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Динамiка резонансного хлюпання рiдини є однiєю з найскладнiших та
найпривабливiших гiдродинамiчних систем через рiзноманiтнi застосува-
ння в аерокосмiчнiй, морськiй, цивiльнiй та хiмiчнiй iнженерiї. Цi систе-
ми характеризуються неоднозначним усталеним хвильовим розв’язком,
мультистiйкiстю, хаосом та iншими сильно нелiнiйними явищами, якi
можуть залежати вiд в’язкого затухання. Моделi зменшеного порядку
(нелiнiйнi модальнi системи), якi, найiмовiрнiше, залишаються єдиним
аналiтичним пiдходом до вивчення складної гiдродинамiки хлюпання,
однак походять вiд нев’язкої постановки задачi. Як показують сучаснi
експерименти, введення спекулятивних лiнiйних членiв затухання в мо-
делi зменшеного порядку не може забезпечити точний опис резонансних
вiдгукiв системи, особливо коли йдеться про фазовi зсуви мiж гармонi-
чним збуренням та вимушеними усталеними хвилями.

Застосовуючи так звану концепцiю прихованої фiзики, ця дисертацiя
вперше в лiтературi розвиває пiдхiд машинного навчання до вiдновлення
нелiнiйних членiв демпфування в асимптотичних нелiнiйних модальних
системах типу Нарiманова-Моїсеєва, використовуючи обмежений набiр
експериментальних даних про фазовi зсуви. Основна увага придiляється
вертикальним резервуарам прямокутної (двовимiрнi потоки) та круглої
основи (тривимiрнi хвилi), а також поздовжнiм збудженням найнижчої
власної частоти коливання рiдини, випадкам, для яких iснують вищезга-
данi експериментальнi данi.

У роздiлi 1 представлено розширений огляд мультимодальних (моде-
лювання зменшеного порядку) методiв з акцентом на аналiтичнi дослi-
дження аналiтичними методами стацiонарного резонансного хлюпання
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в прямокутних (двовимiрнi та тривимiрнi рухт рiдини) та вертикаль-
них круглих контейнерах. Викладено вiдповiднi модальнi рiвняння типу
Нарiманова-Моїсеєва, якi ефективно описують амплiтуднi вiдгуки хвиль,
включаючи їх останнi версiї Фальтiнсена та Тiмохи (2000 та 2016). У роз-
дiлi також обговорюються проблеми нелiнiйного моделювання зменшено-
го порядку в нелiнiйному аналiзi, що представляє концепцiю прихованої
фiзики, та структуру цiєї дисертацiйної роботи.

У роздiлi 2 представленi необхiднi елементи математичної теорiї
хлюпання рiдини, яка складається з диференцiальних, варiацiйних та
модальних формулювань, заснованих на iдеальнiй нестисливiй гiдроди-
намiчнiй моделi. Для замiни диференцiального та варiацiйного форму-
лювання системою звичайних диференцiальних рiвнянь прийнято схему
моделювання зменшеного порядку з використанням проективної схеми
типу Гальоркiна. У найзагальнiшому виглядi таку систему вивели Майлз
i Луковський. Система не мiстить членiв, якi вiдповiдають за демпфува-
ння, проте можна включити такi лiнiйнi члени, якi в основному пов’язанi
з ефектом ламiнарного в’язкого пограничного шару. Але цей пiдхiд не
працює для резонансних хвиль.

У наступних двох роздiлах демонструється, як вiдновити нелiнiй-
нi члени демпфування. Процедура базується на методi машинного на-
вчання, застосованому до так званої асимптотичної схеми Нарiманова-
Моїсеєва.

Роздiл 3 зосереджений на випадку двовимiрного резонансного хлю-
пання в прямокутному резервуарi та базується на пiдходi машинного на-
вчання, розробленому автором. Однодомiнантна модальна система Фал-
тiнсена i Тiмохи оснащена нелiнiйними членами демпфування, структура
яких повинна узгоджуватися з так званим асимптотичним упорядкуван-
ням Моїсеєва. Дотримання цього правила доводить першу основну теоре-
му роздiлу про загальну структуру членiв «демпфування». Побудовано
аналiтичний асимптотичний перiодичний розв’язок модальних рiвнянь з
демпфуванням. Цей аналiтичний результат виражає другу основну тео-
рему цього роздiлу.
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Використання експериментальних даних нiмецьких дослiдникiв
(2021) для вивчення членiв демпфування однодомiнантних модальних
рiвнянь демонструє майже iдеальну вiдповiднiсть з вимiрюваннями, то-
дi як нiмецькi дослiдники не змогли цього стверджувати, оскiльки вони
нехтували нелiнiйнiстю. Це (i) пiдтверджує, що ефектом демпфування
вищих природних мод плескання не можна нехтувати; (ii) в’язке дем-
пфування первинно збудженої (першої) власної форми коливання рiди-
ни, загалом кажучи, має бути функцiєю амплiтуди резонансної хвилi;
(iii) запропонований пiдхiд машинного навчання є ефективним iнстру-
ментом для оцiнки в’язкого демпфування (логарифмiчного декременту)
найнижчої (домiнантної) природної моди плескання.

Роздiл 4 стосується резонансного хлюпання у вертикальному круго-
вому резервуарi. Переглянуто модальнi рiвняння зменшеного порядку
типу Нарiманова-Моїсеєва Фальтiнсена та Тiмохи (2016). У лiнiйному ви-
падку цi рiвняння можна забезпечити лiнiйними членами демпфування,
що вiдображають в’язкi ламiнарнi потоки на змоченiй поверхнi резер-
вуара. Однак, використовуючи вiдповiднi коефiцiєнти демпфування, не
вдалося досягти узгодженостi з експериментальними даними щодо фазо-
вого зсуву, вимiряними французькими дослiдниками у 2007 роцi (премiя
EURMECH) для резонансних усталених кругових хвиль. Цей факт був
детально обговорується Райновським та Тимохою, якi намагалися спе-
кулятивно пiдiбрати коефiцiєнти демпфування. Дотримуючись пiдходу
машинного навчання з роздiлу 3, асимптотичнi модальнi рiвняння типу
Нарiманова-Моїссєва для хлюпань у вертикальному круглому резерву-
арi, були оснащенi вiдповiдними нелiнiйними членами демпфування та
побудовано аналiтичний асимптотичний перiодичний розв’язок. Резуль-
тат сформульовано як Теорема 4.1. Повiдомляється про задовiльну вiд-
повiднiсть з експериментами. Основнi висновки: (i) в’язке демпфування
вищих власних форм не можна нехтувати; (ii) в’язке затухання первинно
збуджених (перших) власних форм є сильно нелiнiйним i, отже, є фун-
кцiєю амплiтуди резонансної хвилi.

У роздiлi 5 перераховано основнi висновки дисертацiї та обговорено
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майбутню роботу. Загалом, дисертацiя розв’язує кiлька вiдкритих про-
блем щодо ролi ефектiв в’язкого затухання та розробляє новi процедури
машинного навчання для вiдновлення членiв в’язкого затухання в не-
лiнiйних асимптотичних модельних рiвняннях. Практичне значення по-
ширюється на застосування в аерокосмiчнiй iнженерiї, де точне прогно-
зування навантажень вiд хлюпання має вирiшальне значення для прое-
ктування паливних бакiв, безпеки морських перевезень та налаштованих
рiдинних демпферiв для контролю вiбрацiї конструкцiй. Розроблена ме-
тодологiя забезпечує систематичну основу для включення експеримен-
тальних даних у теоретичнi моделi за допомогою машинного навчання,
пропонуючи покращенi можливостi прогнозування для iнженерного про-
ектування у випадках, коли традицiйнi пiдходи до CFD стикаються з
обчислювальними або моделюючими проблемами.

Ключовi слова: гiдродинамiчна система, вiльна поверхня, хлюпан-
ня, моделлювання обмеженого порядку, машинне навчання, в’язке дем-
пфування.
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Abstract

Miliaiev A.O. Machine learning of reduced order hydrodynamic
models on nonlinear resonant liquid sloshing. — Qualifying scientific
work on the rights of the manuscript.

Thesis for the degree of Doctor of Philosophy, speciality 113 Applied
Mathematics. – Institute of Mathematics of NAS of Ukraine, Kyiv, 2026.

Resonant liquid sloshing dynamics is one from most challenging and at-
tracting hydrodynamic systems due to various applications across aerospace,
marine, civil, and chemical engineering. The systems are characterized
by non-unique steady-state wave solution, multi-stability, chaos and other
strongly nonlinear phenomena which may depend on viscous damping. Re-
duced order models (nonlinear modal systems) which remain, most probably,
the only analytical approach to study of the complex sloshing hydrodynamics
are, however derived from inviscid formulation. As present experiments show,
introducing speculative linear damping terms in the reduced-order models is
not able to provide accurate description of the resonant sloshing responses,
especially, when it comes to phase lags between harmonic forcing and forced
steady-state waves. By adopting the so-called hidden physics concept, this
dissertation develops, firstly in the literature, a machine learning approach
to restoring the nonlinear damping terms in asymptotic nonlinear modal sys-
tems of the Narimanov-Moiseev type by utilizing a limited set of experimental
data on the phase lags. The main focus is on upright tanks of rectangular
(two-dimensional flows) and circular base (three-dimensional waves) as well
as longitudinal excitations of the lowest natural sloshing frequency, the cases,
for which the aforementioned experimental data exist.

In Chapter 1, an extensive review on the multi-modal (reduced-order
modeling) methods is presented with a focus on analytical studies by the
analytical methods of steady-state resonant sloshing in rectangular (two-
dimensional and three-dimensional flows) and upright circular containers.
The corresponding Narimanov-Moiseev–type modal equations that effectively
describe the steady-state wave amplitude responses are outlined including
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their latest versions by Faltinsen & Timokha (2000 and 2016). The chapter
also discusses challenges of the nonlinear reduced order modeling in nonlinear
analysis, represents the hidden physics concept and structure of the present
dissertation work.

Chapter 2 introduces necessary elements of mathematical sloshing theory,
which consists of differential, variational and modal formulations based on
ideal incompressible hydrodynamic model. In order to replace the differential
and variational formulation by a system of ordinary differential equations,
the Reduced Order Modeling scheme is adopted by employing a projective
Galerkin–type scheme. In the most general form, the system was derived by
Miles & Lukovsky. The system does not include damping terms, however, the
linear damping terms can be incorporated which are mainly associated with
laminar viscous boundary layer effect. This way fails for resonant waves.
The next two chapters demonstrate how to restore the nonlinear damping
terms. The procedure is based on the machine learning technique applied to
the so-called Narimanov-Moiseev asymptotic scheme.

Chapter 3 focuses on the case of two-dimensional resonant sloshing in a
rectangular tank and is based on machine learning approach developed by
the author. The single-dominant modal system by Faltinsen & Timokha
is equipped with the nonlinear damping terms whose structure should be
consistent with the so-called Moiseev asymptotic ordering. Following this
way proves the first main theorem of the chapter on general structure of the
‘damping’ terms. Analytical asymptotic periodic solution of the damping-
equipped modal equations is constructed. The analytical result expresses
the second main theorem of this chapter. Employing the experimental data
of German researchers (2021) for learning the damping terms of the single-
dominant modal equations demonstrates an almost perfect agreement with
the measurements while the German researchers were not able to say that
because they neglected the damping terms nonlinearity. This (i) confirms
that damping effect of higher natural sloshing modes cannot be neglected; (ii)
viscous damping of the primary-excited (first) natural sloshing mode should,
generally speaking, be a function of the resonant wave amplitude; (iii) the



9

proposed machine learning approach is efficient tool for estimating the viscous
damping (logarithmic decrements) of the lowest (dominant) natural sloshing
mode.

Chapter 4 deals with resonant sloshing in an upright circular base tank.
The Reduced Order Narimanov-Moiseev–type modal equations by Faltin-
sen & Timokha (2016) are revisited. In the linear case, these equations
can be equipped with linear damping terms reflecting the viscous laminar
flows at the wetted tank surface. However, using the corresponding damp-
ing rates was not able to get a consistency with experimental data on the
phase-lag measured by French researchers in 2007 (EURMECH Award) for
the swirling–type resonant steady-state sloshing. This fact was extensively
discussed by Raynovskyy & Timokha who tried to speculatively to fit the
measurements with varying the damping rates. Following the machine learn-
ing approach from the Chapter 3, the Narimanov-Moissev–type asymptotic
modal equations for sloshing in an upright circular base tank are equipped
with appropriate nonlinear damping terms and analytical asymptotic peri-
odic solution is constructed. The result is formulated as Theorem 4.1. Sat-
isfactory agreement with experiments is reported. The main conclusions are
(i) viscous damping of higher natural sloshing modes cannot be neglected;
(ii) viscous damping of the primary-excited (first) natural sloshing modes is
strongly nonlinear and, therefore, is a function of the resonant wave ampli-
tude.

The Chapter 5 lists the main conclusions to the dissertation and discusses
the future work. Overall, the dissertation addresses several open problems
on the role of viscous damping effects and develops a novel machine learn-
ing procedures to restore viscous damping terms in nonlinear asymptotic
model equations. The practical significance extends to aerospace engineer-
ing applications, where accurate prediction of sloshing loads is critical for
fuel tank design, marine transportation safety, and tuned liquid dampers for
structural vibration control. The developed methodology provides a system-
atic framework for incorporating experimental data into theoretical models
through machine learning, offering improved predictive capabilities for engi-
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neering design in cases where traditional CFD approaches face computational
or modeling challenges.

Keywords: hydrodynamic system, free surface, sloshing, reduced order
modeling, machine learning, viscous damping



11

List of publications of the PhD candidate

1. Milyaev A.O., Timokha A.N., Learning the single-dominant model sys-
tem on resonant sloshing in a rectangular tank, Доповiдi Нацiо-
нальної Академiї Наук України, № 6 (2022), 46-53, 10.15407/dopovi-
di2022.06.046. (Фаховий журнал категорiї Б).

2. Miliaiev A.O., Timokha A.N., Viscous damping of steady-state resonant
sloshing in a clean rectangular tank, Journal of Fluid Mechanics 965,
R1 (2023), 11 pp., 10.1017/jfm.2023.372. (Scopus – Q1, WoS – Q1,
SJR – Q1).

3. Miliaiev A.O., Timokha A.N., Damping of the swirling wave mode, Не-
лiнiйнi коливання 27, № 4 (2024), 517-528, 10.3842/nosc.v27i4.1494.
(Фаховий журнал категорiї А). Перевидано за кордоном: Miliai-
ev A.O., Timokha A.N., Damping of the swirling wave mode, Journal
of Mathematical Sciences (USA) 295, № 6 (2025), 726-738,
10.1007/s10958-026-08219-3. (Scopus – Q3, SJR – Q3).

4. Miliaiev A., Timokha A. Machine learning approach for studying
damped resonant sloshing. VIII мiжнародна наукова конференцiя
СУЧАСНI ПРОБЛЕМИ МЕХАНIКИ. Kyiv, 28-29 серпня 2025 ро-
ку, Abstracts, http://tamd.univ.kiev.ua/wp-content/uploads/2025/08/
ABSTRACTS_MPM_2025.pdf.

5. Miliaiev A.O., Timokha A.N. Differential equations of damped
resonant sloshing. XX Мiжнародна наукова конференцiя iменi ака-
демiка Михайла Кравчука. 17–20 листопада 2025 р., Тези допо-
вiдей, сторiнка 83, https://matan.kpi.ua/media/2025/kravchuk-conf-
2025/kravchuk-conf-2025-abstracts.pdf.

https://doi.org/10.15407/dopovidi2022.06.046 
https://doi.org/10.15407/dopovidi2022.06.046 
https://doi.org/10.1017/jfm.2023.372
https://doi.org/10.3842/nosc.v27i4.1494
http://doi.org/10.1007/s10958-026-08219-3
http://tamd.univ.kiev.ua/wp-content/uploads/2025/08/ABSTRACTS_MPM_2025.pdf
http://tamd.univ.kiev.ua/wp-content/uploads/2025/08/ABSTRACTS_MPM_2025.pdf
https://matan.kpi.ua/media/2025/kravchuk-conf-2025/kravchuk-conf-2025-abstracts.pdf
https://matan.kpi.ua/media/2025/kravchuk-conf-2025/kravchuk-conf-2025-abstracts.pdf


12

Contents

Introduction 14

Chapter 1
Overview of the literature and the dissertation studies con-
cept 21
1.1. Reduced order modeling in liquid sloshing . . . . . . . . . . . 21
1.2. Natural sloshing modes and frequencies . . . . . . . . . . . . 23
1.3. Appearance of linear and nonlinear multi-modal methods . . 24
1.4. Pioneering analytical mathematical studies on nonlinear liquid

sloshing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
1.5. Combining variational and multi-modal methods . . . . . . . 29
1.6. Using nonlinear multi-modal systems in analytical studies . . 30
1.7. Nonlinear multi-modal reduced order models of resonant slosh-

ing in upright axisymmetric tanks . . . . . . . . . . . . . . . 36
1.8. Challenges of the nonlinear reduced order modeling in nonlin-

ear sloshing analysis . . . . . . . . . . . . . . . . . . . . . . . 40
1.9. Concept and structure of the present dissertation work . . . . 42

Chapter 2
Differential, variational, and modal formulations of the prob-
lem 46
2.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
2.2. Free-surface boundary value problem . . . . . . . . . . . . . . 50
2.3. The Luke-Bateman variational principle . . . . . . . . . . . . 55
2.4. The Miles-Lukovsky nonlinear modal equations . . . . . . . . 57
2.5. Linear modal equations and viscous damping . . . . . . . . . 63
2.6. Conclusions to the chapter . . . . . . . . . . . . . . . . . . . 66



13

Chapter 3
Damped two-dimensional nonlinear resonant sloshing in a
clean rectangular tank 68
3.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
3.2. The Miles-Lukovsky nonlinear modal equations for two-

dimensional liquid flows . . . . . . . . . . . . . . . . . . . . . 70
3.3. Single-dominant asymptotic nonlinear modal equations for

two-dimensional resonant sloshing in a rectangular tank . . . 72
3.4. The damped single-dominant modal equations for longitudinal

harmonic excitations . . . . . . . . . . . . . . . . . . . . . . 79
3.5. Steady-state resonant waves . . . . . . . . . . . . . . . . . . 81
3.6. Learning the damping-related coefficients . . . . . . . . . . . 83
3.7. Conclusions to the chapter . . . . . . . . . . . . . . . . . . . 88

Chapter 4
Damped swirling-type resonant wave in a circular cylindrical
tank 91
4.1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
4.2. The general modal system (2.41), (2.42) for an upright circular

cylindrical tank . . . . . . . . . . . . . . . . . . . . . . . . . 92
4.3. Adaptive asymptotic modal equations . . . . . . . . . . . . . 98
4.4. On damping in the linear modal theory . . . . . . . . . . . . 109
4.5. The damped Narimanov-Moiseev–type modal equations . . . 111
4.6. Steady-state resonant sloshing . . . . . . . . . . . . . . . . . 115
4.7. Learning the damping coefficients 𝜉0𝑖, 𝜉2𝑖, 𝜉0 and 𝜉1 . . . . . . 120
4.8. Conclusions to the chapter . . . . . . . . . . . . . . . . . . . 122

Chapter 5
Conclusions 124

Appendix A
List of publications and approbation of results 151



14

Introduction

Relevance of research topic. The liquid sloshing dynamics remains
one from most challenging topics for extensive studies in hydrodynamics and
applied mathematics due to crucial applications across aerospace, marine,
civil, and chemical engineering since analytical and numerical tools in solv-
ing the sloshing problems, especially, nonlinear, determine progress in de-
signing and operating spacecraft fuel tanks, liquefied natural gas carriers,
nuclear reactors, bioreactors, and seismic-resistant structures including liq-
uid dampers [1]. The coupled rigid body and liquid sloshing motions imply a
complex hybrid infinite-dimensional mechanical system where the body (con-
tainer) has six degrees of freedom governed by ordinary differential equations
but liquid sloshing is, in fact, a mechanical system with an infinite number
of degrees of freedom that are often associated with natural sloshing wave
modes.

To the author nest knowledge, the unique way to analytically study the
liquid sloshing dynamics and/or coupled tank-sloshing motions consists of
employing the reduced order modeling which is called in the literature on
sloshing the multi-modal method (see, reviews on the method in [2–4]). Its
idea consists of introducing the hydrodynamic generalized coordinates as an
infinite set of time-depending functions characterizing perturbations of natu-
ral sloshing modes and, based on original differential or variational statement
of the free-surface problem, as well as projective and asymptotic method,
derive the so-called modal equations – systems of ordinary differential equa-
tions coupling these generalized hydrodynamic coordinates. In the nonlinear
(resonant) case, the adopted specific asymptotic relations between the coor-
dinates make it possible to sufficiently simplify the nonlinear modal system
to a form, which admits analytical studies. This includes studying resonant
steady-state sloshing regimes, their stability and multi-stability phenomena
(two fully different wave regime exist with the same input data), secondary
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resonances, as well as chaotic wave behaviors, the studies that remain chal-
lenging with the Computational Fluid Dynamics (see, [5] and [2]).

Recent catastrophic failures in aerospace missions and marine transport,
along with the increasing use of liquid storage systems in seismic zones, have
intensified the need for accurate prediction and control of resonant slosh-
ing dynamics. A particularly challenging aspect that has gained attention
is the role of viscous damping in nonlinear modal systems, which facilitate
studies of the sloshing resonances especially for clean tanks without inter-
nal structures. By default, the the multimodal analysis is based on inviscid
hydrodynamics and, as numerous studies have shown [2], because nonlinear-
ity, in general, and nonlinear energy transfer from primary excited to higher
natural sloshing modes, in particular, play most important role to damp the
wave response, analytical results on wave / hydrodynamic force / hydrody-
namic moment amplitudes by the nonlinear modal equations are in rather
accurate agreement with experimental measurements [1]. However, recent
experimental and theoretical investigations of resonant sloshing which are
associated with modern applications, e.g., protein grows in containers, high-
lighted a series of wave phenomena that cannot be explained and modeled,
even qualitatively, when neglecting the viscous damping in the complex dy-
namical system. An example is the co-called Ikeda’s paradox [6] on swirling
(rotary waves) in a square base basin due to diagonal excitations: elementary
symmetry analysis states that wave elevations at perpendicular tank should
be equal and do not depend on the swirling wave direction (co- or counter-
clock) but measurements break this conclusion. Another example is co- and
counter-directed rotary waves due to circular orbital resonant excitation of an
upright circular container. In [7], inviscid analysis showed that both types of
these waves may exist and be stable but the counter-directed swirling wave is
not realized in model tests. In these two cases, one can show that introducing
small but non-zero damping makes the multi-modal analysis consistent with
experiments, at least, qualitatively.

In [8] and [4], where the two aforementioned paradoxes were explained by
small viscous damping, the authors followed the standard strategy and in-
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corporated linear damping terms in the nonlinear equations which described
the asymptotically dominant generalized hydrodynamic coordinate. How-
ever, this strategy failed to describe the phase lag between harmonic forcing
and resonant steady-state waves. This fact was found out and extensively
discussed in [4,9] documenting the failure with regard to experimental mea-
surements in [10] (EUROMECH prize of 2008!) who reported the phase lags
for swirling wave in an upright circular tank due to longitudinal excitation
of the lowest natural sloshing frequency. Further, German researchers [11]
conducted the dedicated experimental studies on the phase lag for resonant
sloshing in a longitudinally excited rectangular tank and showed, in partic-
ular, that the classical single-dominant Faltinsen-Timokha modal system [3]
with linear damping terms in the dominant equation is not able to describe,
even qualitatively, the phase lag.

Based on the mentioned open problem that linear damping models fail to
capture the complex dissipative mechanisms for resonant sloshing, the present
dissertation studies make first step toward developing a machine learning
technique, which would enable to restore the viscous damping in nonlinear
modal equations.

Relation with academic programs, plans, themes, grants. This
thesis was conducted at the Department of Mathematical Problems of Me-
chanics and Control Theory of the Institute of Mathematics of the Na-
tional Academy of Sciences of Ukraine as part of the research projects “De-
velopment and investigation of mathematical models of complex objects
of mechanics and control systems” (2021–2025, state registration number
0121U100317), “Complex dynamical system in sciences: theory, mathemati-
cal modelling, numerical methods and implementation to advanced technol-
ogy” (National Research Foundation of Ukraine, 2020-2024, state registration
number 0120U104004), “Mathematical modeling of complex dynamical sys-
tems and processes actual to the state security” (2024-2025, state registration
number 0123U100853). The research aligns with the priority areas of funda-
mental research established by the National Academy of Sciences of Ukraine
in fluid mechanics and applied mathematics.
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Purpose and objectives of research. The primary purpose of this
dissertation is to develop a comprehensive machine learning-enhanced multi-
modal framework for analyzing damped nonlinear resonant sloshing in clean
containers of various geometries, with emphasis on rectangular tanks and
circular cylindrical tanks. The specific objectives of the research include:

• To derive and validate damped nonlinear modal equations for two-
dimensional resonant sloshing in rectangular tanks, incorporating vis-
cous dissipation effects through solving a inverse coefficient problem.

• To extend the multimodal analysis to three-dimensional swirling-type
resonant waves in circular cylindrical tanks.

• To develop machine learning algorithms for determining damping-
related coefficients from experimental data, bridging the gap between
theoretical predictions and observed behavior.

• To establish stability criteria and classify steady-state resonant wave
regimes in the presence of nonlinear damping terms.

• To validate the theoretical framework through comprehensive compar-
ison with experimental measurements of the phase shifts between har-
monic excitation and steady-state resonant wave regime.

Scientific novelty of the obtained results. The main results that
determine the scientific novelty of this thesis and are submitted for defense
are:

• First systematic study on how account for nonlinear viscous damping
effect in the nonlinear multimodal sloshing theory: Unlike previous ap-
proaches that relied on linear damping assumptions, this work develops
a framework where damping coefficients depend nonlinearly on modal
amplitudes and their derivatives, accurately captures the complex dis-
sipative mechanisms in resonant sloshing.

• Novel learning methodology for the damping coefficients identification:
A physics-informed approach is developed to learn damping-related co-



18

efficients from experimental data, to establish a data-driven bridge be-
tween inviscid potential flow theory and viscous reality.

