiõ íåîáîðî-

òíèõ åëåìåíòiâ öüîãî ìàéæå-êiëüöÿ ìà¹ iíäåêñ p ó ñâî¨é àäèòèâíié ãðóïi.

Íåõàé a òà b áóäóòü òâiðíèìè äëÿ G òàêèìè, ùî G/G′ = 〈aG′〉×〈bG′〉,
aG′ ìà¹ ïîðÿäîê pm òà bG′ ìà¹ ïîðÿäîê pn. Òîäi c = [a, b] ïîðîäæó¹ G′, c

ìà¹ ïîðÿäîê pd ç 1 ≤ d ≤ n ≤ m, òà

c ∈ Z(G) = 〈apm, bpn, c〉.

Ïðèïóñòèìî, ùî 〈a〉 ∩G′ = 〈b〉 ∩G′ = 1. Òîäi

G = 〈a, b, c|apm = bp
n

= cp
d

= 1, ab = ac, ca = cb = c〉

i êîæåí åëåìåíò G ìîæíà îäíîçíà÷íî çàïèñàòè ó âèãëÿäi ax1bx2cx3,

x1 ∈ Cpm, x2 ∈ Cpn, x3 ∈ Cpd. Òîìó ãðóïó G ç p > 2 ïîçíà÷àòèìåìî

ÿê G(pm, pn, pd).

Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ç îäèíèöåþ i, ãðóïà R+ ÿêîãî

içîìîðôíà ãðóïi G(pm, pn, pd). Òîäi R+ = 〈a〉+ 〈b〉+ 〈c〉 ç åëåìåíòàìè

a, b òà c, ùî çàäîâîëüíÿþòü ñïiââiäíîøåííÿ apm = bpn = cpd = 0,

−b + a + b = a + c òà −a + c + a = −b + c + b = c ç 1 ≤ d ≤ n ≤ m,
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äå a = i òà êîæåí åëåìåíò x ∈ R îäíîçíà÷íî çàïèñó¹òüñÿ ó âèãëÿ-

äi x = ax1 + bx2 + cx3 ç êîåôiöi¹íòàìè 0 ≤ x1 < pm, 0 ≤ x2 < pn òà

0 ≤ x3 <p
d.

Ïîêàçàíî â [88], ùî ìíîæèíà L óñiõ íåîáîðîòíèõ åëåìåíòiâ R ¹ ïiä-

ãðóïîþ iíäåêñó p â R+.

Òåîðåìà 1.45 (Theorem 2, [88]). Ìàþòü ìiñöå òàêi òâåðäæåííÿ:

1. L = 〈a · p〉+ 〈b〉+ 〈c〉 i, çîêðåìà, ïiäãðóïà L ìà¹ iíäåêñ p â R+ òà

|R∗| = pm+n+d−1(p− 1);

2. x = ax1 + bx2 + cx3 ¹ îáîðîòíèì åëåìåíòîì òîäi i òiëüêè òîäi,

êîëè x1 6≡ 0 ( mod p ).

Îòðèìó¹ìî íàñòóïíó ôîðìóëó äëÿ ìíîæåííÿ åëåìåíòiâ x = ax1 +

bx2 + cx3 òà y = ay1 + by2 + cy3 ó ëîêàëüíîìó ìàéæå-êiëüöi R.

Íàñëiäîê 1.46 (Corollary 2, [88]). ßêùî x, y ∈ R ç 1 ≤ d ≤ n ≤ m i

xb = aα(x) + bβ(x) + cγ(x), òî

xy = a(x1y1 + y2α(x)) + b(x2y1 + y2β(x)) + c(−x1x2
(
y1
2

)

−
(
y2
2

)
α(x)β(x)− x2y1y2α(x) + x3y1 + y2γ(x) + x1y3β(x)− x2y3α(x)),

äå âiäîáðàæåííÿ α : R → Zpm, β : R → Zpn i γ : R → Zpd, òà ìàþòü

ìiñöå íàñòóïíi òâåðäæåííÿ:

(0) α(0) ≡ 0 ( mod pm), β(0) ≡ 0 ( mod pn) and γ(0) ≡ 0 ( mod pd) òîäi

i òiëüêè òîäi, êîëè ìàéæå-êiëüöå R ¹ íóëü-ñèìåòðè÷íèì;

(1) α(x) ≡ 0 ( mod p);

(2) ÿêùî β(x) ≡ 0 ( mod p), òî x1 ≡ 0 ( mod p);

(3) α(xy) ≡ x1α(y) + α(x)β(y) ( mod pm );
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(4) β(xy) ≡ x2α(y) + β(x)β(y) ( mod pn );

(5) γ(xy) ≡ −x1x2
(
α(y)
2

)
− α(x)β(x)

(
β(y)
2

)
− x2α(x)α(y)β(y)

+x3α(y) + γ(x)β(y) + x1β(x)γ(y)− x2α(x)γ(y) ( mod pd ).

Íàñòóïíà òåîðåìà ïîêàçó¹, ùî óìîâè, íàâåäåíi â òåîðåìi 1.45, ¹ äîñòà-

òíiìè äëÿ iñíóâàííÿ ñêií÷åííèõ ëîêàëüíèõ ìàéæå-êiëåöü íàG(pm, pn, pd).

Áiëüø òîãî, êîæíà ãðóïà G(pm, pn, pd) ¹ àäèòèâíîþ ãðóïîþ ìàéæå-êiëüöÿ

ç îäèíèöåþ.

Òåîðåìà 1.47 (Theorem 3, [88]). Äëÿ êîæíîãî ïðîñòîãî ÷èñëà p òà

äîäàòíèõ öiëèõ ÷èñåëm, n òà d ç 1 ≤ d ≤ n ≤ m iñíó¹ ëîêàëüíå ìàéæå-

êiëüöå R, àäèòèâíà ãðóïà ÿêîãî R+ içîìîðôíà ãðóïi G(pm, pn, pd).

ßê íàñëiäîê ìà¹ìî íàñòóïíå òâåðäæåííÿ.

Íàñëiäîê 1.48 (Corollary 6, [88]). Êîæíà ãðóïà G(pm, pn, pd) ¹ àäèòèâ-

íîþ ãðóïîþ ìàéæå-êiëüöÿ ç îäèíèöåþ.

Îñíîâíi ðåçóëüòàòè, ùî ñòîñóþòüñÿ ëîêàëüíèõ ìàéæå-êiëåöü, ïiäñó-

ìîâàíi â îãëÿäàõ [122], [7] òà [100].

Íàñòóïíà òåîðåìà îïèñó¹ óìîâè, çà ÿêèõ ìàéæå-êiëüöå Nr =

(G, ·, ?F ), ïîáóäîâàíå íà G ìîíî¨äîì F , ¹ ëîêàëüíèì.

Òåîðåìà 1.49 (Theorem 2, [115]). Íåõàé ãðóïà G, ¨¨ åëåìåíò g òà ïiä-

ìîíî¨ä F ç EndG çàäîâîëüíÿþòü Òåîðåìó 7.1 i íåõàé A = F ∩ AutG.

Ìàéæå-êiëüöå Nr = (G, ·, ?F ) ¹ ëîêàëüíèì òîäi é òiëüêè òîäi, êîëè

iñíó¹ ïiäãðóïà L ãðóïè G òàêà, ùî G = gA ∪ L òà gA ∩ L = ∅.

Ðåçóëüòàòè ç òåîði¨ ìàéæå-êiëåöü, çîêðåìà, ëîêàëüíèõ ìàéæå-êiëåöü,

ìîæóòü ìàòè çàñòîñóâàííÿ â ïîáóäîâi êðèïòîãðàôi÷íèõ ñõåì i êîäóâàííi

(äèâ., íàïðèêëàä, [38], [39], [22], [68]).
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1.3. Ñèñòåìà êîìï'þòåðíî¨ àëãåáðè GAP

Ðîçðîáêà ñèñòåìè êîìï'þòåðíî¨ àëãåáðè GAP [43], íàçâà ÿêî¨ ðîç-

øèôðîâó¹òüñÿ ÿê �Groups, Algorithms and Programming�, áóëà ðîçïî-

÷àòà â 1986 ðîöi â ìiñòi Ààõåí, Íiìå÷÷èíà. Ïîòî÷íà âåðñiÿ ñèñòåìè �

GAP 4.13.0. Ñèñòåìà GAP ¹ âiëüíî ðîçïîâñþäæóâàëüíîþ, âiäêðèòîþ òà

ðîçøèðþâàíîþ.

Ñòðóêòóðà GAP (äèâ., íàïðèêëàä, [18])

GAP ìà¹ ÿäðî, íàïèñàíå íà ìîâi ïðîãðàìóâàííÿ C. ßäðî ðåàëiçó¹

� ìîâó GAP,

� iíòåðàêòèâíå ñåðåäîâèùå äëÿ ðîçðîáêè òà âèêîðèñòàííÿ ïðîãðàì

GAP,

� êåðóâàííÿ ïàì'ÿòòþ òà

� øâèäêi âåðñi¨ êðèòè÷íî âàæëèâèõ îïåðàöié äëÿ ðiçíèõ òèïiâ äàíèõ.

Â ÿäði ïðîãðàìè ìiñòèòüñÿ áiáëiîòåêà SmallGroup ãðóï ïîðÿäêó äî

2000 (äèâ., íàïðèêëàä, [120]). Ãðóïè âiäñîðòîâàíi çà ïîðÿäêîì i ïåðå-

ëi÷åíi äî içîìîðôiçìó; òîáòî äëÿ êîæíîãî ç äîñòóïíèõ ïîðÿäêiâ íàäà-

¹òüñÿ ñïèñîê ïðåäñòàâíèêiâ ãðóï òèïó içîìîðôiçìó. Áiáëiîòåêà ìiñòèòü

òàêi ãðóïè:

� òi, ùî ìàþòü ïîðÿäîê íå áiëüøå 2000, êðiì 1024 (423164062 ãðóïè);

� òi, ùî ìàþòü ïîðÿäîê âiëüíèé âiä êóáiâ íå áiëüøå 50000 (395703 ãðó-

ïè);

� òi, ùî ìàþòü ïîðÿäîê p7 äëÿ ïðîñòèõ ÷èñåë p = 3, 5, 7, 11

(907489 ãðóï);
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� òi, ùî ìàþòü ïîðÿäîê pn äëÿ n ≤ 6 òà âñi ïðîñòi ÷èñëà p;

� òi, ùî ìàþòü ïîðÿäîê qn · p äëÿ qn, ùî äiëÿòü 28, 36, 55 àáî 74 òà âñi

ïðîñòi ÷èñëà p ç p 6= q;

� òi, ùî ìàþòü ïîðÿäîê âiëüíèé âiä êâàäðàòiâ;

� òi, ïîðÿäîê ÿêèõ ðîçêëàäà¹òüñÿ íà ìíîæíèêè íå áiëüøå íiæ íà 3

ïðîñòi ÷èñëà.

Ïåðøi òðè åëåìåíòè ó öüîìó ñïèñêó îõîïëþþòü ÿâíèé äiàïàçîí ïî-

ðÿäêiâ; îñòàííi ÷îòèðè íàäàþòü äîñòóï äî íåñêií÷åííèõ ñiìåéñòâ ãðóï,

ùî ìàþòü ïîðÿäêè ïåâíèõ òèïiâ.

Ðàçîì iç ñèñòåìîþ ðîçïîâñþäæó¹òüñÿ áàãàòî ïàêåòiâ äëÿ íå¨, íàïðè-

êëàä (äèâ., [44]):

� AutoDoc (Ãåíåðàöiÿ äîêóìåíòàöi¨ ç âèõiäíîãî êîäó GAP),

� AutomGrp (Ãðóïè àâòîìàòiâ),

� CAP (Êàòåãîði¨, Àëãîðèòìè, Ïðîãðàìóâàííÿ),

� Circle (Ñïðÿæåíi ãðóïè ñêií÷åííèõ êiëåöü),

� Cryst (Îá÷èñëåííÿ ç êðèñòàëîãðàôi÷íèìè ãðóïàìè),

� Digraphs (Ãðàôè, äèãðàôè òà ìóëüòèäèãðàôè â GAP),

� Polycyclic (Îá÷èñëåííÿ ç ïîëiöèêëi÷íèìè ãðóïàìè),

� Semigroups (Ïàêåò äëÿ íàïiâãðóï òà ìîíî¨äiâ),

� SONATA (Ñèñòåìà ìàéæå êiëåöü òà ¨õ çàñòîñóâàííÿ),

� YangBaxter (Êîìáiíàòîðíi ðîçâ'ÿçêè äëÿ ðiâíÿííÿ ßíãà�Áàêñòåðà),

òîùî.
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Ïàêåòè ïåðåâàæíî íàïèñàíi ìîâîþ GAP, àëå äåÿêi òàêîæ ìiñòÿòü àâ-

òîíîìíi ìîäóëi. Äåÿêi ïàêåòè íàäàþòü ïîñèëàííÿ íà iíøi ñèñòåìè, íà-

ïðèêëàä:

� JupyterKernel (ÿäðî Jupyter, íàïèñàíå íà GAP),

� JupyterViz (iíñòðóìåíòè âiçóàëiçàöi¨ äëÿ Jupyter òà GAP REPL).

Ôóíêöiíàë ïðîãðàìè GAP ìiñòèòü áàãàòî ôóíêöié äëÿ àíàëiçó ñòðó-

êòóðè òà åëåìåíòiâ ãðóï, íàïiâãðóï, êiëåöü, òîùî. Íàâåäåìî äåÿêi ç öèõ

ôóíêöié (äèâ., [43]):

� AllEndomorphisms(G) (ïîâåðòà¹ âñi ãîìîìîðôiçìè ç G íà ñåáå),

� AllSubgroups(G) (äëÿ ñêií÷åííî¨ ãðóïè G ôóíêöiÿ AllSubgroups ïî-

âåðòà¹ ñïèñîê óñiõ ïiäãðóï G, ïðèçíà÷åíèé ïåðåâàæíî äëÿ âèêîðèñ-

òàííÿ â êëàñi äëÿ íåâåëèêèõ ïðèêëàäiâ),

� AutomorphismGroup(G) (ïîâåðòà¹ ïîâíó ãðóïó àâòîìîðôiçìiâ ãðóïè

G. Àâòîìîðôiçìè äiþòü íà G îïåðàòîðîì),

� ConjugacyClassesSubgroups(G, U) (öåé àòðèáóò ïîâåðòà¹ ñïèñîê óñiõ

êëàñiâ ñïðÿæåíîñòi ïiäãðóï ãðóïè G. Ïîðÿäîê, ó ÿêîìó ïåðåðàõîâàíi

êëàñè, çàëåæèòü âiä ìåòîäó, îáðàíîãî GAP),

� DerivedSubgroup(G) (êîìóòàòîð G′ ãðóïè G � öå ïiäãðóïà, ïîðîäæå-

íà âñiìà êîìóòàòîðàìè ïàð åëåìåíòiâ G. Âîíà ¹ íîðìàëüíîþ â G, à

ôàêòîð-ãðóïà G/G′ ¹ íàéáiëüøîþ àáåëåâîþ ôàêòîð-ãðóïîþ G),

� FrattiniSubgroup(G) (ïiäãðóïà Ôðàòòiíi ãðóïè G � öå ïåðåòèí óñiõ

ìàêñèìàëüíèõ ïiäãðóï G),

� FreeGroup([w�lt,]name1, name2, . . . ) (ÿêùî âèêëèêàòè ôóíêöiþ

FreeGroup ç äîäàòíèì öiëèì ÷èñëîì rank, âîíà ïîâåðòà¹ âiëüíó ãðó-

ïó íà òâiðíèõ rank. ßêùî âêàçàíî íåîáîâ'ÿçêîâèé àðãóìåíò name,
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òî òâiðíi äðóêóþòüñÿ ÿê name1, name2 òîùî, òîáòî êîæíå name ¹

êîíêàòåíàöi¹þ ðÿäêà name òà öiëîãî ÷èñëà âiä 1 äî rank. Çà çàìîâ-

÷óâàííÿì äëÿ name âèêîðèñòîâó¹òüñÿ ðÿäîê �f�),

� GroupByGenerators(gens, id) (GroupByGenerators ïîâåðòà¹ ãðóïó G,

çãåíåðîâàíó ñïèñêîì gens. ßêùî ïðèñóòíié äðóãèé àðãóìåíò id, òî

âií çáåðiãà¹òüñÿ ÿê åëåìåíò iäåíòèôiêàöi¨ ãðóïè),

� IdealByGenerators(R, gens) (ôóíêöiÿ TwoSidedIdealByGenerators ïî-

âåðòà¹ êiëüöå, çãåíåðîâàíå åëåìåíòàìè êîëåêöi¨ gens ïiä ÷àñ äîäàâà-

ííÿ, ìíîæåííÿ òà ìíîæåííÿ ç åëåìåíòàìè êiëüöÿ R çëiâà òà ñïðàâà),

� IsCommutative(M) (ìàãìàM ¹ êîìóòàòèâíîþ, ÿêùî äëÿ âñiõ åëåìåí-

òiâ a, b ∈M âèêîíó¹òüñÿ ðiâíiñòü a ∗ b = b ∗a. IsAbelian ¹ ñèíîíiìîì
IsCommutative),

� IsCyclic(G) (ãðóïà íàçèâà¹òüñÿ öèêëi÷íîþ, ÿêùî ¨¨ ìîæíà ïîðîäèòè

îäíèì åëåìåíòîì. Äëÿ öèêëi÷íî¨ ãðóïè ìîæíà îá÷èñëèòè ïîðîäæó-

þ÷ó ìíîæèíó, ùî ñêëàäà¹òüñÿ ëèøå ç îäíîãî åëåìåíòà, âèêîðèñòî-

âóþ÷è MinimalGeneratingSet),

� IsSemigroup(D) (ïîâåðòà¹ çíà÷åííÿ true, ÿêùî îá'¹êò D ¹ íàïiâãðó-

ïîþ. Íàïiâãðóïà �� öå ìàãìà ç àñîöiàòèâíèì ìíîæåííÿì),

� IsSolvableGroup(G) (ãðóïà ¹ ðîçâ'ÿçíîþ, ÿêùî ïîõiäíèé ðÿä äîñÿãà¹

òðèâiàëüíî¨ ïiäãðóïè çà ñêií÷åííó êiëüêiñòü êðîêiâ),

� IsSubgroup(G, U) (IsSubgroup ïîâåðòà¹ çíà÷åííÿ true, ÿêùî U ¹ ãðó-

ïîþ, ÿêà ¹ ïiäìíîæèíîþ äîìåíó G),

� MinimalGeneratingSet(G) (ïîâåðòà¹ ïîðîäæóþ÷ó ìíîæèíó G ìiíi-

ìàëüíî¨ ìîæëèâî¨ äîâæèíè),

� SemigroupByGenerators(gens) (¹ áàçîâîþ îïåðàöi¹þ Semigroup),
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� SubgroupsSolvableGroup(G) (Öÿ ôóíêöiÿ (ùî ðåàëiçó¹ àëãîðèòì,

îïóáëiêîâàíèé ó [48]) îá÷èñëþ¹ ïiäãðóïè ðîçâ'ÿçíî¨ ãðóïè G, âè-

êîðèñòîâóþ÷è ïðèíöèï ãîìîìîðôiçìó. Âîíà ïîâåðòà¹ ñïèñîê ïðåä-

ñòàâíèêiâ äî G-ñïðÿæåíîñòi).

Àé÷èíãåð, Áiíäåð, Åêêåð, Ìàéåð i Íèáàóåð ðîçðîáèëè ïàêåò �Systems

of nearrings and their applications� (SONATA) âåðñiÿ 2.9.7 [19] � öå ïàêåò

äëÿ ïîáóäîâè òà äîñëiäæåííÿ ñêií÷åííèõ ìàéæå-êiëåöü òà ìàéæå-êiëåöü

ç îäèíèöåþ. Â öüîìó ïàêåòi ìiñòèòüñÿ áiáëiîòåêà âñiõ 68659 ìàéæå-êiëåöü

ïîðÿäêó ìåíøèõ çà 16, òà âñiõ ìàéæå-êiëåöü ç îäèíèöåþ ïîðÿäêó ìåí-

øîãî çà 32. À òàêîæ, ðiçíîìàíiòíi ôóíêöi¨ äëÿ àíàëiçó ñòðóêòóðè òà

åëåìåíòiâ ñêií÷åííèõ ìàéæå-êiëåöü, à ñàìå (äèâ., [19]):

1) ìåòîäè äëÿ çíàõîäæåííÿ âñiõ åíäîìîðôiçìiâ çàäàíî¨ ãðóïè, à ñàìå,

Endomorphisms(nr);

2) ìåòîäè äëÿ ïîáóäîâè ìàéæå-êiëåöü ôóíêöié íà ãðóïi G òàêèõ ÿê:

� ìàéæå-êiëüöå ïîëiíîìiàëüíèõ ôóíêöié íà ãðóïi G (ó ñåíñi

Ëàóøà�Íèáàóåðà): PolynomialNearRing(G);

� ìàéæå-êiëüöÿ, ïîðîäæåíi ìîíî¨äîì åíäîìîðôiçìiâ EndG, ãðó-

ïîþ àâòîìîðôiçìiâ AutG ÷è ãðóïîþ âíóòðiøíiõ àâòîìîðôiçìiâ

InnG, à ñàìå, EndomorphismNearRing(G), AutomorphismNearRi-

ng(G), InnerAutomorphismNearRing(G);

� ìàéæå-êiëüöÿ òðàíñôîðìàöié, à ñàìå, TransformationNearRi-

ng(G); TransformationNearRingByAdditiveGenerators(G, endomapli-

st), TransformationNearRingByGenerators(G, endomaplist);

� öåíòðàëiçàòîðíi ìàéæå-êiëüöÿ, à ñàìå, CentralizerNearRing(G,

endos);

3) ðiçíîìàíiòíi ôóíêöi¨ äëÿ âèâ÷åííÿ áóäîâè ìàéæå-êiëüöÿ (éîãî ïîðÿä-
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êó, àäèòèâíèõ ïiäãðóï, iäåàëiâ, îáîðîòíèõ åëåìåíòiâ, . . . ), íàïðè-

êëàä:

� Size(nr) (ïîâåðòà¹ êiëüêiñòü åëåìåíòiâ ó ìàéæå-êiëüöi nr),

� GroupReduct(nr) (ïîâåðòà¹ ìàéæå-êiëüöå nr ÿê (ìóëüòèïëiêà-

òèâíó) ãðóïó),

� NearRingIdealByGenerators(nr, gens) (ïðèéìà¹ ÿê àðãóìåíòè

ìàéæå êiëüöå nr òà ñïèñîê gens ç äîâiëüíî¨ êiëüêîñòi åëåìåíòiâ

nr. Âîíà ïîâåðòà¹ íàéìåíøèé iäåàë nr, ùî ìiñòèòü óñi åëåìåíòè

gens),

� NearRingLeftIdealByGenerators(nr, gens) (ïðèéìà¹ ÿê àðãóìåíòè

ìàéæå êiëüöå nr òà ñïèñîê gens ç äîâiëüíî¨ êiëüêîñòi åëåìåí-

òiâ nr. Âîíà ïîâåðòà¹ íàéìåíøèé ëiâèé iäåàë nr, ùî ìiñòèòü óñi

åëåìåíòè gens),

� NearRingIdeals(nr) (îá÷èñëþ¹ âñi iäåàëè ìàéæå-êiëüöÿ nr. Ïî-

âåðíåíå çíà÷åííÿ �� öå ñïèñîê iäåàëiâ nr),

� IsNearRingLeftIdeal(I) (ìîæíà çàñòîñóâàòè äî áóäü-ÿêîãî iäåàëó

ìàéæå-êiëüöÿ. Öÿ ôóíêöiÿ ïîâåðòà¹ çíà÷åííÿ true, ÿêùî I ¹

ëiâèì iäåàëîì ó ñâî¹ìó �áàòüêiâñüêîìó� ìàéæå-êiëüöi),

� FactorNearRing(nr, I) (äëÿ ìàéæå-êiëüöÿ nr òà iäåàëó I ìàéæå-

êiëüöÿ nr ïîâåðòà¹ ôàêòîð-êiëüöå ìàéæå-êiëüöÿ nr çà ìîäóëåì

iäåàëó I),

� NearRingUnits(nr) (ïîâåðòà¹ îäèíèöi ìàéæå-êiëüöÿ nr àáî ó âè-

ãëÿäi ìóëüòèïëiêàòèâíî¨ ãðóïè, àáî ó âèãëÿäi ñïèñêó);

4) âèçíà÷åííÿ âëàñòèâîñòåé åëåìåíòiâ ìàéæå-êiëüöÿ, íàïðèêëàä,

� Distributors(nr) (åëåìåíò x ìàéæå-êiëüöÿ (N,+, ·) íàçèâà¹òüñÿ
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äèñòðèáóòèâíèì, ÿêùî

x = (n1 + n2) · n3 − (n1 · n3 + n2 · n3)

äëÿ äåÿêèõ åëåìåíòiâ n1, n2, n3 ç N . Ôóíêöiÿ Distributors

ïîâåðòà¹ ñïèñîê, ùî ìiñòèòü äèñòðèáóòèâíi åëåìåíòè ìàéæå-

êiëüöÿ nr),

� ZeroSymmetricElements(nr) (íåõàé (N,+, ·) �� ëiâå ìàéæå-

êiëüöå, i ïîçíà÷èìî ÷åðåç 0 íåéòðàëüíèé åëåìåíò (N,+). Åëå-

ìåíò n ç N íàçèâà¹òüñÿ íóëüñèìåòðè÷íèì åëåìåíòîì, ÿêùî

0 · n = 0. Ôóíêöiÿ ZeroSymmetricElements ïîâåðòà¹ ñïèñîê, ùî

ìiñòèòü íóëüñèìåòðè÷íi åëåìåíòè ìàéæå-êiëüöÿ nr),

� IdempotentElements(nr) (ïîâåðòà¹ ñïèñîê, ùî ìiñòèòü iäåìïîòåí-

òíi åëåìåíòè ìóëüòèïëiêàòèâíî¨ íàïiâãðóïè ìàéæå-êiëüöÿ nr),

� NilpotentElements(nr) (íåõàé (N,+, ·) �� ìàéæå-êiëüöå ç íóëåì

0. Åëåìåíò n ç N íàçèâà¹òüñÿ íiëüïîòåíòíèì, ÿêùî iñíó¹ äîäà-

òíå öiëå ÷èñëî k òàêå, ùî nk = 0. Ôóíêöiÿ NilpotentElements

ïîâåðòà¹ ñïèñîê ïiäñïèñêiâ äîâæèíè 2, äå ïåðøèé åëåìåíò ��

íiëüïîòåíòíèé åëåìåíò n, à äðóãèé åëåìåíò �� íàéìåíøå k òàêå,

ùî nk = 0),

� RegularElements(nr) (íåõàé (N,+, ·) �� ìàéæå-êiëüöå. Åëåìåíò
n ç N íàçèâà¹òüñÿ ðåãóëÿðíèì, ÿêùî iñíó¹ åëåìåíò x òàêèé, ùî

n · x · n = n. Ôóíêöiÿ RegularElements ïîâåðòà¹ ñïèñîê óñiõ

ðåãóëÿðíèõ åëåìåíòiâ ìàéæå-êiëüöÿ nr);

5) âèçíà÷åííÿ ÷è ¹ äâà ìàéæå-êiëüöÿ içîìîðôíèìè, íàïðèêëàä, IsI-

somorphicNearRing;

6) ôóíêöi¨ äëÿ âèçíà÷åííÿ âëàñòèâîñòåé ìàéæå-êiëüöÿ, íàïðèêëàä,
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� IsAbelianNearRing(nr) (ìàéæå-êiëüöå íàçèâà¹òüñÿ àáåëåâèì,

ÿêùî éîãî àäèòèâíà ãðóïà ¹ àáåëåâîþ. Ôóíêöiÿ IsAbelianNearRing

ïîâåðòà¹ âiäïîâiäíå ëîãi÷íå çíà÷åííÿ true àáî false),

� IsCommutative(nr) (ìàéæå-êiëüöå (N,+, ·) íàçèâà¹òüñÿ êîìóòà-

òèâíèì, ÿêùî éîãî ìóëüòèïëiêàòèâíà íàïiâãðóïà ¹ êîìóòàòèâ-

íîþ. Ôóíêöiÿ IsCommutative ïîâåðòà¹ âiäïîâiäíå çíà÷åííÿ true

àáî false),

� IsNilpotentNearRing(nr) (ìàéæå-êiëüöå N íàçèâà¹òüñÿ íiëüïî-

òåíòíèì, ÿêùî iñíó¹ äîäàòíå öiëå ÷èñëî k, òîáòî Nk = {0}.
Ôóíêöiÿ IsNilpotentNearRing ïåðåâiðÿ¹, ÷è ¹ ìàéæå-êiëüöå nr

íiëüïîòåíòíèì, i ïîâåðòà¹ âiäïîâiäíå ëîãi÷íå çíà÷åííÿ true àáî

false), òîùî.

7) ôóíêöi¨ äëÿ äëÿ ðîáîòè ç áiáëiîòåêîþ ìàéæå-êiëåöü òà ìàéæå-êiëåöü

ç îäèíèöåþ, íàïðèêëàä:

� LibraryNearRing(G, num) (îòðèìó¹ ìàéæå êiëüöå ç ôàéëiâ ái-

áëiîòåêè ìàéæå-êiëåöü. G ìà¹ áóòè ãðóïîþ ïîðÿäêó ≤ 15. num

ìà¹ áóòè öiëèì ÷èñëîì, ÿêå âêàçó¹ íîìåð êëàñó ìàéæå êiëåöü ó

âêàçàíié ãðóïi)

� AllLibraryNearRings(G) (ïîâåðòà¹ ñïèñîê óñiõ ìàéæå-êiëåöü (ó

áiáëiîòåöi), ÿêi ìàþòü ãðóïó G ÿê âêàçàíó ãðóïó),

� LibraryNearRingWithOne(G, num) (îòðèìó¹ ìàéæå êiëüöå ç ôàé-

ëiâ áiáëiîòåêè ìàéæå-êiëåöü. G ìà¹ áóòè îäíi¹þ ç ïîïåðåäíüî âè-

çíà÷åíèõ ãðóï ïîðÿäêó ≤ 31. num ìà¹ áóòè öiëèì ÷èñëîì, ÿêå

âêàçó¹ íîìåð êëàñó ìàéæå êiëåöü ç îäèíèöåþ ó âêàçàíié ãðóïi),

� AllLibraryNearRingsWithOne(G) (ïîâåðòà¹ ñïèñîê óñiõ ìàéæå-

êiëåöü ç îäèíèöåþ (ó áiáëiîòåöi), ÿêi ìàþòü ãðóïó G ÿê âêàçàíó

ãðóïó)
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� IdLibraryNearRing(nr) (ïîâåðòà¹ ïàðó [G, n] òàêó, ùî ìàéæå-

êiëüöå nr içîìîðôíå n-ìó ìàéæå-êiëüöþ áiáëiîòåêè íà ãðóïi G),

� IdLibraryNearRingWithOne(nr) (ïîâåðòà¹ ïàðó [G, n] òàêó, ùî

ìàéæå-êiëüöå nr içîìîðôíå n-ìó ìàéæå-êiëüöþ áiáëiîòåêè ç îäè-

íèöåþ íà ãðóïi G. Öþ ôóíêöiþ ìîæíà çàñòîñóâàòè ëèøå äî

ìàéæå-êiëåöü, ÿêi ìàþòü îäèíèöþ),

� IsLibraryNearRing(nr) (ïîâåðòà¹ çíà÷åííÿ true, ÿêùî íîìåð

nearring áóëî ïðî÷èòàíî ç áiáëiîòåêè nearring, òà false â iíøîìó

âèïàäêó).

Ñïèñîê óñiõ 698 íåiçîìîðôíèõ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó íå

áiëüøå 31 ìiñòÿòüñÿ â ïàêåòi SONATA. Îäíàê êëàñèôiêàöiÿ ìàéæå-êiëåöü

ïîðÿäêó 32 i âèùå âèìàãà¹ íàáàãàòî ñêëàäíiøèõ îá÷èñëåíü. Äëÿ ëîêàëü-

íèõ ìàéæå-êiëåöü âîíè áóëè ðåàëiçîâàíi â íîâîìó GAP-ïàêåòi LocalNR.

Ïîòî÷íà âåðñiÿ ïàêåòà LocalNR [111] (ùå íå ðîçïîâñþäæåíà ç GAP) ìiñ-

òèòü óñi 37441 ëîêàëüíå ìàéæå-êiëüöå ïîðÿäêó ùîíàéáiëüøå 361, çà âè-

íÿòêîì ïîðÿäêiâ 32, 64, 128, 243 i 256.

Íàïðèêëàä, iñíó¹ 267 íåiçîìîðôíèõ ãðóï ïîðÿäêó 64 = 25, ç ÿêèõ 53

¹ 2-ïîðîäæåíèìè ãðóïàìè, i ëèøå 24 ç öèõ ãðóï ¹ àäèòèâíèìè ãðóïàìè

ëîêàëüíèõ ìàéæå-êiëåöü òà êëàñèôiêîâàíî öi ìàéæå-êiëüöÿ (äèâ. [100,

106]).

Íåõàé [n, i] � i-òà ãðóïà ïîðÿäêó n ó áiáëiîòåöi SmallGroups ó GAP.

Ïîçíà÷èìî ÷åðåç n(G) � êiëüêiñòü óñiõ íåiçîìîðôíèõ ëîêàëüíèõ

ìàéæå-êiëåöü R, àäèòèâíà ãðóïà ÿêèõ R+ içîìîðôíà ãðóïi G.

Òåîðåìà 1.50 (Theorem 25, [100]). Íàñòóïíi 2-ïîðîäæåííi ãðóïè G ¹

àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó 64:

� IdGroup(G) = [64, 2], G ∼= C8 × C8 òà n(G) = 1683;

� IdGroup(G) = [64, 3], G ∼= C8 o C8 òà n(G) = 1628;
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� IdGroup(G) = [64, 4], G ∼= ((C8×C2)oC2)oC2 òà n(G) = 167245;

� IdGroup(G) = [64, 5], G ∼= (C4 × C2) o C8 òà n(G) = 118190;

� IdGroup(G) = [64, 10], G ∼= (C8 o C4) o C2 òà n(G) = 7424;

� IdGroup(G) = [64, 12], G ∼= (C4 o C8) o C2 òà n(G) = 5633;

� IdGroup(G) = [64, 14], G ∼= (C2 × C2).((C4 × C2) o C2) òà n(G) =

5520;

� IdGroup(G) = [64, 15], G ∼= C8 o C8 òà n(G) = 2384;

� IdGroup(G) = [64, 16], G ∼= C8 o C8 òà n(G) = 2384;

� IdGroup(G) = [64, 17], G ∼= (C8 × C2) o C4 òà n(G) = 433060;

� IdGroup(G) = [64, 23], G ∼= (C4×C2×C2)oC4 òà n(G) = 111758;

� IdGroup(G) = [64, 24], G ∼= (C8 o C2) o C4 òà n(G) = 109189;

� IdGroup(G) = [64, 26], G ∼= C16 × C4 òà n(G) = 11467;

� IdGroup(G) = [64, 27], G ∼= C16 o C4 òà n(G) = 11467;

� IdGroup(G) = [64, 29], G ∼= (C16 × C2) o C2 òà n(G) = 28185;

� IdGroup(G) = [64, 30], G ∼= (C16 o C2) o C2 òà n(G) = 4433;

� IdGroup(G) = [64, 34], G ∼= (((C4×C2)oC2)oC2)oC2 òà n(G) =

16177;

� IdGroup(G) = [64, 35], G ∼= (C4 × C4) o C4 òà n(G) = 15504;

� IdGroup(G) = [64, 36], G ∼= (C2.((C4 ×C2) oC2) òà n(G) = 15761;

� IdGroup(G) = [64, 37], G ∼= C2.(((C4 × C2) o C2) o C2) òà n(G) =

15920;
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� IdGroup(G) = [64, 44], G ∼= C4 o C16 òà n(G) = 28500;

� IdGroup(G) = [64, 45], G ∼= C8.D8 = C4.(C8 ×C2) òà n(G) = 1920;

� IdGroup(G) = [64, 50], G ∼= C32 × C2 òà n(G) = 257;

� IdGroup(G) = [64, 51], G ∼= C32 o C2 òà n(G) = 257.

Iñíó¹ 15 íåiçîìîðôíèõ ãðóï ïîðÿäêó 81 = 34, ç ÿêèõ 9 ¹ àäèòèâíèìè

ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü. Íàñòóïíà òåîðåìà îïèñó¹ 2-ïîðîäæåíi

ãðóïè ïîðÿäêó 243 = 35 ç öi¹þ âëàñòèâiñòþ. Çîêðåìà, ñåðåä 29 íåiçîìîð-

ôíèõ 2-ïîðîäæåíèõ ãðóï öüîãî ïîðÿäêó ëèøå 10 ¹ òàêèìè àäèòèâíèìè

ãðóïàìè.

Òåîðåìà 1.51 (Theorem 2, [107]). Íåõàé n(G) êiëüêiñòü óñiõ íåiçî-

ìîðôíèõ ëîêàëüíèõ ìàéæå-êiëåöü R àäèòèâíà ãðóïà R+ ÿêèõ içîìîð-

ôíà ãðóïi G. ßêùî n(R∗) ¹ êiëüêiñòþ öèõ ìàéæå-êiëåöü, äëÿ ÿêèõ

IdGroup(R∗) ¹ ôiêñîâàíèì, òî ìà¹ ìiñöå íàñòóïíå.

� IdGroup(G) = [243, 2], G ∼= (C9 × C3) o C9 òà n(G) = 119629:

� IdGroup(R∗) = [162, 32], R∗ ∼= C3×C3×D18 òà n(R∗) = 12879;

� IdGroup(R∗) = [162, 33], R∗ ∼= C3 × C9 × S3 òà n(R∗) = 3351;

� IdGroup(R∗) = [162, 35], R∗ ∼= ((C3×C3)oC3)×S3 òà n(R∗) =

87;

� IdGroup(R∗) = [162, 36], R∗ ∼= C3×((C9oC3)oC2) òà n(R∗) =

96472;

� IdGroup(R∗) = [162, 37], R∗ ∼= (C9oC3)×S3 òà n(R∗) = 6810;

� IdGroup(R∗) = [162, 51], R∗ ∼= C3×C3×C3×S3 òà n(R∗) = 30;

� IdGroup(G) = [243, 10], G ∼= C27 × C9 òà n(G) = 119298:

� IdGroup(R∗) = [162, 3], R∗ ∼= C9 ×D18 òà n(R∗) = 477;
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� IdGroup(R∗) = [162, 6], R∗ ∼= (C9 o C9) o C2 òà n(R∗) = 811;

� IdGroup(R∗) = [162, 23], R∗ ∼= C18 × C9 òà n(R∗) = 21372;

� IdGroup(R∗) = [162, 25], R∗ ∼= C2×(C9oC9) òà n(R∗) = 96531;

� IdGroup(R∗) = [162, 30], R∗ ∼= C2×((C9×C3)oC3) òà n(R∗) =

36;

� IdGroup(R∗) = [162, 31], R∗ ∼= C2×(C3.((C3×C3)oC3) = (C3×
C3).(C3 × C3)) òà n(R∗) = 27;

� IdGroup(R∗) = [162, 47], R∗ ∼= C18 × C3 × C3 òà n(R∗) = 6;

� IdGroup(R∗) = [162, 49], R∗ ∼= C6 × (C9 o C3) òà n(R∗) = 6;

� IdGroup(R∗) = [162, 50], R∗ ∼= C2×((C9×C3)oC3) òà n(R∗) =

32;

� IdGroup(G) = [243, 11], G ∼= C27 o C9 òà n(G) = 1288:

� IdGroup(R∗) = [162, 3], R∗ ∼= C9 ×D18 òà n(R∗) = 477;

� IdGroup(R∗) = [162, 6], R∗ ∼= (C9 o C9) o C2 òà n(R∗) = 811;

� IdGroup(G) = [243, 12], G ∼= (C27 × C3) o C3 òà n(G) = 29989:

� IdGroup(R∗) = [162, 33], R∗ ∼= C3 ×C9 × S3 òà n(R∗) = 10306;

� IdGroup(R∗) = [162, 37], R∗ ∼= (C9oC3)×S3 òà n(R∗) = 19683;

� IdGroup(G) = [243, 13], G ∼= ((C9×C3)oC3)oC3 òà n(G) = 139672:

� IdGroup(R∗) = [162, 32], R∗ ∼= C3×C3×D18 òà n(R∗) = 2430;

� IdGroup(R∗) = [162, 33], R∗ ∼= C3 × C9 × S3 òà n(R∗) = 90;

� IdGroup(R∗) = [162, 34], R∗ ∼= C3× (((C3×C3)oC3)oC2) òà

n(R∗) = 81811;

� IdGroup(R∗) = [162, 35], R∗ ∼= ((C3×C3)oC3)×S3 òà n(R∗) =

6723;
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� IdGroup(R∗) = [162, 36], R∗ ∼= C3×((C9oC3)oC2) òà n(R∗) =

32076;

� IdGroup(R∗) = [162, 37], R∗ ∼= (C9 o C3)× S3 òà n(R∗) = 342;

� IdGroup(R∗) = [162, 51], R∗ ∼= C3 × C3 × C3 × S3 òà n(R∗) =

3321;

� IdGroup(R∗) = [162, 52], R∗ ∼= C3 × C3 × ((C3 × C3) o C2) òà

n(R∗) = 12879;

� IdGroup(G) = [243, 14], G ∼= (C9 × C3) o C9 òà n(G) = 115020:

� IdGroup(R∗) = [162, 32], R∗ ∼= C3×C3×D18 òà n(R∗) = 12393;

� IdGroup(R∗) = [162, 33], R∗ ∼= C3 × C9 × S3 òà n(R∗) = 3321;

� IdGroup(R∗) = [162, 36], R∗ ∼= C3×((C9oC3)oC2) òà n(R∗) =

92583;

� IdGroup(R∗) = [162, 37], R∗ ∼= (C9oC3)×S3 òà n(R∗) = 6723;

� IdGroup(G) = [243, 15], G ∼= (C9 × C3) o C9 òà n(G) = 117783:

� IdGroup(R∗) = [162, 32], R∗ ∼= C3×C3×D18 òà n(R∗) = 11961;

� IdGroup(R∗) = [162, 33], R∗ ∼= C3 × C9 × S3 òà n(R∗) = 3432;

� IdGroup(R∗) = [162, 34], R∗ ∼= C3× (((C3×C3)oC3)oC2) òà

n(R∗) = 5832;

� IdGroup(R∗) = [162, 36], R∗ ∼= C3×((C9oC3)oC2) òà n(R∗) =

89127;

� IdGroup(R∗) = [162, 37], R∗ ∼= (C9oC3)×S3 òà n(R∗) = 6702;

� IdGroup(R∗) = [162, 52], R∗ ∼= C3 × C3 × ((C3 × C3) o C2) òà

n(R∗) = 729;

� IdGroup(G) = [243, 16], G ∼= (C27 o C3) o C3 òà n(G) = 59049:
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� IdGroup(R∗) = [162, 33], R∗ ∼= C3 ×C9 × S3 òà n(R∗) = 19683;

� IdGroup(R∗) = [162, 37], R∗ ∼= (C9oC3)×S3 òà n(R∗) = 39366;

� IdGroup(G) = [243, 23], G ∼= C81 × C3 òà n(G) = 3349:

� IdGroup(R∗) = [162, 8], R∗ ∼= C27 × S3 òà n(R∗) = 28;

� IdGroup(R∗) = [162, 26], R∗ ∼= C54 × C3 òà n(R∗) = 1134;

� IdGroup(R∗) = [162, 27], R∗ ∼= C2×(C27oC3) òà n(R∗) = 2187;

� IdGroup(G) = [243, 24], G ∼= C81 o C3, n(G) = 28 òà

IdGroup(R∗) = [162, 8], R∗ ∼= C27 × S3, n(R∗) = 28.

Âèñíîâêè äî ðîçäiëó 1

Ó ðîçäiëi çðîáëåíî îãëÿä ëiòåðàòóðè çà òåìîþ äèñåðòàöi¨. Îñíîâíà

óâàãà â íüîìó ïðèäiëåíà ðîáîòàì òà ðåçóëüòàòàì, ùî ñòîñóþòüñÿ äîñëi-

äæåííþ òà êëàñèôiêàöi¨ ñêií÷åííèõ ìàéæå-êiëåöü ç îäèíèöåþ òà ëîêàëü-

íèõ ìàéæå-êiëåöü ç îáìåæåííÿìè íà àäèòèâíi ãðóïè. Íàâåäåíî iíôîðìà-

öiþ ïðî ñèñòåìó êîìï'þòåðíî¨ àëãåáðè GAP òà ¨¨ ïàêåòó SONATA.

Ïèòàííÿ äîñëiäæåííÿ àäèòèâíèõ ãðóï ìàéæå-êiëåöü ç îäèíèöåþ òà

ëîêàëüíèõ ìàéæå-êiëåöü, i ¨õ êëàñèôiêàöiÿ ¹ àêòóàëüíîþ çàäà÷åþ.
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Ðîçäië 2

Ìàéæå-êiëüöÿ ç îäèíèöåþ ïîðÿäêiâ p3

Ó äàíîìó ðîçäiëi âèâ÷àþòüñÿ ñêií÷åííi ìàéæå-êiëüöÿ ç îäèíèöåþ ïî-

ðÿäêiâ p3.

2.1. Ãðóïè ïîðÿäêó p3

Íàñòóïíå òâåðäæåííÿ ìiñòèòü êëàñèôiêàöiþ ãðóï ïîðÿäêó p3

(äèâ. [16]).

Òâåðäæåííÿ 2.1. Íåõàé G � ãðóïà ïîðÿäêó p3. Äàëi äàíi âèçíà÷àëüíi

ñïiââiäíîøåííÿ âñiõ íåiçîìîðôíèõ ãðóï G.

Àáåëåâi ãðóïè:

1) ap3 = 1;

2) ap2 = 1, bp = 1, ab = ba;

3) ap = bp = cp = 1, ab = ba, ac = ca, cb = bc.

Íåàáåëåâi ãðóïè ïîðÿäêó 23 = 8:

4) ãðóïà äiåäðà, a4 = 1, b2 = 1, a−1b = ba;

5) ãðóïà êâàòåðíiîíiâ, a4 = 1, b2 = a2, a−1b = ba.
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Íåàáåëåâi ãðóïè ïîðÿäêó p3, p � íåïàðíå:

4*) ap2 = 1, bp = 1, b−1ab = a1+p;

5*) ap = 1, bp = 1, cp = 1, ab = bac, ac = ca, bc = cb.

Íàãàäà¹ìî, ùî åêñïîíåíòîþ ãðóïè ¹ íàéìåíøå ñïiëüíå êðàòíå ïîðÿä-

êiâ ¨¨ åëåìåíòiâ. Çîêðåìà, åêñïîíåíòîþ ñêií÷åííî¨ p-ãðóïè ¹ ìàêñèìàëü-

íèé ïîðÿäîê ¨¨ åëåìåíòiâ.

Íàñòóïíå òâåðäæåííÿ ¹ äîáðå âiäîìèì (äèâ., íàïðèêëàä, [34], òåîðå-

ìà 3).

Ëåìà 2.2. Åêñïîíåíòà àäèòèâíî¨ ãðóïè ñêií÷åííîãî ìàéæå-êiëüöÿ R

ç îäèíèöåþ i äîðiâíþ¹ àäèòèâíîìó ïîðÿäêó i, ÿêèé ñïiâïàäà¹ ç àäèòèâ-

íèì ïîðÿäêîì êîæíîãî îáîðîòíîãî åëåìåíòà R.

Íåõàé G � ãðóïà, à EndG � ìíîæèíà âñiõ ¨¨ åíäîìîðôiçìiâ, ÿêó

ìîæíà ðîçãëÿäàòè ÿê íàïiâãðóïó âiäíîñíî îïåðàöi¨ êîìïîçèöi¨ åíäî-

ìîðôiçìiâ. Äëÿ êîæíîãî g ∈ G ïîçíà÷èìî ÷åðåç gEndG ìíîæèíó

{gα|α ∈ EndG} óñiõ îáðàçiâ åëåìåíòà g âiäíîñíî åíäîìîðôiçìiâ EndG.

Îçíà÷åííÿ 2.3. Ãðóïà G íàçèâà¹òüñÿ åíäîöèêëi÷íîþ, ÿêùî âîíà ìiñ-

òèòü åëåìåíò g ç G = gEndG.

2.2. Ìàéæå-êiëüöÿ ç îäèíèöåþ

Íàâåäåìî îñíîâíi îçíà÷åííÿ (äèâ., íàïðèêëàä, [72], [64], [32], [41],

[122]).

Îçíà÷åííÿ 2.4. Íåïîðîæíÿ ìíîæèíà R ç äâîìà áiíàðíèìè îïåðàöiÿìè

“ + ” òà “ · ” íàçèâà¹òüñÿ ìàéæå-êiëüöåì, ÿêùî:

1) (R,+) � ãðóïà ç íåéòðàëüíèì åëåìåíòîì 0;
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2) (R, ·) � íàïiâãðóïà;

3) x · (y + z) = x · y + x · z äëÿ âñiõ x, y, z ∈ R.

Òàêå ìàéæå-êiëüöå íàçèâà¹òüñÿ ëiâèì ìàéæå-êiëüöåì. ßêùî æ àêñiîìó 3)

çàìiíèòè àêñiîìîþ (x+y)·z = x·z+y·z äëÿ âñiõ x, y, z ∈ R, òî îòðèìà¹ìî
ïðàâå ìàéæå-êiëüöå.

Ãðóïà (R,+) ïîçíà÷à¹òüñÿ ÷åðåç R+ òà íàçèâà¹òüñÿ àäèòèâíîþ ãðó-

ïîþ, à ¨¨ íåéòðàëüíèé åëåìåíò 0 � íóëåì ìàéæå-êiëüöÿ R. Ç àêñiîìè 3)

âèïëèâà¹, ùî

r · 0 = r · (0 + 0) = r · 0 + r · 0,

çâiäêè îòðèìó¹ìî r·0 = 0. Ç öi¹¨ æ àêñiîìè âèïëèâà¹, ùî r·(−s) = −(r·s).
Ìàéæå-êiëüöå R íàçèâà¹òüñÿ íóëü-ñèìåòðè÷íèì, ÿêùî òàêîæ 0 · x = 0.

Ìàéæå-êiëüöå R, â ÿêîìó íàïiâãðóïà (R, ·) ¹ ìîíî¨äîì ç îäèíè÷íèì

åëåìåíòîì i, íàçèâà¹òüñÿ ìàéæå-êiëüöåì ç îäèíèöåþ i. Ãðóïà âñiõ îáî-

ðîòíèõ åëåìåíòiâ öüîãî ìîíî¨äà ïîçíà÷à¹òüñÿ ÷åðåç R∗ òà íàçèâà¹òüñÿ

ìóëüòèïëiêàòèâíîþ ãðóïîþ ìàéæå-êiëüöÿ R, à ¨¨ äîïîâíåííÿ R \R∗ �
ìíîæèíîþ íåîáîðîòíèõ åëåìåíòiâ iç R.

Íàñòóïíà ëåìà âèçíà÷à¹ åêñïîíåíòó àäèòèâíî¨ ãðóïè ñêií÷åííîãî

ìàéæå-êiëüöÿ ç îäèíèöåþ [102, Lemma 5].

Ëåìà 2.5. Åêñïîíåíòà àäèòèâíî¨ ãðóïè ñêií÷åííîãî ìàéæå-êiëüöÿ R ç

îäèíèöåþ äîðiâíþ¹ àäèòèâíîìó ïîðÿäêó éîãî îäèíèöi, ÿêèé ñïiâïàäà¹ ç

àäèòèâíèì ïîðÿäêîì êîæíîãî åëåìåíòó éîãî ìóëüòèïëiêàòèâíî¨ ãðó-

ïè R∗.

Íàñòóïíà ëåìà õàðàêòåðèçó¹ îñíîâíi âëàñòèâîñòi ñêií÷åííèõ ëîêàëü-

íèõ ìàéæå-êiëåöü (äèâ. [21], Lemma 3.2).

Ëåìà 2.6. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ç îäèíèöåþ i, à L

� ïiäãðóïà âñiõ íåîáîðîòíèõ åëåìåíòiâ R. Òîäi ñïðàâåäëèâi òàêi

òâåðäæåííÿ:
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1) L ¹ (R,R)-ïiäãðóïîþ â R+;

2) êîæíà âëàñíà R∗-iíâàðiàíòíà ïiäãðóïà R+ ìiñòèòüñÿ â L;

3) ìíîæèíà i+ L óòâîðþ¹ ïiäãðóïó ìóëüòèïëiêàòèâíî¨ ãðóïè R∗.

2.3. Ìàéæå-êiëüöÿ ç îäèíèöåþ íà àáåëåâèõ ãðóïàõ

ïîðÿäêó p3

Íåõàé G(p, p, p) � ãðóïà çi ñïiââiäíîøåííÿìè 3) ç ëåìè 2.1.

Íåõàé R � ìàéæå-êiëüöå ç îäèíèöåþ, àäèòèâíà ãðóïà R+ ÿêîãî içî-

ìîðôíà ãðóïi G(p, p, p). Òîäi R+ = 〈a〉+ 〈b〉+ 〈c〉 äëÿ äåÿêèõ a, b, c ∈ R,
ùî çàäîâîëüíÿþòü ñïiââiäíîøåííÿ ap = bp = cp = 1, a + b = b + a,

a+c = c+a, c+b = b+c. Çîêðåìà, êîæíèé åëåìåíò x ∈ R ¹äèíèì ÷èíîì

çàïèñó¹òüñÿ ó âèãëÿäi x = ax1 + bx2 + cx3 ç êîåôiöi¹íòàìè 0 ≤ x1 < p,

0 ≤ x2 < p òà 0 ≤ x3 < p.

Áåç âòðàòè çàãàëüíîñòi, ìîæíà ïðèïóñòèòè, ùî a ¹ îäèíèöåþ â R,

òîáòî ax = xa = x äëÿ êîæíîãî x ∈ R. Áiëüø òîãî, äëÿ êîæíîãî x ∈ R
iñíóþòü òàêi êîåôiöi¹íòè α(x), β(x), γ(x), λ(x), µ(x) òà ν(x), ùî

xb = aα(x) + bβ(x) + cγ(x)

òà

xc = aλ(x) + bµ(x) + cν(x).

Çðîçóìiëî, ùî âîíè ¹äèíèì ÷èíîì âèçíà÷åíi çà ìîäóëåì p, òîìó äåÿêi âiä-

îáðàæåííÿ α : R→ Zp, β : R→ Zp, γ : R→ Zp, λ : R→ Zp, µ : R→ Zp,

ν : R→ Zp.

Òåîðåìà 2.7. ßêùî x, y = ay1 + by2 + cy3 ∈ R, òî

xy = a(x1y1 + α(x)y2 + λ(x)y3) + b(x2y1 + β(x)y2 + µ(x)y3)+
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+c(x3y1 + γ(x)y2 + ν(x)y3),

ïðè÷îìó âèêîíóþòüñÿ íàñòóïíi òâåðäæåííÿ:

(0) α(0) ≡ 0 (mod p), β(0) ≡ 0 (mod p), γ(0) ≡ 0 (mod p),

λ(0) ≡ 0 (mod p), µ(0) ≡ 0 (mod p) òà ν(0) ≡ 0 (mod p) òîäi i

òiëüêè òîäi, êîëè ìàéæå-êiëüöå R ¹ íóëü-ñèìåòðè÷íèì;

(1) α(a) = 0, β(a) = 1, γ(a) = 0, λ(a) = 0, µ(a) = 0, ν(a) = 1

(mod p);

(2) α(xy) ≡ x1α(y) + α(x)β(y) + λ(x)γ(y) (mod p);

(3) β(xy) ≡ x2α(y) + β(x)β(y) + µ(x)γ(y) (mod p);

(4) γ(xy) ≡ x3α(y) + γ(x)β(y) + ν(x)γ(y) (mod p);

(5) λ(xy) ≡ x1λ(y) + α(x)µ(y) + λ(x)ν(y) (mod p);

(6) µ(xy) ≡ x2λ(y) + β(x)µ(y) + µ(x)ν(y) (mod p);

(7) ν(xy) ≡ x3λ(y) + γ(x)µ(y) + ν(x)ν(y) (mod p).

Äîâåäåííÿ. Îñêiëüêè

0 · a = a · 0 = 0,

òî R ¹ íóëü-ñèìåòðè÷íèì ìàéæå-êiëüöåì, ÿêùî i òiëüêè ÿêùî

0 = 0 · b = aα(0) + bβ(0) + cγ(0)

àáî

α(0) = β(0) = γ(0) = 0,

òà

0 = 0 · c = aλ(0) + bµ(0) + cν(0)

àáî

λ(0) = µ(0) = ν(0) = 0.
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Áiëüø òîãî,

b = ab = aα(a) + bβ(a) + cγ(a)

òà

c = ac = aλ(a) + bµ(a) + cν(a),

ìà¹ìî α(a) = 0, β(a) = 1, γ(a) = 0, λ(a) = 0, µ(a) = 0, ν(a) = 1. Òîìó

òâåðäæåííÿ (0) òà (1) ìàþòü ìiñöå.

Äàëi, ç ëiâî¨ äèñòðèáóòèâíîñòi, îòðèìà¹ìî

xy = (xa)y1 + (xb)y2 + (xc)y3 = (ax1 + bx2 + cx3)y1+

+(aα(x) + bβ(x) + cγ(x))y2+

+(aλ(x) + bµ(x) + cν(x))y3.

Êîðèñòóþ÷èñü êîìóòàòèâíiñòþ äîäàâàííÿ, ìà¹ìî

(ax1 + bx2 + cx3)y1 = ax1y1 + bx2y1 + cx3y1,

(aα(x) + bβ(x) + cγ(x))y2 = aα(x)y2 + bβ(x)y2 + cγ(x)y2

òà

(aλ(x) + bµ(x) + cν(x))y3 = aλ(x)y3 + bµ(x)y3 + cν(x)y3.

Òîìó

xy = a(x1y1 + α(x)y2 + λ(x)y3) + b(x2y1 + β(x)y2 + µ(x)y3)+

+c(x3y1 + γ(x)y2 + ν(x)y3).

Ç àñîöiàòèâíîñòi ìíîæåííÿ ìà¹ìî (xy)b = x(yb). Îñêiëüêè

(xy)b = aα(xy) + bβ(xy) + cγ(xy)

òà

x(yb) = a(x1α(y) + α(x)β(y) + λ(x)γ(y))+

+b(x2α(y) + β(x)β(y) + µ(x)γ(y))+
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+c(x3α(y) + γ(x)β(y) + ν(x)γ(y)),

òî ïðèðiâíþþ÷è âiäïîâiäíi êîåôiöi¹íòè îòðèìà¹ìî ðiâíîñòi (2)�(4).

Àíàëîãi÷íî ç àñîöiàòèâíîñòi ìíîæåííÿ ìà¹ìî (xy)c = x(yc). Îñêiëüêè

(xy)c = aλ(xy) + bµ(xy) + cν(xy)

òà

x(yc) = a(x1λ(y) + α(x)µ(y) + λ(x)ν(y))+

+b(x2λ(y) + β(x)µ(y) + µ(x)ν(y))+

+c(x3λ(y) + γ(x)µ(y) + ν(x)ν(y)),

òî ïðèðiâíþþ÷è âiäïîâiäíi êîåôiöi¹íòè îòðèìà¹ìî ðiâíîñòi (5)�(7).

2.4. Ìàéæå-êiëüöÿ ç îäèíèöåþ íà íåàáåëåâèõ ãðó-

ïàõ ïîðÿäêó p3

2.4.1. Ìàéæå-êiëüöÿ ç îäèíèöåþ, àäèòèâíà ãðóïà ÿêèõ içî-

ìîðôíà G1

Äàëi ïîçíà÷èìî ÷åðåçG1 ãðóïó çi ñïiââiäíîøåííÿìè 5*) òâåðäæåííÿ 2.1.

Ìè âèçíà÷à¹ìî ãðóïó G1 ÿê àäèòèâíî çàïèñàíó ãðóïó, ïîðîäæåíó a,

b, c ç óðàõóâàííÿì ñïiââiäíîøåíü ap = bp = cp = 0, a + b = b + a + c,

a+ c = c+ a, b+ c = c+ b.

Íàñòóïíi äâi ëåìè äîâåäåíî â [12].

Ëåìà 2.8. Íåõàé k, l ∈ N. Òîäi â G1 âèêîíóþòüñÿ ðiâíîñòi

−ak − bl + ak + bl = c(kl)

òà

bl + ak = −c(kl) + ak + bl.
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Äîâåäåííÿ. Îñêiëüêè −b+ a+ b = a+ c, ìà¹ìî −bl+ a+ bl = a+ cl. Òîäi

−bl + ak + bl = (a+ cl)k = ak + ckl.

Îòæå, −ak − bl + ak + bl = ckl.

Ëåìà 2.9. Íåõàé k, l, r ∈ N. Òîäi â G1 ìà¹ìî

(ak + bl)r = akr + blr − ckl
(
r

2

)
.

Äîâåäåííÿ. Äîâåäåííÿ áóäå ïðîâåäåíî iíäóêöi¹þ çà r. Äëÿ r = 1 âèêî-

íó¹òüñÿ ðiâíiñòü. Íåõàé äëÿ r âèêîíó¹òüñÿ ðiâíiñòü, òîáòî

(ak + bl)r = akr + blr − ckl
(
r

2

)
.

Äîâåäåìî ðiâíiñòü äëÿ r + 1:

(ak + bl)(r + 1) = akr + blr + ak + bl − ckl
(
r

2

)
=

= ak(r + 1) + bl(r + 1)− cklr − ckl
(
r

2

)
=

= ak(r + 1) + bl(r + 1)− ckl(r +

(
r

2

)
) =

= ak(r + 1) + bl(r + 1)− ckl
(
r + 1

2

)
.