• Adaptive asymptotic modal equations for cylindrical tanks: New third-
order asymptotic relations are derived that accurately describe the
modal interactions in swirling flows, extending the Narimanov–Moiseev
theory to include the viscous–type effects.

• Quantitative validation of phase-shift phenomena: The developed the-
ory successfully predicts the phase lag between tank excitation and liq-
uid response, a critical parameter for resonance detection and control
that was inadequately described by previous models.

Practical significance of the obtained results. The theoretical
framework and computational tools developed in this thesis have direct ap-
plications in:

• Aerospace Engineering: Improved prediction of propellant behavior in
spacecraft tanks, enabling more efficient fuel management strategies and
safer mission design.

• Marine Transportation: Enhanced assessment of sloshing loads in LNG
carriers and oil tankers, contributing to structural design optimization
and operational safety guidelines.

• Seismic Engineering: Better understanding of liquid dampers’ perfor-
mance in earthquake-resistant structures, facilitating the design of more
effective vibration control systems.

• Bioprocess Engineering: Accurate modeling of mixing dynamics in or-
bital shaken bioreactors, optimizing cell culture conditions and scaling-
up procedures.

• Industrial Safety: Development of predictive tools for preventing
sloshing-induced accidents in chemical storage facilities and nuclear cool-
ing systems.
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The machine learning algorithms developed can be adapted to other fluid-
structure interaction problems where empirical damping models are required.

Personal contribution of the PhD candidate. The results presented
in this thesis were obtained by the PhD candidate independently. The can-
didate personally:

• Derived all asymptotic modal equations and steady-state analytical so-
lutions for steady-state waves when nonlinear damping may matter.

• Developed and implemented the machine learning algorithms for the
coefficients identification

• Performed numerical simulations and validated results against experi-
mental data

• Prepared publications and conference presentations

In collaborative works, the supervisors provided guidance on research direc-
tion, problem formulation, and manuscript revision, while the experimental
data used for validation were obtained from published sources and collabo-
rative partners.

Approbation of the thesis results. The main results of the thesis
were reported and discussed at:

• Seminar of Department of Mathematical Problems of Mechanics and
Control Theory (Kyiv, 2020–2026);

• Bogolyubov Kyiv Conference “Problems of Theoreticall and Mathemat-
ical Physics” dedicated to the 115th anniversary of MM Bogiolyubov
(1909-1992), September 24-26, 2024, Kyiv, Ukraine;

• VIII мiжнародна наукова конференцiя СУЧАСНI ПРОБЛЕМИ МЕ-
ХАНIКИ. Kиїв, 28-29 серпня 2025 року;

• XX Мiжнародна наукова конференцiя iменi академiка Михайла
Кравчука. 17–20 листопада 2025 р.

Publications. The results of the thesis have been published in following
scientific publications:
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1. Milyaev A.O., Timokha A.N., Learning the single-dominant model sys-
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Chapter 1

Overview of the literature and the dissertation
studies concept

1.1. Reduced order modeling in liquid sloshing

The present dissertation centres around hybrid mechanical systems con-
sisting of a rigid tank moving with, generally speaking, six degrees of free-
dom according to a prescribed time-dependent law (periodic and resonant in
these studies) where the contained liquid has a free surface. In the literature,
these free-surface liquid motions are called sloshing. Mathematically, the liq-
uid sloshing dynamics in the rigid containers is described by an evolution
initial-and-boundary value problem with an free boundary. Straightforward
approaches to analyzing the hydrodynamic problem normally adopt diverse
numerical methods of the so-called Computational Fluid Dynamics (CFD).
The CFD methods are applied to solve the aforementioned initial-boundary
value problems with diverse Cauchy conditions which determine an initial po-
sition of the free surface and initial liquid velocity field. For prescribed tank
motions, the CFD solutions describe the so-called transient waves caused by
initial perturbations and excitations (tank motions). When these excitations
do not lead to resonances in the hydrodynamic system, employing the CFD
methods looks a rather rational way in engineering the hybrid mechanical
systems.

A fundamentally different physical problem arises when the moving rigid
container undergoes periodic resonant excitations. In that case, transient
sloshing tends to possess a steady-state wave regime that develops over long
time scales after transient effects decay. The steady-state regimes may be of
diverse type, coexist with each others or be unstable that yields the chaos.
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Therefore, the specific periodic steady-state sloshing pattern that emerges
is strongly dependent on the initial conditions (Cauchy conditions) so that
small change of these condition can lead to different steady-state resonant
wave regimes on a long time scale. Description of all possible steady-state
wave regimes is called classification.

Because the problem on steady-state resonant sloshing may not have a
unique solution but rather multiple solutions (different stable steady-state
waves occurring for the same input physical parameters), to classify all pos-
sible steady-state waves by solving the original free-surface Cauchy problem.
One should conduct an infinite set of numerical trial runs with different initial
conditions. An even more challenging problem is how to discriminate real
(mathematical and physical) hydrodynamic instability and numerical insta-
bility. Especially, when chaotic sloshing is detected in computations. Is that
a physically real chaos in the hydrodynamic system or a product of inaccu-
rate numerical simulations, a failure of the adopted CFD method? Hence,
the nonlinear resonant sloshing problem on steady-state wave regimes and
their classification (description of all possible stable/unstable steady-state
resonance waves) requires development dedicated analytical approaches.

Such an appropriate approach could be the so-called nonlinear multi-
modal method which treats original evolution boundary value problem as a
problem of analytical mechanics. The method is based on the Reduced Order
Modeling concept. It makes it possible to reduce the original free-boundary
value problem to a system of ordinary differential equations with respect
to the generalized hydrodynamic coordinates which determine instant wave
patterns. This system is a hydrodynamic analogy of the Euler-Lagrange–
type equations and it has, generally, an infinite number of degrees of free-
dom. Once this (modal) system of differential equations has been derived and
transformed to a finite-dimensional form, it becomes suitable for analytical
studies, including for construction of analytical periodic solutions as well as
implementation of other well-established methods known from the complex
dynamical systems theory.

The key elements of the aforementioned Reduced Order Modeling ap-
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proach and the present dissertation as well are: the projective multi-modal
method based on the Bateman-Luke variational principle; the general infinite-
dimensional nonlinear modal system of differential equations of the Miles-
Lukovsky type; its finite-dimensional asymptotic Narimanov-Moiseev–type
approximate form (for upright containers); nonlinear damping terms incor-
porated into the latter equations which, in the linear case, imply logarith-
mic decrements of the natural sloshing modes, if these modes are adopted
in the modal representation of the instant wave patters where the gener-
alised hydrodynamic coordinates appear as time-dependent coefficients in the
modal representation; analytical studies of the finite-dimensional Narimanov-
Moiseev–type asymptotic modal equations through construction of their sta-
ble/unstable periodic (steady-state) solutions; development of a machine
learning procedure to restore the nonlinear damping terms by using a limited
set of experimental measurements.

1.2. Natural sloshing modes and frequencies

Each degree of freedom in the Reduced Order Models, nonlinear modal
systems is associated with perturbation of natural sloshing mode which is
a standing wave occuring on the free surface in the motionless container.
The natural sloshing modes were first mathematically and rigorously intro-
duced and analyzed (for an upright container with a circular cross-section)
by Mykhailo Ostrogradsky [12] in the early 19th century. As we noted, these
modes constitute standing waves on the liquid free surface of the contained
liquid with the corresponding natural sloshing frequencies and the container
does not move but sloshing is described within the framework of linear ap-
proximation.

A generic mathematical theory for the corresponding spectral boundary
value problems with a parameter on part of the boundary, which, prop-
erly, describes the natural modes and frequencies, was developed only in the
1960s [13]. According to the spectral theorems, any linear wave in station-
ary containers is a superposition of standing waves by the natural sloshing
modes and frequencies. Moreover, any instantaneous surface pattern, even
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for nonlinear sloshing in moving containers, can be expanded by a functional
series in the natural modes. The nonlinear case assumes, additionally, that
the tank walls are vertical at the free surface.

As we announced, the nonlinear multi-modal method introduces a set of
hydrodynamic generalized coordinates associated with the perturbed (rel-
ative to the static position) liquid flows (perturbed velocity potential and
free-surface patterns) via the natural sloshing modes. The method derives
(modal) systems of nonlinear ordinary differential equations coupling the
generalized coordinates and generalized velocities which are time-depending
coefficients in functional representations of the free surface and velocity po-
tential. These modal equations serve as analogs of the Euler-Lagrange equa-
tions for this type of hydro-mechanical system. The derivation of the non-
linear modal equations utilizes methods of analytical mechanics, which are,
normally, based on variational formulations of the Hamilton-Ostrogradsky
type. The derived modal systems can, theoretically, be used for direct sim-
ulation of nonlinear surface waves as well as associated hydrodynamic forces
and moments (the first problem of mechanics), or for modeling the coupled
body-liquid dynamics. In the latter case, the modal equations should be an-
alytically coupled with equations of motions of the rigid container [1,14,15].

The multi-modal modeling currently represents virtually the most effec-
tive tool for studying resonance steady-state liquid sloshing, investigating
their stability, internal resonances, chaos as well as the coupling between
the rigid body and liquid motions. The derivation and machine learning of
such modal systems, adapted for studying damped sloshing, is in focus of the
present dissertation.

1.3. Appearance of linear and nonlinear multi-modal
methods

The word ‘multimodal’ (modal) originates from the famous paper [3],
which was published in 2000. However, historically speaking, the multi-modal
method was proposed fifty years earlier, in the 1950s-60s, when researchers
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first encountered the lack of knowledge on liquid sloshing and associated
hydrodynamic loads in aircraft, spacecraft, and maritime containers. Scien-
tific legacy of the initial steps toward the development of these methods is
systematized in [14, 16–21] and [13, 22–30]. At that time, researchers basi-
cally focused on the theoretical analysis of linear (small-amplitude) liquid
sloshing as well as experimental studies of nonlinear resonant phenomena.
Experiments by the USA researchers were best documented in the NASA
report [16]. Experiments by Soviet scientists were reported in [15,24,31–33].

The linear multi-modal method (see the original works [13,25,34–38], and
modern studies [1,39], which describe details of this method) was proposed in
the 1950s. The method, when being applied to linear sloshing problem, de-
rives an infinite set of uncoupled linear oscillators (uncoupled linear ordinary
differential equations), collectively referred to as the linear modal system, in
which inhomogeneous terms are functions of the six generalized coordinates
(degrees of freedom) of the rigid body motions, and the unknowns are the
hydrodynamic generalized coordinates which, as we already stated, imply
perturbation of the free boundary by the natural sloshing modes.

The multi-modal method treats linear liquid sloshing as a linear mechani-
cal system with an infinite number of uncoupled degrees of freedom. It is nec-
essary to know the natural sloshing modes, 𝜙𝑛, frequencies, 𝜎𝑛, and the lin-
ear Stokes-Joukovskii potentials, Ω0 = (Ω01,Ω02,Ω03) defined in the unper-
turbed liquid domain 𝑄0. Considering together the linear modal system and
dynamic equations of the rigid container, and using the linearized Lukovsky
formulas, which express hydrodynamic forces and moments in terms of hy-
drodynamic generalized coordinates, makes it possible to analyze coupled
motions of the mechanical ‘body-liquid’ system.

In the linear modal system and the Lukovsky formulas, the hydrodynamic
coefficients are integrals of Ω0, 𝜙𝑛 and their derivatives. This implies that
having known Ω0 and 𝜙𝑛 and using analytical and/or numerical methods
for ordinary differential (modal) equations makes it possible to find a semi-
analytical solution to the linear liquid sloshing problem (see, Chapter 5 in [1]
and [40–43]), thereby describe the linear coupled dynamics.



26

The Stokes-Joukovski potentials, Ω0𝑖, 𝑖 = 1, 2, 3, yield the coefficients
at inhomogeneous terms of the linear modal equations associated with the
three angular degrees of freedom of the rigid tank. They are solutions to
the Neumann boundary value problems in the hydrostatic liquid domain
𝑄0 which were first derived by Nikolay Joukovski (1885) [44] who studied
spatial motions of a rigid body with cavities completely filled by an ideal
incompressible liquid. Exact analytical expressions for Ω0𝑖 are rare exceptions
(see, Chapter 5 in [1]).

The natural sloshing modes are eigenfunctions of a special spectral bound-
ary value problem in the unperturbed (hydrostatic) liquid domain 𝑄0. The
spectral parameter 𝜅 appears in the boundary condition on the mean free
surface Σ0, and the natural sloshing frequency 𝜎 =

√
𝜅𝑔 (𝑔 is the Earth’s

gravitational acceleration). The traces 𝜙𝑛|Σ0
define the standing wave shapes

by the natural sloshing modes. These were first described by Mikhail Ostro-
gradsky for a vertical circular tank. His work [12] was submitted to the Paris
Academy of Sciences in 1826 and subsequently generalized by Poisson [45]
for other reservoir shapes.

Rigorous mathematical theory for the spectral problems on natural slosh-
ing modes and frequencies was developed in the 1960s (see, Chapter VI in [13]
and [39, 46]). Specifically, the theory states that (i) the spectrum consists
solely of positive eigenvalues, 𝜅, with a single accumulation point at infinity
(compared to the external wave problem in ocean surfaces, where the spec-
trum is continuous), and (ii) 𝜙𝑛|Σ0

constitute, within to a nonzero constant,
a functional basis in 𝐿2(Σ0). The point (i) is crucial for understanding why
the Korteweg-de Vries and Boussinesq equations (infinite liquid volume) and
modal systems (liquid in a container) arise from the same free-surface bound-
ary value problem yet have different mathematical natures. The point (ii) is
the fundamental fact for introducing the hydrodynamic generalized coordi-
nates.

In the 1960s–1970s, Selim Krein [47, 48] (see also [49, 50]) generalized
these spectral theorems to the case of viscous incompressible liquids, while
Kopachevsky incorporated the surface tension effects (part II in [51] and
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[47, 52]). The problem on natural liquid sloshing in elastic reservoirs is of
particular interest, with various aspects studied in [22,25,26,30,53,54].

In the 1950s–1980s, primary focus has been on deriving the analytical
approximate natural sloshing modes and linear Stokes-Joukovski potentials.
Owing to a need in satisfying the mass conservation, solutions in [37,55] were
based on the Trefftz method, often utilizing the so-called harmonic polyno-
mials [37]. Completeness of the harmonic polynomials in two-dimensional
and three-dimensional domains was proven in [56, 57] for star-shaped liquid
volume geometry. The constructed Trefftz solutions are particularly effective
and ensuring a uniform convergence when singularities [13,58–61] near corner
points are taken into account [40, 62]. Nowadays, harmonic polynomials are
widely employed in computational schemes such as the Harmonic Polynomial
Cell (HPC) method [63, 64]. With the advancement of computer capabili-
ties in the 1990s, finding 𝜙𝑛 and Ω0 has become much simpler. Exceptions
may include non-smooth tanks containing partitions, grids, etc., leading to
singular behavior of ∇𝜙𝑛 [40, 62,65–68].

1.4. Pioneering analytical mathematical studies on
nonlinear liquid sloshing

Historically first studies of nonlinear sloshing were originated in the 1950s
by Penny & Price [69], Moiseev [70], Narimanov [71], and Perko [72, 73].
Using the perturbation theory [69], Moiseev [70] constructed an asymptotic
steady-state (periodic) solution for the nonlinear liquid sloshing problem in a
rigid tank undergoing small-amplitude horizontal and/or angular harmonic
motions with the forcing frequency 𝜎 close to the lowest natural sloshing
frequency 𝜎1. He considered the case of finite liquid depth in a tank under-
going longitudinal motions and proved that if the non-dimensional forcing
amplitude is of order 𝜖 ≪ 1, the lowest natural sloshing mode is excited
with amplitude of the order 𝑂(𝜖1/3). Necessary condition of the Moiseev’s
asymptotic scheme is the relation

𝜎2 − 𝜎21
𝜎21

= 𝑂(𝜖2/3),
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which formalizes the closeness of the forcing frequency to the lowest natural
sloshing frequency, 𝜎 → 𝜎1. Moiseev’s theory implicitly assumes the absence
of internal (secondary) resonance [1, 74–77] in this hydrodynamic system.

Moiseev’s asymptotic steady-state solution was analytically derived (in
an explicit form) for a two-dimensional rectangular tank in [78, 79]. Other
tank shapes were considered in [14, 80–82]. Deriving Moiseev’s asymptotic
solution analytically involves cumbersome calculations due to the need to
solve a sequence of boundary-value problems analytically.

In the 1980s, while analyzing quasi-periodic liquid sloshing regimes, Miles
[83,84] generalized Moiseev’s results and derived the so-called Miles equations
which couple slowly varying dominant amplitudes from Moiseev’s theory.
Miles considered horizontal harmonic tank excitations of a vertical circular
cylindrical tank with the forcing frequency close to the lowest natural slosh-
ing frequency. He used Moiseev’s asymptotics for 𝜎 and 𝜎1 combining it with
separating fast and slow timescales in the Bateman-Luke variational formu-
lation [85–87]. Miles’ equations were later derived for upright tanks with
rectangular base. Usage of those equations for studying the quasi-periodic
resonant sloshing, its stability and classification including for chaos is widely
recognized as mainstream [83,84,88] in this applied mathematical field. Both
horizontal and vertical (Faraday waves) harmonic excitations were consid-
ered [83,88–94]. The papers [95,96] utilized the Miles equations to study the
coupled tank-liquid motions with an amplitude-constrained external force.

Using perturbation technique, Narimanov [71] first derived weakly non-
linear modal equations describing the resonant liquid sloshing. Narimanov
was unaware of Moiseev’s results but postulated an asymptotic relationship
between hydrodynamic generalized coordinates and hydrodynamic general-
ized velocities in the same way as if that follows from the Moiseev peri-
odic solution. The first Narimanov–type modal systems in [71] (similar to
those in [97–100]) contained algebraic errors which were later corrected by
Lukovsky [15,101–103]. Narimanov’s technique also results in extensive and
cumbersome calculations, which significantly increase as the number of in-
troduced hydrodynamic generalized coordinates grows. Consequently, all ex-
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isting Narimanov modal systems are of small dimensionality, involving only
two to five (out of an infinite number of) hydrodynamic generalized coor-
dinates. Narimanov’s modal systems were derived for circular, rectangular,
conical, and spherical tanks, as well as for upright circular cylindrical tank
with rigid-ring baffles [15, 102–104]. Nowadays, this method is almost un-
used and has arguably been supplanted by variational versions of the modal
method [105–107], which are typically based on the Bateman-Luke–type vari-
ational formulation [1,15,85–87]. This variational formulation makes it pos-
sible to naturally derive both the dynamic and kinetic parts of the boundary-
value problem on liquid sloshing [1, 15,108–110].

1.5. Combining variational and multi-modal methods

The multi-modal method based on the Bateman-Luke–type variational
formulation was firstly proposed in 1976 by John Miles and Ivan Lukovsky
[102, 111]. They independently derived a nonlinear modal system in terms
of generalized coordinates and generalized velocities for liquid sloshing in an
upright tank and prescribed oscillatory translational tank motions. Later on,
Lukovsky derived a nonlinear modal system, which is now known as the Miles-
Lukovsky system. This system allows for arbitrary tank motions [3, 112].
Lukovsky also proposed a nonconformal mapping technique for tanks with
non-vertical walls [101,113–116] and derived the so-called Lukovsky formulas
for hydrodynamic force and moment [15,102] (see, Chapter 7 of [1] where an
alternative derivation of these formulas is proposed). He also demonstrated
how to use the Bateman-Luke variational formalism to derive the equations
of motion for the coupled ‘rigid tank-liquid’ system [102,117].

By considering specific asymptotic relations between the hydrodynamic
generalized coordinates and generalized velocities, the Miles-Lukovsky modal
system can be reduced to a weakly nonlinear form, now known as adap-
tive nonlinear (asymptotic) modal systems [1, 15, 118–120]. Both the Miles-
Lukovsky and adaptive nonlinear modal systems require finding the natural
sloshing modes, 𝜙𝑛, and the nonlinear Stokes-Joukowski potentials, Ω, in an
explicit analytical form. The analytical natural sloshing modes must also
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be continuously defined above the hydrostatic free surface Σ0. This and
other limitations of nonlinear modal methods are discussed in more detail in
Chapter 7 of the book [1] and in [113,118,120].

By expressing the velocity potential via functional series with time-
dependent coefficients (generalized velocities) when the functional basis co-
incides with the set of natural sloshing modes, Perko [72, 73] developed a
numerical modal method which used to model short-term transient waves.
In the 1970s-1980s, the Perko method (with several modifications) was
utilized by Chakhov [121, 122] and Limarchenko with his PhD students
[123–125, 125–127] to simulate diverse transient sloshing phenomena as-
sociated with spacecraft applications. Specifically, to derive approximate
nonlinear modal equations, Limarchenko employed the classical Hamilton-
Ostrogradsky variational statement combining this statement with a pertur-
bation technique and a Trefftz projective scheme. The latter was required
because the variational formulation of the Hamilton-Ostrogradsky derives
from the necessary extrema condition only dynamical boundary condition of
the hydrodynamic problem while the kinematic one should be solved by the
Trefftz method. As matter of the fact, Limarchenko’s approach and simu-
lations are a kind of realising the Perko method but in a weakly-nonlinear,
third-order approximation. The Perko and, of course, Limarchenko views on
the nonlinear sloshing are unsuitable for analytical studies of steady-state
waves. The authors do not pretend conducting these studies but restrict
themselves to calculating transient waves on a relatively short time scale.

1.6. Using nonlinear multi-modal systems in analyti-
cal studies

In the 2000s, studies on nonlinear liquid sloshing dynamics bifurcated into
numerical and analytical branches which possessed their own life and devel-
oped almost independently. Achievements in numerical modeling of that time
are well outlined in [5] (see also [128–134]). The computational schemes adopt
hydrodynamic models of a viscous incompressible liquid. The published nu-
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merical results demonstrate rather efficient computations of nonlinear liquid
sloshing. Ability to model wave breakings and/or fragmentation of the free
surface, overturning, wave impacts on walls, and flip-through phenomena
is illustrated in several examples as well. The aforementioned phenomena
cannot be accurately described within physical (mathematical) models em-
ployed in analytical studies of the liquid sloshing dynamics. These models
are, normally, weakly nonlinear, assume an ideal incompressible liquid with
potential flows and are restricted to assumptions on smooth and continuous
free surfaces.

One should note that similar separation of numerical and analytical ap-
proaches have in the 20th century occurred in the ocean waves theory. At
the present time, the ocean waves dynamics is studied, almost independently,
by either CFD methods applied to the original free-surface boundary prob-
lems or employing approximate analytical surface wave models such as the
Korteweg-de Vries and Boussinesq equations that are a very special classes
of weakly-nonlinear partial differential equations [135]. The latter approxi-
mate analytical models are normally not used in engineering computations.
Instead, the models appear as the main mathematical apparatus for quali-
tative analysis and classification of the ocean wave types, their stability, as
well as establishing the chaos in hydrodynamic systems. They are also non
invertible when the task consists of parametric studies of the solution versus
initial scenarios and input parameters.

Because the Perko–type methods belong to direct numerical approaches to
the liquid sloshing dynamics, albeit using simplified modal-type mathemat-
ical models, it is of limited interest for computing hydrodynamic loads and
describing the aforementioned wave phenomena on the free surface, as well
as for analytical studies. This explains why the Perko scheme is rarely used
in modern studies. Examples are limited to ad hoc computations by either
the fully nonlinear Miles-Lukovsky systems as it has been done in [136, 137]
or weakly-nonlinear modal systems derived and utilized in [126, 138–144].
Another drawback of the Perko method is that the corresponding systems of
ordinary differential equations are stiff in computing. To provide stable and



32

robust computations, at least, on a relatively short time scale, the adopted
systems of ordinary differential equations require incorporating an artificial
damping which suppresses spurious higher harmonics [138, 139]. Otherwise,
because of amplification of, generally, infinite set of higher harmonics, the
time-step integration becomes unstable over relatively long time intervals.

In view of the required damping in the modal systems, using the Perko–
type methods for computations makes sense when containers are equipped
with slosh-suppressed devices which cause/yield a huge damping in the hy-
drodynamic system. This makes, physically, the adopted modal systems
non-stiff. Examples are tanks with perforated screens [142–144].

An intense usage of the nonlinear modal method as an effective tool for an-
alytical studies has been, to some extent, associated with a growing practical
interest to clean (without internal structures that have sharp edges) contain-
ers, including those carrying Liquefied Natural Gas (LNG). This happened in
the 90’s that motivated many researchers returning to ideas of the nonlinear
modal method. In 2000 [3], this has been done by Faltinsen, Rognebakke,
Lukovsky, and Timokha who revisited the Bateman-Luke–type variational
formalism to derivation of nonlinear modal equations and demonstrated all
the needed details on how the multi-modal modeling can explain stable asn
unstable steady-state resonant wave regimes and simulate transients for the
simplest possible case – the case of a rigid rectangular tank. Their studies
initiated a new series of publications on nonlinear modal systems, mainly
for rectangular and circular tanks, where exact analytical 𝜙𝑛 and Ω0 can be
constructed, and the liquid depth is finite.

Two-dimensional nonlinear resonant liquid sloshing in a smooth rectangu-
lar tank with a finite liquid depth were studied in [3,75,118,145–149] by using
various nonlinear modal systems. The resonance excitations of the tank were
assumed being of small amplitude, of the asymptotic order 𝑂(𝜖) ≪ 1, and
the excitation frequency 𝜎 close to the lowest natural sloshing frequency 𝜎1.
The legendary weakly-nonlinear modal system that describes the resonantly-
excited sloshing [3] utilises the Miles-Lukovsky equations and, by apply-
ing the Narimanov-Moiseev asymptotics to them, transforms the problem
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to three coupled ordinary differential equations with respect to the gener-
alized hydrodynamic coordinates responsible for amplification of the three
lowest natural sloshing modes. Transient and steady-state wave regimes were
successfully described for both prescribed harmonic oscillations [3] and for
coupled motions (floating tank on the sea surface [150–152]).

The steady-state resonant liquid sloshing in two-dimensional rectangular
container is then characterized by the soft-spring type response curves if
the depth-to-the -tank-width ratio > 0.3368 . . ., and the character changes
to the hard-spring type behavior as < 0.3368 . . . [1, 153]. Mathematical
analysis of the single-dominant nonlinear multimodal system is reported in
[118,145,146].

The single-dominant nonlinear modal system [3] becomes physically in-
applicable with increasing excitation amplitude, at the critical liquid depth
ℎ = 0.3368..., and when the mean liquid depth tends to zero (shallow liquid
depth limit). This failure is a consequence of secondary (internal) resonances
in the hydrodynamic system. These resonances occur when 𝑛𝜎 ≈ 𝜎𝑛 for
some integer 𝑛 where 𝜎 is the forcing frequency and 𝜎𝑛 is the 𝑛th natural
sloshing frequency. The secondary resonances lead to an increase in ampli-
tude of the 𝑛th natural sloshing mode through a nonlinear energy transfer
from the primary (𝜎1) to secondary (𝜎𝑛) excited natural sloshing modes. To
account for secondary resonance of the nearly steady-state resonant slosh-
ing in a rectangular tank with a finite liquid depth when the lowest natural
sloshing mode is excited, the so-called adaptive modal systems should be de-
rived [75, 146]. The concept of the adaptive multi-modal modeling suggests
introducing several (non-single) dominant hydrodynamic generalized coordi-
nates (natural sloshing modes) which are secondarily resonance excited and
possess the lowest asymptotic order 𝑂(𝜖1/3). These extra dominant natural
sloshing modes are normally associated with the higher harmonics 𝑛𝜎 ≈ 𝜎𝑛

in the nearly steady-state wave response. The adaptive multimodal method
was validated by comparison with experimental measurements [75, 76, 139].
When the secondary resonances matter, the corresponding steady-state wave
amplitude response curves are characterized by extra peaks in the primary
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resonance region. More details for adaptive multi-modal systems and their
structure can be found in Chapter 8 of the book [1].

Employing the adaptive multi-modal modeling, Hermann & Timokha
[146] demonstrated that the critical liquid depth is a function of the excitation
amplitude (with the limiting case as 𝜖 → 0 being 0.3368 . . .) and explained
discrepancy between its theoretical prediction and the measured value 0.28

observed in the classical experimental work [154]. Adaptive multi-modal sys-
tems [147–149] also exploit lower-order asymptotics of the secondary-excited
generalized hydrodynamic coordinates.

Deriving the nonlinear multi-modal system [76] for resonant liquid slosh-
ing in a rectangular tank with small (shallow or intermediate) liquid depth
requires the fourth-order asymptotic ordering of the Boussinesq type. For-
mally, the Boussinesq–type asymptotics is a consequence of combining those
by Moiseev and Korteweg-de Vries [79,155,156]. All the hydrodynamic gener-
alized coordinates and the dimensionless liquid depth in the Boussinesq–type
modal equations are of the same asymptotic order 𝑂(𝜖1/4). The correspond-
ing nonlinear modal equations contain only the fourth-order polynomial non-
linearities. The system is formally infinite-dimensional. After truncating the
infinite-dimensional system of ordinary differential equations and incorporat-
ing linear damping terms with damping coefficients associated with laminar
viscous boundary layer on the mean wetted tank surface (as in Chapter 6 of [1]
and [157–161]), one can numerically find steady-state (periodic) stable reso-
nant waves as well as simulate transient sloshing. Following this way provides
a good agreement with experimental measurements from [76,162,163]. As for
the steady-state wave experimental response curves by Chester [76,162–164],
theoretical amplitude-frequency curves confirmed a ‘finger-like’ shape with
multiple peaks in the primary resonance zone (where 𝜎 ≈ 𝜎1). Increasing
the excitation amplitude and/or decreasing the liquid depth (passage to shal-
low water) renders the Boussinesq–type nonlinear modal system physically
inapplicable [76] due to invertible wave breaking, overturning, and fragmen-
tation of the free surface, and other phenomena which make the constructed
fourth-order asymptotic theory disputable. Reasons are that the free-surface
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representation suggests be smooth and the aforementioned phenomena cause
significant viscous damping. A detailed classification of nonlinear resonant
sloshing for shallow water with an emphasis on local surface phenomena is
provided in Chapter 8 of [1]. It prescribes four different wave types.

Damping of nonlinear resonant liquid sloshing in a clean rectangular tank
is difficult to model with linear damping terms associated with logarith-
mic decrement of the corresponding natural sloshing mode, especially, when
damping mechanism is not continuous. Examples are free-surface fragmen-
tation due to breaking waves or, e.g., ceiling impact, whose effect can be
incorporated into nonlinear modal systems [3, 75] by employing Wagner’s
theory [165]. In the latter case, the damping rate is a non-continuous func-
tion of the time.

Further, the viscous damping can be caused by a viscous turbulent layer
during liquid flow through porous screens, i.e., when the tank is not clean and
contains internal sharp structures. How to account for damping in screen-
equipped containers is shown in [138, 142, 166, 167]. The screen is setup in
the middle and may be characterised by different screen porosity ratio. For
smaller screen porosity ratios, 0 < 𝑆𝑛 < 0.5, and relatively small excitation
amplitudes, using the pressure drop condition across the screen [168], integral
terms were derived to be incorporated in nonlinear modal systems [142,166]
to account for the viscous damping effect. The modified nonlinear modal
systems demonstrated results that were both quantitatively and qualitatively
consistent with experimental data. For higher porosity ratios, 0.5 < 𝑆𝑛 < 1,
the screen sufficiently changes the natural sloshing modes and frequencies [65]
that modifies analytical structure of linear [167] and nonlinear [138] modal
systems. Secondary resonances become then more pronounced, and the
amplitude-frequency response curve peaks in the primary resonance region
differ from those observed in a clean rectangular tank. Nonlinear modal sys-
tems for tanks with porous screens have been derived, studied, and validated
in [142–144,169,170].

Generalizations of the two-dimensional flow results on single-dominant
modeling [3] to the case of a three-dimensional resonant sloshing in upright
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tanks with a rectangular base are reported in [171]. The primary focus is
on a nearly square cross-section which results in a situation where the two
lowest oscillation modes have equal natural sloshing frequencies. The cor-
responding nonlinear modal system of the Narimanov-Moiseev–type was de-
rived in [171,172]. It has nine degrees of freedom and couples two dominant,
𝑂(𝜖1/3), hydrodynamic generalized coordinates which correspond to the low-
est natural sloshing frequency. This asymptotic nonlinear modal system effec-
tively provides an analytical classification of steady-state wave regimes (pla-
nar, diagonal, nearly diagonal, and circular waves) for longitudinal and diag-
onal harmonic excitations of the tank [171, 173] and, later on, for arbitrary
periodic resonant tank motions [174]. The classification was made by con-
structing analytical periodic solutions of the nonlinear Narimanov-Moiseev–
type modal system. The solutions depend on four lowest-order amplitude
parameters whose analysis makes it possible to compute and draw steady-
state wave amplitude response curves, particularly when the aspect ratio of
the tank dimensions is perturbed near unity [172, 175, 176]. A good qualita-
tive agreement with experiments was shown, including estimates of frequency
ranges where chaotic waves occur. On the other hand, theoretical transient
and steady-state waves were not quantitatively supported by experiments
due to the secondary resonance effect, which becomes especially pronounced
for swirling, even at sufficiently small excitation amplitudes. Including the
secondary resonance effect led to adaptive modal systems [139,177].

1.7. Nonlinear multi-modal reduced order models of
resonant sloshing in upright axisymmetric tanks

In the 1980s, Lukovsky [102,117,178] derived a finite-dimensional nonlin-
ear asymptotic modal system of the Narimanov-Moiseev–type, which couples
five hydrodynamic generalized coordinates. This system describes resonant
liquid sloshing in an upright circular cylindrical tank exposed to longitudinal
harmonic excitations with the forcing frequency close to the lowest natu-
ral sloshing frequency. He also constructed analytical asymptotic periodic
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solutions of this system to demonstrate occurrence of planar and swirling
steady-state waves, analysed their stability by using the linear (first) Lya-
punov method, as well as validated these semi-analytical results by compar-
ing them with experimental data [179]. In [180], this nonlinear asymptotic
modal system has been re-derived to classify steady-state wave regimes (as
in [15, 117]) but the steady-state analysis was mainly based on numerical
approaches.

The Lukovsky five-dimensional weakly-nonlinear modal system [15, 102]
and its periodic solutions were in focus of [181] whose authors analyzed the
behavior of nodal curves on the liquid surface for transient and steady-state
resonant waves. These visualizations showed that the nodal curves are far
from straight lines as wrongly claimed in other (simpler) theories. This is
due to significant contribution of higher-order natural sloshing modes. Ex-
isting experimental observation qualitatively confirmed that behavior of the
nodal curves as they are predicted by Lukovsky’s theory. Faltinsen & Timo-
kha [1] (Chapter 9) in their fundamental textbook revisited analytical studies
of steady-state resonant sloshing in an upright circular base tank by exploit-
ing the Lukovsky modal system and compared these theoretical results with
experimental findings presented in [10].

Even though Lukovsky restricted his analysis to five degrees of freedom,
the Narimanov-Moiseev asymptotics for axisymmetric tanks requires, gen-
erally, accounting for an infinite number of second- and third-order hydro-
dynamic generalized coordinates when deriving the corresponding nonlinear
asymptotic modal systems [113,120]. For a vertical circular cylindrical tank,
an infinite-dimensional modal system of the Narimanov-Moiseev–type was
first derived and analyzed in [119]. The infinite number of second- and third-
order hydrodynamic generalized coordinates had little effect on Lukovsky’s
qualitative results regarding periodic steady solutions (waves), except for
certain liquid depths and frequencies where secondary (internal) resonances
occurred in the infinite-dimensional system as predicted in [7, 74,104].

As we stated above, Lukovsky also analytically derived and analyzed pe-
riodic solutions of the five-dimensional nonlinear modal system [102,182,183]
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which correspond to resonant steady-state sloshing in a vertical annular cylin-
drical tank when the excitation frequency is close to the lowest natural slosh-
ing frequency. In [184], his modal system was re-derived and modified by
including additional third-order hydrodynamic generalized coordinates (de-
grees of freedom). The latter paper also reports experimental studies on
resonant sloshing due to longitudinal tank excitations. Comparing the ex-
perimental and theoretical steady-state wave amplitude response curves [184]
demonstrated good agreement for the planar standing wave mode, but, even
with the inclusion of speculative additional terms (for alignment with exper-
imental baseline data), a visual discrepancy between theory and experiments
for the circular wave was apparent. An attempt to derive a nonlinear modal
system of the Narimanov-Moiseev–type for an off-center column position was
made in [185]. Liquid sloshing a vertical annular tank with transverse parti-
tions were studied in [186,187].

For tanks with non-vertical walls, to the author best knowledge, exact
analytically-presented natural sloshing modes do not exist in the literature,
and, furthermore, a normal (single-valued) presentation of the free surface
becomes impossible. These two problems on the analytical natural slosh-
ing modes and free-surface presentation, can be solved by employing the
so-called non-conformal mapping technique proposed in 1975 by Lukovsky
[101, 103, 188, 189]. This analytical technique was combined in [101, 103]
with Narimanov’s third-order perturbation scheme. The results are low-
dimensional weakly-nonlinear (modal) systems of ordinary differential equa-
tions with respect to the generalised hydrodynamamic coordinates to describe
resonant sloshing. This combined approach has also been utilised in the man-
ner of the Perko method by Limarchenko [126,127,141] to simulate transient
waves. Finally, the non-conformal mapping technique has been adopted in
the variational method by Miles-Lukovsky [15,102,113]. This made it possi-
ble to derive the Miles-Lukovsky infinite-dimensional nonlinear modal system
for tanks with non-vertical walls as well as diverse weakly-nonlinear nodal
equations.

The multidimensional nonlinear modal systems of the Narimanov-
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Moiseev–type have been derived for conical and spherical containers. Us-
ing these systems facilitated studies of resonant sloshing in these containers
caused by excitations of the lowest natural sloshing frequency [113,114]. The
main difficulty in implementation of the non-conformal mapping technique
to other tank shapes remains the absence of an effective and highly accu-
rate analytical approximation of the natural sloshing modes such that the
approximate natural sloshing modes accurately satisfy the Laplace equation
and zero Neuman condition on the tank walls for any admissible instant
shape of the liquid domain. The approximate natural sloshing modes should
also allow for analytical continuation across the free surface. There are other
limitations of the nonlinear modal method for tanks with non-vertical walls
that are described in [15,120] and Chapter 9 of the book [1].

According to the results in [80,190,191], the unperturbed flat (horizontal)
static free surface in a circular conical tank with a small opening angle can
be replaced by a spherical ‘cap’, in order to construct an analytical solution
to the spectral boundary problem on natural sloshing modes and frequencies
in terms of spherical functions. Using such approximations of the natural
sloshing modes, a nonlinear modal system of the Narimanov-Moiseev–type
was constructed in [192, 193]. This result was improved and generalised in
[102,114,194–198] (see also references therein).

In [194, 196, 197], approximate natural sloshing modes were constructed
without the aforementioned replacement of the unperturbed free surface.
Based on these natural sloshing modes, a five-dimensional nonlinear modal
system of the Narimanov-Moiseev type was derived and investigated for trun-
cated and non-truncated circular V-conical tanks [114, 196]. In contrast to
Lukovsky’ modal system for circular cylindrical tank [102, 117, 178], these
Narimanov-Moiseev–type equations contain additional nonlinear terms that
reflect the so-called geometric nonlinearity (non-verticality of the tank walls).
In the work [199], attention is paid to the behavior of nodal lines on the oscil-
lating free surface which looks rather similar to those observed in [181]. The
theoretical analysis of secondary resonances [114, 196] and the comparison
of the theoretical results with experiments [114, 195, 200] showed that the
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secondary resonances indeed play significant role for conical reservoirs.
Analytical approximations of the natural sloshing modes for the spherical

tank were constructed in [66, 67, 201,202]. Based on the constructed analyt-
ical approximate solutions from [66, 202], an infinite-dimensional nonlinear
modal system of the Narimanov-Moiseev–type (generalization of [119]) was
explicitly derived in [113,203]. The results of studying periodic (steady-state)
resonant waves by using this modal system were validated by experiments
from [19] for the depth-to-radius ratios ≤ 0.5. Secondary resonances and ex-
perimentally observed fragmentation of the free surface (along with overturn-
ing waves) make this weakly-nonlinear modal system practically unsuitable
for higher liquid depths and when the excitation amplitude increases.

An infinite-dimensional nonlinear modal system of the Narimanov-
Moiseev–type was constructed but not analyzed for the two-dimensional cir-
cular tank in [204]. This case exhibits secondary resonance for almost all fill
levels of the tank [31,40] and makes [204] weakly applicable.

1.8. Challenges of the nonlinear reduced order model-
ing in nonlinear sloshing analysis

There are several challenges in the field of analytical studies of the nonlin-
ear liquid sloshing dynamics, in general, and for the nonlinear multi-modal
modeling, in particular, as a kind of the Reduced Order Modeling in the non-
linear hydrodynamics. Most of them are discussed in [2]. Whilst extensive
ideas and works mainly concern generalization and extension of the multi-
modal method to new, practically important liquid sloshing problems (see,
for example, Chapter 1 [1] and [15,205]), intensive efforts focus on improving
the multi-modal method and weakly-nonlinear modal systems (from both
physical and mathematical perspectives), as well as a thorough mathemat-
ical work uniquely presented in [118, 145, 146], dealing with modal systems
from [3,75].

A class of generalizations of the nonlinear multi-modal modeling is associ-
ated with derivations of the corresponding modal systems and their analysis
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for tanks of complex geometric shapes. This implies constructing an appro-
priate set of analytical approximate natural liquid sloshing modes of special
types and improving the tensor algebra of curvilinear coordinates adopted
in the non-conformal mapping technique by Lukovsky [15]. Finally, since
deriving weakly nonlinear modal systems for complex tank shapes is partic-
ularly cumbersome, a task may consist of writing a computer algebra code
that enables derivation based on computer calculations, as was done for the
vertical circular cylindrical tank in [206].

The multi-modal modeling, both linear and nonlinear, is based on the
hydrodynamic model of an ideal incompressible liquid with irrotational lows.
This implies, in particular, that viscous damping is neglected. In this context,
it is also worth noting the reviews in Chapter 6 of the book by Faltinsen &
Timokha [1]. They give an overview of analytical methods and approaches
that allow for estimating the energy dissipation in the sloshing problem with
a focus on the linear sloshing as well as demonstrate how the associated
viscous damping effect can be incorporated into the linear modal theories.
Chapter 6 of [1] explains how to account for damping in nonlinear modal
systems due to flow separation at sharp edges of the immersed structures.
The corresponding procedure was realized for rectangular tanks containing
porous screens [138,142,167].

Caused by modal modeling of resonant sloshing in bioreactors, a series
of experimental and theoretical studies in the physical domain have been
conducted for sloshing in a clean upright circular container which moves
translatory in the horizontal plane along an elliptic trajectory. Experimental
studies are mainly associated with PhD Thesis by Reclari [207] and research
papers [9, 208–212]. Specifically, resonant sloshing in clean bioreactors is
characterized by non-negligible viscous damping. Furthermore, the main
type of the stable steady-state sloshing is swirling due to the circular orbital
resonant forcing. The first step towards analyzing the associated waves has
been made in [7]. Its authors did not account for damping. How to introduce
linear damping into the corresponding modal systems from [7], construct
and study the analytical steady-state wave motions (periodic solutions of
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systems, study stability), and analyze the types of surface waves depending
on the trajectory of tank motion (including circular orbital) has been the
goal in [9, 212]. The results summarized in the book [4]. Two important
conclusions are the following. Firstly, the viscous damping plays crucial
role in explaining why the counter-directed swirling does not exists for the
circular orbital excitations, even though it should occur and be stable within
the framework of the inviscid theory [7]. Secondly, taking the linear damping
prediction and incorporating it into the nonlinear modal models is not able
to provide a consistency with experiments for swirling wave mode.

Analogously, the linear damping terms inserted into the single Narimanov-
Moiseev–type modal system [3] failed to correctly describe resonant sloshing
in rectangular tank. The latter was shown in [11] where one can find new ex-
perimental measurements including for the phase-shift between the harmonic
longitudinal tank excitations.

The latter two cases, with resonant sloshing in a rectangular clean tank
and resonant swirling in an upright circular base tank, showed that viscous
damping in the nonlinear multimodal modelling is strongly nonlinear and
can, physically, be affected by various factors. e.g., fragmentation of the
free surface and dynamic contact angle [213,214]. A way to account for these
factors consists of developing the machine learning technique. It is originated
in the present dissertation.

1.9. Concept and structure of the present dissertation
work

The forthcoming main text of the PhD Thesis is separated into three chap-
ter. The next chapter introduces elements of general mathematical theory
of the liquid sloshing dynamics. This theory consists of differential, vari-
ational and modal formulations. An ideal incompressible liquid with irro-
tational flows is considered. The chapter presents the corresponding free-
surface problem with respect to the velocity potential and a function which
describes, implicitly, instant free-surface shape. The Luke-Bateman varia-
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tional formulation whose action is a function of the velocity potential and
the aforementioned function on the free surface is given. The necessary ex-
trema condition of the action, as the theorem proves derives the governing
equation and all the boundary conditions of the free-surface boundary prob-
lem.

In order to replace the differential and variational formulation by a sys-
tem of ordinary differential equations, the Reduced Order Modeling scheme
is adopted by employing a projective Galerkin–type scheme. For this pur-
pose, both the free surface and velocity potential are presented in the form
of functional series with time-dependent coefficients, 𝛽𝑖(𝑡) and 𝑅𝑛(𝑡). These
are treated as the generalised hydrodynamic coordinates and velocities, re-
spectively. The necessary extrema condition of the Luke-Bateman action
leads then to the desired system of ordinary differential equations cou-
pling 𝛽𝑖(𝑡) and 𝑅𝑛(𝑡). The system consists of kinematic and dynamic parts
where the second part can be interpreted as a kind of Euler-Lagrange equa-
tions. In the most general form, the derived system appears as the so-called
Miles-Lukovsky nonlinear modal system (equations). The system is infinite-
dimensional and is fully equivalent to the original differential boundary value
problem with free (unknown) boundary.

A physically important particular case of the Miles-Lukovsky modal equa-
tion is when liquid sloshing can effectively described in the linear approxi-
mation. In that case, adopting the natural sloshing modes (standing waves
occurring on the free surface in the rest container) in the functional represen-
tations of the free surface and velocity potential yields a system of uncoupled
linear oscillators whose right-hand side is a function of the six generalised co-
ordinates for the rigid body (tank) motions. Specifically, the linear equations
do not include damping terms since the original statement neglects the vis-
cous phenomena. However, the linear damping terms can be incorporated
into the linear modal sloshing theory and one can even estimate the damp-
ing rates assuming these are mainly associated with laminar boundary layer
effect and bulk viscous damping. The chapter exemplifies that fact and even
writes down Keulegan–type prediction for the damping rates when the tank
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has rectangular shape. This prediction of the damping rates is however too
rough and may even become wrong for resonant sloshing. A reason is that
the resonant waves cause nonlinear energy transfer from primary excited to
higher natural sloshing modes (generalized hydrodynamic coordinates) and,
moreover, the damping terms in the modal equations should then be of non-
linear structure. The next two chapters, 3 and 4, demonstrate how to restore
the nonlinear damping terms in nonlinear modal equations for the two cases:
resonant sloshing in two-dimensional rectangular tank and upright circular
cylindrical tank when the tanks are excited longitudinally with the forcing
frequency close to the lowest natural sloshing frequency. The restoring pro-
cedure is based on the machine learning technique applied to the so-called
Narimanov-Moisev asymptotic reduced order modal equations. Choosing
these tank shapes is due to requirement in the measured data on the phase-
lag between harmonic forcing and resonant wave response in the machine
learning procedures. Unfortunately, those data exist in the literature only
for these tanks [10,11].

Chapter 3 focuses on the case of two-dimensional resonant sloshing in
a rectangular tank and is based on a machine learning approach developed
by the author in [215, 216]. It starts with deriving the asymptotic single-
dominant multi-modal system of the Narimanov-Moiseev–type by follow-
ing [3] but in a non-dimensional statement where the characteristic dimension
is the tank width but the characteristic time is associated with the highest
natural sloshing period. The forcing period of the horizontal tank motion
suggests being close to the latter highest period. The single-dominant modal
system is further equipped with the nonlinear damping terms whose struc-
ture should be consistent with the Moiseev asymptotic ordering in deriva-
tions [3]. This proves the first main theorem of the Chapter 3. Furthermore,
an asymptotic periodic solution of the damping-equipped modal equations is
constructed. The secular (necessary solvability) condition links the dominant
resonance wave amplitude, phase-lag between the harmonic forcing and the
wave response, as well as the non-dimensional forcing frequency. This ana-
lytical results expresses the second main theorem of this chapter. Employing
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the experimental data from [11] to learn the damping terms of the single-
dominant modal equations demonstrates almost perfect agreement with the
nature while [11] was not able to say that because they neglected the damping
nonlinearity.

Chapter 4 deals with resonant sloshing in an upright circular base tank
when the forcing amplitude is small but the forcing frequency is close to the
lowest natural sloshing frequency. The Reduced Order Narimanov-Moiseev–
type modal equations from [4] are re-derived. In the linear case, the modal
equations can be equipped with linear damping terms reflecting the viscous
laminar flows at the wetted tank surface and the viscous bulk damping.
This is similar to the rectangular tank geometry. However, the estimated
damping rates were not able to get a consistency with experimental data on
the phase-lag measured in [10] for the swirling–type resonant steady-state
sloshing regime. This fact was extensively discussed in [4] who conducted
speculative investigations by trying to fit the measurements with varying
the damping coefficients. Situation appeared similar to the discussed in the
Chapter 3 for rectangular tank shape.

Following the research approach from the Chapter 3, the Narimanov-
Moissev–type asymptotic modal equations for sloshing in an upright circular
base tank are equipped with appropriate nonlinear damping terms. Proce-
dure of finding an asymptotic periodic solution of the modal equations with
linear damping from [4] is generalized the considered case. The result is for-
mulated as Theorem 4.1 which is the main result of the present chapter. The
constructed asymptotic solution may effectively draw the response curves
within analytical way and, thereby, provides a base for the machine learning
procedure which makes it possible to restore the damping terms. The mea-
surements from [10] are collected to learn. Rather satisfactory agreement
is reported in the contrast to speculative manipulations with the dominant
linear damping coefficient in [4].

The Chapter 5 lists the main conclusions to the dissertation work.
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Chapter 2

Differential, variational, and modal
formulations of the problem

2.1. Introduction

Throughout the present dissertation, we consider the liquid sloshing dy-
namics in a mobile rigid container which moves periodically with, generally
speaking, six degrees of freedom as shown in Fig. 4.1. The oscillatory tank
motions are prescribed and of small amplitude relative to the inner tank
dimension (normally, it is the characteristic linear size of the hydrostatic
free surface). Whereas the tank motions are assumed be known input pa-
rameters, the task consists of getting the hydrodynamic characteristics of
the liquid sloshing. This includes the velocity field, pressure and associated
hydrodynamic loads (hydrodynamic force and moment) on the wetted tank
surface. This means that we solve the so-called first problem of the dynamics.

Specifically, the liquid sloshing dynamics is described in the non-inertial
coordinate system 𝑂𝑥𝑦𝑧 which is rigidly fixed with the moving (oscillating)
container. As usually in the literature, the 𝑂𝑥𝑦 plane is assumed coincid-
ing with the unperturbed (mean, hydrostatic) free surface of the contained
liquid. The hybrid rigid tank-liquid mechanical system or, alternatively, the
coordinate system moves in the gravitational field whose potential written in
the 𝑂𝑥𝑦𝑧 tank-fixed system takes the form

𝑈𝑔 = −𝑔 · 𝑟′ = −𝑔 · 𝑟 − 𝑔 · 𝑟′
0, (2.1)

where 𝑔 is the gravity acceleration vector, 𝑟 = (𝑥, 𝑦, 𝑧) is the radius-vector
relative to 𝑂, and 𝑟′

𝑂 is the radius-vector of the origin 𝑂 relative to the origin
𝑂′ of an inertial coordinate system 𝑂′𝑥′𝑦′𝑧′.
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The liquid domain does not contain gas cavities and surface tension can be
neglected due to relatively large tank size causing the Bond number exceeding
100 (see, [1], chapter 2). The forthcoming mathematical analysis also assumes
that the contained liquid is ideal, incompressible and the liquid flows are
irrotational (there is a velocity potential). The viscous laminar boundary
layer on the wetted tank surface, which is not zero in reality, is of rather
small thickness, that is, its value is much smaller than the tank dimension.
This justifies the above assumption on ideal liquid with irrotational flows,
i.e., the thin viscous boundary layer and associated rotational (vortex) flows
are then located only in the vicinity of the tank surface and do not affect the
dominant liquid flow component.