Îòæå, ðiâíiñòü ñïðàâåäëèâà äëÿ áóäü-ÿêîãî r.

Íåõàé R � ìàéæå-êiëüöå ç îäèíèöåþ, àäèòèâíà ãðóïà R+ ÿêîãî içî-

ìîðôíà ãðóïi G1. Òîäi

R+ = 〈a〉+ 〈b〉+ 〈c〉

äëÿ äåÿêèõ åëåìåíòiâ a, b i c ç R çàäîâîëüíÿþòü ñïiââiäíîøåííÿ ap = 0,

bp = 0, cp = 0, a+b = b+a+c, a+c = c+a i b+c = c+b. Çîêðåìà, êîæåí

åëåìåíò x ∈ R ¹äèíèì ÷èíîì çàïèñàíèé ó âèãëÿäi x = ax1 + bx2 + cx3 ç

êîåôiöi¹íòàìè 0 ≤ x1 < p, 0 ≤ x2 < p i 0 ≤ x3 < p.
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Ïîêàæåìî, ùî íå iñíó¹ ìàéæå-êiëüöÿ, â ÿêîìó îäèíèöÿ çíàõîäèòüñÿ â

öåíòði àäèòèâíî¨ ãðóïè G1. Âiäçíà÷èìî, ùî ïiäãðóïà 〈c〉 ¹ öåíòðîì ãðóïè

G1.

Çàóâàæåííÿ 2.10. Íåõàé c� îäèíèöÿ ìàéæå-êiëüöÿ R, òîáòî xc = cx =

x äëÿ êîæíîãî x ∈ R. Òîäi äëÿ êîæíîãî x ∈ R iñíóþòü òàêi êîåôiöi¹íòè

α(x), β(x), γ(x), λ(x), µ(x) i ν(x), ùî

xb = aα(x) + bβ(x) + cγ(x)

i

xa = aλ(x) + bµ(x) + cν(x).

Çðîçóìiëî, ùî âîíè îäíîçíà÷íî âèçíà÷åíi ïî ìîäóëþ p, òîìó äåÿêi âiä-

îáðàæåííÿ α : R→ Zp, β : R→ Zp, γ : R→ Zp, λ : R→ Zp, µ : R→ Zp i
ν : R→ Zp ¹ âèçíà÷åíèìè.

Äàëi, âèêîðèñòîâóþ÷è ëåìó 2.8, ìè îòðèìó¹ìî

xc = −xa− xb+ xa+ xb = −cν(x)− bµ(x)− aλ(x)−

−cγ(x)− bβ(x)− aα(x) + aλ(x) + bµ(x)+

+cν(x) + aα(x) + bβ(x) + cγ(x) = −bµ(x)− aλ(x)−

−bβ(x)− aα(x) + aλ(x) + bµ(x) + aα(x) + bβ(x) =

= −bµ(x) + cλ(x)β(x)− bβ(x)− aλ(x)− a(α(x)−

−λ(x)) + bµ(x) + aα(x) + bβ(x) = cλ(x)β(x)−

−b(µ(x) + β(x))− aα(x) + bµ(x) + aα(x) + bβ(x) =

= cλ(x)β(x)− b(µ(x) + β(x))− aα(x)−

−cµ(x)α(x) + aα(x) + bµ(x) + bβ(x) =

= c(λ(x)β(x)− µ(x)α(x))− b(µ(x) + β(x))+

+bµ(x) + bβ(x) = c(λ(x)β(x)− µ(x)α(x)) 6= x.
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Òîìó íå iñíó¹ ìàéæå-êiëüöÿ, â ÿêîìó îäèíèöÿ çíàõîäèòüñÿ â öåíòði

àäèòèâíî¨ ãðóïè G1.

Îñêiëüêè ïîðÿäîê åëåìåíòà a äîðiâíþ¹ åêñïîíåíòi ãðóïè G1, òî çà

ëåìîþ 2.2 ìè ìîæåìî ïðèïóñòèòè, ùî a ¹ îäèíèöåþ â R, òîáòî ax =

xa = x äëÿ êîæíîãî x ∈ R. Êðiì òîãî, äëÿ êîæíîãî x ∈ R iñíóþòü òàêi

êîåôiöi¹íòè α(x), β(x) i γ(x) , ùî

xb = aα(x) + bβ(x) + cγ(x).

Çðîçóìiëî, ùî âîíè îäíîçíà÷íî âèçíà÷åíi ïî ìîäóëþ p, òîìó i âèçíà÷åíi

âiäîáðàæåííÿ α : R→ Zp, β : R→ Zp i γ : R→ Zp.
Ìàéæå-êiëüöÿ ç îäèíèöåþ íà íåìåòàöèêëi÷íèõ ãðóïàõ Ìiëëåðà�

Ìîðåíî áóëè âèâ÷åíi â ñòàòòÿõ [12] i [73]. Ëåìà 2.11 áàçóþòüñÿ íà ðå-

çóëüòàòàõ öèõ ðîáiò.

Ëåìà 2.11. Íåõàé R � ìàéæå-êiëüöå ç îäèíèöåþ a, àäèòèâíà ãðóïà

ÿêîãî ¹ G1. ßêùî x = ax1 + bx2 + cx3, y = ay1 + by2 + cy3 ∈ R,

xb = aα(x) + bβ(x) + cγ(x),

òî

xy = a(x1y1 + α(x)y2) + b(x2y1 + β(x)y2)+

+c(−x1x2
(
y1
2

)
− α(x)β(x)

(
y2
2

)
− x2α(x)y1y2+

+x3y1 + γ(x)y2 + x1β(x)y3 − x2α(x)y3).

Áiëüø òîãî, äëÿ âiäîáðàæåíü âèêîíóþòüñÿ íàñòóïíi òâåðäæåííÿ

α : R→ Zp, β : R→ Zp i γ : R→ Zp:

(0) α(0) ≡ 0 ( mod p), β(0) ≡ 0 ( mod p) i γ(0) ≡ 0 ( mod p) òîäi i

òiëüêè òîäi, êîëè ìàéæå-êiëüöå R ¹ íóëü-ñèìåòðè÷íèì;

(1) α(xy) ≡ x1α(y) + α(x)β(y) ( mod p );
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(2) β(xy) ≡ x2α(y) + β(x)β(y) ( mod p );

(3) γ(xy) ≡ −x1x2
(
α(y)
2

)
− α(x)β(x)

(
β(y)
2

)
− x2α(x)α(y)β(y)+

+x3α(y) + γ(x)β(y) + x1β(x)γ(y)− x2α(x)γ(y) ( mod p ).

Äîâåäåííÿ. Îñêiëüêè 0 · a = a · 0 = 0, òî R ¹ íóëü-ñèìåòðè÷íèì ìàéæå-

êiëüöåì òîäi i òiëüêè òîäi, êîëè

0 = 0 · b = aα(0) + bβ(0) + cγ(0)

àáî åêâiâàëåíòíî α(0) ≡ 0 ( mod p), β(0) ≡ 0 ( mod p) i γ(0) ≡ 0 ( mod p).

Êðiì òîãî, îñêiëüêè c = −a− b+a+ b i ç ëiâîãî äèñòðèáóòèâíîãî çàêîíó,

ìè ìà¹ìî

0 · c = −0 · a− 0 · b+ 0 · a+ 0 · b = 0,

çâiäêè

0 · x = 0 · (ax1 + bx2 + cx3) =

= (0 · a)x1 + (0 · b)x2 + (0 · c)x3 = 0.

Îòæå, âèêîíó¹òüñÿ òâåðäæåííÿ (0).

Äàëi, âèêîðèñòîâóþ÷è ëåìó 2.8, îòðèìó¹ìî

xc = −xa− xb+ xa+ xb = −cx3 − bx2 − ax1 − cγ(x)−

−bβ(x)− aα(x) + ax1 + bx2 + cx3 + aα(x)+

+bβ(x) + cγ(x) = −bx2 − ax1 − bβ(x)− aα(x)+

+ax1 + bx2 + aα(x) + bβ(x) = −bx2 + cx1β(x)−

−bβ(x)− ax1 − a(α(x)− x1) + bx2 + aα(x) + bβ(x) =

= cx1β(x)− b(x2 + β(x))− aα(x) + bx2 + aα(x) + bβ(x) =

= cx1β(x)− b(x2 + β(x))− aα(x)− cx2α(x) + aα(x)+

+bx2 + bβ(x) = c(x1β(x)− x2α(x))− b(x2 + β(x))+
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+bx2 + bβ(x) = c(x1β(x)− x2α(x)).

Âèêîðèñòîâóþ÷è ëiâèé äèñòðèáóòèâíèé çàêîí, ìà¹ìî:

xy = (ax1 + bx2 + cx3)y1 + (aα(x) + bβ(x)+

+cγ(x))y2 + (cx1β(x)− x2α(x))y3.

Çà ëåìîþ 2.9, ìà¹ìî

(ax1 + bx2)y1 = ax1y1 + bx2y1 − cx1x2
(
y1
2

)
,

(aα(x) + bβ(x))y2 = aα(x)y2 + bβ(x)y2−

−cα(x)β(x)

(
y2
2

)
i

bx2y1 + aα(x)y2 = aα(x)y2 + bx2y1 − cx2α(x)y1y2.

Îòæå, âèêîðèñòîâóþ÷è ëiâèé äèñòðèáóòèâíèé çàêîí, îòðèìó¹ìî:

xy = a(x1y1 + α(x)y2) + b(x2y1 + β(x)y2) + c(−x1x2
(
y1
2

)
−

−α(x)β(x)

(
y2
2

)
− x2α(x)y1y2 + x3y1+

+γ(x)y2 + x1β(x)y3 − x2α(x)y3).

Ç àñîöiàòèâíîñòi ìíîæåííÿ â R âèïëèâà¹, ùî äëÿ âñiõ x, y ∈ R

(xy)b = x(yb). (2.1)

Çãiäíî ç

xb = aα(x) + bβ(x) + cγ(x),

ìà¹ìî

(xy)b = aα(xy) + bβ(xy) + cγ(xy) (2.2)

i

yb = aα(y) + bβ(y) + cγ(y).
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Ïiäñòàâëÿþ÷è îñòàíí¹ ðiâíÿííÿ â ïðàâó ÷àñòèíó ðiâíîñòi 1), ìè òàêîæ

ìà¹ìî:

x(yb) = a(x1α(y) + α(x)β(y)) + b(x2α(y) + β(x)β(y))+ (2.3)

+c(−x1x2
(
α(y)

2

)
− α(x)β(x)

(
β(y)

2

)
−

−x2α(x)α(y)β(y) + x3α(y) + γ(x)β(y)+

+x1β(x)γ(y)− x2α(x)γ(y)).

Îñêiëüêè ç ðiâíîñòi (2.1) âèïëèâà¹ êîíãðóåíòíiñòü âiäïîâiäíèõ êîåôiöi-

¹íòiâ ó ôîðìóëàõ (2.2) i (2.3), òî îòðèìó¹ìî òâåðäæåííÿ (1)�(3).

2.4.2. Ìàéæå-êiëüöÿ ç îäèíèöåþ, àäèòèâíà ãðóïà ÿêèõ içî-

ìîðôíà G3

Íåõàé R � ìàéæå-êiëüöå ç îäèíèöåþ, ÿêå íå ¹ ìàéæå-ïîëåì, àäèòèâíà

ãðóïà ÿêîãî R+ içîìîðôíà G3. Òîäi R
+ = 〈a〉+ 〈b〉 äëÿ äåÿêèõ åëåìåíòiâ

a i b ç R, ùî çàäîâîëüíÿþòü âiäíîøåííÿ ap2 = 0, bp = 0 òà b+ a = a+ b.

Çîêðåìà, êîæåí åëåìåíò x ∈ R îäíîçíà÷íî çàïèñó¹òüñÿ ó âèãëÿäi x =

ax1 + bx2 ç êîåôiöi¹íòàìè 0 ≤ x1 < p2 i 0 ≤ x2 < p.

Áåç îáìåæåííÿ çàãàëüíîñòi ìîæíà ïðèïóñòèòè, ùî a ¹ îäèíèöåþ â

R, òîáòî ax = xa = x äëÿ êîæíîãî x ∈ R. Êðiì òîãî, äëÿ êîæíîãî

x ∈ R iñíóþòü òàêi êîåôiöi¹íòè α(x) i β(x), ùî xb = aα(x) + bβ(x).

Çðîçóìiëî, ùî âîíè îäíîçíà÷íî âèçíà÷åíi çà ìîäóëÿìè p2 òà p âiäïîâiäíî,

ùî âèçíà÷åíi òàêi âiäîáðàæåííÿ α : R→ Zp2 i β : R→ Zp.

Ëåìà 2.12. Íåõàé R � ìàéæå-êiëüöå ç îäèíèöåþ, ÿêå íå ¹ ìàéæå-

ïîëåì, àäèòèâíà ãðóïà ÿêîãî R+ içîìîðôíà G3. ßêùî a ñïiâïàäà¹

ç îäèíè÷íèì åëåìåíòîì R, x = ax1 + bx2, y = ay1 + by2 ∈ R,

xb = aα(x) + bβ(x), òî

xy = a(x1y1 + α(x)y2) + b(x2y1 + β(x)y2). (2.4)
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Áiëüø òîãî, äëÿ âiäîáðàæåíü α : R → Zp2 òà β : R → Zp ñïðàâåäëèâi
òàêi òâåðäæåííÿ:

(0) α(0) = β(0) = 0 òîäi i òiëüêè òîäi, êîëè R ¹ íóëü-ñèìåòðè÷íèì;

(1) α(a) = 0 i β(a) = 1;

(2) α(xy) ≡ x1α(y) + α(x)β(y) (mod p2);

(3) β(xy) ≡ x2α(y) + β(x)β(y) (mod p).

Äîâåäåííÿ. Îñêiëüêè 0 · a = an · 0 = 0, òî R ¹ íóëü-ñèìåòðè÷íèì ìàéæå-

êiëüöåì òîäi i òiëüêè òîäi, êîëè

0 = 0 · b = aα(0) + bβ(0)

àáî åêâiâàëåíòíî α(0) = β(0) = 0. Áiëüø òîãî, îñêiëüêè b = ab = aα(a)+

bβ(a), ìà¹ìî α(a) = 0 òà β(a) = 1, òîìó ìàþòü ìiñöå òâåðäæåííÿ (0) òà

(1).

Äàëi, âèêîðèñòîâóþ÷è ëiâèé äèñòðèáóòèâíèé çàêîí, îòðèìó¹ìî

xy = (xa)y1 + (xb)y2 = (ax1 + bx2)y1 + (aα(x) + bβ(x))y2.

Òàêîæ ìà¹ìî

(ax1 + bx2)y1 = ax1y1 + bx2y1

i

(aα(x) + bβ(x))y2 = aα(x)y2 + bβ(x)y2.

Òîìó

xy = a(x1y1 + α(x)y2) + b(x2y1 + β(x)y2)

i òîìó âèêîíó¹òüñÿ òâåðäæåííÿ (2).

Íàðåøòi, àñîöiàòèâíiñòü ìíîæåííÿ â R îçíà÷à¹, ùî

(xy)b = x(yb) = aα(xy) + bβ(xy).



110

Êðiì òîãî, ïiäñòàâëÿþ÷è yb = aα(y)+bβ(y) çàìiñòü y ó ôîðìóëó (2.4),

òàêîæ ìà¹ìî

x(yb) = a(x1α(y) + α(x)β(y)) + b(x2α(y) + β(x)β(y)).

Ïîðiâíþþ÷è êîåôiöi¹íòè ïðè a òà b ó äâîõ âèðàçàõ, îòðèìàíèõ äëÿ

x(yb), îòðèìó¹ìî òâåðäæåííÿ (2) òà (3) ëåìè.

Âèñíîâêè äî ðîçäiëó 2

Ó äàíîìó ðîçäiëi:

� îïèñàíî ìàéæå-êiëüöÿ ç îäèíèöåþ íà ãðóïàõ ïîðÿäêó p3;

� íàâåäåíî íåîáõiäíi óìîâè iñíóâàííÿ ìàéæå-êiëåöü ç îäèíèöåþ íà

àáåëåâèõ ãðóïàõ ïîðÿäêó p3;

� íàâåäåíî íåîáõiäíi óìîâè iñíóâàííÿ ìàéæå-êiëåöü ç îäèíèöåþ íà

íåàáåëåâèõ ãðóïàõ ïîðÿäêó p3.

Îñíîâíi ðåçóëüòàòè äàíîãî ðîçäiëó îïóáëiêîâàíî ó ïðàöÿõ [12] çi ñïè-

ñêó ïóáëiêàöié i, âiäïîâiäíî, [95] çi ñïèñêó âèêîðèñòàíèõ äæåðåë, à òàêîæ

îïóáëiêîâàíî ó òåçàõ êîíôåðåíöié [36, 29] i, âiäïîâiäíî, [83,89].
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Ðîçäië 3

Ëîêàëüíi ìàéæå-êiëüöÿ ïîðÿäêó p3

Â öüîìó ðîçäiëi íàâåäåíî îñíîâíi îçíà÷åííÿ òà ðåçóëüòàòè ïî ëîêàëü-

íèì ìàéæå-êiëüöÿì. Îòðèìàíî íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàííÿ

ëîêàëüíèõ ìàéæå-êiëåöü ç îäèíèöåþ íà ãðóïàõ ïîðÿäêó p3.

3.1. Ïðî ëîêàëüíi ìàéæå-êiëüöÿ

Îçíà÷åííÿ 3.1. Ìàéæå-êiëüöå R ç îäèíèöåþ íàçèâà¹òüñÿ ëîêàëüíèì,

ÿêùî ìíîæèíà L âñiõ íåîáîðîòíèõ åëåìåíòiâ iç R óòâîðþ¹ ïiäãðóïó àäè-

òèâíî¨ ãðóïè R+. Â öüîìó âèïàäêó L áóäåìî íàçèâàòè ïiäãðóïîþ íåîáî-

ðîòíèõ åëåìåíòiâ ìàéæå-êiëüöÿ R.

Ñêií÷åííi ëîêàëüíi ìàéæå-êiëüöÿ ç öèêëi÷íîþ ïiäãðóïîþ íåîáîðî-

òíèõ åëåìåíòiâ îïèñàíi â [5, òåîðåìà 1].

Òåîðåìà 3.2. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ïîðÿäêó pn ç n> 1,

ïiäãðóïà L ÿêîãî öèêëi÷íà òà íåòðèâiàëüíà. Òîäi éîãî àäèòèâíà ãðóïà

R+ àáî ñàìà öèêëi÷íà, àáî ¹ åëåìåíòàðíîþ àáåëåâîþ ãðóïîþ ïîðÿäêó

p2. Â ïåðøîìó âèïàäêó R ¹ êîìóòàòèâíèì ëîêàëüíèì êiëüöåì, içîìîð-

ôíèì êiëüöþ ëèøêiâ Z/pnZ ç n ≥ 2, à â äðóãîìó � iñíó¹ p ïîïàðíî

íåiçîìîðôíèõ òàêèõ ìàéæå-êiëåöü R ç |L| = p, iç ÿêèõ p − 1 ¹ íóëü-

ñèìåòðè÷íèìè, òà ìóëüòèïëiêàòèâíi ãðóïè R∗ ÿêèõ içîìîðôíi íàïiâ-

ïðÿìîìó äîáóòêó äâîõ öèêëi÷íèõ ïiäãðóï ïîðÿäêiâ p òà p− 1.
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ßê áåçïîñåðåäíié íàñëiäîê òåîðåìè 3.2 ìà¹ìî íàñòóïíèé ðåçóëüòàò.

Íàñëiäîê 3.3. Íåõàé R ¹ ëîêàëüíèì ìàéæå-êiëüöåì ïîðÿäêó p3, ÿêå íå

¹ içîìîðôíèì Z/p3Z àáî íå ¹ ìàéæå-ïîëåì. Òîäi ïiäãðóïà íåîáîðîòíèõ

åëåìåíòiâ L ¹ åëåìåíòàðíîþ àáåëåâîþ ãðóïîþ ïîðÿäêó p2.

Íàñòóïíà ëåìà õàðàêòåðèçó¹ îñíîâíi âëàñòèâîñòi ñêií÷åííèõ ëîêàëü-

íèõ ìàéæå-êiëåöü (äèâ. [21], Lemma 3.2).

Ëåìà 3.4. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ç îäèíèöåþ i, à L

� ïiäãðóïà âñiõ íåîáîðîòíèõ åëåìåíòiâ R. Òîäi ñïðàâåäëèâi òàêi

òâåðäæåííÿ:

1) L ¹ (R,R)-ïiäãðóïîþ â R+;

2) êîæíà âëàñíà R∗-iíâàðiàíòíà ïiäãðóïà R+ ìiñòèòüñÿ â L;

3) ìíîæèíà i+ L óòâîðþ¹ ïiäãðóïó ìóëüòèïëiêàòèâíî¨ ãðóïè R∗.

Â íàñòóïíîìó òâåðäæåííi âñòàíîâëåíî ïîðÿäêè ïiäãðóïè íåîáîðîòíèõ

åëåìåíòiâ L [98, Corollary 1].

Ëåìà 3.5. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ïîðÿäêó p4 ç íåàáåëåâîþ

àäèòèâíîþ ãðóïîþ òà íå ¹ ìàéæå-ïîëåì. Òîäi ïiäãðóïà íåîáîðîòíèõ

åëåìåíòiâ L ¹ íåöèêëi÷íîþ ãðóïîþ ïîðÿäêó p3 àáî p2.

Âèçíà÷èìî áiíîìiàëüíèé êîåôiöi¹íò
(
n
k

)
öiëèõ ÷èñåë n i k çà ôîðìó-

ëîþ: (
n

k

)
=

{
n!

k!(n−k)! , 0 ≤ k ≤ n;

0, k > n àáî k < 0.
(3.1)

3.2. Ëîêàëüíi ìàéæå-êiëüöÿ íà åëåìåíòàðíèõ àáå-

ëåâèõ ãðóïàõ ïîðÿäêó p3
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Â ñòàòòi [34] ìàéæå-êiëüöÿ ç îäèíèöåþ, à òîìó i ëîêàëüíi, ç öèêëi-

÷íîþ àäèòèâíîþ ãðóïîþ ïîâíiñòþ âèâ÷åíi. Ðîçãëÿíåìî åëåìåíòàðíi àáå-

ëåâi ãðóïè ïîðÿäêó p3 ó ÿêîñòi àäèòèâíèõ ãðóï ëîêàëüíèõ ìàéæå-êiëåöü.

Íàñòóïíå òâåðäæåííÿ ìiñòèòü êëàñèôiêàöiþ àáåëåâèõ ãðóï ïîðÿäêó

p3 (äèâ. [16]).

Ëåìà 3.6. Íåõàé G � àáåëåâà ãðóïà ïîðÿäêó p3. Äàëi íàâåäåíî âèçíà-

÷àëüíi ñïiââiäíîøåííÿ âñiõ íåiçîìîðôíèõ ãðóï G.

1) ap3 = 1.

2) ap2 = 1, bp = 1, ab = ba.

3) ap = bp = cp = 1, ab = ba, ac = ca, cb = bc.

Íåõàé G(p, p, p) � ãðóïà çi ñïiââiäíîøåííÿìè 2) ç ëåìè 3.6.

Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ç àäèòèâíîþ ãðóïîþ R+, ùî içî-

ìîðôíà ãðóïi G(p, p, p), i íå ¹ ìàéæå-ïîëåì.

Çàóâàæèìî, ùî çà íàñëiäêîì 3.13 ïiäãðóïà íåîáîðîòíèõ åëåìåíòiâ L

àäèòèâíî¨ ãðóïè R+ ëîêàëüíîãî ìàéæå-êiëüöÿ R ¹ åëåìåíòàðíîþ àáåëå-

âîþ ïîðÿäêó p2, òîáòî |R : L| = p.

Òåîðåìà 3.7. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ç àäèòèâíîþ ãðóïîþ

R+, ùî içîìîðôíà ãðóïi G(p, p, p), i íå ¹ ìàéæå-ïîëåì. Òîäi

R+ = 〈a〉+ 〈b〉+ 〈c〉

äëÿ äåÿêèõ a, b, c ∈ R, ùî çàäîâîëüíÿþòü ñïiââiäíîøåííÿ ap = bp =

cp = 1, a + b = b + a, a + c = c + a, c + b = b + c. ßêùî a ¹ îäèíèöåþ â

R, òî L = 〈b〉+ 〈c〉 òà

R∗ = {ax1 + bx2 + cx3 | x1 6≡ 0 (mod p)}.

Äîâåäåííÿ. ßêùî a ¹ îäèíèöåþ â R, òî b òà c ∈ L çà íàñëiäêîì 3.13. Òîäi

L = 〈b〉+ 〈c〉. Îñêiëüêè R∗ = R\L, òà åëåìåíò

x = ax1 + bx2 + cx3 ∈ R∗,
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ÿêùî i òiëüêè ÿêùî, x1 6≡ 0 (mod p).

Çàñòîñîâóþ÷è òåîðåìó 3.7, îòðèìà¹ìî íàñòóïíó ôîðìóëó ìíîæåííÿ

äëÿ áóäü-ÿêèõ äâîõ åëåìåíòiâ x = ax1 + bx2 + cx3 òà y = ay1 + by2 + cy3

ëîêàëüíîãî ìàéæå-êiëüöÿ R.

Íàñëiäîê 3.8. ßêùî x, y ∈ R xb = bβ(x)+cγ(x) òà xc = bµ(x)+cν(x),

òî

xy = ax1y1 + b(x2y1 + β(x)y2 + µ(x)y3)+

+c(x3y1 + γ(x)y2 + ν(x)y3),

ïðè÷îìó äëÿ âiäîáðàæåíü α : R → Zp, β : R → Zp, γ : R → Zp, λ : R →
Zp, µ : R→ Zp òà ν : R→ Zp âèêîíóþòüñÿ íàñòóïíi òâåðäæåííÿ:

(0) β(0) ≡ 0 (mod p), γ(0) ≡ 0 (mod p), µ(0) ≡ 0 (mod p) òà

ν(0) ≡ 0 (mod p) òîäi i òiëüêè òîäi, êîëè ìàéæå-êiëüöå R ¹ íóëü-

ñèìåòðè÷íèì;

(1) β(a) = 1, γ(a) = 0, µ(a) = 0, ν(a) = 1 (mod p);

(2) ÿêùî β(x) ≡ 0 (mod p) òà µ(x) ≡ 0 (mod p), òî x1 ≡ 0 (mod p);

(3) β(xy) ≡ β(x)β(y) + µ(x)γ(y) (mod p);

(4) γ(xy) ≡ γ(x)β(y) + ν(x)γ(y) (mod p);

(6) µ(xy) ≡ β(x)µ(y) + µ(x)ν(y) (mod p);

(7) ν(xy) ≡ γ(x)µ(y) + ν(x)ν(y) (mod p).

Î÷åâèäíî, ùî ôóíêöi¨ β(x) òà µ(x) íå çàëåæàòü âiä êîåôiöi¹íòà x3.

Ìà¹ìî íàñòóïíå òâåðäæåííÿ.

Ëåìà 3.9. Ïiäãðóïà < c > ¹ iäåàëîì â ëîêàëüíîìó ìàéæå-êiëüöi R.
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Äîâåäåííÿ. Íåõàé x = ax1 + bx2 + cx3, y = ay1 + by2 + cy3 ∈ R, z = cz3 ∈
〈c〉. Ïåðåâiðèìî, ÷è áóäå < c > iäåàëîì â R, òîáòî

(z + x)y − xy ∈ 〈c〉.

Äëÿ öüîãî ñêîðèñòà¹ìîñÿ ôîðìóëîþ ìíîæåííÿ åëåìåíòiâ â R ç íàñëiä-

êó 3.8,

xy = ax1y1 + b(x2y1 + β(x)y2+

+µ(x)y3) + c(x3y1 + γ(x)y2 + ν(x)y3).

Ìà¹ìî

(z + x)y − xy = (cz3 + ax1 + bx2 + cx3)(ay1 + by2 + cy3)−

−(ax1 + bx2 + cx3)(ay1 + by2 + cy3) = (ax1 + bx2 + c(x3+

+z3))(ay1 + by2 + cy3)− (ax1 + bx2 + cx3)(ay1 + by2 + cy3) =

= ax1y1 + b(x2y1 + β(z + x)y2 + µ(z + x)y3) + c(x3y1+

+γ(z + x)y2 + ν(z + x)y3)− ax1y1 − b(x2y1 + β(x)y2+

+µ(x)y3)− c(x3y1 + γ(x)y2 + ν(x)y3) =

= c(y2(γ(z + x)− γ(x)) + y3(ν(z + x)− ν(x))) ∈ 〈c〉.

Îòæå, 〈c〉 ¹ iäåàëîì â R.

Äàëi, íàâåäåìî ïðèêëàäè ìàéæå-êiëüöåâîãî ìíîæåííÿ.

Ëåìà 3.10. Íåõàé G içîìîðôíà ãðóïi G(p, p, p). ßêùî x = ax1+bx2+cx3

òà y = ay1 + by2 + cy3 ∈ G, òî ìíîæåííÿ

x · y = ax1y1 + b(x2y1 + β(x)y2) + c(x3y1 + ν(x)y2)

ç îäíèì ç íàñòóïíèõ íàáîðiâ ôóíêöié

� β(x) = 1 òà ν(x) = 1;
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� β(x) = x1 òà ν(x) = x1;

� β(x) = x21 òà ν(x) = x21;

� . . .

� β(x) = xp−11 òà ν(x) = xp−11

âèçíà÷à¹ ëîêàëüíå ìàéæå-êiëüöå R = (G,+, ·).

Ìà¹ìî íàñòóïíó òåîðåìó.

Òåîðåìà 3.11. Iñíó¹ ùîíàéìåíøå p íåiçîìîðôíèõ ëîêàëüíèõ ìàéæå-

êiëåöü íà åëåìåíòàðíié àáåëåâié ãðóïi ïîðÿäêó p3.

Äîâåäåííÿ. Îñêiëüêè íóëü-ñèìåòðè÷íi ëîêàëüíi ìàéæå-êiëüöÿ ïîðÿäêó

p2 êëàñèôiêîâàíi â ðîáîòi [61], òî é îïèñàíi âñi íåiçîìîðôíi ôàêòîð-

ìàéæå-êiëüöÿ N = R/ < c >. Òîáòî ìîæíà çàñòîñóâàòè ôîðìóëó ìíîæå-

ííÿ ç âêàçàíî¨ ðîáîòè, ïîïåðåäíüî àäàïòóâàâøè ¨¨ äëÿ ëiâèõ ëîêàëüíèõ

ìàéæå-êiëåöü. Çðîçóìiëî, ùî N+ = 〈a〉+ 〈b〉. À ñàìå, íåõàé x = ax1 + bx2

òà y = ay1 + by2 åëåìåíòè ìàéæå-êiëüöÿ N , òîäi

xy = ax1y1 + b(x2y1 + ρ(x1)y2),

äå ρ ïðèéìà¹ p− 1 çíà÷åííÿ äëÿ íóëü-ñèìåòðè÷íèõ ìàéæå-êiëåöü çà [61,

Theorem 1.6].

Ç iíøîãî áîêó, çà íàñëiäêîì 3.8 ìà¹ìî:

xy = ax1y1 + b(x2y1 + x1β(x)y2).

Ïðèðiâíÿâøè êîåôiöi¹íòè ïðè òâiðíèõ, îòðèìà¹ìî: x1β(x)y2 =

ρ(x1)y2. ßêùî y2 6≡ 0 (mod p), òî x1β(x) = ρ(x1). Çâiäêè β(x) =

ρ(x1)x1
−1. ßêùî y2 ≡ 0 (mod p), òî xy = ax1y1 + bx2y1.

Îòæå, iñíó¹ p− 1 òàêèõ ðiçíèõ ôóíêöi¨ β(x).

Î÷åâèäíî, ùî ìíîæåííÿ ç ëåìè 3.10 ç ôóíêöiÿìè β(x) = 1 òà ν(x) =

1 ¹ ìàéæå-êiëüöåâèì i âèçíà÷à¹ êîíñòàíòíå ëîêàëüíå ìàéæå-êiëüöå, ùî

çàâåðøó¹ äîâåäåííÿ.
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3.2.1. Ïðèêëàäè ëîêàëüíèõ ìàéæå-êiëåöü ç åëåìåíòàðíîþ

àáåëåâîþ àäèòèâíîþ ãðóïîþ ïîðÿäêó p3

Äàìî àëãîðèòì ïîáóäîâè ëîêàëüíîãî ìàéæå-êiëüöÿ ç åëåìåíòàðíîþ

àáåëåâîþ àäèòèâíîþ ãðóïîþ ïîðÿäêó 53, ùî ðåàëiçîâàíî â ñèñòåìi

êîìï'þòåðíî¨ àëãåáðè GAP.

# Â ñåðåäîâèùi ñèñòåìè GAP çàâàíòàæó¹ìî ïàêåò LocalNR.

LoadPackage(“LocalNR”);

# G � ãðóïà ç IdGroup [125, 5].

G := SmallGroup(125, 5);

# gen � ñïèñîê, ùî ìiñòèòü ìiíiìàëüíó ñèñòåìó òâiðíèõ.

gen := MinimalGeneratingSet(G);

# Ïîâåðòà¹ìî ñïèñîê ç ïîðÿäêàìè òâiðíèõ çi ñïèñêó gen.

List(gen,Order);

# a � ïåðøèé åëåìåíò çi ñïèñêó gen.

a := gen[1];

# b � äðóãèé åëåìåíò çi ñïèñêó gen.

b := gen[2];

# c � òðåòié åëåìåíò çi ñïèñêó gen.

c := gen[3];

# beta � ôóíêöiÿ, ÿêà ïîâåðòà¹ çíà÷åííÿ x∧2 ïî mod 5.

beta := function(x)

return x∧2 mod 5; end;

nu := function(x)

return x∧2 mod 5; end;

# mulGR � ôóíêöiÿ ìàéæå-êiëüöåâîãî äîáóòêó.

mulGR := function(x, y)

local x1, x2, x3, y1, y2, y3;
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for x1 in [0..4] do

for x2 in [0..4] do

for x3 in [0..4] do

for y1 in [0..4] do

for y2 in [0..4] do

for y3 in [0..4] do

if x = a∧x1 ∗ b∧x2 ∗ c∧x3 and y = a∧y1 ∗ b∧y2 ∗ c∧y3 then return

a∧(x1 ∗ y1) ∗ b∧(x2 ∗ y1 + beta(x1) ∗ y2) ∗ c∧(x3 ∗ y1 + ν(x1) ∗ y3); fi;

od; od; od; od; od; od; end;

# n � ìàéæå-êiëüöå íà ãðóïi G òà ç ìíîæåííÿì mulGR (áåç ïåðåâið-

êè).

n := ExplicitMultiplicationNearRingNC(G,mulGR);

# M � òàáëèöÿ ìíîæåííÿ ìàéæå-êiëüöÿ n.

M := MultiplicationTable(n); ;

# mul � ìàéæå-êiëüöåâå ìíîæåííÿ, ùî îòðèìàíî çà äîïîìîãîþ òà-

áëèöi M .

mul :=

NearRingMultiplicationByOperationTable(G,M,AsSortedList(G));

# n � ìàéæå-êiëüöå íà ãðóïi G òà ç ìíîæåííÿì mul (ç ïåðåâiðêîþ).

n := ExplicitMultiplicationNearRing(G,mul);

Ç ïîáóäîâàíèõ ïðèêëàäiâ ç ïàêåòiâ SONATA òà LocalNR ìà¹ìî íàñòó-

ïíó êiëüêiñòü ëîêàëüíèõ ìàéæå-êiëåöü ç äîñëiäæóâàíèìè õàðàêòåðèñòè-

êàìè, ùî íå ¹ ìàéæå-ïîëÿìè:
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Àäèòèâíà ãðóïà Êiëüêiñòü íåiçîìîðôíèõ

ëîêàëüíèõ ìàéæå-êiëåöü

C2 × C2 × C2 6

C3 × C3 × C3 12

C5 × C5 × C5 29

C7 × C7 × C7 46

C11 × C11 × C11 96

3.3. Ëîêàëüíi ìàéæå-êiëüöÿ íà íåàáåëåâèõ ãðóïàõ

ïîðÿäêó p3

Äàëi ïîçíà÷èìî ÷åðåçG1 ãðóïó çi ñïiââiäíîøåííÿìè 5*) òâåðäæåííÿ 2.1,

G2 ãðóïó çi ñïiââiäíîøåííÿìè 4*) òâåðäæåííÿ 2.1, G3 ãðóïó çi ñïiââiäíî-

øåííÿìè 2) òâåðäæåííÿ 2.1.

Ïîçíà÷èìî ÷åðåç n(G) êiëüêiñòü óñiõ íåiçîìîðôíèõ ëîêàëüíèõ ìàéæå-

êiëåöü íà ãðóïi G.

3.3.1. Ëîêàëüíi ìàéæå-êiëüöÿ, àäèòèâíi ãðóïè ÿêèõ içîìîðô-

íi G1

Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà ÿêîãî R+ içîìîð-

ôíà G1. Òîäi R
+ = 〈a〉 + 〈b〉 + 〈c〉 äëÿ äåÿêèõ åëåìåíòiâ a, b i c ç R, ùî

çàäîâîëüíÿþòü ñïiââiäíîøåííÿ ap = 0, bp = 0, cp = 0, a + b = b + a + c,

a + c = c + a i b + c = c + b. Çîêðåìà, êîæåí åëåìåíò x ∈ R îäíîçíà÷íî

çàïèñó¹òüñÿ ó âèãëÿäi x = ax1 + bx2 + cx3 ç êîåôiöi¹íòàìè 0 ≤ x1 < p,

0 ≤ x2 < p i 0 ≤ x3 < p.

Îñêiëüêè ïîðÿäîê åëåìåíòà a äîðiâíþ¹ åêñïîíåíòi ãðóïè G, òî çà ëå-
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ìîþ 2.2 ìîæíà ââàæàòè, ùî a ¹ îäèíèöåþ â R, òîáòî ax = xa = x äëÿ

êîæíîãî x ∈ R. Êðiì òîãî, äëÿ êîæíîãî x ∈ R iñíóþòü òàêi êîåôiöi¹íòè

α(x), β(x) i γ(x), ùî

xb = aα(x) + bβ(x) + cγ(x).

Çðîçóìiëî, ùî âîíè òàê îäíîçíà÷íî âèçíà÷åíi çà ìîäóëåì p, ùî âèçíà÷åíi

äåÿêi âiäîáðàæåííÿ α : R→ Zp, β : R→ Zp i γ : R→ Zp.
Çãiäíî ç íàñëiäêîì 3.5, L ¹ íîðìàëüíîþ ïiäãðóïîþ ïîðÿäêó p2 â R.

Îñêiëüêè L ìiñòèòü êîìóòàòîð R+, òî âèïëèâà¹, ùî L = 〈b〉 + 〈c〉 i ïiä-
ãðóïà 〈c〉 ¹ öåíòðîì â R+. Îñêiëüêè R∗ = R \ L, òî âèïëèâà¹

R∗ = {ax1 + bx2 + cx3 | x1 6≡ 0 ( mod p )}

i x = ax1+bx2+cx3 ¹ îáîðîòíèì òîäi i òiëüêè òîäi, êîëè x1 6≡ 0 ( mod p ).

Ëîêàëüíi ìàéæå-êiëüöÿ íà íåìåòàöèêëi÷íèõ ãðóïàõ Ìiëëåðà�Ìîðåíî

áóëè âèâ÷åíi â ñòàòòÿõ [12] i [73]. Ëåìè 3.12 òà 3.18 áàçóþòüñÿ íà ðåçóëü-

òàòàõ öèõ ðîáiò.

Ëåìà 3.12. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà ÿêîãî

äîðiâíþ¹ G1 ç îäèíèöåþ a. ßêùî x = ax1 + bx2 + cx3, y = ay1 + by2 +

cy3 ∈ R,
xb = aα(x) + bβ(x) + cγ(x),

òî

x · y = ax1y1 + b(x2y1 + β(x)y2)+ (3.2)

+c(−x1x2
(
y1
2

)
+ x3y1 + γ(x)y2 + x1β(x)y3).

Áiëüø òîãî, äëÿ âiäîáðàæåíü β : R → Zp i γ : R → Zp ìàþòü ìiñöå

íàñòóïíi òâåðäæåííÿ:

(0) α(0) ≡ 0 ( mod p), β(0) ≡ 0 ( mod p) i γ(0) ≡ 0 ( mod p) òîäi i

òiëüêè òîäi, êîëè ìàéæå-êiëüöå R ¹ íóëü-ñèìåòðè÷íèì;
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(1) α(x) ≡ 0 ( mod p);

(2) ÿêùî β(x) ≡ 0 ( mod p), òî x1 ≡ 0 ( mod p);

(3) β(xy) ≡ β(x)β(y) ( mod p );

(4) γ(xy) ≡ γ(x)β(y) + x1β(x)γ(y) ( mod p).

Äîâåäåííÿ. Îñêiëüêè L = 〈b〉 + 〈c〉 i L ¹ (R,R)-ïiäãðóïîþ â R+ çãiäíî

ç òâåðäæåííÿì 1) ëåìè 3.4 âèïëèâà¹, ùî xb ∈ L, îòæå, aα(x) ∈ L

äëÿ êîæíîãî x ∈ R. Òàêèì ÷èíîì α(x) ≡ 0 ( mod p) i ìà¹ìî

òâåðäæåííÿ (1). Ïiäñòàâëÿþ÷è îòðèìàíå çíà÷åííÿ α(x) ≡ 0 ( mod p)

ó ôîðìóëè ç ëåìè 2.11 îòðèìó¹ìî òâåðäæåííÿ (3) òà (4) ëåìè òà ôîð-

ìóëó äëÿ äîáóòêó xy. Ïîêëàäåìî y = c, ìà¹ìî xc = c(x1β(x)). Îò-

æå, ÿêùî β(x) ≡ 0 ( mod p), òîäi xc = 0, i òàê x ∈ L. Îòæå, x1 ≡ 0 (

mod p), ÿê âêàçàíî â òâåðäæåííi (2). Äiéñíî, òâåðäæåííÿ (0) ïîâòîðþ¹

òâåðäæåííÿ (0) ëåìè 2.11.

Âiäîìî, ùî äëÿ òàêèõ ãðóï êîìóòàòîð D(R+) çáiãà¹òüñÿ ç öåíòðîì

Z(R+) òà ìà¹ ïîðÿäîê p.

Ëåìà 3.13. Êîìóòàòîð D(R+) ¹ iäåàëîì ó ëîêàëüíîìó ìàéæå-êiëüöi

R.

Äîâåäåííÿ. Íåõàé x = ax1 + bx2 + cx3, y = ay1 + by2 + cy3 ∈ R, z = cz3 ∈
D(R+). Ïåðåâiðèìî, ÷è ¹ D(R+) iäåàëîì ó R, òîáòî

(z + x)y − xy ∈ D(R+).

Äëÿ öüîãî ìè âèêîðèñòîâó¹ìî ôîðìóëó (3.2) äëÿ ìíîæåííÿ åëåìåíòiâ ç

R. Îòðèìó¹ìî

(z + x)y − xy = (cz3 + ax1 + bx2 + cx3)(ay1 + by2 + cy3)−

−(ax1 + bx2 + cx3)(ay1 + by2 + cy3) = (ax1 + bx2 + c(x3 + z3))(ay1+
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+by2 + cy3)− (ax1 + bx2 + cx3)(ay1 + by2 + cy3) = ax1y1+

+b(x2y1 + β(x)y2) + c(−x1x2
(
y1
2

)
+ x3y1 + z3y1 + γ(z + x)y2+

+x1β(x)y3)− ax1y1 − b(x2y1 + β(x)y2)− c(−x1x2
(
y1
2

)
+ x3y1+

+γ(x)y2 + x1β(x)y3) = ax1y1 + b(x2y1 + β(x)y2)− ax1y1 − b(x2y1+

+β(x)y2) + c(z3y1 + (γ(z + x)− γ(x))y2) = ax1y1 − ax1y1 + b(x2y1+

+β(x)y2)− c(x1y1(x2y1 + β(x)y2))− b(x2y1 + β(x)y2) + c(z3y1+

+(γ(z + x)− γ(x))y2) = c(z3y1 + (γ(z + x)− γ(x))y2 − x1x2y21−

−x1y1y2β(x)) ∈ D(R+).

Îòæå, D(R+) ¹ iäåàëîì R.

Ëåìà 3.14. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà ÿêîãî

R+ içîìîðôíà G1. ßêùî x = ax1 + bx2 + cx3, y = ay1 + by2 + cy3 ∈ R,
òî âiäîáðàæåííÿ β : R → Zp2 i γ : R → Zp ç (3.2) ìîæå áóòè îäíèì iç

íàñòóïíèõ:

1) β(x) = x1
i i γ(x) = 0 (0 < i < p);

2) β(x) = 1 i γ(x) = 0;

3) β(x) = x21 i γ(x) = x1x2.

Äîâåäåííÿ. 1) Îñêiëüêè íóëü-ñèìåòðè÷íi ëîêàëüíi ìàéæå-êiëüöÿ ïîðÿä-

êó p2 êëàñèôiêîâàíî â [61], òî îïèñàíî âñi íåiçîìîðôíi ôàêòîð-ìàéæå-

êiëüöÿ ïî êîìóòàòîðíié ïiäãðóïi N = R/D(R+). Òîáòî, ìîæíà çàñòîñó-

âàòè ôîðìóëó ìíîæåííÿ iç çàçíà÷åíî¨ ðîáîòè, ïîïåðåäíüî àäàïòóâàâøè

¨¨ äëÿ ëiâèõ ëîêàëüíèõ ìàéæå-êiëåöü. Çðîçóìiëî, ùî N+ = 〈a〉 + 〈b〉. À
ñàìå, íåõàé x = ax1 + bx2 i y = ay1 + by2 ¹ åëåìåíòàìè N , òîäi

xy = ax1y1 + b(x2y1 + ρ(x1)y2).
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Áiëüø òîãî, ó [61, Theorem 1.6] i [61, Corollary 1.11] áóëî ïîêàçàíî, ùî

iñíóþòü, ç òî÷íiñòþ äî içîìîðôiçìó, p− 1 ëîêàëüíi ìàéæå-êiëüöÿ (ÿêi íå

¹ ìàéæå-ïîëÿìè) ç àäèòèâíîþ ãðóïîþ ïîðÿäêó p2 òà åêñïîíåíòîþ p. Öi

ëîêàëüíi ìàéæå-êiëüöÿ ïîâíiñòþ âèçíà÷àþòüñÿ òàêèìè âiäîáðàæåííÿìè

ρ : Zp → Zp, ùî (i) ρ(x) = 0 òîäi i òiëüêè òîäi, êîëè x = 0 i (ii) ρ ¹

ãðóïîâèì åíäîìîðôiçìîì (Zp−{0}, ·) [57]. Îòæå, ρ ïðèéìà¹ îäíå ç p− 1

çíà÷åíü äëÿ íóëü-ñèìåòðè÷íèõ ìàéæå-êiëåöü.

Ç iíøîãî áîêó, çà ôîðìóëîþ (3.2) ìà¹ìî:

xy = ax1y1 + b(x2y1 + β(x)y2).

Ïðèðiâíþþ÷è êîåôiöi¹íòè äëÿ òâiðíèõ, îòðèìó¹ìî: β(x)y2 = ρ(x1)y2.

Çâiäñè, β(x) = ρ(x1). Îòæå, iñíó¹ p− 1 ðiçíèõ íóëü-ñèìåòðè÷íèõ ìàéæå-

êiëåöü.

2) Î÷åâèäíî, ùî ìíîæåííÿ (3.2) ç ôóíêöiÿìè β(x) = 1 òà γ(x) = 0 ¹

êîíñòàíòíèì ìàéæå-êiëüöåâèì ìíîæåííÿì.

3) Äàëi ïîêàæåìî, ùî äëÿ β(x) = x21 òà γ(x) = x1x2 ìíîæåííÿ (3.2),

òîáòî

x ∗ y = ax1y1 + b(x2y1 + x21y2) + c(−x1x2
(
y1
2

)
+

+x3y1 + x1x2y2 + x31y3)

¹ ìàéæå-êiëüöåâèì ìíîæåííÿì. Çà ëåìîþ 3.12 (3) i (4), ôóíêöi¨ β(x) òà

γ(x) ïîâèííi çàäîâîëüíÿòè òàêi óìîâè: β(xy) = β(x)β(y) i

γ(xy) = β(y)γ(x) + x1β(x)γ(y).

Ïåðåâiðÿ¹ìî, ùî

β(xy) = (x1y1)
2 = x21y

2
1 = β(x)β(y)

i

γ(xy) = x1y1(x2y1 + x1y2) = x1x2y
2
1 + x21y1y2 =



124

= β(y)γ(x) + x1β(x)γ(y).

Îòæå, β(x) i γ(x) çàäîâîëüíÿþòü óìîâè (3) òà (4) ëåìè 3.12.

Ëåãêî ïîáà÷èòè, ùî åëåìåíò a ¹ ìóëüòèïëiêàòèâíîþ îäèíèöåþ äëÿ

(R, ∗) i x ∗ b = bx21 + cx1x2 äëÿ êîæíîãî x ∈ R. Ïîêàæåìî, ùî âiäíîñíî
îïåðàöié “ + ” and “ ∗ ” ñèñòåìà (R,+, ∗) ¹ ìàéæå-êiëüöåì ç îäèíè÷íèì

åëåìåíòîì a. Î÷åâèäíî, ùî äîñòàòíüî ïåðåâiðèòè, ùî ÿêùî z = az1 +

bz2 + cz3 ¹ äîâiëüíèì åëåìåíòîì R, òîäi x ∗ (y + z) = x ∗ y + x ∗ z i

(x ∗ y) ∗ b = x ∗ (y ∗ b).
Äiéñíî, ìà¹ìî

x ∗ z = ax1z1 + b(x2z1 + x21z2) + c(−x1x2
(
z1
2

)
+

+x3z1 + x1x2z2 + x31z3)

i

b(x2y1 + x21y2) + a(x1z1) = a(x1z1)+

+b(x2y1 + x21y2)− c(x1z1(x2y1 + x21y2))

çà ëåìîþ 2.8. Îòðèìó¹ìî

x ∗ y + x ∗ z =

a(x1y1 + x1z1) + b(x2y1 + x21y2 + x2z1 + x21z2)+

+ c(−x1x2
(
y1
2

)
+ x3y1 + x1x2y2 + x31y3−

− x1x2
(
z1
2

)
+ x3z1 + x1x2z2 + x31z3 − x1z1(x2y1 + x21y2)) =

= ax1(y1 + z1) + b(x2(y1 + z1) + x21(y2 + z2))+

+ c(−x1x2
(

(y1 + z1)

2

)
+ x3(y1 + z1)+

+x1x2(y2 + z2) + x31(y3 + z3 − z1y2)).
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Ç iíøîãî áîêó,

y + z = (ay1 + by2 + cy3) + (az1 + bz2 + cz3) =

= a(y1 + z1) + b(y2 + z2) + c(y3 + z3 − z1y2)

òîìó, ùî

by2 + az1 = az1 + by2 − cz1y2

çà ëåìîþ 2.8. Òîìó

x ∗ (y + z) = ax1(y1 + z1) + b(x2(y1 + z1) + x21(y2 + z2))+

c(−x1x2
(

(y1 + z1)

2

)
+ x3(y1 + z1) + x1x2(y2+

+z2) + x31(y3 + z3 − z1y2)).

Îòæå, x ∗ (y + z) = x ∗ y + x ∗ z, ÿê i âèìàãàëîñÿ.
Äàëi, y ∗ b = by21 + cy1y2 i òîìó

x ∗ (y ∗ b) = b(x21y
2
1) + c(x1x2y

2
1 + x31y1y2) =

= b(x1y1)
2 + c(x1x2(x2y1 + x21y2).

Ç iíøîãî áîêó,

(x ∗ y) ∗ b = (ax1y1 + b(x2y1 + x21y2) + c(−x1x2
(
y1
2

)
+

+x3y1 + x1x2y2 + x31y3) ∗ b = b(x1y1)
2+

+c(x1x2(x2y1 + x21y2) = x ∗ (y ∗ b).

Òàêèì ÷èíîì, ñèñòåìà (R,+, ∗) ¹ ìàéæå-êiëüöåâèì ìíîæåííÿì ç îäèíè-

÷íèì åëåìåíòîì a, à îòæå, ìíîæåííÿ “∗” ¹ ìàéæå-êiëüöåâèì ìíîæåííÿì,

ÿê i ñòâåðäæóâàëîñÿ.

Îòæå, ìà¹ìî ïðèêëàäè p+1 ìàéæå-êiëüöåâèõ äîáóòêiâ i ôîðìóëþ¹ìî

íàñòóïíèé ðåçóëüòàò.
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Òåîðåìà 3.15. Íà êîæíié íåìåòàöèêëi÷íié íåàáåëåâié ãðóïi ïîðÿäêó

p3 iñíó¹ ùîíàéìåíøå p+ 1 íåiçîìîðôíèõ ëîêàëüíèõ ìàéæå-êiëåöü.

Äîâåäåííÿ. Ìàéæå-êiëüöÿ R = (R,+, ·) ç ôóíêöiÿìè β(x) = x1
i òà

γ(x) = 0 (0 < i < p) ¹ íåiçîìîðôíèìè íóëü-ñèìåòðè÷íèìè ëîêàëüíèìè

ìàéæå-êiëüöÿìè çãiäíî ç âèùåçàçíà÷åíèì òà ñòàòòåþ [61]. Ëåãêî ïåðåâi-

ðèòè, ùî ëîêàëüíi ìàéæå-êiëüöÿ R = (R,+, ·) ç ôóíêöiÿìè β(x) = 1 òà

γ(x) = 0 ¹ íåíóëü-ñèìåòðè÷íèìè. Î÷åâèäíî, ùî R = (R,+, ·) ç ôóíêöi-
ÿìè β(x) = x21 òà γ(x) = x1x2 ¹ íóëü-ñèìåòðè÷íèìè òà íåiçîìîðôíèìè

ìàéæå-êiëüöÿì, ðîçãëÿíóòèì âèùå. Îòæå, iñíó¹ ùîíàéìåíøå p+ 1 íåiçî-

ìîðôíèõ ëîêàëüíèõ ìàéæå-êiëåöü íà êîæíié íåìåòàöèêëi÷íié íåàáåëåâié

ãðóïi ïîðÿäêó p3.

Ïðèêëàä 3.16. Íåõàé G ∼= (C5 × C5) o C5. ßêùî x = ax1 + bx2 + cx3 i

y = ay1 + by2 + cy3 ∈ G, òà (G,+, ·) ¹ ëîêàëüíèì ìàéæå-êiëüöåì, òîäi çà

ëåìîþ 6.15 “ · ” ¹ îäíèì iç íàñòóïíèõ äîáóòêiâ.

(1) x · y = ax1y1 + b(x2y1 + y2) + c(−x1x2
(
y1
2

)
+ x3y1 + x1y3);

(2) x · y = ax1y1 + b(x2y1 +x31(x)y2) + c(−x1x2
(
y1
2

)
+x3y1 +x1x2y2 +x41y3);

(3) x · y = ax1y1 + b(x2y1 + x1y2) + c(−x1x2
(
y1
2

)
+ x3y1 + x21y3);

(4) x · y = ax1y1 + b(x2y1 + x21y2) + c(−x1x2
(
y1
2

)
+ x3y1 + x31y3);

(5) x · y = ax1y1 + b(x2y1 + x31(x)y2) + c(−x1x2
(
y1
2

)
+ x3y1 + x41y3);

(6) x · y = ax1y1 + b(x2y1 + x41y2) + c(−x1x2
(
y1
2

)
+ x3y1 + x51y3).

Êîìï'þòåðíà ïðîãðàìà, ÿêà ïiäòâåðäèëà, ùî äëÿ p = 5 ìàéæå-êiëüöå,

îòðèìàíå â Lemma 6.15 (3), ñïðàâäi ¹ ëîêàëüíèì ìàéæå-êiëüöåì (äèâ.

ïðèêëàä 3.16 (2)), ðîçìiùåíà íà GitHub:

https://github.com/raemarina/Examples/blob/main/LNR_125-3.txt

Äàëi, íàâåäåìî öþ ïðîãðàìó.
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# Â ñåðåäîâèùi ñèñòåìè GAP çàâàíòàæó¹ìî ïàêåò LocalNR.

LoadPackage(“LocalNR”);

# G � ãðóïà ç IdGroup [125, 3].

G := SmallGroup(125, 3);

# gen � ñïèñîê, ùî ìiñòèòü ìiíiìàëüíó ñèñòåìó òâiðíèõ.

gen := MinimalGeneratingSet(G);

# Ïîâåðòà¹ìî ñïèñîê ç ïîðÿäêàìè òâiðíèõ çi ñïèñêó gen.

List(gen,Order);

# a � ïåðøèé åëåìåíò çi ñïèñêó gen.

a := gen[1];

# b � äðóãèé åëåìåíò çi ñïèñêó gen.

b := gen[2];

# c � êîìóòàòîð åëåìåíòiâ a òà b.

c := a∧ − 1 ∗ b∧ − 1 ∗ a ∗ b;
# gamma � ôóíêöiÿ, ÿêà ïîâåðòà¹ çíà÷åííÿ 2 ∗ x ∗ y.
gamma := function(x, y)

return 2 ∗ x ∗ y; end;

# beta � ôóíêöiÿ, ÿêà ïîâåðòà¹ çíà÷åííÿ x∧2.

beta := function(x)

return x∧2; end;

# mulGR � ôóíêöiÿ ìàéæå-êiëüöåâîãî äîáóòêó.

mulGR := function(x, y)

local x1, x2, x3, y1, y2, y3;

for x1 in [0..4] do

for x2 in [0..4] do

for x3 in [0..4] do

for y1 in [0..4] do

for y2 in [0..4] do

for y3 in [0..4] do
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if x = a∧x1 ∗ b∧x2 ∗ c∧x3 and y = a∧y1 ∗ b∧y2 ∗ c∧y3 then return

a∧(x1 ∗ y1) ∗ b∧(x2 ∗ y1 + beta(x1) ∗ y2) ∗ c∧(gamma(x1, x2) ∗ y2− x1 ∗
x2 ∗Binomial(y1, 2) + x3 ∗ y1 + x1 ∗ beta(x1) ∗ y3); fi;

od; od; od; od; od; od; end;

# n � ìàéæå-êiëüöå íà ãðóïi G òà ç ìíîæåííÿì mulGR (áåç ïåðåâið-

êè).

n := ExplicitMultiplicationNearRingNC(G,mulGR);

# M � òàáëèöÿ ìíîæåííÿ ìàéæå-êiëüöÿ n.

M := MultiplicationTable(n); ;

# mul � ìàéæå-êiëüöåâå ìíîæåííÿ, ùî îòðèìàíî çà äîïîìîãîþ òà-

áëèöi M .

muNR :=

NearRingMultiplicationByOperationTable(G,M,AsSortedList(G));

# n � ìàéæå-êiëüöå íà ãðóïi G òà ç ìíîæåííÿì mul (ç ïåðåâiðêîþ).

n := ExplicitMultiplicationNearRing(G,muNR);

# Ïåðåâiðêà, ÷è ¹ ìàéæå-êiëüöå n ëîêàëüíèì.

IsLocalNearRing(n);

Ç ïàêåòiâ SONATA òà LocalNR ìà¹ìî íàñòóïíó êiëüêiñòü íåiçîìîð-

ôíèõ ëîêàëüíèõ ìàéæå-êiëåöü.

StructureDescription(R+) n(R+)

(C3 × C3) o C3 4

(C5 × C5) o C5 6

(C7 × C7) o C7 8

(C11 × C11) o C11 12
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3.3.2. Ëîêàëüíi ìàéæå-êiëüöÿ, àäèòèâíi ãðóïè ÿêèõ içîìîðô-

íi G2

Íåõàé R �� ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà ÿêîãî R+ içîìîð-

ôíà G2. Òîäi R
+ = 〈a〉+ 〈b〉 äëÿ äåÿêèõ åëåìåíòiâ a òà b ìíîæèíè R, ùî

çàäîâîëüíÿþòü ñïiââiäíîøåííÿ ap2 = 0, bp = 0 òà −b+ a+ b = a(1 + p).

Çîêðåìà, êîæåí åëåìåíò x ∈ R îäíîçíà÷íî çàïèñó¹òüñÿ ó âèãëÿäi

x = ax1 + bx2 ç êîåôiöi¹íòàìè 0 ≤ x1 < p2 i 0 ≤ x2 < p.

Çãiäíî ç [54, Òåîðåìà 7.1] äëÿ p = 3 iñíóþòü òðè íóëü-ñèìåòðè÷íi

ìàéæå-êiëüöÿ ç îäèíèöåþ íà G2, à äëÿ p > 3 îäíå. Âîäíî÷àñ, çãiäíî

ç [54, Òåîðåìà 4.2], iñíó¹ îäíå íåíóëü-ñèìåòðè÷íå ìàéæå-êiëüöå ç îäèíè-

öåþ íà G2. Ç iíøîãî áîêó, â [63] áóëî ïîêàçàíî, ùî äëÿ êîæíî¨ ãðóïè G2

iñíó¹ íóëü-ñèìåòðè÷íå ëîêàëüíå ìàéæå-êiëüöå. Çà äîïîìîãîþ áiáëiîòåêè

ìàéæå-êiëåöü SONATA ëåãêî ïåðåêîíàòèñÿ, ùî âñi ìàéæå-êiëüöÿ ç îäè-

íèöåþ íàG2 ïîðÿäêó 27 ¹ ëîêàëüíèìè. Ôîðìóëà äëÿ ìíîæåííÿ åëåìåíòiâ

ëîêàëüíèõ ìàéæå-êiëåöü íà ìåòàöèêëi÷íèõ ãðóïàõ Ìiëëåðà�Ìîðåíî âè-

çíà÷åíà â [102]. Îñêiëüêè G2 ¹ ìåòàöèêëi÷íîþ ãðóïîþ Ìiëëåðà�Ìîðåíî,

âèêîðèñòîâóþ÷è [102, Collary 2], äëÿ äîâiëüíèõ åëåìåíòiâ x = ax1+bx2 òà

y = ay1 + by2 ãðóïè G2 òà ïîêëàäàþ÷è α(x) = 0 òà β(x) = 1, îòðèìó¹ìî

íàñòóïíó ôîðìóëó ìíîæåííÿ:

x · y = a(x1y1 − x1x2
(
y1
2

)
p) + b(x2y1 + y2). (3.3)

Ëåãêî áà÷èòè, ùî R = (G2,+, ·) ¹ íåíóëü-ñèìåòðè÷íèì ëîêàëüíèì

ìàéæå-êiëüöåì.

Ôîðìóëà ìíîæåííÿ äîâiëüíèõ åëåìåíòiâ íóëü-ñèìåòðè÷íîãî ëîêàëü-

íîãî ìàéæå-êiëüöÿ íà G2 íàâåäåíà ïðè äîâåäåííi [102, Theorem 2], à ñàìå:

x · y = a(x1y1 − x1x2
(
y1
2

)
p) + b(x2y1 + β(x)y2), (3.4)
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äå

β(x) =

{
1, x1 6≡ 0 (mod p);

0, x1 ≡ 0 (mod p).

Îòæå, ç ðåçóëüòàòiâ, ïðåäñòàâëåíèõ ó öüîìó ðîçäiëi, ìà¹ìî:

1) n(G2) = 4 äëÿ p = 3;

2) n(G2) = 2 äëÿ p > 3. Áiëüø òîãî, ôîðìóëè ìíîæåííÿ â òàêèõ ìàéæå-

êiëüöÿõ âèçíà÷àþòüñÿ ôîðìóëàìè (3.3) ÷è (3.4).

Íåõàé àäèòèâíî çàïèñàíi ãðóïè òèïó H ìàþòü ñêií÷åííå ïðåäñòàâëå-

ííÿ ó âèãëÿäi

〈a, b|apk, bp,−b+ a+ b− a(1 + pk−1)〉,

äå k ≥ 2 i p ¹ ïðîñòèì (äèâ. [54]).

Êiëüêiñòü íåiçîìîðôíèõ ìàéæå-êiëåöü ç îäèíèöåþ íà ãðóïàõ òèïó H

íàâåäåíî â [54]. Î÷åâèäíî, ùî äëÿ k = 2 òà p > 2 ãðóïà òèïó H áóäå

içîìîðôíîþ ãðóïi G2.

ßê çàçíà÷àëîñÿ âèùå, íà âñiõ àáåëåâèõ ãðóïàõ iñíóþòü ëîêàëüíi

ìàéæå-êiëüöÿ. Òàêîæ, çãiäíî ç [12] i [54], iñíóþòü ëîêàëüíi ìàéæå-êiëüöÿ

íà G1 i G2, âiäïîâiäíî. Îòæå, ìà¹ìî íàñòóïíèé ðåçóëüòàò.

Òâåðäæåííÿ 3.17. Íà êîæíié ãðóïi ïîðÿäêó p3 ç p > 2 iñíó¹ ëîêàëüíå

ìàéæå-êiëüöå.

3.3.3. Ëîêàëüíi ìàéæå-êiëüöÿ, àäèòèâíi ãðóïè ÿêèõ içîìîðô-

íi G3

Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå, ÿêå íå ¹ ìàéæå-ïîëåì, àäèòèâíà

ãðóïà ÿêîãî R+ içîìîðôíà G3. Òîäi R
+ = 〈a〉+ 〈b〉 äëÿ äåÿêèõ åëåìåíòiâ

a i b ç R, ùî çàäîâîëüíÿþòü âiäíîøåííÿ ap2 = 0, bp = 0 òà b+ a = a+ b.
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Çîêðåìà, êîæåí åëåìåíò x ∈ R îäíîçíà÷íî çàïèñó¹òüñÿ ó âèãëÿäi x =

ax1 + bx2 ç êîåôiöi¹íòàìè 0 ≤ x1 < p2 i 0 ≤ x2 < p.

Áåç îáìåæåííÿ çàãàëüíîñòi ìîæíà ïðèïóñòèòè, ùî a ¹ îäèíèöåþ â

R, òîáòî ax = xa = x äëÿ êîæíîãî x ∈ R. Êðiì òîãî, äëÿ êîæíîãî

x ∈ R iñíóþòü òàêi êîåôiöi¹íòè α(x) i β(x), ùî xb = aα(x) + bβ(x).

Çðîçóìiëî, ùî âîíè îäíîçíà÷íî âèçíà÷åíi çà ìîäóëÿìè p2 òà p âiäïîâiäíî,

ùî âèçíà÷åíi òàêi âiäîáðàæåííÿ α : R→ Zp2 i β : R→ Zp.

Ëåìà 3.18. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå, ÿêå íå ¹ ìàéæå-ïîëåì,

àäèòèâíà ãðóïà ÿêîãî R+ içîìîðôíà G3. ßêùî a ñïiâïàäà¹ ç îäèíè÷íèì

åëåìåíòîì R, x = ax1 + bx2, y = ay1 + by2 ∈ R, xb = aα(x) + bβ(x), òî

xy = a(x1y1 + α(x)y2) + b(x2y1 + β(x)y2). (3.5)

Áiëüø òîãî, äëÿ âiäîáðàæåíü α : R → Zp2 òà β : R → Zp ñïðàâåäëèâi
òàêi òâåðäæåííÿ:

(0) α(0) = β(0) = 0 òîäi i òiëüêè òîäi, êîëè R ¹ íóëü-ñèìåòðè÷íèì;

(1) α(a) = 0 i β(a) = 1;

(2) α(x) ≡ 0 (mod p);

(3) α(xy) ≡ x1α(y) + α(x)β(y) (mod p2);

(4) β(xy) ≡ β(x)β(y) (mod p).

Äîâåäåííÿ. Îñêiëüêè 0 · a = an · 0 = 0, òî R ¹ íóëü-ñèìåòðè÷íèì ìàéæå-

êiëüöåì òîäi i òiëüêè òîäi, êîëè

0 = 0 · b = aα(0) + bβ(0)

àáî åêâiâàëåíòíî α(0) = β(0) = 0. Áiëüø òîãî, îñêiëüêè b = ab = aα(a)+

bβ(a), ìà¹ìî α(a) = 0 òà β(a) = 1, òîìó ìàþòü ìiñöå òâåðäæåííÿ (0) òà

(1).



132

Äàëi, âèêîðèñòîâóþ÷è ëiâèé äèñòðèáóòèâíèé çàêîí, îòðèìó¹ìî

xy = (xa)y1 + (xb)y2 = (ax1 + bx2)y1 + (aα(x) + bβ(x))y2.

Òàêîæ ìà¹ìî

(ax1 + bx2)y1 = ax1y1 + bx2y1

i

(aα(x) + bβ(x))y2 = aα(x)y2 + bβ(x)y2.

Òîìó

xy = a(x1y1 + α(x)y2) + b(x2y1 + β(x)y2)

i òîìó âèêîíó¹òüñÿ òâåðäæåííÿ (2).

Çãiäíî ç íàñëiäêîì 3.5 L = 〈ap〉+ 〈b〉. Îñêiëüêè xL ⊆ L äëÿ êîæíîãî

x ∈ R çà ëåìîþ 3.4, ìà¹ìî

xb = aα(x) + bβ(x) ∈ L,

çâiäêè α(x) ≡ 0 (mod p) äëÿ êîæíîãî x ∈ R.
Íàðåøòi, àñîöiàòèâíiñòü ìíîæåííÿ â R îçíà÷à¹, ùî

(xy)b = x(yb) = aα(xy) + bβ(xy).

Êðiì òîãî, ïiäñòàâëÿþ÷è yb = aα(y)+bβ(y) çàìiñòü y ó ôîðìóëó (3.5),

òàêîæ ìà¹ìî

x(yb) = a(x1α(y) + α(x)β(y)) + b(x2α(y) + β(x)β(y)).

Îñêiëüêè α(y) ≡ 0 (mod p), òî

x(yb) = a(x1α(y) + α(x)β(y)) + b(β(x)β(y)).

Ïîðiâíþþ÷è êîåôiöi¹íòè ïðè a òà b ó äâîõ âèðàçàõ, îòðèìàíèõ äëÿ

x(yb), îòðèìó¹ìî òâåðäæåííÿ (3) òà (4) ëåìè.

Ëåìà 3.19. 〈ap〉 ¹ iäåàëîì â R.
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Äîâåäåííÿ. Íåõàé x = ax1 + bx2, y = ay1 + by2 ∈ R, z = apz1 ∈ 〈ap〉.
Ïåðåâiðèìî, ÷è ¹ 〈ap〉 iäåàëîì â R, òîáòî

(z + x)y − xy ∈ 〈ap〉.

Âèêîðèñòàâøè ôîðìóëó (3.5), ìà¹ìî

(z + x)y − xy = (apz1 + ax1 + bx2)(ay1 + by2)−

−(ax1 + bx2)(ay1 + by2) = (a(pz1 + x1) + bx2)(ay1+

+by2)− (ax1 + bx2)(ay1 + by2) = a((pz1 + x1)y1+

+α(z + x)y2) + b(x2y1 + β(z + x)y2)−

−(a(z1y1 + α(x)y2) + b(x2y1 + β(x)y2)) =

= a(pz1y1 + (α(z + x)− α(x))y2) + b(β(z + x)− β(x))y2 =

= a(pz1y1 + (α(z + x)− α(x))y2) ∈ 〈ap〉,

îñêiëüêè β(z + x)− β(x) = 0.

Îòæå, 〈ap〉 ¹ iäåàëîì â R.

Ëåìà 3.20. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå, ÿêå íå ¹ ìàéæå-ïîëåì,

àäèòèâíà ãðóïà ÿêîãî R+ içîìîðôíà G3. ßêùî x = ax1 + bx2, y = ay1 +

by2 ∈ R, òî âiäîáðàæåííÿ α : R → Zp2 i β : R → Zp ç (3.5) ìîæå áóòè

îäíèì iç íàñòóïíèõ:

(1) α(x) = 0 i β(x) = x1
i (mod p) (0 < i < p);

(2) α(x) = 0 i β(x) = 1;

(3) α(x) = px2 i β(x) ≡ x1 (mod p).

Äîâåäåííÿ. 1) Îñêiëüêè íóëü-ñèìåòðè÷íi ëîêàëüíi ìàéæå-êiëüöÿ ïîðÿä-

êó p2 êëàñèôiêîâàíî â [61], òî îïèñàíî âñi íåiçîìîðôíi ôàêòîð-ìàéæå-

êiëüöÿ ç êîìóòàòîðíîþ ïiäãðóïîþ N = R/〈ap〉. Òîáòî, ìîæíà çàñòîñó-

âàòè ôîðìóëó ìíîæåííÿ iç çàçíà÷åíî¨ ðîáîòè, ïîïåðåäíüî àäàïòóâàâøè
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¨¨ äëÿ ëiâèõ ëîêàëüíèõ ìàéæå-êiëåöü. Çðîçóìiëî, ùî N+ = 〈a〉 + 〈b〉. À
ñàìå, íåõàé x = ax1 + bx2 i y = ay1 + by2 ¹ åëåìåíòàìè â N , òîäi

xy = ax1y1 + b(x2y1 + ρ(x1)y2).

Áiëüø òîãî, çãiäíî ç [61, Òåîðåìà 1.6] ρ ïðèéìà¹ îäíå ç p− 1 çíà÷åíü

äëÿ íóëü-ñèìåòðè÷íèõ ìàéæå-êiëåöü.

Ç iíøîãî áîêó, çà ôîðìóëîþ (3.5) ìà¹ìî

xy = ax1y1 + b(x2y1 + β(x)y2).

Ïðèðiâíþþ÷è êîåôiöi¹íòè äëÿ òâiðíèõ, îòðèìó¹ìî: β(x)y2 = ρ(x1)y2.

Çâiäñè, β(x) = ρ(x1). Îòæå, iñíó¹ p− 1 ðiçíèõ íóëü-ñèìåòðè÷íèõ ìàéæå-

êiëåöü.

2) Î÷åâèäíî, ùî ìíîæåííÿ (3.5) ç ôóíêöiÿìè α(x) = 0 i β(x) = 1 ¹

êîíñòàíòíèì ìàéæå-êiëüöåâèì ìíîæåííÿì.

3) Ïðÿìîþ ïåðåâiðêîþ óìîâ (3) òà (4) ëåìè 3.18 äëÿ α(x) = px2 i

β(x) ≡ x1 (mod p) ìíîæåííÿ (3.5), äîâîäèìî ëåìó.

Îòæå, ìà¹ìî ïðèêëàäè p+1 ìàéæå-êiëüöåâèõ äîáóòêiâ i ôîðìóëþ¹ìî

íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 3.21. Íà êîæíié ìåòàöèêëi÷íié àáåëåâié ãðóïi ïîðÿäêó p3

iñíó¹ ùîíàéìåíøå p+ 1 íåiçîìîðôíèõ ëîêàëüíèõ ìàéæå-êiëåöü.

Äîâåäåííÿ. Ìàéæå-êiëüöÿ R = (R,+, ·) ç ôóíêöiÿìè α(x) = 0 òà

β(x) = x1
i (mod p) (0 < i < p) ¹ íåiçîìîðôíèìè íóëü-ñèìåòðè÷íèìè

ëîêàëüíèìè ìàéæå-êiëüöÿìè çãiäíî ç âèùåçàçíà÷åíèì òà ñòàòòåþ [61].

Ëåãêî ïåðåâiðèòè, ùî ëîêàëüíå ìàéæå-êiëüöå R = (R,+, ·) ç ôóíêöiÿìè
α(x) = 0 and β(x) = 1 ¹ íåíóëü-ñèìåòðè÷íèì.

Äàâàéòå ðîçãëÿíåìî R = (R,+, ·) ç ôóíêöiÿìè α(x) = px2 i

β(x) ≡ x1 (mod p). Ó öüîìó âèïàäêó ìà¹ìî

|{xb = apx2 + bx1|x ∈ R}| = p2
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i R ¹ íóëü-ñèìåòðè÷íèì. Íàïðèêëàä, ó âèùåçãàäàíîìó âèïàäêó ç

α(x) = 0 i β(x) = x1 (mod p) îòðèìó¹ìî |{xb = bx1|x ∈ R}| = p, i

òîìó R ¹ íåiçîìîðôíèìè ìàéæå-êiëüöÿì, ðîçãëÿíóòèì âèùå. Îòæå, íà

êîæíié ìåòàöèêëi÷íié àáåëåâié ãðóïi ïîðÿäêó p3 iñíó¹ ùîíàéìåíøå p+ 1

íåiçîìîðôíèõ ëîêàëüíèõ ìàéæå-êiëåöü.

Ç ïàêåòiâ SONATA òà LocalNR ìà¹ìî íàñòóïíó êiëüêiñòü íåiçîìîð-

ôíèõ ëîêàëüíèõ ìàéæå-êiëåöü.

StructureDescription(R+) n(R+)

C9 × C3 13

C25 × C5 31

C49 × C7 31

C121 × C11 47

Ñôîðìóëþ¹ìî òåîðåìó, â ÿêié ïðîàíàëiçîâàíî iñíóâàííÿ òà êiëüêiñòü

íåiçîìîðôíèõ ëîêàëüíèõ ìàéæå-êiëåöü íà ãðóïàõ ïîðÿäêó p3.

Òåîðåìà 3.22. Ìàþòü ìiñöå íàñòóïíi òâåðäæåííÿ.

1. Iñíó¹ îäíå íåiçîìîðôíå ëîêàëüíå ìàéæå-êiëüöå íà öèêëi÷íié ãðóïi

(òèïó 1)) ïîðÿäêó p3, ÿêó ¹ êîìóòàòèâíèì êiëüöåì.

2. Iñíó¹ ùîíàéìåíøå p + 1 íåiçîìîðôíèõ ëîêàëüíèõ ìàéæå-êiëåöü íà

êîæíié ìåòàöèêëi÷íié àáåëåâié ãðóïi (òèïó 2)) ïîðÿäêó p3.

3. Iñíó¹ ùîíàéìåíøå p íåiçîìîðôíèõ ëîêàëüíèõ ìàéæå-êiëåöü íà åëå-

ìåíòàðíié àáåëåâié ãðóïi (òèïó 3)) ïîðÿäêó p3.

4. Íå iñíó¹ ëîêàëüíèõ ìàéæå-êiëåöü íà ãðóïi äiåäðà ïîðÿäêó 8.

5. Íå iñíó¹ ëîêàëüíèõ ìàéæå-êiëåöü íà ãðóïi êâàòåðíiîíiâ ïîðÿäêó 8.
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4*. 1) Iñíó¹ 4 íåiçîìîðôíèõ ëîêàëüíèõ ìàéæå-êiëåöü íà ìåòàöèêëi-

÷íié íåàáåëåâié ãðóïi ïîðÿäêó p3 ç p = 3;

2) iñíó¹ 2 íåiçîìîðôíèõ ëîêàëüíèõ ìàéæå-êiëåöü íà ìåòàöèêëi-

÷íié íåàáåëåâié ãðóïi ïîðÿäêó p3 ç p > 3.

5*. Iñíó¹ ùîíàéìåíøå p+ 1 íåiçîìîðôíèõ ëîêàëüíèõ ìàéæå-êiëåöü íà

êîæíié íåìåòàöèêëi÷íié íåàáåëåâié ãðóïi (òèïó 5∗)) ïîðÿäêó p3.

Äîâåäåííÿ. 1. ßê íàñëiäîê òîãî, ùî ç òî÷íiñòþ äî içîìîðôiçìó iñíó¹ ¹äè-

íå ìàéæå-êiëüöå ç îäèíèöåþ, àäèòèâíà ãðóïà ÿêîãî öèêëi÷íà, i ÿêå ôà-

êòè÷íî ¹ êîìóòàòèâíèì êiëüöåì (äèâ. [34, Theorem 1 and Corollary]).

2. Äîâåäåíî â [95, Theorem 3].

3. Äîâåäåíî â [9, Òåîðåìà 4].

4. Ïîêàçàíî â [63, Introduction].

5. ßê íàñëiäîê òîãî, ùî íå iñíó¹ ìàéæå-êiëåöü ç îäèíèöåþ íà ãðóïi

êâàòåðíiîíiâ ïîðÿäêó 8 (äèâ. [31, Subsection 5.1]).

4*. Äîâåäåíî â [54, Theorem 7.1] i ïiäðîçäiëi 5 ñòàòòi [95].

5*. Äîâåäåíî â [95, Theorem 2].

Âèñíîâêè äî ðîçäiëó 3

Ó äàíîìó ðîçäiëi:

� äîñëiäæåíî ëîêàëüíi ìàéæå-êiëüöÿ ç àäèòèâíèìè ãðóïàìè ïîðÿäêó

p3;

� âèçíà÷åíî ôîðìóëè ìíîæåííÿ äëÿ òàêèõ ìàéæå-êiëåöü òà îïèñàíî

ôóíêöi¨, ùî ¨õ çàäàþòü;
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� îïèñàíî ïðèêëàä ëîêàëüíîãî ìàéæå-êiëüöÿ ç àäèòèâíîþ ãðóïîþ ïî-

ðÿäêó p3;

� äàíî îöiíêó íèæíüî¨ ìåæi êiëüêîñòi ëîêàëüíèõ ìàéæå-êiëåöü íà ãðó-

ïàõ ïîðÿäêó p3;

� íàâåäåíî àëãîðèòì ïîáóäîâè ëîêàëüíîãî ìàéæå-êiëüöÿ ç åëåìåíòàð-

íîþ àáåëåâîþ àäèòèâíîþ ãðóïîþ ïîðÿäêó 53, ùî ðåàëiçîâàíî â ñè-

ñòåìi êîìï'þòåðíî¨ àëãåáðè GAP;

� ïðîàíàëiçîâàíî iñíóâàííÿ òà êiëüêiñòü íåiçîìîðôíèõ ëîêàëüíèõ

ìàéæå-êiëåöü íà ãðóïàõ ïîðÿäêó p3.

Îñíîâíi ðåçóëüòàòè äàíîãî ðîçäiëó îïóáëiêîâàíî ó ïðàöÿõ [13, 12] çi

ñïèñêó ïóáëiêàöié i, âiäïîâiäíî, [9, 95] çi ñïèñêó âèêîðèñòàíèõ äæåðåë,

à òàêîæ îïóáëiêîâàíî ó òåçàõ êîíôåðåíöié [37, 34, 33, 32] i, âiäïîâiäíî,

[10, 74,84,87].
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Ðîçäië 4

Ìàéæå-êiëüöÿ ç îäèíèöåþ ïîðÿäêiâ p4

Ó äàíîìó ðîçäiëi âèâ÷àþòüñÿ ìàéæå-êiëüöÿ ç îäèíèöåþ ïîðÿäêiâ p4.

4.1. Ãðóïè ïîðÿäêó p4

Ãðóïè ïîðÿäêó p4 ç p > 3 îïèñàíî â òàêié òåîðåìi (äèâ., íàïðèêëàä,

[20], [28]).

Òåîðåìà 4.1. Iñíó¹ 10 íåiçîìîðôíèõ ãðóï ïîðÿäêó p4 ç p > 3, ÿêi ¹:

6 íåiçîìîðôíèõ ãðóï êëàñó íiëüïîòåíòíîñòi 2, ÿêi ¹:

� G1 = 〈a, b | ap2 = bp = [a, [a, b]] = [b, [a, b]] = [a, b]p = e〉 = (Cp2 ×
Cp) o Cp;

� G2 = 〈a, b | ap2 = bp
2

= e, [b, a] = bp〉 = Cp2 o Cp2;

� G3 = 〈a, b | ap3 = bp = e, [b, a] = ap
2〉 = Cp3 o Cp;

� G4 = 〈a, b, d | ap = bp = cp = dp = [a, c] = [b, c] = [a, d] = [b, d] =

[c, d] = e〉 = Cp × ((Cp × Cp) o Cp), äå c = [a, b];

� G5 = 〈a, b, c | ap2 = bp = cp = [a, c] = [b, c] = e, [b, a] = ap〉 = Cp ×
(Cp2 o Cp);
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� G6 = 〈a, b, c | ap2 = bp = cp = [a, b] = [a, c] = e, [c, b] = ap〉 = (Cp2 ×
Cp) o Cp.

4 íåiçîìîðôíi ãðóïè êëàñó íiëüïîòåíòíîñòi 3, ÿêi ¹:

� H1 = 〈a, b | ap = bp = cp = [a, c]p = [b, c] = e, [a, [a, c]] = [b, [a, c]] =

e〉 = (Cp × Cp × Cp) o Cp, äå c = [a, b];

� H2 = 〈a, b | ap2 = bp = [a, b]p = [b, [a, b]] = e, [a, [a, b]] = ap〉 = (Cp2 o
Cp) o Cp;.

� H3 = 〈a, b | ap2 = bp = [a, b]p = [a, [a, b]] = e, [b, [a, b]] = ap〉 = (Cp2 o
Cp) o Cp;

� H4 = 〈a, b | ap2 = bp = [a, b]p = [a, [a, b]] = e, [b, [a, b]] = a2p〉 = (Cp2 ×
Cp) o Cp.

4.2. Ìàéæå-êiëüöÿ íà ãðóïàõ êëàñó

íiëüïîòåíòíîñòi 2

Ðîçãëÿíåìî ãðóïè êëàñó íiëüïîòåíòíîñòi 2 ïîðÿäêó p4.

Íåõàé [n, i] � i-òà ãðóïà ïîðÿäêó n â áiáëiîòåöi SmallGroups library

ñèñòåìè êîìï'þòåðíî¨ àëãåáðè GAP. Ïîçíà÷èìî ÷åðåç Cn öèêëi÷íó ãðóïó

ïîðÿäêó n.

Çà äîïîìîãîþ GAP ìîæíà îòðèìàòè òàêå òâåðäæåííÿ.

Çàóâàæåííÿ 4.2. Iñíóþòü ãðóïè 6 êëàñó íiëüïîòåíòíîñòi 2 ïîðÿäêó 24 =

16, à ñàìå:

1. (C4 × C2) o C2 [16, 3];

2. C4 o C4 [16, 4];
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3. C8 o C2 [16, 6];

4. C2 ×D8 [16, 11];

5. C2 ×Q8 [16, 12];

6. (C4 × C2) o C2 [16, 13].

4.2.1. Ãðóïà G4

Íåõàé G4 � àäèòèâíî çàïèñàíà ãðóïà ç òåîðåìè 4.1. Òîäi G4 = 〈a〉 +

〈b〉 + 〈c〉 + 〈d〉 äëÿ äåÿêèõ åëåìåíòiâ a, b, c i d ç R, ùî çàäîâîëüíÿþòü

ñïiââiäíîøåííÿ ap = 0, bp = 0, cp = 0, dp = 0, a+b = b+a+c, a+c = c+a,

b+ c = c+ b, a+ d = d+ a, b+ d = d+ b i c+ d = d+ c.

Ëåìà 4.3. Äëÿ äîâiëüíèõ öiëèõ ÷èñåë k i l ç ãðóïè G4 ìàþòü ìiñöå

ðiâíîñòi −ak − bl + ak + bl = c(kl) i bl + ak = −c(kl) + ak + bl.

Äîâåäåííÿ. Îñêiëüêè −a− b+ a+ b = c, ìà¹ìî −b+ a+ b = a+ c. Òîäi

−bl + ak + bl = (a+ cl)k = ak + c(kl).

Îòæå, −ak − bl + ak + bl = c(kl), i òîìó bl + ak = −c(kl) + ak + bl.

Ëåìà 4.4. Äëÿ áóäü-ÿêèõ íàòóðàëüíèõ ÷èñåë k, l, n, m i r ç ãðóïè G4

ìà¹ ìiñöå ðiâíiñòü

(ak + bl + cm+ dn)r = a(kr) + b(lr) + c(mr − kl
(
r

2

)
) + d(nr).

Äîâåäåííÿ. Äîâåäåííÿ ïðîâåäåìî iíäóêöi¹þ ïî r. Äëÿ r = 1 âèêîíó¹òüñÿ

ðiâíiñòü. Íåõàé äëÿ r âèêîíó¹òüñÿ ðiâíiñòü, òîáòî

(ak + bl + cm+ dn)r = a(kr) + b(lr) + c(mr − kl
(
r

2

)
) + d(nr).
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Äîâåäåìî ðiâíiñòü äëÿ r + 1:

(ak + bl + cm+ dn)(r + 1) =

= a(kr) + b(lr) + ak + bl + c(kl

(
r

2

)
) + c(m(r + 1))+

+d(n(r + 1)) = a(k(r + 1)) + b(l(r + 1)) + c(−klr)+

+c(−kl
(
r

2

)
) + c(m(r + 1)) + d(n(r + 1)) = a(k(r + 1))+

+b(l(r + 1)) + c(m(r + 1)− kl(r +

(
r

2

)
) + d(n(r + 1)) =

= a(k(r + 1)) + b(l(r + 1)) + c(m(r + 1)− kl
(
r + 1

2

)
)+

+dn(r + 1).

Îòæå, ðiâíiñòü ñïðàâåäëèâà äëÿ áóäü-ÿêîãî r.

4.2.2. Ìàéæå-êiëüöÿ ç îäèíèöåþ, àäèòèâíi ãðóïè ÿêèõ içî-

ìîðôíi G4

Íåõàé R � ìàéæå-êiëüöå ç îäèíèöåþ àäèòèâíà ãðóïà R+ ÿêîãî içî-

ìîðôíà ãðóïi G4. Òîäi

R+ = 〈a〉+ 〈b〉+ 〈c〉+ 〈d〉

äëÿ äåÿêèõ åëåìåíòiâ a, b, c i d çR çàäîâîëüíÿþòü ñïiââiäíîøåííÿ ap = 0,

bp = 0, cp = 0, dp = 0, a + b = b + a + c, a + c = c + a, b + c = c + b,

a + d = d + a, b + d = d + b i c + d = d + c. Çîêðåìà, êîæåí åëåìåíò

x ∈ R ¹äèíèì ÷èíîì çàïèñàíèé ó âèãëÿäi x = ax1 + bx2 + cx3 + dx4 ç

êîåôiöi¹íòàìè 0 ≤ x1 < p, 0 ≤ x2 < p, 0 ≤ x3 < p i 0 ≤ x4 < p.
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Îñêiëüêè ïîðÿäîê åëåìåíòà a ðiâíèé åêñïîíåíòi ãðóïè G, òî çà ëå-

ìîþ 2.2 ìîæíà ïðèïóñòèòè, ùî a ¹ îäèíèöåþ â R, òîáòî ax = xa = x äëÿ

êîæíîãî x ∈ R. Êðiì òîãî, äëÿ êîæíîãî x ∈ R iñíóþòü òàêi êîåôiöi¹íòè

α(x), β(x), γ(x), ϕ(x), λ(x), µ(x), ν(x) i ψ(x), ùî

xb = aα(x) + bβ(x) + cγ(x) + dϕ(x)

i

xd = aλ(x) + bµ(x) + cν(x) + dψ(x).

Çðîçóìiëî, ùî âîíè îäíîçíà÷íî âèçíà÷åíi òàê ïî ìîäóëþ p, ùî âèçíà÷å-

íi äåÿêi âiäîáðàæåííÿ α : R → Zp, β : R→ Zp, γ : R→ Zp, ϕ : R→ Zp,
λ : R→ Zp, µ : R→ Zp, ν : R→ Zp i ψ : R→ Zp.

Ëåìà 4.5. Íåõàé R � ìàéæå-êiëüöå ç îäèíèöåþ àäèòèâíà ãðóïà R+

ÿêîãî içîìîðôíà ãðóïi G4. ßêùî a ñïiâïàäà¹ ç îäèíè÷íèì åëåìåíòîì â

R, x = ax1 + bx2 + cx3 + dx4, y = ay1 + by2 + cy3 + dy4 ∈ R,

xb = aα(x) + bβ(x) + cγ(x) + dϕ(x)

i

xd = aλ(x) + bµ(x) + cν(x) + dψ(x),

òî

xy = a(x1y1 + α(x)y2 + λ(x)y4) + b(x2y1 + β(x)y2 + µ(x)y4)+

+c(−x1x2
(
y1
2

)
− α(x)β(x)

(
y2
2

)
− x2α(x)y1y2 − λ(x)µ(x)

(
y4
2

)
−

−x2α(x)y3 + x3y1 + γ(x)y2 + x1β(x)y3 + ν(x)y4) + d(x4y1+

+ϕ(x)y2 + ψ(x)y4).

Áiëüø òîãî, äëÿ âiäîáðàæåíü

α : R→ Zp, β : R→ Zp, γ : R→ Zp, ϕ : R→ Zp, λ : R→ Zp, µ : R→ Zp,
ν : R→ Zp i ψ : R→ Zp âèêîíóþòüñÿ íàñòóïíi òâåðäæåííÿ:
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(0) α(0) ≡ 0 (mod p), β(0) ≡ 0 (mod p), γ(0) ≡ 0 (mod p);

ϕ(0) ≡ 0 (mod p), λ(0) ≡ 0 (mod p), µ(0) ≡ 0 (mod p),

ν(0) ≡ 0 (mod p) i ψ(0) ≡ 0 (mod p) òîäi é ëèøå òîäi, êîëè

ìàéæå-êiëüöå R ¹ íóëü-ñèìåòðè÷íèì;

(1) α(xy) ≡ x1α(y) + α(x)β(y) + λ(x)ϕ(y) (mod p);

(2) β(xy) ≡ x2α(y) + β(x)β(y) + µ(x)ϕ(y) (mod p);

(3) γ(xy) ≡ −x1x2
(
α(y)
2

)
− α(x)β(x)

(
β(y)
2

)
− x2α(x)α(y)β(y)−

− λ(x)µ(x)
(
ϕ(y)
2

)
− x2α(x)γ(y) + x3α(y) + γ(x)β(y) +

+ x1β(x)γ(y) + ν(x)ϕ(y) (mod p);

(4) ϕ(xy) ≡ x4α(y) + ϕ(x)β(y) + ψ(x)ϕ(y) (mod p);

(5) λ(xy) ≡ x1λ(y) + α(x)µ(y) + λ(x)ψ(y) (mod p);

(6) µ(xy) ≡ x2λ(y) + β(x)µ(y) + µ(x)ψ(y) (mod p);

(7) ν(xy) ≡ −x1x2
(
λ(y)
2

)
− α(x)β(x)

(
µ(y)
2

)
− x2α(x)λ(y)µ(y)−

− λ(x)µ(x)
(
ψ(y)
2

)
− x2α(x)ν(y) + x3λ(y) + γ(x)µ(y) +

+ x1β(x)ν(y) + ν(x)ψ(y) (mod p);

(8) ψ(xy) ≡ x4λ(y) + ϕ(x)µ(y) + ψ(x)ψ(y) (mod p).

Äîâåäåííÿ. Îñêiëüêè 0 · a = a · 0 = 0, çâiäñè âèïëèâà¹, ùî R ¹ íóëü-

ñèìåòðè÷íèì ìàéæå-êiëüöåì òîäi é ëèøå òîäi, êîëè

0 = 0 · b = aα(0) + bβ(0) + cγ(0) + dϕ(0)
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i

0 = 0 · d = aλ(0) + bµ(0) + cν(0) + dψ(0).

Åêâiâàëåíòíî ìà¹ìî α(0) ≡ 0 (mod p), β(0) ≡ 0 (mod p), γ(0) ≡ 0

(mod p), ϕ(0) ≡ 0 (mod p), λ(0) ≡ 0 (mod p), µ(0) ≡ 0 (mod p),

ν(0) ≡ 0 (mod p) i ψ(0) ≡ 0 (mod p).

Íàâiòü áiëüøå, ÿêùî c = −a− b + a + b i ëiâî-äèñòðèáóòèâíèé çàêîí

ìà¹ìî

0 · c = −0 · a− 0 · b+ 0 · a+ 0 · b = 0,

çâiäêè

0 · x = 0 · (ax1 + bx2 + cx3 + dx4) =

= (0 · a)x1 + (0 · b)x2 + (0 · c)x3 + (0 · d)x4 = 0.

Îòæå, âèêîíó¹òüñÿ öå òâåðäæåííÿ (0).

Äàëi, âèêîðèñòîâóþ÷è ëåìó 4.3, îòðèìó¹ìî

xc = −xa− xb+ xa+ xb = −cx3 − bx2 − ax1 − cγ(x)−

−bβ(x)− aα(x) + ax1 + bx2 + cx3 + aα(x) + bβ(x) + cγ(x) =

= −bx2 − ax1 − bβ(x)− aα(x) + ax1 + bx2 + aα(x) + bβ(x) =

= −bx2 + cx1β(x)− bβ(x)− ax1 − a(α(x)− x1) + bx2 + aα(x)+

+bβ(x) = cx1β(x)− b(x2 + β(x))− aα(x) + bx2 + aα(x)+

+bβ(x) = cx1β(x)− b(x2 + β(x))− aα(x)− cx2α(x)+

+aα(x) + bx2 + bβ(x) = c(x1β(x)− x2α(x))− b(x2 + β(x))+

+bx2 + bβ(x) = c(x1β(x)− x2α(x)).

Äàëi, âèêîðèñòîâóþ÷è ëiâî-äèñòðèáóòèâíèé çàêîí ìà¹ìî

xy = (ax1 + bx2 + cx3 + dx4)y1 + (aα(x) + bβ(x) + cγ(x)+

dϕ(x))y2 + (c(x1β(x)− x2α(x)))y3+
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+(aλ(x) + bµ(x) + cν(x) + dψ(x))y4.

Çà ëåìîþ 4.4, îòðèìó¹ìî

(ax1 + bx2 + cx3 + dx4)y1 = ax1y1 + bx2y1+

+c(x3y1 − x1x2
(
y1
2

)
) + dx4y1,

(aα(x) + bβ(x) + cγ(x) + dϕ(x))y2 = aα(x)y2 + bβ(x)y2+

+c(γ(x)y2 − α(x)β(x)

(
y2
2

)
) + dϕ(x)y2,

(aλ(x) + bµ(x) + cν(x) + dψ(x))y4 = aλ(x)y4 + bµ(x)y4+

+c(ν(x)y4 − λ(x)µ(x)

(
y4
2

)
) + dψ(x)y4.

Çà ëåìîþ 4.4, ìà¹ìî

bx2y1 + aα(x)y2 = aα(x)y2 + bx2y1 − cx2α(x)y1y2,

i

bβ(x)y2 + aλ(x)y4 = aλ(x)y4 + bβ(x)y2 − cλ(x)β(x)y2y4.

Çâiäñè i âèêîðèñòîâóþ÷è ëiâî-äèñòðèáóòèâíèé çàêîí ìà¹ìî

xy = a(x1y1 + α(x)y2 + λ(x)y4) + b(x2y1 + β(x)y2 + µ(x)y4)+

+c(−x1x2
(
y1
2

)
− α(x)β(x)

(
y2
2

)
− x2α(x)y1y2 − λ(x)µ(x)

(
y4
2

)
−

−x2α(x)y3 + +x3y1 + γ(x)y2 + x1β(x)y3 + ν(x)y4) + d(x4y1+

+ϕ(x)y2 + ψ(x)y4).

Ç àñîöiàòèâíiñòi ìíîæåííÿ â R âèïëèâà¹, ùî äëÿ âñiõ x, y ∈ R

(xy)b = x(yb) (4.1)

i

(xy)d = x(yd). (4.2)
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Çãiäíî ç

xb = aα(x) + bβ(x) + cγ(x) + dϕ(x),

îòðèìó¹ìî

(xy)b = aα(xy) + bβ(xy) + cγ(xy) + dϕ(xy) (4.3)

i

yb = aα(y) + bβ(y) + cγ(y) + dϕ(y).

Ïiäñòàíîâêà îñòàííüîãî ðiâíÿííÿ â ïðàâó ÷àñòèíó ðiâíîñòi 1), òàêîæ ìà-

¹ìî

x(yb) = a(x1α(y) + α(x)β(y) + λ(x)ϕ(y)) + b(x2α(y)+ (4.4)

+β(x)β(y) + µ(x)ϕ(y)) + c(−x1x2
(
α(y)

2

)
−

−α(x)β(x)

(
β(y)

2

)
− x2α(x)α(y)β(y)− λ(x)µ(x)

(
ϕ(y)

2

)
−

−x2α(x)γ(y) + x3α(y) + γ(x)β(y) + x1β(x)γ(y) + ν(x)ϕ(y))+

+d(x4α(y) + ϕ(x)β(y) + ψ(x)ϕ(y)).

Îñêiëüêè ç ðiâíîñòi (4.1) âèïëèâà¹ êîíãðóåíòíiñòü âiäïîâiäíèõ êîåôiöi-

¹íòiâ ó ôîðìóëàõ (4.3) i (4.4), îòðèìó¹ìî òâåðäæåííÿ (1)�(4).

Äàëi, çãiäíî ç

xd = aλ(x) + bµ(x) + cν(x) + dψ(x)

çàìiñòü y â ðiâíîñòi (4.2), îòðèìó¹ìî

(xy)d = aλ(xy) + bµ(xy) + cν(xy) + dψ(xy) (4.5)

i

yd = aλ(y) + bµ(y) + cν(y) + dψ(y).

Ïiäñòàíîâêà îñòàííüîãî ðiâíÿííÿ â ïðàâó ÷àñòèíó ðiâíîñòi 2), òàêîæ ìà-

¹ìî

x(yd) = a(x1λ(y) + α(x)µ(y) + λ(x)ψ(y)) + b(x2λ(y)+ (4.6)
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+β(x)µ(y) + µ(x)ψ(y)) + c(−x1x2
(
λ(y)

2

)
−

−α(x)β(x)

(
µ(y)

2

)
− x2α(x)λ(y)µ(y)− λ(x)µ(x)

(
ψ(y)

2

)
−

−x2α(x)ν(y) + x3λ(y) + γ(x)µ(y) + x1β(x)ν(y)+

+ν(x)ψ(y)) + d(x4λ(y) + ϕ(x)µ(y) + ψ(x)ψ(y)).

Íàðåøòi, ïîðiâíþþ÷è êîåôiöi¹íòè áiëÿ a, b, c i d â ôîðìóëàõ (4.5) i (4.6),

îòðèìó¹ìî òâåðäæåííÿ (5)�(8) ç ëåìè.

4.2.3. Ãðóïà G5

Íåõàé G5 � àäèòèâíî çàïèñàíà ãðóïà ç òåîðåìè 4.1. Òîäi G5 = 〈a〉 +

〈b〉+ 〈c〉 äëÿ äåÿêèõ åëåìåíòiâ a, b i c ç R çàäîâîëüíÿþòü ñïiââiäíîøåííÿ

ap2 = bp = cp = 0, a+ b = b+ a(1− p), a+ c = c+ a i b+ c = c+ b.

Íàãàäà¹ìî, ùî åêñïîíåíòîþ ñêií÷åííî¨ p-ãðóïè ¹ ìàêñèìàëüíèé ïî-

ðÿäîê ¨¨ åëåìåíòiâ. Ëåãêî ïåðåâiðèòè íàñòóïíå òâåðäæåííÿ.

Ëåìà 4.6. ßêùî x åëåìåíò ìàêñèìàëüíîãî ïîðÿäêó G5, òî iñíóþòü

òàêi òâiðíi a, b i c öi¹¨ ãðóïè, ùî a = x i âèêîíóþòüñÿ ñïiââiäíîøåííÿ

ap2 = bp = cp = 0, −b+ a+ b = a(1− p), a+ c = c+ a, b+ c = c+ b.

Ëåìà 4.7. Äëÿ áóäü-ÿêèõ íàòóðàëüíèõ ÷èñåë k, r, s i t ãðóïè G5 âèêî-

íóþòüñÿ ðiâíîñòi

ck + bs+ ar = ar(1 + sp) + bs+ ck

i

(ar + bs+ ck)t = ar(t+ s

(
t

2

)
p) + bst+ ckt.
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Äîâåäåííÿ. Íåõàé q = 1 + p. Îñêiëüêè −b+a+ b = a(1− p), a+ c = c+a

i b+ c = c+ b ç öüîãî âèïëèâà¹, ùî c+ b+ a = aq + b+ c, òîìó

ck + bs+ ar = arqs + bs+ ck

äëÿ äîâiëüíèõ öiëèõ ÷èñåë k ≥ 0, r ≥ 0 i s ≥ 0. Áåðó÷è äî óâàãè, ùî

qs = (1 + p)s ≡ 1 + sp (mod p2)

çà ôîðìóëîþ áiíîìà, ùî äà¹

ck + bs+ ar = ar(1 + sp) + bs+ ck.

Äàëi,

(ar + bs+ ck)t = ar(1 + qs + · · ·+ qs(t−1)) + bst+ ckt

çà iíäóêöi¹þ ïî t. Òîìó,

1 + qs + · · ·+ qs(t−1) ≡ 1 + (1 + sp) + · · ·+ (1 + s(t− 1)p) =

= t+ s

(
t

2

)
p (mod p2),

à, îòæå,

(ar + bs+ ckt)t = ar(t+ s

(
t

2

)
p) + bst+ ckt.

4.2.4. Ìàéæå-êiëüöÿ ç îäèíèöåþ àäèòèâíà ãðóïà ÿêèõ içî-

ìîðôíà ãðóïi G5

Íåõàé R ìàéæå-êiëüöå ç îäèíèöåþ àäèòèâíà ãðóïà R+ ÿêîãî içîìîð-

ôíà ãðóïi G5. Òîäi R
+ = 〈a〉 + 〈b〉 + 〈c〉 ç åëåìåíòàìè a, b i c, äå a

ñïiâïàäà¹ ç îäèíè÷íèì åëåìåíòîì â R i âèêîíóþòüñÿ ñïiââiäíîøåííÿ
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ap2 = bp = cp = 0, a + b = b + a(1 − p), a + c = c + a, b + c = c + b.

Íàâiòü áiëüøå, êîæåí åëåìåíò x ∈ R îäíîçíà÷íî çàïèñó¹òüñÿ ó âèãëÿäi

x = ax1 + bx2 + cx3 ç êîåôiöi¹íòàìè 0 ≤ x1 < p2, 0 ≤ x2 < p i 0 ≤ x3 < p.

Ðîçãëÿíåìî, ùî a ñïiâïàäà¹ ç îäèíè÷íèì åëåìåíòîì R, òàê ùî xa =

ax = x äëÿ êîæíîãî x ∈ R. Êðiì òîãî, äëÿ êîæíîãî x ∈ R iñíóþòü òàêi

öiëi ÷èñëà α(x), β(x), γ(x), ν(x), µ(x) i φ(x), ùî

xb = aα(x) + bβ(x) + cγ(x)

i

xc = aν(x) + bµ(x) + cφ(x).

Çðîçóìiëî, ùî çà ìîäóëåì p2, p, p i p2, p, p, âiäïîâiäíî, öi öiëi îäíîçíà-

÷íî âèçíà÷àþòüñÿ x i òîìó âèçíà÷åíi äåÿêi âiäîáðàæåííÿ α : R → Zp2,
β : R→ Zp, γ : R→ Zp, ν : R→ Zp2, µ : R→ Zp i φ : R→ Zp.

Ëåìà 4.8. Íåõàé x = ax1 + bx2 + cx3 i y = ay1 + by2 + cy3 åëåìåíòè ç

R. ßêùî a çáiãà¹òüñÿ ç îäèíèöåþ R, òî

xy = a(x1y1 + α(x)y2 + x1x2

(
y1
2

)
p+ ν(x)y3)+ (4.7)

+b(x2y1 + β(x)y2 + µ(x)y3) + c(x3y1 + γ(x)y2 + φ(x)y3).

Áiëüø òîãî, äëÿ âiäîáðàæåíü

α : R → Zp2, β : R → Zp, γ : R → Zp, ν : R → Zp2, µ : R → Zp òà

φ : R→ Zp ìàþòü ìiñöå íàñòóïíi òâåðäæåííÿ:

(0) α(0) = β(0) = γ(0) = ν(0) = µ(0) = φ(0) = 0 òîäi i òiëüêè òîäi,

êîëè ìàéæå-êiëüöå R ¹ íóëü-ñèìåòðè÷íèì;

(1) α(a) = 0, β(a) = 1, γ(a) = 0, ν(c) = 0, µ(c) = 0 i φ(c) = 1;

(2) α(x) ≡ 0 ( mod p) òà ν(x) ≡ 0 (mod p);

(3) α(xy) = x1α(y) + α(x)β(y) + x1x2
(
α(y)
2

)
p+ ν(x)γ(y) (mod p2);
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(4) β(xy) = x2α(y) + β(x)β(y) + µ(x)γ(y) (mod p);

(5) γ(xy) = x3α(y) + γ(x)β(y) + φ(x)γ(y) (mod p);

(6) ν(xy) = x1ν(y) + α(x)µ(y) + x1x2
(
µ(y)
2

)
p+ ν(x)φ(y) (mod p2);

(7) µ(xy) = x2ν(y) + β(x)µ(y) + µ(x)φ(y) (mod p);

(8) φ(xy) = x3ν(y) + γ(x)µ(y) + φ(x)φ(y) (mod p).

Äîâåäåííÿ. Çà ëiâî-äèñòðèáóòèâíèì çàêîíîì ìà¹ìî

xy = (xa)y1 + (xb)y2 + (xc)y3 = (ax1 + bx2 + cx3)y1 + (aα(x)+

+bβ(x) + cγ(x))y2 + (aν(x) + bµ(x) + cφ(x))y3.

Êðiì òîãî, ç ëåìè 4.7 âèïëèâà¹, ùî

(ax1 + bx2 + cx3)y1 = ax1(y1 + x2

(
y1
2

)
p) + bx2y1 + cx3y1,

(aα(x) + bβ(x) + cγ(x))y2 =

= aα(x)(y2 + β(x)

(
y2
2

)
p) + bβ(x)y2 + cγ(x)y2,

i

(aν(x) + bµ(x) + cφ(x))y3 =

= aν(x)(y3 + µ(x)

(
y3
2

)
p) + bµ(x)y3 + cφ(x)y3.

Çà ëåìîþ 4.7 ìà¹ìî

bx2y1 + aα(x)(y2 + β(x)

(
y2
2

)
p) =

= aα(x)(y2 − β(x)

(
y2
2

)
p)(1− x2y1p) + bx2y1

i

bβ(x)y2 + aν(x)(y3 + µ(x)

(
y3
2

)
p) =
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= aν(x)(y2 − µ(x)

(
y2
2

)
p)(1− β(x)y2) + bβ(x)y2.

Òàêèì ÷èíîì, ìè îòðèìó¹ìî

xy = a((x1y1 + α(x)y2) + (x1x2

(
y1
2

)
+ α(x)y2 + α(x)x2y1y2p+

+α(x)β(x)

(
y2
2

)
)p+ ν(x)y3 + ν(x)x2y1y2p+ ν(x)β(x)y2y3p+

+ν(x)µ(x)

(
y3
2

)
p) + b(x2y1 + β(x)y2 + µ(x)y3)+

+c(x3y1 + γ(x)y2 + φ(x)y3).

Îñêiëüêè 0 · a = a · 0 = 0, ìàéæå-êiëüöå R ¹ íóëü-ñèìåòðè÷íèì òîäi i

òiëüêè òîäi, êîëè

0 = 0 · b = aα(0) + bβ(0) + cγ(0)

i

0 = 0 · c = aν(0) + bµ(0) + cφ(0).

Çâiäêè

α(0) = β(0) = γ(0) = ν(0) = µ(0) = φ(0) = 0.

Òàê ñàìî, ç ðiâíîñòåé

b = ab = aα(a) + bβ(a)

i

c = ac = aν(c) + bµ(c) + cφ(c)

âèïëèâà¹, ùî α(a) = 0, β(a) = 1, γ(a) = 0, ν(c) = 0, µ(c) = 0 i φ(c) = 1,

îòðèìó¹ìî òâåðäæåííÿ (1). Îñêiëüêè (xb)p = x(bp) = 0 i

xb = aα(x) + bβ(x) + cγ(x),

ìà¹ìî

0 = (aα(x) + bβ(x) + cγ(x))p = aα(x)(p+ β(x)

(
p

2

)
p) = aα(x)p
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çà ëåìîþ 4.7 i, îòæå, α(x) ≡ 0 ( mod p). Áiëüø òîãî, (xc)p = x(cp) = 0 i

xc = aν(x) + bµ(x) + cφ(x),

ìà¹ìî

0 = (aν(x) + bµ(x) + cφ(x))p = aν(x)(p+ µ(x)

(
p

2

)
p) = aν(x)p

çà ëåìîþ 4.7 i, îòæå, ν(x) ≡ 0 ( mod p), i òîìó òâåðäæåííÿ (2). Òîìó

îòðèìó¹ìî

xy = a(x1y1 + α(x)y2 + x1x2

(
y1
2

)
p+ ν(x)y3)+

+b(x2y1 + β(x)y2 + µ(x)y3) + c(x3y1 + γ(x)y2 + φ(x)y3),

ÿê âèìàãàëîñÿ â (4.7).

Íàðåøòi, àñîöiàòèâíiñòü ìíîæåííÿ â R îçíà÷à¹, ùî

x(yb) = (xy)b = aα(xy) + bβ(xy) + cγ(xy)

i

x(yc) = (xy)c = aν(xy) + bµ(xy) + cφ(xy).

Êðiì òîãî, çàìiíà

yb = aα(y) + bβ(y) + cγ(y)

çàìiñòü y â ôîðìóëi (4.7), òàêîæ ìà¹ìî

x(yb) = a(x1α(y) + α(x)β(y) + x1x2

(
α(y)

2

)
p+ ν(x)γ(y))+

+b(x2α(y) + β(x)β(y) + µ(x)γ(y)) + c(x3α(y)+

+γ(x)β(y) + φ(x)γ(y)).

Ïîðiâíþþ÷è êîåôiöi¹íòè ïðè a i b ó äâîõ âèðàçàõ, îòðèìàíèõ äëÿ x(yb),

îòðèìó¹ìî òâåðäæåííÿ (3)�(5) ëåìè.
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Äàëi, ïiäñòàíîâêà

yc = aν(y) + bµ(y) + cφ(y)

çàìiñòü y â ôîðìóëi (4.7), îòðèìó¹ìî

x(yc) = a((x1ν(y) + α(x)µ(y) + x1x2

(
µ(y)

2

)
p+ ν(x)φ(y))+

+b(x2ν(y) + β(x)µ(y) + µ(x)φ(y)) + c(x3ν(y)+

+γ(x)µ(y) + φ(x)φ(y)).

Íàðåøòi, ïîðiâíþþ÷è êîåôiöi¹íòè ïiä a i b ó äâîõ âèðàçàõ, îòðèìàíèõ

äëÿ x(yc), îòðèìó¹ìî òâåðäæåííÿ (6)�(8) ëåìè.

4.3. Ìàéæå-êiëüöÿ íà ãðóïàõ êëàñó

íiëüïîòåíòíîñòi 3

Ìè ðîçãëÿíåìî ãðóïè êëàñó íiëüïîòåíòíîñòi 3 ïîðÿäêó p4.

Öå ëåãêà âïðàâà, íàïðèêëàä, ó GAP, ùîá îòðèìàòè íàñòóïíi

òâåðäæåííÿ.

Çàóâàæåííÿ 4.9. Iñíóþòü 3 íåiçîìîðôíi ãðóïè êëàñó íiëüïîòåíòíîñòi 3

ïîðÿäêó 24 = 16, ÿêi ¹:

1. D16 [16, 7];

2. QD16 [16, 8];

3. Q16 [16, 9].

Çàóâàæåííÿ 4.10. Iñíóþòü 4 íåiçîìîðôíi ãðóïè êëàñó íiëüïîòåíòíîñòi

3 ïîðÿäêó 34 = 81, ÿêi ¹:
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1. (C3 × C3 × C3) o C3 [81, 7];

2. (C9 × C3) o C3 [81, 8];

3. (C9 o C3) o C3 [81, 9];

4. (C9 o C3) o C3 [81, 10].

Çà äîïîìîãîþ ïàêåòiâ SONATA òà LocalNR ìîæíà ïåðåâiðèòè íàñòó-

ïíå òâåðäæåííÿ (äèâ., íàïðèêëàä, [29]).

Òåîðåìà 4.11. Íå iñíó¹ ëîêàëüíèõ ìàéæå-êiëåöü íà ãðóïàõ êëàñó íiëü-

ïîòåíòíîñòi 3 ïîðÿäêiâ 16 i 81.

4.3.1. Ãðóïè H1

Íåõàé H1 � àäèòèâíî çàïèñàíà ãðóïà ç òåîðåìè 4.1. Òîäi

H1 = 〈a〉+ 〈b〉+ 〈c〉+ 〈d〉 äëÿ äåÿêèõ åëåìåíòiâ a, b, c i d ç R çàäîâîëüíÿ-

þòü ñïiââiäíîøåííÿ ap = bp = cp = dp = 0, b + c = c + b, a + d = d + a,

b+ d = d+ b, äå c = −a− b+ a+ b i d = −a− c+ a+ c.

Ëåìà 4.12. Äëÿ äîâiëüíèõ öiëèõ ÷èñåë k i m â ãðóïi H1 âèêîíóþòüñÿ

ðiâíîñòi

−ak − cm+ ak + cm = dkm

i

cm+ ak = ak + cm− dkm.

Äîâåäåííÿ. Îñêiëüêè −a− c+ a+ c = d, îòðèìó¹ìî −c+ a+ c = a+ d.

Òîäi

−cm+ ak + cm = (a+ dm)k = ak + dkm.

Òîìó, −ak− cm+ ak+ cm = dkm i, îòæå, cm+ ak = ak+ cm− dkm.
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Íàñëiäîê 4.13. Äëÿ äîâiëüíèõ öiëèõ ÷èñåë k i m â ãðóïi H1 âèêîíóþ-

òüñÿ ðiâíîñòi

−cm+ ak = ak − cm+ dkm

i

−cm− ak = −ak − cm− dkm.

Ëåìà 4.14. Äëÿ äîâiëüíèõ öiëèõ ÷èñåë k i l â ãðóïi H1 âèêîíóþòüñÿ

ðiâíîñòi

−ak − bl + ak + bl = ckl + dl

(
k

2

)
i

bl + ak = ak + bl − ckl + dl

(
k

2

)
.

Äîâåäåííÿ. Íåõàé k = 1. Îñêiëüêè −a − b + a + b = c, îòðèìó¹ìî −b +

a+ b = a+ c. Òîäi

−bl + a+ bl = a+ cl = a+ cl − dl
(

1

2

)
,

äå dl
(
1
2

)
= 0 çãiäíî ç (3.1). Òîìó, −a − bl + a + bl = cl − dl

(
1
2

)
i, îòæå,

bl + a = a+ bl − cl + dl
(
1
2

)
.

Äîâåäåííÿ ïðîâåäåìî iíäóêöi¹þ ïî k. Äëÿ k = 1 ñïðàâåäëèâà ðiâíiñòü.

Íåõàé äëÿ k âèêîíó¹òüñÿ ðiâíiñòü, òîáòî

−bl + ak + bl = ak + clk − dl
(
k

2

)
.

Äîâåäåìî ðiâíiñòü äëÿ k + 1:

−bl + a(k + 1) + bl = −bl + ak + a+ bl =

= −bl + ak + bl + a+ cl = ak + clk − dl
(
k

2

)
+ a+ cl =

= ak + a+ clk − dlk − dl
(
k

2

)
=
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a(k + 1) + cl(k + 1)− dl(
(
k

2

)
+ k) =

= a(k + 1) + cl(k + 1)− dl
(
k + 1

2

)
.

Íàñëiäîê 4.15. Äëÿ äîâiëüíèõ öiëèõ ÷èñåë k i l â ãðóïi H1 âèêîíóþòüñÿ

ðiâíîñòi

−bl + ak = ak − bl + ckl − dl
(
k

2

)
i

−bl − ak = −ak − bl − ckl − dl
(
−k
2

)
.

Ëåìà 4.16. Äëÿ áóäü-ÿêèõ íàòóðàëüíèõ ÷èñåë k, l, n, m i r â ãðóïi H1

âèêîíó¹òüñÿ íàñòóïíà ðiâíiñòü

(ak + bl + cm+ dn)r = akr + blr + c(mr − kl
(
r

2

)
)+

+d(nr + l

(
k

2

)(
r

2

)
− km

(
r

2

)
+ k2l

(
r

r − 3

)
).

Äîâåäåííÿ. Äîâåäåííÿ ïðîâåäåìî iíäóêöi¹þ ïî r. Äëÿ r = 1 ðiâíiñòü

ñïðàâåäëèâà. Íåõàé äëÿ r ðiâíiñòü âèêîíó¹òüñÿ, òîáòî

(ak + bl + cm+ dn)r = akr + blr + c(mr − kl
(
r

2

)
)+

+d(nr + l

(
k

2

)(
r

2

)
− km

(
r

2

)
+ k2l

(
r

r − 3

)
).

Âèêîðèñòîâóþ÷è ëåìè 4.12 i 4.14, äîâåäåìî ðiâíiñòü äëÿ r + 1:

(ak + bl + cm+ dn)(r + 1) =

= akr + blr + c(mr − kl
(
r

2

)
) + d(nr + l

(
k

2

)(
r

2

)
−

−km
(
r

2

)
+ k2l

(
r

r − 3

)
) + ak + bl + cm+ dn =
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= akr + blr + ak + c(m(r + 1)− kl
(
r

2

)
)− d(kmr − k2l

(
r

2

)
)+

+bl + d(n(r + 1) + l

(
k

2

)(
r

2

)
− km

(
r

2

)
+

+k2l

(
r

r − 3

)
) = akr + ak + blr + bl − cklr + dlr

(
k

2

)
+

+c(m(r + 1)− kl
(
r

2

)
)− d(kmr − k2l

(
r

2

)
) + d(n(r + 1)+

+l

(
k

2

)(
r

2

)
− km

(
r

2

)
+ k2l

(
r

r − 3

)
) =

= a(k(r + 1)) + b(l(r + 1)) + c(m(r + 1)− kl
(
r + 1

2

)
)+

+d(n(r + 1) + l

(
k

2

)(
r + 1

2

)
− km

(
r + 1

2

)
+

+k2l

(
r + 1

r − 2

)
).

Îòæå, ðiâíiñòü ñïðàâåäëèâà äëÿ áóäü-ÿêîãî r.

4.3.2. Ìàéæå-êiëüöÿ ç îäèíèöåþ, àäèòèâíi ãðóïè ÿêèõ içî-

ìîðôíi H1

Íåõàé R � ìàéæå-êiëüöå ç îäèíèöåþ, àäèòèâíà ãðóïà ÿêîãî R+ içî-

ìîðôíà H1. Òîäi R
+ = 〈a〉 + 〈b〉 + 〈c〉 + 〈d〉 äëÿ äåÿêèõ åëåìåíòiâ a,

b, c i d of R çàäîâîëüíÿþòü ñïiââiäíîøåííÿ ap = bp = cp = dp = 0,

b + c = c + b, a + d = d + a, b + d = d + b, äå c = −a − b + a + b i

d = −a − c + a + c. Çîêðåìà, êîæåí åëåìåíò x ∈ R îäíîçíà÷íî çàïèñó-

¹òüñÿ ó ôîðìi x = ax1 + bx2 + cx3 + dx4 ç êîåôiöi¹íòàìè 0 ≤ x1 < p,

0 ≤ x2 < p, 0 ≤ x3 < p i 0 ≤ x4 < p.