Neglecting the viscous boundary layer does not imply that one can fully
neglect the viscous damping in the hydrodynamic system including that
caused by this viscous boundary layer. This only means that viscous flows
are of local character, e.g., these are localized in a think layer at the wetted
tank surface and do not affect, globally, the liquid sloshing. This fact is con-
firmed by experiments, at least, for qualitative analysis of the hydrodynamic
response. However, non-zero damping in the hydrodynamic system plays sig-
nificant role for prediction of the phase lag between the forcing and response
signals, as well as for swirling waves when the damping prevents counter-
directed wave propagation due to the orbital tank excitations [4, 174]. The
latter implies that the adopted governing equations for the liquid sloshing
dynamics within the framework of our assumptions (ideal incompressible liq-
uid with irrotational flows) should on a certain stage be modified to include
the damping effect, at least, caused by the laminar viscous layer.

When considering unmovable container, viscous damping in the hydro-
dynamic system can physically be associated with logarithmic decrement of
standing waves occurring due to initial free-surface disturbances. In that
case, liquid sloshing is linear so that the free-surface motions and associated
viscous damping are simply a decomposition by the standing waves (natural
sloshing modes). The energy dissipation of each natural sloshing mode is
then mainly caused by the viscous boundary layer on the mean wetted tank
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surface. Other physical factors may matter but play a secondary role for
relatively large containers.

Contrary, resonant liquid sloshing is a strongly nonlinear wave phe-
nomenon and, as consequence, there appears a nonlinear energy flow from
primary excited to higher natural sloshing modes which can, under certain
circumstances, be interpreted as a kind of the energy dissipation. This fact is
extensively discussed in [139]. Examples of other physical factors which could
affect energy dissipation for nonlinear resonant sloshing are viscous bound-
ary layer at the dynamically changing wetted tank surface, bulk damping,
free-surface contamination, and wave breaking.

A correct and accurate account for all physical factors of the viscous
damping for resonant liquid sloshing is the main goal of the present disser-
tation studies. The problem will be solved by a machine learning technique
applied not to the original free-surface boundary problem which, as we al-
ready stated, neglects viscosity, but to a reduced-order discrete mathematical
model derived from the inviscid mathematical formulation. The mathemat-
ical model will appear as the co-called nonlinear modal system of ordinary
differential equations with respect to the generalized hydrodynamic coordi-
nates responsible for perturbations of the natural sloshing modes.

The first step towards getting the reduced-order nonlinear modal system
consists of utilizing the Bateman-Luke–type variational principle for the con-
sidered free-surface boundary problem. This variational principle is formu-
lated with respect to the two unknowns, which are associated with the instant
free surface pattern and velocity potential defined in the time-changing liq-
uid domain, respectively. When these two functions are expanded into func-
tional series by the natural sloshing modes with time-dependent coefficients
𝛽𝑖(𝑡) and velocities 𝑅𝑛(𝑡), respectively, one can interpret these coefficients
as generalized hydrodynamic coordinates and velocities of the hydrodynamic
system.

The necessary extrema condition by 𝛽𝑖(𝑡) and 𝑅𝑛(𝑡) of the Bateman-
Luke–type action leads to a (modal) system of ordinary differential equations
with respect to the generalised hydrodynamic coordinates and velocities. Un-
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der certain circumstances, the modal system is mathematically equivalent to
the original free-surface problem. It is a sort of the Euler-Lagrange equations.

In their linear approximation, the nonlinear coupling in the modal equa-
tions disappears and we arrive at an infinite set of linear uncoupled oscillators
by 𝛽𝑖(𝑡). Incorporating appropriate linear damping terms into each uncou-
pled linear equation with respect to 𝛽𝑖(𝑡) implies accounting for logarithmic
decrement of the corresponding standing wave (natural sloshing modes). The
corresponding damping rates can then be estimated by using Keulegan’s ap-
proach [158] described in details in Chapter 6 of [1].

Transition from the original free-surface boundary value problem to the
infinite-dimensional nonlinear modal equations with respect to the general-
ized hydrodynamic coordinates and velocities will be described in the present
chapter. We will also discuss the aforementioned linear case and outline for-
mulas for the Keulegan’s damping rates.

Figure 2.1. Sketch of a moving rigid tank partially filled with a liquid. The non-inertial 𝑂𝑥𝑦𝑧 coordinate
system is rigidly fixed with the tank. The 𝑂′𝑥′𝑦′𝑧′ coordinate system is an artificial inertial coordinate
one which is normally associated with the earth. Prescribed motions of the rigid tank (coordinate system
𝑂𝑥𝑦𝑧) are governed by the translatory velocity vector 𝑣𝑂 = 𝑑𝑟′𝑂/𝑑𝑡 = 𝑟̇′𝑂 of the origin 𝑂 and the
instantaneous angular velocity 𝜔(𝑡).
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2.2. Free-surface boundary value problem

Let 𝑄(𝑡) denote the liquid domain, Σ(𝑡) is the free surface, and 𝑆(𝑡) is
the wetted tank surface. The unperturbed (hydrostatic) liquid domain is
denoted as 𝑄0, the static (unperturbed) free surface is Σ0, and the mean
wetted tank surface is denoted as 𝑆0.

2.2.1. Governing hydrodynamic equations. Because liquid motions are
considered in the body-fixed movable, non-inertial coordinate system 𝑂𝑥𝑦𝑧,
the first task consists of writing down the governing hydrodynamic equations
of an ideal incompressible liquid with irrotational flows in this non-inertial
coordinate system.

The absolute velocity field in 𝑄(𝑡) is described by the velocity potential

𝑣 = ∇Φ(𝑥, 𝑦, 𝑧, 𝑡),

which satisfies the Laplace equation as a consequence of the continuity (mass
conservation), ∇ · 𝑣 = 0 [1], whereas the pressure in the time-varied liquid
domain 𝑄(𝑡) can be computed using the Bernoulli equation [1]. Because the
Laplace equation expresses the mass conservation, it remains invariant in any
Cartesian coordinate system, inertial or non-inertial), therefore,

∇2Φ = ΔΦ ≡ 𝜕2Φ

𝜕𝑥2
+
𝜕2Φ

𝜕𝑦2
+
𝜕2Φ

𝜕𝑧2
= 0 in 𝑄(𝑡) (2.2)

but the Bernoulli equation is invariant only in inertial coordinate systems.
The Bernoulli equation takes the form

𝑝+ 𝜌

(︂
𝜕Φ

𝜕𝑡

⃒⃒⃒⃒
inertial

+
1

2
(𝑣)2 + 𝑈𝑔

)︂
= 𝐶(𝑡), (2.3)

where 𝐶(𝑡) is an arbitrary time-dependent function. The Bernoulli equation
is a result of integrating Euler equation that became possible for irrotational
flows. To express the Bernoulli equation in the non-inertial coordinate system
𝑂𝑥𝑦𝑧, we need to modify the quantity 𝜕Φ/𝜕𝑡, which denotes in the inertial
system the time derivative of Φ at fixed points with coordinates (𝑥′, 𝑦′, 𝑧′).
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In the 𝑂𝑥𝑦𝑧 coordinate system, we also operate with the time derivative
of Φ at fixed points (𝑥, 𝑦, 𝑧), meaning

𝜕Φ

𝜕𝑡

⃒⃒⃒⃒
in non-inertial 𝑂𝑥𝑦𝑧

= lim
Δ𝑡→0

Φ(𝑥, 𝑦, 𝑧, 𝑡+Δ𝑡)− Φ(𝑥, 𝑦, 𝑧, 𝑡)

Δ𝑡
.

Assume that the point (𝑥, 𝑦, 𝑧) coincides with point (𝑥′, 𝑦′, 𝑧′) at the time
𝑡 and consider the difference between (𝑥, 𝑦, 𝑧) and (𝑥′, 𝑦′, 𝑧′) at 𝑡+Δ𝑡, up to
nonlinear terms. It is equal to 𝑣𝑏Δ𝑡, where, according to the Euler formula
for rigid bodies,

𝑣𝑏 = 𝑣𝑂 + 𝜔 × 𝑟 (2.4)

is the velocity of the rigid body point defined by the radius vector
𝑟 = (𝑥, 𝑦, 𝑡), 𝑣𝑂 is the velocity of the origin 𝑂, and 𝜔 is the instantaneous
angular velocity of the rigid body around 𝑂. The Taylor series expansion of
Φ(𝑥, 𝑦, 𝑧, 𝑡+Δ𝑡) in the vicinity of (𝑥′, 𝑦′, 𝑧′) derives

𝜕Φ

𝜕𝑡

⃒⃒⃒⃒
in non-inertial 𝑂𝑥𝑦𝑧

=

= lim
𝛿𝑡→0

Φ(𝑥′, 𝑦′, 𝑧′, 𝑡+Δ𝑡) + 𝑣𝑏 · ∇ΦΔ𝑡− Φ(𝑥, 𝑦, 𝑧, 𝑡)

Δ𝑡

=
𝜕Φ

𝜕𝑡

⃒⃒⃒⃒
in inertial 𝑂′𝑥′𝑦′𝑧′

+ 𝑣𝑏 · ∇Φ (2.5)

and, therefore, the Bernoulli equation (2.3) in the non-inertial system 𝑂𝑥𝑦𝑧

can be written down as

𝑝+ 𝜌

(︂
𝜕Φ

𝜕𝑡

⃒⃒⃒⃒
non-inertial

− (𝑣𝑂 + 𝜔 × 𝑟) · ∇Φ +
1

2
(∇Φ)2 + 𝑈𝑔

)︂
= 𝐶(𝑡), (2.6)

where, as usually, 𝐶(𝑡) is an arbitrary function of time, 𝜌 is the liquid density,
𝑈𝑔 is defined by (2.1), and 𝑝 is the liquid pressure.

The gravity potential 𝑈𝑔 was defined in (2.1) as 𝑈𝑔 = −𝑔 · 𝑟′. Because
𝑟′ = 𝑟′

𝑂 + 𝑟, and 𝑔 · 𝑟′
𝑂 is only function of time (any potential is defined

within to a function of time), we can assume that

𝑈𝑔 = −𝑔 · 𝑟; 𝑟 = (𝑥, 𝑦, 𝑧). (2.7)

in the non-inertial coordinate system 𝑂𝑥𝑦𝑧.
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We choose the coordinate system 𝑂𝑥𝑦𝑧 in such a way that the plane
𝑧 = 0 coincides with the unperturbed free surface (static position). Assuming
that the atmospheric pressure is constant and equal to 𝑝0, one can choose
𝐶(𝑡) such that the pressure equals 𝑝0 on the unperturbed free surface. The
Bernoulli equations (2.6) takes then the following form

𝑝− 𝑝0 = −𝜌
(︂
𝜕Φ

𝜕𝑡
+

1

2
(∇Φ)2 −∇Φ · (𝑣𝑂 + 𝜔 × 𝑟) + 𝑈𝑔

)︂
. (2.8)

This makes it possible to compute the pressure 𝑝(𝑥, 𝑦, 𝑧, 𝑡) in 𝑄(𝑡) by using
the velocity potential Φ(𝑥, 𝑦, 𝑧, 𝑡).

2.2.2. Boundary conditions. The boundary condition on the wetted tank
surface 𝑆(𝑡) requires that there is no normal flow through 𝑆(𝑡), i.e., the
normal velocity on the wetted surface is equal to the normal component of
the rigid body velocity, i.e.,

𝑣 · 𝑛 = 𝑣𝑂 · 𝑛+ [𝜔 × 𝑟] · 𝑛 on 𝑆(𝑡), (2.9)

where 𝑛 is the outer normal vector to 𝑆(𝑡) and 𝑣 is the absolute liquid
velocity. One can rewrite (2.9) as

𝜕Φ

𝜕𝑛
= 𝑣 · 𝑛 = 𝑣𝑂 · 𝑛+ 𝜔 · [𝑟 × 𝑛] on 𝑆(𝑡). (2.10)

Because the hydrodynamic pressure on the free surface equals to the gas
pressure 𝑝0, using (2.8), the so-called dynamic boundary condition on the
free surface reads as

𝜕Φ

𝜕𝑡
+

1

2
(∇Φ)2 − (𝑣𝑂 + 𝜔 × 𝑟) · ∇Φ + 𝑈𝑔 = 0 on Σ(𝑡). (2.11)

As a consequence, we derived two boundary conditions: on the wetted
tank surface (2.10) and the unknown free surface (2.11). The free-boundary
problem also requires the kinematic boundary condition on the free surface.

The kinematic boundary condition ensures that any liquid particle re-
mains on the free surface at any instant time 𝑡. When the non-inertial coor-
dinate system 𝑂𝑥𝑦𝑧 is used, the most general implicit definition of the free
surface is of implicit form and can be determined by the equation

𝑍(𝑥, 𝑦, 𝑧, 𝑡) = 0, (2.12)
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where 𝑍 is, generally, unknown and should be found from the boundary value
problem together with the velocity potential Φ. When liquid particles remain
on the free surface implies that the material derivative of 𝑍 in the inertial
coordinate system 𝑂′𝑥′𝑦′𝑧′ equals to zero, i.e.

0 =
𝐷′𝑍

𝐷𝑡
=
𝜕𝑍

𝜕𝑡

⃒⃒⃒⃒
𝑂′𝑥′𝑦′𝑧′

+ 𝑣 · ∇𝑍

=
𝜕𝑍

𝜕𝑡

⃒⃒⃒⃒
𝑂𝑥𝑦𝑧

− 𝑣𝑏 · ∇𝑍 +∇Φ · ∇𝑍 on Σ(𝑡), (2.13)

where we used the formula for the time derivative in the non-inertial coordi-
nate system derived in (2.5).

The outer normal vector (to the free surface Σ(𝑡)) can be written as

𝑛 =
∇𝑍
|∇𝑍|

on Σ(𝑡), (2.14)

which transforms (2.13) to

𝜕Φ

𝜕𝑛
= 𝑣0 · 𝑛+ 𝜔 · [𝑟 × 𝑛]− 𝜕𝑍/𝜕𝑡

|∇𝑍|
on Σ(𝑡), (2.15)

where the time derivative is computed in the 𝑂𝑥𝑦𝑧 coordinate system.
In the considered cases when the tank walls are parallel to the 𝑧-axis, the

normal form of the free surface representation is possible, i.e.,

𝑍(𝑥, 𝑦, 𝑧, 𝑡) = 𝑧 − 𝜁(𝑥, 𝑦, 𝑡) = 0. (2.16)

The kinematic boundary condition (2.15) takes then the form

𝜕Φ

𝜕𝑧
− 𝜕Φ

𝜕𝑥

𝜕𝜁

𝜕𝑥
− 𝜕Φ

𝜕𝑦

𝜕𝜁

𝜕𝑦
= (𝑣𝑂+𝜔×𝑟).(−𝜕𝜁

𝜕𝑥
,−𝜕𝜁

𝜕𝑦
, 1)+

𝜕𝜁

𝜕𝑡
on Σ(𝑡), (2.17)

or
𝜕Φ

𝜕𝑛
= (𝑣𝑂 + 𝜔 × 𝑟) · 𝑛+

𝜕𝜉/𝜕𝑡√︀
1 + (▽𝜉)2

on Σ(𝑡). (2.18)

2.2.3. Mass (volume) conservation condition. The mass of an incom-
pressible liquid must remain constant, i.e.,

𝑀𝑙 =

∫︁
𝑄(𝑡)

𝜌𝑑𝑄 = 𝜌Vol = const , (2.19)
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where 𝑀𝑙 and Vol are the mass and volume of the contained liquid, respec-
tively.

Equation (2.19) is not automatically satisfied. It imposes a restriction on
admissible class of functions 𝑍 (or 𝜁), which define the free surface. Integral
condition (2.19) represents a geometric (holonomic) constraint.

2.2.4. Initial and periodicity conditions. Equations (2.2), (2.10),
(2.11), (2.13), and (2.19) constitute a free-surface boundary value problem
describing the liquid sloshing dynamics in a container moving by prescribed
law. Solving this problem requires either initial conditions or, in the case of
periodic vector-functions 𝑣0(𝑡) and 𝜔(𝑡) – periodicity conditions.

Physically, adopting the initial conditions implies introducing an initial
scenario so that the corresponding solution of the initial boundary value
problem describes the so-called transient sloshing affected by the prescribed
tank motion (𝑣𝑂(𝑡),𝜔(𝑡)) as well as initial perturbations of the free surface
and liquid velocity field.

The initial (Cauchy) conditions read as

𝑍(𝑥, 𝑦, 𝑧, 𝑡0) = 𝑍0(𝑥, 𝑦, 𝑧);
𝜕Φ

𝜕𝑛

⃒⃒⃒⃒
Σ(𝑡0)

= 𝑉0(𝑥, 𝑦, 𝑧)|Σ(𝑡0), (2.20)

where the given function 𝑍0 defines the initial position of the free surface
Σ(𝑡0) : 𝑍0(𝑥, 𝑦, 𝑧) = 0 and 𝑉0(𝑥, 𝑦, 𝑧) specifies the initial absolute normal
velocities on the given initial surface Σ(𝑡0). Using the kinematic condition
(2.15), the initial conditions (2.20) can be rewritten in the form

𝑍(𝑥, 𝑦, 𝑧, 𝑡0) = 𝑍0(𝑥, 𝑦, 𝑧);
𝜕𝑍

𝜕𝑡

⃒⃒⃒⃒
𝑡=𝑡0

= 𝑍1(𝑥, 𝑦, 𝑧)|Σ(𝑡0), (2.21)

where 𝑍0 and 𝑍1 are prescribed functions of spatial variables.
The boundary value problem (2.2), (2.10), (2.11), (2.13), and (2.19)

with periodicity conditions determines periodic (steady-state) wave motions.
Physically, stable steady-state waves are realized after initially occurring
transients caused by initial perturbations (2.21). Mathematically, the pe-
riodicity conditions read as

𝑍(𝑥, 𝑦, 𝑧, 𝑡+ 𝑇 ) = 𝑍(𝑥, 𝑦, 𝑧, 𝑡), (2.22)
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provided, as stated before, by the periodicity of the prescribed tank motions,
𝑣𝑂(𝑡 + 𝑇 ) = 𝑣𝑂(𝑡) and 𝜔(𝑡 + 𝑇 ) = 𝜔(𝑡), where 𝑇 is the prescribed period.
Condition (2.22) ensures periodicity of the velocity field determined from the
Neumann boundary value problem (2.2), (2.9), and (2.18).

2.3. The Luke-Bateman variational principle

Theorem 1.1 Smooth solutions to the boundary value problem with a free
surface (2.2), (2.10), (2.11), (2.13), (2.19) coincide with extrema of the
Luke-Bateman action

𝑊 (𝑍,Φ) =

𝑡2∫︁
𝑡1

𝐿 d𝑡,

𝐿 =

∫︁
𝑄(𝑡)

(𝑝−𝑝0)𝑑𝑄 = −𝜌
∫︁
𝑄(𝑡)

[︂
𝜕Φ

𝜕𝑡
+
1

2
(∇Φ)2−∇Φ · (𝑣𝑂+𝜔×𝑟)+𝑈𝑔

]︂
𝑑𝑄,

(2.23)

for the isochronous independent smooth variations

𝛿Φ(𝑥, 𝑦, 𝑧, 𝑡1) = 0; 𝛿Φ(𝑥, 𝑦, 𝑧, 𝑡2) = 0,

𝛿𝑍(𝑥, 𝑦, 𝑧, 𝑡1) = 0; 𝛿𝑍(𝑥, 𝑦, 𝑧, 𝑡2) = 0.
(2.24)

Theorem 1.1 was proven in [217].
Let us describe some details of this proof.
Suppose that two unknown functions, 𝑍 and Φ can be represented as

Φ = Φ(𝑥, 𝑦, 𝑧, 𝑡, 𝛼1) and 𝑍 = 𝑍(𝑥, 𝑦, 𝑧, 𝑡, 𝛼2) where the two small parameters
𝛼1 and 𝛼2 are independent, and their zeros correspond to the extrema points
of the functional 𝑊 . Substituting Φ and 𝑍 into (2.23) gives a function of
two real variables 𝛼1 and 𝛼2, i.e. 𝑊 = 𝑊 (𝛼1, 𝛼2). The variation calculation
at the point 𝛼1 = 𝛼2 = 0 is then as follows

𝑑𝑊 (0, 0) =
𝜕𝑊

𝜕𝛼1

⃒⃒⃒⃒
0,0

𝑑𝛼1 +
𝜕𝑊

𝜕𝛼2

⃒⃒⃒⃒
0,0

𝑑𝛼2 = 𝛿𝑊
𝜕𝑊

𝜕𝑍

𝜕𝑍

𝜕𝛼2
𝑑𝛼2⏟  ⏞  

𝛿𝑍

+
𝜕𝑊

𝜕Φ

𝜕Φ

𝜕𝛼1
𝑑𝛼1⏟  ⏞  

𝛿Φ

− 𝜌

𝑡2∫︁
𝑡1

(︂
−

∫︁
Σ(𝑡)

[︂
𝜕Φ

𝜕𝑡
+

1

2
(∇Φ)2 −∇Φ · (𝑣0 + 𝜔 × 𝑟) + 𝑈𝑔

]︂
𝛿𝑍

|∇𝑍|
𝑑𝑆
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+

∫︁
𝑄(𝑡)

[︂
∇Φ · ∇(𝛿Φ) +

𝜕(𝛿Φ)

𝜕𝑡
−∇(𝛿Φ) · (𝑣0 + 𝜔 × 𝑟)

]︂
𝑑𝑄

)︂
𝑑𝑡 = 0, (2.25)

where we accounted for the gravity potential 𝑈𝑔 and (𝑣0 + 𝜔 × 𝑟) do not
depend on 𝛼1 and 𝛼2 and, furthermore, their variations are zero.

Because 𝛿𝑍 and 𝛿Φ are independent, we can choose 𝛿Φ = 0. Considering
arbitrary variations 𝛿𝑍, equality (2.25) leads to the dynamic boundary con-
dition (2.11) on Σ(𝑡). When 𝛿𝑍 = 0, 𝛿Φ ̸= 0, the integral from (2.25) can
be modified by using Green’s formula, Gauss’s theorem, and the Reynolds
transport theorem∫︁
𝑄(𝑡)

∇Φ · ∇(𝛿Φ) d𝑄 =

∫︁
𝑆(𝑡)+Σ(𝑡)

𝛿Φ
𝜕Φ

𝜕𝑛
d𝑆 −

∫︁
𝑄(𝑡)

∇2Φ𝛿Φd𝑄,

∫︁
𝑄(𝑡)

𝑣𝑂 · ∇(𝛿Φ) d𝑄 =

∫︁
𝑄(𝑡)

∇(𝑣𝑂 · 𝑟) · ∇(𝛿Φ) d𝑄 =

∫︁
𝑆(𝑡)+Σ(𝑡)

𝛿Φ(𝑣𝑂 · 𝑛) d𝑆,

∫︁
𝑄(𝑡)

(𝜔 × 𝑟) · ∇(𝛿Φ) d𝑄 =

∫︁
𝑆(𝑡)+Σ(𝑡)

𝛿Φ((𝜔 × 𝑟) · 𝑛) d𝑆,

∫︁
𝑄(𝑡)

𝜕(𝛿Φ)

𝜕𝑡
d𝑄 =

𝑑

𝑑𝑡

∫︁
𝑄(𝑡)

𝛿Φd𝑄+

∫︁
Σ(𝑡)

(𝛿Φ)|Σ(𝑡)
𝜕𝑍/𝜕𝑡

|∇𝑍|
d𝑆. (2.26)

These convert the final integral into the variational equality

𝛿𝑊 |𝛿𝑍=0 = 𝜌

𝑡2∫︁
𝑡1

(︂ ∫︁
𝑆(𝑡)

[︂
𝜕Φ

𝜕𝑛
− (𝑣𝑂 + 𝜔 × 𝑟) · 𝑛

]︂
𝛿Φd𝑆 −

∫︁
𝑄(𝑡)

∇2Φ𝛿Φd𝑄

+

∫︁
Σ(𝑡)

[︂
𝜕Φ

𝜕𝑛
− (𝑣𝑂 + 𝜔 × 𝑟) · 𝑛+

𝜕𝑍

𝜕𝑡
/|∇𝑍|

]︂
𝛿Φd𝑆

)︂
d𝑡

− 𝜌

∫︁
𝑄(𝑡)

𝛿Φd𝑄|𝑡=𝑡2𝑡=𝑡1 = 0, (2.27)

where the last term, 𝜌
∫︀
𝑄(𝑡)𝛿Φd𝑄|𝑡=𝑡2𝑡=𝑡1 = 0, gives zero contribution since

𝛿Φ = 0 for 𝑡 = 𝑡1, 𝑡2 according to (2.24). From the variational equality
(2.27), the kinetic relations of the boundary value problem follow.
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2.4. The Miles-Lukovsky nonlinear modal equations

We employ the Luke-Bateman variational principle and the so-called non-
linear multimodal method to derive a system of nonlinear modal equations,
a system of ordinary differential equations with respect to the generalized
coordinates and velocities of the hydrodynamic system. Analytical methods
that make this fundamentally possible were proposed in [1, 3, 102].

2.4.1. Modal representation of the free surface and velocity poten-
tial. The multimodal method utilizes representations of solutions by func-
tional series with time-dependent coefficients. Because functions describing
the free surface and velocity potential (𝑍 and Φ) are considered independent
in the variational formulation, two separate functional representations are
required: one functional series for the free surface 𝑍 and another one for the
velocity potential Φ.

When the free surface Σ(𝑡) is expressed by the equation

𝑧 = 𝜁(𝑥, 𝑦, 𝑡) (𝑍(𝑥, 𝑦, 𝑧, 𝑡) = 𝑧 − 𝜁(𝑥, 𝑦, 𝑡) = 0)

in the non-inertial coordinate system 𝑂𝑥𝑦𝑧, the first functional series is

𝜁(𝑥, 𝑦, 𝑡) =
∞∑︁
𝑖=1

𝛽𝑖(𝑡)𝑓𝑖(𝑥, 𝑦), (2.28)

where the functional basis {𝑓𝑖(𝑥, 𝑦)} does not necessarily represent the nat-
ural sloshing modes but must be a complete set of basis functions in ap-
propriate functional space and the time-dependent functions {𝛽𝑖} could be
interpreted as generalized hydrodynamic coordinates. The functional basis
should satisfy the necessary volume conservation condition∫︁

Σ0

𝑓𝑖(𝑥, 𝑦) 𝑑𝑥𝑑𝑦 = 0,

where Σ0 is the unperturbed (hydrostatic) free surface. This condition is
equivalent to (2.19).
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A functional series is also required for the velocity potential:

Φ(𝑥, 𝑦, 𝑧, 𝑡) = 𝑣𝑂(𝑡) · 𝑟 + 𝜔(𝑡) ·Ω(𝑥, 𝑦, 𝑧, 𝑡) +
∞∑︁
𝑛=1

𝑅𝑛(𝑡)𝜙𝑛(𝑥, 𝑦, 𝑧)⏟  ⏞  
𝜙(𝑥,𝑦,𝑧,𝑡)

, (2.29)

where the functional basis {𝜙𝑛} is not necessarily associated with the natural
sloshing modes and

Ω = (Ω1(𝑥, 𝑦, 𝑧, 𝑡),Ω2(𝑥, 𝑦, 𝑧, 𝑡),Ω(𝑥, 𝑦, 𝑧, 𝑡))
𝑇

is the vector Stokes-Joukowski potential, which is a vector function of spa-
tial and generalized hydrodynamic coordinates coming from the following
Neumann boundary value problem

▽2 Ω = 0 in 𝑄(𝑡);
𝛿Ω1

𝜕𝑛
= 𝑦𝑛𝑧 − 𝑧𝑛𝑦;

𝜕Ω2

𝛿𝑛
= 𝑧𝑛𝑥 − 𝑥𝑛𝑧;

𝛿Ω3

𝜕𝑛
= 𝑥𝑛𝑦 − 𝑦𝑛𝑥 on 𝑆(𝑡) ∪ Σ(𝑡), (2.30)

where we denote components of the outward normal vector as

𝑛 = (𝑛𝑥, 𝑛𝑦, 𝑛𝑧).

The functional basis {𝜙𝑛(𝑥, 𝑦, 𝑧)} in (2.29) must be complete for any ad-
missible liquid shapes of 𝑄(𝑡). In practical applications, {𝜙𝑛(𝑥, 𝑦, 𝑧)} usually
coincides with the natural sloshing modes. In this case, Φ (from equation
(2.29)) automatically satisfies the Laplace equation and boundary conditions
on the wetted tank surface. However, the two boundary conditions on the
free surface are not fulfilled.

Because both the kinematic and dynamic boundary conditions naturally
follow from the Luke-Bateman variational principle, the Luke-Bateman vari-
ational formalism can be considered a useful tool for derivation of ordinary
differential equations which couple the time-dependent generalized hydrody-
namic coordinates 𝛽𝑖(𝑡) and velocities 𝑅𝑛(𝑡). The differential equations, at
least their dynamic component, can be treated as the Euler-Lagrange equa-
tion of the second kind with respect to 𝛽𝑖 and 𝑅𝑛 with an infinite number of
degrees of freedom.
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2.4.2. Modal equations. After substituting (2.29) into (2.23), the La-
grangian in the Luke-Bateman principle takes the following form

𝐿 = −𝜌
∫︁
𝑄(𝑡)

[︂
𝑑𝑣𝑂
𝑑𝑡

·𝑟+ 𝜕

𝜕𝑡
(𝜔 ·Ω)+

1

2
∇(𝜔 ·Ω) ·∇(𝜔 ·Ω)−𝜔 ·(𝑟×∇(𝜔 ·Ω))

− 1

2
𝑣2
𝑂 − 𝜔 · (𝑟 × 𝑣𝑂)− 𝜔 · (𝑟 ×∇𝜙) +∇(𝜔 ·Ω) · 𝜙

]︂
𝑑𝑄+ 𝐿𝑟, (2.31)

where
𝐿𝑟 = −𝜌

∫︁
𝑄(𝑡)

[︂
𝜕𝜙

𝜕𝑡
+

1

2
(∇𝜙)2 + 𝑈𝑔

]︂
𝑑𝑄. (2.32)

The integral expressions in (2.31) require simplifications. These follow
from vector algebra, Gauss’ theorem, and the Neumann boundary conditions
(2.30). Two terms under the integral in (2.31) cancel each other, i.e.,∫︁
𝑄(𝑡)

[−(𝜔 × 𝑟) · ∇𝜙+∇(𝜔 ·Ω) · ∇𝜙] 𝑑𝑄

=

∫︁
𝑆(𝑡)+Σ(𝑡)

(︂
𝜕(𝜔 ·Ω)

𝜕𝑛
− (𝜔 × 𝑟) · 𝑛

)︂
𝜙𝑑𝑆 = 0. (2.33)

Other quantities appearing in the integral (2.31) can be compactly written
down in terms of the inertia tensor 𝐽1 = 𝐽1(𝑥, 𝑦, 𝑧, 𝑡) whose components are
the following integrals with respect to the Stokes-Joukowski potential (2.30):

𝐽1
11 = 𝜌

∫︁
𝑄(𝑡)

(︂
𝑦
𝜕Ω1

𝜕𝑧
− 𝑧

𝜕Ω1

𝜕𝑦

)︂
𝑑𝑄 = 𝜌

∫︁
𝑆(𝑡)+Σ(𝑡)

Ω1
𝜕Ω1

𝜕𝑛
𝑑𝑆,

𝐽1
22 = 𝜌

∫︁
𝑄(𝑡)

(︂
𝑧
𝜕Ω2

𝜕𝑥
− 𝑥

𝜕Ω2

𝜕𝑧

)︂
𝑑𝑄 = 𝜌

∫︁
𝑆(𝑡)+Σ(𝑡)

Ω2
𝜕Ω2

𝜕𝑛
𝑑𝑆,

𝐽1
33 = 𝜌

∫︁
𝑄(𝑡)

(︂
𝑥
𝜕Ω3

𝜕𝑦
− 𝑦

𝜕Ω3

𝜕𝑥

)︂
𝑑𝑄 = 𝜌

∫︁
𝑆(𝑡)+Σ(𝑡)

Ω3
𝜕Ω3

𝜕𝑛
𝑑𝑆,

𝐽1
12 = 𝐽1

21 = 𝜌

∫︁
𝑄(𝑡)

(︂
𝑧
𝜕Ω1

𝜕𝑥
− 𝑥

𝜕Ω1

𝜕𝑧

)︂
𝑑𝑄 = 𝜌

∫︁
𝑄(𝑡)

(︂
𝑦
𝜕Ω2

𝜕𝑧
− 𝑧

𝜕Ω2

𝜕𝑦

)︂
𝑑𝑄
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= 𝜌

∫︁
𝑆(𝑡)+Σ(𝑡)

Ω1
𝜕Ω2

𝜕𝑛
𝑑𝑆 = 𝜌

∫︁
𝑆(𝑡)+Σ(𝑡)

Ω2
𝜕Ω1

𝜕𝑛
𝑑𝑆,

𝐽1
13 = 𝐽1

31 = 𝜌

∫︁
𝑄(𝑡)

(︂
𝑥
𝜕Ω1

𝜕𝑦
− 𝑦

𝜕Ω1

𝜕𝑥

)︂
𝑑𝑄 = 𝜌

∫︁
𝑄(𝑡)

(︂
𝑦
𝜕Ω3

𝜕𝑧
− 𝑧

𝜕Ω3

𝜕𝑦

)︂
𝑑𝑄

= 𝜌

∫︁
𝑆(𝑡)+Σ(𝑡)

Ω1
𝜕Ω3

𝜕𝑛
𝑑𝑆 = 𝜌

∫︁
𝑆(𝑡)+Σ(𝑡)

Ω3
𝜕Ω1

𝜕𝑛
𝑑𝑆,

𝐽1
23 = 𝐽1

32 = 𝜌

∫︁
𝑄(𝑡)

(︂
𝑥
𝜕Ω2

𝜕𝑦
− 𝑦

𝜕Ω2

𝜕𝑥

)︂
𝑑𝑄 = 𝜌

∫︁
𝑄(𝑡)

(︂
𝑧
𝜕Ω3

𝜕𝑥
− 𝑥

𝜕Ω3

𝜕𝑧

)︂
𝑑𝑄

= 𝜌

∫︁
𝑆(𝑡)+Σ(𝑡)

Ω2
𝜕Ω3

𝜕𝑛
𝑑𝑆 = 𝜌

∫︁
𝑆(𝑡)+Σ(𝑡)

Ω3
𝜕Ω2

𝜕𝑛
𝑑𝑆. (2.34)

The inertia tensor is associated with the following quadratic form

− 1

2
𝜔2
1𝐽

1
11 −

1

2
𝜔2
2𝐽

1
22 −

1

2
𝜔2
3𝐽

1
33 − 𝜔1𝜔

2
2𝐽

1
12 − 𝜔1𝜔

2
3𝐽

1
13 − 𝜔2𝜔

2
3𝐽

1
23

+
1

2
𝜌

∫︁
𝑆(𝑡)+Σ(𝑡)

(𝜔 ·Ω)

(︂
𝜕Ω

𝜕𝑛
· 𝜔

)︂
𝑑𝑆

=
1

2
𝜌

∫︁
𝑄(𝑡)

(︂
1

2
∇(𝜔 ·Ω) · ∇(𝜔 ·Ω)− 𝜔 · (𝑟 ×∇(𝜔 ·Ω))

)︂
𝑑𝑄. (2.35)

The last volume integral is a part of equation (2.31). After simplifications,
this equation takes the following form

𝐿 = −[𝑣̇𝑂1𝑙1+ 𝑣̇𝑂2𝑙2+ 𝑣̇𝑂3𝑙3+ 𝜔̇1𝑙1𝜔+ 𝜔̇2𝑙2𝜔+ 𝜔̇3𝑙3𝜔+𝜔1𝑙1𝜔𝑡+𝜔2𝑙2𝜔𝑡+𝜔3𝑙3𝜔𝑡

− 1

2
(𝜔2

1𝐽
1
11 + 𝜔2

2𝐽
1
22 + 𝜔2

3𝐽
1
33)− 𝜔1𝜔2𝐽

1
12 − 𝜔1𝜔3𝐽

1
13 − 𝜔2𝜔3𝐽

1
23

− 1

2
𝑀1(𝑣

2
𝑂1 + 𝑣2𝑂2 + 𝑣2𝑂3) + (𝜔2𝑣𝑂3 − 𝜔3𝑣𝑂2)𝑙1

+ (𝜔3𝑣𝑂1 − 𝜔1𝑣𝑂3)𝑙2 + (𝜔1𝑣𝑂2 − 𝜔2𝑣𝑂1)𝑙3] + 𝐿𝑟, (2.36)

where 𝑀𝑙 is the liquid mass, and

𝑙𝑘𝜔 = 𝜌

∫︁
𝑄𝑡

Ω𝑘𝑑𝑄; 𝑙𝑘𝜔𝑡 = 𝜌

∫︁
𝑄𝑡

𝜕Ω𝑘

𝜕𝑡
𝑑𝑄;

𝑙1 = 𝜌

∫︁
𝑄(𝑡)

𝑥𝑑𝑄; 𝑙2 = 𝜌

∫︁
𝑄(𝑡)

𝑦𝑑𝑄; 𝑙3 = 𝜌

∫︁
𝑄(𝑡)

𝑧𝑑𝑄. (2.37)
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The vectors

𝑙(𝑡) = (𝑙1, 𝑙2, 𝑙3); 𝑙𝜔(𝑡) = (𝑙1𝜔, 𝑙2𝜔, 𝑙3𝜔); 𝑙𝜔𝑡(𝑡) = (𝑙1𝜔𝑡, 𝑙2𝜔𝑡, 𝑙3𝜔𝑡)

are functions of {𝛽𝑖} and
{︁
𝛽̇𝑖

}︁
. Furthermore, component (2.32) must account

for the modal representation (2.29), yielding the following expression

𝐿𝑟 = −𝜌
∫︁
𝑄(𝑡)

[︂ ∞∑︁
𝑛=1

𝑅̇𝑛𝜙𝑛 +
1

2

∞∑︁
𝑛,𝑘=1

𝑅𝑛𝑅𝑘(∇𝜙𝑛 · ∇𝜙𝑘) + 𝑈𝑠

]︂
𝑑𝑄

= −
[︂ ∞∑︁
𝑛=1

𝐴𝑛𝑅̇𝑛 +
1

2

∞∑︁
𝑛,𝑘=1

𝐴𝑛𝑘𝑅𝑛𝑅𝑘 − 𝑔1𝑙1 − 𝑔2𝑙2 − 𝑔3𝑙3 −𝑚1𝑔 · 𝑟′0
]︂
, (2.38)

where

𝐴𝑛 = 𝜌

∫︁
𝑄(𝑡)

𝜙𝑛𝑑𝑄; 𝐴𝑛𝑘 = 𝐴𝑘𝑛 = 𝜌

∫︁
𝑄(𝑡)

∇𝜙𝑛 · ∇𝜙𝑘 𝑑𝑄. (2.39)

The Luke-Bateman variational principle, equations (2.23) and (2.24),
consider 𝐿 as a function of the two independent variables 𝜁(𝑥, 𝑦, 𝑡) and
Φ(𝑥, 𝑦, 𝑧, 𝑡). When substituting representations (2.28) and (2.29), the La-
grangian 𝐿 becomes expressed through equations (2.36) and (2.38), a func-
tion of the independent generalized coordinates {𝛽𝑖} and velocities {𝑅𝑛}.
Note, integrals in equations (2.34), (2.37), and (2.39) are functions of {𝛽𝑖}.
Independent variations of the action 𝑊 =

∫︀ 𝑡2
𝑡1
𝐿𝑑𝑡 (via 𝛿𝜁 and 𝛿Φ) must cor-

respond to independent variations of 𝛿𝛽𝑖 and 𝛿𝑅𝑛, respectively. This yields
the following variational equality

𝛿𝑊 =

𝑡2∫︁
𝑡1

[︂∑︁
𝑛

𝐴𝑛𝛿𝑅̇𝑛 +
∑︁
𝑛

𝐴𝑛𝑘𝑅𝑘𝛿𝑅𝑛

+

(︂∑︁
𝑛

𝑅̇𝑛
𝜕𝐴𝑛

𝜕𝛽𝑖
+ 𝜔1

𝜕𝑙1𝜔𝑡
𝜕𝛽𝑖

+ 𝜔2
𝜕𝑙2𝜔𝑡
𝜕𝛽𝑖

+ 𝜔3
𝜕𝑙3𝜔𝑡
𝜕𝛽𝑖

+
1

2

∑︁
𝑛,𝑘

𝑅𝑛𝑅𝑘
𝜕𝐴𝑛𝑘

𝜕𝛽𝑖
+ 𝜔̇1

𝜕𝑙1𝜔
𝜕𝛽𝑖

+ 𝜔̇2
𝜕𝑙2𝜔
𝜕𝛽𝑖

+ 𝜔̇3
𝜕𝑙3𝜔
𝜕𝛽𝑖

+ (𝑣̇𝑂1 − 𝑔1 + 𝜔2𝑣𝑂3 − 𝜔3𝑣𝑂2)
𝜕𝑙1
𝜕𝛽𝑖

+ (𝑣̇𝑂2 − 𝑔2 + 𝜔3𝑣𝑂1 − 𝜔1𝑣𝑂3)
𝜕𝑙2
𝜕𝛽𝑖

+ (𝑣̇𝑂3 − 𝑔3 + 𝜔1𝑣𝑂2 − 𝜔2𝑣𝑂1)
𝜕𝑙3
𝜕𝛽𝑖

− 1

2
𝜔2
1

𝜕𝐽1
11

𝜕𝛽𝑖
− 1

2
𝜔2
2

𝜕𝐽1
22

𝜕𝛽𝑖
− 1

2
𝜔2
3

𝜕𝐽1
33

𝜕𝛽𝑖
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− 𝜔1𝜔2
𝜕𝐽1

12

𝜕𝛽𝑖
− 𝜔1𝜔3

𝜕𝐽1
13

𝜕𝛽𝑖
− 𝜔2𝜔3

𝜕𝐽1
23

𝜕𝛽𝑖

)︂
𝛿𝛽𝑖

+ (𝜔1
𝜕𝑙1𝜔𝑡

𝜕𝛽̇𝑖
+ 𝜔2

𝜕𝑙2𝜔𝑡

𝜕𝛽̇𝑖
+ 𝜔3

𝜕𝑙3𝜔𝑡

𝜕𝛽̇𝑖
)𝛿𝛽̇𝑖

]︂
𝑑𝑡 = 0, 𝑖 ≥ 1. (2.40)

The terms proportional to 𝛿𝑅̇𝑛 and 𝛿𝛽̇𝑖 in the last expression (2.40) can
be integrated by parts and, using the fact

𝛿𝑅𝑛(𝑡1) = 𝛿𝑅𝑛(𝑡2) = 𝛿𝛽𝑖(𝑡1) = 𝛿𝛽𝑖(𝑡2) = 0,

can be reduced to expressions in terms of 𝛿𝑅𝑛 and 𝛿𝛽𝑖 instead of 𝛿𝑅̇𝑛 and
𝛿𝛽̇𝑖. We then obtain the following infinite system of nonlinear ordinary dif-
ferential equations (the Miles-Lukovsky equations) with respect to {𝑅𝑛(𝑡)}
and {𝛽𝑖(𝑡)} ∑︁

𝑖

𝜕𝐴𝑛

𝜕𝛽𝑖
𝛽̇𝑖 −

∑︁
𝑘

𝑅𝑘𝐴𝑛𝑘 = 0, 𝑛 = 1, 2, ..., (2.41)

∑︁
𝑛

𝑅̇𝑛
𝜕𝐴𝑛

𝜕𝛽𝑖
+

1

2

∑︁
𝑛

∑︁
𝑘

𝜕𝐴𝑛𝑘

𝜕𝛽𝑖
𝑅𝑛𝑅𝑘 + 𝜔̇1

𝜕𝑙1𝜔
𝜕𝛽𝑖

+ 𝜔̇2
𝜕𝑙2𝜔
𝜕𝛽𝑖

+ 𝜔̇3
𝜕𝑙3𝜔
𝜕𝛽𝑖

+ 𝜔1
𝜕𝑙1𝜔𝑡
𝜕𝛽𝑖

+ 𝜔2
𝜕𝑙2𝜔𝑡
𝜕𝛽𝑖

+ 𝜔3
𝜕𝑙3𝜔𝑡
𝜕𝛽𝑖

− 𝑑

𝑑𝑡

(︂
𝜔1
𝜕𝑙1𝜔𝑡

𝜕𝛽̇𝑖
+ 𝜔2

𝜕𝑙2𝜔𝑡

𝜕𝛽̇𝑖
+ 𝜔3

𝜕𝑙3𝜔𝑡

𝜕𝛽̇𝑖

)︂

+ (𝑣̇𝑂1 − 𝑔1 + 𝜔2𝑣𝑂3 − 𝜔3𝑣𝑂2)
𝜕𝑙1
𝜕𝛽𝑖

+ (𝑣̇𝑂2 − 𝑔2 + 𝜔3𝑣𝑂1 − 𝜔1𝑣𝑂3)
𝜕𝑙2
𝜕𝛽𝑖

+ (𝑣̇𝑂3 − 𝑔3 + 𝜔1𝑣𝑂2 − 𝜔2𝑣𝑂1)
𝜕𝑙3
𝜕𝛽𝑖

− 1

2
𝜔2
1

𝜕𝐽1
11

𝜕𝛽𝑖
− 1

2
𝜔2
2

𝜕𝐽1
22

𝜕𝛽𝑖
− 1

2
𝜔2
3

𝜕𝐽1
33

𝜕𝛽𝑖

− 𝜔1𝜔2
𝜕𝐽1

12

𝜕𝛽𝑖
− 𝜔1𝜔3

𝜕𝐽1
13

𝜕𝛽𝑖
− 𝜔2𝜔3

𝜕𝐽1
23

𝜕𝛽𝑖
= 0, 𝑖 = 1, 2, .... (2.42)

If container is characterised by vertical (cylindrical) walls near the undis-
turbed free surface Σ0, the values of 𝜕𝑙𝑘/𝜕𝛽𝑖 can be written as

𝜕𝑙3
𝜕𝛽𝑖

= 𝜌

∫︁
Σ0

𝑓 2𝑖 𝑑𝑆𝛽𝑖 = 𝜆3𝑖𝛽𝑖;
𝜕𝑙2
𝜕𝛽𝑖

= 𝜌

∫︁
Σ0

𝑦𝑓 2𝑖 𝑑𝑆 = 𝜆2𝑖,

𝜕𝑙1
𝜕𝛽𝑖

= 𝜌

∫︁
Σ0

𝑥𝑓 2𝑖 𝑑𝑆 = 𝜆1𝑖. (2.43)

The system (2.41)-(2.42) was independently derived by Miles and
Lukovsky in 1976. Its final form (for an arbitrary motion of the tank) was
obtained by Lukovsky.
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2.5. Linear modal equations and viscous damping

Linear and weakly-nonlinear theories of sloshing are normally based on
the natural sloshing modes in the modal representations (2.28), (2.29). This
means that the natural sloshing modes 𝜙𝑖 are the eigenfunctions coming from
the spectral boundary problem

∇2𝜙𝑖 = 0 in 𝑄0;
𝜕𝜙𝑖
𝜕𝑛

= 0 on 𝑆0;
𝜕𝜙𝑖
𝜕𝑛

= 𝜅𝑖𝜙𝑖 on Σ0;

∫︁
Σ0

𝜙𝑖 𝑑𝑆 = 0 (2.44)

where 𝑄0 is the mean liquid domain, 𝑆0 is the mean wetted tank surface, and
Σ0 is the mean (unperturbed) free surface. Adopting the natural sloshing
mode basis implicitly implies that 𝜙𝑖 are analytically expandable over Σ0 to
the “gas domain”.

As derivations in Chapter 5 of [1] have shown, the orthogonality of
{𝑓𝑛(𝑥, 𝑦) = 𝜙𝑛(𝑥, 𝑦, 0)} in 𝐿2(Σ0) makes the matrices 𝜕𝐴𝑛/𝜕𝛽𝑖 and 𝐴𝑛𝑘

containing only non-zero diagonal 𝑂(1)-order elements as 𝛽𝑖 → 0. Assuming
both forcing and sloshing are small and of the same asymptotic order,

|𝑣𝑂| ∼ |𝜔| ∼ 𝛽𝑖 ∼ 𝑅𝑖 = 𝑂(𝜖) ≪ 1

and excluding the 𝑜(𝜖) quantities in the modal equations (2.41), (2.42) re-
duces them, as one can see in [1], to the set of uncoupled linear ordinary
differential equations

𝛽𝑚 + 2𝜉𝑚𝜎𝑚𝛽̇𝑚 + 𝜎2𝑚𝛽𝑚 = 𝐾𝑚(𝑡)

= 𝜆̄1𝑚(𝜂1 − 𝑔𝜂5) + 𝜆̄2𝑚(𝜂2 + 𝑔𝜂4) +
6∑︁

𝑘=4

𝜆̄(𝑘−3)𝑚𝜂𝑘, (2.45)

where 𝜎2𝑚 = 𝑔𝜅𝑚 and the 𝜆-type hydrodynamic coefficients are functions of
integrals over the natural sloshing modes {𝜙𝑛} and the linearised Stokes-
Joukowski potentials Ω0(𝑥, 𝑦, 𝑧) = Ω(𝑥, 𝑦, 𝑧, {0}) coming in the linear case
from the Neumann boundary value problem

∇2Ω0 = 0 in 𝑄0;
𝜕Ω0

𝜕𝑛
= 𝑟 × 𝑛 on 𝑆0 ∪ Σ0. (2.46)

Explicit expressions for the 𝜆-coefficients are presented in Chapter 5 of [1].
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Furthermore, the linear equations (2.45) contain the rigid body-motion
generalized coordinates 𝜂𝑖(𝑡), 𝑖 = 1, . . . , 6, which correspond to small-
magnitude perturbations by six degrees of freedom of the rigid tank, namely,
sway, surge, heave, roll, pitch, and yaw. These oscillatory perturbations are
shown in Figure 2.1.

In the linear approximation, the generalized coordinates introduce the
translatory and angular velocities by the rule

𝑣𝑂(𝑡) = 𝜂̇1𝑒1 + 𝜂̇2𝑒2 + 𝜂̇3𝑒3; 𝜔(𝑡) = 𝜂̇4𝑒1 + 𝜂̇5𝑒2 + 𝜂̇6𝑒3, (2.47)

where 𝑒𝑖 are the unit vectors of the 𝑂𝑥𝑦𝑧-coordinate frame.
Linear modal equations (2.45) are also equipped with the framed terms

whose appearance does not follow from the inviscid infinite-dimensional
multi-modal mathematical model. These terms imply viscous damping. Ac-
cording to original assumptions that liquid flows are mainly inviscid and
irrotational, the non-dimensional damping rates 𝜉𝑚 should be small and pro-
portional to Ga−1/4 where

Ga =
𝑔𝐿3

𝜈2

is the Galileo number (𝐿 is the characteristic dimension of Σ0, 𝜈 is the kine-
matic viscosity).