Îñêiëüêè ïîðÿäîê åëåìåíòà a äîðiâíþ¹ åêñïîíåíòi ãðóïè G, òîáòî p, ç

öüîãî âèïëèâà¹, ùî ìè ìîæåìî ïðèïóñòèòè, ùî a ¹ îäèíèöåþ â R, òîáòî
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ax = xa = x äëÿ êîæíîãî x ∈ R. Êðiì òîãî, äëÿ êîæíîãî x ∈ R iñíóþòü

òàêi êîåôiöi¹íòè α(x), β(x), γ(x), φ(x), ùî

xb = aα(x) + bβ(x) + cγ(x) + dφ(x).

Çðîçóìiëî, ùî âîíè îäíîçíà÷íî âèçíà÷åíi çà ìîäóëåì p, òîìó âèçíà÷åíi

äåÿêi âiäîáðàæåííÿ α : R→ Zp, β : R→ Zp, γ : R→ Zp, φ : R→ Zp.

Ëåìà 4.17. Íåõàé R � ìàéæå-êiëüöå ç îäèíèöåþ, àäèòèâíà ãðóïà ÿêî-

ãî R+ içîìîðôíà H1. ßêùî a çáiãà¹òüñÿ ç îäèíè÷íèì åëåìåíòîì R,

x = ax1 + bx2 + cx3 + dx4, y = ay1 + by2 + cy3 + dy4 ∈ R,

xb = aα(x) + bβ(x) + cγ(x) + dφ(x),

òîäi

xy = a(x1y1 + α(x)y2) + b(x2y1 + β(x)y2) + c(x3y1 − x1x2
(
y1
2

)
− (4.8)

−x2α(x)y1y2 + γ(x)y2)− α(x)β(x)

(
y2
2

)
+ x1β(x)y3−

−x2α(x)y3) + d(x4y1 + x2

(
x1
2

)(
y1
2

)
− x1x3

(
y1
2

)
+

+x1
2x2

(
y1

y1 − 3

)
+ x2y1

(
α(x)y2

2

)
− α(x)x3y1y2+

+x1x2α(x)

(
y1
2

)
y2 + φ(x)y2 + β(x)

(
α(x)

2

)(
y2
2

)
−

−α(x)γ(x)

(
y2
2

)
+ α(x)2β(x)

(
y2

y2 − 3

)
+ x1γ(x)y3−

−β(x)

(
x1
2

)
y3 + x2

(
α(x)

2

)
y3 − x3α(x)y3 + x21β(x)y4−

−x1x2α(x)y4).

Êðiì òîãî, äëÿ âiäîáðàæåíü

α : R → Zp, β : R → Zp, γ : R → Zp, φ : R → Zp ñïðàâåäëèâi íàñòóïíi
òâåðäæåííÿ:
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(0) α(0) ≡ 0 (mod p), β(0) ≡ 0 (mod p), γ(0) ≡ 0 (mod p);

òà φ(0) ≡ 0 (mod p) òîäi i òiëüêè òîäi, êîëè ìàéæå-êiëüöå R ¹

íóëü-ñèìåòðè÷íèì;

(1) xc = c(x1β(x)− x2α(x)) + d(x1γ(x)− β(x)
(
x1
2

)
+ x2

(
α(x)
2

)
− x3α(x));

(2) xd = d(x1
2β(x)− x1x2α(x));

(3) α(xy) ≡ x1α(y) + α(x)β(y) (mod p);

(4) β(xy) ≡ x2α(y) + β(x)β(y) (mod p);

(5) γ(xy) ≡ x3α(y)− x1x2
(
α(y)
2

)
− x2α(x)α(y)β(y) + γ(x)β(y)−

− α(x)β(x)
(
β(y)
2

)
+ x1β(x)γ(y)− x2α(x)γ(y) (mod p);

(6) φ(xy) ≡ x4α(y) + x2
(
x1
2

)(
α(y)
2

)
− x1x3

(
α(y)
2

)
+ x1

2x2
(
α(y)
α(y)−3

)
+

+ x2α(y)
(
α(x)β(y)

2

)
− α(x)x3α(y)β(y) + x1x2α(x)

(
α(y)
2

)
y2 +

+ φ(x)β(y) + β(x)
(
α(x)
2

)(
β(y)
2

)
− α(x)γ(x)

(
β(y)
2

)
+

+ α(x)2β(x)
(
β(y)
β(y)−3

)
+ x1γ(x)γ(y)− β(x)

(
x1
2

)
γ(y) +

+ x2
(
α(x)
2

)
γ(y)− x3α(x)γ(y) + x21β(x)φ(y)− x1x2α(x)φ(y) (mod p).

Äîâåäåííÿ. Îñêiëüêè 0 · a = a · 0 = 0, ç öüîãî âèïëèâà¹, ùî R ¹ íóëü-

ñèìåòðè÷íèì ìàéæå-êiëüöåì òîäi i òiëüêè òîäi, êîëè

0 = 0 · b = aα(0) + bβ(0) + cγ(0) + dφ(0).

Ðiâíîçíà÷íî ìà¹ìî

α(0) ≡ 0 (mod p), β(0) ≡ 0 (mod p),
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γ(0) ≡ 0 (mod p), φ(0) ≡ 0 (mod p).

Êðiì òîãî, îñêiëüêè c = −a − b + a + b, d = −a − c + a + c i ëiâî-

äèñòðèáóòèâíèé çàêîí ìà¹ìî

0 · c = −0 · a− 0 · b+ 0 · a+ 0 · b = 0

i

0 · d = −0 · a− 0 · c+ 0 · a+ 0 · c = 0,

çâiäêè

0 · x = 0 · (ax1 + bx2 + cx3 + dx4) =

= (0 · a)x1 + (0 · b)x2 + (0 · c)x3 + (0 · d)x4 = 0.

Îòæå, âèêîíó¹òüñÿ òâåðäæåííÿ (0).

Äàëi, âèêîðèñòîâóþ÷è ëåìè 4.12 i 4.14, îòðèìó¹ìî

xc = x(−a− b+ a+ b) = −xa− xb+ xa+ xb =

= −dx4 − cx3 − bx2 − ax1 − dφ(x)− cγ(x)− bβ(x)− aα(x)+

+ax1 + bx2 + cx3 + dx4 + aα(x) + bβ(x) + cγ(x) + dϕ(x) =

= −cx3 − bx2 − cγ(x)− ax1 + dx1γ(x)− bβ(x)− aα(x)+

+ax1 + bx2 + aα(x) + cx3 − dx3α(x) + bβ(x) + cγ(x) =

= −cx3 − bx2 − cγ(x) + dx1γ(x)− bβ(x)− ax1+

+cx1β(x) + dβ(x)

(
−x1

2

)
− aα(x) + aα(x)+

+bx2 − cx2α(x) + dx2

(
α(x)

2

)
+ cx3 − dx3α(x)+

+bβ(x) + cγ(x) = −cx3 − bx2 − cγ(x) + dx1γ(x)−

−bβ(x) + cx1β(x)− ax1 − dx12β(x) + dβ(x)

(
−x1

2

)
+

+ax1 + bx2 − cx2α(x) + dx2

(
α(x)

2

)
+ cx3 − dx3α(x)+
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+bβ(x) + cγ(x) = c(x1β(x)− x2α(x)) + d(x1γ(x)−

−β(x)

(
x1
2

)
+ x2

(
α(x)

2

)
− x3α(x)).

Âèêîðèñòîâóþ÷è ëåìè 4.12 i 4.14, îòðèìó¹ìî

xd = x(−a− c+ a+ c) = −xa− xc+ xa+ xc =

= −dx4 − cx3 − bx2 − ax1 − d(x1γ(x)− β(x)

(
x1
2

)
+

+x2

(
α(x)

2

)
− x3α(x))− c(x1β(x)− x2α(x))+

+ax1 + bx2 + cx3 + dx4 + c(x1β(x)− x2α(x)) + d(x1γ(x)−

−β(x)

(
x1
2

)
+ x2

(
α(x)

2

)
− x3α(x)) =

= −cx3 − bx2 − c(x1β(x)− x2α(x))− ax1 + d(x1
2β(x)− x1x2α(x))+

ax1 + bx2 + cx3 + c(x1β(x)− x2α(x)) = d(x1
2β(x)− x1x2α(x)).

Îòðèìó¹ìî òâåðäæåííÿ (1)�(2) ëåìè.

Çà ëiâî-äèñòðèáóòèâíèì çàêîíîì i (1)�(2) ëåìè, ìà¹ìî

xy = x(ay1) + x(by2) + x(cy3) + x(dy4) =

= (ax1 + bx2 + cx3 + dx4)y1 + (aα(x) + bβ(x) + cγ(x) + d(φ(x))y2+

+(c(x1β(x)− x2α(x)) + d(x1γ(x)− β(x)

(
x1
2

)
)y3

+d(x21β(x)− x1x2α(x))y4.

Êðiì òîãî, ëåìà 4.16 îçíà÷à¹, ùî

(ax1 + bx2 + cx3 + dx4)y1 = ax1y1 + bx2y1+

+c(x3y1 − x1x2
(
y1
2

)
) + d(x4y1 + x2

(
x1
2

)(
y1
2

)
−

−x1x3
(
y1
2

)
+

(
y1

y1 − 3

)
x21x2),
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(aα(x) + bβ(x) + cγ(x) + dφ(x))y2 = aα(x)y2 + bβ(x)y2+

+c(γ(x)y2 + α(x)β(x)

(
y2
2

)
) + d(φ(x)y2 + β(x)

(
α(x)

2

)(
y2
2

)
−

−α(x)γ(x)

(
y2
2

)
+ α(x)2β(x)

(
y2

y2 − 3

)
,

(c(x1b(x)− x2α(x)) + d(x1γ(x)− β(x)

(
x1
2

)
+

+x2

(
α(x)

2

)
− x3α(x)))y3 = c(x1β(x)y3 − x2α(x)y3)+

+d(x1γ(x)y3 − β(x)

(
x1
2

)
y3 + x2

(
α(x)

2

)
y3 − x3α(x)y3)

i

d(x21β(x)− x1x2α(x))y4 = d(x21β(x)y4 − x1x2α(x)y4).

Çà ëåìàìè 4.12 i 4.14, ìà¹ìî

xy = a(x1y1 + α(x)y2) + b(x2y1 + β(x)y2)+

+c(x3y1 − x1x2
(
y1
2

)
− x2α(x)y1y2 + γ(x)y2−

−α(x)β(x)

(
y2
2

)
+ x1β(x)y3 − x2α(x)y3) + d(x4y1+

+x2

(
x1
2

)(
y1
2

)
− x1x3

(
y1
2

)
+ x1

2x2

(
y1

y1 − 3

)
+ x2y1

(
α(x)y2

2

)
−

−α(x)x3y1y2 + x1x2α(x)

(
y1
2

)
y2 + φ(x)y2 + β(x)

(
α(x)

2

)(
y2
2

)
−

−α(x)γ(x)

(
y2
2

)
+ α(x)2β(x)

(
y2

y2 − 3

)
+ x1γ(x)y3−

−β(x)

(
x1
2

)
y3 + x2

(
α(x)

2

)
y3 − x3α(x)y3+

+x21β(x)y4 − x1x2α(x)y4).
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Íàðåøòi, àñîöiàòèâíiñòü ìíîæåííÿ â R îçíà÷à¹, ùî

x(yb) = (xy)b = aα(xy) + bβ(xy) + cγ(xy) + dφ(xy).

Êðiì òîãî, çàìiíà

yb = aα(y) + bβ(y) + cγ(y) + dφ(y)

çàìiñòü y â ôîðìóëi (∗∗), òàêîæ ìà¹ìî

x(yb) = a(x1α(y) + α(x)β(y)) + b(x2α(y) + β(x)β(y))+

+c(x3α(y)− x1x2
(
α(y)

2

)
− x2α(x)α(y)β(y) + γ(x)β(y)−

−α(x)β(x)

(
β(y)

2

)
+ x1β(x)γ(y)− x2α(x)γ(y)) + d(x4α(y)+

+x2

(
x1
2

)(
α(y)

2

)
− x1x3

(
α(y)

2

)
+ x1

2x2

(
α(y)

α(y)− 3

)
+

+x2α(y)

(
α(x)β(y)

2

)
− α(x)x3α(y)β(y) + x1x2α(x)

(
α(y)

2

)
y2+

+φ(x)β(y) + β(x)

(
α(x)

2

)(
β(y)

2

)
− α(x)γ(x)

(
β(y)

2

)
+

+α(x)2β(x)

(
β(y)

β(y)− 3

)
+ x1γ(x)γ(y)− β(x)

(
x1
2

)
γ(y)+

x2

(
α(x)

2

)
γ(y)− x3α(x)γ(y) + x21β(x)φ(y)− x1x2α(x)φ(y)).

Ïîðiâíþþ÷è êîåôiöi¹íòè a, b, c i d ó äâîõ âèðàçàõ, îòðèìàíèõ äëÿ x(yb),

ìè îòðèìó¹ìî òâåðäæåííÿ (3)�(6) ëåìè.

4.3.3. Ïðî ãðóïó H2

Íåõàé H2 � àäèòèâíî çàïèñàíà ãðóïà ç òåîðåìè 4.1. Òîäi

H2 = 〈a〉+〈b〉+〈c〉 äëÿ äåÿêèõ åëåìåíòiâ a, b òà c ç R, ÿêi çàäîâîëüíÿþòü
ñïiââiäíîøåííÿ ap2 = bp = cp = 0, b + c = c + b, −a− c + a + c = ap, äå

c = −a− b+ a+ b.
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Ëåìà 4.18. Äëÿ äîâiëüíèõ öiëèõ k òà m â ãðóïi H2 âèêîíóþòüñÿ ðiâ-

íîñòi

−am− ck + am+ ck = akmp

òà

ck + am = am(1− kp) + ck.

Äîâåäåííÿ. Îñêiëüêè−a−c+a+c = ap, òî îòðèìà¹ìî−c+a+c = a(1+p).

Òîäi

−ck + am+ ck = am(1 + kp).

Îòæå, −ak − cm+ ak + cm = akmp òà ck + am = am(1− kp) + ck.

Ëåìà 4.19. Äëÿ äîâiëüíèõ öiëèõ n òà m â ãðóïi H2 âèêîíóþòüñÿ ðiâ-

íîñòi

−bn+ am+ bn = a(m−
(
m

2

)
np) + cmn

òà

bn+ am = a(m+

(
m

2

)
np) + bn− cmn.

Äîâåäåííÿ. Äîâåäåííÿ ïðîâåäåìî iíäóêöi¹þ ïî m.

Íåõàé m = 1. Îñêiëüêè −a− b+a+ b = c, òî ìà¹ìî −b+a+ b = a+ c.

Iç ñïiââiäíîøåíü ãðóïè òà çà ëåìîþ 4.18, ìà¹ìî

−bn+ a+ bn = a(1− n
(

1

2

)
p) + cn

i òîìó

bn+ a = a(1 +

(
1

2

)
np) + bn− cn,

òîáòî äëÿ m = 1 âèêîíó¹òüñÿ ðiâíiñòü.

Íåõàé äëÿ m âèêîíó¹òüñÿ ðiâíiñòü, òîáòî

−bn+ am+ bn = a(m−
(
m

2

)
np) + cmn.
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Äîâåäåìî ðiâíiñòü äëÿ m+ 1:

−bn+ a(m+ 1) + bn = −bn+ am+ a+ bn =

= −bn+ am+ bn+ a+ cn = −bn+ bn+ a(m−
(
m

2

)
np)+

+cmn+ a+ cn = a(m−
(
m

2

)
np) + a(1−mnp) + cmn+ cn =

= a((m+ 1)−
(
m+ 1

2

)
np) + cm(n+ 1).

Îòæå,

−bn+ am+ bn = a(m−
(
m

2

)
np) + cmn

òà

bn+ am = a(m+

(
m

2

)
np) + bn− cmn.

Ëåìà 4.20. Äëÿ áóäü-ÿêèõ íåâiä'¹ìíèõ öiëèõ k, l, m òà íàòóðàëüíîãî

r â H2 ìà¹ ìiñöå ðiâíiñòü

(ak + bl + cm)r = a(kr + (

(
k

2

)(
r

2

)
l − km

(
r

2

)
+

+k2l

(
r

r − 3

)
)p+ blr + c(mr − kl

(
r

2

)
).

Äîâåäåííÿ. Äîâåäåííÿ ïðîâåäåìî iíäóêöi¹þ ïî r.

Íåõàé r = 1. Òîäi ìà¹ìî

(ak + bl + cm)1 = a(k + (

(
k

2

)(
1

2

)
l − km

(
1

2

)
+ k2l

(
1

−2

)
)p+

bl + c(m−
(

1

2

)
kl) = ak + bl + cm.

Îòæå, äëÿ r = 1 âèêîíó¹òüñÿ ðiâíiñòü.

Íåõàé äëÿ r âèêîíó¹òüñÿ ðiâíiñòü, òîáòî

(ak + bl + cm)r = a(kr + (

(
k

2

)(
r

2

)
l − km

(
r

2

)
+ k2l

(
r

r − 3

)
)p+



166

blr + c(mr − kl
(
r

2

)
).

Âèêîðèñòîâóþ÷è ëåìè 4.18 òà 4.19, äîâåäåìî ðiâíiñòü äëÿ r + 1:

(ak + bl + cm)(r + 1) = (ak + bl + cm)r + ak + bl + cm =

= a(kr + (

(
k

2

)(
r

2

)
l − km

(
r

2

)
+ k2l

(
r

r − 3

)
)p) + blr+

+c(mr − kl
(
r

2

)
) + ak + bl + cm = a(kr+

+(

(
k

2

)(
r

2

)
l − lm

(
r

2

)
+ k2l

(
r

r − 3

)
)p)+

+brl + ak − ak(mr − kl
(
r

2

)
)p+ c(mr − kl

(
r

2

)
) + bl + cm =

= a(kr + (

(
k

2

)(
r

2

)
l − km

(
r

2

)
+ k2l

(
r

r − 3

)
)p)+

+a(k − kmrp+ k2l

(
r

2

)
p+

(
k

2

)
lrp) + blr − clr(k − kmrp+

+k2l

(
r

2

)
p) + c(mr − kl

(
r

2

)
) + bl + +cm =

= a(kr +

(
k

2

)(
r

2

)
lp− km

(
r

2

)
p+ k2l

(
r

r − 3

)
p+ k−

−kmrp+ k2l

(
r

2

)
p+

(
k

2

)
lrp) + bl(r + 1) + c(m(r + 1)−

−kl
(
r

2

)
− klr) = a(k(r + 1) + (

(
k

2

)(
r + 1

2

)
l−

−km
(
r + 1

2

)
+ k2l

(
r + 1

r − 2

)
)p) + bl(r + 1)+

+c(m(r + 1)− kl
(
r + 1

2

)
).

Îòæå, ðiâíiñòü ñïðàâåäëèâà äëÿ áóäü-ÿêîãî r.

Âðàõîâóþ÷è âëàñòèâiñòü ñèìåòðè÷íîñòi áiíîìiàëüíèõ êîåôiöi¹íòiâ,

òîáòî
(
r
r−3
)

=
(
r
3

)
, òà ëåìó 4.20, ìà¹ìî íàñòóïíå òâåðäæåííÿ.
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Íàñëiäîê 4.21. Äëÿ áóäü-ÿêèõ íåâiä'¹ìíèõ öiëèõ k, l, m òà íàòóðàëü-

íîãî r â H2 ìà¹ ìiñöå ðiâíiñòü

(ak + bl + cm)r = a(kr + (

(
k

2

)(
r

2

)
l − km

(
r

2

)
+

+k2l

(
r

3

)
)p+ blr + c(mr − kl

(
r

2

)
).

4.3.4. Ìàéæå-êiëüöÿ ç îäèíèöåþ, àäèòèâíi ãðóïè ÿêèõ içî-

ìîðôíi H2

Íàñòóïíà ëåìà îïèñó¹ ìíîæåííÿ â ìàéæå-êiëüöi R, àäèòèâíà ãðóïà

ÿêîãî R+ ¹ içîìîðôíîþ ãðóïi H2. Òîäi R
+ = 〈a〉 + 〈b〉 + 〈c〉 äëÿ äåÿêèõ

åëåìåíòiâ a, b, c ç R, ÿêi çàäîâîëüíÿþòü ñïiââiäíîøåííÿ ap2 = bp = cp =

0, b+ c = c+ b, −a− c+a+ c = ap, äå c = −a− b+a+ b. Çîêðåìà, êîæåí

åëåìåíò x ∈ R îäíîçíà÷íî çàïèñó¹òüñÿ ó âèãëÿäi x = ax1 + bx2 + cx3 ç

êîåôiöi¹íòàìè 0 ≤ x1 < p2, 0 ≤ x2 < p i 0 ≤ x3 < p.

Ëåìà 4.22. Íåõàé R � ìàéæå-êiëüöå ç îäèíèöåþ, àäèòèâíà ãðóïà ÿêî-

ãî R+ içîìîðôíà H2. ßêùî a çáiãà¹òüñÿ ç îäèíè÷íèì åëåìåíòîì R,

x = ax1 + bx2 + cx3, y = ay1 + by2 + cy3 ∈ R òà

xb = aα(x) + bβ(x) + cγ(x),

òî

xy = a(x1y1 + α(x)y2 + (

(
x1
2

)(
y1
2

)
x2 − x1x3

(
y1
2

)
+ (4.9)

+x1
2x2

(
y1
3

)
+

(
α(x)y2

2

)
x2y1 − α(x)x3y1y2−

−x1x2α(x)y2

(
y1
2

)
+

(
α(x)

2

)
β(x)

(
y2
2

)
−

α(x)γ(x)

(
y2
2

)
+ α(x)2β(x)

(
y2
3

)
−
(
x1
2

)
β(x)y3+
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+

(
α(x)

2

)
x2y3 − x3α(x)y3)p) + b(x2y1 + β(x)y2)+

+c(x3y1 − x2α(x)y1y2 − x1x2
(
y1
2

)
+ γ(x)y2−

−α(x)β(x)

(
y2
2

)
+ x1β(x)y3 − x2α(x)y3).

Áiëüø òîãî, äëÿ âiäîáðàæåíü

α : R→ Zp2, β : R→ Zp, γ : R→ Zp âèêîíóþòüñÿ íàñòóïíi

òâåðäæåííÿ:

(0) α(0) ≡ 0 (mod p2), β(0) ≡ 0 (mod p), γ(0) ≡ 0 (mod p) òîäi i òiëü-

êè òîäi, êîëè ìàéæå-êiëüöå R ¹ íóëü-ñèìåòðè÷íèì;

(1) α(a) ≡ 0 (mod p2), β(a) ≡ 1 (mod p), γ(a) ≡ 0 (mod p);

(2) ÿêùî x1 6≡ 0 (mod p), òî x1β(x)− x2α(x) ≡ 1 (mod p);

(3) xc = a(−
(
x1
2

)
β(x) +

(
α(x)
2

)
x2 − x3α(x))p+ c(x1β(x)− x2α(x));

(4) α(xy) ≡ x1α(y) + α(x)β(y) + (
(
x1
2

)(
α(y)
2

)
x2 − x1x3

(
α(y)
2

)
+

x1
2x2
(
α(y)
3

)
+
(
α(x)β(y)

2

)
x2α(y)− α(x)x3α(y)β(y) +

x1x2α(x)β(y)
(
α(y)
2

)
+
(
α(x)
2

)
β(x)

(
β(y)
2

)
− α(x)γ(x)

(
β(y)
2

)
+

α(x)2β(x)
(
β(y)
3

)
+
(
x1
2

)
β(x)γ(y)+

(
α(x)
2

)
x2γ(y)−x3α(x)γ(y))p (mod p2);

(5) β(xy) ≡ x2α(y) + β(x)β(y) (mod p);

(6) γ(xy) ≡ x3α(y)− x2α(x)α(y)β(y)− x1x2
(
α(y)
2

)
+ γ(x)β(y)−

α(x)β(x)
(
β(y)
2

)
+ x1β(x)γ(y)− x2α(x)γ(y) (mod p).
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Äîâåäåííÿ. Îñêiëüêè 0 · a = a · 0 = 0, çâiäñè âèïëèâà¹ R ¹ íóëü-

ñèìåòðè÷íèì ìàéæå-êiëüöåì òîäi i òiëüêè òîäi, êîëè

0 = 0 · b = aα(0) + bβ(0) + cγ(0)

àáî åêâiâàëåíòíî α(0) ≡ 0 (mod p2), β(0) ≡ 0 (mod p), γ(0) ≡ 0

(mod p). Áiëüø òîãî, îñêiëüêè

b = ab = aα(a) + bβ(a) + cγ(a),

ìà¹ìî α(a) ≡ 0 (mod p2), β(a) ≡ 1 (mod p) i γ(a) ≡ 0 (mod p), à îòæå,

âèêîíóþòüñÿ òâåðäæåííÿ (0) i (1).

Äàëi, âèêîðèñòîâóþ÷è ëåìè 4.18 i 4.19, ìà¹ìî

xc = x(−a− b+ a+ b) = −xa− xb+ xa+ xb =

− cx3 − bx2 − ax1 − cγ(x)− bβ(x)− aα(x)+

ax1 + bx2 + cx3 + aα(x) + bβ(x) + cγ(x) =

− cx3 − bx2 − cγ(x)− ax1 + ax1γ(x)p− bβ(x)− aα(x)+

ax1 + bx2 + aα(x)− ax3α(x)p+ cx3 + bβ(x) + cγ(x) =

− cx3 − bx2 − cγ(x)− a
(
x1
2

)
β(x)p− bβ(x) + cx1β(x)−

ax1 + ax1γ(x)p− aα(x) + ax1 + aα(x) + a

(
α(x)

2

)
x2p+

+ bx2 − cx2α(x)− ax3α(x)p+ cx3 + bβ(x) + cγ(x) =

a(−
(
x1
2

)
β(x) +

(
α(x)

2

)
x2 − x3α(x))p+ c(x1β(x)− x2α(x)).

Îòðèìàëè ðiâíiñòü (3) ëåìè.

Äàëi, êîðèñòóþ÷èñü ëiâîþ äèñòðèáóòèâíiñòþ òà çà ëåìàìè 4.18�4.20 i

íàñëiäêîì 4.21.

xy = x(ay1) + x(by2) + x(cy3) =

= (ax1 + bx2 + cx3)y1 + (aα(x) + bβ(x) + cγ(x))y2+



170

+(a(−
(
x1
2

)
β(x) +

(
α(x)

2

)
x2 − x3α(x)p+ c(x1β(x)−

−x2α(x)))y3 = a(x1y1 +

(
x1
2

)(
y1
2

)
x2p− x1x3

(
y1
2

)
p+

+x1
2x2

(
y1
3

)
p) + bx2y1 + c(x3y1 − x1x2

(
y1
2

)
)+

+a(α(x)y2 +

(
α(x)

2

)
β(x)

(
y2
2

)
p− α(x)γ(x)

(
y2
2

)
p+

+α(x)2β(x)

(
y2
3

)
p) + bβ(x)y2 + c(γ(x)y2 − α(x)β(x)

(
y2
2

)
)+

+a(−
(
x1
2

)
β(x) +

(
α(x)

2

)
x2 − x3α(x))y3p+

+c(x1β(x)− x2α(x))y3 = a(x1y1 +

(
x1
2

)(
y1
2

)
x2p−

−x1x3
(
y1
2

)
p+ x1

2x2

(
y1
3

)
p) + bx2y1 + aα(x)y2−

−aα(x)y2(x3y1 − x1x2
(
y1
2

)
)p+ c(x3y1 − x1x2

(
y1
2

)
)+

+a(

(
α(x)

2

)
β(x)

(
y2
2

)
− α(x)γ(x)

(
y2
2

)
+ α(x)2β(x)

(
y2
3

)
)p+

+bβ(x)y2 + c(γ(x)y2 − α(x)β(x)

(
y2
2

)
) + a(−

(
x1
2

)
β(x)+

+

(
α(x)

2

)
x2 − x3α(x))y3p+ c(x1β(x)− x2α(x))y3

= a(x1y1 +

(
x1
2

)(
y1
2

)
x2p− x1x3

(
y1
2

)
p+ x1

2x2

(
y1
3

)
p+ α(x)y2+

+

(
α(x)y2

2

)
x2y1p) + bx2y1 − cx2α(x)y1y2 − a(α(x)x3y1y2p+

+x1x2α(x)y2

(
y1
2

)
p) + c(x3y1 − x1x2

(
y1
2

)
) + a(

(
α(x)

2

)
β(x)

(
y2
2

)
p−

+α(x)γ(x)

(
y2
2

)
p+ α(x)2β(x)

(
y2
3

)
p) + bβ(x)y2 + c(γ(x)y2−



171

−α(x)β(x)

(
y2
2

)
) + a(−

(
x1
2

)
β(x) +

(
α(x)

2

)
x2−

−x3α(x))y3p+ c(x1β(x)− x2α(x))y3

= a(x1y1 + α(x)y2 + (

(
x1
2

)(
y1
2

)
x2 − x1x3

(
y1
2

)
+

+x1
2x2

(
y1
3

)
+

(
α(x)y2

2

)
x2y1 − α(x)x3y1y2 − x1x2α(x)y2

(
y1
2

)
+

+

(
α(x)

2

)
β(x)

(
y2
2

)
−−α(x)γ(x)

(
y2
2

)
+ α(x)2β(x)

(
y2
3

)
−

−
(
x1
2

)
β(x)y3 +

(
α(x)

2

)
x2y3 − x3α(x)y3)p+

+b(x2y1 + β(x)y2) + c(x3y1 − x2α(x)y1y2 − x1x2
(
y1
2

)
+γ(x)y2 − α(x)β(x)

(
y2
2

)
+ x1β(x)y3 − x2α(x)y3).

Äàëi, íåõàé y = a(1− p) + c, òîäi

xy = a(x1(1− p) + (−
(
x1
2

)
β(x) +

(
α(x)

2

)
x2 − x3α(x))p+

+bx2 + c(x3 + x1β(x)− x2α(x))

çà ôîðìóëîþ (4.9). Ç iíøîãî áîêó, y = c+ a i òîìó

xy = xc+ x = a(x1(1− (x1β(x)− x2α(x))p)+

+(−
(
x1
2

)
β(x) +

(
α(x)

2

)
x2 − x3α(x))p+

+bx2 + c(x3 + x1β(x)− x2α(x))

çà ëåìîþ 4.18.

Ïîðiâíþþ÷è îáèäâà ðåçóëüòàòè äëÿ xy, îòðèìà¹ìî

x1(1− p) ≡ x1(1− (x1β(x)− x2α(x))p) (mod p2).
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ßêùî x1 6≡ 0 (mod p), òî

x1β(x)− x2α(x))p ≡ p (mod p2).

Òîìó

x1β(x)− x2α(x) ≡ 1 (mod p),

ùî äîâîäèòü òâåðäæåííÿ (2) ëåìè.

Íàðåøòi, àñîöiàòèâíiñòü ìíîæåííÿ â R îçíà÷à¹, ùî (xy)b = x(yb). Ç

îäíîãî áîêó ìà¹ìî

x(yb) = aα(xy) + bβ(xy) + cγ(xy).

Ç iíøîãî áîêó,

x(yb) = a(x1α(y) + α(x)β(y) + (

(
x1
2

)(
α(y)

2

)
x2−

−x1x3
(
α(y)

2

)
+ x1

2x2

(
α(y)

3

)
+

(
α(x)α(y)

2

)
x2α(y)−

−α(x)x3α(y)β(y) + x1x2α(x)β(y)

(
α(y)

2

)
+

+

(
α(x)

2

)
β(x)

(
β(y)

2

)
− α(x)γ(x)

(
β(y)

2

)
+ α(x)2β(x)

(
β(y)

3

)
−

+

(
α(x)

2

)
x2γ(y)− x3α(x)γ(y))p) + b(x2α(y) + β(x)β(y))+

−
(
x1
2

)
β(x)γ(y) + c(x3α(y)− x2α(x)α(y)β(y)− x1x2

(
α(y)

2

)
+

+γ(x)β(y)− α(x)β(x)

(
β(y)

2

)
+ x1β(x)γ(y)− x2α(x)γ(y)).

Ïîðiâíþþ÷è êîåôiöi¹íòè áiëÿ a, b i c â äâîõ îñòàííiõ âèðàçàõ äëÿ xy,

îòðèìà¹ìî êîíãðóåíòíîñòi (4)�(6) ëåìè.
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Âèñíîâêè äî ðîçäiëó 4

Ó äàíîìó ðîçäiëi:

� íàâåäåíî äåÿêi ñòðóêòóðíi ðåçóëüòàòè ñòîñîâíî ãðóï ïîðÿäêó p4;

� îòðèìàíî íåîáõiäíi óìîâè iñíóâàííÿ ìàéæå-êiëåöü ç îäèíèöåþ íà

ãðóïàõ ïîðÿäêó p4;

� âèçíà÷åíî ôîðìóëè ìíîæåííÿ äëÿ òàêèõ ìàéæå-êiëåöü òà îïèñàíî

ôóíêöi¨, ùî ¨õ çàäàþòü.

Îñíîâíi ðåçóëüòàòè äàíîãî ðîçäiëó îïóáëiêîâàíî ó ïðàöÿõ [9, 10, 5] çi

ñïèñêó ïóáëiêàöié i, âiäïîâiäíî, [96�98] çi ñïèñêó âèêîðèñòàíèõ äæåðåë, à

òàêîæ îïóáëiêîâàíî ó òåçàõ êîíôåðåíöié [26, 27, 28] i, âiäïîâiäíî, [92�94].
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Ðîçäië 5

Ëîêàëüíi ìàéæå-êiëüöÿ ïîðÿäêó p4

Â öüîìó ðîçäiëi ðîçãëÿäàþòüñÿ ãðóïè êëàñó íiëüïîòåíòíîñòi 2 ïîðÿä-

êó p4, ÿêi ¹ àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü. Ïîêàçàíî,

ùî äëÿ íåïàðíèõ p iç 6 òàêèõ ãðóï 4 ¹ àäèòèâíèìè ãðóïàìè ëîêàëüíèõ

ìàéæå-êiëåöü. Äåÿêi ïðèêëàäè òàêèõ ìàéæå-êiëåöü ÿâíî ïîáóäîâàíi. Äî-

ñëiäæóþòüñÿ ãðóïè êëàñó íiëüïîòåíòíîñòi 3 ïîðÿäêó p4, ÿêi ¹ àäèòèâíèìè

ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü. Áàçóþ÷èñü íà ñèñòåìi êîìï'þòåðíî¨

àëãåáðè GAP, ïîáóäîâàíî ïðèêëàäè ëîêàëüíèõ ìàéæå-êiëåöü íà âêàçà-

íèõ ãðóïàõ.

5.1. Ëîêàëüíi ìàéæå-êiëüöÿ íà ãðóïàõ ïîðÿäêó p4

òà êëàñó íiëüïîòåíòíîñòi 2

5.1.1. Ãðóïè êëàñó íiëüïîòåíòíîñòi 2 ïîðÿäêó 16 òà ëîêàëüíi

ìàéæå-êiëüöÿ

ßê çãàäóâàëîñÿ âèùå, áiáëiîòåêà âñiõ íåiçîìîðôíèõ ìàéæå-êiëåöü ç

îäèíèöåþ ïîðÿäêó äî 31 ìiñòèòüñÿ â ïàêåòi SONATA, i òîìó âñi íåiçî-

ìîðôíi ëîêàëüíi ìàéæå-êiëüöÿ ïîðÿäêó 16 (äèâ. [29]).
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Ëåìà 5.1. Íàñòóïíi ãðóïè êëàñó íiëüïîòåíòíîñòi 2, i òiëüêè âîíè, ¹

àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó 16:

1. (C4 × C2) o C2 [16, 3];

2. C4 o C4 [16, 4];

3. C8 o C2 [16, 6];

4. C2 ×Q8 [16, 12].

Íåõàé n(G) � êiëüêiñòü óñiõ íåiçîìîðôíèõ ëîêàëüíèõ ìàéæå-êiëåöü

R, àäèòèâíà ãðóïà R+ ÿêèõ içîìîðôíà ãðóïi G.

StructureDescription(R+) n(R+)

(C4 × C2) o C2 37

C4 o C4 24

C8 o C2 33

C2 ×Q8 2

5.1.2. Ãðóïè G1, G2 òà G3 i ëîêàëüíi ìàéæå-êiëüöÿ

Ãðóïè G1, G2 òà G3 ç òåîðåìè 4.1 ¹ ãðóïàìè Ìiëëåðà�Ìîðåíî.

Çãiäíî ç [102] G2 òà G3 ¹ ãðóïàìè G(p2, p2) i G(p3, p), âiäïîâiäíî (äèâ.,

íàïðèêëàä, ëåìà 2 [102]). Òîìó, çà òåîðåìîþ 2 [102] iñíó¹ ëîêàëüíå ìàéæå-

êiëüöå R, àäèòèâíà ãðóïà R+ ÿêîãî içîìîðôíà ãðóïi G3. ßê íàñëiäîê, íà

àäèòèâíié ãðóïi íå iñíó¹ ëîêàëüíîãî ìàéæå-êiëüöÿ G2.

Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà R+ ÿêîãî içîìîð-

ôíà ãðóïi G3. Òîäi R
+ = 〈a〉+〈b〉 äëÿ äåÿêèõ åëåìåíòiâ a i b ç R çàäîâîëü-

íÿþ÷è ñïiââiäíîøåííÿ ap3 = 0, bp = 0 i −b+ a+ b = a(1− p2). Çîêðåìà,
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êîæåí åëåìåíò x ∈ R îäíîçíà÷íî çàïèñó¹òüñÿ ó âèãëÿäi x = ax1 + bx2 ç

êîåôiöi¹íòàìè 0 ≤ x1 < p3 i 0 ≤ x2 < p.

Ôîðìóëà äëÿ ìíîæåííÿ åëåìåíòiâ ëîêàëüíèõ ìàéæå-êiëåöü íà ìåòà-

öèêëi÷íèõ ãðóïàõ Ìiëëåðà�Ìîðåíî âèçíà÷åíà â [102]. Ôîðìóëà ìíîæåí-

íÿ äîâiëüíèõ åëåìåíòiâ íóëü-ñèìåòðè÷íîãî ëîêàëüíîãî ìàéæå-êiëüöÿ íà

G3 íàâåäåíà â äîâåäåííi [102, Theorem 2], à ñàìå:

x · y = a(x1y1 + p2x1x2

(
y1
2

)
) + b(x2y1 + β(x)y2),

äå

β(x) =

{
1, x1 6≡ 0 (mod p);

0, x1 ≡ 0 (mod p).

Ïðèêëàä 5.2. ÍåõàéG ∼= C27oC3. ßêùî x = ax1+bx2 i y = ay1+by2 ∈ G
òà (G,+, ·) ¹ ëîêàëüíèì ìàéæå-êiëüöåì, òîäi, ÿê i âèùå, “ · ” ìîæå áóòè

íàñòóïíèì ìíîæåííÿì:

x · y = a(x1y1 + 9x1x2

(
y1
2

)
) + b(x2y1 + β(x)y2),

äå

β(x) =

{
1, x1 6≡ 0 (mod 3);

0, x1 ≡ 0 (mod 3).

Êîìï'þòåðíà ïðîãðàìà, äëÿ ïåðåâiðêè, ùî ìàéæå-êiëüöå, îòðèìàíå â

ïðèêëàäi 5.2, ñïðàâäi ¹ ëîêàëüíèì ìàéæå êiëüöåì, çáåðåæåíî íà GitHub:

https://github.com/raemarina/Examples/blob/main/LNR_81-6.txt

Äàëi, íàâåäåìî öþ ïðîãðàìó.

# Â ñåðåäîâèùi ñèñòåìè GAP çàâàíòàæó¹ìî ïàêåò LocalNR.

LoadPackage(“LocalNR”);

# G � ãðóïà ç IdGroup [81, 6].

G := SmallGroup(81, 6);

# gen � ñïèñîê, ùî ìiñòèòü ìiíiìàëüíó ñèñòåìó òâiðíèõ.

gen := MinimalGeneratingSet(G);
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# Ïîâåðòà¹ìî ñïèñîê ç ïîðÿäêàìè òâiðíèõ çi ñïèñêó gen.

List(gen,Order);

# a � ïåðøèé åëåìåíò çi ñïèñêó gen.

a := gen[1];

# b � äðóãèé åëåìåíò çi ñïèñêó gen.

b := gen[2];

# beta � ôóíêöiÿ, ÿêà ïîâåðòà¹ çíà÷åííÿ 0 àáî 1 ïî mod 3.

beta := function(x)

if x mod 3 <> 0 then return 1;

else return 0; fi; end;

# mulGR � ôóíêöiÿ ìàéæå-êiëüöåâîãî äîáóòêó.

mulGR := function(x, y)

local x1, x2, y1, y2;

for x1 in [0..26] do

for x2 in [0..2] do

for y1 in [0..26] do

for y2 in [0..2] do

if x = a∧x1 ∗ b∧x2 and y = a∧y1 ∗ b∧y2 then return

a∧(x1∗y1+9∗x1∗x2∗Binomial(y1, 2))∗b∧(x2∗y1+beta(x1)∗y2); fi;

od; od; od; od; end;

# n � ìàéæå-êiëüöå íà ãðóïi G òà ç ìíîæåííÿì mulGR (áåç ïåðåâið-

êè).

n := ExplicitMultiplicationNearRingNC(G,mulGR);

# M � òàáëèöÿ ìíîæåííÿ ìàéæå-êiëüöÿ n.

M := MultiplicationTable(n); ;

# mul � ìàéæå-êiëüöåâå ìíîæåííÿ, ùî îòðèìàíî çà äîïîìîãîþ òà-

áëèöi M .

muNR :=

NearRingMultiplicationByOperationTable(G,M,AsSortedList(G));
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# n � ìàéæå-êiëüöå íà ãðóïi G òà ç ìíîæåííÿì mul (ç ïåðåâiðêîþ).

n := ExplicitMultiplicationNearRing(G,muNR);

# Ïåðåâiðêà, ÷è ¹ ìàéæå-êiëüöå n ëîêàëüíèì.

IsLocalNearRing(n);

Ç ïàêåòó LocalNR òà [109] ìè ìà¹ìî íàñòóïíó êiëüêiñòü óñiõ íåiçîìîð-

ôíèõ íóëü-ñèìåòðè÷íèõ ëîêàëüíèõ ìàéæå-êiëåöü íà G3 ïîðÿäêiâ 81 òà

625.

StructureDescription(R+) n(R+)

C27 o C3 10

C125 o C5 5

Àíàëîãi÷íî, G1 �� öå ãðóïà G(p2, p, p) çãiäíî ç [12]. Îòæå, çà òåîðå-

ìîþ 3 [12] iñíó¹ ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà ÿêîãî içîìîðôíà

G1. Îñêiëüêè G1 ¹ íåìåòàöèêëi÷íîþ ãðóïîþ Ìiëëåðà�Ìîðåíî, âèêîðè-

ñòîâóþ÷è [12, Theorem 3], äëÿ äîâiëüíèõ åëåìåíòiâ x = ax1 + bx2 + cx3 i

y = ay1 + by2 + cy3 ç G1 îòðèìó¹ìî íàñòóïíó ôîðìóëó ìíîæåííÿ:

x · y = a(x1y1 + pkx2y2) + b(x2y1 + x1y2)+

+c(−x1x2
(
y1
2

)
+ x3y1 + x21y3),

äå k = 1, 2.

Ëåãêî ïîáà÷èòè, ùî R = (G1,+, ·) ¹ íåíóëü-ñèìåòðè÷íèì ëîêàëüíèì

ìàéæå-êiëüöåì.

Ïðèêëàä 5.3. Íåõàé G ∼= (C9 × C3) o C3. ßêùî x = ax1 + bx2 + cx3 i

y = ay1 + by2 + cy3 ∈ G, òà (G,+, ·) ¹ ëîêàëüíèì ìàéæå-êiëüöåì, òîäi, ÿê

i âèùå, “ · ” ìîæå áóòè îäíèì iç íàñòóïíèõ:

(1) x · y = a(x1y1 + 3x2y2) + b(x2y1 + x1y2) + c(−x1x2
(
y1
2

)
+ x3y1 + x21y3);
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(2) x · y = a(x1y1) + b(x2y1 + x1y2) + c(−x1x2
(
y1
2

)
+ x3y1 + x21y3).

Êîìï'þòåðíà ïðîãðàìà, ÿêà ïiäòâåðäèëà, ùî ìàéæå-êiëüöÿ, îòðèìà-

íi â ïðèêëàäi 5.3, ñïðàâäi ¹ ëîêàëüíèìè ìàéæå-êiëüöÿìè, ðîçìiùåíà íà

GitHub.:

https://github.com/raemarina/Examples/blob/main/LNR_81-3.txt

Äàëi, íàâåäåìî öi ïðîãðàìè. Ñïî÷àòêó äàìî àëãîðèòì äëÿ ïîáóäîâè

ìàéæå-êiëüöÿ ç ìíîæåííÿì (1) ç ïðèêëàäó 5.3.

# Â ñåðåäîâèùi ñèñòåìè GAP çàâàíòàæó¹ìî ïàêåò LocalNR.

LoadPackage(“LocalNR”);

# G � ãðóïà ç IdGroup [81, 3].

G := SmallGroup(81, 3);

# gen � ñïèñîê, ùî ìiñòèòü ìiíiìàëüíó ñèñòåìó òâiðíèõ.

gen := MinimalGeneratingSet(G);

# Ïîâåðòà¹ìî ñïèñîê ç ïîðÿäêàìè òâiðíèõ çi ñïèñêó gen.

List(gen,Order);

# a � ïåðøèé åëåìåíò çi ñïèñêó gen.

a := gen[1];

# b � äðóãèé åëåìåíò çi ñïèñêó gen.

b := gen[2];

# c � êîìóòàòîð åëåìåíòiâ a òà b.

c := a∧ − 1 ∗ b∧ − 1 ∗ a ∗ b;
# mulGR � ôóíêöiÿ ìàéæå-êiëüöåâîãî äîáóòêó.

mulGR := function(x, y)

local x1, x2, x3, y1, y2, y3;

for x1 in [0..8] do

for x2 in [0..2] do

for x3 in [0..2] do

for y1 in [0..8] do
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for y2 in [0..2] do

for y3 in [0..2] do

if x = a∧x1 ∗ b∧x2 ∗ c∧x3 and y = a∧y1 ∗ b∧y2 ∗ c∧y3 then return

a∧(x1∗y1+3∗x2∗y2)∗b∧(x2∗y1+x1∗y2)∗c∧(−x1∗x2∗Binomial(y1, 2)+

x3 ∗ y1 + x1∧2 ∗ y3); fi;

od; od; od; od; od; od; end;

# n � ìàéæå-êiëüöå íà ãðóïi G òà ç ìíîæåííÿì mulGR (áåç ïåðåâið-

êè).

n := ExplicitMultiplicationNearRingNC(G,mulGR);

# M � òàáëèöÿ ìíîæåííÿ ìàéæå-êiëüöÿ n.

M := MultiplicationTable(n); ;

# mul � ìàéæå-êiëüöåâå ìíîæåííÿ, ùî îòðèìàíî çà äîïîìîãîþ òà-

áëèöi M .

muNR :=

NearRingMultiplicationByOperationTable(G,M,AsSortedList(G));

# n � ìàéæå-êiëüöå íà ãðóïi G òà ç ìíîæåííÿì mul (ç ïåðåâiðêîþ).

n := ExplicitMultiplicationNearRing(G,muNR);

# Ïåðåâiðêà, ÷è ¹ ìàéæå-êiëüöå n ëîêàëüíèì.

IsLocalNearRing(n);

Öå àëãîðèòì äëÿ ïîáóäîâè ìàéæå-êiëüöÿ ç ìíîæåííÿì (2) ç ïðèêëà-

äó 5.3.

# Â ñåðåäîâèùi ñèñòåìè GAP çàâàíòàæó¹ìî ïàêåò LocalNR.

LoadPackage(“LocalNR”);

# G � ãðóïà ç IdGroup [81, 3].

G := SmallGroup(81, 3);

# gen � ñïèñîê, ùî ìiñòèòü ìiíiìàëüíó ñèñòåìó òâiðíèõ.

gen := MinimalGeneratingSet(G);

# Ïîâåðòà¹ìî ñïèñîê ç ïîðÿäêàìè òâiðíèõ çi ñïèñêó gen.
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List(gen,Order);

# a � ïåðøèé åëåìåíò çi ñïèñêó gen.

a := gen[1];

# b � äðóãèé åëåìåíò çi ñïèñêó gen.

b := gen[2];

# c � êîìóòàòîð åëåìåíòiâ a òà b.

c := a∧ − 1 ∗ b∧ − 1 ∗ a ∗ b;
# mulGR � ôóíêöiÿ ìàéæå-êiëüöåâîãî äîáóòêó.

mulGR := function(x, y)

local x1, x2, x3, y1, y2, y3;

for x1 in [0..8] do

for x2 in [0..2] do

for x3 in [0..2] do

for y1 in [0..8] do

for y2 in [0..2] do

for y3 in [0..2] do

if x = a∧x1 ∗ b∧x2 ∗ c∧x3 and y = a∧y1 ∗ b∧y2 ∗ c∧y3 then return

a∧(x1 ∗ y1) ∗ b∧(x2 ∗ y1 +x1 ∗ y2) ∗ c∧(−x1 ∗x2 ∗Binomial(y1, 2) +x3 ∗
y1 + x1∧2 ∗ y3); fi;

od; od; od; od; od; od; end;

# n � ìàéæå-êiëüöå íà ãðóïi G òà ç ìíîæåííÿì mulGR (áåç ïåðåâið-

êè).

n := ExplicitMultiplicationNearRingNC(G,mulGR);

# M � òàáëèöÿ ìíîæåííÿ ìàéæå-êiëüöÿ n.

M := MultiplicationTable(n); ;

# mul � ìàéæå-êiëüöåâå ìíîæåííÿ, ùî îòðèìàíî çà äîïîìîãîþ òà-

áëèöi M .

muNR :=

NearRingMultiplicationByOperationTable(G,M,AsSortedList(G));
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# n � ìàéæå-êiëüöå íà ãðóïi G òà ç ìíîæåííÿì mul (ç ïåðåâiðêîþ).

n := ExplicitMultiplicationNearRing(G,muNR);

# Ïåðåâiðêà, ÷è ¹ ìàéæå-êiëüöå n ëîêàëüíèì.

IsLocalNearRing(n);

Ç ïàêåòó LocalNR òà [109] ìè ìà¹ìî íàñòóïíó êiëüêiñòü óñiõ íåiçîìîð-

ôíèõ íóëü-ñèìåòðè÷íèõ ëîêàëüíèõ ìàéæå-êiëåöü íà G1 ïîðÿäêiâ 81 òà

625.

StructureDescription(R+) n(R+)

(C9 × C3) o C3 46

(C25 × C5) o C5 154

5.1.3. Ëîêàëüíi ìàéæå-êiëüöÿ, àäèòèâíi ãðóïè ÿêèõ içîìîðô-

íi G4

Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà ÿêîãî R+ içîìîð-

ôíà G4. Òîäi R
+ = 〈a〉 + 〈b〉 + 〈c〉 + 〈d〉 äëÿ äåÿêèõ åëåìåíòiâ a, b, c òà

d ç R, ùî çàäîâîëüíÿþòü ñïiââiäíîøåííÿ ap = 0, bp = 0, cp = 0, dp = 0,

a+ b = b+ a+ c, a+ c = c+ a, b+ c = c+ b, d+ c = c+ d, a+ d = d+ a i

b + d = d + b. Çîêðåìà, êîæåí åëåìåíò x ∈ R îäíîçíà÷íî çàïèñó¹òüñÿ ó

âèãëÿäi x = ax1 + bx2 + cx3 +dx4 ç êîåôiöi¹íòàìè 0 ≤ x1 < p, 0 ≤ x2 < p,

0 ≤ x3 < p i 0 ≤ x4 < p.

Îñêiëüêè ïîðÿäîê åëåìåíòà a äîðiâíþ¹ åêñïîíåíòi ãðóïè G, òîáòî p,

òî çà ëåìîþ 2.2 ìîæíà ââàæàòè, ùî a ¹ îäèíèöåþ R, òîáòî ax = xa = x

äëÿ êîæíîãî x ∈ R. Êðiì òîãî, äëÿ êîæíîãî x ∈ R iñíóþòü òàêi êîåôiöi-

¹íòè α(x), β(x), γ(x), ϕ(x), λ(x), µ(x), ν(x) i ψ(x), ùî

xb = aα(x) + bβ(x) + cγ(x) + dϕ(x)
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òà

xd = aλ(x) + bµ(x) + cν(x) + dψ(x).

Çðîçóìiëî, ùî âîíè òàê îäíîçíà÷íî âèçíà÷åíi çà ìîäóëåì p, ùî âèçíà÷å-

íî äåÿêi âiäîáðàæåííÿ α : R → Zp, β : R→ Zp, γ : R→ Zp, ϕ : R→ Zp,
λ : R→ Zp, µ : R→ Zp, ν : R→ Zp òà ψ : R→ Zp.

Çãiäíî ç íàñëiäêîì 3.5, L ¹ íîðìàëüíîþ ïiäãðóïîþ ïîðÿäêó p3 àáî p2

â R. Îñêiëüêè L ñêëàäà¹òüñÿ ç êîìóòàòîðíî¨ ïiäãðóïè R+, òî òâiðíi b

òà c ìîæíà âèáðàòè òàêèìè, ùî c = −a − b + a + b. ßêùî |L| = p3, òî

L = 〈b〉+ 〈c〉+ 〈d〉. Îñêiëüêè R∗ = R \ L, òî âèïëèâà¹

R∗ = {ax1 + bx2 + cx3 + cx4 | x1 6≡ 0 (mod p)}

i x = ax1 + bx2 + cx3 + dx4 ¹ îáîðîòíèì òîäi i òiëüêè òîäi, êîëè x1 6≡ 0

(mod p).

Ó öüîìó ðîçäiëi íåõàé R áóäå ëîêàëüíèì ìàéæå-êiëüöåì ç |R : L| = p.

Ëåìà 5.4. ßêùî a ñïiâïàäà¹ ç îäèíè÷íèì åëåìåíòîì R, x = ax1+bx2+

cx3 + dx4, y = ay1 + by2 + cy3 + dy4 ∈ R, |R : L| = p,

xb = aα(x) + bβ(x) + cγ(x) + dϕ(x)

i

xd = aλ(x) + bµ(x) + cν(x) + dψ(x),

òî

xy = a(x1y1) + b(x2y1 + β(x)y2 + µ(x)y4)+ (5.1)

+c(−x1x2
(
y1
2

)
+ x3y1 + γ(x)y2 + x1β(x)y3 + ν(x)y4)+

+d(x4y1 + ϕ(x)y2 + ψ(x)y4).

Áiëüø òîãî, äëÿ âiäîáðàæåíü

α : R→ Zp, β : R→ Zp, γ : R→ Zp, ϕ : R→ Zp, λ : R→ Zp, µ : R→ Zp,
ν : R→ Zp i ψ : R→ Zp ìàþòü ìiñöå íàñòóïíi òâåðäæåííÿ:
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(0) β(0) ≡ 0 (mod p), γ(0) ≡ 0 (mod p), ϕ(0) ≡ 0 (mod p),

λ(0) ≡ 0 (mod p), µ(0) ≡ 0 (mod p), ν(0) ≡ 0 (mod p) i

ψ(0) ≡ 0 (mod p) òîäi i òiëüêè òîäi, êîëè ìàéæå-êiëüöå R ¹ íóëü-

ñèìåòðè÷íèì;

(1) α(x) ≡ 0 (mod p) and λ(x) ≡ 0 (mod p);

(2) ÿêùî β(x) ≡ 0 (mod p), òî x1 ≡ 0 (mod p);

(3) β(xy) ≡ β(x)β(y) + µ(x)ϕ(y) (mod p);

(4) γ(xy) ≡ γ(x)β(y) + x1β(x)γ(y) + ν(x)ϕ(y) (mod p);

(5) ϕ(xy) ≡ ϕ(x)β(y) + ψ(x)ϕ(y) (mod p);

(6) µ(xy) ≡ β(x)µ(y) + µ(x)ψ(y) (mod p);

(7) ν(xy) ≡ γ(x)µ(y) + x1β(x)γ(y) + ν(x)ψ(y) (mod p);

(8) ψ(xy) ≡ ϕ(x)µ(y) + ψ(x)ψ(y) (mod p).

Äîâåäåííÿ. ßêùî |L| = p3, òî L = 〈b〉 + 〈c〉 + 〈d〉. Îñêiëüêè L ¹ (R,R)-

ïiäãðóïîþ â R+ çãiäíî ç òâåðäæåííÿì 1) ëåìè 3.4 âèïëèâà¹, ùî xb ∈ L
i xd ∈ L, çâiäñè aα(x) ∈ L i aλ(x) ∈ L äëÿ êîæíîãî x ∈ R. Îòæå,

α(x) ≡ 0 (mod p) òà λ(x) ≡ 0 (mod p), òîìó îòðèìó¹ìî òâåðäæåííÿ (1).

Ïiäñòàâëÿþ÷è îòðèìàíå çíà÷åííÿ α(x) ≡ 0 (mod p) i λ(x) ≡ 0 (mod p)

ó òâåðäæåííÿõ (2)�(4) òà (6)�(8) ç ëåìè 4.5, îòðèìó¹ìî òâåðäæåííÿ (3)�

(8) ëåìè òà ôîðìóëó ìíîæåííÿ (5.1). Ïîêëàäàþ÷è y = c, îòðèìó¹ìî xc =

c(x1β(x)). Îòæå, ÿêùî β(x) ≡ 0 (mod p), òî xc = 0, i òîìó x ∈ L. Îòæå,
x1 ≡ 0 (mod p), ÿê çàçíà÷åíî â òâåðäæåííi (2). Äiéñíî, òâåðäæåííÿ (0)

ïîâòîðþ¹ òâåðäæåííÿ (0) ëåìè 4.5.

Äàëi, ìè íàâåäåìî ïðèêëàäè ëîêàëüíèõ ìàéæå-êiëåöü.
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Ëåìà 5.5. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà ÿêîãî

R+ içîìîðôíà G4 i |R : L| = p. ßêùî x = ax1 + bx2 + cx3 + dx4, y =

ay1 + by2 + cy3 + dy4 ∈ R, òîäi âiäîáðàæåííÿ β : R→ Zp, γ : R→ Zp,
ϕ : R→ Zp, µ : R→ Zp, ν : R→ Zp i ψ : R→ Zp ç ìíîæåííÿ (∗) ìîæå

áóòè îäíèì iç íàñòóïíèõ:

1) β(x) = x1
i òà ψ(x) = x1

i (0 < i < p),

γ(x) = ϕ(x) = µ(x) = ν(x) = 0;

2) β(x) = 1 òà ψ(x) = 1, γ(x) = ϕ(x) = µ(x) = ν(x) = 0.

Äîâåäåííÿ. Ëåãêî ïåðåâiðèòè, ùî ôóíêöi¨ ç òâåðäæåíü 1) òà 2) çàäîâîëü-

íÿþòü óìîâè 2)�8) òåîðåìè 5.4.

ßê íàñëiäîê ëåìè 5.5 ìà¹ìî íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 5.6. Äëÿ êîæíîãî íåïàðíîãî ïðîñòîãî ÷èñëà p iñíó¹ ëîêàëüíå

ìàéæå-êiëüöå R, àäèòèâíà ãðóïà ÿêîãî R+ içîìîðôíà G4.

Ïðèêëàä 5.7. Íåõàé G ∼= C3 × ((C3 ×C3) oC3). ßêùî x = ax1 + bx2 +

cx3 + dx4 i y = ay1 + by2 + cy3 + dy4 ∈ G, òà (G,+, ·) ¹ ëîêàëüíèì ìàéæå-

êiëüöåì, òîäi çà ëåìîþ 5.5 “ · ” ìîæå áóòè îäíèì iç íàñòóïíèõ:

(1) x·y = ax1y1+b(x2y1+x1y2)+c(−x1x2
(
y1
2

)
+x3y1+x

2
1y3)+d(x4y1+x1y4);

(2) x·y = ax1y1+b(x2y1+x21y2)+c(−x1x2
(
y1
2

)
+x3y1+y3)+d(x4y1+x21y4);

(3) x ·y = ax1y1 + b(x2y1 +y2) + c(−x1x2
(
y1
2

)
+x3y1 +x1y3) +d(x4y1 +y4).

Êîìï'þòåðíà ïðîãðàìà ïiäòâåðäèëà, ùî äëÿ p = 3 ìàéæå-êiëüöå,

îòðèìàíå â ëåìi 5.5, ñïðàâäi ¹ ëîêàëüíèì ìàéæå-êiëüöåì, ðîçìiùåíà íà

GitHub:

https://github.com/raemarina/Examples/blob/main/LNR_81-12.txt

Äàëi, íàâåäåìî öi ïðîãðàìè. Ñïî÷àòêó äàìî àëãîðèòì äëÿ ïîáóäîâè

ìàéæå-êiëüöÿ ç ìíîæåííÿì (1) ç ïðèêëàäó 5.7.
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# Â ñåðåäîâèùi ñèñòåìè GAP çàâàíòàæó¹ìî ïàêåò LocalNR.

LoadPackage(“LocalNR”);

# G � ãðóïà ç IdGroup [81, 12].

G := SmallGroup(81, 12);

# gen � ñïèñîê, ùî ìiñòèòü ìiíiìàëüíó ñèñòåìó òâiðíèõ.

gen := MinimalGeneratingSet(G);

# Ïîâåðòà¹ìî ñïèñîê ç ïîðÿäêàìè òâiðíèõ çi ñïèñêó gen.

List(gen,Order);

# a � ïåðøèé åëåìåíò çi ñïèñêó gen.

a := gen[1];

# b � äðóãèé åëåìåíò çi ñïèñêó gen.

b := gen[2];

# d � òðåòié åëåìåíò çi ñïèñêó gen.

d := gen[3];

# c � êîìóòàòîð åëåìåíòiâ a òà b.

c := a∧ − 1 ∗ b∧ − 1 ∗ a ∗ b;
# psi òà beta � ôóíêöi¨, ÿêi ïîâåðòàþòü çíà÷åííÿ x.

psi := function(x)

returnx; end;

beta := function(x)

returnx; end;

# mulGR � ôóíêöiÿ ìàéæå-êiëüöåâîãî äîáóòêó.

mulGR := function(x, y)

local x1, x2, x3, x4, y1, y2, y3, y4;

for x1 in [0..2] do

for x2 in [0..2] do

for x3 in [0..2] do

for x4 in [0..2] do

for y1 in [0..2] do



187

for y2 in [0..2] do

for y3 in [0..2] do

for y4 in [0..2] do

if x = a∧x1 ∗ b∧x2 ∗ c∧x3 ∗ d∧x4 and y = a∧y1 ∗ b∧y2 ∗ c∧y3 ∗
d∧y4 then return

a∧(x1∗y1)∗b∧(x2∗y1+beta(x1)∗y2)∗c∧(−x1∗x2∗Binomial(y1, 2)+

x3 ∗ y1 + x1 ∗ beta(x1) ∗ y3) ∗ d∧(x4 ∗ y1 + psi(x1) ∗ y4); fi;

od; od; od; od; od; od; od; od; end;

# n � ìàéæå-êiëüöå íà ãðóïi G òà ç ìíîæåííÿì mulGR (áåç ïåðåâið-

êè).

n := ExplicitMultiplicationNearRingNC(G,mulGR);

# M � òàáëèöÿ ìíîæåííÿ ìàéæå-êiëüöÿ n.

M := MultiplicationTable(n); ;

# mul � ìàéæå-êiëüöåâå ìíîæåííÿ, ùî îòðèìàíî çà äîïîìîãîþ òà-

áëèöi M .

muNR :=

NearRingMultiplicationByOperationTable(G,M,AsSortedList(G));

# n � ìàéæå-êiëüöå íà ãðóïi G òà ç ìíîæåííÿì mul (ç ïåðåâiðêîþ).

n := ExplicitMultiplicationNearRing(G,muNR);

# Ïåðåâiðêà, ÷è ¹ ìàéæå-êiëüöå n ëîêàëüíèì.

IsLocalNearRing(n);

Öå àëãîðèòì äëÿ ïîáóäîâè ìàéæå-êiëüöÿ ç ìíîæåííÿì (2) ç ïðèêëà-

äó 5.7.

# Â ñåðåäîâèùi ñèñòåìè GAP çàâàíòàæó¹ìî ïàêåò LocalNR.

LoadPackage(“LocalNR”);

# G � ãðóïà ç IdGroup [81, 12].

G := SmallGroup(81, 12);

# gen � ñïèñîê, ùî ìiñòèòü ìiíiìàëüíó ñèñòåìó òâiðíèõ.
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gen := MinimalGeneratingSet(G);

# Ïîâåðòà¹ìî ñïèñîê ç ïîðÿäêàìè òâiðíèõ çi ñïèñêó gen.

List(gen,Order);

# a � ïåðøèé åëåìåíò çi ñïèñêó gen.

a := gen[1];

# b � äðóãèé åëåìåíò çi ñïèñêó gen.

b := gen[2];

# d � òðåòié åëåìåíò çi ñïèñêó gen.

d := gen[3];

# c � êîìóòàòîð åëåìåíòiâ a òà b.

c := a∧ − 1 ∗ b∧ − 1 ∗ a ∗ b;
# psi òà beta � ôóíêöi¨, ÿêi ïîâåðòàþòü çíà÷åííÿ x∧2.

psi := function(x)

return x∧2; end;

beta := function(x)

return x∧2; end;

# mulGR � ôóíêöiÿ ìàéæå-êiëüöåâîãî äîáóòêó.

mulGR := function(x, y)

local x1, x2, x3, x4, y1, y2, y3, y4;

for x1 in [0..2] do

for x2 in [0..2] do

for x3 in [0..2] do

for x4 in [0..2] do

for y1 in [0..2] do

for y2 in [0..2] do

for y3 in [0..2] do

for y4 in [0..2] do

if x = a∧x1 ∗ b∧x2 ∗ c∧x3 ∗ d∧x4 and y = a∧y1 ∗ b∧y2 ∗ c∧y3 ∗
d∧y4 then return
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a∧(x1∗y1)∗b∧(x2∗y1+beta(x1)∗y2)∗c∧(−x1∗x2∗Binomial(y1, 2)+

x3 ∗ y1 + x1 ∗ beta(x1) ∗ y3) ∗ d∧(x4 ∗ y1 + psi(x1) ∗ y4); fi;

od; od; od; od; od; od; od; od; end;

# n � ìàéæå-êiëüöå íà ãðóïi G òà ç ìíîæåííÿì mulGR (áåç ïåðåâið-

êè).

n := ExplicitMultiplicationNearRingNC(G,mulGR);

# M � òàáëèöÿ ìíîæåííÿ ìàéæå-êiëüöÿ n.

M := MultiplicationTable(n); ;

# mul � ìàéæå-êiëüöåâå ìíîæåííÿ, ùî îòðèìàíî çà äîïîìîãîþ òà-

áëèöi M .

muNR :=

NearRingMultiplicationByOperationTable(G,M,AsSortedList(G));

# n � ìàéæå-êiëüöå íà ãðóïi G òà ç ìíîæåííÿì mul (ç ïåðåâiðêîþ).

n := ExplicitMultiplicationNearRing(G,muNR);

# Ïåðåâiðêà, ÷è ¹ ìàéæå-êiëüöå n ëîêàëüíèì.

IsLocalNearRing(n);

Öå àëãîðèòì äëÿ ïîáóäîâè ìàéæå-êiëüöÿ ç ìíîæåííÿì (3) ç ïðèêëà-

äó 5.7.

# Â ñåðåäîâèùi ñèñòåìè GAP çàâàíòàæó¹ìî ïàêåò LocalNR.

LoadPackage(“LocalNR”);

# G � ãðóïà ç IdGroup [81, 12].

G := SmallGroup(81, 12);

# gen � ñïèñîê, ùî ìiñòèòü ìiíiìàëüíó ñèñòåìó òâiðíèõ.

gen := MinimalGeneratingSet(G);

# Ïîâåðòà¹ìî ñïèñîê ç ïîðÿäêàìè òâiðíèõ çi ñïèñêó gen.

List(gen,Order);

# a � ïåðøèé åëåìåíò çi ñïèñêó gen.
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a := gen[1];

# b � äðóãèé åëåìåíò çi ñïèñêó gen.

b := gen[2];

# d � òðåòié åëåìåíò çi ñïèñêó gen.

d := gen[3];

# c � êîìóòàòîð åëåìåíòiâ a òà b.

c := a∧ − 1 ∗ b∧ − 1 ∗ a ∗ b;
# psi � ôóíêöiÿ, ÿêà ïîâåðòà¹ çíà÷åííÿ 1.

psi := function(x)

return 1; end;

# beta � ôóíêöiÿ, ÿêà ïîâåðòà¹ çíà÷åííÿ 1.

beta := function(x)

return 1; end;

# mulGR � ôóíêöiÿ ìàéæå-êiëüöåâîãî äîáóòêó.

mulGR := function(x, y)

local x1, x2, x3, x4, y1, y2, y3, y4;

for x1 in [0..2] do

for x2 in [0..2] do

for x3 in [0..2] do

for x4 in [0..2] do

for y1 in [0..2] do

for y2 in [0..2] do

for y3 in [0..2] do

for y4 in [0..2] do

if x = a∧x1 ∗ b∧x2 ∗ c∧x3 ∗ d∧x4 and y = a∧y1 ∗ b∧y2 ∗ c∧y3 ∗
d∧y4 then return

a∧(x1∗y1)∗b∧(x2∗y1+beta(x1)∗y2)∗c∧(−x1∗x2∗Binomial(y1, 2)+

x3 ∗ y1 + x1 ∗ beta(x1) ∗ y3) ∗ d∧(x4 ∗ y1 + psi(x1) ∗ y4); fi;

od; od; od; od; od; od; od; od; end;
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# n � ìàéæå-êiëüöå íà ãðóïi G òà ç ìíîæåííÿì mulGR (áåç ïåðåâið-

êè).

n := ExplicitMultiplicationNearRingNC(G,mulGR);

# M � òàáëèöÿ ìíîæåííÿ ìàéæå-êiëüöÿ n.

M := MultiplicationTable(n); ;

# mul � ìàéæå-êiëüöåâå ìíîæåííÿ, ùî îòðèìàíî çà äîïîìîãîþ òà-

áëèöi M .

muNR : :=

NearRingMultiplicationByOperationTable(G,M,AsSortedList(G));

# n � ìàéæå-êiëüöå íà ãðóïi G òà ç ìíîæåííÿì mul (ç ïåðåâiðêîþ).

n := ExplicitMultiplicationNearRing(G,muNR);

# Ïåðåâiðêà, ÷è ¹ ìàéæå-êiëüöå n ëîêàëüíèì.

IsLocalNearRing(n);

Ç ïàêåòó LocalNR òà [109] ìà¹ìî íàñòóïíó êiëüêiñòü óñiõ íåiçîìîð-

ôíèõ íóëü-ñèìåòðè÷íèõ ëîêàëüíèõ ìàéæå-êiëåöü íà G4 ïîðÿäêiâ 81 òà

625.

StructureDescription(R+) n(R+)

C3 × ((C3 × C3) o C3) 794

|R : L| = 3 782

|R : L| = 9 12

C5 × ((C5 × C5) o C5) 2090

|R : L| = 5 2078

|R : L| = 25 12
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5.1.4. Ëîêàëüíi ìàéæå-êiëüöÿ, àäèòèâíi ãðóïè ÿêèõ içîìîðô-

íi G5

Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà ÿêîãî R+ içîìîð-

ôíàG5. Òîäi R
+ = 〈a〉+〈b〉+〈c〉 ç åëåìåíòàìè a, b i c, äå a ñïiâïàäà¹ ç îäè-

íè÷íèì åëåìåíòîì R òà ñïðàâåäëèâi ñïiââiäíîøåííÿ ap2 = bp = cp = 0,

a + b = b + a(1 − p), a + c = c + a òà b + c = c + b. Áiëüø òîãî, êîæåí

åëåìåíò x ∈ R îäíîçíà÷íî çàïèñó¹òüñÿ ó âèãëÿäi x = ax1 + bx2 + cx3 ç

êîåôiöi¹íòàìè 0 ≤ x1 < p2, 0 ≤ x2 < p i 0 ≤ x3 < p.

Ðîçãëÿíåìî, ùî a òàê ñïiâïàäà¹ ç îäèíè÷íèì åëåìåíòîì R, ùî xa =

ax = x äëÿ êîæíîãî x ∈ R. Êðiì òîãî, äëÿ êîæíîãî x ∈ R iñíóþòü òàêi

öiëi ÷èñëà α(x), β(x), γ(x), ν(x), µ(x) i φ(x), ùî

xb = aα(x) + bβ(x) + cγ(x)

òà

xc = aν(x) + bµ(x) + cφ(x).

Çðîçóìiëî, ùî çà ìîäóëåì p2, p, p òà p2, p, p âiäïîâiäíî öi öiëi ÷è-

ñëà îäíîçíà÷íî âèçíà÷àþòüñÿ x, òîìó âèçíà÷àþòüñÿ äåÿêi âiäîáðàæåí-

íÿ α : R → Zp2, β : R → Zp, γ : R → Zp, ν : R → Zp2, µ : R → Zp òà
φ : R→ Zp.

Çãiäíî ç íàñëiäêîì 3.5, L ¹ íîðìàëüíîþ ïiäãðóïîþ ïîðÿäêó p3 àáî p2 â

R. Íåõàé ó öüîìó ðîçäiëi R áóäå ëîêàëüíèì ìàéæå-êiëüöåì ç |R : L| = p.

ßêùî |L| = p3, òî L = 〈ap〉 + 〈b〉 + 〈c〉. Îñêiëüêè R∗ = R \ L, òî
âèïëèâà¹, ùî

R∗ = {ax1 + bx2 + cx3 | x1 6≡ 0 (mod p)}

òà x = ax1 + bx2 + cx3 ¹ îáîðîòíèì òîäi i òiëüêè òîäi, êîëè x1 6≡ 0

(mod p). Îñêiëüêè L ¹ (R,R)-ïiäãðóïîþ â R+ çãiäíî ç òâåðäæåííÿì 1)



193

ëåìè 3.4, òî xb ∈ L òà xc ∈ L, îòæå, aα(x) ∈ L òà aν(x) ∈ L äëÿ êîæíîãî

x ∈ R. Îòæå, α(x) ≡ 0 (mod p) òà ν(x) ≡ 0 (mod p), ÿê ó òâåðäæåííi (2)

ëåìè 4.8. Îòæå, äëÿ ëîêàëüíèõ ìàéæå-êiëåöü R ìà¹ìî òàêå æ ìíîæåííÿ,

ÿê i äëÿ ìàéæå-êiëåöü ç îäèíèöåþ, òîáòî ìíîæåííÿ (4.7).

Ëåìà 5.8. Íåõàé x = ax1 + bx2 + cx3 i y = ay1 + by2 + cy3 ¹ åëåìåíòàìè

R òà |R : L| = p. ßêùî a çáiãà¹òüñÿ ç îäèíè÷íèì åëåìåíòîì R, òî

ìíîæåííÿÿ (4.7) âèêîíó¹òüñÿ äëÿ âiäîáðàæåíü ç ëåìè 4.8.

Äàëi, íàâåäåìî ïðèêëàäè ëîêàëüíèõ ìàéæå-êiëåöü.

Ëåìà 5.9. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà ÿêîãî

R+ içîìîðôíà G5, òà |R : L| = p. ßêùî x = ax1 + bx2 + cx3, y = ay1 +

by2 + cy3 ∈ R, òîäi âiäîáðàæåííÿ α : R → Zp2, β : R → Zp, γ : R → Zp,
ν : R → Zp2, µ : R → Zp òà φ : R → Zp ìîæóòü áóòè îäíèìè ç

íàñòóïíèõ:

1) β(x) = φ(x) =

{
1, x1 6≡ 0 (mod p);

0, x1 ≡ 0 (mod p),

α(x) = γ(x) = µ(x) = ν(x) = 0;

2) β(x) = φ(x) = 1, α(x) = γ(x) = µ(x) = ν(x) = 0.

Äîâåäåííÿ. Ëåãêî ïåðåâiðèòè, ùî ôóíêöi¨ ç òâåðäæåíü 1) òà 2) çàäîâîëü-

íÿþòü óìîâè 1)�8) ëåìè 4.8.

ßê íàñëiäîê ëåìè 5.9 ìà¹ìî íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 5.10. Äëÿ êîæíîãî íåïàðíîãî ïðîñòîãî ÷èñëà p iñíó¹ ëîêàëüíå

ìàéæå-êiëüöå R, àäèòèâíà ãðóïà ÿêîãî R+ içîìîðôíà G5.

Ïðèêëàä 5.11. Íåõàé G ∼= (C9 o C3)× C3. ßêùî x = ax1 + bx2 + cx3 i

y = ay1 + by2 + cy3 ∈ G, òà (G,+, ·) ¹ ëîêàëüíèì ìàéæå-êiëüöåì, òîäi çà

ëåìîþ 5.5 “ · ” ìîæå áóòè îäíèì iç íàñòóïíèõ:



194

(1) x · y = a(x1y1 + 3x1x2
(
y1
2

)
) + b(x2y1 + β(x)y2) + c(x3y1 + φ(x)y3), äå

β(x) = φ(x) =

{
1, x1 6≡ 0 (mod 3);

0, x1 ≡ 0 (mod 3),

(2) x · y = a(x1y1 + 3x1x2
(
y1
2

)
) + b(x2y1 + y2) + c(x3y1 + y3).

Êîìï'þòåðíà ïðîãðàìà ïiäòâåðäèëà, ùî äëÿ p = 3 ìàéæå-êiëüöå,

îòðèìàíå â ëåìi 5.9, ñïðàâäi ¹ ëîêàëüíèì ìàéæå-êiëüöåì, ðîçìiùåíà íà

GitHub:

https://github.com/raemarina/Examples/blob/main/LNR_81-13.txt

Öå àëãîðèòì äëÿ ïîáóäîâè ìàéæå-êiëüöÿ ç ìíîæåííÿì 1) ç ïðèêëà-

äó 5.11.

# Â ñåðåäîâèùi ñèñòåìè GAP çàâàíòàæó¹ìî ïàêåò LocalNR.

LoadPackage(“LocalNR”);

# G � ãðóïà ç IdGroup [81, 13].

G := SmallGroup(81, 13);

# gen � ñïèñîê, ùî ìiñòèòü ìiíiìàëüíó ñèñòåìó òâiðíèõ.

gen := MinimalGeneratingSet(G);

# Ïîâåðòà¹ìî ñïèñîê ç ïîðÿäêàìè òâiðíèõ çi ñïèñêó gen.

List(gen,Order);

# a � ïåðøèé åëåìåíò çi ñïèñêó gen.

a := gen[1];

# b � äðóãèé åëåìåíò çi ñïèñêó gen.

b := gen[2];

# c � òðåòié åëåìåíò çi ñïèñêó gen.

c := gen[3];

# mulGR � ôóíêöiÿ ìàéæå-êiëüöåâîãî äîáóòêó.

mulGR := function(x, y)
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local x1, x2, x3, y1, y2, y3;

for x1 in [0..8] do

for x2 in [0..2] do

for x3 in [0..2] do

for y1 in [0..8] do

for y2 in [0..2] do

for y3 in [0..2] do

if x = a∧x1 ∗ b∧x2 ∗ c∧x3 and y = a∧y1 ∗ b∧y2 ∗ c∧y3 then return

a∧(x1 ∗ y1 + x1 ∗ x2 ∗ Binomial(y1, 2) ∗ 3) ∗ b∧(x2 ∗ y1 + y2) ∗ c∧(x3 ∗
y1 + y3); fi;

od; od; od; od; od; od; end;

# n � ìàéæå-êiëüöå íà ãðóïi G òà ç ìíîæåííÿì mulGR (áåç ïåðåâið-

êè).

n := ExplicitMultiplicationNearRingNC(G,mulGR);

# M � òàáëèöÿ ìíîæåííÿ ìàéæå-êiëüöÿ n.

M := MultiplicationTable(n); ;

# mul � ìàéæå-êiëüöåâå ìíîæåííÿ, ùî îòðèìàíî çà äîïîìîãîþ òà-

áëèöi M .

muNR :=

NearRingMultiplicationByOperationTable(G,M,AsSortedList(G));

# n � ìàéæå-êiëüöå íà ãðóïi G òà ç ìíîæåííÿì mul (ç ïåðåâiðêîþ).

n := ExplicitMultiplicationNearRing(G,muNR);

# Ïåðåâiðêà, ÷è ¹ ìàéæå-êiëüöå n ëîêàëüíèì.

IsLocalNearRing(n);

Öå àëãîðèòì äëÿ ïîáóäîâè ìàéæå-êiëüöÿ ç ìíîæåííÿì 2) ç ïðèêëà-

äó 5.11.

# Â ñåðåäîâèùi ñèñòåìè GAP çàâàíòàæó¹ìî ïàêåò LocalNR.
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LoadPackage(“LocalNR”);

# G � ãðóïà ç IdGroup [81, 13].

G := SmallGroup(81, 13);

# gen � ñïèñîê, ùî ìiñòèòü ìiíiìàëüíó ñèñòåìó òâiðíèõ.

gen := MinimalGeneratingSet(G);

# Ïîâåðòà¹ìî ñïèñîê ç ïîðÿäêàìè òâiðíèõ çi ñïèñêó gen.

List(gen,Order);

# a � ïåðøèé åëåìåíò çi ñïèñêó gen.

a := gen[1];

# b � äðóãèé åëåìåíò çi ñïèñêó gen.

b := gen[2];

# c � òðåòié åëåìåíò çi ñïèñêó gen.

c := gen[3];

# phi òà beta � ôóíêöi¨, ÿêi ïîâåðòàþòü çíà÷åííÿ 1 àáî 0.

phi := function(x)

if x mod 3 <> 0 then return 1;

else return 0; fi; end;

beta := function(x)

if x mod 3 <> 0 then return 1;

else return 0; fi; end;

# mulGR � ôóíêöiÿ ìàéæå-êiëüöåâîãî äîáóòêó.

mulGR := function(x, y)

local x1, x2, x3, y1, y2, y3;

for x1 in [0..8] do

for x2 in [0..2] do

for x3 in [0..2] do

for y1 in [0..8] do

for y2 in [0..2] do

for y3 in [0..2] do
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if x = a∧x1 ∗ b∧x2 ∗ c∧x3 and y = a∧y1 ∗ b∧y2 ∗ c∧y3 then return

a∧(x1 ∗ y1 +x1 ∗x2 ∗Binomial(y1, 2) ∗ 3) ∗ b∧(x2 ∗ y1 + beta(x1) ∗ y2) ∗
c∧(x3 ∗ y1 + phi(x1) ∗ y3); fi;

od; od; od; od; od; od; end;

# n � ìàéæå-êiëüöå íà ãðóïi G òà ç ìíîæåííÿì mulGR (áåç ïåðåâið-

êè).

n := ExplicitMultiplicationNearRingNC(G,mulGR);

# M � òàáëèöÿ ìíîæåííÿ ìàéæå-êiëüöÿ n.

M := MultiplicationTable(n); ;

# mul � ìàéæå-êiëüöåâå ìíîæåííÿ, ùî îòðèìàíî çà äîïîìîãîþ òà-

áëèöi M .

muNR :=

NearRingMultiplicationByOperationTable(G,M,AsSortedList(G));

# n � ìàéæå-êiëüöå íà ãðóïi G òà ç ìíîæåííÿì mul (ç ïåðåâiðêîþ).

n := ExplicitMultiplicationNearRing(G,muNR);

# Ïåðåâiðêà, ÷è ¹ ìàéæå-êiëüöå n ëîêàëüíèì.

IsLocalNearRing(n);

Ç ïàêåòó LocalNR òà [109] ìà¹ìî òàêó êiëüêiñòü óñiõ íåiçîìîðôíèõ

ëîêàëüíèõ ìàéæå-êiëåöü íà ãðóïàõ G5 ïîðÿäêiâ 81 òà 625.

StructureDescription(R+) n(R+)

(C9 × C3) o C3 337

(C25 × C5) o C5 630

5.1.5. Ãðóïè G6

Íåõàé G6 � àäèòèâíî çàïèñàíà ãðóïà ç òåîðåìè 4.1. Òîäi

G6 = 〈a〉+〈b〉+〈c〉 äëÿ äåÿêèõ åëåìåíòiâ a, b òà c ç R, ùî çàäîâîëüíÿþòü
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ñïiââiäíîøåííÿ ap2 = 0, bp = 0, cp = 0, a + b = b + a, a + c = c + a,

c+ b = b+ c+ ap.

Ëåìà 5.12. G6 íå ¹ åíäîöèêëi÷íèì.

Äîâåäåííÿ. Ðîçãëÿíåìî ãðóïó G6 = 〈a, b, c : ap2 = bp = cp = 0, a+b = b+

a, a + c = c + a, c + b = b + c + ap〉. Îñêiëüêè ïiäãðóïà 〈ap〉 ¹ ¹äèíîþ
ïiäãðóïîþ ïîðÿäêó p2, òî 〈ap〉 ¹ ôiêñîâàíîþ ïiä äi¹þ EndG6. Îòæå, G6

íå ¹ åíäîöèêëi÷íèì çà îçíà÷åííÿì 2.3.

Ãiïîòåçà 5.13. Íå iñíó¹ ëîêàëüíîãî ìàéæå-êiëüöÿ, àäèòèâíà ãðóïà ÿêîãî

içîìîðôíà G6.

5.2. Ëîêàëüíi ìàéæå-êiëüöÿ íà ãðóïàõ ïîðÿäêó p4

òà êëàñó íiëüïîòåíòíîñòi 3

5.2.1. Ëîêàëüíi ìàéæå-êiëüöÿ, àäèòèâíi ãðóïè ÿêèõ içîìîðô-

íi H1

Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà ÿêîãî R+ içî-

ìîðôíà H1. Òîäi R
+ = 〈a〉 + 〈b〉 + 〈c〉 + 〈d〉 äëÿ äåÿêèõ åëåìåíòiâ a,

b, c i d ç R çàäîâîëüíÿþ÷è ñïiââiäíîøåííÿ ap = bp = cp = dp = 0,

b + c = c + b, a + d = d + a, b + d = d + b, äå c = −a − b + a + b i

d = −a − c + a + c. Çîêðåìà, êîæåí åëåìåíò x ∈ R îäíîçíà÷íî çàïèñó-

¹òüñÿ ó âèãëÿäi x = ax1 + bx2 + cx3 + dx4 ç êîåôiöi¹íòàìè 0 ≤ x1 < p,

0 ≤ x2 < p, 0 ≤ x3 < p i 0 ≤ x4 < p.

Îñêiëüêè ïîðÿäîê åëåìåíòà a äîðiâíþ¹ åêñïîíåíòi ãðóïè G, òîáòî p,

çâiäñè âèïëèâà¹, ùî ìè ìîæåìî ïðèïóñòèòè, ùî a ¹ îäèíèöåþ R, òîáòî
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ax = xa = x äëÿ êîæíîãî x ∈ R. Êðiì òîãî, äëÿ êîæíîãî x ∈ R iñíóþòü

òàêi êîåôiöi¹íòè α(x), β(x), γ(x), φ(x), ùî

xb = aα(x) + bβ(x) + cγ(x) + dφ(x).

Çðîçóìiëî, ùî âîíè îäíîçíà÷íî âèçíà÷åíi çà ìîäóëåì p, òàê ùî âèçíà÷åíi

äåÿêi âiäîáðàæåííÿ α : R→ Zp, β : R→ Zp, γ : R→ Zp, φ : R→ Zp.
Çãiäíî ç íàñëiäêîì 3.5, L ¹ íîðìàëüíîþ ïiäãðóïîþ ïîðÿäêó p3 àáî p2

â R.

Ó öüîìó ðîçäiëi íåõàé R áóäå ëîêàëüíèì ìàéæå-êiëüöåì ç |R : L| = p.

Òåîðåìà 5.14. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðó-

ïà ÿêîãî R+ içîìîðôíà ãðóïi H1, òà |R : L| = p. Òîäi

R+ = 〈a〉+〈b〉+〈c〉+〈d〉, ap = bp = cp = dp = 0, b+c = c+b, a+d = d+a

b+ d = d+ b, äå c = −a− b+ a+ b, d = −a− c+ a+ c. ßêùî a ñïiâïàäà¹

ç îäèíè÷íèì åëåìåíòîì R, òîäi âèêîíóþòüñÿ íàñòóïíi òâåðäæåííÿ:

1) L = 〈b〉+ 〈c〉+ 〈d〉 i R∗ = {ax1 + bx2 + cx3 + cx4 | x1 6≡ 0 (mod p)};

2) xb = bβ(x) + cγ(x) + dφ(x);

3) xc = cx1β(x) + d(x1γ(x)− β(x)
(
x1
2

)
);

4) xd = dx1
2β(x).

Äîâåäåííÿ. Îñêiëüêè L ñêëàäà¹òüñÿ ç êîìóòàòîðíî¨ ïiäãðóïèR+, òî òâið-

íi b, d òà c ìîæíà âèáðàòè òàêèìè, ùî c = −a−b+a+b i d = −a−c+a+c.

ßêùî |L| = p3, òî L = 〈b〉+ 〈c〉+ 〈d〉 i L ¹ (R,R)-ïiäãðóïîþ â R+ çãiäíî

ç òâåðäæåííÿì 1) ëåìè 3.4, xb ∈ L, îòæå, aα(x) ∈ L äëÿ êîæíîãî x ∈ R.
Òîìó α(x) ≡ 0 (mod p), i òàê

xb = bβ(x) + cγ(x) + dφ(x)

i òâåðäæåííÿ 2) âèêîíó¹òüñÿ. Îñêiëüêè R∗ = R \ L, òî âèïëèâà¹

R∗ = {ax1 + bx2 + cx3 + cx4 | x1 6≡ 0 (mod p)}
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i x = ax1 + bx2 + cx3 + dx4 ¹ îáîðîòíèì òîäi i òiëüêè òîäi, êîëè x1 6≡ 0

(mod p), ÿê çàçíà÷åíî â òâåðäæåííi 1).

ßêùî, çàìiíþþ÷è α(x) ≡ 0 (mod p) íà 1) i 2) òåîðåìè 4.17, ìè îòðè-

ìó¹ìî

xc = cx1β(x) + d(x1γ(x)− β(x)

(
x1
2

)
)

i xd = dx1
2β(x).

ßê íàñëiäîê ëåìè 4.17 òà òåîðåìè 5.14 ìà¹ìî íàñòóïíå òâåðäæåííÿ.

Íàñëiäîê 5.15. ßêùî a ñïiâïàäà¹ ç îäèíè÷íèì åëåìåíòîì R, x = ax1+

bx2 + cx3 + dx4, y = ay1 + by2 + cy3 + dy4 ∈ R i |R : L| = p, òîäi

xy = a(x1y1) + b(x2y1 + β(x)y2) + c(x3y1 − x1x2
(
y1
2

)
+ (5.2)

+x1β(x)y3 + γ(x)y2) + d(x4y1 + x2

(
x1
2

)(
y1
2

)
−

−x1x3
(
y1
2

)
+ x1

2x2

(
y1

y1 − 3

)
+ φ(x)y2 + x1γ(x)y3−

−β(x)

(
x1
2

)
y3 + x1

2β(x)y4).

Áiëüø òîãî, äëÿ âiäîáðàæåíü β : R→ Zp, γ : R→ Zp, φ : R→ Zp ìàþòü
ìiñöå íàñòóïíi òâåðäæåííÿ:

(0) β(0) ≡ 0 (mod p), γ(0) ≡ 0 (mod p), φ(0) ≡ 0 (mod p) òîäi i òiëüêè

òîäi, êîëè ìàéæå-êiëüöå R ¹ íóëü-ñèìåòðè÷íèì;

(1) β(xy) ≡ β(x)β(y) (mod p);

(2) γ(xy) ≡ x1β(x)γ(y) (mod p);

(3) φ(xy) ≡ φ(x)β(y) + x1γ(x)γ(y)− β(x)
(
x1
2

)
γ(y) + x21β(x)φ(y) (mod p).

Äàëi, ìè íàâîäèìî ïðèêëàäè ëîêàëüíèõ ìàéæå-êiëåöü, àäèòèâíà ãðó-

ïà ÿêèõ R+ içîìîðôíà H1.
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Ëåìà 5.16. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà ÿêîãî

R+ içîìîðôíà H1, òà |R : L| = p. ßêùî x = ax1 + bx2 + cx3 + dx4,

y = ay1 + by2 + cy3 + dy4 ∈ R, òîäi âiäîáðàæåííÿ β : R→ Zp, γ : R→ Zp
i φ : R→ Zp ç ìíîæåííÿ (5.2) ìîæå áóòè β(x) ≡ x1

2 (mod p) òà

φ(x) =

{
x2

2, x1 ≡ 0 (mod p)

0, x1 6≡ 0 (mod p)
,

γ(x) ≡ 0 (mod p).

Äîâåäåííÿ. Ëåãêî ïåðåâiðèòè, ùî ôóíêöi¨ β òà γ çàäîâîëüíÿþòü óìîâè

1)�2) íàñëiäêó 5.15. Îñêiëüêè γ(x) ≡ 0 (mod p), òî âèïëèâà¹, ùî

φ(xy) = φ(x)β(y) + x21β(x)φ(y).

ßêùî x1y1 6≡ 0 (mod p), òî φ(xy) = 0 = φ(x)β(y). Äëÿ x1y1 ≡ 0 (mod p)

íàì ïîòðiáíî ïåðåâiðèòè òðè âèïàäêè.

1) ÿêùî x1 ≡ 0 (mod p) i y1 6≡ 0 (mod p), òî

φ(xy) = (x2y1)
2 = x2

2y1
2 = φ(x)β(y);

2) ÿêùî x1 6≡ 0 (mod p) i y1 ≡ 0 (mod p), òî

φ(xy) = (x22y1)
2 = x2

4y1
3 = φ(x)β(y);

3) ÿêùî x1 ≡ 0 (mod p) i y1 ≡ 0 (mod p), òî

φ(xy) = 0 = φ(x)β(y).

Âèâîäèìî óìîâè 3) íàñëiäêó 5.15.

ßê íàñëiäîê ëåìè 5.16 ìà¹ìî íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 5.17. Äëÿ êîæíîãî ïðîñòîãî ÷èñëà p > 3 iñíó¹ ëîêàëüíå

ìàéæå-êiëüöå R, àäèòèâíà ãðóïà ÿêîãî R+ içîìîðôíà H1.
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Ïðèêëàä 5.18. Íåõàé G ∼= (C5 × C5 × C5) o C5. ßêùî x = ax1 + bx2 +

cx3 + dx4 i y = ay1 + by2 + cy3 + dy4 ∈ G, òà (G,+, ·) ¹ ëîêàëüíèì ìàéæå-

êiëüöåì, òîäi çà ëåìîþ 5.16 “ · ” ìîæå áóòè íàñòóïíèì:

x · y = a(x1y1) + b(x2y1 + β(x)y2) + c(x3y1−

−x1x2
(
y1
2

)
+ x1β(x)y3) + d(x4y1+

+x2

(
x1
2

)(
y1
2

)
− x1x3

(
y1
2

)
+

+x1
2x2

(
y1

y1 − 3

)
+ φ(x)y2 − β(x)

(
x1
2

)
y3 + x1

2β(x)y4,

äå β(x) ≡ x1
2 (mod 5) i

φ(x) =

{
x2

2, x1 ≡ 0 (mod 5);

0, x1 6≡ 0 (mod 5).

Êîìï'þòåðíà ïðîãðàìà ïiäòâåðäèëà, ùî äëÿ p = 5 ìàéæå-êiëüöå,

îòðèìàíå â ëåìi 5.16, ñïðàâäi ¹ ëîêàëüíèì ìàéæå-êiëüöåì, ðîçìiùåíà

íà GitHub:

https://github.com/raemarina/Examples/blob/main/LNR_625-7.txt

Öå àëãîðèòì äëÿ ïîáóäîâè ìàéæå-êiëüöÿ ç ìíîæåííÿì ç ïðèêëà-

äó 5.18.

# Â ñåðåäîâèùi ñèñòåìè GAP çàâàíòàæó¹ìî ïàêåò LocalNR.

LoadPackage(“LocalNR”);

# G � ãðóïà ç IdGroup [625, 7].

G := SmallGroup(625, 7);

# gen � ñïèñîê, ùî ìiñòèòü ìiíiìàëüíó ñèñòåìó òâiðíèõ.

gen := MinimalGeneratingSet(G);

# Ïîâåðòà¹ìî ñïèñîê ç ïîðÿäêàìè òâiðíèõ çi ñïèñêó gen.

List(gen,Order);
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# a � ïåðøèé åëåìåíò çi ñïèñêó gen.

a := gen[1];

# b � äðóãèé åëåìåíò çi ñïèñêó gen.

b := gen[2];

# c � êîìóòàòîð åëåìåíòiâ a òà b.

c := a∧ − 1 ∗ b∧ − 1 ∗ a ∗ b;
# d � êîìóòàòîð åëåìåíòiâ a òà c.

d := a∧ − 1 ∗ c∧ − 1 ∗ a ∗ c;
# beta � ôóíêöiÿ, ÿêà ïîâåðòà¹ çíà÷åííÿ x∧2 ïî mod 5.

beta := function(x)

return x∧2 mod 5; end;

# phi � ôóíêöiÿ, ÿêà ïîâåðòà¹ çíà÷åííÿ y∧2 ïî mod 5 àáî 0.

phi := function(x, y)

if x = 0 mod 5 then return y∧2 mod5;

else return 0; fi; end;

# mulGR � ôóíêöiÿ ìàéæå-êiëüöåâîãî äîáóòêó.

mulGR := function(x, y)

local x1, x2, x3, x4, y1, y2, y3, y4;

for x1 in [0..4] do

for x2 in [0..4] do

for x3 in [0..4] do

for x4 in [0..4]‘do

for y1 in [0..4] do

for y2 in [0..4] do

for y3 in [0..4] do

for y4 in [0..4] do

ifx = a∧x1 ∗ b∧x2 ∗ c∧x3 ∗ d∧x4 and y = a∧y1 ∗ b∧y2 ∗ c∧y3 ∗ d∧y4

then return a∧(x1∗y1)∗b∧(x2∗y1+beta(x1)∗y2)∗c∧(x3∗y1−x1∗x2∗
Binomial(y1, 2)+x1∗beta(x1)∗y3)∗d∧(x4∗y1−x1∗x3∗Binomial(y1, 2)+
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x2 ∗ Binomial(y1, 2) ∗ Binomial(x1, 2) + x1∧2 ∗ x2 ∗ (Binomial(y1, y1 −
3)mod5)+phi(x1, x2)∗y2−beta(x1)∗Binomial(x1, 2)∗y3+x1∧2∗beta(x1)∗
y4); fi;

od; od; od; od; od; od; od; od; end;

# n � ìàéæå-êiëüöå íà ãðóïi G òà ç ìíîæåííÿì mulGR (áåç ïåðåâið-

êè).

n := ExplicitMultiplicationNearRingNC(G,mulGR);

# M � òàáëèöÿ ìíîæåííÿ ìàéæå-êiëüöÿ n.

M := MultiplicationTable(n); ;

# mul � ìàéæå-êiëüöåâå ìíîæåííÿ, ùî îòðèìàíî çà äîïîìîãîþ òà-

áëèöi M .

muNR :=

NearRingMultiplicationByOperationTable(G,M,AsSortedList(G));

# n � ìàéæå-êiëüöå íà ãðóïi G òà ç ìíîæåííÿì mul (ç ïåðåâiðêîþ).

n := ExplicitMultiplicationNearRing(G,muNR);

# Ïåðåâiðêà, ÷è ¹ ìàéæå-êiëüöå n ëîêàëüíèì.

IsLocalNearRing(n);

Ç ïàêåòó LocalNR òà [109] ìè ìà¹ìî íàñòóïíó êiëüêiñòü óñiõ íåiçîìîð-

ôíèõ íóëü-ñèìåòðè÷íèõ ëîêàëüíèõ ìàéæå-êiëåöü íà H1 ïîðÿäêó 625.

IdGroup(R+) IdGroup(R∗) StructureDescription(R∗) n(R∗)

[625, 7] [500, 21] ((C5 × C5) o C5) o C4 45

103 [500, 42] C5 × ((C5 × C5) o C4) 34

[500, 44] C5 × ((C5 × C5) o C4) 6

[500, 46] (C5 × C5 × C5) o C4 18

5.2.2. Ëîêàëüíi ìàéæå-êiëüöÿ, àäèòèâíi ãðóïè ÿêèõ içîìîðô-

íi H2
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Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà ÿêîãî R+ içîìîð-

ôíàH2. Òîäi R
+ = 〈a〉+〈b〉+〈c〉 äëÿ äåÿêèõ åëåìåíòiâ a, b, c ç R, ÿêi çàäî-

âîëüíÿþòü âiäíîøåííÿ ap2 = bp = cp = 0, b+c = c+b, −a−c+a+c = ap,

äå c = −a− b+a+ b. Çîêðåìà, êîæåí åëåìåíò x ∈ R îäíîçíà÷íî çàïèñó¹-

òüñÿ ó âèãëÿäi x = ax1+bx2+cx3 ç êîåôiöi¹íòàìè 0 ≤ x1 < p2, 0 ≤ x2 < p

i 0 ≤ x3 < p.

Îñêiëüêè ïîðÿäîê åëåìåíòà a äîðiâíþ¹ åêñïîíåíòi ãðóïè G, òîáòî p2,

òî ìîæíà ââàæàòè, ùî a ¹ îäèíè÷íèì åëåìåíòîì â R, òîáòî ax = xa = x

äëÿ êîæíîãî x ∈ R. Êðiì òîãî, äëÿ êîæíîãî x ∈ R iñíóþòü òàêi êîåôiöi-

¹íòè α(x), β(x), γ(x), ùî

xb = aα(x) + bβ(x) + cγ(x).

Çðîçóìiëî, ùî âîíè îäíîçíà÷íî âèçíà÷åíi ïî ìîäóëþ p2, p òà p, òîìó

âèçíà÷åíi âiäîáðàæåííÿ α : R→ Zp2, β : R→ Zp òà γ : R→ Zp.
Çà íàñëiäêîì 3.5, L ¹ íîðìàëüíîþ ïiäãðóïîþ ïîðÿäêó p3 àáî p2 â R.

Ó öüîìó ðîçäiëi íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ç |R : L| = p.

Òåîðåìà 5.19. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà

ÿêîãî R+ içîìîðôíà H2 òà |R : L| = p. Òîäi R+ = 〈a〉 + 〈b〉 + 〈c〉
äëÿ äåÿêèõ åëåìåíòiâ a, b, c ç R, ÿêi çàäîâîëüíÿþòü ñïiââiäíîøåííÿ

ap2 = bp = cp = 0, b+ c = c+ b, −a− c+a+ c = ap, äå c = −a− b+a+ b.

ßêùî a çáiãà¹òüñÿ ç îäèíèöåþ â R, òî ñïðàâåäëèâi òàêi òâåðäæåííÿ:

1)

L = 〈ap〉+ 〈b〉+ 〈c〉

òà

R∗ = {ax1 + bx2 + cx3 | x1 6≡ 0 (mod p)};

2) α(x) ≡ 0 (mod p);

3) xc = a(−
(
x1
2

)
β(x))p+ c(x1β(x)).
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Äîâåäåííÿ. ßêùî |L| = p3, òî L = 〈ap〉+〈b〉+〈c〉 òà L ¹ (R,R)-ïiäãðóïîþ

R+ iç òâåðäæåííÿ 1) ëåìè 3.4 âèïëèâà¹, ùî

xb = aα(x) + bβ(x) + cγ(x) ∈ L,

çâiäêè aα(x) ∈ L äëÿ êîæíîãî x ∈ R. Òîäi α(x) ≡ 0 (mod p), i òîìó

âèêîíó¹òüñÿ òâåðäæåííÿ 2). Îñêiëüêè R∗ = R \ L, òî

R∗ = {ax1 + bx2 + cx3 | x1 6≡ 0 (mod p)}

òà x = ax1+bx2+cx3 ¹ îáåðíåíèì òîäi i òiëüêè òîäi, êîëè x1 6≡ 0 (mod p),

ÿê ñòâåðäæó¹òüñÿ â óìîâi 1).

Äàëi, ïiäñòàâëÿþ÷è α(x) ≡ 0 (mod p) â óìîâó 3) ëåìè 4.22, îòðèìà¹-

ìî

xc = a(−
(
x1
2

)
β(x))p+ c(x1β(x)).

ßê íàñëiäîê ëåìè 4.22 i òåîðåìè 5.19 ìà¹ìî íàñòóïíå òâåðäæåííÿ.

Íàñëiäîê 5.20. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà

ÿêîãî R+ içîìîðôíà H2 òà |R : L| = p. ßêùî a çáiãà¹òüñÿ ç îäèíè÷íèì

åëåìåíòîì R, x = ax1 + bx2 + cx3, y = ay1 + by2 + cy3 ∈ R, òî

xy = a(x1y1 + α(x)y2 + (

(
x1
2

)(
y1
2

)
x2− (5.3)

−x1x3
(
y1
2

)
+ x1

2x2

(
y1
3

)
−

−
(
x1
2

)
β(x)y3)p) + b(x2y1 + β(x)y2)+

+c(x3y1 − x1x2
(
y1
2

)
+ γ(x)y2 + x1β(x)y3).

Áiëüø òîãî, äëÿ âiäîáðàæåíü

α : R → Zp2, β : R → Zp òà γ : R → Zp âèêîíóþòüñÿ íàñòóïíi

òâåðäæåííÿ:
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(0) α(0) ≡ 0 (mod p2), β(0) ≡ 0 (mod p) òà γ(0) ≡ 0 (mod p) òîäi i

òiëüêè òîäi, êîëè ìàéæå-êiëüöå R ¹ íóëü-ñèìåòðè÷íèì;

(1) α(a) ≡ 0 (mod p2), β(a) ≡ 1 (mod p), γ(a) ≡ 0 (mod p);

(2) α(x) ≡ 0 (mod p) ;

(3) ÿêùî x1 6≡ 0 (mod p), òî β(x) ≡ 1 (mod p);

(4) α(xy) ≡ x1α(y) + α(x)β(y)−
(
x1
2

)
β(x)γ(y)p (mod p2);

(5) β(xy) ≡ β(x)β(y) (mod p);

(6) γ(xy) ≡ γ(x)β(y) + x1β(x)γ(y) (mod p).

5.2.3. Ãðóïè H2 ÿê àäèòèâíi ãðóïè ëîêàëüíèõ ìàéæå-êiëåöü

Íàñòóïíà òåîðåìà äà¹ äîñòàòíi óìîâè äëÿ iñíóâàííÿ ñêií÷åííîãî ëî-

êàëüíîãî ìàéæå-êiëüöÿ, àäèòèâíà ãðóïà ÿêîãî içîìîðôíà ãðóïi H2.

Òåîðåìà 5.21. Äëÿ êîæíîãî ïðîñòîãî p > 3 iñíó¹ ëîêàëüíå ìàéæå-

êiëüöå R, àäèòèâíà ãðóïà ÿêîãî R+ içîìîðôíà H2.

Äîâåäåííÿ. Íåõàé G � àäèòèâíî çàïèñàíà ãðóïà H2 ç òâiðíèìè a, b, c,

ùî çàäîâîëüíÿþòü ñïiââiäíîøåííÿ ap2 = bp = cp = 0, b + c = c + b,

−a− c+a+ c = ap, äå c = −a− b+a+ b. Òîäi G = 〈a〉+ 〈b〉+ 〈c〉 i êîæåí
åëåìåíò x ∈ G îäíîçíà÷íî çàïèñó¹òüñÿ ó âèãëÿäi x = ax1 + bx2 + cx3 ç

êîåôiöi¹íòàìè 0 ≤ x1 < p2, 0 ≤ x2 < p i 0 ≤ x3 < p. Âèçíà÷èìî òàêå

ìíîæåííÿ �·” íà G, ùîá R = (G,+, ·) áóëî ëîêàëüíèì ìàéæå-êiëüöåì.

Âèçíà÷à¹ìî ìíîæåííÿ x·y çà (5.3), äå α(x) ≡ 0 (mod p2), β(x) ≡ xp−21

(mod p) òà γ(x) ≡ 0 (mod p). Ïîçíà÷èìî x1 ( mod p ) ÷åðåç x̄1. Òîäi

ìà¹ìî

x · y = a(x1y1 + (

(
x1
2

)(
y1
2

)
x2 − x1x3

(
y1
2

)
+ (5.4)
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+x1
2x2

(
y1
3

)
−
(
x1
2

)
x̄p−21 y3)p) + b(x2y1+

+x̄p−21 y2) + c(x3y1 − x1x2
(
y1
2

)
+ x̄p−21 x1y3).

Î÷åâèäíî, ùî iñíó¹ òàêå k, äëÿ ÿêîãî ìà¹ ìiñöå x1 ≡ x̄1+kp (mod p2),

äå 0 ≤ k ≤ p− 1. Çâiäñè òà ìàëî¨ òåîðåìè Ôåðìà ìà¹ìî

x̄p−21 x1 ≡ x̄p−11 ≡ 1 (mod p).

Òîäi px1 ≡ px̄1 ( mod p2 ) òà x1 ≡ x̄1 (mod p). Çðîçóìiëî, ùî

px̄p−11 ≡ p (mod p2).

Ëåãêî ïåðåâiðèòè, ùî ôóíêöi¨ α, β i γ çàäîâîëüíÿþòü óìîâè (2), (3),

(5)�(7) íàñëiäêó 5.20.

Íåõàé åëåìåíò a ¹ ìóëüòèïëiêàòèâíîþ îäèíèöåþ â (G, ·) i

xb = aα(x) + bβ(x) + cγ(x)

äëÿ êîæíîãî x ∈ G. Ïîêàæåìî, ùî âiäíîñíî îïåðàöié �+” i �·” ñèñòåìà

R = (G,+, ·) ¹ ìàéæå-êiëüöåì ç îäèíè÷íèì åëåìåíòîì a. Î÷åâèäíî, ùî

äîñòàòíüî ïåðåâiðèòè, ùî

x · (y + z) = x · y + x · z

äëÿ äîâiëüíèõ z = az1 + bz2 + cz3 ç R i

(x · y) · z = x · (y · z).

Äiéñíî, çà ôîðìóëîþ (5.4) ìà¹ìî

x · z = a(x1z1 + (

(
x1
2

)(
z1
2

)
x2 − x1x3

(
z1
2

)
+

+x1
2x2

(
z1
3

)
−
(
x1
2

)
x̄p−21 z3)p)+
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+b(x2z1 + x̄p−21 z2) + c(x3z1 − x1x2
(
z1
2

)
+ x̄p−21 x1z3).

Îñêiëüêè

y + z = ay1 + by2 + cy3 + az1 + bz2 + cz3 = ay1 + by2+

az1(1− y3p)cy3 + bz2 + cz3 = a(y1 + z1+

+(

(
z1
2

)
y2 − z1y3)p) + b(y2 + z2) + c(y3 + z3 − y2z1),

òî

x · (y + z) = a(x1(y1 + z1 + (

(
z1
2

)
y2 − z1y3)p)+

+(

(
x1
2

)(
y1 + z1

2

)
x2 − x1x3

(
y1 + z1

2

)
+

+x1
2x2

(
y1 + z1

3

)
−
(
x1
2

)
x̄p−21 (y3 + z3 − y2z1))p)+

+b(x2(y1 + z1) + x̄p−21 (y2 + z2)) + c(x3(y1 + z1)−

−x1x2
(
y1 + z1

2

)
+ +x̄p−11 (y3 + z3 − y2z1)) =

= a(x1(y1 + z1) + (x1

(
z1
2

)
y2 − x1y3z1+

+

(
x1
2

)
x2

(
y1 + z1

2

)
− x1x3

(
y1 + z1

2

)
+ x1

2x2

(
y1 + z1

3

)
−

−
(
x1
2

)
x̄p−21 (y3 + z3) +

(
x1
2

)
x̄p−21 y2z1)p) + b(x2(y1 + z1)+

+x̄p−21 (y2 + z2)) + c(x3(y1 + z1)− x1x2
(
y1 + z1

2

)
+

+(y3 + z3)− y2z1).

Ç iíøîãî áîêó,

x · y + x · z = a(x1y1 + (

(
x1
2

)(
y1
2

)
x2 − x1x3

(
y1
2

)
+
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+x1
2x2

(
y1
3

)
−
(
x1
2

)
x̄p−21 y3)p) + b(x2y1 + x̄p−21 y2)+

+c(x3y1 − x1x2
(
y1
2

)
+ x̄p−11 y3) + a(x1z1 + (

(
x1
2

)(
z1
2

)
x2−

−x1x3
(
z1
2

)
+ x1

2x2

(
z1
3

)
−
(
x1
2

)
x̄p−21 z3)p)+

+b(x2z1 + x̄p−21 z2) + c(x3z1 − x1x2
(
z1
2

)
+ x̄p−11 z3) =

= a(x1y1 + (

(
x1
2

)(
y1
2

)
x2 − x1x3

(
y1
2

)
+ x1

2x2

(
y1
3

)
−

−
(
x1
2

)
x̄p−21 y3)p) + b(x2y1 + x̄p−21 y2) + a(x1z1+

+(

(
x1
2

)(
z1
2

)
x2 − x1x3

(
z1
2

)
+ x1

2x2

(
z1
3

)
−

−
(
x1
2

)
x̄p−21 z3)p)(1− (x3y1 − x1x2

(
y1
2

)
+ x̄p−11 y3)p)+

+c(x3y1 − x1x2
(
y1
2

)
+ x̄p−11 y3) + b(x2z1+

+x̄p−21 z2) + c(x3z1 − x1x2
(
z1
2

)
+ x̄p−11 z3).

Çà ëåìàìè 4.18�4.20, ìà¹ìî

= a(x1y1 + (

(
x1
2

)(
y1
2

)
x2 − x1x3

(
y1
2

)
+ x1

2x2

(
y1
3

)
−

−
(
x1
2

)
x̄p−21 y3)p) + b(x2y1 + x̄p−21 y2) + a(x1z1+

+(

(
x1
2

)(
z1
2

)
x2 − x1x3

(
z1
2

)
+ x1

2x2

(
z1
3

)
−

−
(
x1
2

)
x̄p−21 z3 − x1x3y1z1 + x1

2x2

(
y1
2

)
z1 − x̄p1y3z1)p)+

+c(x3y1 − x1x2
(
y1
2

)
+ x̄p−11 y3) + b(x2z1 + x̄p−21 z2)+
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+c(x3z1 − x1x2
(
z1
2

)
+ x̄p−11 z3).

Äàëi,

= a(x1y1 + (

(
x1
2

)(
y1
2

)
x2 − x1x3

(
y1
2

)
+ x1

2x2

(
y1
3

)
−

−
(
x1
2

)
x̄p−21 y3)p) + a(x1z1 + (

(
x1
2

)(
z1
2

)
x2−

−x1x3
(
z1
2

)
+ x1

2x2

(
z1
3

)
−
(
x1
2

)
x̄p−21 z3−

−x1x3y1z1 + x1
2x2

(
y1
2

)
z1 − x̄p1y3z1)p)+

+

(
x1z1

2

)
(x2y1 + x1

p−2y2)p) + b(x2y1 + x̄p−21 y2)−

−cx1z1(x2y1 + x̄p−21 y2) + c(x3y1 − x1x2
(
y1
2

)
+ x̄p−11 y3)+

+b(x2z1 + x̄p−21 z2) + c(x3z1 − x1x2
(
z1
2

)
+ x̄p−11 z3).

Â ðåçóëüòàòi, îòðèìó¹ìî

a(x1(y1 + z1) + (

(
x1
2

)
x2(

(
y1
2

)
+

(
z1
2

)
)− x1x3(

(
y1
2

)
+

+

(
z1
2

)
) + x1

2x2(

(
y1
3

)
+

(
z1
3

)
)−

(
x1
2

)
x̄p−21 (y3 + z3)−

−x1x3y1z1 + x1
2x2(

(
y1
2

)
z1 − x̄1y3z1 +

(
x1z1

2

)
x2y1+

+

(
x1z1

2

)
x̄p−21 y2)p) + b(x2(y1 + z1) + x̄p−21 (y2 + z2))+

+c(x3(y1 + z1)− x1x2(
(
y1
2

)
+

(
z1
2

)
+ y1z1)+

+(y3 + z2)− y2z1).

Âiäìiòèìî íàñòóïíi êîíãðóåíòíîñòi òà òîòîæíîñòi, ÿêi âèêîðèñòà¹ìî

ïðè äîâåäåííi ëiâî¨ äèñòðèáóòèâíîñòi.
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Ïî-ïåðøå, (
x1z1

2

)
x̄p−21 y2 =

1

2
(x21z

2
1 − x1z1)x̄

p−2
1 y2 =

=
1

2
(x̄p1y2z

2
1 − x̄

p−1
1 y2z1) ≡

1

2
(x̄1z

2
1y2 − y2z1) (mod p2)

òà

x1

(
z1
2

)
y2 +

(
x1
2

)
x̄p−21 y2z1 ≡

1

2
(x̄1z

2
1y2 − y2z1) (mod p2).

Òîìó (
x1z1

2

)
x̄p−21 y2 ≡ x1

(
z1
2

)
y2 +

(
x1
2

)
x̄p−21 y2z1 (mod p2).

Ïî-äðóãå,(
x1
2

)
x2

(
y1 + z1

2

)
=

(
x1
2

)
x2(

(
y1
2

)
+

(
z1
2

)
+ y1z1).

Ïðèðiâíþþ÷è êîåôiöi¹íòè ïðè òâiðíié a ó ðåçóëüòàòàõ äëÿ x · (y + z)

òà x · y + x · z, îòðèìà¹ìî(
x1
2

)
x2y1z1 + x21x2

(
y1 + z1

2

)
≡ x21x2(

(
y1
3

)
+

(
z1
3

)
)+

+x21x2

(
y1
2

)
z1 −

(
x1z1

2

)
x2y1 (mod p2).

Äàëi,
1

2
(x21x2y1z1 − x1x2y1z1) +

1

6
x21x2(y

3
1+

+3y21z1 + 3y1z
2
1 + z31 − 3y21 − 6y1z1 − 3z21 + 2y1 + 2z1) ≡

1

6
x21x2(y

3
1 − 3y21 + 2y1 + z31 − 3z21 + 2z1) +

1

2
(x21x2y

2
1z1−

−x21x2y1z1 + x21x2y1z
2
1 − x1x2y1z1) (mod p2).

Ñïðîñòèâøè, ìà¹ìî:

−x21x2y1z1 +
1

2
x21x2y1z1 ≡ −

1

2
x21x2y1z1 (mod p2).
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Çâiäñè òà ïðèðiâíÿâøè êîåôiöi¹íòè ïðè òâiðíèõ b òà c, ìà¹ìî

x · (y + z) = x · y + x · z.

Äàëi, ïåðåâiðèìî àñîöiàòèâíiñòü ìíîæåííÿ.

Ç îäíîãî áîêó, ìà¹ìî

(x · y) · z = a(x1y1z1 + (

(
x1
2

)(
y1
2

)
x2 − x1x3

(
y1
2

)
+

+x1
2x2

(
y1
3

)
−
(
x1
2

)
x̄p−21 y3)z1 +

(
x1y1

2

)(
z1
2

)
(x2y1+

+x̄p−21 y2)− x1y1(x3y1 − x1x2
(
y1
2

)
+ x̄p−11 y3)

(
z1
2

)
+

+x1
2y1

2(x2y1 + x̄p−21 y2)

(
z1
3

)
−
(
x1y1

2

)
x̄p−21 ȳp−21 z3)p)+

+b((x2y1 + x̄p−21 y2)z1 + x̄p−21 ȳp−21 z2) + c((x3y1 − x1x2
(
y1
2

)
+

+x̄p−11 y3)z1 − x1y1(x2y1 + x̄p−21 y2)

(
z1
2

)
+ x̄p−11 ȳp−11 z3) =

= a(x1y1z1 + (

(
x1
2

)(
y1
2

)
x2z1 − x1x3

(
y1
2

)
z1 + x1

2x2

(
y1
3

)
z1−

−
(
x1
2

)
x̄p−21 y3z1 +

(
x1y1

2

)(
z1
2

)
x2y1 +

(
x1y1

2

)(
z1
2

)
x̄p−21 y2−

−x1x3y12
(
z1
2

)
+ x1

2x2y1

(
y1
2

)(
z1
2

)
− x1y1y3

(
z1
2

)
+

+x1
2y1

3x2

(
z1
3

)
+ x̄p1y1

2y2

(
z1
3

)
−
(
x1y1

2

)
x̄p−21 ȳp−21 z3)p)+

+b(x2y1z1 + x̄p−21 y2z1 + x̄p−21 ȳp−21 z2) + c(x3y1z1−

−x1x2
(
y1
2

)
z1 + x̄p−11 y3z1 − x1x2y12−

−x̄p−11 y1y2

(
z1
2

)
+ x̄p−11 ȳp−11 z3).
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Ç iíøîãî áîêó, ìà¹ìî

x · (y · z) = a(x1(y1z1 + (

(
y1
2

)(
z1
2

)
y2 − y1y3

(
z1
2

)
+

+y1
2y2

(
z1
3

)
−
(
y1
2

)
ȳp−21 z3)p) + (

(
x1
2

)(
y1z1

2

)
x2−

−x1x2
(
y1z1

2

)
+ x1

2x2

(
y1z1

3

)
−
(
x1
2

)
x̄p−21 (y3z1−

−y1y2
(
z1
2

)
+ ȳp−11 z3)p) + b(x2y1z1 + x̄p−21 (y2z1+

+ȳp−21 z2)) + c(x3y1z1 − x1x2
(
y1z1

2

)
+ x̄p−11 (y3z1−

−y1y2
(
z1
2

)
+ ȳp−11 z3) = a(x1y1z1 + (x1

(
y1
2

)(
z1
2

)
y2−

−x1y1y3
(
z1
2

)
+ x1y1

2y2

(
z1
3

)
− x1

(
y1
2

)
ȳp−21 z3+

+

(
x1
2

)(
y1z1

2

)
x2 − x1x2

(
y1z1

2

)
+ x1

2x2

(
y1z1

3

)
−

−
(
x1
2

)
x̄p−21 y3z1 +

(
x1
2

)
x̄p−21 y1y2

(
z1
2

)
−

−
(
x1
2

)
x̄p−21 ȳp−21 z3)p) + b(x2y1z1 + x̄p−21 y2z1+

+x̄p−21 ȳp−21 z2) + c(x3y1z1 − x1x2
(
y1z1

2

)
+ y3z1−

−y1y2
(
z1
2

)
+ z3).

Îòæå,

x · (y · z) = (x · y) · z.

Òîìó R = (G,+, ·) ¹ ìàéæå-êiëüöå ç îäèíè÷íèì åëåìåíòîì a.

Äëÿ çàâåðøåííÿ äîâåäåííÿ çàëèøà¹òüñÿ ïîêàçàòè, ùî ìíîæèíà âñiõ

íåîáîðîòíèõ åëåìåíòiâ R = (G,+, ·) çáiãà¹òüñÿ ç L = 〈ap〉+〈b〉+〈c〉. Òîìó
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äîñòàòíüî äîâåñòè, ùî åëåìåíò x = ax1 +bx2 +cx3 îáîðîòíèé ñïðàâà òîäi

i òiëüêè òîäi, êîëè x1 6≡ 0 (mod p ).