A rigorous linear sloshing theory of viscous liquid was constructed by
S. Krein in [48]. Krein’s theorem states that only a finite number of oscilla-
tory sloshing modes exists, i.e., interpreting his result in term of the linear
oscillators (2.45), there exists 𝑁 such that 𝜉𝑖 > 1 for 𝑖 ≥ 𝑁 . Numerical anal-
ysis in [218] also demonstrates that only lower viscous sloshing modes can
be approximated by using the ‘inviscid’ eigensolution by (2.44). This means
that the linear modal as well as weakly-nonlinear theories based on the orig-
inal free-surface inviscid problem are only accurate if they involve a limited
number of summands. The latter happens when only lower set of the gen-
eralised hydrodynamic coordinates possesses asymptotically-dominant char-
acter ≫ 𝑂(𝜖) where the forcing amplitude holds the asymptotic order 𝑂(𝜖).
This is expected for resonance excitations.

When associating 𝜉𝑖 ≪ 1 with logarithmic decrements of lower natural
sloshing modes, the damping rates can be estimated from below [1] by using
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asymptotic formulas which are derived by employing the laminar viscous
boundary layer theory, and sometimes, in addition, by accounting for the
bulk damping effect,

𝜉
(0)
𝑖 = 𝜉𝑙𝑎𝑦𝑒𝑟𝑖⏟  ⏞  

𝑂(Ga−1/4)

+ 𝜉𝑏𝑢𝑙𝑘𝑖⏟ ⏞ 
𝑂(Ga−1/2)

≲ 𝜉𝑖.

The authors in [1, 158, 160, 219] discussed why and when the bulk damping
may matter as well as how other viscous damping mechanisms (dynamic
contact angle, wave breaking, free-surface contamination, roof impact and so
on) can increase the resulting dissipation in the hydrodynamic system.

Remark 2.1. Taking Keulegan’s (1959) estimate for 𝜉𝑙𝑎𝑦𝑒𝑟𝑖 and 𝜉𝑏𝑢𝑙𝑘𝑖 in [1]
gives for rectangular tanks with width 𝐿 and breadth 𝐵 the following formula

𝜉
(0)
𝑖 =

√︂
𝜈

2𝜎𝑖

1

𝐵

(︂
1 +

𝐵

𝐿

[︂
1 + 𝜋𝑖

1− 2ℎ

sinh(2𝜋𝑖ℎ)

]︂)︂
+ 2𝜈

𝜋2𝑖2

𝐿2𝜎2𝑖
, (2.48)

where 𝜈 is the kinematic viscosity. Specifically, the formula provides 𝜉0𝑖 → ∞
as 𝑖 → ∞ but, as I stated above, the estimate (2.48) is valid only for lower
indices 𝑖.

Remark 2.2. Estimate of the damping rates 𝜉(0)𝑖 for an upright circular
cylindrical tank is derived in the section 4.4 following the book [4]. The
estimate also accounts for the laminar boundary layer effect and the bulk
damping.

Remark 2.3. The generalised coordinate 𝜂3(𝑡) does not appear in (2.45)
that means that parametric waves (excited by vertical tank motions) can-
not be described within the framework of the linear sloshing theory, i.e.,
the parametric waves are purely nonlinear phenomena. Further, the system
(2.45) appears as an infinite set of linear uncoupled oscillators and admits
exact analytical solution for any 𝜂𝑖(𝑡). This solution was derived in Chapter 5
by [1]. Practically, this means that if we know the natural sloshing modes
from (2.44) and the Stokes-Joukowski potentials from (2.46), one can write
down an analytical solution of the linear sloshing problem for any prescribed
tank motions.
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2.6. Conclusions to the chapter

Using variational principles of the hydrodynamics, herein, the Luke-
Bateman variational formulation for the free-surface boundary value problem
on liquid sloshing in moving containers and postulating a modal representa-
tion of the free boundary and velocity potential makes it possible to derive
a (modal) system of nonlinear ordinary differential equations of the Miles-
Lukovsky–type. The system nonlinearly couples the generalized hydrody-
namic coordinates and velocities introduced in the above modal (functional)
representation as time-dependent coefficients.

The functional base can coincide with the natural sloshing modes which
imply the linear standing waves on the free surface of the motionless con-
tainer. If making that, we implicitly assume that the natural sloshing modes
are analytically expandable over the mean free surface Σ0. The latter be-
comes possible when the tank wall is upright. Both the nonlinear and lin-
earized modal equations possess then very special features that will further
facilitate the analytical studies of the forthcoming chapters.

Because the original hydrodynamic model (statement) as well as the
adopted variational principle neglect viscous damping, the derived Miles-
Lukovsky–type modal system implies, in fact, a conservative infinite-
dimensional mechanical system. In the linear case, the system transforms into
an infinite set of uncoupled linear oscillators where each degree of freedom
corresponds to perturbations of an associated natural sloshing mode. Each
linear oscillator could be equipped with a linear damping term whose damp-
ing rate should be interpreted as that coming from the logarithmic decrement
of the corresponding standing wave (natural sloshing mode). There are an-
alytical approaches to estimating the damping rates if these are caused by
the laminar boundary layer and viscous bulk. When dealing with small-
amplitude sloshing, these predictions are rather satisfactory when the tank
is clean (no baffles) and there are no other specific viscous damping sources
alike the free surface contamination.

Situation becomes much more complicated for resonant sloshing when
the resulting viscous damping may become strongly nonlinear, affected by
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numerous weakly-elaborated physical factors (in addition to the boundary
layer effect on the mean wetted tank surface) and also imply an energy trans-
fer from primary-excited to other (higher) natural sloshing modes that can
be treated as a nonlinear dissipative phenomenon as well. The forthcoming
chapters are dedicated to construction of weakly-nonlinear modal equations
with nonlinear damping terms which should model resonant sloshing in rect-
angular and upright circular cylindrical tank. The damping terms of these
equations are restored from a machine (model) learning procedure.
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Chapter 3

Damped two-dimensional nonlinear resonant
sloshing in a clean rectangular tank

3.1. Introduction

When a clean rigid rectangular tank with a finite liquid depth is longitu-
dinally excited with the forcing frequency close to the lowest natural sloshing
frequency, liquid sloshing can keep two-dimensional flows in the excitation
plane. The resonant sloshing becomes then strongly nonlinear and the linear
sloshing theory (2.45) is not applicable to describe these flows anymore. The
free-surface nonlinearity causes a transfer of energy from the lowest, primary-
excited natural sloshing mode to higher ones [3,220]. This nonlinear energy
transfer becomes the prevailing mechanism preventing an infinite resonant
wave-amplitude response of the primary excited sloshing mode while viscous
damping plays only a secondary role [75].

The latter fact on the free-surface nonlinearity explains why diverse un-
damped weakly-nonlinear modal equations derived from the Miles-Lukovsky
equations (2.41), (2.42) or similar provide satisfactory agreement with exper-
imentally measured steady-state wave characteristics for both steady-state
wave regimes and even transients on relatively short time period. This is
even though they are based on the inviscid hydrodynamic statement and ne-
glect viscous damping. Important thing is the nonlinear energy transfer is
accounted for. Examples of the weakly-nonlinear equations for finite liquid
depths are the single-dominant modal system which is valid for smaller ex-
citation amplitudes [3] and their adaptive versions accounting for increasing
forcing amplitude and critical liquid depth [75, 76]. On the other hand, all
these undamped theories completely fail to accurately capture the phase-lag
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response, which is theoretically a piecewise function (taking only two values,
0 and ±𝜋), whereas inclusion of a viscous damping, even very small, makes
the response a smooth continuous function in the forcing frequency versus
phase lag plane.

Section 2.5 shows how to incorporate viscous damping in the linear modal
sloshing theory for clean tanks (without internal structures) and low-viscous
liquid characterised by large Galileo number. The present chapter shows that
having known a set of measured phase-lags and introducing physically and
mathematically consistent a priori unknown damping terms into the single-
dominant modal theory of resonant liquid sloshing in a rectangular tank, one
can implement, following the hidden physics concept [221–223], a machine
learning technique to deduce effective nonlinear viscous damping quantities
in the modal system. The adopted procedure follows general concept of the
so-called Reduced Order Modelling [223,224] which suggests a simplification
of the original physical model to a simple finite-dimensional equations but,
on the next stage, restoring the lost model properties by using a learning
technique and measured data, here, the measured phase-lags between the
harmonic forcing the steady-state resonant sloshing regime.

An appropriate set of measured phase-lags for resonant steady-state slosh-
ing in a clean rigid rectangular tank was recently reported in [11]. The au-
thors exploited them to evaluate the liquid sloshing damping when adopting
the Duffing equation as a phenomenological model for resonant steady-state
oscillations of the liquid mass-center [225–228]. More precisely, the Duff-
ing equation was adopted for description of horizontal coordinate of the liq-
uid mass centre bearing in mind the horizontal centre motions move alike
a spring-mass system with the linear eigen frequency equal to the lowest
natural sloshing frequency.

In addition, the authors measured logarithmic decrement of the first (low-
est) natural sloshing mode which has been at 𝜉(0)1 = 8.0·10−3 that is generally
not very far from 5.7 · 10−3 by (2.48). However, adopting the linear damping
term 2𝜎1𝜉1𝛽̇1 in the Duffing mathematical model for modeling the resonant
sloshing does not fit measurements on resonant steady-state waves. It had
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to be significantly larger than 15 · 10−3 to fit at least for a few of measured
phase-lags.

In the present chapter, the single-dominant inviscid nonlinear modal sys-
tem [3] is revisited and modified by incorporating theoretically consistent
damping terms. By applying Moiseev’s asymptotic method, a steady-state
periodic solution of this system is derived, which depends on three a priori
unknown parameters associated with damping in the approximate nonlin-
ear modal theory. One parameter controls the damping ratio of the second
generalized coordinate (mode), 𝜉(0)2 , while the other two serve as coefficients
in a linear regression, approximating the damping ratio of the first (lowest-
order) mode as a function of the dominant dimensionless steady-state wave
amplitude. To identify these three unknown parameters, a loss function is
defined as the integral distance between the measured and theoretical phase-
lag curves. Using the gradient descent optimization, the damping parame-
ters are computed, demonstrating excellent agreement with the experimental
phase-lag data in [11], where the single-dominant nonlinear modal model is
applicable.

The numerical results highlight the importance of free-surface nonlinearity
and associated energy transfer to higher sloshing modes, as well as the role of
higher mode damping. Furthermore, the discrepancies between linear damp-
ing rates predicted theoretically [158], measured logarithmic decrements [11],
and values obtained from the present machine learning approach are shown
to be physically consistent and explainable.

3.2. The Miles-Lukovsky nonlinear modal equations
for two-dimensional liquid flows

Consider two-dimensional liquid flows in the (𝑥, 𝑧) plane exposed to os-
cillatory tank motions which are defined by

𝑣𝑂 = (𝑣𝑂1, 0, 𝑣𝑂3) and 𝜔 = (0, 𝜔(𝑡), 0). (3.1)

The two-dimensional liquid flows cause the two-dimensional surface mo-
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tions which can be described by the free-surface decomposition

𝑧 = 𝜁(𝑥, 𝑡) =
∞∑︁
𝑖=1

𝛽𝑖(𝑡)𝑓𝑖(𝑥) (3.2)

by the natural sloshing modes 𝜙𝑛(𝑥, 𝑧) which constitute a harmonic function
basis in 𝑄0 and 𝑓𝑖(𝑥) = 𝜙𝑖(𝑥, 0) is the complete system of functions in
𝐿2(Σ0).

The velocity potential Φ(𝑥, 𝑧, 𝑡) should also possess the modal–type func-
tional representation

Φ(𝑥, 𝑧, 𝑡) = 𝑣𝑂1𝑥+ 𝑣𝑂3𝑧 + 𝜔(𝑡) Ω(𝑥, 𝑧, {𝛽𝑖(𝑡)}) +
∞∑︁
𝑛=1

𝑅𝑛(𝑡)𝜙𝑛(𝑥, 𝑧), (3.3)

where the Stokes-Joukowski vector potential

Ω(𝑥, 𝑧, {𝛽𝑖(𝑡)}) = (0,Ω(𝑥, 𝑧, {𝛽𝑖(𝑡)}), 0)

contains only the scalar Stokes-Joukovsky component Ω appearing as solution
of the following boundary value problem

ΔΩ = 0 in 𝑄(𝑡);
𝜕Ω

𝜕𝑛
|𝑆(𝑡)+Σ(𝑡) = 𝑧𝑛𝑥 − 𝑥𝑛𝑧 (3.4)

coming from the general three-dimensional statement (2.30) where 𝑛𝑥 and
𝑛𝑧 are projections of the outward normal vector on axes 𝑂𝑥 and 𝑂𝑧.

The Miles-Lukovsky infinite-dimensional modal system of ordinary differ-
ential equations from previous section then simplifies and takes the following
form ∞∑︁

𝑖=1

𝜕𝐴𝑛

𝜕𝛽𝑖
𝛽̇𝑖 =

∞∑︁
𝑘=1

𝑅𝑘𝐴𝑛𝑘 = 0, 𝑛 = 1, 2, . . . ; (3.5)

∞∑︁
𝑛=1

𝑅̇𝑛
𝜕𝐴𝑛

𝜕𝛽𝑖
+

1

2

∞∑︁
𝑛=1

∞∑︁
𝑘=1

𝜕𝐴𝑛𝑘

𝜕𝛽𝑖
𝑅𝑛𝑅𝑘 + 𝜔̇

𝜕𝑙2𝜔
𝜕𝛽𝑖

+ 𝜔
𝜕𝑙2𝜔𝑡
𝜕𝛽𝑖

− 𝑑

𝑑𝑡

(︂
𝜔
𝜕𝑙2𝜔𝑡

𝜕𝛽̇𝑖

)︂
+ (𝑣̇𝑂1 − 𝑔1 + 𝜔𝑣𝑂3)

𝜕𝑙1
𝜕𝛽𝑖

+ (𝑣̇𝑂3 − 𝑔3 − 𝜔𝑣𝑂1)
𝜕𝑙3
𝜕𝛽𝑖

− 1

2
𝜔2𝜕𝐽

1
22

𝜕𝛽𝑖
= 0, (3.6)

where, when dividing the equations by 𝜌, the nonlinear quantities with re-
spect to the generalised hydrodynamic coordinates are as follows

𝐴𝑛 =

∫︁
𝑄(𝑡)

𝜙𝑛 𝑑𝑥𝑑𝑧; 𝐴𝑛𝑘 = 𝐴𝑘𝑛 =

∫︁
𝑄(𝑡)

∇𝜙𝑛 · ∇𝜙𝑘 𝑑𝑥𝑑𝑧, (3.7)
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𝜕𝑙3
𝜕𝛽𝑖

=

∫︁
Σ0

𝑓 2𝑖 𝑑𝑥 𝛽𝑖 = 𝜆3𝑖𝛽𝑖;
𝜕𝑙1
𝜕𝛽𝑖

=

∫︁
Σ0

𝑥𝑓 2𝑖 𝑑𝑥 = 𝜆1𝑖. (3.8)

𝑙2𝜔 =

∫︁
𝑄(𝑡)

Ω 𝑑𝑥𝑑𝑧; 𝑙2𝜔𝑡 =

∫︁
𝑄(𝑡)

𝜕Ω

𝜕𝑡
𝑑𝑥𝑑𝑧, (3.9)

𝐽1
22 =

∫︁
𝑄(𝑡)

(︂
𝑧
𝜕Ω

𝜕𝑥
− 𝑥

𝜕Ω

𝜕𝑧

)︂
𝑑𝑥𝑑𝑧. (3.10)

3.3. Single-dominant asymptotic nonlinear modal
equations for two-dimensional resonant sloshing
in a rectangular tank

Following the classical paper [3], let us consider a mobile rectangular
rigid tank of the width 𝐿 filled partly by an inviscid incompressible liquid
with a finite (non-small) mean liquid depth. In contrast to dimensional
consideration in [3], we derive a single-dominant asymptotic nonlinear modal
equations with respect to the 𝐿-scaled generalised hydrodynamic coordinates.
The derivation will be done by simplifying the Miles-Lukovsky modal system
(3.5), (3.6).

As above, the two–dimensional liquid flow are irrotational. The origin of
the tank-fixed coordinate system is located at the center of the mean tank
surface. The equation 𝑧 = 𝜁(𝑥, 𝑡) determines the perturbed free surface Σ(𝑡)
so that non-dimensional liquid domain is as follows

𝑄(𝑡) = {(𝑥, 𝑧) : −ℎ < 𝑧 < 𝜁(𝑥, 𝑡);−1
2 < 𝑥 < 1

2}, (3.11)

where the nondimensional liquid depth is

ℎ :=
ℎ

𝐿
= 𝑂(1). (3.12)

The natural sloshing modes 𝜙𝑖(𝑥, 𝑧) and 𝑓𝑖(𝑥) comes from the spectral
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boundary problem (2.44) which takes the form

Δ𝜙𝑖 = 0 (−1
2 < 𝑥 < 1

2 , −ℎ < 𝑧 < 0);

𝜕𝜙𝑖
𝜕𝑥

⃒⃒⃒⃒
𝑥=±1

2

= 0;
𝜕𝜙𝑖
𝜕𝑧

⃒⃒⃒⃒
𝑧=−ℎ

= 0;
𝜕𝜙𝑖
𝜕𝑧

⃒⃒⃒⃒
𝑧=0

= 𝜅𝑖𝜙𝑖;

1/2∫︁
−1/2

𝜙𝑖|𝑧=0 𝑑𝑥 = 0

(3.13)

and has the analytical solution

𝜅𝑖 = 𝜋𝑖 tanh(𝑖𝜋ℎ); 𝜎2𝑖 =
𝑔

𝐿
𝜅𝑖,

𝑓𝑖(𝑥) = cos(𝜋𝑖(𝑥+ 1
2)); 𝜙𝑖(𝑥, 𝑧) = 𝑓𝑖(𝑥)

cosh(𝜋𝑖(𝑧 + ℎ))

cosh(𝜋𝑖ℎ)
,

(3.14)

which obviously satisfies the volume conservation condition
1/2∫︁

−1/2

𝑓𝑖(𝑥) 𝑑𝑥 = 0. (3.15)

The natural sloshing modes (3.14) should be substituted into the modal rep-
resentations (3.2) and (3.3) to derive the modal equations (3.5), (3.6).

The latter equations can be simplified by assuming small-amplitude peri-
odic excitations of the container by the body-motion generalized coordinates

𝜂1 ∼ 𝜂3 ∼ 𝜂5 = 𝑂(𝜖) ≪ 1 (3.16)

so that, according to assumptions of the two-dimensional sloshing and ne-
glecting the 𝑜(𝜖)-terms, alike in the linear theory with (2.47), one can exclude
the forcing terms in (3.5), (3.6) provided the generalised hydrodynamic co-
ordinates and velocities are asymptotically small but, due to the resonance,
can be of the lower asymptotic order than 𝑂(𝜖).

By keeping only terms up to highest asymptotic order 𝑂(𝜖) in the non-
linear modal system (3.5) and (3.6) we get (3.5) unchanged but (3.6) reads
as∑︁

𝑛

𝑅̇𝑛
𝜕𝐴𝑛

𝜕𝛽𝑖
+

1

2

∑︁
𝑛

∑︁
𝑘

𝜕𝐴𝑛𝑘

𝜕𝛽𝑖
𝑅𝑛𝑅𝑘 + 𝜔̇

𝜕𝑙2𝜔
𝜕𝛽𝑖

+ 𝜔
𝜕𝑙2𝜔𝑡
𝜕𝛽𝑖

− 𝑑

𝑑𝑡

(︂
𝜔
𝜕𝑙2𝜔𝑡

𝜕𝛽̇𝑖

)︂
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+ (𝑣̇𝑂1 − 𝑔1)𝜆𝑖1 − 𝑔3𝛽𝑖𝜆𝑖3 = 0, (3.17)

where
𝑣𝑂1 = 𝜂̇1; 𝑔3 = − 𝑔

𝐿
; 𝑔1 =

𝑔

𝐿
𝜂5(𝑡). (3.18)

and

𝜆𝑖1 =

1/2∫︁
−1/2

𝑥 cos(𝑖𝜋(𝑥+ 1
2))𝑑𝑥 =

(︂
1

𝑖𝜋

)︂2

((−1)𝑖 − 1),

𝜆𝑖3 =

1/2∫︁
−1/2

cos2(𝑖𝜋(𝑥+ 1
2))𝑑𝑥 =

1

2

(3.19)

but
𝜕𝑙2𝜔
𝜕𝛽𝑖

,
𝜕𝑙2𝜔𝑡
𝜕𝛽𝑖

,
𝜕𝑙2𝜔𝑡

𝜕𝛽̇𝑖

should be kept up to the 𝑂(1) order by solving the problem on the Stokes-
Joukowski potential Ω which comes from the boundary value problem (3.4)
and parametrically depends on 𝛽𝑖(𝑡).

Because 𝜕𝑙2𝜔/𝜕𝛽𝑖 and 𝜕𝑙2𝜔𝑡/𝜕𝛽𝑖 are multiplied by the forcing terms of the
order 𝑂(𝜖) in (3.17), it is sufficient to include only linear terms in 𝛽𝑖 in the
integrals 𝑙2𝜔 and 𝑙2𝜔𝑡. The problem (3.4) in a rectangular tank then takes the
following form

ΔΩ = 0 in 𝑄(𝑡);
𝜕Ω

𝜕𝑧

⃒⃒⃒⃒
𝑧=−ℎ

= −𝑥,

𝜕Ω

𝜕𝑥

⃒⃒⃒⃒
𝑥=± 1

2

= 𝑧;
𝜕Ω

𝜕𝑛

⃒⃒⃒⃒
𝑧=𝜁(𝑥,𝑡)

= −𝑥 1√︀
1 + (𝜁𝑥)2

− 𝑧
𝜁𝑥√︀

1 + (𝜁𝑥)2
,

(3.20)

whose zero-order approximation can be found by substitution of

Ω = 𝑥𝑧 − 2
∞∑︁
𝑖=1

𝑎𝑖𝑓𝑖
sinh(𝜋𝑖(𝑧 + ℎ/2))

cosh(𝜋𝑖ℎ/2)
+

∞∑︁
𝑖=1

𝜒𝑖(𝑡)𝑓𝑖
cosh(𝜋𝑖(𝑧 + ℎ))

cosh(𝜋𝑖ℎ)
(3.21)

that computes 𝑎𝑖 and 𝜒𝑖(𝑡) ≡ 0, 𝑖 ≥ 1 in the lowest-order approximation
(𝛽𝑖 ≡ 0, 𝑖 ≥ 1), i.e.,

𝑁∑︁
𝑖=1

𝑎𝑖𝑓𝑖𝑖𝜋 = 𝑥 or 𝑎𝑖 =
2

(𝑖𝜋)3
[(−1)𝑖 − 1]. (3.22)
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The functions 𝜒𝑖(𝑡) follow from (3.20) after substitution of (3.21) and
(3.22) and performing Taylor series technique for free surface Σ(𝑡) (with
respect to 𝛽𝑖). The linear terms of 𝑙2𝜔 and 𝑙2𝜔𝑡 do not depend on 𝜒𝑖(𝑡). To
show this we substitute (3.21) into the corresponding integrals

𝑙2𝜔 = −2
∞∑︁
𝑖=1

𝑎𝑖 tanh
(︀
1
2𝑖𝜋ℎ

)︀
𝛽𝑖

1/2∫︁
−1/2

𝑓 2𝑖 𝑑𝑥

+
∞∑︁
𝑖=1

𝜒𝑖(𝑡)
1

𝑖𝜋
tanh(𝑖𝜋ℎ)

1/2∫︁
−1/2

𝑓𝑖𝑑𝑥; (3.23)

𝑙2𝜔𝑡 =
∞∑︁
𝑗=1

𝜒̇(𝑡)
1

𝑖𝜋
tanh(𝑖𝜋ℎ)

1/2∫︁
−1/2

𝑓𝑖𝑑𝑥. (3.24)

It follows from the volume conservation condition (3.15) that

𝑙2𝜔𝑡 = 0; 𝑙2𝜔 = −2
∞∑︁
𝑖=1

𝛽𝑖

(︂
1

𝑖𝜋

)︂3

[(−1)𝑖 − 1] tanh

(︂
𝑖𝜋

2
ℎ

)︂
(3.25)

and

𝜕𝑙2𝜔𝑡
𝜕𝛽𝑖

= 0;
𝜕𝑙2𝜔
𝜕𝛽𝑖

= −2

(︂
1

𝑖𝜋

)︂3

[(−1)𝑖 − 1] tanh

(︂
𝑖𝜋

2
ℎ

)︂
, 𝑖 ≥ 1. (3.26)

Finally, by remembering that angular position of the mobile coordinate
system 𝑂𝑥𝑦𝑧 with respect to 𝑂′𝑥′𝑦′𝑧′ is 𝜂5(𝑡) we get correctly to 𝑂(𝜖) that
the forcing terms in (3.17) are

𝜂5
𝜕𝑙2𝜔
𝜕𝛽𝑖

+ (−𝑔3)𝛽𝑖𝜆3𝑖 + (−𝑔1)𝜆1𝑖

caused by the pitch excitations can be rewritten as

−
(︂

1

𝑖𝜋

)︂2

[(−1)𝑖 − 1]

(︂
2

𝑖𝜋
tanh

(︂
𝑖𝜋

2
ℎ

)︂
𝜂5(𝑡) +

𝑔

𝐿
𝜂5(𝑡)

)︂
+
𝑔

𝐿
𝛽𝑖. (3.27)

One can see that, as it happened in the linear sloshing theory, the forcing
terms do not depend on the vertical excitations associated with the gener-
alised coordinate 𝜂3(𝑡).



76

Further, we consider two-dimensional weakly-nonlinear liquid sloshing in
a rectangular tank of the width 𝐿 and breadth 𝐵 in fully non-dimensional
statement so that, as earlier, 𝐿 is the characteristic size and 𝑇 = 2𝜋/𝜎1

is the characteristic time, where 𝜎1 is the lowest natural sloshing [circular]
frequency by (3.14). In addition, as in [3], the container is filled with a
finite liquid depth which means that the non-dimensional (𝐿-scaled) depth
ℎ ≳ 0.4 [1, Chapter 8]. The tank oscillates with a small amplitude and the
mean forcing frequency 𝜎 close to 𝜎1.