Ñïðàâäi, ÿêùî iñíó¹ òàêèé åëåìåíò y = ay1 + by2 + cy3, ùî x · y = a,

òî

x1y1 + (

(
x1
2

)(
y1
2

)
x2 − x1x3

(
y1
2

)
+ x1

2x2

(
y1
3

)
−

−
(
x1
2

)
x̄p−21 y3)p ≡ 1 (mod p2)

çà íàøèì âèçíà÷åííÿì x · y. Çâiäêè x1y1 ≡ 1 ( mod p2 ), à îòæå, x1 ≡ 1

(mod p).

I íàâïàêè, ÿêùî âèêîíó¹òüñÿ îñòàííÿ êîíãðóåíöiÿ, òî β(x) ≡ 1

(mod p) çà (3) íàñëiäêó 5.20. Òîìó iñíóþòü òàêi íàòóðàëüíi ÷èñëà y1,

y2 òà y3, ùî x1y1 ≡ 1 (mod p2),

x2y1 + x̄p−21 y2 ≡ 0 (mod p)

òà

x3z1 − x1x2
(
z1
2

)
+ x̄p−21 x1z3 ≡ 0 (mod p).

Ïîêëàäåìî y = ay1 + by2 + cy3 òà

z1 = 1 + (

(
x1
2

)(
y1
2

)
x2 − x1x3

(
y1
2

)
+

+x1
2x2

(
y1
3

)
−
(
x1
2

)
x̄p−21 y3)p.

Àëå òîäi x · y = az1. Îñêiëüêè α(x) ≡ 0 ( mod p ), òî iñíó¹ òàêå íàòó-

ðàëüíå ÷èñëî s, ùî z1s ≡ 1 (mod p2), çâiäêè

x · (ys) = (x · y)s = (az1)s = a.

Òîìó åëåìåíò x îáîðîòíèé ñïðàâà. Òàêèì ÷èíîì, ìàéæå-êiëüöå R ¹ ëî-

êàëüíèì, i öå çàâåðøó¹ äîâåäåííÿ.
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Íàâåäåìî ïðèêëàä ëîêàëüíîãî ìàéæå-êiëüöÿ ïîðÿäêó 54 = 625, àäè-

òèâíà ãðóïà ÿêîãî R+ içîìîðôíà H2.

Ïðèêëàä 5.22. Íåõàé G ∼= (C25 o C5) o C5. ßêùî x = ax1 + bx2 + cx3,

y = ay1 + by2 + cy3 ∈ G òà (G,+, ·) ¹ ëîêàëüíå ìàéæå-êiëüöå, òîäi çãi-
äíî ïðèêëàäó ç òåîðåìè 5.21 ôóíêöi¨ α, β i γ ìîæóòü áóòè íàñòóïíèìè:

α(x) ≡ 0 (mod 25), β(x) ≡ x31 (mod 5) òà γ(x) ≡ 0 (mod 5). Ïiäñòàâèâ-

øè öi ôóíêöi¨ ó ôîðìóëó (5.4) ìà¹ìî:

x · y = a(x1y1 + (

(
x1
2

)(
y1
2

)
x2 − x1x3

(
y1
2

)
+

+x1
2x2

(
y1

y1 − 3

)
−
(
x1
2

)
x̄31y3)p)+

+b(x2y1 + x̄31y2) + c(x3y1 − x1x2
(
y1
2

)
+ x1x̄

3
1y3).

Êîìï'þòåðíà ïðîãðàìà, ÿêà áóäó¹ ìàéæå-êiëüöå ç ïðèêëàäó 5.22, íà-

âåäåíî íèæ÷å, à òàêîæ ðîçìiùåíî íà GitHub:

https://github.com/raemarina/Examples/blob/main/LNR_625-8.txt

# Â ñåðåäîâèùi ñèñòåìè GAP çàâàíòàæó¹ìî ïàêåò LocalNR.

LoadPackage(“LocalNR”);

# G � ãðóïà ç IdGroup [625, 8].

G := SmallGroup(625, 8);

# gen � ñïèñîê, ùî ìiñòèòü ìiíiìàëüíó ñèñòåìó òâiðíèõ.

gen := MinimalGeneratingSet(G);

# Ïîâåðòà¹ìî ñïèñîê ç ïîðÿäêàìè òâiðíèõ çi ñïèñêó gen.

List(gen,Order);

# a � ïåðøèé åëåìåíò çi ñïèñêó gen.

a := gen[1];

# b � äðóãèé åëåìåíò çi ñïèñêó gen.

b := gen[2];
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# c � êîìóòàòîð åëåìåíòiâ a òà b.

c := a∧ − 1 ∗ b∧ − 1 ∗ a ∗ b;
# alpha òà gamma � ôóíêöi¨, ÿêi ïîâåðòàþòü çíà÷åííÿ 0.

alpha := function(x, y, z)

return 0; fi; end;

gamma := function(x)

return 0; end;

# beta � ôóíêöiÿ, ÿêà ïîâåðòà¹ çíà÷åííÿ x∧3 ïî mod 5.

beta := function(x)

return x∧3 mod 5; end;

# mulGR � ôóíêöiÿ ìàéæå-êiëüöåâîãî äîáóòêó.

mulGR := function(x, y)

local x1, x2, x3, y1, y2, y3;

for x1 in [0..24] do

for x2 in [0..4] do

for x3 in [0..4] do

for y1 in [0..24] do

for y2 in [0..4] do

for y3 in [0..4] do

if x = a∧x1 ∗ b∧x2 ∗ c∧x3 and y = a∧y1 ∗ b∧y2 ∗ c∧y3 then return

a∧(x1∗y1+alpha(x1, x2, x3)∗y2+(Binomial(x1, 2)∗Binomial(y1, 2)∗
x2 − x1 ∗ x3 ∗ Binomial(y1, 2) + x12 ∗ x2 ∗ Binomial(y1, y1 − 3) −
Binomial(x1, 2)∗ beta(x1)∗y3)∗5)∗b∧(x2∗y1+beta(x1)∗y2)∗c∧(x3∗y1−
x1 ∗ x2 ∗Binomial(y1, 2) + gamma(x1) ∗ y2 + x1 ∗ beta(x1) ∗ y3); fi;

od; od; od; od; od; od; end;

# n � ìàéæå-êiëüöå íà ãðóïi G òà ç ìíîæåííÿì mulGR (áåç ïåðåâið-

êè).

n := ExplicitMultiplicationNearRingNC(G,mulGR);

# M � òàáëèöÿ ìíîæåííÿ ìàéæå-êiëüöÿ n.
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M := MultiplicationTable(n); ;

# mul � ìàéæå-êiëüöåâå ìíîæåííÿ, ùî îòðèìàíî çà äîïîìîãîþ òà-

áëèöi M .

mu_NR :=

NearRingMultiplicationByOperationTable(G,M,AsSortedList(G));

# n � ìàéæå-êiëüöå íà ãðóïi G òà ç ìíîæåííÿì mul (ç ïåðåâiðêîþ).

N := ExplicitMultiplicationNearRing(G,mu_NR);

# Ïåðåâiðêà, ÷è ¹ ìàéæå-êiëüöå n ëîêàëüíèì.

IsLocalNearRing(n);

Ç ïàêåòó LocalNR òà [109] ìà¹ìî íàñòóïíó êiëüêiñòü óñiõ íåiçîìîð-

ôíèõ íóëü-ñèìåòðè÷íèõ ëîêàëüíèõ ìàéæå-êiëåöü íà ãðóïi H2 ïîðÿäêó

625.

IdGroup(R+) IdGroup(R∗) StructureDescription(R∗) n(R∗)

[625, 8] [500, 42] C5 × ((C5 × C5) o C4) 125

5.2.4. Ãðóïè H3 òà H4

Ïðîàíàëiçóâàâøè ãðóïè H3 òà H4 ïîðÿäêó 625 çà äîïîìîãîþ GAP,

ç'ÿñóâàëè, ùî íå iñíó¹ ëîêàëüíèõ ìàéæå-êiëåöü íà öèõ ãðóïàõ. Öå äîçâî-

ëÿ¹ çðîáèòè íàñòóïíå ïðèïóùåííÿ.

Ãiïîòåçà 5.23. Íå iñíó¹ ëîêàëüíîãî ìàéæå-êiëüöÿ, àäèòèâíà ãðóïà ÿêîãî

içîìîðôíà H3 ÷è H4.

Âèñíîâêè äî ðîçäiëó 5

Ó äàíîìó ðîçäiëi:
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� îïèñàíî ëîêàëüíi ìàéæå-êiëüöÿ ç àäèòèâíèìè ãðóïàìè ïîðÿäêó p4;

� âêàçàíî ôîðìóëè ìíîæåííÿ äëÿ òàêèõ ìàéæå-êiëåöü òà îïèñàíî

ôóíêöi¨, ùî ¨õ çàäàþòü;

� íàâåäåíî ïðèêëàä ëîêàëüíîãî ìàéæå-êiëüöÿ ïîðÿäêó 54 = 625;

� äàíî àëãîðèòì ïîáóäîâè ëîêàëüíîãî ìàéæå-êiëüöÿ ç íåàáåëå-

âîþ àäèòèâíîþ ãðóïîþ ïîðÿäêó 54, ùî ðåàëiçîâàíî â ñèñòåìi

êîìï'þòåðíî¨ àëãåáðè GAP.

Îñíîâíi ðåçóëüòàòè äàíîãî ðîçäiëó îïóáëiêîâàíî ó ïðàöÿõ [9, 10, 5] çi

ñïèñêó ïóáëiêàöié i, âiäïîâiäíî, [96�98] çi ñïèñêó âèêîðèñòàíèõ äæåðåë, à

òàêîæ îïóáëiêîâàíî ó òåçàõ êîíôåðåíöié [26, 27, 28] i, âiäïîâiäíî, [92�94].
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Ðîçäië 6

Ìàéæå-êiëüöÿ ç îäèíèöåþ íà äåÿêèõ

íåàáåëåâèõ ãðóïàõ

Ó äàíîìó ðîçäiëi îïèñàíî âñi ìîæëèâi òèïè ãðóï Ìiëëåðà�Ìîðåíî, ÿêi

ìîæóòü áóòè àäèòèâíèìè ãðóïàìè ìàéæå-êiëåöü ç îäèíèöåþ. Ïîêàçàíî,

ùî íå iñíó¹ ìàéæå-êiëåöü ç îäèíèöåþ, àäèòèâíà ãðóïà ÿêèõ içîìîðôíà

ãðóïi Øìiäòà. Äîñëiäæóþòüñÿ ïðÿìi äîáóòêè p-ãðóï Ìiëëåðà�Ìîðåíî òà

öèêëi÷íèõ p-ãðóï ÿê àäèòèâíi ãðóïè ìàéæå-êiëåöü ç îäèíèöåþ òà ëîêàëü-

íèõ ìàéæå-êiëåöü.

6.1. Ãðóïè Ìiëëåðà�Ìîðåíî òà Øìiäòà

Íàãàäà¹ìî, ùî ñêií÷åííà ãðóïà íàçèâà¹òüñÿ ãðóïîþ Ìiëëåðà�Ìîðåíî,

ÿêùî âîíà íåàáåëåâà i âñi ¨¨ âëàñíi ïiäãðóïè ¹ àáåëåâèìè. Î÷åâèäíî, ùî

íåïðèìàðíi ãðóïè Ìiëëåðà�Ìîðåíî ¹ ãðóïàìè Øìiäòà. Ñòðóêòóðà öèõ

ãðóï ïîâíiñòþ îïèñó¹òüñÿ âiäîìîþ òåîðåìîþ Ðåäå¨ (äèâ., [118]).

Òåîðåìà 6.1. Ñêií÷åííi ãðóïè Ìiëëåðà�Ìîðåíî ¹ ãðóïàìè íàñòóïíèõ

òèïiâ:

1) ãðóïà êâàòåðíiîíiâ Q8;

2) ãðóïà G = 〈a〉o 〈b〉 ïîðÿäêó pm+n ç ap
m

= bp
n

= 1 i b−1ab = a1+p
m−1

,

äå p ¹ ïðîñòèì ÷èñëîì, m ≥ 2 and n ≥ 1;
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3) ãðóïà G = (〈a〉 × 〈c〉) o 〈b〉 ïîðÿäêó pm+n+1 ç ap
m

= bp
n

= cp = 1,

b−1ab = ac i b−1cb = c, äå m ≥ n ≥ 1 i m+ n > 2 äëÿ p = 2;

4) ãðóïà G = P o 〈b〉 ïîðÿäêó prqs ç åëåìåíòàðíîþ àáåëåâîþ ïiäãðó-

ïîþ P ïîðÿäêó pr, â ÿêié åëåìåíò b iíäóêó¹ íåçâiäíèé àâòîìîðôiçì

ïðîñòîãî ïîðÿäêó q, à òàêîæ, bq
s

= 1 òà 〈bq〉 = Z(G), äå p òà q �

ðiçíi ïðîñòi ÷èñëà, à r, s � íàòóðàëüíi ÷èñëà.

Íàãàäà¹ìî, ùî ãðóïîþ Øìiäòà àáî ìiíiìàëüíîþ íåíiëüïîòåíòíîþ íà-

çèâà¹òüñÿ ñêií÷åííà íåíiëüïîòåíòíà ãðóïà, áóäü-ÿêà âëàñíà ïiäãðóïà ÿêî¨

íiëüïîòåíòíà.

Íàñòóïíà òåîðåìà îïèñó¹ áóäîâó ãðóï Øìiäòà òà äîâåäåíà â ñòàò-

òi [17].

Òåîðåìà 6.2. Ñêií÷åííà ãðóïà G òîäi i ëèøå òîäi ÿâëÿ¹òüñÿ ãðóïîþ

Øìiäòà, êîëè âîíà ðîçêëàäà¹òüñÿ â íàïiâïðÿìèé äîáóòîê G = S o T

ñâî¨õ íîðìàëüíî¨ ñèëîâñüêî¨ s-ïiäãðóïè S ïîðÿäêó sα, α ≥ 1, òà ñèëîâ-

ñüêî¨ t-ïiäãðóïè T =<b> ïîðÿäêó tβ, β ≥ 1, òà çàäîâîëüíÿ¹ íàñòóïíèì

óìîâàì:

1) Z(G) = Φ(G) = Φ(S)× <bt>, äå Φ(G) ïiäãðóïà Ôðàòòiíi ãðóïè G;

2) G′ = S, S ′ = Φ(S), G′′ = S ′ åêñïîíåíòà S ′ íåïåðåâèùó¹ ÷èñëî s;

3) ÿêùî S � íåàáåëåâà, òî Z(S) = S ′ = Φ(S).

6.2. Ìàéæå-êiëüöÿ ç îäèíèöåþ íà ãðóïàõ Ìiëëåðà�

Ìîðåíî

Áóäü-ÿêà ãðóïà Ìiëëåðà�Ìîðåíî òèïó 4) òåîðåìè 6.1 íå ìà¹ åëåìåíòà,

ïîðÿäîê ÿêîãî ñïiâïàäà¹ ç ¨¨ åêñïîíåíòîþ. Çâiäñè òà ç ëåìè 2.2 âèïëèâà¹

òàêå òâåðäæåííÿ.
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Ëåìà 6.3. Íå iñíó¹ ìàéæå-êiëüöÿ ç îäèíèöåþ, àäèòèâíà ãðóïà ÿêîãî

içîìîðôíà ãðóïi òèïó 4) òåîðåìè 6.1.

Äîâåäåííÿ. Íåõàé R � ìàéæå-êiëüöå ç îäèíèöåþ, àäèòèâíà ãðóïà R+

ÿêîãî içîìîðôíà ãðóïi G. Îñêiëüêè åêñïîíåíòà ãðóïè G äîðiâíþ¹ pqs, òî

çà ëåìîþ 2.2 ãðóïà R+ ìiñòèòü åëåìåíò g ïîðÿäêó pqs. Àëå òîäi G = P <

g> i òîìó ïåðåòèí P∩ <g> ¹ íîðìàëüíîþ ïiäãðóïîþ ïîðÿäêó p â G. Â

ñèëó òîãî, ùî P � ìiíiìàëüíà íîðìàëüíà ïiäãðóïà â G, çâiäñè âèïëèâà¹

P = P∩ < g > i, îòæå, G =< g >. Îòðèìàíå ïðîòèði÷÷ÿ çàâåðøó¹

äîâåäåííÿ ëåìè.

Äàëi ìè âèêîðèñòîâó¹ìî òàêi ïîçíà÷åííÿ:

1) G(pm, pn) ïîçíà÷à¹ àäèòèâíî çàïèñàíó ãðóïó òèïó 2) òåîðåìè 6.1 ç

òàêèìè òâiðíèìè a i b ïîðÿäêiâ pm i pn, âiäïîâiäíî, ùî −b + a +

b = a(1 + pm−1);

2) G(pm, pn, p) ïîçíà÷à¹ àäèòèâíî çàïèñàíó ãðóïó òèïó 3) òåîðåìè 6.1

ç òàêèìè òâiðíèìè a, b i c ïîðÿäêiâ pm, pn i p, âiäïîâiäíî, ùî −b +

a+ b = a+ c i −b+ c+ b = c.

Ëåìè 6.4 i 6.5 ëåãêî îòðèìàòè ïðîñòèìè îá÷èñëåííÿìè.

Ëåìà 6.4. Ó ãðóïi G(pm, pn) äëÿ áóäü-ÿêèõ íàòóðàëüíèõ ÷èñåë r, s òà

t, âèêîíóþòüñÿ ðiâíîñòi

bs+ ar = ar(1− spm−1) + bs

i

(ar + bs)t = ar(t− s
(
t

2

)
pm−1) + bst.

Ëåìà 6.5. Åêñïîíåíòà ãðóïè G(pm, pn) äîðiâíþ¹ pm äëÿ m> n i pn äëÿ

m ≤ n. Áiëüø òîãî, ÿêùî x ¹ åëåìåíòîì ìàêñèìàëüíîãî ïîðÿäêó â

G(pm, pn), òî iñíóþòü òàêi òâiðíi a, b öi¹¨ ãðóïè, ùî àáî x = a, àáî
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x = b òà âèêîíóþòüñÿ ñïiââiäíîøåííÿ apm = bpn = 0 i −b+a+b = a(1+

pm−1).

Íåõàé àäèòèâíà ãðóïà ìàéæå-êiëüöÿ R ç îäèíèöåþ içîìîðôíà ãðóïi

G(pm, pn). Ç ëåìè 6.5 âèïëèâà¹, ùî R+ =< a > + < b > ç åëåìåíòàìè

a, b îäèí ç ÿêèõ çáiãà¹òüñÿ ç îäèíèöåþ R òà âèêîíóþòüñÿ ñïiââiäíîøåííÿ

apm = bpn = 0 i a + b = b + a(1 + pm−1). Áiëüø òîãî, êîæåí åëåìåíò

x ∈ R îäíîçíà÷íî çàïèñó¹òüñÿ ó âèãëÿäi x = ax1 + bx2 ç êîåôiöi¹íòàìè

0 ≤ x1 < pm i 0 ≤ x2 < pn.

Ðîçãëÿíåìî âèïàäîê, êîëè a çáiãà¹òüñÿ ç îäèíèöåþ R òàê, ùî

xa = ax = x äëÿ êîæíîãî x ∈ R. Òîäi R+ ìà¹ åêñïîíåíòó pm çãiäíî

ç ëåìîþ 6.5, òîìó m ≥ n. Êðiì òîãî, äëÿ êîæíîãî x ∈ R iñíóþòü òàêi

öiëi ÷èñëà α(x) i β(x), ùî xb = aα(x) + bβ(x). Çðîçóìiëî, ùî çà ìîäó-

ëåì pm i pn, âiäïîâiäíî, öi öiëi ÷èñëà îäíîçíà÷íî âèçíà÷àþòüñÿ x, i òîìó

âèçíà÷àþòüñÿ äåÿêi âiäîáðàæåííÿ α : R→ Zpm i β : R→ Zpn.

Ëåìà 6.6. Íåõàé x = ax1 + bx2 i y = ay1 + by2 ¹ åëåìåíòàìè â R. ßêùî

a çáiãà¹òüñÿ ç îäèíèöåþ R, òî m ≥ n+ 1 i

xy = a[(x1y1 + α(x)y2)− (x1x2

(
y1
2

)
+ α(x)x2y1y2+

+α(x)β(x)

(
y2
2

)
)pm−1] + b(x2y1 + β(x)y2).

Áiëüø òîãî, äëÿ âiäîáðàæåíü α : R → Zpm i β : R → Zpn ñïðàâåäëèâi

íàñòóïíi òâåðäæåííÿ:

(0) α(0) = β(0) = 0 òîäi i òiëüêè òîäi, êîëè ìàéæå-êiëüöå R ¹ íóëü-

ñèìåòðè÷íèì;

(1) α(a) = 0 i β(a) = 1;

(2) α(x) ≡ 0 ( mod pm−n), êðiì âèïàäêó p = 2 = m i n = 1;

(3) x1(β(x)− 1) ≡ x2α(x) (mod p);
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(4)
α(xy) = x1α(y) + α(x)β(y)−
−[x1x2

(
α(y)
2

)
+ α(x)x2α(y)β(y) + α(x)β(x)

(
β(y)
2

)
]pm−1;

(5) β(xy) = x2α(y) + β(x)β(y).

Äîâåäåííÿ. Çà ëiâèì äèñòðèáóòèâíèì çàêîíîì, ìà¹ìî

xy = (xa)y1 + (xb)y2 = (ax1 + bx2)y1 + (aα(x) + bβ(x))y2.

Êðiì òîãî, ëåìà 6.4 îçíà÷à¹, ùî

(ax1 + bx2)y1 = ax1(y1 − x2
(
y1
2

)
pm−1) + bx2y1,

(aα(x) + bβ(x))y2 = aα(x)(y2 − β(x)

(
y2
2

)
pm−1) + bβ(x)y2

i

bx2y1 + aα(x)(y2 − β(x)

(
y2
2

)
pm−1) =

= aα(x)(y2 − β(x)

(
y2
2

)
pm−1)(1− x2y1pm−1) + bx2y1.

Îòæå,

xy = a[(x1y1 + α(x)y2)− (x1x2

(
y1
2

)
+ α(x)x2y1y2+ (6.1)

+α(x)β(x)

(
y2
2

)
)pm−1] + b(x2y1 + β(x)y2),

ÿê âèìàãàëîñÿ.

ßê 0 · a = a · 0 = 0, ìàéæå-êiëüöå R ¹ íóëü-ñèìåòðè÷íèì òîäi i òiëüêè

òîäi, êîëè

0 = 0 · b = aα(0) + bβ(0),

çâiäêè α(0) = β(0) = 0. Òàê ñàìî ç ðiâíîñòi b = ab = aα(a) + bβ(a) ç

öüîãî âèïëèâà¹, ùî α(a) = 0 i β(a) = 1. Îñêiëüêè (xb)pn = x(bpn) = 0 i

xb = aα(x) + bβ(x), ìà¹ìî

0 = (aα(x) + bβ(x))pn = aα(x)(pn − β(x)

(
pn

2

)
pm−1)
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çà ëåìîþ 6.4 i, îòæå, α(x) ≡ 0 (mod pm−n), êðiì âèïàäêó p = 2 = m i

n = 1, â ÿêié ãðóïà R+ ¹ ãðóïîþ äiåäðà ïîðÿäêó 8. Äàëi, ÿêùî y = a(1−
pm−1) + b, òî

xy = a[α(x) + x1 − (x1 + α(x)x2)p
m−1] + b(x2(1− pm−1) + β(x))

çà ôîðìóëîþ (6.1). Ç iíøîãî áîêó, y = b+ a i òàê

xy = xb+ x = a(α(x) + x1 − x1β(x)pm−1) + b(x2 + β(x))

çà ëåìîþ 6.4. Ïîðiâíþþ÷è îáèäâà ðåçóëüòàòè äëÿ xy, îòðèìó¹ìî

(x1 + α(x)x2)p
m−1 ≡ x1β(x)pm−1 (mod pm)

i

x2(1− pm−1) + β(x) ≡ x2 + β(x) (mod pn).

Îòæå, m ≥ n+ 1 i

x1(β(x)− 1) ≡ x2α(x) (mod p),

òîìó âèêîíó¹òüñÿ òâåðäæåííÿ (3).

Íàðåøòi, àñîöiàòèâíiñòü ìíîæåííÿ â R îçíà÷à¹, ùî

x(yb) = (xy)b = aα(xy) + bβ(xy).

Êðiì òîãî, çàìiíà yb = aα(y) + bβ(y) çàìiñòü y â ôîðìóëi (6.1), òàêîæ

ìà¹ìî

x(yb) = a[(x1α(y) + α(x)β(y))− (x1x2

(
α(y)

2

)
+ α(x)x2α(y)β(y)+

+α(x)β(x)

(
β(y)

2

)
)pm−1] + b(x2α(y) + β(x)β(y)).

Ïîðiâíþþ÷è êîåôiöi¹íòè ïðè a i b ó äâîõ âèðàçàõ, îòðèìàíèõ äëÿ x(yb),

îòðèìó¹ìî òâåðäæåííÿ (4) i (5) ëåìè. Ëåìó äîâåäåíî.

ßê âèñíîâîê óçàãàëüíèìî ðåçóëüòàòè, îòðèìàíi â [12] i [102].
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Òåîðåìà 6.7. Ãðóïà Ìiëëåðà�Ìîðåíî G ¹ àäèòèâíîþ ãðóïîþ ëîêàëüíîãî

ìàéæå-êiëüöÿ R òîäi i òiëüêè òîäi, êîëè âîíà ¹ p-ãðóïîþ äëÿ äåÿêîãî

ïðîñòîãî p i âèêîíó¹òüñÿ îäíå ç íàñòóïíèõ òâåðäæåíü:

1) ãðóïà G içîìîðôíà îäíié iç ãðóï G(pm, pn) ç pm+n > 8 i m > n i

öèêëi÷íà ïiäãðóïà ïîðÿäêó pm, ïîðîäæåíà i, ¹ íîðìàëüíîþ â G;

2) p = 2, ãðóïà G içîìîðôíà îäíié iç ãðóï G(2m, 2n) ç m ≤ n i öèêëi÷íà

ïiäãðóïà ïîðÿäêó 2n, ïîðîäæåíà i, íå ¹ íîðìàëüíîþ â G;

3) ãðóïà G içîìîðôíà îäíié iç ãðóï G(pm, pn, p) i öèêëi÷íà ïiäãðóïà,

ïîðîäæåíà i, íå ¹ íîðìàëüíîþ â G.

Äàëi îïèñàíî âñi ìîæëèâi òèïè ãðóï Ìiëëåðà�Ìîðåíî, ÿêi ¹ àäèòèâ-

íèìè ãðóïàìè ìàéæå-êiëåöü ç îäèíèöåþ.

Òåîðåìà 6.8. Íåõàé G � ãðóïà Ìiëëåðà�Ìîðåíî. Ãðóïà G ¹ àäèòèâíîþ

ãðóïîþ ìàéæå-êiëüöÿ R ç îäèíèöåþ òîäi i òiëüêè òîäi, êîëè G ¹ àáî

îäíi¹þ ç ãðóï òåîðåìè 6.7, àáî ãðóïîþ G(4, 2).

Äîâåäåííÿ. Íåõàé iñíó¹ ìàéæå-êiëüöå R ç îäèíèöåþ i, àäèòèâíîþ ãðó-

ïîþ ÿêîãî ¹ G.Îñêiëüêè G íå ìîæå áóòè içîìîðôíèì Q8 çà ðåçóëüòàòîì

Êëåÿ [31], òî ç òåîðåìè 6.1 i ëåìè 6.3 âèïëèâà¹, ùî G içîìîðôíà îäíié iç

ãðóï G(pm, pn) ÷è G(pm, pn, p) äëÿ âiäïîâiäíîãî ïðîñòîãî p i íàòóðàëüíèõ

÷èñåë m, n. Íàéìåíøîþ ç öèõ ãðóï ¹ äiåäðàëüíà ãðóïà G(4, 2), íà ÿêié

iñíó¹ ìàéæå-êiëüöå R ç îäèíèöåþ çà iíøèì ðåçóëüòàòîì Êëåÿ, çãàäàíèì

ó âñòóïi.

Äàëi, ãðóïè G(pm, pn) ç pm+n > 8 i m > n, G(2m, 2n) ç m ≤ n i

G(pm, pn, p) ç m + n > 2 äëÿ p = 2 ¹ ãðóïè ç òåîðåìè 6.7. Òîìó çàëèøà-

¹òüñÿ ðîçãëÿíóòè ëèøå âèïàäîê, êîëè G içîìîðôíà G(pm, pn) ç m ≤ n i

p > 2.

Îñêiëüêè i ¹ åëåìåíòîì ìàêñèìàëüíîãî ïîðÿäêó G çà ëåìîþ 2.2, òî ç

ëåìè 6.5 ùî iñíóþòü òàêi òâiðíi a ïîðÿäêó pm i b ïîðÿäêó pn öi¹¨ ãðóïè,
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ùî

−b+ a+ b = a(1 + pm−1)

i a = i àáî b = i. ßêùî a = i, òî m = n, ùî íåìîæëèâî çà ëåìîþ 6.6.

Ïîêàæåìî, ùî âèïàäîê b = i òàêîæ íåìîæëèâèé.

Ïðèïóñòèìî ïðîòèëåæíå, òàê ùî äëÿ êîæíîãî x ∈ R ìà¹ìî xb = x.

Îñêiëüêè x îäíîçíà÷íî çàïèñó¹òüñÿ ó âèãëÿäi x = ax1 + bx2 ç êîåôiöi¹í-

òàìè 0 ≤ x1 < pm i 0 ≤ x2 < pn,iñíóþòü êîåôiöi¹íòè α(x) i β(x) òàêèé

ÿê xa = aα(x) + bβ(x). Áiëüø òîãî, öå âèïëèâà¹ ç [102], ëåìà 8, ùî âîíè

çàäîâîëüíÿþòü íàñòóïíèì óìîâàì:

(1) α(b) ≡ 1 ( mod pm) i β(b) ≡ 0 (mod pn);

(2) α(x)(1− x2) ≡ 0 (mod p);

(3) α(xy) ≡ α(x)α(y) + x1β(y)− x1x2
(
β(y)
2

)
pm−1 (mod pm).

Ïîêëàäåìî x = y = −b, òàê ùî x1 = y1 = 0 i

x2 = y2 = −1. Òîäi 2α(−b) ≡ 0 (mod p) çà òâåðäæåííÿì (2) âèïëèâà¹,

ùî α(−b) ≡ 0 (mod p). Ç iíøîãî áîêó, b = (−b)2 i

α((−b)2) ≡ α(−b)2 (mod pm)

çà òâåðäæåííÿì (3). Òîìó

α(b) = α((−b)2) ≡ 0 (mod p).

Îñêiëüêè α(b) ≡ 1 (mod pm) çà òâåðäæåííÿì (1), ìà¹ìî ïðîòèði÷÷ÿ. Òà-

êèì ÷èíîì, âèïàäîê b = i íåìîæëèâèé, ÿê i âèìàãàëîñÿ.

Íàñòóïíå òâåðäæåííÿ ¹ ïðÿìèì íàñëiäêîì òåîðåìè 6.8.

Íàñëiäîê 6.9 (Corollary 1, [80]). Íå iñíó¹ ìàéæå-êiëüöÿ ç îäèíèöåþ,

àäèòèâíà ãðóïà ÿêîãî içîìîðôíà ãðóïi G(pm, pn) ç p > 2 i 2 ≤ m ≤ n.
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6.3. Ìàéæå-êiëüöÿ ç îäèíèöåþ òà ãðóïè Øìiäòà

Íåõàé G � íåïðèìàðíà ãðóïà Ìiëëåðà�Ìîðåíî, òîáòî G = Po <b>

ç íîðìàëüíîþ åëåìåíòàðíîþ àáåëåâîþ ïiäãðóïîþ P ïîðÿäêó pr, íà ÿêié

åëåìåíò b ïîðÿäêó qs iíäóêó¹ íåçâiäíèé àâòîìîðôiçì ïðîñòîãî ïîðÿäêó

q, äå p, q � ïðîñòi, q äiëèòü pr − 1 òà r, s � íàòóðàëüíi ÷èñëà.

Ëåìà 6.10. Â ãðóïi G íå iñíó¹ åëåìåíòà, ïîðÿäîê ÿêîãî ñïiâïàäà¹ ç ¨¨

åêñïîíåíòîþ.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî iñíó¹ åëåìåíò g ∈ G, ïîðÿäîê ÿêîãî ñïiâïà-
äà¹ ç ¨¨ åêñïîíåíòîþ pqs. Òîäi G = P < g > i òîìó ïåðåòèí P∩ < g > ¹

íîðìàëüíîþ ïiäãðóïîþ ïîðÿäêó p â G. Â ñèëó òîãî, ùî P � ìiíiìàëüíà

íîðìàëüíà ïiäãðóïà â G, ìà¹ìî P = P∩ <g> i, òàêèì ÷èíîì, G =<g>.

Îòðèìàíå ïðîòèði÷÷ÿ çàâåðøó¹ äîâåäåííÿ ëåìè.

Íàãàäà¹ìî, ùî öiëêîì õàðàêòåðèñòè÷íîþ ïiäãðóïîþ íàçèâà¹òüñÿ ïiä-

ãðóïà ãðóïè G, ÿêà iíâàðiàíòíà âiäíîñíî âñiõ åíäîìîðôiçìiâ ãðóïè G.

Íàñòóïíà ëåìà ¹ áåçïîñåðåäíiì íàñëiäêîì [29, Lemma 1].

Ëåìà 6.11. Íåõàé R � ìàéæå-êiëüöå ç îäèíèöåþ i, àäèòèâíà ãðóïà

R+ ÿêîãî içîìîðôíà ãðóïi G. Òîäi äëÿ êîæíîãî åëåìåíòó y ∈ G iñíó¹

òàêèé åíäîìîðôiçì ϕ ãðóïè G, ùî iϕ = y.

Ìà¹ìî íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 6.12. Íå iñíó¹ ìàéæå-êiëåöü ç îäèíèöåþ, àäèòèâíà ãðóïà

ÿêèõ içîìîðôíà ãðóïi Øìiäòà.

Äîâåäåííÿ. Çà [80, Lemma 2] íå iñíó¹ ìàéæå-êiëåöü ç îäèíèöåþ, àäèòèâíà

ãðóïà ÿêèõ içîìîðôíà íåïðèìàðíié ãðóïi Ìiëëåðà�Ìîðåíî.

Íåõàé òåïåð G içîìîðôíà ãðóïi Øìiäòà, ÿêà íå ¹ ãðóïîþ Ìiëëåðà�

Ìîðåíî. Ïðèïóñòèìî, ùî ãðóïà G ¹ àäèòèâíîþ ãðóïîþ äåÿêîãî ìàéæå-

êiëüöÿ ç îäèíèöåþ. Òîäi çà ëåìîþ 6.11 äëÿ êîæíîãî åëåìåíòó y ∈ G iñíó¹
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òàêèé åíäîìîðôiçì ϕ ãðóïè G, ùî iϕ = y. Îñêiëüêè Φ(G) ¹ öiëêîì õàðà-

êòåðèñòè÷íîþ ïiäãðóïîþ, òî īϕ = ȳ äëÿ âñiõ ȳ ∈ G/Φ(G). Âðàõîâóþ÷è,

ùî G/Φ(G) � ãðóïà Ìiëëåðà�Ìîðåíî, ìà¹ìî ïðîòèði÷÷ÿ â ñèëó ëåì 2.2

òà 6.10.

6.4. Ïðÿìi äîáóòêè ìåòàöèêëi÷íèõ p-ãðóï Ìiëëåðà�

Ìîðåíî òà öèêëi÷íèõ p-ãðóï ÿê àäèòèâíi ãðóïè

ëîêàëüíèõ ìàéæå-êiëåöü

6.4.1. Ãðóïè F (pm, pn, pk)

Íàãàäà¹ìî, ùî ñêií÷åííà ãðóïà íàçèâà¹òüñÿ ìiíiìàëüíîþ íåàáåëåâîþ

ãðóïîþ àáî ãðóïîþ Ìiëëåðà�Ìîðåíî, ÿêùî âîíà íåàáåëåâà, à âñi ¨¨ âëàñíi

ïiäãðóïè ¹ àáåëåâèìè. Öi ãðóïè âïåðøå âèâ÷àëèñÿ Ìiëëåðîì òà Ìîðåíîì

â 1903 ðîöi [67]. Áóäîâà òàêèõ ãðóï äîáðå âiäîìà i ïîâíiñòþ îïèñó¹òüñÿ

â [118].

Íàñòóïíå òâåðäæåííÿ ëåãêî ïåðåâiðÿ¹òüñÿ.

Ëåìà 6.13. Åêñïîíåíòà ãðóïè F (pm, pn, pk) äîðiâíþ¹ pm äëÿ m ≥ n òà

m ≥ k, pn äëÿ n > m òà n > k, òà pk äëÿ k > m òà k > n. ßêùî x

�� åëåìåíò ìàêñèìàëüíîãî ïîðÿäêó â F (pm, pn, pk), òî iñíóþòü òàêi

òâiðíi a, b, c öi¹¨ ãðóïè, ùî àáî a = x, b = x, àáî c = x, i âèêîíóþòüñÿ

ñïiââiäíîøåííÿ ap
m

= bp
n

= cp
k

= 1, b−1ab = a1+p
m−1

, ca = ac òà cb = bc,

äå m ≥ 2, n ≥ 1 òà k ≥ 1.

Ëåìà 6.14. Íåõàé ãðóïà G içîìîðôíà F (pm, pn, pk). Òîäi äëÿ áóäü-ÿêèõ

íàòóðàëüíèõ ÷èñåë r, s, t, u âèêîíóþòüñÿ ðiâíîñòi

cu+ bs+ ar = ar(1 + spm−1) + bs+ cu
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i

(ar + bs+ cu)t = ar(t+ s

(
t

2

)
pm−1) + bst+ cut.

Äîâåäåííÿ. Íåõàé q = 1 + pm−1. Îñêiëüêè −b + a + b = a(1 − pm−1),

a+ c = c+ a òà b+ c = c+ b, òîäi b+ a = aq+ b, îòæå, bs+ ar = arqs + bs

äëÿ äîâiëüíèõ öiëèõ ÷èñåë r ≥ 0 òà s ≥ 0. Áåðó÷è äî óâàãè, ùî

qs = (1 + p2)s ≡ 1 + spm−1 (mod pm−1)

çà áiíîìiàëüíîþ ôîðìóëîþ, ìà¹ìî

cu+ bs+ ar = ar(1 + spm−1) + bs+ cu.

Äàëi,

(ar + bs+ cu)t = ar(1 + qs + . . .+ qs(t−1)) + bst+ cut

çà iíäóêöi¹þ t. Îòæå,

1 + qs + . . .+ qs(t−1) = (1 + spm−1) + . . .+ (1 + s(t− 1)pm−1) ≡

≡ t+ s

(
t

2

)
pm−1 (mod pm),

òîìó

(ar + bs+ cu)t = ar(t+ s

(
t

2

)
pm−1) + bst+ cut.

6.4.2. Ìàéæå-êiëüöÿ ç îäèíèöåþ íà ãðóïàõ F (pm, pn, pk)

Çðîçóìiëî, ùî ãðóïè F (pm, pn, pk) ¹ ïðÿìèì äîáóòêîì ìåòàöèêëi÷íèõ

ãðóï Ìiëëåðà�Ìîðåíî ïîðÿäêó pmn òà öèêëi÷íèõ ãðóï ïîðÿäêó pk. Î÷å-

âèäíî, ùî ïðÿìèé äîáóòîê ìàéæå-êiëåöü ç îäèíèöåþ ¹ ìàéæå-êiëüöåì ç

îäèíèöåþ. Îòæå, äàëi àäèòèâíà ãðóïà R içîìîðôíà ãðóïi F (pm, pn, pk).
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Íåõàé àäèòèâíà ãðóïà ìàéæå-êiëüöÿ R ç îäèíèöåþ içîìîðôíà ãðóïi

F (pm, pn, pk). Îòæå, R+ = 〈a〉 + 〈b〉 + 〈c〉 ç åëåìåíòàìè a, b, c, îäèí ç

ÿêèõ ñïiâïàäà¹ ç îäèíè÷íèì åëåìåíòîì R, òà ñïðàâåäëèâi ñïiââiäíîøåííÿ

apm = bpn = cpk = 0, a+ b = b+ a(1 + pm−1, a+ c = c+ a òà b+ c = c+ b,

äå m ≥ 2, n ≥ 1 i k ≥ 1. Áiëüø òîãî, êîæåí åëåìåíò x ∈ R îäíîçíà÷íî

çàïèñó¹òüñÿ ó âèãëÿäi x = ax1 + bx2 + cx3 ç êîåôiöi¹íòàìè 0 ≤ x1 < pm,

0 ≤ x2 < pn i 0 ≤ x3 < pk.

Ðîçãëÿäà¹òüñÿ âèïàäîê, êîëè a ñïiâïàäà¹ ç îäèíè÷íèì åëåìåíòîì R,

òîáòî xa = ax = x äëÿ êîæíîãî x ∈ R, òà p > 2. Îòæå, R+ ìà¹ åêñïîíåí-

òó pm òà m ≥ n, à òàêîæ m ≥ k. Êðiì òîãî, äëÿ êîæíîãî x ∈ R iñíóþòü

òàêi öiëi ÷èñëà α(x), β(x), γ(x), φ(x), ψ(x) i ξ(x), ùî

xb = aα(x) + bβ(x) + cγ(x)

òà

xc = aφ(x) + bψ(x) + cξ(x),

âiäïîâiäíî. Çðîçóìiëî, ùî çà ìîäóëÿìè pm, pn, pk, pm, pn òà pk âiäïîâiäíî

öi öiëi ÷èñëà îäíîçíà÷íî âèçíà÷àþòüñÿ x, i òîìó âèçíà÷åíi äåÿêi âiäîáðà-

æåííÿ α : R → Zpm, β : R → Zpn, γ : R → Zpk , φ : R → Zpm, ψ : R → Zpn

òà ξ : R→ Zpk .

Ëåìà 6.15. Íåõàé x = ax1+bx2+cx3 òà y = ay1+by2+cy3 � åëåìåíòè

ç R. ßêùî a ñïiâïàäà¹ ç îäèíè÷íèì åëåìåíòîì R, òî

xy = a(x1y1 + α(x)y2 + φ(x)y3 + (x1x2

(
y1
2

)
+ (6.2)

+α(x)x1y1y2 + α(x)β(x)

(
y2
2

)
+ x2φ(x)y1y3+

+β(x)φ(x)y2y3 + φ(x)ψ(x)

(
y3
2

)
)pm−1) + b(x2y1 + β(x)y2+

+ψ(x)y3) + c(x3y1 + γ(x)y2 + ξ(x)y3.
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Áiëüø òîãî, äëÿ âiäîáðàæåíü α : R → Zpm, β : R → Zpn, γ : R → Zpk,

φ : R → Zpm, ψ : R → Zpn òà ξ : R → Zpk ìàþòü ìiñöå òàêi

òâåðäæåííÿ:

(0) α(0) = β(0) = γ(0) = φ(0) = ψ(0) = ξ(0) = 0 òîäi i òiëüêè òîäi,

êîëè ìàéæå-êiëüöå R ¹ íóëü-ñèìåòðè÷íèì;

(1) α(a) = 0, β(a) = 1, γ(a) = 0, φ(c) = 0, ψ(c) = 0 i ξ(c) = 1;

(2) α(xy) = xα(y)+α(x)β(y)+φ(x)γ(y)+(x1x2
(
α(y)
2

)
+α(x)x1α(y)β(y)+

+α(x)β(x)

(
β(y)

2

)
+ x2φ(x)α(y)γ(y)+

+β(x)φ(x)β(y)γ(y) + φ(x)ψ(x)

(
γ(y)

2

)
)pm−1;

(3) β(xy) = x2α(y) + β(x)β(y) + ψ(x)γ(y);

(4) γ(xy) = x3α(y) + γ(x)β(y) + ξ(x)γ(y);

(5) φ(xy) = x1φ(y)+α(x)ψ(y)+φ(x)ξ(y)+(x1x2
(
φ(y)
2

)
+α(x)x1φ(y)ψ(y)+

+α(x)β(x)

(
ψ(y)

2

)
+ x2φ(x)φ(y)ξ(y)+

+β(x)φ(x)ψ(y)ξ(y) + φ(x)ψ(x)

(
ξ(y)

2

)
)pm−1;

(6) ψ(xy) = x2φ(y) + β(x)ψ(y) + ψ(x)ξ(y);

(7) ξ(xy) = x3φ(y) + γ(x)ψ(y) + ξ(x)ξ(y).

Äîâåäåííÿ. Çãiäíî ç ëiâèì äèñòðèáóòèâíèì çàêîíîì, ìà¹ìî

xy = (xa)y1 + (xb)y2 + (xc)y3 = (ax1 + bx2 + cx3)y1+

+((aα(x) + bβ(x) + cγ(x))y2 + (aφ(x) + bψ(x) + cξ(x))y3.
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Êðiì òîãî, ç ëåìè 6.14 âèïëèâà¹, ùî

(ax1 + bx2 + cx3)y1 = ax1(y1 + x2

(
y1
2

)
pm−1) + bx2y1 + cx3y1,

((aα(x) + bβ(x) + cγ(x))y2 =

= aα(x)(y2 + β(x)

(
y2
2

)
pm−1) + bβ(x)y2 + cγ(x)y2

i

(aφ(x) + bψ(x) + cξ(x))y3 =

= aφ(x)(y3 + ψ(x)

(
y3
2

)
pm−1) + bψ(x)y3 + cξ(x)y3.

Îòæå,

xy = ax1(y1 + x2

(
y1
2

)
pm−1) + aα(x)(y2+

+β(x)

(
y2
2

)
pm−1)(1 + x2y1p

m−1) + b(x2y1+

+β(x)y2) + aφ(x)(y3 + ψ(x)

(
y3
2

)
pm−1) + bψ(x)y3+

+c(x2y1 + γ(x)y2 + ξ(x)y3) = a(x1y1 + x1x2

(
y1
2

)
pm−1)+

+aα(x)(y2 + x1y1y2p
m−1 + β(x)

(
y2
2

)
pm−1) + aφ(x)(y3+

+ψ(x)

(
y3
2

)
pm−1)(1 + (x2y1 + β(x)y2)p

m−1) + b(x2y1+

+β(x)y2) + bψ(x)y3 + c(x3y1 + γ(x)y2 + ξ(x)y3) = a(x1y1+

+x1x2

(
y1
2

)
pm−1) + aα(x)(y2 + x1y1y2p

m−1+

+β(x)

(
y2
2

)
pm−1) + a(φ(x)y3 + φ(x)ψ(x)

(
y3
2

)
pm−1)(1+

x2y1p
m−1 + β(x)y2p

m−1) + b(x2y1 + β(x)y2) + bψ(x)y3 + c(x3y1+

+γ(x)y2 + ξ(x)y3) = a(x1y1 + x1x2

(
y1
2

)
pm−1) + aα(x)(y2+
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+x1y1y2p
m−1 + β(x)

(
y2
2

)
pm−1) + a(φ(x)y3 + x2φ(x)y1y3p

m−1+

+β(x)φ(x)y2y3p
m−1 + φ(x)ψ(x)

(
y3
2

)
pm−1) + b(x2y1+

+β(x)y2) + bψ(x)y3 + c(x3y1 + γ(x)y2 + ξ(x)y3).

Íàïðèêiíöi,

a(x1y1 + α(x)y2 + φ(x)y3 + (x1x2

(
y1
2

)
+ α(x)x1y1y2+

+α(x)β(x)

(
y2
2

)
+ x2φ(x)y1y3 + β(x)φ(x)y2y3+

φ(x)ψ(x)

(
y3
2

)
)pm−1) + b(x2y1 + β(x)y2 + ψ(x)y3)+

+c(x3y1 + γ(x)y2 + ξ(x)y3.

Îñêiëüêè 0 · a = a · 0 = 0, òî R ¹ íóëü-ñèìåòðè÷íèì ìàéæå-êiëüöåì òîäi

i òiëüêè òîäi, êîëè

0 = 0 · b = aα(0) + bβ(0) + cγ(0)

i

0 = 0 · c = aφ(0) + bψ(0) + cξ(0).

Åêâiâàëåíòíî ìà¹ìî α(0) ≡ 0 (mod pm), β(0) ≡ 0 (mod pn), γ(0) ≡ 0

(mod pk), φ(0) ≡ 0 (mod pm), ψ(0) ≡ 0 (mod pn), ξ(0) ≡ 0 (mod pk).

Àñîöiàòèâíiñòü ìíîæåííÿ â R îçíà÷à¹, ùî äëÿ âñiõ x, y ∈ R,

(xy)b = (x(yb) (6.3)

i

(xy)c = x(yc). (6.4)

Çãiäíî ç xb = aα(x) + bβ(x) + cγ(x), îòðèìó¹ìî

(xy)b = aα(xy) + bβ(xy) + cγ(xy) (6.5)
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i yb = aα(y) + bβ(y) + cγ(y). Ïiäñòàâëÿþ÷è îñòàíí¹ ðiâíÿííÿ â ïðàâó

÷àñòèíó ðiâíîñòi (6.3), òàêîæ ìà¹ìî

x(yb) = a(x1α(y) + α(x)β(y) + φ(x)γ(y) + (x1x2

(
α(y)

2

)
+ (6.6)

+α(x)x1α(y)β(y) + α(x)β(x)

(
β(y)

2

)
+ x2φ(x)α(y)γ(y)+

+β(x)φ(x)β(y)γ(y) + φ(x)ψ(x)

(
γ(y)

2

)
)pm−1) + b(x2α(y)+

+β(x)β(y) + ψ(x)γ(y)) + c(x3α(y) + γ(x)β(y) + ξ(x)γ(y)).

Îñêiëüêè ðiâíiñòü (6.3) ïåðåäáà÷à¹ êîíãðóåíòíiñòü âiäïîâiäíèõ êîåôi-

öi¹íòiâ ó ôîðìóëàõ (6.5) òà (6.6), îòðèìó¹ìî òâåðäæåííÿ (2)�(4).

α(xy) = xα(y) + α(x)β(y) + φ(x)γ(y) + (x1x2

(
α(y)

2

)
+

+α(x)x1α(y)β(y) + α(x)β(x)

(
β(y)

2

)
+ x2φ(x)α(y)γ(y)+

+β(x)φ(x)β(y)γ(y) + φ(x)ψ(x)

(
γ(y)

2

)
)pm−1;

β(xy) = x2α(y) + β(x)β(y) + ψ(x)γ(y);

γ(xy) = x3α(y) + γ(x)β(y) + ξ(x)γ(y).

Äàëi, çãiäíî ç xc = aφ(x) + bψ(x) + cξ(x) çàìiñòü y ó ðiâíîñòi (6.4),

îòðèìó¹ìî

(xy)c = aφ(xy) + bψ(xy) + cξ(xy) (6.7)

i yc = aφ(y) + bψ(y) + cξ(y). Ïiäñòàâëÿþ÷è îñòàíí¹ ðiâíÿííÿ â ïðàâó

÷àñòèíó ðiâíîñòi (6.4), òàêîæ ìà¹ìî

x(yc) = a(x1φ(y) + α(x)ψ(y) + φ(x)ξ(y) + (x1x2

(
φ(y)

2

)
+ (6.8)

+α(x)x1φ(y)ψ(y) + α(x)β(x)

(
ψ(y)

2

)
+ x2φ(x)φ(y)ξ(y)+
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+β(x)φ(x)ψ(y)ξ(y) + φ(x)ψ(x)

(
ξ(y)

2

)
)pm−1)+

+b(x2φ(y) + β(x)ψ(y) + ψ(x)ξ(y)) + c(x3φ(y) + γ(x)ψ(y) + ξ(x)ξ(y)).

Íàðåøòi, ïîðiâíþþ÷è êîåôiöi¹íòè ïðè a, b òà c ó ôîðìóëàõ (6.7) òà (6.8),

ìè îòðèìó¹ìî òâåðäæåííÿ (5)�(7) ëåìè.

φ(xy) = x1φ(y) + α(x)ψ(y) + φ(x)ξ(y) + (x1x2

(
φ(y)

2

)
+

+α(x)x1φ(y)ψ(y) + α(x)β(x)

(
ψ(y)

2

)
+ x2φ(x)φ(y)ξ(y)+

+β(x)φ(x)ψ(y)ξ(y) + φ(x)ψ(x)

(
ξ(y)

2

)
)pm−1;

ψ(xy) = x2φ(y) + β(x)ψ(y) + ψ(x)ξ(y);

ξ(xy) = x3φ(y) + γ(x)ψ(y) + ξ(x)ξ(y).

6.4.3. Ëîêàëüíi ìàéæå-êiëüöÿ, àäèòèâíi ãðóïè ÿêèõ içîìîðô-

íi F (pm, pn, pk)

Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà ÿêîãî R+ içîìîð-

ôíà F (pm, pn, pk). Òîäi R+ = 〈a〉 + 〈b〉 + 〈c〉 ç åëåìåíòàìè a, b òà c, äå
a ñïiâïàäà¹ ç îäèíè÷íèì åëåìåíòîì R òà âèêîíóþòüñÿ ñïiââiäíîøåííÿ

ap
m

= bp
n

= cp
k

= 1, b−1ab = a1+p
m−1

, ca = ac òà cb = bc, äå m ≥ 2,

n ≥ 1 òà k ≥ 1. Moreover, each element x ∈ R is uniquely written in the

form x = ax1 + bx2 + cx3 with coe�cients 0 ≤ x1 < pm, 0 ≤ x2 < pn and

0 ≤ x3 < pk.

Íåõàé ó öüîìó ðîçäiëi R áóäå ëîêàëüíèì ìàéæå-êiëüöåì ç |R : L| = p.

Ðîçãëÿíåìî, ùî a ñïiâïàäà¹ ç îäèíè÷íèì åëåìåíòîì R, òàê ùî xa =

ax = x äëÿ êîæíîãî x ∈ R, m ≥ n òà m ≥ k. Êðiì òîãî, äëÿ êîæíîãî
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x ∈ R iñíóþòü òàêi öiëi ÷èñëà α(x), β(x), γ(x), φ(x), ψ(x) òà ξ(x), ùî

xb = aα(x) + bβ(x) + cγ(x)

i

xc = aφ(x) + bψ(x) + cξ(x),

âiäïîâiäíî. Çðîçóìiëî, ùî çà ìîäóëÿìè pm, pn, pk, pm, pn òà pk, âiäïîâiäíî,

öi öiëi ÷èñëà îäíîçíà÷íî âèçíà÷àþòüñÿ x, i òîìó âèçíà÷åíi äåÿêi âiäîáðà-

æåííÿ α : R → Zpm, β : R → Zpn, γ : R → Zpk , φ : R → Zpm, ψ : R → Zpn

òà ξ : R→ Zpk .

ßêùî |R : L| = p, òî L = 〈ap〉 + 〈b〉 + 〈c〉. Îñêiëüêè R∗ = R \ L, òî
âèïëèâà¹, ùî

R∗ = ax1 + bx2 + cx3|x1 6≡ 0 (mod pm)

i x = ax1+bx2+cx3 ¹ îáîðîòíèì òîäi i òiëüêè òîäi, êîëè x1 6≡ 0 (mod pm).

Îñêiëüêè L ¹ (R,R)-ïiäãðóïîþ â R+ çãiäíî ç òâåðäæåííÿì 1) ëåìè 3.4,

òî xb ∈ L òà xc ∈ L, îòæå aα(x) ∈ L òà aφ(x) ∈ L äëÿ êîæíîãî x ∈
R. Òàêèì ÷èíîì, α(x) ≡ 0 (mod p) òà φ(x) ≡ 0 (mod p). Îòæå, äëÿ

ëîêàëüíèõ ìàéæå-êiëåöü R ìà¹ìî òàêå æ ìíîæåííÿ, ÿê i äëÿ ìàéæå-

êiëåöü ç îäèíèöåþ, òîáòî ìíîæåííÿ (6.2).

Ëåìà 6.16. Íåõàé x = ax1+bx2+cx3 òà y = ay1+by2+cy3 � åëåìåíòè R

òà |R : L| = p. ßêùî a ñïiâïàäà¹ ç îäèíè÷íèì åëåìåíòîì R, òî m ≥ n,

m ≥ k òà ìíîæåííÿ (6.2) âèêîíó¹òüñÿ äëÿ âiäîáðàæåíü ç ëåìè 6.15.

Äàëi, íàâåäåìî ïðèêëàäè ëîêàëüíèõ ìàéæå-êiëåöü.

Ëåìà 6.17. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà ÿêîãî

R+ içîìîðôíà F (pm, pn, pk), |R : L| = p, m ≥ n òà m ≥ k. ßêùî x =

ax1 + bx2 + cx3, y = ay1 + by2 + cy3, òî âiäîáðàæåííÿ α : R → Zpm,

β : R → Zpn, γ : R → Zpk, φ : R → Zpm, ψ : R → Zpn òà ξ : R → Zpk
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ìîæóòü áóòè íàñòóïíèìè: φ(x) ≡ 0 (mod pm), ψ(x) ≡ 0 (mod pm),

α(x) ≡ 0 (mod pm), γ(x) ≡ 0 (mod pk), ξ(x) ≡ 0 (mod pk),

β(x) =

{
1, ÿêùî x1 6≡ 0 (mod p);

0, ÿêùî x1 ≡ 0 (mod p).

Äîâåäåííÿ. Ëåãêî ïåðåâiðèòè, ùî ôóíêöi¨ ç òâåðäæåííÿ ëåìè çàäîâîëü-

íÿþòü óìîâó ëåìè 6.16.

ßê íàñëiäîê ëåìè 6.17 ìà¹ìî íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 6.18. Äëÿ êîæíîãî íåïàðíîãî ïðîñòîãî ÷èñëà p, m ≥ n òà

m ≥ k iñíó¹ ëîêàëüíå ìàéæå-êiëüöå R, àäèòèâíà ãðóïà ÿêîãî R+ içî-

ìîðôíà F (pm, pn, pk).

Íàâåäåìî ïðèêëàä ëîêàëüíîãî ìàéæå-êiëüöÿ íà ãðóïi F (25, 5, 5).

Ïðèêëàä 6.19. Íåõàé G ∼= (C25oC5)×C5 [625,13]. ßêùî x = ax1+bx2+

cx3 i y = ay1 + by2 + cy3 ∈ G, òà (G,+, ·) ¹ ëîêàëüíèì ìàéæå-êiëüöåì,

òîäi ÿê âèùå �·� ìîæå áóòè íàñòóïíèì:

x · y = a(x1y1 + β(x)x1x2

(
y1
2

)
∗ 5) + b(x2y1 + β(x)y2) + c(x3y1 + y3),

äå

β(x) =

{
1, ÿêùî x1 6≡ 0 (mod 5);

0, ÿêùî x1 ≡ 0 (mod 5).

Íàñòóïíà êîìï'þòåðíà ïðîãðàìà ïåðåâiðÿ¹, ùî ìàéæå-êiëüöå îòðèìà-

íà â ïðèêëàäi 6.19 ¹ äiéñíî ëîêàëüíèì ìàéæå-êiëüöåì.

# Â ñåðåäîâèùi ñèñòåìè GAP çàâàíòàæó¹ìî ïàêåò LocalNR.

LoadPackage(“LocalNR”);

# G � ãðóïà ç IdGroup [625, 13].

G := SmallGroup(625, 13);

# gen � ñïèñîê, ùî ìiñòèòü ìiíiìàëüíó ñèñòåìó òâiðíèõ.

gen := MinimalGeneratingSet(G);
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# Ïîâåðòà¹ìî ñïèñîê ç ïîðÿäêàìè òâiðíèõ çi ñïèñêó gen.

List(gen,Order);

# a � ïåðøèé åëåìåíò çi ñïèñêó gen.

a := gen[1];

# b � äðóãèé åëåìåíò çi ñïèñêó gen.

b := gen[2];

# c � òðåòié åëåìåíò çi ñïèñêó gen.

c := gen[3];

# mulGR � ôóíêöiÿ ìàéæå-êiëüöåâîãî äîáóòêó.

mulGR := function(x, y)

local x1, x2, x3, y1, y2, y3;

for x1 in [0..24] do

for x2 in [0..4] do

for x3 in [0..4] do

for y1 in [0..25] do

for y2 in [0..4] do

for y3 in [0..4] do

if x = a∧x1 ∗ b∧x2 ∗ c∧x3 and y = a∧y1 ∗ b∧y2 ∗ c∧y3 then return

a∧(x1 ∗ y1 + x1 ∗ x2 ∗ Binomial(y1, 2) ∗ 5) ∗ b∧(x2 ∗ y1 + y2) ∗ c∧(x3 ∗
y1 + y3); fi;

od; od; od; od; od; od; end;

# n � ìàéæå-êiëüöå íà ãðóïi G òà ç ìíîæåííÿì mulGR (áåç ïåðåâið-

êè).

n := ExplicitMultiplicationNearRingNC(G,mulGR);

# M � òàáëèöÿ ìíîæåííÿ ìàéæå-êiëüöÿ n.

M := MultiplicationTable(n); ;

# mulNR � ìàéæå-êiëüöåâå ìíîæåííÿ, ùî îòðèìàíî çà äîïîìîãîþ

òàáëèöi M .



240

mulNR :=

NearRingMultiplicationByOperationTable(G,M,AsSortedList(G));

# n � ìàéæå-êiëüöå íà ãðóïi G òà ç ìíîæåííÿì mulNR (ç ïåðåâið-

êîþ).

n := ExplicitMultiplicationNearRing(G,muNR);

# Ïåðåâiðêà, ÷è ¹ ìàéæå-êiëüöå n ëîêàëüíèì.

IsLocalNearRing(n);

Ç [19], [111] i [109] ìà¹ìî íàñòóïíó êiëüêiñòü âñiõ íåiçîìîðôíèõ íóëü-

ñèìåòðè÷íèõ ëîêàëüíèõ ìàéæå-êiëåöü íà ãðóïi G ç ïðèêëàäó 6.19.

IdGroup(R+) StructureDescription(R+) n(R+)

[625, 13] (C25 o C5)× C5 630

6.5. Ïðÿìi äîáóòêè íåìåòàöèêëi÷íèõ p-ãðóï Ìiëëåðà�

Ìîðåíî òà öèêëi÷íèõ p-ãðóï ÿê àäèòèâíi ãðóïè

ëîêàëüíèõ ìàéæå-êiëåöü

6.5.1. Ïîïåðåäíi ðåçóëüòàòè

Ëåìà 6.20. Íåìåòàöèêëi÷íi p-ãðóïè Ìiëëåðà�Ìîðåíî içîìîðôíi ãðóïi

G = (〈a〉 × 〈c〉) o 〈b〉 ïîðÿäêó pm+n+1 (p � ïðîñòå ÷èñëî) ç |a| = pm,

|b| = pn, |c| = p, b−1ab = ac, b−1cb = c, äå m ≥ n ≥ 1 òà m + n> 2 ïðè

p = 2.

Ðîçãëÿíåìî ïðÿìèé äîáóòîê íåìåòàöèêëi÷íî¨ p-ãðóïè Ìiëëåðà�

Ìîðåíî òà öèêëi÷íî¨ p-ãðóïè. ßê áåçïîñåðåäíié íàñëiäîê ëåìè 6.20, ìà¹ìî

íàñòóïíó ëåìó.
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Ëåìà 6.21. Íåõàé G ïðÿìèé äîáóòîê íåìåòàöèêëi÷íî¨ p-ãðóïè

Ìiëëåðà�Ìîðåíî òà öèêëi÷íî¨ p-ãðóïè. Òîäi G ¹ ãðóïîþ íàñòóïíî-

ãî òèïó: ãðóïà G = ((〈a〉 × 〈c〉) o 〈b〉) × 〈d〉 ïîðÿäêó pm+n+k+1 ç

ap
m

= bp
n

= cp = dp
k

= 1, b−1ab = ac, b−1cb = c, d−1ad = a, d−1bd = b,

d−1cd = c, äå m ≥ n ≥ 1 òà m+ n> 2 ïðè p = 2.

Ïîçíà÷èìî ÷åðåç F (pm, pn, p, pk) àäèòèâíî çàïèñàíó ãðóïó ç ëåìè 6.21

ç òàêèìè òâiðíèìè a, b, c òà d ïîðÿäêiâ pm, pn, p òà pk, âiäïîâiäíî, ùî

−b + a + b = a + c, −b + c + b = c, −d + a + d = a, −d + b + d = b,

−d+ c+ d = c, äå m ≥ n ≥ 1 òà m+ n> 2 ïðè p = 2.

Ëåìà 6.22. Äëÿ äîâiëüíèõ öiëèõ ÷èñåë r òà s â ãðóïi F (pm, pn, p, pk)

âèêîíóþòüñÿ ñïiââiäíîøåííÿ:

−ar − bs+ ar + bs = crs, bs+ ar = −crs+ ar + bs.

Äîâåäåííÿ. Îñêiëüêè −b + a + b = a + c, òî −bs + a + bs = a + cs. Òîäi

−bs+ ar+ bs = (a+ cs)r = ar+ crs. Çâiäñè bs+ ar = −crs+ ar+ bs.

Ëåìà 6.23. Äëÿ áóäü-ÿêèõ íàòóðàëüíèõ ÷èñåë r, t, s â ãðóïi

F (pm, pn, p, pk) ñïðàâåäëèâå ñïiââiäíîøåííÿ:

(ar + bs)t = art+ bst− crs
(
t

2

)
. (6.9)

Äîâåäåííÿ. Äîâåäåííÿ ïðîâåäåìî iíäóêöi¹þ ïî t. Ïðè t = 1 ðiâíiñòü âið-

íà. Íåõàé ïðè t âèêîíó¹òüñÿ ðiâíiñòü, òîáòî

(ar + bs)t = art+ bst− crs
(
t

2

)
.

Ïîêàæåìî ñïðàâåäëèâiñòü ðiâíîñòi ïðè t+ 1:

(ar + bs)(t+ 1) = art+ bst+ ar + bs− crs
(
t

2

)
=

= ar(t+ 1) + bs(t+ 1)− crst− crs
(
t

2

)
=
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= ar(t+ 1) + bs(t+ 1)− crs(t+

(
t

2

)
) =

= ar(t+ 1) + bs(t+ 1)− crs
(
t+ 1

2

)
.

Îòæå, ðiâíiñòü (6.9) ñïðàâåäëèâà ïðè áóäü-ÿêîìó t.

Ëåìà 6.24. ßêùî m ≥ n ≥ 1, m ≥ k òà m > 1 ïðè p = 2, òî åêñïî-

íåíòà ãðóïè F (pm, pn, p, pk) äîðiâíþ¹ pm.

Äîâåäåííÿ. Äiéñíî, äëÿ êîæíîãî x ∈ F (pm, pn, p, pk) iñíóþòü òàêi öiëi

÷èñëà α, β, γ, φ, ùî x = aαbβcγdφ.

xp
m

= (aαbβcγdφ)p
m

= (aαbβ)p
m

cγp
m

dφp
m

=

= aαp
m

bβp
m

c−αβ(
pm

2 ) = aαp
m

bβp
m

c−αβ
pm(pm−1)

2 = 1.

Îñêiëüêè |a| = pm òà m ≥ n ≥ 1 ç m > 1 ïðè p = 2, òî pm åêñïîíåíòà

ãðóïè F (pm, pn, p, pk).

6.5.2. Ìàéæå-êiëüöÿ ç îäèíèöåþ íà ãðóïàõ F (pm, pn, p, pk)

Íåõàé àäèòèâíîþ ãðóïîþ ìàéæå-êiëüöÿ R ç îäèíèöåþ ¹ ïðÿìèé äî-

áóòîê äåÿêèõ íåìåòàöèêëi÷íèõ p-ãðóï Ìiëëåðà�Ìîðåíî òà äåÿêèõ öèêëi-

÷íèõ p-ãðóï. À îòæå, içîìîðôíà ãðóïi F (pm, pn, p, pk).

Ðîçãëÿíåìî ãðóïè F (pm, pn, p, pk) ç m ≥ n ≥ 1, m ≥ k òà n > 1, ïðè

p = 2.

Ëåìà 6.25. Íåõàé R � ìàéæå-êiëüöå ç îäèíèöåþ i, àäèòèâíà ãðóïà

R+ ÿêîãî içîìîðôíà ãðóïi F (pm, pn, p, pk) ç m ≥ n ≥ 1, m ≥ k òà n > 1

ïðè p = 2. Òîäi R+ = 〈a〉 + 〈b〉 + 〈c〉 + 〈d〉 ç åëåìåíòàìè a, b, c òà

d, ùî çàäîâîëüíÿþòü ñïiââiäíîøåííÿì apm = bpn = cp = dpk = 0,



243

−b+a+b = a+c, −b+c+b = c, −d+a+d = a, −d+b+d = b, −d+c+d = c.

Ïðè÷îìó a = i òà êîæíèé åëåìåíò x ∈ R îäíîçíà÷íî çàïèñó¹òüñÿ

ó âèãëÿäi x = ax1 + bx2 + cx3 + dx4 ç êîåôiöi¹íòàìè 0 ≤ x1 < pm,

0 ≤ x2 <p
n, 0 ≤ x3 <p òà 0 ≤ x4 <p

k.

Äîâåäåííÿ. Îñêiëüêè çà ëåìîþ 2.2 îäèíèöÿ i ¹ åëåìåíòîì ìàêñèìàëüíîãî

ïîðÿäêó â ãðóïi R+, òî òâiðíèé åëåìåíò a öi¹¨ ãðóïè ìîæíà âèáðàòè òàê,

ùîá âií ñïiâïàäàâ ç i. Ðåøòà âèïëèâà¹ ç îçíà÷åííÿ ãðóïè F (pm, pn, p, pk).

Çîêðåìà, ç ëåìè 6.25 âèïëèâà¹, ùî äëÿ êîæíîãî x ∈ R âèêîíó¹òüñÿ

ðiâíiñòü xa = ax = x òà iñíóþòü îäíîçíà÷íî âèçíà÷åíi âiäîáðàæåííÿ

αb : R→ Zpm, βb : R→ Zpn, γb : R→ Zp, φb : R→ Zpk òà αd : R→ Zpm,
βd : R→ Zpn, γd : R→ Zp, φd : R→ Zpk , äëÿ ÿêèõ

xb = aαb(x) + bβb(x) + cγb(x) + dφb(x), (6.10)

òà

xd = aαd(x) + bβd(x) + cγd(x) + dφd(x). (6.11)

Òåîðåìà 6.26. ßêùî x = ax1+bx2+cx3+dx4 òà y = ay1+by2+cy3+dy4

� äîâiëüíi åëåìåíòè iç R, òî

xy = a(x1y1 + αb(x)y2 + αd(x)y4) + b(x2y1 + βb(x)y2+ (6.12)

+βd(x)y4) + c(x3y1 + γb(x)y2 + x1βb(x)y3−

−x2αb(x)y3 + γd(x)y4 − x1x2
(
y1
2

)
−

−αb(x)βb(x)

(
y2
2

)
− αd(x)βd(x)

(
y4
2

)
−

−x2αb(x)y1y2 − x2αd(x)y1y2 − αd(x)βb(x)y2
2)+

+d(x4y1 + φb(x)y2 + φd(x)y4),
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ïðè÷îìó äëÿ âiäîáðàæåíü αb : R→ Zpm, βb : R→ Zpn, γb : R→ Zp,
φb : R→ Zpk òà αd : R→ Zpm, βd : R→ Zpn, γd : R→ Zp, φd : R→ Zpk
âèêîíóþòüñÿ íàñòóïíi òâåðäæåííÿ:

(0) αb(0) ≡ 0 (mod pm), βb(0) ≡ 0 (mod pn), γb(0) ≡ 0 (mod p),

φb(0) ≡ 0 (mod pk), αd(0) ≡ 0 (mod pm), βd(0) ≡ 0 (mod pn),

γd(0) ≡ 0 (mod p), φd(0) ≡ 0 (mod pk) òîäi i òiëüêè òîäi, êîëè

ìàéæå-êiëüöå R ¹ íóëü-ñèìåòðè÷íèì;

(1) αb(xy) ≡ x1αb(y) + αb(x)βb(y) + αd(x)φb(y) (mod pm);

(2) βb(xy) ≡ x2αb(y) + βb(x)βb(y) + βd(x)φb(y) (mod pn);

(3) γb(xy) ≡ x3αb(y) + γb(x)βb(y) + x1βb(x)γb(y)− x2αb(x)γb(y)+

+γd(x)φb(y)− x1x2
(
αb(y)

2

)
− αb(x)βb(x)

(
βb(y)

2

)
−

−αd(x)βd(x)

(
φb(y)

2

)
− x2αb(x)αb(y)βb(y)− x2αd(x)αb(y)βb(y)−

−αd(x)βb(x)βb(y)2 (mod p);

(4) φb(xy) ≡ x4αb(y) + φb(x)βb(y) + φd(x)φb(y) (mod pk);

(5) αd(xy) ≡ x1αd(y) + αb(x)βd(y) + αd(x)φd(y) (mod pm);

(6) βd(xy) ≡ x2αd(y) + βb(x)βd(y) + βd(x)φd(y) (mod pn);

(7) γd(xy) ≡ x3αd(y) + γb(x)βd(y) + x1βb(x)γd(y)− x2αb(x)γd(y)+

+γd(x)φd(y)− x1x2
(
αd(y)

2

)
− αb(x)βb(x)

(
βd(y)

2

)
−

−αd(x)βd(x)

(
φd(y)

2

)
− x2αb(x)αd(y)βd(y)− x2αd(x)αd(y)βd(y)−

−αd(x)βb(x)βd(y)2 (mod p);

(8) φd(xy) ≡ x4αd(y) + φb(x)βd(y) + φd(x)φd(y) (mod pk).
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Äîâåäåííÿ. ßêùî ìàéæå-êiëüöå R ¹ íóëü-ñèìåòðè÷íèì, òî

0 = 0 · b = aαb(0) + bβb(0) + cγb(0) + dφb(0),

òà

0 = 0 · d = aαd(0) + bβd(0) + cγd(0) + dφd(0).

Çâiäñè αb(0) ≡ 0 (mod pm), βb(0) ≡ 0 (mod pn), γb(0) ≡ 0 (mod p),

φb(0) ≡ 0 (mod pk), αd(0) ≡ 0 (mod pm), βd(0) ≡ 0 (mod pn), γd(0) ≡ 0

(mod p), φd(0) ≡ 0 (mod pk). Íàâïàêè, ÿêùî ìàþòü ìiñöå âêàçàíi êîí-

ãðóåíòíîñòi, òî

0 · b = a · 0 + b · 0 + c · 0 + d · 0 = 0.

Òàêîæ 0 ·a = a ·0 = 0, îñêiëüêè a � ìóëüòèïëiêàòèâíà îäèíèöÿ â R. Êðiì

òîãî, ç ðiâíîñòi c = −a − b + a + b òà ëiâî¨ äèñòðèáóòèâíîñòi ìíîæåííÿ

âèïëèâà¹

0 · c = −0 · a− 0 · b+ 0 · a+ 0 · b = 0,

çâiäêè

0 · x = 0 · (ax1 + bx2 + cx3d+ x4) =

= (0 · a)x1 + (0 · b)x2 + (0 · c)x3 + (0 · d)x4 = 0.

Îòæå, ìàéæå-êiëüöåR ¹ íóëü-ñèìåòðè÷íèì, ùî äîâîäèòü òâåðäæåííÿ (0).

Äàëi, âðàõîâóþ÷è ðiâíiñòü (6.10) òà ëåìó 6.22, ìà¹ìî

xc = −xa− xb+ xa+ xb = −cx3 − bx2 − ax1 − cγb(x)−

−bβb(x)− aαb(x) + ax1 + bx2 + cx3 + aαb(x)+

+bβb(x) + cγb(x) = −bx2 − ax1 − bβb(x)− aαb(x)+

+ax1 + bx2 + aαb(x) + bβb(x) = −bx2 + cx1βb(x)−

−bβb(x)− ax1 − a(αb(x)− x1) + bx2 + aαb(x) + bβb(x) =

= cx1βb(x)− b(x2 + βb(x))− aαb(x) + bx2 + aαb(x)+
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+bβb(x) = cx1βb(x)− b(x2 + βb(x))− aαb(x)−

−cx2αb(x) + aαb(x) + bx2 + bβb(x) = c(x1βb(x)−

−x2αb(x))− b(x2 + βb(x)) + bx2 + bβb(x) =

= c(x1βb(x)− x2αb(x)).

Îòæå,

xy = (ax1 + bx2 + cx3 + dx4)y1 + (aαb(x) + bβb(x) + cγb(x)+

+dφb(x))y2 + (cx1βb(x)− x2αb(x))y3 + (aαd(x)+

+bβd(x) + cγd(x) + dφd(x))y4.

Çà ëåìîþ 6.23, îòðèìó¹ìî

� (ax1 + bx2)y1 = ax1y1 + bx2y1 − cx1x2
(
y1
2

)
;

� (aαb(x) + bβb(x))y2 = aαb(x)y2 + bβb(x)y2 − cαb(x)βb(x)
(
y2
2

)
;

� (aαd(x) + bβd(x))y4 = aαd(x)y4 + bβd(x)y4 − cαd(x)βd(x)
(
y4
2

)
;

� bx2y1 + aαb(x)y2 = aαb(x)y2 + bx2y1 − cx2αb(x)y1y2;

� b(x2y1 + βb(x)y2) + aαd(x)y4 = aαd(x)y2 + b(x2y1 + βb(x)y2)−

−cαd(x)y2(x2y1 + βb(x)y2) = aαd(x)y2 + b(x2y1 + βb(x)y2)−

−c(x2αd(x)y1y2 + αd(x)βb(x)y2
2).

Çâiäñè, âðàõîâóþ÷è ëiâó äèñòðèáóòèâíiñòü, îäåðæó¹ìî

xy = a(x1y1 + αb(x)y2 + αd(x)y4) + b(x2y1 + βb(x)y2 + βd(x)y4)+

+c(x3y1 + γb(x)y2 + x1βb(x)y3 − x2αb(x)y3 + γd(x)y4−

−x1x2
(
y1
2

)
− αb(x)βb(x)

(
y2
2

)
− αd(x)βd(x)

(
y4
2

)
−

−x2αb(x)y1y2 − x2αd(x)y1y2 − αd(x)βb(x)y2
2)+
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+d(x4y1 + φb(x)y2 + φd(x)y4).

Êðiì òîãî, â ñèëó çàêîíó àñîöiàòèâíîñòi, äëÿ âñiõ x, y ∈ R ñïðàâåäëèâi

ðiâíîñòi

(xy)b = x(yb), (6.13)

òà

(xy)d = x(yd). (6.14)

Çãiäíî ç ðiâíîñòi (6.10), ìà¹ìî

(xy)b = aαb(xy) + bβb(xy) + cγb(xy) + dφb(xy), (6.15)

òà

yb = aαb(y) + bβb(y) + cγb(y) + dφb(y).

Ïiäñòàâèâøè îñòàííié âèðàç â ïðàâó ÷àñòèíó ðiâíîñòi (6.13), âèâîäèìî

x(yb) = a(x1αb(y) + αb(x)βb(y) + αd(x)φb(y)) + b(x2αb(y)+ (6.16)

+βb(x)βb(y) + βd(x)φb(y)) + c(x3αb(y) + γb(x)βb(y)+

+x1βb(x)γb(y)− x2αb(x)γb(y) + γd(x)φb(y)− x1x2
(
αb(y)

2

)
−

−αb(x)βb(x)

(
βb(y)

2

)
− αd(x)βd(x)

(
φb(y)

2

)
−

−x2αb(x)αb(y)βb(y)− x2αd(x)αb(y)βb(y)−

−αd(x)βb(x)βb(y)2) + d(x4αb(y)+

+φb(x)βb(y) + φd(x)φb(y)).

Îñêiëüêè ç ðiâíîñòi (6.13) âèïëèâà¹ êîíãðóåíòíiñòü âiäïîâiäíèõ êîåôi-

öi¹íòiâ â ôîðìóëàõ (6.15) òà (6.16), òî çâiäñè îòðèìó¹ìî òâåðäæåííÿ (1)�

(4). Çãiäíî ç ðiâíîñòi (6.11) ìà¹ìî:

(xy)d = aαd(xy) + bβd(xy) + cγd(xy) + dφd(xy) (6.17)
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òà

yd = aαd(y) + bβd(y) + cγd(y) + dφd(y).

Ïiäñòàâèìî îòðèìàíèé âèðàç â ïðàâó ÷àñòèíó ðiâíîñòi (6.14), îòðèìà¹ìî

x(yd) = a(x1αd(y) + αb(x)βd(y) + αd(x)φd(y)) + b(x2αb(y)+ (6.18)

+βb(x)βd(y) + βd(x)φd(y)) + c(x3αd(y) + γb(x)βd(y)+

+x1βb(x)γd(y)− x2αb(x)γd(y) + γd(x)φd(y)− x1x2
(
αd(y)

2

)
−

−αb(x)βb(x)

(
βd(y)

2

)
− αd(x)βd(x)

(
φd(y)

2

)
−

−x2αb(x)αd(y)βd(y)− x2αd(x)αd(y)βd(y)−

−αd(x)βb(x)βd(y)2) + d(x4αd(y)+

+φb(x)βd(y) + φd(x)φd(y)).

Îñêiëüêè ç ðiâíîñòi (6.14) âèïëèâà¹ êîíãðóåíòíiñòü âiäïîâiäíèõ êîåôiöi-

¹íòiâ â ôîðìóëàõ (6.17) òà (6.18), òî çâiäñè ìà¹ìî òâåðäæåííÿ (5)�(8).

Ëåìó äîâåäåíî.

6.5.3. Ëîêàëüíi ìàéæå-êiëüöÿ íà ãðóïàõ F (pm, pn, p, pk)

Íåõàé àäèòèâíîþ ãðóïîþ ëîêàëüíîãî ìàéæå-êiëüöÿ R ¹ ïðÿìèé äî-

áóòîê äåÿêî¨ íåìåòàöèêëi÷íî¨ p-ãðóïè Ìiëëåðà�Ìîðåíî òà äåÿêî¨ öè-

êëi÷íî¨ p-ãðóïè. À îòæå, R+ içîìîðôíà ãðóïi F (pm, pn, p, pk). Òîäi

R+ = 〈a〉+〈b〉+〈c〉+〈d〉 ç åëåìåíòàìè a, b, c òà d, ùî çàäîâîëüíÿþòü ñïiâ-
âiäíîøåííÿì apm = bpn = cp = dpk = 0, −b+a+ b = a+ c, −b+ c+ b = c,

−d+ a+ d = a, −d+ b+ d = b, −d+ c+ d = c. Ïðè÷îìó a ¹ îäèíè÷íèì
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åëåìåíòîì â R òà êîæíèé åëåìåíò x ∈ R îäíîçíà÷íî çàïèñó¹òüñÿ ó âè-

ãëÿäi x = ax1 + bx2 + cx3 + dx4 ç êîåôiöi¹íòàìè 0 ≤ x1 <p
m, 0 ≤ x2 <p

n,

0 ≤ x3 < p òà 0 ≤ x4 < pk. Çîêðåìà, äëÿ êîæíîãî x ∈ R âèêîíó¹òüñÿ

ðiâíiñòü xa = ax = x òà iñíóþòü îäíîçíà÷íî âèçíà÷åíi âiäîáðàæåííÿ

αb : R→ Zpm, βb : R→ Zpn, γb : R→ Zp, φb : R→ Zpk òà αd : R→ Zpm,
βd : R→ Zpn, γd : R→ Zp, φd : R→ Zpk , äëÿ ÿêèõ âèêîíóþòüñÿ ðiâíîñòi
(6.10) òà (6.11).

Íåõàé äàëi ìíîæèíà L âñiõ íåîáîðîòíèõ åëåìåíòiâ ìàéæå-êiëüöÿ R ¹

ïiäãðóïîþ iíäåêñó p â R+.

Ëåìà 6.27. ßêùî |R : L| = p òà a � îäèíèöÿ â R, òî ìàþòü ìiñöå

íàñòóïíi òâåðäæåííÿ:

1. L = 〈a · p〉+ 〈b〉+ 〈c〉+ 〈d〉;

2. åëåìåíò x = ax1 + bx2 + cx3 +dx4 ¹ îáîðîòíèì òîäi i òiëüêè òîäi,

êîëè x1 6≡ 0 ( mod p ).

Äîâåäåííÿ. Îñêiëüêè a 6∈ L òà ap ∈ L, òî

L = 〈a · p〉+ 〈b〉+ 〈c〉+ 〈d〉.

Ç òîãî, ùî R∗ = R \ L âèïëèâà¹, ùî

R∗ = {ax1 + bx2 + cx3 + dx4|x1 6≡ 0 ( mod p ).

Çàñòîñîâóþ÷è òâåðäæåííÿ 1) ëåìè 6.27 äî òåîðåìè 6.26, îòðèìó¹ìî

íàñòóïíó ôîðìóëó äëÿ äîáóòêó xy äîâiëüíèõ åëåìåíòiâ x = ax1 + bx2 +

cx3 + dx4 òà y = ay1 + by2 + cy3 + dy4 ëîêàëüíîãî ìàéæå-êiëüöÿ R.

Íàñëiäîê 6.28. ßêùî x, y ∈ R, |R : L| = p,

xb = aαb(x) + bβb(x) + cγb(x) + dφb(x)
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òà

xd = aαd(x) + bβd(x) + cγd(x) + dφd(x),

òî

xy = a(x1y1 + αb(x)y2 + αd(x)y4) + b(x2y1+ (6.19)

+βb(x)y2 + βd(x)y4) + c
(
x3y1 + γb(x)y2 + x1βb(x)y3+

+γd(x)y4 − x1x2
(
y1
2

))
+ d
(
x4y1 + φb(x)y2 + φd(x)y4

)
,

ïðè÷îìó äëÿ âiäîáðàæåíü αb : R→ Zpm, βb : R→ Zpn, γb : R→ Zp,
φb : R→ Zpk òà αd : R→ Zpm, βd : R→ Zpn, γd : R→ Zp, φd : R→ Zpk
âèêîíóþòüñÿ íàñòóïíi òâåðäæåííÿ:

0) αb(0) ≡ 0 (mod pm), βb(0) ≡ 0 (mod pn), γb(0) ≡ 0 (mod p),

φb(0) ≡ 0 (mod pk), αd(0) ≡ 0 (mod pm), βd(0) ≡ 0 (mod pn),

γd(0) ≡ 0 (mod p), φd(0) ≡ 0 (mod pk) òîäi i òiëüêè òîäi, êîëè

ìàéæå-êiëüöå R ¹ íóëü-ñèìåòðè÷íèì;

1) αb(x) ≡ 0 (mod p);

2) ÿêùî βb(x) ≡ 0 ( mod p), òî x1 ≡ 0 (mod p);

3) αb(xy) ≡ x1αb(y) + αb(x)βb(y) + αd(x)φb(y) (mod pm);

4) βb(xy) ≡ x2αb(y) + βb(x)βb(y) + βd(x)φb(y) (mod pn);

5) γb(xy) ≡ γb(x)βb(y) + x1βb(x)γb(y) + γd(x)φb(y) (mod p) ;

6) φb(xy) = x4αb(y) + φb(x)βb(y) + φd(x)φb(y) (mod pk);

7) αd(xy) ≡ x1αd(y) + αb(x)βd(y) + αd(x)φd(y) (mod pm);

8) βd(xy) ≡ x2αd(y) + βb(x)βd(y) + βd(x)φd(y) (mod pn);

9) γd(xy) ≡ γb(x)βd(y) + x1βb(x)γd(y) + γd(x)φd(y) (mod p);

10) φd(xy) = x4αd(y) + φb(x)βd(y) + φd(x)φd(y) (mod pk).
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Äîâåäåííÿ. Äiéñíî, òâåðäæåííÿ 0), 3), 4), 6)�8), 10) ïîâòîðþþòü

òâåðäæåííÿ 0)�2), 4)�6), 8) òåîðåìè 6.26. Îñêiëüêè

L = 〈a · p〉+ 〈b〉+ 〈c〉+ 〈d〉

çà òâåðäæåííÿì 1) ëåìè 6.27 òà L ¹ (R,R)-ïiäãðóïîþ â R+ çà òâåðäæå-

ííÿì 1) ëåìè 3.4, òî xb ∈ L òà xd ∈ L, çâiäêè aαb(x) ∈ L òà aα(x) ∈ L
äëÿ êîæíîãî x ∈ R. Îòæå, αb(x) ≡ 0 (mod p) òà αd(x) ≡ 0 (mod p),

ùî äîâîäèòü òâåðäæåííÿ 1). Ïiäñòàâëÿþ÷è îòðèìàíå çíà÷åííÿ aαb(x) òà

aαd(x) â êîíãðóåíòíîñòi 1)�8) òåîðåìè 6.26, îäåðæó¹ìî òâåðäæåííÿ 3)�

10) íàñëiäêó òà ôîðìóëó ìíîæåííÿ (6.19). Ïîêëàâøè â ôîðìóëi (6.19)

y = c, îòðèìà¹ìî xc = c(x1βb(x)). Îòæå, ÿêùî βb(x) ≡ 0 (mod p), òî

xc = 0, i òîìó x ∈ L. Çà òâåðäæåííÿì 2) ëåìè 6.27 âèïëèâà¹, ùî x1 ≡ 0

(mod p) òà äîâîäèòü òâåðäæåííÿ 2).

Ïîêàæåìî òåïåð, ùî äëÿ äîâiëüíîãî ïðîñòîãî ÷èñëà p òà íàòóðàëüíèõ

÷èñåë m ≥ n òà m ≥ k ç m > 1 ïðè p = 2 iñíó¹ ëîêàëüíå ìàéæå-êiëüöå

R, àäèòèâíà ãðóïà R+ ÿêîãî içîìîðôíà ãðóïi F (pm, pn, p, pk).

Ëåìà 6.29. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå, àäèòèâíà ãðóïà ÿêîãî

içîìîðôíà ãðóïi F (pm, pn, p, pk), |R : L| = p, m ≥ n ≥ 1, m ≥ k òà m > 1

ïðè p = 2. ßêùî x = ax1 + bx2 + cx3 + dx4 òà y = ay1 + by2 + cy3 + dy4 �

äîâiëüíi åëåìåíòè iç R, òî âiäîáðàæåííÿ αb : R→ Zpm, βb : R→ Zpn,
γb : R→ Zp, φb : R→ Zpk òà αd : R→ Zpm, βd : R→ Zpn, γd : R→ Zp,
φd : R→ Zpk ìîæóòü áóòè íàñòóïíèìè:

αb(x) = 0 (mod pm), γb(x) = 0 (mod p), φb(x) = 0 (mod pk),

αd(x) = 0 (mod pm), βd(x) = 0 (mod pn), γd(x) = 0 (mod p), φd(x) = 1

(mod pk),

βb(x) =

{
1, x1 6≡ 0 (mod p);

0, x1 ≡ 0 (mod p).

Íåõàé [n, i] ¹ i-îþ ãðóïîþ ïîðÿäêó n â áiáëiîòåöi SmallGroups ñèñòåìè

êîìï'þòåðíî¨ àëãåáðè GAP.
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Ïðèêëàä 6.30. ÍåõàéG ∼= ((C5×C5)oC5)×C5 [625, 12]. ßêùî x = ax1+

bx2 + cx3 + dx4, y = ay1 + by2 + cy3 + dy4 ∈ G òà (G,+, ·) ¹ ëîêàëüíèì
ìàéæå-êiëüöåì, òî ¾·¿ ìîæå áóòè íàñòóïíèì:

x · y = a(x1y1) + b(x2y1 + βb(x)y2) + c
(
x3y1 + x1βb(x)y3−

−x1x2
(
y1
2

))
+ d(x4y1 + y4),

äå

βb(x) =

{
1, x1 6≡ 0 (mod 5);

0, x1 ≡ 0 (mod 5).

Âèñíîâêè äî ðîçäiëó 6

Ó äàíîìó ðîçäiëi:

� íàâåäåíî íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàííÿ ìàéæå-êiëåöü ç îäè-

íèöåþ íà ãðóïàõ Ìiëëåðà�Ìîðåíî;

� ïîêàçàíî, ùî íå iñíó¹ ìàéæå-êiëåöü ç îäèíèöåþ, àäèòèâíà ãðóïà

ÿêèõ içîìîðôíà ãðóïi Øìiäòà;

� îïèñàíî ïðÿìi äîáóòêè p-ãðóï Ìiëëåðà�Ìîðåíî òà öèêëi÷íèõ p-ãðóï

ÿê àäèòèâíi ãðóïè ìàéæå-êiëåöü ç îäèíèöåþ òà ëîêàëüíèõ ìàéæå-

êiëåöü;

� âèçíà÷åíî ôîðìóëè ìíîæåííÿ äëÿ òàêèõ ìàéæå-êiëåöü òà îïèñàíî

ôóíêöi¨, ùî ¨õ çàäàþòü.

Îñíîâíi ðåçóëüòàòè äàíîãî ðîçäiëó îïóáëiêîâàíî ó ïðàöÿõ [15, 14, 8,

4] çi ñïèñêó ïóáëiêàöié i, âiäïîâiäíî, [3,76,80,86] çi ñïèñêó âèêîðèñòàíèõ
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äæåðåë, à òàêîæ îïóáëiêîâàíî ó òåçàõ êîíôåðåíöié [41, 40, 35, 23, 24] i,

âiäïîâiäíî, [4, 6, 77,79,82].



254

Ðîçäië 7

Çàñòîñóâàííÿ ñèñòåìè GAP äëÿ äîñëiäæåííÿ

òà êëàñèôiêàöi¨ ëîêàëüíèõ ìàéæå-êiëåöü

Ó äàíîìó ðîçäiëi äîñëiäæó¹òüñÿ ïîáóäîâà ìàéæå-êiëåöü ç îäèíèöåþ òà

êëàñèôiêàöiÿ ëîêàëüíi ìàéæå-êiëåöü çà äîïîìîãîþ ñèñòåìè GAP. Íàâå-

äåíî ôóíêöi¨ äëÿ äîñëiäæåííÿ ëîêàëüíèõ ìàéæå-êiëåöü ïàêåòó LocalNR.

7.1. Ïîáóäîâà ìàéæå-êiëåöü ç îäèíèöåþ

Ñïèñîê óñiõ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó íå áiëüøå 31 ìîæíà

îòðèìàòè ç áiáëiîòåê ïàêåòó SONATA ñèñòåì GAP. Çîêðåìà, iñíó¹ 9 íåiçî-

ìîðôíèõ ãðóï ïîðÿäêó 16, ÿêi ¹ àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-

êiëåöü. Âèêîðèñòîâóþ÷è ìîâó ïðîãðàìóâàííÿ GAP, ïîáóäîâàíî çàãàëü-

íèé àëãîðèòì, ÿêèé äîçâîëÿ¹ êëàñèôiêóâàòè ëîêàëüíi ìàéæå-êiëüöÿ ïî-

ðÿäêó 32 i áiëüøå.

Àëãîðèòì ïîáóäîâè ìàéæå-êiëåöü ç îäèíèöåþ áàçó¹òüñÿ íà íàñòóïíié

òåîðåìi.

Òåîðåìà 7.1. Íåõàé G � ãðóïà, i íåõàé ìíîæèíà EndG óñiõ åíäîìîð-

ôiçìiâ G ðîçãëÿäà¹òüñÿ ÿê ìîíî¨ä ùîäî êîìïîçèöi¨ åíäîìîðôiçìiâ. Òîäi

G � àäèòèâíà ãðóïà ìàéæå-êiëüöÿ ç îäèíèöåþ òîäi i òiëüêè òîäi, êîëè
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iñíóþòü åëåìåíò g ∈ G òà ïiäìîíî¨ä F ãðóïè EndG òàêi, ùî G = gF

òà gφ = gψ ëèøå òîäi, êîëè φ = ψ äëÿ áóäü-ÿêèõ φ, ψ ∈ F .

Äîâåäåííÿ. Äiéñíî, ÿêùî ïîêëàñòè gφ ? gψ = gφψ, òî Nr = (G, ·, ?F )

� öå ëiâå ìàéæå-êiëüöå ç îäèíèöåþ g, à ìóëüòèïëiêàòèâíèé ìîíî¨ä Nr

içîìîðôíèé F . Çîêðåìà, ó öüîìó âèïàäêó ïîêàçíèê ñòåïåíÿ G çáiãà¹òüñÿ

ç ïîðÿäêîì g.

Áiëüø òîãî, ÿêùî F1 òà F2 ¹ ïiäìîíî¨äàìè EndG, ùî çàäîâîëüíÿþòü

òåîðåìó 7.1, òî (ëiâi) ìàéæå-êiëüöÿ Nr1 = (G, ·, ?F1
) òà Nr2 = (G, ·, ?F2

)

¹ içîìîðôíèìè òîäi i òiëüêè òîäi, êîëè iñíó¹ òàêèé àâòîìîðôiçì α äëÿ

G, ùî F α
1 = F2.

Òàêèì ÷èíîì, ùîá âèçíà÷èòè âñi íåiçîìîðôíi ìàéæå-êiëüöÿ ç îäèíè-

öåþ íà ãðóïi G, íåîáõiäíî çíàéòè âñi ïiäìîíî¨äè EndG, ùî çàäîâîëüíÿ-

þòü âèñíîâîê îñòàííüî¨ òåîðåìè. Î÷åâèäíî, ùî öå ìîæëèâî ëèøå òîäi,

êîëè ìîíî¨ä EndG ìàëèé ó ïåâíîìó ñåíñi. Íàïðèêëàä, ÿêùî G ìà¹ ïî-

ðÿäîê íå áiëüøå 31, òî âñi òàêi ìàéæå-êiëüöÿ ìîæíà çíàéòè.

ßêùî G � ïðîñòà ãðóïà, òî EndG = AutG ∪ {0}, i òîìó F \ {0} �
ãðóïà àâòîìîðôiçìiâ, ùî äiþòü êðàòíîòðàíçèòèâíî íà G. Âiäîìî, ùî â

öüîìó âèïàäêó G ¹ àáåëåâîþ ãðóïîþ ïðîñòîãî ïîðÿäêó.

7.2. Ëîêàëüíi ìàéæå-êiëüöÿ ïàêåòó SONATA

Ùîá âèçíà÷èòè, ÷è áóäå âèáðàíå ìàéæå-êiëüöå R ëîêàëüíèì, çà äî-

ïîìîãîþ êîìàíäè

u := Size(NearRingUnits(R));

çíàõîäèìî ïîðÿäîê u ìóëüòèïëiêàòèâíî¨ ãðóïè R∗ öüîãî ìàéæå-êiëüöÿ.
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Äàëi, çà äîïîìîãîþ êîìàíäè

Id := NearRingIdeals(R);

âèçíà÷à¹ìî ñïèñîê âñiõ iäåàëiâ ìàéæå-êiëüöÿ R, à êîìàíäîþ

Ord := List(Id, Size);

ïîâåðòà¹ìî âiäïîâiäíèé ñïèñîê ¨õ ïîðÿäêiâ. Íàéáiëüøèé ç öèõ ïîðÿäêiâ

� ïîðÿäîê t := Size(R);. ßêùî ÷èñëî t − u ìiñòèòüñÿ â ñïèñêó Ord, òî

ìàéæå-êiëüöå R ¹ ëîêàëüíèì, â iíøîìó ðàçi � íi.

Ïîçíà÷èìî ÷åðåç Cn öèêëi÷íó ãðóïó ïîðÿäêó n, I(R+) òèï ãðóïè G â

áiáëiîòåöi AllSmallGroups ñèñòåìè GAP.

Íàñòóïíå òâåðäæåííÿ ëåãêî îòðèìàòè ç ðåçóëüòàòiâ ñòàòòi [5].

Òâåðäæåííÿ 7.2. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ïîðÿäêó íå âèùå

31, ÿêå íå ¹ ìàéæå-ïîëåì. Òîäi ãðóïà R+ òà ¨¨ ïiäãðóïà L ¹ íàñòóïíè-

ìè:

� IdGroup(R+) = [4, 1], R+ ∼= C4 òà IdGroup(L) = [2, 1], L ∼= C2;

� IdGroup(R+) = [4, 2], R+ ∼= C2 × C2 òà IdGroup(L) = [2, 1],

L ∼= C2;

� IdGroup(R+) = [8, 1], R+ ∼= C8 òà IdGroup(L) = [4, 1], L ∼= C4;

� IdGroup(R+) = [8, 2], R+ ∼= C4 × C2 òà IdGroup(L) = [4, 2],

L ∼= C2 × C2;

� IdGroup(R+) = [8, 5], R+ ∼= C2 × C2 × C2 òà IdGroup(L) = [4, 2],

L ∼= C2 × C2;

� IdGroup(R+) = [9, 1], R+ ∼= C9 òà IdGroup(L) = [3, 1], L ∼= C3;
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� IdGroup(R+) = [9, 2], R+ ∼= C3 × C3 òà IdGroup(L) = [3, 1],

L ∼= C3;

� IdGroup(R+) = [16, 1], R+ ∼= C16 òà IdGroup(L) = [8, 1], L ∼= C4×
C2;

� IdGroup(R+) = [16, 2], R+ ∼= C4 × C4 òà IdGroup(L) = [8, 2],

L ∼= C4 × C2;

� IdGroup(R+) = [16, 3], R+ ∼= (C4×C2)oC2 òà IdGroup(L) = [8, 5],

L ∼= C2 × C2 × C2;

� IdGroup(R+) = [16, 4], R+ ∼= C4 o C4 òà IdGroup(L) = [8, 2],

L ∼= C4 × C2;

� IdGroup(R+) = [16, 5], R+ ∼= C8 × C2 òà IdGroup(L) = [8, 2],

L ∼= C4 × C2;

� IdGroup(R+) = [16, 6], R+ ∼= C8 × C2 òà IdGroup(L) = [8, 2],

L ∼= C4 × C2;

� IdGroup(R+) = [16, 10], R+ ∼= C4×C2×C2 òà IdGroup(L) = [8, 5],

L ∼= C2 × C2 × C2;

� IdGroup(R+) = [16, 12], R+ ∼= C2 × Q8 òà IdGroup(L) = [4, 2],

L ∼= C2 × C2;

� IdGroup(R+) = [16, 14], R+ ∼= C2 × C2 × C2 × C2:

� IdGroup(L) = [8, 5], L ∼= C2 × C2 × C2;

� IdGroup(L) = [4, 2], L ∼= C2 × C2;

� IdGroup(R+) = [25, 1], R+ ∼= C25 òà IdGroup(L) = [5, 1], L ∼= C5;

� IdGroup(R+) = [25, 2], R+ ∼= C5 × C5 òà IdGroup(L) = [5, 1],

L ∼= C5;
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� IdGroup(R+) = [27, 1], R+ ∼= C27 òà IdGroup(L) = [9, 1], L ∼= C9;

� IdGroup(R+) = [27, 2], R+ ∼= C9 × C3 òà IdGroup(L) = [9, 2],

L ∼= C3 × C3;

� IdGroup(R+) = [27, 3], R+ ∼= (C3×C3)oC3 òà IdGroup(L) = [, ],

L ∼= C3 × C3;

� IdGroup(R+) = [27, 4], R+ ∼= C9 o C3 òà IdGroup(L) = [9, 2],

L ∼= C3 × C3;

� IdGroup(R+) = [27, 5], R+ ∼= C3×C3×C3 òà IdGroup(L) = [9, 2],

L ∼= C3 × C3.

7.3. LocalNR package: ôóíêöi¨ äëÿ ìàéæå-êiëåöü

Ïàêåò LocalNR ìiñòèòü áiáëiîòåêó ëîêàëüíèõ ìàéæå-êiëåöü äî ïîðÿä-

êó 361 òà äåÿêi ôóíêöi¨ äëÿ àíàëiçó ñêií÷åííèõ ìàéæå-êiëåöü. Ïîòî÷íà

âåðñiÿ öüîãî ïàêåòó � 1.0.4, âèïóùåíà 15.03.2024. Íàâåäåìî äåÿêi ôóíêöi¨

äëÿ ëîêàëüíèõ ìàéæå-êiëåöü ç ïàêåòó LocalNR.

7.3.1. UnitsOfNearRing

UnitsOfNearRing( R ) ( àòðèáóò )

Ïîâåðòà¹: ìíîæèíà

Àðãóìåíòîì ¹ ìàéæå-êiëüöå R. Âèâiä ñïèñîê îáîðîòíèõ åëåìåíòiâ

ìàéæå-êiëüöÿ, ÿêùî R ¹ ìàéæå-êiëüöåì ç îäèíèöåþ, iíàêøå âèâiä ìà¹

âèãëÿä Error, no units exist.
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Ïðèêëàä.

# N � ëîêàëüíå ìàéæå-êiëüöå ç àäèòèâíîþ ãðóïîþ [32, 5] òà ìóëüòè-

ïëiêàòèâíîþ ãðóïîþ [16, 3], ÿêå ¹ 8 ó êàòàëîãó ìàéæå-êiëåöü â áiáëiîòåöi.

gap> N := LocalNearRing(32,5,16,3,8);

ExplicitMultiplicationNearRing ( <pc group of size 32 with

5 generators> , multiplication )

# U � ñïèñîê îáîðîòíèõ åëåìåíòiâ ìàéæå-êiëüöÿ N .

gap> U := UnitsOfNearRing(N);

[ (f1), (f1∗f5), (f1∗f4), (f1∗f4∗f5), (f1∗f3), (f1∗f3∗f5),
(f1∗f3∗f4), (f1∗f3∗f4∗f5), (f1∗f2), (f1∗f2∗f5), (f1∗f2∗f4),
(f1∗f2∗f4∗f5), (f1∗f2∗f3), (f1∗f2∗f3∗f5), (f1∗f2∗f3∗f4),
(f1∗f2∗f3∗f4∗f5) ]

gap> Un := NearRingUnits(N);;

gap> U = Un;

true

Íàâåäåìî ïðîãðàìíó ðåàëiçàöiþ öi¹¨ ôóíêöi¨ íà ìîâi GAP, ùî ìiñòè-

òüñÿ â ïàêåòi LocalNR.

# UnitsOfNearRing(< R >)

InstallMethod(UnitsOfNearRing,

“Compute all units of nearring�,

true,

[IsNearRing], 0,

function(R)

local A, G, one, x;

# one � îäèíèöÿ ìàéæå-êiëüöÿ R.

one := Identity(R);

if one = fail then
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return [];

else

# G � àäèòèâíà ãðóïà ìàéæå-êiëüöÿ R.

G := GroupReduct(R);

# A � ãðóïà àâòîìîðôiçìiâ ãðóïè G.

A := AutomorphismGroup(G);

# Ïîâåðòà¹ìî ñïèñîê îáîðîòíèõ åëåìåíòiâ ç R.

return Filtered(R, x− > x∧Size(A) = one);

fi;

end);

7.3.2. IsLocalNearRing

IsLocalNearRing( R ) ( âëàñòèâiñòü )

Ïîâåðòà¹: ëîãi÷íèé îïåðàòîð

Àðãóìåíòîì ¹ ìàéæå-êiëüöå R. Âèâiä ìà¹ çíà÷åííÿ true, ÿêùî R ¹

ëîêàëüíèì ìàéæå-êiëüöåì, iíàêøå âèâiä ìà¹ çíà÷åííÿ false.

Ïðèêëàä.

# H � ãðóïà ç áiáëiîòåêè AllSmallGroups ç IdGroup = [16, 6].

gap> H := SmallGroup(16,6);

<pc group of size 16 with 4 generators>

# A � ìàéæå-êiëüöå, ïîðîäæåíå àâòîìîðôiçìàìè ãðóïè H.

gap> A := AutomorphismNearRing(H);

AutomorphismNearRing( <pc group of size 16 with 4 generators> )

# Ïîðÿäîê ìàéæå-êiëüöÿ A.

gap> Size(A);

64
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# Ïåðåâiðêà, ÷è ¹ ëîêàëüíèì ìàéæå-êiëüöå A.

gap> IsLocalNearRing(A);

true

#K � ìàéæå-êiëüöå ç îäèíèöåþ íà ãðóïi ç áiáëiîòåêèAllSmallGroups

ç IdGroup = [8, 2] òà òèïîì içîìîðôiçìó 1.

gap> K := LibraryNearRingWithOne(SmallGroup(8,2),1);

#I using isomorphic copy of the group LibraryNearRing(8/2, 814)

# Ïåðåâiðêà, ÷è ¹ ëîêàëüíèì ìàéæå-êiëüöå K.

gap> IsLocalNearRing(K);

false

Íàâåäåìî ïðîãðàìíó ðåàëiçàöiþ öi¹¨ ôóíêöi¨ íà ìîâi GAP, ùî ìiñòè-

òüñÿ â ïàêåòi LocalNR.

# IsLocalNearRing(< R >)

InstallMethod(IsLocalNearRing,

“Is local nearring�,

true,

[IsNearRing],

0,

function(R)

local h, f, ff, k, l, i;

if IsNearRingWithIdentity(R) then

h := NearRingUnits(R);

f := [];

for i in h do

ff := AsGroupReductElement(i);

Add(f, ff);

od;
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k := Difference(GroupReduct(R), f); ;

l := Subgroup(GroupReduct(R), k);

if Size(l) = Size(k) then

return true;

else return false;

fi;

else return false;

fi;

end);

7.3.3. IsLocalRing

IsLocalRing( R ) ( âëàñòèâiñòü )

Ïîâåðòà¹: ëîãi÷íèé îïåðàòîð

Àðãóìåíòîì ¹ ëîêàëüíå ìàéæå-êiëüöå R. Âèâiä ìà¹ çíà÷åííÿ true,

ÿêùî R ¹ ëîêàëüíèì êiëüöåì, iíàêøå âèâiä ìà¹ çíà÷åííÿ false.

Ïðèêëàä.

# L � ñïèñîê ëîêàëüíèõ ìàéæå-êiëåöü ç àäèòèâíîþ ãðóïîþ [16, 14]

òà ìóëüòèïëiêàòèâíîþ ãðóïîþ [8, 4] ç áiáëiîòåöi.

gap> L := AllLocalNearRings(16,14,8,4);;

# Çíàõîäèìî ðîçìið ñïèñêó L.

gap> Size(L);

24

# Ôiëüòðó¹ìî âñi ëîêàëüíi êiëüöÿ çi ñïèñêó L.

gap> F := Filtered(L,x->IsLocalRing(x));;

# Çíàõîäèìî ðîçìið ñïèñêó F .

gap> Size(F);
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1

Íàâåäåìî ïðîãðàìíó ðåàëiçàöiþ öi¹¨ ôóíêöi¨ íà ìîâi GAP, ùî ìiñòè-

òüñÿ â ïàêåòi LocalNR.

# IsLocalRing(< R >)

InstallMethod(IsLocalRing,

“Is local ring�,

[IsNearRing],

function(R)

if IsLocalNearRing(R) then

if IsAbelian(GroupReduct(R)) and

IsDistributiveNearRing(R) then

return true;

else return false;

fi;

else return false;

fi;

end);

7.3.4. NearRingNonUnits

NearRingNonUnits( R ) ( àòðèáóò )

Ïîâåðòà¹: ìíîæèíà

Àðãóìåíòîì ¹ ìàéæå-êiëüöå R. Âèõiäíèì ðåçóëüòàòîì ¹ ñïèñîê íåî-

áîðîòíèõ åëåìåíòiâ R.

Ïðèêëàä.
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# T � ëîêàëüíå ìàéæå-êiëüöå ç àäèòèâíîþ ãðóïîþ [49, 2] òà ìóëüòè-

ïëiêàòèâíîþ ãðóïîþ [42, 1], ÿêå ¹ 1 ó êàòàëîãó ìàéæå-êiëåöü â áiáëiîòåöi.

gap> T := LocalNearRing(49,2,42,1,1);

ExplicitMultiplicationNearRing ( <pc group of size 49 with

2 generators> , multiplication )

# Nu � ñïèñîê íåîáîðîòíèõ åëåìåíòiâ ç T .

gap> Nu := NearRingNonUnits(T);

[ (<identity> of ...), (f2), (f2�2), (f2�3), (f2�4), (f2�5), (f2�6) ]

# Çíàõîäèìî ðîçìið ñïèñêó Nu.

gap> Size(Nu);

7

# R � ìàéæå-êiëüöå íà ãðóïi ç áiáëiîòåêè AllSmallGroups ç

IdGroup = [8, 4] òà òèïîì içîìîðôiçìó 3.

gap> R := LibraryNearRing(SmallGroup(8,4),3);

#I using isomorphic copy of the group LibraryNearRing(8/5, 3)

# N � ñïèñîê íåîáîðîòíèõ åëåìåíòiâ ç R.

gap> N := NearRingNonUnits(R);

[ (()), ((1,2,3,4)(5,6,7,8)), ((1,3)(2,4)(5,7)(6,8)), ((1,4,3,2)(5,8,7,6)),

((1,5,3,7)(2,8,4,6)), ((1,6,3,8)(2,5,4,7)), ((1,7,3,5)(2,6,4,8)),

((1,8,3,6)(2,7,4,5)) ]

Íàâåäåìî ïðîãðàìíó ðåàëiçàöiþ öi¹¨ ôóíêöi¨ íà ìîâi GAP, ùî ìiñòè-

òüñÿ â ïàêåòi LocalNR.

# NearRingNonUnits(< R >)

InstallMethod(NearRingNonUnits,

“Compute nearring non− units�,
[IsNearRing],

function(R)
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# Ïåðåâiðêà, ÷è ìàéæå-êiëüöå R ç îäèíèöåþ.

if Identity(R) = fail then

return R;

# Ïîâåðòà¹ìî ñïèñîê íåîáîðîòíèõ åëåìåíòiâ ç R.

else return

Difference(R,NearRingUnits(R));

fi;

end);

7.3.5. NonUnitsAsAdditiveSubgroup

NonUnitsAsAdditiveSubgroup( R ) ( àòðèáóò )

Ïîâåðòà¹: ïiäãðóïà

Àðãóìåíòîì ¹ ëîêàëüíå ìàéæå-êiëüöå R. Âèõiäíèì ðåçóëüòàòîì ¹ àäè-

òèâíà ïiäãðóïà íåîáîðîòíèõ åëåìåíòiâ R.

Ïðèêëàä.

# T � ëîêàëüíå ìàéæå-êiëüöå ç àäèòèâíîþ ãðóïîþ [125, 4] òà ìóëüòè-

ïëiêàòèâíîþ ãðóïîþ [100, 9], ÿêå ¹ 1 ó êàòàëîãó ìàéæå-êiëåöü â áiáëiîòåöi.

gap> T := LocalNearRing(125,4,100,9,1);

ExplicitMultiplicationNearRing ( <pc group of size 125 with

3 generators> , multiplication )

# L � ïiäãðóïà íåîáîðîòíèõ åëåìåíòiâ ç T .

gap> L := NonUnitsAsAdditiveSubgroup(T);

Group([ <identity> of ..., f2, f3, f2�2, f2∗f3, f3�2, f2�3, f2�2∗f3, f2∗f3�2,
f3�3, f2�4, f2�3∗f3, f2�2∗f3�2, f2∗f3�3, f3�4, f2�4∗f3, f2�3∗f3�2, f2�2∗f3�3,
f2∗f3�4, f2�4∗f3�2, f2�3∗f3�3, f2�2∗f3�4, f2�4∗f3�3, f2�3∗f3�4, f2�4∗f3�4 ])

# Çíàõîäèìî iäåíòèôiêàòîð ãðóïè L â áiáëiîòåöi AllSmallGroups.

gap> IdGroup(L);
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[ 25, 2 ]

Íàâåäåìî ïðîãðàìíó ðåàëiçàöiþ öi¹¨ ôóíêöi¨ íà ìîâi GAP, ùî ìiñòè-

òüñÿ â ïàêåòi LocalNR.

# NonUnitsAsAdditiveSubgroup(< R >)

InstallMethod(NonUnitsAsAdditiveSubgroup,

“Compute non− units as additive subgroup�,
[IsNearRing],

function(R)

local a, N, g, L;

if IsLocalNearRing(R) then

N := NearRingNonUnits(R);

g := [];

for a in N do

Add(g, AsGroupReductElement(a));

od;

L := Subgroup(GroupReduct(R), g);

return L;

else return fail;

fi;

end);

7.4. Ìàéæå-êiëüöÿ ç îäèíèöåþ i ëîêàëüíi ìàéæå-

êiëüöÿ, òà åíäîöèêëi÷íi ãðóïè
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Ïàêåò SONATA ìiñòèòü áàçó äàíèõ ìàéæå-êiëåöü ç îäèíèöåþ

AllLibraryNearRingsWithOne. Ó öié áiáëiîòåöi ìàéæå-êiëüöÿ âïîðÿä-

êîâàíi âiäïîâiäíî äî ¨õíiõ àäèòèâíèõ ãðóï G, íàïðèêëàä, êîìàíäà

N := AllLibraryNearRingsWithOne(G)

âèçíà÷à¹ ñïèñêè ëîêàëüíèõ ìàéæå-êiëåöü N .

Âèêîðèñòîâóþ÷è ôóíêöiþ IsEndoCyclicGroup ç ïàêåòó LocalNR äëÿ

ïåðåâiðêè, ÷è ¹ G åíäîöèêëi÷íîþ ãðóïîþ.

Ïîçíà÷èìî ÷åðåç Cn, Dn òà Qn öèêëi÷íó, äiåäðàëüíó òà êâàòåðíiîííó

ãðóïè ïîðÿäêó n âiäïîâiäíî.

Íåõàé m(G) � êiëüêiñòü óñiõ íåiçîìîðôíèõ ìàéæå-êiëåöü ç îäèíèöåþ

R, àäèòèâíà ãðóïà ÿêèõ R+ içîìîðôíà ãðóïi G.

Ïàêåò SONATA ìiñòèòü ñïèñîê óñiõ íåiçîìîðôíèõ ìàéæå-êiëåöü ç

îäèíèöåþ ïîðÿäêó ìåíøå íiæ 32.

Íàñòóïíà ëåìà îòðèìàíà çà äîïîìîãîþ GAP, ïàêåòiâ LocalNR òà

SONATA.

Ëåìà 7.3. Íàñòóïíi ãðóïè G ïîðÿäêó ìåíøå 32 ¹ åíäîöèêëi÷íèìè.

Áiëüø òîãî, ÿêùî G ¹ àäèòèâíîþ ãðóïîþ ìàéæå-êiëüöÿ ç îäèíèöåþ

R, òî âèêîíó¹òüñÿ íàñòóïíå.

� IdGroup(G) = [4, 1], G ∼= C4 òà m(G) = 1;

� IdGroup(G) = [4, 2], G ∼= C2 × C2 òà m(G) = 5;

� IdGroup(G) = [5, 1], G ∼= C5 òà m(G) = 1;

� IdGroup(G) = [6, 2], G ∼= C6 òà m(G) = 1;

� IdGroup(G) = [7, 1], G ∼= C7 òà m(G) = 1;

� IdGroup(G) = [8, 1], G ∼= C8 òà m(G) = 1;
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� IdGroup(G) = [8, 2], G ∼= C4 × C2 òà m(G) = 10;

� IdGroup(G) = [8, 3], G ∼= D8 òà m(G) = 7;

� IdGroup(G) = [8, 4], G ∼= Q8 òà m(G) = 0;

� IdGroup(G) = [8, 5], G ∼= C2 × C2 × C2 òà m(G) = 35;

� IdGroup(G) = [9, 1], G ∼= C9 òà m(G) = 1;

� IdGroup(G) = [9, 2], G ∼= C3 × C3 òà m(G) = 10;

� IdGroup(G) = [10, 2], G ∼= C10 òà m(G) = 1;

� IdGroup(G) = [11, 1], G ∼= C11 òà m(G) = 1;

� IdGroup(G) = [12, 2], G ∼= C12 òà m(G) = 1;

� IdGroup(G) = [12, 4], G ∼= D12 òà m(G) = 1;

� IdGroup(G) = [12, 5], G ∼= C6 × C2 òà m(G) = 9;

� IdGroup(G) = [13, 1], G ∼= C13 òà m(G) = 1;

� IdGroup(G) = [14, 2], G ∼= C14 òà m(G) = 1;

� IdGroup(G) = [15, 1], G ∼= C15 òà m(G) = 1;

� IdGroup(G) = [16, 1], G ∼= C16 òà m(G) = 1;

� IdGroup(G) = [16, 2], G ∼= C4 × C4 òà m(G) = 51;

� IdGroup(G) = [16, 3], G ∼= (C4 × C2) o C2 òà m(G) = 132;

� IdGroup(G) = [16, 4], G ∼= C4 o C4 òà m(G) = 40;

� IdGroup(G) = [16, 5], G ∼= C8 × C2 òà m(G) = 37;

� IdGroup(G) = [16, 6], G ∼= C8 o C2 òà m(G) = 33;
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� IdGroup(G) = [16, 7], G ∼= D16 òà m(G) = 0;

� IdGroup(G) = [16, 10], G ∼= C4 × C2 × C2 òà m(G) = 470;

� IdGroup(G) = [16, 11], G ∼= C2 ×D8 òà m(G) = 708;

� IdGroup(G) = [16, 12], G ∼= C2 ×Q8 òà m(G) = 4;

� IdGroup(G) = [16, 14], G ∼= C2 × C2 × C2 × C2 òà m(G) = 2798;

� IdGroup(G) = [17, 1], G ∼= C17 òà m(G) = 1;

� IdGroup(G) = [18, 2], G ∼= C18 òà m(G) = 1;

� IdGroup(G) = [18, 3], G ∼= C3 × S3 òà m(G) = 8;

� IdGroup(G) = [18, 5], G ∼= C6 × C3 òà m(G) = 17;

� IdGroup(G) = [19, 1], G ∼= C19 òà m(G) = 1;

� IdGroup(G) = [20, 2], G ∼= C20 òà m(G) = 1;

� IdGroup(G) = [20, 4], G ∼= D20 òà m(G) = 1;

� IdGroup(G) = [20, 5], G ∼= C10 × C2 òà m(G) = 9;

� IdGroup(G) = [21, 2], G ∼= C21 òà m(G) = 1;

� IdGroup(G) = [22, 2], G ∼= C22 òà m(G) = 1;

� IdGroup(G) = [23, 1], G ∼= C23 òà m(G) = 1;

� IdGroup(G) = [24, 2], G ∼= C24 òà m(G) = 1;

� IdGroup(G) = [24, 5], G ∼= òà m(G) = 1;

� IdGroup(G) = [24, 6], G ∼= D24 òà m(G) = 0;

� IdGroup(G) = [24, 9], G ∼= C12 × C2 òà m(G) = 14;
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� IdGroup(G) = [24, 10], G ∼= C3 ×D8 òà m(G) = 7;

� IdGroup(G) = [24, 11], G ∼= C3 ×Q8 òà m(G) = 0;

� IdGroup(G) = [24, 13], G ∼= C2 × A4 òà m(G) = 8;

� IdGroup(G) = [24, 14], G ∼= C2 × C2 × S3 òà m(G) = 10;

� IdGroup(G) = [24, 15], G ∼= C6 × C2 × C2 òà m(G) = 136;

� IdGroup(G) = [25, 1], G ∼= C25 òà m(G) = 1;

� IdGroup(G) = [25, 2], G ∼= C5 × C5 òà m(G) = 16;

� IdGroup(G) = [26, 2], G ∼= C26 òà m(G) = 1;

� IdGroup(G) = [27, 1], G ∼= C27 òà m(G) = 1;

� IdGroup(G) = [27, 2], G ∼= C9 × C3 òà m(G) = 20;

� IdGroup(G) = [27, 3], G ∼= (C3 × C3) o C3 òà m(G) = 22;

� IdGroup(G) = [27, 4], G ∼= C9 o C3 òà m(G) = 4;

� IdGroup(G) = [27, 5], G ∼= C3 × C3 × C3 òà m(G) = 202;

� IdGroup(G) = [28, 2], G ∼= C28 òà m(G) = 1;

� IdGroup(G) = [28, 3], G ∼= D28 òà m(G) = 1;

� IdGroup(G) = [28, 4], G ∼= C14 × C2 òà m(G) = 9;

� IdGroup(G) = [29, 1], G ∼= C29 òà m(G) = 1;

� IdGroup(G) = [30, 4], G ∼= C30 òà m(G) = 1;

� IdGroup(G) = [31, 1], G ∼= C31 òà m(G) = 1.