The classical paper [3] showed that, if the forcing amplitude is relatively
small, the nonlinear resonant sloshing can be described by employing the
so-called single-dominant nonlinear modal system. The paper derives this
system by using the so-called Moiseev-Narimanov asymptotics where the hy-
drodynamic generalised coordinates 𝛽𝑖(𝑡) are small, appear in the functional
[modal] representation of the free surface and possess the following asymp-
totics

𝑧 = 𝜁(𝑥, 𝑡) =
∞∑︁
𝑖=1

𝛽𝑖(𝑡) cos(𝜋𝑖(𝑥+
1
2)), (3.28a)

𝛽1 = 𝑂(𝜖1/3); 𝛽2 = 𝑂(𝜖2/3); 𝛽3 = 𝑂(𝜖); 𝛽𝑛 ≲ 𝑂(𝜖), 𝑛 ≥ 4, (3.28b)

in which
𝜂1 ∼ 𝜂5 = 𝑂(𝜖) (3.29)

from (3.16).
The asymptotics (3.28b) is a consequence of the trigonometric algebra in

(3.28a).
Asymptotic expansions of integrals 𝐴𝑖, 𝐴𝑛𝑘 have to be used to derive the

single-dominant modal system from the modal equations (3.5), (3.17), (3.27).
The functions 𝐴𝑖 and 𝐴𝑛𝑘 are defined as integrals over the instantaneous
liquid domain. Keeping terms up to 𝜖 gives

𝐴1 =
1

2
(𝛽1 + 𝐸1(𝛽1𝛽2 + 𝛽2𝛽3) + 𝐸0(𝛽

3
1 + 2𝛽1𝛽

2
2 + 𝛽2

1𝛽3)),

𝐴2 =
1

2
(𝛽2 + 𝐸2(𝛽

2
1 + 2𝛽1𝛽3) + 8𝐸0𝛽

2
1𝛽2),

𝐴3 =
1

2
(𝛽3 + 3𝐸3𝛽1𝛽2 + 3𝐸0𝛽

3
1); (3.30)
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𝐴11 = (𝐸1 + 8𝐸1𝐸0𝛽
2
1 − (2𝐸0 − 𝐸2

1)𝛽2), 𝐴22 = (2𝐸2),

𝐴12 = 𝐴21 = ((4𝐸0 + 2𝐸1𝐸2)𝛽1 + (−4𝐸0 + 2𝐸2
1)𝛽3); 𝐴33 = 𝜌3𝐸3,

𝐴13 = 𝐴31 = 3𝜌(2𝐸0 + 𝐸1𝐸3)(𝛽2 + 2𝐸4𝛽
2
1),

𝐴23 = 𝐴32 = 3𝜌(4𝐸0 + 2𝐸2𝐸3)𝛽1, (3.31)

in which
𝐸0 =

1

8
𝜋2; 𝐸𝑖 =

𝜋

2
tanh(𝜋𝑖ℎ), 𝑖 ≥ 1. (3.32)

Further, we express 𝑅𝑛 as

𝑅𝑛 =
∑︁
𝑖

𝛾𝑖𝛽̇𝑖 +
∑︁
𝑖𝑗

𝛾𝑖𝑗𝛽̇𝑗𝛽𝑖 +
∑︁
𝑖𝑗𝑘

𝛾𝑖𝑗𝑘𝛽̇𝑖𝛽𝑗𝛽𝑘 + ...

and substitute it in (3.5). Explicit values of 𝛾𝑖, 𝛾𝑖𝑗, 𝛾𝑖𝑗𝑘 are found by gathering
similar terms. The result is

𝑅1 =
𝛽̇1
2𝐸1

+
𝐸0

𝐸2
1

𝛽̇1𝛽2 −
𝐸0

𝐸1𝐸2
𝛽̇2𝛽1 +

𝐸0

𝐸1

(︂
−1

2
+

4𝐸0

𝐸1𝐸2

)︂
𝛽2
1 𝛽̇1,

𝑅2 =
1

4𝐸2

(︂
𝛽̇2 −

4𝐸0

𝐸1
𝛽1𝛽̇1

)︂
,

𝑅3 =
𝛽̇3
6𝐸3

− 𝐸0

𝐸1𝐸3
𝛽̇1𝛽2 −

𝐸0

𝐸2𝐸3
𝛽̇2𝛽1

+ 𝛽̇1𝛽
2
1

(︂
3𝐸2

2𝐸3
− 2𝐸0𝐸4

𝐸1𝐸3
− 𝐸4 +

4𝐸2
0

𝐸1𝐸2𝐸3
+

2𝐸0𝐸2

𝐸1𝐸3

)︂
;

𝑅𝑖 =
𝛽̇𝑖
2𝑖𝐸𝑖

, 𝑖 ≥ 4 (3.33)

and

𝑅̇1 =
𝛽1
2𝐸1

+
𝐸0

𝐸2
1

𝛽1𝛽2−
𝐸0

𝐸1𝐸2
𝛽2𝛽1+𝛽̇1𝛽̇2(

𝐸0

𝐸2
1

− 𝐸0

𝐸1𝐸2
)+

𝐸0

𝐸1
(−1

2
+

4𝐸0

𝐸1𝐸2
)𝛽2

1𝛽1

+ 2
𝐸0

𝐸1
(−1

2
+

4𝐸0

𝐸1𝐸2
)𝛽̇2

1𝛽1,

𝑅̇2 =
1

4𝐸2
(𝛽2 −

4𝐸0

𝐸1
(𝛽1𝛽1 + 𝛽̇2

1)),

𝑅̇3 =
𝛽̇3
6𝐸3

− 𝐸0

𝐸1𝐸3
𝛽1𝛽2 −

𝐸0

𝐸2𝐸3
𝛽2𝛽1 −

(︂
𝐸0

𝐸1𝐸3
+

𝐸0

𝐸2𝐸3

)︂
𝛽̇1𝛽̇2

+ (𝛽1𝛽
2
1 + 2𝛽̇2

1𝛽1)

(︂
3𝐸2

2𝐸3
− 2𝐸0𝐸4

𝐸1𝐸3
− 𝐸4 +

4𝐸2
0

𝐸1𝐸2𝐸3
+

2𝐸0𝐸2

𝐸1𝐸3

)︂
;
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𝑅̇𝑖 =
𝛽1
2𝑖𝐸𝑖

, 𝑖 ≥ 4. (3.34)

When substituting above formulas in (3.17), we get the following sys-
tem of ordinary differential equations asymptotically, up to the 𝑂(𝜖)-terms
describing the resonant liquid sloshing in rectangular tank performing small
magnitude motions with the mean frequency close to the lowest natural slosh-
ing frequency

𝛽1 + 𝛽1 + 𝑑1(𝛽1𝛽2 + 𝛽̇1𝛽̇2) + 𝑑2(𝛽1𝛽
2
1 + 𝛽̇2

1𝛽1) + 𝑑3𝛽2𝛽1

+ 𝑃1

(︂
𝜂1 − 𝑆1𝜂5 −

1

2𝐸1
𝜂5

)︂
= 0, (3.35a)

𝛽2 + 𝜎̄22𝛽2 + 𝑑4𝛽1𝛽1 + 𝑑5𝛽̇
2
1 = 0, (3.35b)

𝛽3 + 𝜎̄23𝛽3 + 𝑑6𝛽1𝛽2 + 𝑑7𝛽1𝛽
2
1 + 𝑑8𝛽2𝛽1 + 𝑑9𝛽̇1𝛽̇2 + 𝑑10𝛽̇

2
1𝛽1

+ 𝑃3

(︂
𝜂1 − 𝑆3𝜂5 −

1

6𝐸3
𝜂5

)︂
= 0 (3.35c)

when the linear equations

𝛽𝑖 + 𝜎̄2𝑖 𝛽𝑖 + 𝑃𝑖(𝑣̇0𝑥 − 𝑆𝑖𝜔̇ − 𝑔𝜓) = 0, 𝑖 ≥ 4 (3.36)

describe the higher hydrodynamic generalised coordinates. Here, the intro-
duced hydrodynamic coefficients are calculated by the formulas

𝜎̄2𝑖 =
𝜎2𝑖
𝜎21

=
𝑖𝐸𝑖

𝐸1
; 𝑃2𝑖−1 = − 8𝐸2𝑖−1

𝜋2(2𝑖− 1)
, 𝑃2𝑖 = 0,

𝑆𝑖 =
2

𝜋𝑖
tanh

(︂
𝑖𝜋

2
ℎ

)︂
, 𝑖 ≥ 1, (3.37)

where

𝑑1 = 2
𝐸0

𝐸1
+ 𝐸1; 𝑑2 = 2𝐸0

(︂
−1 +

4𝐸0

𝐸1𝐸2

)︂
; 𝑑3 = −2

𝐸0

𝐸2
+ 𝐸1,

𝑑4 = −4
𝐸0

𝐸1
+ 2𝐸2; 𝑑5 = 𝐸2 − 2

𝐸0𝐸2

𝐸2
1

− 4𝐸0

𝐸1
; 𝑑6 = 3𝐸3 −

6𝐸0

𝐸1
,

𝑑7 = 9𝐸0 − 12
𝐸0𝐸4

𝐸1
− 6𝐸3𝐸4 + 24

𝐸2
0

𝐸1𝐸2
+ 3

𝐸0𝐸3

𝐸1
; 𝑑8 = −6

𝐸0

𝐸2
+ 3𝐸3,
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𝑑9 = −6
𝐸0

𝐸1
− 6

𝐸0

𝐸2
− 6

𝐸0𝐸3

𝐸1𝐸2
+ 3

𝐸3𝐸1

𝐸2
,

𝑑10 = 18𝐸0 − 2𝐸4
12𝐸0 + 6𝐸1𝐸3

𝐸1
+

72𝐸2
0

𝐸1𝐸2
+ 12𝐸0

(︂
𝐸3

𝐸1
− 𝐸1

𝐸2

)︂
. (3.38)

The first two nonlinear equations of (3.35) couple 𝛽1 with 𝛽2 and do not
depend on 𝛽3. The third generalised hydrodynamic coordinate is excited by
rigid body motions and depends on the first and second ones.

3.4. The damped single-dominant modal equations for
longitudinal harmonic excitations

Consider longitudinal harmonic forcing with the nondimensional forcing
frequency

𝜎̄ =
𝜎

𝜎1
and assume that there exists the viscous damping in the hydrodynamic sys-
tem.

When the resonant sloshing is described by the single-dominant modal
system (3.35), the latter reduces to the form

𝛽1 + 𝛽1 + 2𝜉1

[︁
𝛽̇1 + Ξ1(𝛽𝑚, 𝛽̇𝑚|𝑚=1,2)

]︁
+ 𝑑1(𝛽1𝛽2 + 𝛽̇1𝛽2)

+ 𝑑2(𝛽1𝛽
2
1 + 𝛽̇2

1𝛽1) + 𝑑3𝛽1𝛽1 = 𝑃1𝜂1𝑎𝜎̄
2 cos(𝜎̄𝑡− 𝜃), (3.39a)

𝛽2 + 𝜎̄22𝛽2 + 2𝜎̄2𝜉2

[︁
𝛽̇2 + Ξ2(𝛽𝑚, 𝛽̇𝑚|𝑚=1,2)

]︁
+ 𝑑4𝛽1𝛽1 + 𝑑5𝛽̇

2
1 = 0, (3.39b)

𝛽3 + 𝜎̄22𝛽3 + 2𝜎̄3𝜉3

[︁
𝛽̇3 + Ξ3(𝛽𝑚, 𝛽̇𝑚|𝑚=1,2)

]︁
+ 𝑑6𝛽1𝛽2 + 𝑑7𝛽1𝛽

2
1 + 𝑑8𝛽2𝛽1

+ 𝑑9𝛽̇
2
1𝛽1 + 𝑑10𝛽̇1𝛽̇2 = 𝑃3𝜂1𝑎𝜎̄

2 cos(𝜎̄𝑡− 𝜃), (3.39c)

𝛽𝑛 + 𝜎̄2𝑛𝛽𝑛 + 2𝜎̄𝑛𝜉𝑛𝛽̇2 = 𝑃𝑛𝜂1𝑎𝜎̄
2 cos(𝜎̄𝑡− 𝜃), 𝑛 ≥ 4, (3.39d)

where

𝜎̄2𝑖 =
𝜎2𝑖
𝜎21

= 𝑖
tanh(𝜋𝑖ℎ)

tanh(𝜋ℎ)
; 𝑃𝑖 =

2

𝜋𝑖
tanh(𝜋𝑖ℎ)((−1)𝑖 − 1) (3.40)
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but the hydrodynamic coefficients 𝑑𝑛 depend on the non-dimensional liquid
depth ℎ. Further,

𝜂1𝑎 = 𝑂(𝜖) ≪ 1

is the non-dimensional forcing amplitude, and 𝜃 is the phase lag in the exter-
nal horizontal harmonic forcing. The computed values of the hydrodynamic
coefficients are tabled by [1, Chapter 8]. A novelty is the framed damping
terms incorporated into the modal system.

Because (3.39) is based on the Narimanov-Moiseev asymptotic relations
(3.28b) with neglecting the 𝑜(𝜖)-order quantities, only 𝛽1 and 𝛽2 are non-
linearly coupled (there is an energy flow between these two lowest natural
sloshing modes), 𝛽3 is the ‘driven’ generalised hydrodynamic coordinate of
the highest asymptotic order 𝑂(𝜖) but the higher natural sloshing modes,
𝑛 ≥ 4, are considered within the framework of the linear theory.

The same asymptotic relationships should be true for the incorporated
a priori unknown damping terms, where Ξ𝑖 are nonlinear function of the
generalised hydrodynamic coordinates. Whereas 𝜂1𝑎 = 0 (free oscillations),
𝜉𝑖, 𝑖 ≥ 1 can be associated with logarithmic decrements of the natural
[Stokes] sloshing modes cos(𝜋𝑖(𝑥 + 1

2)) in (3.28a). The damping ratios 𝜉𝑖
should be small for low-viscous liquids and, because our nonlinear analysis
mainly centres around the two nonlinearly-coupled generalised coordinates,
𝛽1 and 𝛽1, one can assume, as the ‘worse’ case, that 𝜉1 ∼ 𝜉2 possess the the
lowest possible asymptotic order, i.e.,

𝜉1 ∼ 𝜉2 = 𝑂(𝜖1/3). (3.41)

Furthermore, because the asymptotic modal theory neglects the 𝑜(𝜖)-order
contribution in (3.39), one concludes

Ξ3 = Ξ2 = 0 but Ξ1 = Ξ1(𝛽1, 𝛽̇1) (3.42)

is a quadratic function, which we do not know a priori as well as the linear
damping rates 𝜉𝑖.

This proves the first main theorem of the chapter:
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Theorem 3.1. Under assumption (3.41) on the viscous damping terms im-
plying the boundary layer possesses the lowest-order amplitude of the single-
dominant modal theory, the nonlinear differential equations of this theory
with the damping terms (3.39) lead to (3.42) where Ξ1 is a quadratic func-
tion.

3.5. Steady-state resonant waves

The steady-state resonant sloshing is associated with periodic solutions
of (3.39). Following Moiseev’ asymptotic scheme [1, Chapter 8], one can find
an asymptotic approximation of these solutions even if (3.39) is equipped
with the damping terms. In the Moiseev’s approximation, the lowest-order
generalised hydrodynamic coordinates 𝛽1 and 𝛽2 take the form

𝛽1(𝑡) = 𝑎 cos(𝜎̄𝑡) +𝑂(𝑎3),

𝛽2(𝑡) = 𝑎2[𝑙0 + 𝑙1 cos(2𝜎̄𝑡) + 𝑙2 sin(2𝜎̄𝑡)] +𝑂(𝑎3),
(3.43)

where 𝑎 = 𝑂(𝜖1/3) > 0 is the dominant wave amplitude,

𝑙0 =
𝑑4 − 𝑑5
2𝜎̄22

,

𝑙1(𝜉2) =
(𝑑4 + 𝑑5)(𝜎̄

2
2 − 4)

2((𝜎̄22 − 4)2 + 16𝜎̄22𝜉
2
2)
,

𝑙2(𝜉2) =
2(𝑑4 + 𝑑5)𝜎̄2𝜉2

(𝜎̄22 − 4)2 + 16𝜎̄22𝜉
2
2

;

𝑎 > 0 and 𝜃 come from the so-called secular system⎧⎨⎩𝑎
(︀
𝑚1(𝜉2)𝑎

2 + 𝜎̂2 − 1
)︀
= 𝜖 cos 𝜃,

𝑎
(︀
𝑚2(𝜉2)𝑎

2 − 2𝜉1[1 + 𝜉𝑎]
)︀
= 𝜖 sin 𝜃,

(3.44)

which is derived after substituting (3.43) into (3.39a) and collecting all quan-
tities at cos(𝜎̄𝑡) and sin(𝜎̄𝑡); here,

𝑚1(𝜉2) = −1
2𝑑2 − 2𝑑3𝑙1 + 𝑑1(−𝑙0 + 1

2𝑙1),

𝑚2(𝜉2) =
1
2𝑙2(𝑑1 − 4𝑑3), 𝜎̂ = 𝜎̄−1
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and

𝜉 = −𝜎̄
𝜋

2𝜋/𝜎̄∫︁
0

Ξ1(cos(𝜎̄𝑡),− sin(𝜎̄𝑡)) sin(𝜎̄𝑡)𝑑𝑡 ≥ 0, (3.45)

remembering that, from physical reasons,

𝜎̄

𝜋

2𝜋/𝜎̄∫︁
0

Ξ1(cos(𝜎̄𝑡),− sin(𝜎̄𝑡)) cos(𝜎̄𝑡)𝑑𝑡 = 0. (3.46)

Taking the sum of squares in (3.44) makes it possible to rewrite (3.44) to

𝑎2
[︁(︀
𝑚1(𝜉2)𝑎

2 + (𝜎̂2 − 1)
)︀2

+
(︀
𝑚2(𝜉2)𝑎

2 − 2𝜉1(1 + 𝜉𝑎)
)︀2]︁

= 𝜖2, (3.47a)

𝜃 = atan2
(︀
[𝑚2(𝜉2)𝑎

2 − 2𝜉1(1 + 𝜉𝑎)], [𝑚1(𝜉2)𝑎
2 + (𝜎̂2 − 1)]

)︀
, (3.47b)

which can be solved to get the phase-lag response curve in the (𝜎̄1, 𝜃) plane.
Indeed, (3.47a) gives

𝜎̄−2(𝑎; 𝜉1, 𝜉2, 𝜉, 𝜖) = 𝜎̂2(𝑎; 𝜉1, 𝜉2, 𝜉, 𝜖)

= 1−𝑚1(𝜉2)𝑎
2 ±

√︂
𝜖2

𝑎2
− [𝑚1(𝜉2)𝑎2 − 2𝜉1(1 + 𝜉𝑎)]2, (3.48)

which has the physical meaning when both the right-hand side and expression
under the square root are non-negative that yields the left and right bounds
in

𝑎min(𝜉1, 𝜉2, 𝜉, 𝜖) ≤ 𝑎 ≤ 𝑎max(𝜉1, 𝜉2, 𝜉, 𝜖). (3.49)

Furthermore, inserting (3.48) into (3.47b) derives

𝜃(𝑎; 𝜉1, 𝜉2, 𝜉, 𝜖)

= atan2
[︀
𝑚2(𝜉2)𝑎

2 − 2𝜉1(1 + 𝜉𝑎),𝑚1(𝜉2)𝑎
2 + (𝜎̂2(𝑎; 𝜉1, 𝜉2, 𝜉, 𝜖)− 1

]︀
.

(3.50)

As a consequence, when considering 𝑎 in the interval (3.49) for fixed
𝜉1, 𝜉2, 𝜉, and 𝜖, (3.48) and (3.50) parametrically define both the phase-lag
response curve in the (𝜎̄, 𝜃)-plane and the wave-amplitude response curve in
the (𝜎̄, 𝑎)-plane.

As matter of the fact, the following theorem is proved:
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Theorem 3.2. Under assumptions of Theorem 3.1, the ordinary differential
equations of the single-dominant modal theory (3.39) have the asymptotic
periodic solution whose dominant amplitude 𝑎 in the lowest-order approx-
imation (3.43), the unknown phase lag 𝜃 and the non-dimensional forcing
frequency 𝜎̄ are coupled by the secular (solvability) equations (3.44) in which
𝑚1 and 𝑚2 and functions of ℎ and 𝜉 is coefficients following from integration
of the quadratic term (3.45). The secular equations have analytical solution
which gives the non-dimensional forcing amplitude 𝜎̄ (3.48) and the phase
lag 𝜃 (3.50) the functions of the amplitude parameter 𝑎, (3.49).

3.6. Learning the damping-related coefficients

The unknowns 𝜉1, 𝜉2, and 𝜉 can be deduced from a set of experimental
measurements by implementing a machine learning technique.

Let us consider the measured pairs (𝜎̄(𝑖,𝑛)1 , 𝜃
(𝑛)
𝑖 ) for the given forcing am-

plitudes
𝜖𝑛 = 𝑃1𝜂

(𝑛)
2𝑎 , 𝑛 = 1, . . . , 𝑁𝜂2𝑎.

Using (3.48)–(3.50), one can introduce the distance function 𝐷 between the
asymptotic theory and the fixed point (𝜎̄(𝑖,𝑛)1 , 𝜃

(𝑛)
𝑖 ) as follows

𝐷2(𝑛, 𝑖; 𝜉1, 𝜉2, 𝜉)

= min
𝑎min≤𝑎≤𝑎max

[︂(︁
𝜎̄(𝑎; 𝜉1, 𝜉2, 𝜉, 𝜖𝑛)− 𝜎̄

(𝑖,𝑛)
1

)︁2

+
(︁
𝜃(𝑎; 𝜉1, 𝜉2, 𝜉, 𝜖𝑛)− 𝜃

(𝑛)
𝑖

)︁2
]︂
.

(3.51)

The ‘total’ distance function between all the measurement points (𝜎̄(𝑖,𝑛)1 , 𝜃
(𝑛)
𝑖 )

and the asymptotic prediction by (3.48)–(3.50) should be taken as the loss
function

𝐶(𝜉1, 𝜉2, 𝜉) =

𝑁𝜂2𝑎∑︁
𝑛=1

∑︁
𝑖

𝐷(𝑛, 𝑖; 𝜉1, 𝜉2, 𝜉) > 0. (3.52)

The wanted parameters 𝜉1, 𝜉2 and 𝜉 realise the absolute minimum of 𝐶.
Minimising the loss function (3.52) can be done by using the gradient descent.
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3.6.1. Employing the measured data by [11]. The experimental data
on the liquid mass centre (horizontal steady-state wave amplitude and phase
lag) were reported by [11]. Horizontal position of the liquid mass centre is,
according to [1, Eq. (8.73)], described by

𝑦𝐶(𝑡) = − 2

𝜋2ℎ
𝛽1(𝑡) +𝑂(𝜖) = − 2

𝜋2ℎ
𝑎 cos 𝜎̄𝑡+𝑂(𝜖). (3.53)

This means that the theoretical steady-state phase lag and wave amplitude
in experiments by [11] could in the lowest-order approximation be associ-
ated with 𝜃 and 2𝑎/(𝜋2ℎ), respectively, coming from the asymptotic solution
(3.48)–(3.50).

Experiments by [11] were done with the non-dimensional liquid depth
ℎ = 0.8 that implies (see, [1], Table 8.1):

𝑑2 = 3.142; 𝑑2 = 2.533; 𝑑3 = −0.021; 𝑑4 = −0.042; 𝑑5 = −3.225.

The forcing amplitudes 𝜂2𝑎 = 0.0009, 0.0017, 0.0032, and 0.0064 were tested.
At the same time, visual observations with 𝜂2𝑎 = 0.0064 discovered wave
breaking, overturning, and serious contribution of higher modes/harmonics
that means that the single-dominant modal theory is not applicable for the
experimental series with the largest forcing amplitude.

Utilizing three experimental series with 𝜂2𝑎 = 0.009, 0.0017, and 0.0032
in the above-proposed ‘machine learning technique’ computes

𝜉1 = 𝜉𝑙1 = 0.007167965; 𝜉2 = 𝜉𝑙2 = 0.01002107 and 𝜉 = 𝜉𝑙 = 1.39803654.

Inserting these values into the asymptotic solution (3.48)–(3.50) draws the
theoretical phase-lag response curves which are compared with measurements
by [11] in Fig. 3.1 (a). The figure confirms applicability of the damped
single-dominant modal theory (3.39) to fit the experimental data by [11].
Agreement is excellent, especially, in contrast to [11, Figure 14] who adopted
in their computations by the single-dominant modal system 𝜉1 = 𝜉𝑒𝑥𝑝1 = 8.4 ·
10−3 (coming from the measured logarithmic decrements) and 𝜉2 = 𝜉 = 0.
The results in Fig. 3.1 (a) are also much better than with using the damped
Duffing–type model by [11, Figure 13].



85

−160

 0.9 0.85

 0

−20

−40

−60

−80

−100

−120

−140

−180

 1

 1.05 1 0.95

0.0017

0.0009

0.0032

(a)

θ

σ/σ

 0.85  1.05

 1

 1 0.95 0.9
−180

−160

−140

−120

−100

−80

−60

−40

−20

 0

0.0064

(b)

θ

σ/σ

non−applicable

Figure 3.1. The theoretical (lines) and experimental (symbols) phase lag (in grads) response curves
for the input parameters by [11]. The measured phase lag with the forcing amplitudes 𝜂2𝑎 = 0.0009,
0.0017, and 0.0032 from the panel (a) were used to learn 𝜉1, 𝜉2 and 𝜉 in the asymptotic solution (3.48)–
(3.50) and compared with measurements by [11]. The computed damping coefficients are 𝜉1 = 𝜉𝑙1 =

0.007167965, 𝜉2 = 𝜉𝑙2 = 0.01002107 and 𝜉 = 𝜉𝑙 = 1.39803654. The panel (b) is drawn for the largest tested
forcing amplitude 𝜂2𝑎 = 0.0064 when the single-dominant modal system is, generally, not applicable; it
detects a zone where this happens.