Ç ëåìè 7.3 âèïëèâà¹ íàñòóïíà òåîðåìà.

Òåîðåìà 7.4. Íåõàé G � ãðóïà ïîðÿäêó ìåíøå 32. ßêùî G � àäèòèâíà

ãðóïà ìàéæå-êiëüöÿ ç îäèíèöåþ R, òî G ¹ åíäîöèêëi÷íîþ.
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7.4.1. Ëîêàëüíi ìàéæå-êiëüöÿ òà åíäîöèêëi÷íi ãðóïè ïîðÿä-

êó 32

Ïàêåò LocalNR íàäà¹ ôóíêöiîíàëüíiñòü äëÿ äîñëiäæåííÿ ìàéæå-

êiëåöü ç îäèíèöåþ òà ëîêàëüíèõ ìàéæå-êiëåöü. Ïàêåò òàêîæ âêëþ÷à¹

áàçó äàíèõ AllLocalNearRings ëîêàëüíèõ ìàéæå-êiëåöü ìàëèõ ïîðÿä-

êiâ. Ó öié áiáëiîòåöi ëîêàëüíi ìàéæå-êiëüöÿ óïîðÿäêîâàíi âiäïîâiäíî äî

¨õ àäèòèâíèõ òà ìóëüòèïëiêàòèâíèõ ãðóï, íàïðèêëàä, êîìàíäà

N := AllLocalNearRings(k, l,m, n)

âèçíà÷à¹ ñïèñêè ëîêàëüíèõ ìàéæå-êiëåöü N . Àðãóìåíòè k, l, m, n âçÿòi

ç IdGroup àäèòèâíî¨ ãðóïè òà ìóëüòèïëiêàòèâíî¨ ãðóïè âiäïîâiäíî.

Äàëi, ïîçíà÷èìî ÷åðåç n(G) � êiëüêiñòü óñiõ íåiçîìîðôíèõ ëîêàëüíèõ

ìàéæå-êiëåöü R, àäèòèâíà ãðóïà ÿêèõ R+ içîìîðôíà ãðóïi G.

Iñíó¹ 51 íåiçîìîðôíà ãðóïà ïîðÿäêó 32 = 25, ç ÿêèõ 35 ¹ åíäîöèêëi-

÷íèìè ãðóïàìè, i ëèøå 19 ç öèõ ãðóï ¹ àäèòèâíèìè ãðóïàìè ëîêàëüíèõ

ìàéæå-êiëåöü.

Ëåìà 7.5. Íàñòóïíi ãðóïè G ïîðÿäêó 32 ¹ åíäîöèêëi÷íèìè. Áiëüø òî-

ãî, ÿêùî G ¹ àäèòèâíîþ ãðóïîþ ëîêàëüíîãî ìàéæå-êiëüöÿ R, òî âèêî-

íó¹òüñÿ íàñòóïíå.

� IdGroup(G) = [32, 1], G ∼= C32 òà n(G) = 1.

� IdGroup(G) = [32, 2], G ∼= (C4 × C2) o C4 òà n(G) = 1397.

� IdGroup(G) = [32, 3], G ∼= C8 × C4 òà n(G) = 880.

� IdGroup(G) = [32, 4], G ∼= C8 o C4 òà n(G) = 798.

� IdGroup(G) = [32, 5], G ∼= (C8 × C2) o C2 òà n(G) = 1945.
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� IdGroup(G) = [32, 6], G ∼= ((C4 × C2) o C2) o C2 òà n(G) = 433.

� IdGroup(G) = [32, 7], G ∼= (C8 o C2) o C2 òà n(G) = 225.

� IdGroup(G) = [32, 8], G ∼= C2.((C4×C2)oC2) = (C2×C2).(C4×C2)

òà n(G) = 208.

� IdGroup(G) = [32, 9], G ∼= (C8 × C2) o C2 òà n(G) = 0.

� IdGroup(G) = [32, 10], G ∼= Q8 o C4 òà n(G) = 0.

� IdGroup(G) = [32, 11], G ∼= (C4 × C4) o C2 òà n(G) = 0.

� IdGroup(G) = [32, 12], G ∼= C4 o C8 òà n(G) = 2406.

� IdGroup(G) = [32, 16], G ∼= C16 × C2 òà n(G) = 129.

� IdGroup(G) = [32, 17], G ∼= C16 o C2 òà n(G) = 129.

� IdGroup(G) = [32, 18], G ∼= D32 òà n(G) = 0.

� IdGroup(G) = [32, 21], G ∼= C4 × C4 × C2 òà n(G) = 135558.

� IdGroup(G) = [32, 22], G ∼= C2×((C4×C2)oC2) òà n(G) = 149374.

� IdGroup(G) = [32, 23], G ∼= C2 × (C4 o C4) òà n(G) = 157905.

� IdGroup(G) = [32, 24], G ∼= (C4 × C4) o C2 òà n(G) = 262544.

� IdGroup(G) = [32, 25], G ∼= C4 ×D8 òà n(G) = 0.

� IdGroup(G) = [32, 26], G ∼= C4 ×Q8 òà n(G) = 0.

� IdGroup(G) = [32, 27], G ∼= (C2×C2×C2×C2)oC2 òà n(G) = 0.

� IdGroup(G) = [32, 28], G ∼= (C4 × C2 × C2) o C2 òà n(G) = 0.

� IdGroup(G) = [32, 34], G ∼= (C4 × C4) o C2 òà n(G) = 0.

� IdGroup(G) = [32, 35], G ∼= C4 oQ8 òà n(G) = 0.
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� IdGroup(G) = [32, 36], G ∼= C8 × C2 × C2 òà n(G) = 177175.

� IdGroup(G) = [32, 37], G ∼= C2 × (C8 o C2) òà n(G) = 527419.

� IdGroup(G) = [32, 39], G ∼= C2 ×D16 òà n(G) = 0.

� IdGroup(G) = [32, 43], G ∼= (C2 ×D8) o C2 òà n(G) = 0.

� IdGroup(G) = [32, 45], G ∼= C4 ×C2 ×C2 ×C2 òà n(G) > 6684533.

� IdGroup(G) = [32, 46], G ∼= C2 × C2 ×D8 òà n(G) = 0.

� IdGroup(G) = [32, 47], G ∼= C2 × C2 ×Q8 òà n(G) = 0.

� IdGroup(G) = [32, 49], G ∼= (C2 ×D8) o C2 òà n(G) = 0.

� IdGroup(G) = [32, 50], G ∼= (C2 ×Q8) o C2 òà n(G) =.

� IdGroup(G) = [32, 51], G ∼= C2 × C2 × C2 × C2 × C2 òà n(G) >

7007053.

ßê íàñëiäîê ëåìè 7.5 ìà¹ìî íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 7.6. Íåõàé G � ãðóïà ïîðÿäêó 32. ßêùî G � àäèòèâíà ãðóïà

ëîêàëüíîãî ìàéæå-êiëüöÿ R, òî G ¹ åíäîöèêëi÷íîþ.

7.4.2. Ëîêàëüíi ìàéæå-êiëüöÿ òà åíäîöèêëi÷íi ãðóïè ïîðÿä-

êó 256

Ìà¹ìî íàñòóïíå òâåðäæåííÿ.

Ëåìà 7.7. Íàñòóïíi 2-ïîðîäæåíi åíäîöèêëi÷íi ãðóïè G ïîðÿäêó 256 òà

åêñïîíåíòè 16 íå ¹ àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü:

� IdGroup(G) = [256, 64] òà G ∼= (((C16 × C2) o C2) o C2) o C2;

� IdGroup(G) = [256, 97] òà G ∼= ((C16 × C2) o C4) o C2;
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� IdGroup(G) = [256, 98] òà G ∼= ((C8 × C2) o C8) o C2;

� IdGroup(G) = [256, 99] òà G ∼= (C2 ×Q16) o C8;

� IdGroup(G) = [256, 100] òà G ∼= ((C16 × C2) o C4) o C2;

� IdGroup(G) = [256, 101] òà G ∼= (C2 ×Q16) o C8;

� IdGroup(G) = [256, 102] òà G ∼= ((C8 × C2) o C8) o C2;

� IdGroup(G) = [256, 107] òà G ∼= (C8 o C4) o C8;

� IdGroup(G) = [256, 109] òà G ∼= (C8 o C4) o C8;

� IdGroup(G) = [256, 113] òà G ∼= (C8 o C4) o C8;

� IdGroup(G) = [256, 114] òà G ∼= (C8 o C4) o C8;

� IdGroup(G) = [256, 115] òà G ∼= (C8 o C4) o C8;

� IdGroup(G) = [256, 159] òà G ∼= (C8 o C8) o C4;

� IdGroup(G) = [256, 160] òà G ∼= (C4.D8 = C4.(C4 × C2)) o C8;

� IdGroup(G) = [256, 161] òà G ∼= (C4.D8 = C4.(C4 × C2)) o C8;

� IdGroup(G) = [256, 162] òà G ∼= (C8 o C8) o C4;

� IdGroup(G) = [256, 163] òà G ∼= (C8 o C8) o C4;

� IdGroup(G) = [256, 164] òà G ∼= (C4.D8 = C4.(C4 × C2)) o C8;

� IdGroup(G) = [256, 165] òà G ∼= (C4.D8 = C4.(C4 × C2)) o C8;

� IdGroup(G) = [256, 166] òà G ∼= (C8 o C8) o C4;

� IdGroup(G) = [256, 167] òà G ∼= (C8.D8 = C4.(C8 × C2)) o C4;

� IdGroup(G) = [256, 168] òà G ∼= (C8.D8 = C4.(C8 × C2)) o C4;
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� IdGroup(G) = [256, 169] òà G ∼= (C8.D8 = C4.(C8 × C2)) o C4;

� IdGroup(G) = [256, 170] òà G ∼= (C8.D8 = C4.(C8 × C2)) o C4;

� IdGroup(G) = [256, 218] òà G ∼= ((C4 o C4) o C4) o C4;

� IdGroup(G) = [256, 221] òà G ∼= (C2 × (C8 o C4)) o C4;

� IdGroup(G) = [256, 242] òà G ∼= (C2 × (C8 o C4)) o C4;

� IdGroup(G) = [256, 246] òà G ∼= (C2 × (C8 o C4)) o C4;

� IdGroup(G) = [256, 250] òà G ∼= (C2 × (C8 o C4)) o C4;

� IdGroup(G) = [256, 384] òà G ∼= (((C16 o C2) o C2) o C2) o C2.

7.5. Êëàñèôiêàöiÿ ëîêàëüíèõ ìàéæå-êiëåöü

ìàëèõ ïîðÿäêiâ

Íàñòóïíå òâåðäæåííÿ ëåãêî îòðèìàòè ç ðåçóëüòàòiâ ñòàòòi [5].

Íàñòóïíà òàáëèöÿ ìiñòèòü êiëüêiñòü íåiçîìîðôíèõ ëîêàëüíèõ ìàéæå-

êiëåöü ïîðÿäêó íå âèùå 31, ÿêi íå ¹ ìàéæå-ïîëÿìè, ç çàäàíèìè àäèòèâ-

íèìè òà ìóëüòèïëiêàòèâíèìè ãðóïàìè.

Òâåðäæåííÿ 7.8. Íåõàé n(G) � êiëüêiñòü âñiõ íåiçîìîðôíèõ ëîêàëü-

íèõ ìàéæå-êiëåöü R ïîðÿäêó íå âèùå 31, ÿêi íå ¹ ìàéæå-ïîëÿìè, àäè-

òèâíà ãðóïà R+ ÿêèõ içîìîðôíà ãðóïi G. ßêùî n(R∗) ¹ êiëüêiñòü öèõ

ìàéæå-êiëåöü, äëÿ ÿêèõ IäÃðóïè(R∗) ¹ ôiêñîâàíèì, òî íàñòóïíå ìà¹

ìiñöå.

� IdGroup(G) = [4, 1], G ∼= C4, n(G) = 1, IdGroup(R∗) = [2, 1],

R∗ ∼= C2 òà n(R∗) = 1;
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� IdGroup(G) = [4, 2], G ∼= C2×C2, n(G) = 2, IdGroup(R∗) = [2, 1],

R∗ ∼= C2 òà n(R∗) = 2;

� IdGroup(G) = [8, 1], G ∼=, n(G) = 1, IdGroup(R∗) = [4, 2], R∗ ∼=
C2 × C2 òà n(R∗) = 1;

� IdGroup(G) = [8, 2], G ∼= C4 × C2, n(G) = 5:

� IdGroup(R∗) = [4, 1], R∗ ∼= C4 òà n(R∗) = 2;

� IdGroup(R∗) = [4, 2], R∗ ∼= C2 × C2 òà n(R∗) = 3;

� IdGroup(G) = [8, 5], G ∼= C2 × C2 × C2, n(G) = 6:

� IdGroup(R∗) = [4, 1], R∗ ∼= C4 òà n(R∗) = 2;

� IdGroup(R∗) = [4, 2], R∗ ∼= C2 × C2 òà n(R∗) = 4;

� IdGroup(G) = [9, 1], G ∼=, n(G) = 1, IdGroup(R∗) = [6, 2], R∗ ∼= C6

òà n(R∗) = 1;

� IdGroup(G) = [9, 2], G ∼=, n(G) = 3:

� IdGroup(R∗) = [6, 1], R∗ ∼= S3 òà n(R∗) = 2;

� IdGroup(R∗) = [6, 2], R∗ ∼= C6 òà n(R∗) = 1;

� IdGroup(G) = [16, 1], G ∼= C16, n(G) = 1, IdGroup(R∗) = [8, 2],

R∗ ∼= C4 × C2 òà n(R∗) = 1;

� IdGroup(G) = [16, 2], G ∼= C4 × C4, n(G) = 29:

� IdGroup(R∗) = [8, 2], R∗ ∼= C4 × C2 òà n(R∗) = 10;

� IdGroup(R∗) = [8, 3], R∗ ∼= D8 òà n(R∗) = 9;

� IdGroup(R∗) = [8, 5], R∗ ∼= C2 × C2 × C2 òà n(R∗) = 6;

� IdGroup(R∗) = [12, 3], R∗ ∼= A4 òà n(R∗) = 2;

� IdGroup(R∗) = [12, 5], R∗ ∼= C6 × C2 òà n(R∗) = 2;
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� IdGroup(G) = [16, 3], G ∼= (C4 × C2) o C2, n(G) = 37:

� IdGroup(R∗) = [8, 2], R∗ ∼= C4 × C2 òà n(R∗) = 14;

� IdGroup(R∗) = [8, 3], R∗ ∼= D8 òà n(R∗) = 17;

� IdGroup(R∗) = [8, 5], R∗ ∼= C2 × C2 × C2 òà n(R∗) = 6;

� IdGroup(G) = [16, 4], G ∼= C4 o C4, n(G) = 24:

� IdGroup(R∗) = [8, 2], R∗ ∼= C4 × C2 òà n(R∗) = 7;

� IdGroup(R∗) = [8, 3], R∗ ∼= D8 òà n(R∗) = 10;

� IdGroup(R∗) = [8, 5], R∗ ∼= C2 × C2 × C2 òà n(R∗) = 7;

� IdGroup(G) = [16, 5], G ∼= C8 × C2, n(G) = 33:

� IdGroup(R∗) = [8, 2], R∗ ∼= C4 × C2 òà n(R∗) = 8;

� IdGroup(R∗) = [8, 3], R∗ ∼= D8 òà n(R∗) = 16;

� IdGroup(R∗) = [8, 5], R∗ ∼= C2 × C2 × C2 òà n(R∗) = 9;

� IdGroup(G) = [16, 6], G ∼= C8 o C2, n(G) = 33:

� IdGroup(R∗) = [8, 2], R∗ ∼= C4 × C2 òà n(R∗) = 8;

� IdGroup(R∗) = [8, 3], R∗ ∼= D8 òà n(R∗) = 17;

� IdGroup(R∗) = [8, 5], R∗ ∼= C2 × C2 × C2 òà n(R∗) = 8;

� IdGroup(G) = [16, 10], G ∼= C4 × C2 × C2, n(G) = 251:

� IdGroup(R∗) = [8, 2], R∗ ∼= C4 × C2 òà n(R∗) = 96;

� IdGroup(R∗) = [8, 3], R∗ ∼= D8 òà n(R∗) = 90;

� IdGroup(R∗) = [8, 4], R∗ ∼= Q8 òà n(R∗) = 24;

� IdGroup(R∗) = [8, 5], R∗ ∼= C2 × C2 × C2 òà n(R∗) = 41;

� IdGroup(G) = [16, 12], G ∼= C2 × Q8, n(G) = 2, IdGroup(R∗) =

[12, 3], R∗ ∼= A4 òà n(R∗) = 2;
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� IdGroup(G) = [16, 14], G ∼= C2 × C2 × C2 × C2, n(G) = 229:

� IdGroup(R∗) = [8, 2], R∗ ∼= C4 × C2 òà n(R∗) = 96;

� IdGroup(R∗) = [8, 3], R∗ ∼= D8 òà n(R∗) = 90;

� IdGroup(R∗) = [8, 4], R∗ ∼= Q8 òà n(R∗) = 24;

� IdGroup(R∗) = [8, 5], R∗ ∼= C2 × C2 × C2 òà n(R∗) = 41;

� IdGroup(R∗) = [12, 3], R∗ ∼= A4 òà n(R∗) = 5;

� IdGroup(R∗) = [12, 5], R∗ ∼= C6 × C2 òà n(R∗) = 2;

� IdGroup(G) = [25, 1], G ∼= C25, n(G) = 1, IdGroup(R∗) = [20, 2],

R∗ ∼= C20 òà n(R∗) = 1;

� IdGroup(G) = [25, 2], G ∼= C5 × C5, n(G) = 5:

� IdGroup(R∗) = [20, 1], R∗ ∼= C5 o C4 òà n(R∗) = 1;

� IdGroup(R∗) = [20, 2], R∗ ∼= C20 òà n(R∗) = 1;

� IdGroup(R∗) = [20, 3], R∗ ∼= C5 o C4 òà n(R∗) = 3;

� IdGroup(G) = [27, 1], G ∼= C27, n(G) = 1, IdGroup(R∗) = [18, 2],

R∗ ∼= C18 òà n(R∗) = 1;

� IdGroup(G) = [27, 2], G ∼= C9 × C3, n(G) = 13:

� IdGroup(R∗) = [18, 3], R∗ ∼= C3 × S3 òà n(R∗) = 4;

� IdGroup(R∗) = [18, 5], R∗ ∼= C6 × C3 òà n(R∗) = 9;

� IdGroup(G) = [27, 3], G ∼= (C3×C3)oC3, n(G) = 4, IdGroup(R∗) =

[18, 3], R∗ ∼= C3 × S3 òà n(R∗) = 4;

� IdGroup(G) = [27, 4], G ∼= C9 o C3, n(G) = 4, IdGroup(R∗) =

[18, 3], R∗ ∼= C3 × S3 òà n(R∗) = 4;

� IdGroup(G) = [27, 5], G ∼= C3 × C3 × C3, n(G) = 12:
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� IdGroup(R∗) = [18, 3], R∗ ∼= C3 × S3 òà n(R∗) = 3;

� IdGroup(R∗) = [18, 4], R∗ ∼= (C3 × C3) o C2 òà n(R∗) = 4;

� IdGroup(R∗) = [18, 5], R∗ ∼= C6 × C3 òà n(R∗) = 5.

7.5.1. Ëîêàëüíi ìàéæå-êiëüöÿ ïîðÿäêó 32

Íàñòóïíi òåîðåìè � ðåçóëüòàò îá÷èñëåíü, âèêîíàíèõ ç âèêîðèñòàííÿì

ñèñòåìè êîìï'þòåðíî¨ àëãåáðè GAP.

Çàóâàæèìî, ùî ç 51 íåiçîìîðôíî¨ ãðóïè ïîðÿäêó 32 òiëüêè 19 ¹ àäè-

òèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü.

Òåîðåìà 7.9. Íåõàé R � ëîêàëüíå ìàéæå-êiëüöå ïîðÿäêó 32. Òîäi ãðóïà

R+ òà ¨¨ ïiäãðóïà L ¹ íàñòóïíèìè:

� IdGroup(G) = [32, 1], G ∼= C32 òà IdGroup(L) = [16, 1], L ∼= C16;

� IdGroup(G) = [32, 2], G ∼= (C4×C2)oC4 òà IdGroup(L) = [16, 10],

L ∼= C4 × C2 × C2;

� IdGroup(G) = [32, 3], G ∼= C8 × C4 òà IdGroup(L) = [16, 2],

L ∼= C4 × C4;

� IdGroup(G) = [32, 4], G ∼= C8 o C4 òà IdGroup(L) = [16, 2],

L ∼= C4 × C4;

� IdGroup(G) = [32, 5], G ∼= (C8×C2)oC2 òà IdGroup(L) = [16, 10],

L ∼= C4 × C2 × C2;

� IdGroup(G) = [32, 6], G ∼= ((C4×C2)oC2)oC2 òà IdGroup(L) =

[16, 11], L ∼= C2 ×D8;
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� IdGroup(G) = [32, 7], G ∼= (C8oC2)oC2 òà IdGroup(L) = [16, 11],

L ∼= C2 ×D8;

� IdGroup(G) = [32, 8], G ∼= C2.((C4 × C2) o C2) òà IdGroup(L) =

[16, 12], L ∼= C2 ×Q8;

� IdGroup(G) = [32, 12], G ∼= C4 o C8 òà IdGroup(L) = [16, 2],

L ∼= C4 × C4;

� IdGroup(G) = [32, 16], G ∼= C16 × C2 òà IdGroup(L) = [16, 5],

L ∼= C8 × C2;

� IdGroup(G) = [32, 17], G ∼= C16 o C2 òà IdGroup(L) = [16, 5],

L ∼= C8 × C2;

� IdGroup(G) = [32, 21], G ∼= C4×C4×C2 òà IdGroup(L) = [16, 10],

L ∼= C4 × C2 × C2;

� IdGroup(G) = [32, 22], G ∼= C2× ((C4×C2)oC2) òà IdGroup(L) =

[16, 14], L ∼= C2 × C2 × C2 × C2;

� IdGroup(G) = [32, 23], G ∼= C2 × (C4 o C4) òà IdGroup(L) =

[16, 10], L ∼= C4 × C2 × C2;

� IdGroup(G) = [32, 24], G ∼= (C4 × C4) o C2 òà IdGroup(L) =

[16, 10], L ∼= C4 × C2 × C2;

� IdGroup(G) = [32, 36], G ∼= C8×C2×C2 òà IdGroup(L) = [16, 10],

L ∼= C4 × C2 × C2;

� IdGroup(G) = [32, 37], G ∼= C2 × (C8 o C2) òà IdGroup(L) =

[16, 10], L ∼= C4 × C2 × C2;

� IdGroup(G) = [32, 45], G ∼= C4 × C2 × C2 × C2 òà IdGroup(L) =

[16, 14], L ∼= C2 × C2 × C2 × C2;
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� IdGroup(G) = [32, 51], G ∼= C2×C2×C2×C2×C2 òà IdGroup(L) =

[16, 14], L ∼= C2 × C2 × C2 × C2.

Íàñòóïíà òàáëèöÿ ìiñòèòü êiëüêiñòü íåiçîìîðôíèõ ëîêàëüíèõ ìàéæå-

êiëåöü ïîðÿäêó 32 ç çàäàíèìè àäèòèâíèìè òà ìóëüòèïëiêàòèâíèìè ãðó-

ïàìè.

Òåîðåìà 7.10. Íåõàé n(G) � êiëüêiñòü âñiõ íåiçîìîðôíèõ ëîêàëüíèõ

ìàéæå-êiëåöü R ïîðÿäêó 32, àäèòèâíà ãðóïà R+ ÿêèõ içîìîðôíà ãðó-

ïi G. ßêùî n(R∗) ¹ êiëüêiñòü öèõ ìàéæå-êiëåöü, äëÿ ÿêèõ IäÃðóïè(R∗)

¹ ôiêñîâàíèì, òî íàñòóïíå ìà¹ ìiñöå.

� IdGroup(G) = [32, 1], G ∼= C32, n(G) = 1, IdGroup(R∗) = [16, 5],

R∗ ∼= C8 × C2 òà n(R∗) = 1.

� IdGroup(G) = [32, 2], G ∼= (C4 × C2) o C4, n(G) = 1397:

� IdGroup(R∗) = [16, 3], R∗ ∼= (C4 × C2) o C2 òà n(R∗) = 369;

� IdGroup(R∗) = [16, 10], R∗ ∼= C4 × C2 × C2 òà n(R∗) = 198;

� IdGroup(R∗) = [16, 11], R∗ ∼= C2 ×D8 òà n(R∗) = 764;

� IdGroup(R∗) = [16, 14], R∗ ∼= C2×C2×C2×C2 òà n(R∗) = 66.

� IdGroup(G) = [32, 3], G ∼= C8 × C4, n(G) = 880:

� IdGroup(R∗) = [16, 3], R∗ ∼= (C4 × C2) o C2 òà n(R∗) = 208;

� IdGroup(R∗) = [16, 10], R∗ ∼= C4 × C2 × C2 òà n(R∗) = 128;

� IdGroup(R∗) = [16, 11], R∗ ∼= C2 ×D8 òà n(R∗) = 489;

� IdGroup(R∗) = [16, 14], R∗ ∼= C2×C2×C2×C2 òà n(R∗) = 55.

� IdGroup(G) = [32, 4], G ∼= C8 o C4, n(G) = 798:

� IdGroup(R∗) = [16, 3], R∗ ∼= (C4 × C2) o C2 òà n(R∗) = 238;
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� IdGroup(R∗) = [16, 10], R∗ ∼= C4 × C2 × C2 òà n(R∗) = 100;

� IdGroup(R∗) = [16, 11], R∗ ∼= C2 ×D8 òà n(R∗) = 424;

� IdGroup(R∗) = [16, 14], R∗ ∼= C2×C2×C2×C2 òà n(R∗) = 36.

� IdGroup(G) = [32, 5], G ∼= (C8 × C2) o C2, n(G) = 1945:

� IdGroup(R∗) = [16, 3], R∗ ∼= (C4 × C2) o C2 òà n(R∗) = 548;

� IdGroup(R∗) = [16, 10], R∗ ∼= C4 × C2 × C2 òà n(R∗) = 232;

� IdGroup(R∗) = [16, 11], R∗ ∼= C2 ×D8 òà n(R∗) = 1077;

� IdGroup(R∗) = [16, 14], R∗ ∼= C2×C2×C2×C2 òà n(R∗) = 88.

� IdGroup(G) = [32, 6], G ∼= ((C4 × C2) o C2) o C2, n(G) = 433:

� IdGroup(R∗) = [16, 3], R∗ ∼= (C4 × C2) o C2 òà n(R∗) = 64;

� IdGroup(R∗) = [16, 11], R∗ ∼= C2 ×D8 òà n(R∗) = 225;

� IdGroup(R∗) = [16, 13], R∗ ∼= (C4 × C2) o C2 òà n(R∗) = 144.

� IdGroup(G) = [32, 7], G ∼= (C8 o C2) o C2, n(G) = 225:

� IdGroup(R∗) = [16, 3], R∗ ∼= (C4 × C2) o C2 òà n(R∗) = 32;

� IdGroup(R∗) = [16, 11], R∗ ∼= C2 ×D8 òà n(R∗) = 121;

� IdGroup(R∗) = [16, 13], R∗ ∼= (C4 × C2) o C2 òà n(R∗) = 72.

� IdGroup(G) = [32, 8], G ∼= C2.((C4 × C2) o C2), n(G) = 208:

� IdGroup(R∗) = [16, 3], R∗ ∼= (C4 × C2) o C2 òà n(R∗) = 32;

� IdGroup(R∗) = [16, 11], R∗ ∼= C2 ×D8 òà n(R∗) = 104;

� IdGroup(R∗) = [16, 13], R∗ ∼= (C4 × C2) o C2 òà n(R∗) = 72.

� IdGroup(G) = [32, 12], G ∼= C4 o C8, n(G) = 2406:

� IdGroup(R∗) = [16, 3], R∗ ∼= (C4 × C2) o C2 òà n(R∗) = 624;
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� IdGroup(R∗) = [16, 10], R∗ ∼= C4 × C2 × C2 òà n(R∗) = 312;

� IdGroup(R∗) = [16, 11], R∗ ∼= C2 ×D8 òà n(R∗) = 1350;

� IdGroup(R∗) = [16, 14], R∗ ∼= C2×C2×C2×C2 òà n(R∗) = 120.

� IdGroup(G) = [32, 16], G ∼= C16 × C2, n(G) = 129:

� IdGroup(R∗) = [16, 10], R∗ ∼= C4 × C2 × C2 òà n(R∗) = 33;

� IdGroup(R∗) = [16, 11], R∗ ∼= C2 ×D8 òà n(R∗) = 16;

� IdGroup(R∗) = [16, 12], R∗ ∼= C2 ×Q8 òà n(R∗) = 16;

� IdGroup(R∗) = [16, 13], R∗ ∼= (C4 × C2) o C2 òà n(R∗) = 64.

� IdGroup(G) = [32, 17], G ∼= C16 o C2, n(G) = 129:

� IdGroup(R∗) = [16, 10], R∗ ∼= C4 × C2 × C2 òà n(R∗) = 32;

� IdGroup(R∗) = [16, 11], R∗ ∼= C2 ×D8 òà n(R∗) = 16;

� IdGroup(R∗) = [16, 12], R∗ ∼= C2 ×Q8 òà n(R∗) = 16;

� IdGroup(R∗) = [16, 13], R∗ ∼= (C4 × C2) o C2 òà n(R∗) = 65.

� IdGroup(G) = [32, 21], G ∼= C4 × C4 × C2, n(G) = 135558:

� IdGroup(R∗) = [16, 2], R∗ ∼= C4 × C4 òà n(R∗) = 256;

� IdGroup(R∗) = [16, 3], R∗ ∼= (C4 × C2) o C2 òà n(R∗) = 634;

� IdGroup(R∗) = [16, 4], R∗ ∼= C4 o C4 òà n(R∗) = 136;

� IdGroup(R∗) = [16, 5], R∗ ∼= C8 × C2 òà n(R∗) = 4;

� IdGroup(R∗) = [16, 6], R∗ ∼= C8 o C2 òà n(R∗) = 2;

� IdGroup(R∗) = [16, 10], R∗ ∼= C4 × C2 × C2 òà n(R∗) = 13630;

� IdGroup(R∗) = [16, 11], R∗ ∼= C2 ×D8 òà n(R∗) = 62910;

� IdGroup(R∗) = [16, 12], R∗ ∼= C2 ×Q8 òà n(R∗) = 4368;

� IdGroup(R∗) = [16, 13], R∗ ∼= (C4×C2)oC2 òà n(R∗) = 49152;
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� IdGroup(R∗) = [16, 14], R∗ ∼= C2×C2×C2×C2 òà n(R∗) = 4466.

� IdGroup(G) = [32, 22], G ∼= C2 × ((C4 × C2) o C2), n(G) = 149374:

� IdGroup(R∗) = [16, 2], R∗ ∼= C4 × C4 òà n(R∗) = 1024;

� IdGroup(R∗) = [16, 3], R∗ ∼= (C4 × C2) o C2 òà n(R∗) = 5936;

� IdGroup(R∗) = [16, 4], R∗ ∼= C4 o C4 òà n(R∗) = 3120;

� IdGroup(R∗) = [16, 5], R∗ ∼= C8 × C2 òà n(R∗) = 20;

� IdGroup(R∗) = [16, 6], R∗ ∼= C8 o C2 òà n(R∗) = 30;

� IdGroup(R∗) = [16, 10], R∗ ∼= C4 × C2 × C2 òà n(R∗) = 14457;

� IdGroup(R∗) = [16, 11], R∗ ∼= C2 ×D8 òà n(R∗) = 66579;

� IdGroup(R∗) = [16, 12], R∗ ∼= C2 ×Q8 òà n(R∗) = 4368;

� IdGroup(R∗) = [16, 13], R∗ ∼= (C4×C2)oC2 òà n(R∗) = 49368;

� IdGroup(R∗) = [16, 14], R∗ ∼= C2×C2×C2×C2 òà n(R∗) = 4472.

� IdGroup(G) = [32, 23], G ∼= C2 × (C4 o C4), n(G) = 157905:

� IdGroup(R∗) = [16, 3], R∗ ∼= (C4 × C2) o C2 òà n(R∗) = 458;

� IdGroup(R∗) = [16, 4], R∗ ∼= C4 o C4 òà n(R∗) = 4;

� IdGroup(R∗) = [16, 10], R∗ ∼= C4 × C2 × C2 òà n(R∗) = 13414;

� IdGroup(R∗) = [16, 11], R∗ ∼= C2 ×D8 òà n(R∗) = 85208;

� IdGroup(R∗) = [16, 12], R∗ ∼= C2 ×Q8 òà n(R∗) = 4416;

� IdGroup(R∗) = [16, 13], R∗ ∼= (C4×C2)oC2 òà n(R∗) = 49920;

� IdGroup(R∗) = [16, 14], R∗ ∼= C2×C2×C2×C2 òà n(R∗) = 4485.

� IdGroup(G) = [32, 24], G ∼= (C4 × C4) o C2, n(G) = 262544:

� IdGroup(R∗) = [16, 10], R∗ ∼= C4 × C2 × C2 òà n(R∗) = 24576;

� IdGroup(R∗) = [16, 11], R∗ ∼= C2 ×D8 òà n(R∗) = 123080;
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� IdGroup(R∗) = [16, 12], R∗ ∼= C2 ×Q8 òà n(R∗) = 8192;

� IdGroup(R∗) = [16, 13], R∗ ∼= (C4×C2)oC2 òà n(R∗) = 98504;

� IdGroup(R∗) = [16, 14], R∗ ∼= C2×C2×C2×C2 òà n(R∗) = 8192.

� IdGroup(G) = [32, 36], G ∼= C8 × C2 × C2, n(G) = 177175:

� IdGroup(R∗) = [16, 3], R∗ ∼= (C4 × C2) o C2 òà n(R∗) = 448;

� IdGroup(R∗) = [16, 10], R∗ ∼= C4 × C2 × C2 òà n(R∗) = 16770;

� IdGroup(R∗) = [16, 11], R∗ ∼= C2 ×D8 òà n(R∗) = 83244;

� IdGroup(R∗) = [16, 12], R∗ ∼= C2 ×Q8 òà n(R∗) = 5472;

� IdGroup(R∗) = [16, 13], R∗ ∼= (C4×C2)oC2 òà n(R∗) = 65536;

� IdGroup(R∗) = [16, 14], R∗ ∼= C2×C2×C2×C2 òà n(R∗) = 5705.

� IdGroup(G) = [32, 37], G ∼= C2 × (C8 o C2), n(G) = 527419:

� IdGroup(R∗) = [16, 3], R∗ ∼= (C4 × C2) o C2 òà n(R∗) = 496;

� IdGroup(R∗) = [16, 10], R∗ ∼= C4 × C2 × C2 òà n(R∗) = 49514;

� IdGroup(R∗) = [16, 11], R∗ ∼= C2 ×D8 òà n(R∗) = 247431;

� IdGroup(R∗) = [16, 12], R∗ ∼= C2 ×Q8 òà n(R∗) = 16384;

� IdGroup(R∗) = [16, 13], R∗ ∼= (C4×C2)oC2 òà n(R∗) = 197008;

� IdGroup(R∗) = [16, 14], R∗ ∼= C2 × C2 × C2 × C2 òà n(R∗) =

16586.

� IdGroup(G) = [32, 45], G ∼= C4 × C2 × C2 × C2, n(G) > 6684533:

� IdGroup(R∗) = [16, 2], R∗ ∼= C4 × C4 òà n(R∗) = 16435;

� IdGroup(R∗) = [16, 3], R∗ ∼= (C4 × C2) o C2 òà n(R∗) = 40447;

� IdGroup(R∗) = [16, 4], R∗ ∼= C4 o C4 òà n(R∗) = 47904;

� IdGroup(R∗) = [16, 5], R∗ ∼= C8 × C2 òà n(R∗) = 24;
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� IdGroup(R∗) = [16, 6], R∗ ∼= C8 o C2 òà n(R∗) = 32;

� IdGroup(R∗) = [16, 8], R∗ ∼= QD16 òà n(R∗) = 14;

� IdGroup(R∗) = [16, 9], R∗ ∼= Q16 òà n(R∗) = 14;

� IdGroup(R∗) = [16, 10], R∗ ∼= C4×C2×C2 òà n(R∗) = 741652;

� IdGroup(R∗) = [16, 11], R∗ ∼= C2 ×D8 òà n(R∗) = 2190035;

� IdGroup(R∗) = [16, 12], R∗ ∼= C2 ×Q8 òà n(R∗) = 710359;

� IdGroup(R∗) = [16, 13], R∗ ∼= (C4 × C2) o C2 òà

n(R∗) = 2847717;

� IdGroup(R∗) = [16, 14], R∗ ∼= C2 × C2 × C2 × C2 òà n(R∗) >

89900.

� IdGroup(G) = [32, 51], G ∼= C2×C2×C2×C2×C2, n(G) > 7007053:

� IdGroup(R∗) = [16, 2], R∗ ∼= C4 × C4 òà n(R∗) = 5983;

� IdGroup(R∗) = [16, 3], R∗ ∼= (C4 × C2) o C2 òà n(R∗) = 23205;

� IdGroup(R∗) = [16, 4], R∗ ∼= C4 o C4 òà n(R∗) = 17100;

� IdGroup(R∗) = [16, 5], R∗ ∼= C8 × C2 òà n(R∗) = 24;

� IdGroup(R∗) = [16, 6], R∗ ∼= C8 o C2 òà n(R∗) = 32;

� IdGroup(R∗) = [16, 8], R∗ ∼= QD16 òà n(R∗) = 14;

� IdGroup(R∗) = [16, 9], R∗ ∼= Q16 òà n(R∗) = 14;

� IdGroup(R∗) = [16, 10], R∗ ∼= C4×C2×C2 òà n(R∗) = 789167;

� IdGroup(R∗) = [16, 11], R∗ ∼= C2 ×D8 òà n(R∗) = 2566765;

� IdGroup(R∗) = [16, 12], R∗ ∼= C2 ×Q8 òà n(R∗) = 703803;

� IdGroup(R∗) = [16, 13], R∗ ∼= (C4 × C2) o C2 òà

n(R∗) = 2808419;

� IdGroup(R∗) = [16, 14], R∗ ∼= C2 × C2 × C2 × C2 òà n(R∗) >

92527.
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7.5.2. Ëîêàëüíi ìàéæå-êiëüöÿ ïîðÿäêó 128

Ó ðîáîòàõ [108] i [75] ïîáóäîâàíî i äîñëiäæåíî ëîêàëüíi ìàéæå-êiëüöÿ

ïîðÿäêó 27 = 128 íà 2-ïîðîäæåíèõ ãðóïàõ çàñîáàìè êîìï'þòåðíî¨ àëãåá-

ðè GAP.

Iñíó¹ 2328 íåiçîìîðôíèõ ãðóï ïîðÿäêó 128 = 27, ç ÿêèõ 162 ¹ 2-

ïîðîäæåíèìè ãðóïàìè: 5 ãðóï ìàþòü åêñïîíåíòó 64 i ëèøå 2 ç öèõ ãðóï ¹

àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü, 18 ãðóï ìàþòü åêñïîíåí-

òó 32 i ëèøå 6 ç öèõ ãðóï ¹ àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü,

65 ãðóï ìàþòü åêñïîíåíòó 16 i ëèøå 16 ç öèõ ãðóï ¹ àäèòèâíèìè ãðóïàìè

ëîêàëüíèõ ìàéæå-êiëåöü, 72 ãðóïè ìàþòü åêñïîíåíòó 8 (íåâiäîìà êiëü-

êiñòü ãðóï, ÿêi ¹ àäèòèâíèìè ãðóïàìè ëîêàëüíèõ íàáëèæåíèõ êiëåöü),

à ãðóïè 2 ìàþòü åêñïîíåíòó 4 i îáèäâi öi ãðóïè ¹ àäèòèâíèìè ãðóïàìè

ëîêàëüíèõ ìàéæå-êiëåöü.

Òåîðåìà 7.11. Íàñòóïíi 2-ïîðîäæåíi ãðóïè G åêñïîíåíòè 4 i òiëü-

êè âîíè ¹ àäèòèâíèìè ãðóïàìè íóëü-ñèìåòðè÷íèõ ëîêàëüíèõ ìàéæå-

êiëåöü ïîðÿäêó 128:

� IdGroup(G) = [128, 36], G ∼= (C2 × ((C4 × C2) o C2)) o C4 òà

n(G) > 80384;

� IdGroup(G) = [128, 125], G ∼= (C4×C4×C2)oC4 òà n(G) > 35040.

Ëåìà 7.12. Íàñòóïíi 2-ïîðîäæåíi ãðóïè G åêñïîíåíòè 8 ¹ àäèòèâíè-

ìè ãðóïàìè íóëü-ñèìåòðè÷íèõ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó 128:

� IdGroup(G) = [128, 2], G ∼= ((C8×C2)oC4)oC2 òà n(G) > 41184;
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� IdGroup(G) = [128, 4], G ∼= (C2 ×Q8) o C8 òà n(G) > 103424;

� IdGroup(G) = [128, 5], G ∼= (C8 × C2) o C8 òà n(G) > 1536;

� IdGroup(G) = [128, 6], G ∼= (C8 × C4) o C4 òà n(G) > 73728;

� IdGroup(G) = [128, 7], G ∼= (C8 × C2) o C8 òà n(G) > 4160;

� IdGroup(G) = [128, 8], G ∼= (C4 o C8) o C4 òà n(G) > 10240;

� IdGroup(G) = [128, 12], G ∼= ((C8×C2)oC2)oC4 òà n(G) > 1336;

� IdGroup(G) = [128, 13], G ∼= (C8 × C2) o C8 òà n(G) > 33928;

� IdGroup(G) = [128, 27], G ∼= (C8 o C4) o C4 òà n(G) > 106240;

� IdGroup(G) = [128, 38], G ∼= ((C8×C2)oC2)oC4 òà n(G) > 80384;

� IdGroup(G) = [128, 48], G ∼= (((C8 × C2) o C2) o C2) o C2 òà

n(G) > 194080;

� IdGroup(G) = [128, 49], G ∼= (C4×C2×C2)oC8 òà n(G) > 191520;

� IdGroup(G) = [128, 50], G ∼= ((C4×C2)oC8)oC2 òà n(G) > 16992;

� IdGroup(G) = [128, 51], G ∼= (C2 ×Q8) o C8 òà n(G) > 16992;

� IdGroup(G) = [128, 56], G ∼= (C4 × C4) o C8 òà n(G) > 254208;

� IdGroup(G) = [128, 57], G ∼= (C4 × C4) o C8 òà n(G) > 127488.

Ïèòàííÿ 1. ×è ¹ íàñòóïíi 2-ïîðîäæåíi ãðóïè G åêñïîíåíòè 8 àäè-

òèâíèìè ãðóïàìè íóëü-ñèìåòðè÷íèõ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó

128?

� IdGroup(G) = [128, 9], G ∼= (C8 × C2) o C8;
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� IdGroup(G) = [128, 28], G ∼= (C8 × C2) o C8;

� IdGroup(G) = [128, 126], G ∼= (C2.((C4×C2)oC2) = (C2×C2).(C4×
C2)) o C4.

Òåîðåìà 7.13. Òiëüêè íàñòóïíi ãðóïè G ïîðÿäêó 128 i åêñïîíåíòè 16

¹ àäèòèâíèìè ãðóïàìè íóëü-ñèìåòðè÷íèõ ëîêàëüíèõ ìàéæå-êiëåöü:

� IdGroup(G) = [128, 42], G ∼= C16 × C8 òà n(G) > 134754;

� IdGroup(G) = [128, 43], G ∼= C16 o C8 òà n(G) > 133866;

� IdGroup(G) = [128, 44], G ∼= C8 o C16 òà n(G) > 145648;

� IdGroup(G) = [128, 46], G ∼= ((C16×C2)oC2)oC2 òà n(G) > 24704;

� IdGroup(G) = [128, 47], G ∼= ((C16 × C2) o C2) o C2 òà n(G) =

252928;

� IdGroup(G) = [128, 52], G ∼= ((C16 o C2) o C2) o C2 òà n(G) >

115840;

� IdGroup(G) = [128, 53], G ∼= ((C16 o C2) o C2) o C2 òà n(G) >

277248;

� IdGroup(G) = [128, 54], G ∼= (C4 × C2) o C16 òà n(G) > 82944;

� IdGroup(G) = [128, 55], G ∼= (C4 × C2).((C4 × C2) o C2) = (C4 ×
C2).(C8 × C2) òà n(G) = 640;

� IdGroup(G) = [128, 59], G ∼= C4.((C2 × C2 × C2) o C4) = (C4 ×
C2).(C8 × C2) òà n(G) > 13056;

� IdGroup(G) = [128, 99], G ∼= C8 o C16 òà n(G) > 29248;
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� IdGroup(G) = [128, 102], G ∼= C8 o C16 òà n(G) > 5376;

� IdGroup(G) = [128, 106], G ∼= (C16 × C2) o C4 òà n(G) > 2808;

� IdGroup(G) = [128, 107], G ∼= (C16 × C2) o C4 òà n(G) > 16460;

� IdGroup(G) = [128, 108], G ∼= (C16 o C2) o C4 òà n(G) > 1344;

� IdGroup(G) = [128, 109], G ∼= (C16 o C2) o C4 òà n(G) > 2344.

Òåîðåìà 7.14. Iñíóþòü 389976 íóëü-ñèìåòðè÷íi ëîêàëüíi ìàéæå-

êiëüöÿ íà 2-ïîðîäæåíèõ àäèòèâíèõ ãðóïàõ G åêñïîíåíòè 32 ïîðÿäêó

128:

� IdGroup(G) = [128, 128], G ∼= C32 × C4 òà n(G) = 48968;

� IdGroup(G) = [128, 129], G ∼= C32 o C4 òà n(G) = 48968;

� IdGroup(G) = [128, 131], G ∼= (C32 × C2) o C2 òà n(G) = 144016;

� IdGroup(G) = [128, 132], G ∼= (C32 o C2) o C2 òà n(G) = 23936;

� IdGroup(G) = [128, 153], G ∼= C4 o C32 òà n(G) >;

� IdGroup(G) = [128, 154], G ∼= C16.D8 = C4.(C16 × C2) òà n(G) =

5120.

Òåîðåìà 7.15. Iñíóþòü 1024 íóëü-ñèìåòðè÷íi ëîêàëüíi ìàéæå-êiëüöÿ

íà 2-ïîðîäæåíèõ àäèòèâíèõ ãðóïàõ G åêñïîíåíòè 64 ïîðÿäêó 128:

� IdGroup(G) = [128, 159], G ∼= C64 × C2 òà n(G) = 512;

� IdGroup(G) = [128, 160], G ∼= C64 o C2 òà n(G) = 512.
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7.5.3. 2-Ïîðîäæåíi ãðóïè åêñïîíåíòè 8 ÿê àäèòèâíi ãðóïè

íóëü-ñèìåòðè÷íèõ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó

128

Iñíó¹ 2328 íåiçîìîðôíèõ ãðóï ïîðÿäêó 128 = 27, ç ÿêèõ 162 ¹ 2-

ïîðîäæåíèìè ãðóïàìè (5 ãðóï åêñïîíåíòè 64, 18 ãðóï åêñïîíåíòè 32,

65 ãðóï åêñïîíåíòè 16, 72 ãðóïè åêñïîíåíòè 8 òà 2 ãðóïè åêñïîíåíòè 4).

Íàñòóïíå òâåðäæåííÿ ÷àñòêîâî âiäïîâiäà¹ íà ïèòàííÿ 1.

Òâåðäæåííÿ 7.16. Íàñòóïíi 2-ïîðîäæåíi ãðóïè G åêñïîíåíòè 8 ¹ àäè-

òèâíèìè ãðóïàìè íóëü-ñèìåòðè÷íèõ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó

128:

� IdGroup(G) = [128, 2], G ∼= ((C8×C2)oC4)oC2 òà n(G) > 41184.

� IdGroup(G) = [128, 4], G ∼= (C2 ×Q8) o C8 òà n(G) > 103424.

� IdGroup(G) = [128, 5], G ∼= (C8 × C2) o C8 òà n(G) > 1536.

� IdGroup(G) = [128, 6], G ∼= (C8 × C4) o C4 òà n(G) > 73728.

� IdGroup(G) = [128, 7], G ∼= (C8 × C2) o C8 òà n(G) > 4160.

� IdGroup(G) = [128, 8], G ∼= (C4 o C8) o C4 òà n(G) > 10240.

� IdGroup(G) = [128, 12], G ∼= ((C8×C2)oC2)oC4 òà n(G) > 1336.

� IdGroup(G) = [128, 13], (C8 × C2) o C8 òà n(G) > 33928.

� IdGroup(G) = [128, 27], (C8 o C4) o C4 òà n(G) > 106240.

� IdGroup(G) = [128, 38], G ∼= ((C8×C2)oC2)oC4 òà n(G) > 80384.

� IdGroup(G) = [128, 48], G ∼= (((C8 × C2) o C2) o C2) o C2 òà

n(G) > 194080.
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� IdGroup(G) = [128, 49], G ∼= (C4×C2×C2)oC8 òà n(G) > 191520.

� IdGroup(G) = [128, 50], G ∼= ((C4×C2)oC8)oC2 òà n(G) > 16992.

� IdGroup(G) = [128, 51], G ∼= (C2 ×Q8) o C8 òà n(G) > 16992.

� IdGroup(G) = [128, 56], G ∼= (C4 × C4) o C8 òà n(G) > 254208.

� IdGroup(G) = [128, 57], G ∼= (C4 × C4) o C8 òà n(G) > 127488.

� IdGroup(G) = [128, 126], G ∼= (C2.((C4×C2)oC2) = (C2×C2).(C4×
C2)) o C4 òà n(G) > 153488.

Ãiïîòåçà. Íàñòóïíi 2-ïîðîäæåíi ãðóïè G åêñïîíåíòè 8 i òiëüêè âîíè ¹

àäèòèâíèìè ãðóïàìè íóëü-ñèìåòðè÷íèõ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿä-

êó 128:

� ãðóïè ç ïðîïîçèöi¨ 1;

� IdGroup(G) = [128, 9], G ∼= (C8 × C2) o C8;

� IdGroup(G) = [128, 28], G ∼= (C4 o C8) o C4.

Àëãîðèòì ïîáóäîâè ñêií÷åííèõ ëîêàëüíèõ ìàéæå-êiëåöü íà àäèòèâ-

íié ãðóïi [128, 160] ìîæíà îòðèìàòè ç [125] çà äîïîìîãîþ GAP, âèêî-

ðèñòîâóþ÷è ïàêåò LocalNR òà áàçó äàíèõ ëîêàëüíèõ ìàéæå-êiëåöü íà

2-ïîðîäæåííèõ ãðóïàõ ïîðÿäêó 128.

Âèñíîâêè äî ðîçäiëó 7

Ó äàíîìó ðîçäiëi:
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� îïèñàíî ïîáóäîâó ìàéæå-êiëåöü ç îäèíèöåþ;

� íàâåäåíî äåÿêi ôóíêöi¨ äëÿ ëîêàëüíèõ ìàéæå-êiëåöü ç ïàêåòó

LocalNR, à ñàìå:

� UnitsOfNearRing(R) (âèâiä: ñïèñîê îáîðîòíèõ åëåìåíòiâ ìàéæå-

êiëüöÿ, ÿêùî R ¹ ìàéæå-êiëüöåì ç îäèíèöåþ, iíàêøå âèâiä ìà¹

âèãëÿä Error, no units exist),

� IsLocalNearRing(R) (âèâiä: çíà÷åííÿ true, ÿêùî R ¹ ëîêàëüíèì

ìàéæå-êiëüöåì, iíàêøå âèâiä ìà¹ çíà÷åííÿ false.),

� IsLocalRing(R) (âèâiä: çíà÷åííÿ true, ÿêùî R ¹ ëîêàëüíèì êiëü-

öåì, iíàêøå âèâiä ìà¹ çíà÷åííÿ false),

� NearRingNonUnits(R) (âèâiä: ñïèñîê íåîáîðîòíèõ åëåìåíòiâ R.),

� NonUnitsAsAdditiveSubgroup(R) (âèâiä: àäèòèâíà ïiäãðóïà íåî-

áîðîòíèõ åëåìåíòiâ R);

� îïèñàíî ìàéæå-êiëüöÿ ç îäèíèöåþ ïàêåòó SONATA òà åíäîöèêëi÷íi

ãðóïè;

� ïðîàíàëiçîâàíî ëîêàëüíi ìàéæå-êiëüöÿ ïîðÿäêó 32;

� êëàñèôiêîâàíî äåÿêi êëàñè ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó 128;

� çíàéäåíî 2-ïîðîäæåíi åíäîöèêëi÷íi ãðóïè ïîðÿäêó 256 òà åêñïîíåí-

òè 16, ÿêi íå ¹ àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü.

Îñíîâíi ðåçóëüòàòè äàíîãî ðîçäiëó îïóáëiêîâàíî ó ïðàöÿõ [11, 3, 1, 2,

6, 17, 18, 19, 20, 16] çi ñïèñêó ïóáëiêàöié i, âiäïîâiäíî, [7,11,75,100,108,109,

111, 112, 115, 123] çi ñïèñêó âèêîðèñòàíèõ äæåðåë, à òàêîæ îïóáëiêîâàíî

ó òåçàõ êîíôåðåíöié [42, 38, 39, 31, 30, 29, 25, 22, 21] i, âiäïîâiäíî, [78,81,

89�91,99,105,116,124].
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Îñíîâíi ðåçóëüòàòè òà âèñíîâêè

Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ ìîæíà ñôîðìóëþâàòè òàêèì ÷èíîì:

� Îïèñàíî ìàéæå-êiëüöÿ ç îäèíèöåþ íà ãðóïàõ ïîðÿäêó p3.

� Íàâåäåíî íåîáõiäíi óìîâè iñíóâàííÿ ìàéæå-êiëåöü ç îäèíèöåþ íà

àáåëåâèõ ãðóïàõ ïîðÿäêó p3.

� Íàâåäåíî íåîáõiäíi óìîâè iñíóâàííÿ ìàéæå-êiëåöü ç îäèíèöåþ íà

íåàáåëåâèõ ãðóïàõ ïîðÿäêó p3.

� Îïèñàíî ëîêàëüíi ìàéæå-êiëüöÿ ç àäèòèâíèìè ãðóïàìè ïîðÿäêó p3.

Âèçíà÷åíî ôîðìóëè ìíîæåííÿ äëÿ òàêèõ ìàéæå-êiëåöü òà îïèñàíî

ôóíêöi¨, ùî ¨õ çàäàþòü.

� Íàâåäåíî ïðèêëàä ëîêàëüíîãî ìàéæå-êiëüöÿ ç àäèòèâíîþ ãðóïîþ

ïîðÿäêó p3.

� Äàíî îöiíêó íèæíüî¨ ìåæi êiëüêîñòi ëîêàëüíèõ ìàéæå-êiëåöü íà

ãðóïàõ ïîðÿäêó p3.

� Íàâåäåíî àëãîðèòì ïîáóäîâè ëîêàëüíîãî ìàéæå-êiëüöÿ ç åëåìåíòàð-

íîþ àáåëåâîþ àäèòèâíîþ ãðóïîþ ïîðÿäêó 53, ùî ðåàëiçîâàíî â ñè-

ñòåìi êîìï'þòåðíî¨ àëãåáðè GAP.

� Ïðîàíàëiçîâàíî iñíóâàííÿ òà êiëüêiñòü íåiçîìîðôíèõ ëîêàëüíèõ

ìàéæå-êiëåöü íà ãðóïàõ ïîðÿäêó p3.

� Íàâåäåíî äåÿêi ñòðóêòóðíi ðåçóëüòàòè ñòîñîâíî ãðóï ïîðÿäêó p4.

� Îòðèìàíî íåîáõiäíi óìîâè iñíóâàííÿ ìàéæå-êiëåöü ç îäèíèöåþ íà

ãðóïàõ ïîðÿäêó p4.
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� Âèçíà÷åíî ôîðìóëè ìíîæåííÿ äëÿ òàêèõ ìàéæå-êiëåöü òà îïèñàíî

ôóíêöi¨, ùî ¨õ çàäàþòü.

� Îïèñàíî ëîêàëüíi ìàéæå-êiëüöÿ ç àäèòèâíèìè ãðóïàìè ïîðÿäêó p4.

Âêàçàíî ôîðìóëè ìíîæåííÿ äëÿ òàêèõ ìàéæå-êiëåöü òà îïèñàíî

ôóíêöi¨, ùî ¨õ çàäàþòü.

� Íàâåäåíî ïðèêëàä ëîêàëüíîãî ìàéæå-êiëüöÿ ïîðÿäêó 54 = 625.

� Äàíî àëãîðèòì ïîáóäîâè ëîêàëüíîãî ìàéæå-êiëüöÿ ç íåàáåëåâîþ

àäèòèâíîþ àäèòèâíîþ ãðóïîþ ïîðÿäêó 54, ùî ðåàëiçîâàíî â ñèñòåìi

êîìï'þòåðíî¨ àëãåáðè GAP.

� Íàâåäåíî íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàííÿ ìàéæå-êiëåöü ç îäè-

íèöåþ íà ãðóïàõ Ìiëëåðà�Ìîðåíî.

� Ïîêàçàíî, ùî íå iñíó¹ ìàéæå-êiëåöü ç îäèíèöåþ, àäèòèâíà ãðóïà

ÿêèõ içîìîðôíà ãðóïi Øìiäòà.

� Îïèñàíî ïðÿìi äîáóòêè p-ãðóï Ìiëëåðà�Ìîðåíî òà öèêëi÷íèõ p-ãðóï

ÿê àäèòèâíi ãðóïè ìàéæå-êiëåöü ç îäèíèöåþ òà ëîêàëüíèõ ìàéæå-

êiëåöü. Âèçíà÷åíî ôîðìóëè ìíîæåííÿ äëÿ òàêèõ ìàéæå-êiëåöü òà

îïèñàíî ôóíêöi¨, ùî ¨õ çàäàþòü.

� Îïèñàíî ïîáóäîâà ìàéæå-êiëåöü ç îäèíèöåþ.

� Íàâåäåíî äåÿêi ôóíêöi¨ äëÿ ëîêàëüíèõ ìàéæå-êiëåöü ç ïàêåòó

LocalNR, à ñàìå:

� UnitsOfNearRing(R) (âèâiä: ñïèñîê îáîðîòíèõ åëåìåíòiâ ìàéæå-

êiëüöÿ, ÿêùî R ¹ ìàéæå-êiëüöåì ç îäèíèöåþ, iíàêøå âèâiä ìà¹

âèãëÿä Error, no units exist),

� IsLocalNearRing(R) (âèâiä: çíà÷åííÿ true, ÿêùî R ¹ ëîêàëüíèì

ìàéæå-êiëüöåì, iíàêøå âèâiä ìà¹ çíà÷åííÿ false.),
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� IsLocalRing(R) (âèâiä: çíà÷åííÿ true, ÿêùî R ¹ ëîêàëüíèì êiëü-

öåì, iíàêøå âèâiä ìà¹ çíà÷åííÿ false),

� NearRingNonUnits(R) (âèâiä: ñïèñîê íåîáîðîòíèõ åëåìåíòiâ R.),

� NonUnitsAsAdditiveSubgroup(R) (âèâiä: àäèòèâíà ïiäãðóïà íåî-

áîðîòíèõ åëåìåíòiâ R).

� Îïèñàíî ìàéæå-êiëüöÿ ç îäèíèöåþ ïàêåòó SONATA òà åíäîöèêëi÷íi

ãðóïè.

� Ïðîàíàëiçîâàíî ëîêàëüíi ìàéæå-êiëüöÿ ïîðÿäêó 32.

� Íàâåäåíî ÷àñòêîâó êëàñèôiêàöiþ ëîêàëüíèõ ìàéæå-êiëåöü ïîðÿäêó

128.

� Çíàéäåíî 2-ïîðîäæåíi åíäîöèêëi÷íi ãðóïè ïîðÿäêó 256 òà åêñïîíåí-

òè 16, ÿêi íå ¹ àäèòèâíèìè ãðóïàìè ëîêàëüíèõ ìàéæå-êiëåöü.
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Äîäàòîê À

Ñïèñîê ïóáëiêàöié i àïðîáàöiÿ ðåçóëüòàòiâ

Öåé äîäàòîê ìiñòèòü ñïèñîê ïóáëiêàöié çäîáóâà÷à ïî òåìi äèñåðòàöi¨,

à òàêîæ âiäîìîñòi ïðî àïðîáàöiþ ðåçóëüòàòiâ äèñåðòàöiéíî¨ ðîáîòè.

Ðåçóëüòàòè äèñåðòàöi¨ âèñâiòëåíî ó 15 íàóêîâèõ ïóáëiêàöiÿõ. Îñíîâíi

ðåçóëüòàòè îïóáëiêîâàíî ó íàóêîâèõ ôàõîâèõ âèäàííÿõ Óêðà¨íè i íàó-
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