Even though, as we remarked above, the single-dominant modal system
is, most probably, not applicable for the largest experimental forcing ampli-
tude 𝜂2𝑎 = 0.0064, the computed 𝜉1 = 𝜉𝑙1, 𝜉2 = 𝜉𝑙2 and 𝜉 = 𝜉𝑙 were used in
(3.48)–(3.50) with 𝜂2𝑎 = 0.0064 to draw the theoretical phase-lag response
curve and compare it with the measured phase lag 𝜃. The results are shown
in Fig 3.1 (b). The figure establishes a zone where the single-dominant modal
theory is clearly non-applicable (wave breaking and other free-surface phe-
nomena indeed matter!), discrepancy is here dramatically large. However,
far from this zone, when experimental observations by [11] do not report on
specific free-surface phenomena, the agreement is also excellent.

We used the asymptotic solution (3.48)–(3.50) to compare the theoreti-
cal mass-centre amplitude by (3.53) with measurements by [11]. The results
are presented in Fig. 3.2, where the panel (a) is drawn for the cases from
Fig. 3.1 (a) but (b) corresponds to the largest forcing amplitude 𝜂2𝑎 = 0.0064.
When analysing the results, one should remember that, according to [75],
viscous damping weakly affects the resonant steady-state wave amplitude,



86

 4

 3

 2

 1

 0
 1.05 1 0.95 0.9 0.85

 7

 6

 5
0.0032P

P

(a)

1

ce
n

tr
e 

o
f 

m
as

s 
am

p
li

tu
d

e 
*

 1
0

0

σ/σ

0.0009

0.0017

 0.85
 0

 2

 4

 6

 8

 10

 0.9  0.95  1  1.05

 1

(b)

P

ce
n
tr

e 
o
f 

m
as

s 
am

p
li

tu
d
e 

*
 1

0
0

σ/σ

0.0064

Figure 3.2. The same as in Fig. 3.1 but for the liquid mass-centre amplitude. Viscous damping is
responsible for position of the jump-down bifurcation point 𝑃 .

which is basically determined the free-surface nonlinearity and energy flow
between the generalised hydrodynamic coordinates. However, viscous damp-
ing in both Duffing’s and multimodal theories is responsible for horizontal
position of the jump-down bifurcation point 𝑃 .

In view of this fact, agreement between the ‘learnt’ asymptotic solution
and measurements is very good in the panel (a). However, as it was expected,
the analytical solution fails in the case (b). The paper [75] showed that if the
single-dominant modal system overpredicts the steady-state wave amplitude
response with increasing 𝜂2𝑎 or at the critical depth, one should use an adap-
tive multimodal theory. For getting a better agreement in Figure 3.2 (a),
one should generalise the proposed machine learning to the corresponding
adaptive modal system.

3.6.2. Linear damping ratios. Neglecting nonlinear term in (3.39) leads
to an infinite set of linear damped oscillators, the so-called linear modal the-
ory by [1, Chapter 5], which is normally applicable for non-resonant sloshing
of a low-viscous liquid. Furthermore, when posing 𝜂2𝑎 = 0, its solution deter-
mines a superposition of decaying standing Stokes waves whose logarithmic
decrements are associated with the linear damping ratios 𝜉𝑖.

Rigorous linear mathematical theory of viscous unforced sloshing was cre-
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ated in [48]. Krein’s theorem states that only a finite number of oscillatory
sloshing modes exists, i.e., interpreting his result in term of the linear modal
theory with 𝜂2𝑎 = 0, there exists 𝑁 such that 𝜉𝑖 > 𝜎̄𝑖 for 𝑖 ≥ 𝑁 . The latter
fact contradicts to assumptions of the linear damped modal theory, which
requires small 𝜉𝑖 to weakly affect the natural sloshing frequencies and modes.
Indeed, numerical analysis in [218] shows that only lower natural sloshing
modes and frequencies of viscous liquids can be approximated within the
framework of the inviscid hydrodynamic theory. In terms of the present
damped multimodal theory, one must require 𝜉𝑖 ≪ 𝜎̄𝑖 on the correspond-
ing asymptotic scale. Now, readers may understand why we postulated the
asymptotic condition

𝑂(𝜖1/3) = 𝜉𝑖 ≪ 𝜎̄𝑖 = 𝑂(1), 𝑖 = 1, 2,

that caused the main Theorem 3.1.
When associating 𝜉𝑖 with logarithmic decrements of the (lower) natural

sloshing modes of a low-viscous liquid, the corresponding linear damping
ratios 𝜉𝑖 can be estimated from below [1, Chapter 6] by using asymptotic
formulas based on the laminar boundary layer theory and accounting for the
bulk damping effects, 𝜉(0)𝑖 = 𝜉𝑙𝑎𝑦𝑒𝑟𝑖 + 𝜉𝑏𝑢𝑙𝑘𝑖 ≲ 𝜉𝑖. The papers [219], [160],
and [1, Chapter 6] discuss why the bulk damping may matter as well as how
other potentially-valuable damping mechanisms incl. dynamic contact angle,
wave breaking, free-surface contamination, and roof impact can significantly
increase the damping. Taking Keulegan’s estimate for 𝜉𝑙𝑎𝑦𝑒𝑟𝑖 and Eq. (6.139)
by [1] for 𝜉𝑏𝑢𝑙𝑘𝑖 gives (2.48). Specifically, the formula provides 𝜉0𝑖 /𝜎̄𝑖 → ∞
but, as we stated below, it may be only valid for lower indices 𝑖 for which
𝜉
(0)
𝑖 ≲ 𝑂(1).

For the experimental input in [11, 𝐿 = 0.5 m, 𝐵 = 0.05 m, and ℎ =

0.8], (2.48) gives 𝜉(0)1 = 0.0057 and 𝜉
(0)
2 = 0.0047; the computed values are

practically not affected by the bulk damping and, therefore, one can say
that it is the Keulegan’s approximation. The Keulegan’s damping ratios are
definitely lower than 𝜉𝑙1 = 0.007167965 and 𝜉𝑙2 = 0.01002107 coming from
the machine learning procedure, which were deduced from the experimental
phase lags with 𝜂2𝑎 = 0.0009, 0.0017, and 0.0032. The inequality is correct
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because (2.48) estimates 𝜉𝑖 from below.
The authors [11] conducted special model tests attempting to estimate 𝜉1.

To do that, they interrupted the forcing of the steady-state wave with 𝜂2𝑎 =
0.0064 by making 𝜂2𝑎 = 0 at an instant 𝑡 = 𝑡0 and, thereafter, measured
logarithmic decrements of the wave decay. The mean experimental value of
𝜉1 coming from these tests was 𝜉1 = 𝜉𝑒𝑥𝑝1 = 0.0084, which is larger of 𝜉𝑙1 =

0.007167965 because of, most probably, very special free-surface phenomena
discovered for steady-state sloshing with 𝜂2𝑎 = 0.0064, which could affect the
logarithmic decrement even after interrupting the harmonic forcing.

On the other hand, the theoretical linear damping rate of the second
natural sloshing mode, 𝜉(0)2 = 0.0047, seems too low with respect to 𝜉𝑙2 =

0.01002107. Remembering Fig. 3.2, the discrepancy may be explained by
a rather inaccurate modelling of energy flow between the second and some
higher modes. In other words, because viscous damping of the higher modes
(𝑖 ≥ 3) is not included into the single-dominant analysis, the computed value
𝜉𝑙2 = 0.01002107, in fact, tries to ‘accumulate’ the amount damping of all
natural sloshing modes starting with 𝑖 = 2. Using an adaptive modal system
by [75] would lead to a more accurate distribution of 𝜉𝑖, 𝑖 ≥ 2 and improve
agreement in Fig. 3.2 (a).

3.7. Conclusions to the chapter

An estimate of viscous damping in the liquid sloshing dynamics can be
done by applying a machine learning technique to the Reduced Order Models
which are a common in analytical studies of the resonant waves. Originally,
the latter models appear as multi-dimensional modal systems without damp-
ing terms. Their learning consists of incorporating damping terms with un-
known a priori coefficients and deducing the coefficients by using a set of ex-
perimental data on the steady-state liquid response, preferably, the response
parameters must be chosen which are most sensible to the viscous damping.
These can, for instance, be phase lags between the harmonic forcing and the
steady-state waves.

The present chapter realizes this idea for the case of resonant sloshing in
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a two-dimensional clean rectangular tank exposed to horizontal excitations
with the forcing frequency close to the lowest natural sloshing frequency.
This kind of resonant sloshing can satisfactory be described by the single-
dominant asymptotic modal system [3] whose extensive analysis, for transient
and steady-state sloshing can be found in the textbook [1]. The modal system
becomes, however, invalid in modeling the phase lag response curves and, as it
was shown in 2001 [75], when the secondary resonances in the hydrodynamic
system matter.

In the present chapter, the single-dominant modal equations from [3]
are re-derived and, furthermore, equipped with a priori unknown damping
terms. Theorem 3.1 establishes analytical structure of these terms to fit the
Narimanov-Moiseev–type asymptotics that is a basis of the single-dominant
modal theory. Theorem 3.2 of the chapter deals with the steady-state wave
(periodic) solution of the damped modal equations. The solution is analyti-
cally derived by using the Moiseev’s asymptotic scheme.

The derived analytical solution becomes a function of three unknown pa-
rameters, 𝜉1, 𝜉2 and 𝜉 which are responsible for damping in the hydrodynamic
system. Having known experimental measurements of the phase lags makes
it possible to compute the aforementioned three a priori unknown parame-
ters. Measurements by [11] are employed by the author [215] to demonstrate
abilities of the proposed machine learning procedure. In contrast to nu-
merical exercises with damping coefficients in [11], an excellent agreement
is demonstrated except when, according to visual observations in [11], the
single-dominant system is not applicable.

One conclusion from our numerical results is a confirmation that damp-
ing effect of higher natural sloshing modes cannot be neglected. Reason is
nonlinear energy transfer from the primary-excited to higher modes with
forthcoming viscous damping of these modes. Furthermore, viscous damping
of the primary-excited (first) natural sloshing mode should, generally speak-
ing, be a function of the resonant wave amplitude and, moreover, for the
considered case, this function is just the linear regression. Finally, the pro-
posed learning technique can be an efficient tool for estimating the viscous
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damping (logarithmic decrements) of the lowest (dominant) natural sloshing
mode, but it fails for higher (order) natural sloshing modes. To get more ac-
curate estimate of the linear damping rate 𝜉2 (the second mode), one should
use an adaptive multi-modal system from [75] where the asymptotics 𝛽1 ∼ 𝛽2

is adopted. Such adaptive modal system is also required for better prediction
of the resonance steady-state wave-amplitude response curves.

Derivations of the steady-state wave (periodic) solution does not require
an exact expression for the nonlinear damping terms in the modal equations
Ξ1(𝛽1, 𝛽̇1). According to Theorem 3.1, any analytical quadratic form of Ξ1 is
allowed if it deduces the two integrals (3.45) and (3.46). En example could
be

Ξ1(𝛽1, 𝛽̇1) =
3𝜋

8
|𝛽̇1| 𝛽̇1, (3.54)

which physically implies the quadratic drag force. Based on experimental
measurement in [3] and other authors, one should check whether (3.54) is
applicable.
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Chapter 4

Damped swirling-type resonant wave in a
circular cylindrical tank

4.1. Introduction

The learning technique developed in the previous chapter for rectangular
tanks can be extended to the case of an upright circular cylindrical container.
When such a clean rigid container is resonantly excited at a frequency close to
its lowest natural sloshing frequency, similar nonlinear interactions between
the natural sloshing modes cause a kinetic energy flow from the primary
excited mode to higher natural sloshing modes [1,220]. This nonlinear energy
transfer, along with viscous damping, prevents an unbounded resonant wave
response.

Specifically, the resonant sloshing in the upright circular base tank can
demonstrate different types of steady-state regimes and even become chaotic
in certain forcing frequency ranges. One from most attractive steady-state
waves is the co-called swirling – rotary waves propagating along the tank wall
counter- or co-clockwise. The swirling-type resonant wave is normally real-
ized at the linear resonance zone, i.e., when the forcing frequency 𝜎 equals or
is very close to the lowest natural sloshing frequency 𝜎1. This wave type is
accompanied by visible activation of higher natural sloshing modes and wave
breaking, therefore, damping of any type for that kind of sloshing cannot
be neglected. Nevertheless, semi-analytical nonlinear modal theories, de-
rived under the inviscid-liquid assumptions [1,4], provide satisfactory predic-
tions for the steady-state wave amplitudes and accurately predicts frequency
ranges for all wave regimes and the chaos zone.
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However, the inviscid theories are inadequate for quantifying the phase-
lag between the harmonic tank excitation and periodic liquid oscillations. In
the inviscid case, the phase-lag dependence on the forcing frequency remains
a piecewise function, while real liquid damping renders it continuous. The
inviscid theory also wrongly predicts directions of stable swirling waves: for
circular orbital excitations of the upright circular base tank, the theory fore-
sees the stable swirling in both directions, co- and counter-clockwise, whereas
only co-directed (with excitation direction) swirling is realized in model tests.
The reason is non-zero damping in the mechanical system. Incorporating a
non-zero linear damping term in the corresponding modal equation, this fact
was theoretically confirmed in [4, 9]. On the other hand, even speculatively
varying the damping rate in the incorporated damping term, these authors
were not able to fit experimental data on the phase-lag, even qualitatively.
This means that the damping is, most probably, nonlinear and one needs
a learning of the damping terms by the measured phase-lag values in the
swirling wave regime.

Following the machine learning procedure from previous chapter (there,
implemented for rectangular tanks [215]), one can restore appropriate nonlin-
ear damping terms in the modal systems for sloshing in a circular base con-
tainer derived in [7]. In this section, we revisit the Narimanov–Moiseev-type
nonlinear modal system [7] and utilize the experimental measurements on the
phase-lags reported in [10] to learn it for accounting the viscous damping.
This makes it possible to generalize the data-driven damping identification
strategy to resonant swirl-type sloshing in upright circular cylindrical tanks.

4.2. The general modal system (2.41), (2.42) for an
upright circular cylindrical tank

Similar to [4], the present chapter focuses on the (special) explicit form
of the multi-modal system for an upright circular base container of radius
𝑅0, oscillating with a small amplitude in space. These oscillatory motions
are described by the generalized body-related coordinates 𝜂1(𝑡) and 𝜂2(𝑡)
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(responsible for the horizontal translational movements) and angular oscil-
lations are described by 𝜂4(𝑡) and 𝜂5(𝑡). Rotational motions around the 𝑂𝑧
axis (yaw) cannot generate sloshing within the framework of the ideal liq-
uid model. Vertical tank motions are not considered. The smallness of the
angular disturbances means that nonlinearities in 𝜂4(𝑡) and 𝜂5(𝑡) could be
neglected. Thus, the instantaneous angular velocity is 𝜔 = (𝜂4, 𝜂5, 0).

The geometric notations in Fig. 4.1 include the time-dependent liquid
domain 𝑄(𝑡) with the free surface Σ(𝑡) and the wetted surface 𝑆(𝑡). The
free surface Σ(𝑡) is given by 𝑧 = 𝜁(𝑟, 𝜃, 𝑡), and the motion of the liquid is
described by the velocity potential Φ(𝑟, 𝜃, 𝑧, 𝑡). The unknowns 𝜁 and Φ are
defined in a cylindrical coordinate system, which is attached to the tank. The
functions 𝜁 and Φ can be found either from the corresponding boundary-value
problem or from the equivalent variational formulation. All geometric and
physical parameters are further normalized by 𝑅0, which is considered the
characteristic size.

Figure 4.1. The liquid domain 𝑄(𝑡) is bounded by the free surface Σ(𝑡) and the wetted tank surface 𝑆(𝑡).
The liquid wave motions are considered in the non-inertial coordinate system 𝑂𝑥𝑦𝑧 rigidly fixed with the
tank so that the coordinate plane 𝑂𝑥𝑦 coincides with the unperturbed (static) free surface Σ0, and 𝑂𝑧 is
the axis of symmetry. The small-amplitude oscillatory tank motions are determined by the generalized
coordinates 𝜂1(𝑡) (surge), 𝜂4(𝑡) (roll), 𝜂2(𝑡) (sway), and 𝜂5(𝑡) (pitch).

As shown in the previous section, the Luke-Bateman variational principle
serves as the basis for the multi-modal method, which is based on the Fourier
series decomposition of the solution, here, 𝜁 and Φ. The time-dependent co-
efficients in these functional series are considered independent time variables
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(generalized coordinates and velocities). The series for 𝜁 and Φ are usually
based on the natural sloshing modes which are the eigenfunctions of the spec-
tral boundary-value problem (2.44) formulated in the hydrostatic domain 𝑄0

with 𝑆0 = 𝑆0𝑒 + 𝑆0𝑖 + 𝑆0𝑏 and the mean (static, unperturbed) free surface
Σ0.

In the present chapter, the mathematical problem is rewritten in a dimen-
sionless form after introducing the characteristic linear dimension 𝑅0 (radius)
and the characteristic time 𝑇 = 1/𝜎, where 𝑇 is the characteristic time pe-
riod (𝜎 is the circular frequency of the tank excitations). We also introduce
a small parameter 𝜖≪ 1, which characterizes the dimensionless perturbation
of the container, i.e.,

𝜂𝑖(𝑡) = 𝑂(𝜖), 𝑖 = 1, 2, 4, 5. (4.1)

The normalized spectral boundary (2.44) on the natural sloshing modes
and frequencies has the analytical solution (throughout the text we adopt
notation from [229]) (see [1, 15])

𝜙𝑀𝑖(𝑟, 𝑧, 𝜃) = ℛ𝑀𝑖(𝑟)𝒵𝑀𝑖(𝑧)
cos
sin (𝑀𝜃), 𝑀 = 0, . . . ; 𝑖 = 1, . . . , (4.2)

where

ℛ𝑀𝑖(𝑟) = 𝛼𝑀𝑖𝐽𝑀(𝑘𝑀𝑖𝑟); 𝒵𝑀𝑖(𝑧) =
cosh(𝑘𝑀𝑖(𝑧 + ℎ))

cosh(𝑘𝑀𝑖ℎ)
. (4.3)

Here, 𝐽𝑀(·) is the Bessel function of the first kind and rhe radial wave num-
bers 𝑘𝑀𝑖 are determined from the equations

𝐽 ′
𝑀𝑖(𝑘𝑀𝑖) = 0.

The normalization factors 𝛼𝑀𝑖 follow from the orthogonality condition∫︁ 1

0

𝑟ℛ𝑀𝑖(𝑟)ℛ𝑀𝑗(𝑟) 𝑑𝑟 = 𝛿𝑖𝑗, 𝑖, 𝑗 = 1, . . . , (4.4)

where 𝛿𝑖𝑗 is the Kronecker delta.
The spectral parameter 𝜅𝑀𝑖 and the natural sloshing frequencies 𝜎𝑀𝑖 are

determined by the formulas

𝜅𝑀𝑖 = 𝑘𝑀𝑖 tanh(𝑘𝑀𝑖ℎ); 𝜎2𝑀𝑖 = 𝜅𝑀𝑖
𝑔

𝑅0
, (4.5)
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where 𝑔 is the gravity acceleration (dimensional).
Next, we consider only low-amplitude angular tank motions (4.1),

so we will need only the linearized Stokes-Joukovsky potentials
Ω0𝑖(𝑟, 𝑧, 𝜃), 𝑖 = 1, 2, 3, which are harmonic functions satisfying the Neumann
boundary conditions

𝜕Ω01

𝜕𝑛
= −(𝑧𝑛𝑟 − 𝑟𝑛𝑧) sin 𝜃;

𝜕Ω02

𝜕𝑛
= (𝑧𝑛𝑟 − 𝑟𝑛𝑧) cos 𝜃;

𝜕Ω03

𝜕𝑛
= 0 (4.6)

on Σ0 and 𝑆0, where 𝑛𝑟 and 𝑛𝑧 are the corresponding projections of the
outward normal in the 𝑟- and 𝑧-directions, such that 𝑛𝑧 = 0 on the vertical
walls, but 𝑛𝑟 = 0 on Σ0. The solution of (4.6) takes the form [4]

Ω01 = −𝐹 (𝑟, 𝑧) sin 𝜃; Ω02 = 𝐹 (𝑟, 𝑧) cos 𝜃; Ω03 = 0,

where

𝐹 (𝑟, 𝑧) = 𝑟𝑧 +
∞∑︁
𝑛=1

−2𝑃𝑛
𝑘1𝑛

ℛ1𝑛(𝑟)
sinh(𝑘1𝑛(𝑧 +

1
2ℎ))

cosh(12𝑘1𝑛ℎ)
; 𝑃𝑛 =

1∫︁
0

𝑟2ℛ1𝑛(𝑟) 𝑑𝑟.

(4.7)
The nonlinear modal system of Miles-Lukovsky (2.41), (2.42) can be

rewritten in terms of the generalized coordinates (𝑝𝑀𝑖(𝑡) and 𝑟𝑚𝑖(𝑡)) and
velocities (𝑃𝑀𝑖(𝑡) and 𝑅𝑚𝑖(𝑡)),

𝜁(𝑟, 𝜃, 𝑡) =

𝐼𝜃,𝐼𝑟∑︁
𝑀,𝑖

ℛ𝑀𝑖(𝑟) cos(𝑀𝜃) 𝑝𝑀𝑖(𝑡) +

𝐼𝜃,𝐼𝑟∑︁
𝑚,𝑖

ℛ𝑚𝑖(𝑟) sin(𝑚𝜃) 𝑟𝑚𝑖(𝑡), (4.8a)

Φ(𝑟, 𝜃, 𝑧, 𝑡) = 𝜂̇1(𝑡) 𝑟 cos 𝜃+ 𝜂̇2(𝑡) 𝑟 sin 𝜃+𝐹 (𝑟, 𝑧)[−𝜂̇4(𝑡) sin 𝜃+ 𝜂̇5(𝑡) cos 𝜃]

+

𝐼𝜃,𝐼𝑟∑︁
𝑀,𝑖

ℛ𝑀𝑖(𝑟)𝒵𝑀𝑖(𝑧) cos(𝑀𝜃)𝑃𝑀𝑖(𝑡)

+

𝐼𝜃,𝐼𝑟∑︁
𝑚,𝑖

ℛ𝑚𝑖(𝑟)𝒵𝑚𝑖(𝑧) sin(𝑚𝜃)𝑅𝑚𝑖(𝑡), (4.8b)

𝐼𝜃, , 𝐼𝑟 → ∞. Here and henceforth, all the large summation indices denote
summation from zero to 𝐼𝜃, but the small indices indicate changes from one
to 𝐼𝜃 or 𝐼𝑟.
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The modal representation (4.8) is a special form of (2.28), (2.29). Using
(4.8) leads, in turn, to a special structure in the Miles-Lukovsky modal equa-
tions (2.41), (2.42), provided that we additionally assume (4.1) and consider
only the resonant excitations, where the hydrodynamic generalized coordi-
nates are asymptotically larger than the tank excittion amplitude. Mathe-
matically, this means that

𝑂(𝜖) ≲ 𝑝𝑀𝑖(𝑡), 𝑟𝑚𝑖(𝑡) and 𝑂(𝜖) ≲ 𝑃𝑀𝑖(𝑡), 𝑅𝑚𝑖(𝑡). (4.9)

Next, we also neglect terms of the order 𝑜(𝜖), and thus, the series of terms
in (2.42), which are related to the nonlinear Stokes-Joukovskii potential, now
linearly depend on 𝜂𝑖(𝑡), 𝑖 = 4, 5, as is the case of the linear sloshing theory.
At the same time, due to (4.9), we retain the full nonlinearity with respect
to the generalized hydrodynamic coordinates and velocities.

The nonlinear modal system (2.41), (2.42), rewrites in the form

𝐼𝜃,𝐼𝑟∑︁
𝑀,𝑛

𝜕𝐴𝑝
𝐴𝑏

𝜕𝑝𝑀𝑛
𝑝̇𝑀𝑛 +

𝐼𝜃,𝐼𝑟∑︁
𝑚,𝑛

𝜕𝐴𝑝
𝐴𝑏

𝜕𝑟𝑚𝑛
𝑟̇𝑚𝑛 =

𝐼𝜃,𝐼𝑟∑︁
𝑀,𝑛

𝐴𝑝𝑝
(𝐴𝑏)(𝑀𝑛)𝑃𝑀𝑛 +

𝐼𝜃,𝐼𝑟∑︁
𝑚,𝑛

𝐴𝑝𝑟
(𝐴𝑏),(𝑀𝑛)𝑅𝑚𝑛,

(4.10a)
𝐼𝜃,𝐼𝑟∑︁
𝑀,𝑛

𝜕𝐴𝑟
𝑎𝑏

𝜕𝑝𝑀𝑛
𝑝̇𝑀𝑛 +

𝐼𝜃,𝐼𝑟∑︁
𝑚,𝑛

𝜕𝐴𝑟
𝑎𝑏

𝜕𝑟𝑚𝑛
𝑟̇𝑚𝑛 =

𝐼𝜃,𝐼𝑟∑︁
𝑀,𝑛

𝐴𝑝𝑟
(𝑀𝑛),(𝑎𝑏)𝑃𝑀𝑛 +

𝐼𝜃,𝐼𝑟∑︁
𝑚,𝑛

𝐴𝑟𝑟
(𝑎𝑏)(𝑚𝑛)𝑅𝑚𝑛,

(4.10b)
𝐴 = 0, . . . , 𝐼𝜃; 𝑎 = 1, ..., 𝐼𝜃; 𝑏 = 1, . . . , 𝐼𝑟; 𝐼𝜃, 𝐼𝑟 → ∞ (the kinematic sub-
system), and

𝐼𝜃,𝐼𝑟∑︁
𝑀,𝑛

𝜕𝐴𝑝
𝑀𝑛

𝜕𝑝𝐴𝑏
𝑃̇𝑀𝑛 +

𝐼𝜃,𝐼𝑟∑︁
𝑚,𝑛

𝜕𝐴𝑟
𝑚𝑛

𝜕𝑝𝐴𝑏
𝑅̇𝑚𝑛 +

1

2

𝐼𝜃,𝐼𝑟∑︁
𝑀𝐿,𝑛𝑘

𝜕𝐴𝑝𝑝
(𝑀𝑛)(𝐿𝑘)

𝜕𝑝𝐴𝑏
𝑃𝑀𝑛𝑃𝐿𝑘

+

𝐼𝜃,𝐼𝑟∑︁
𝑀𝑙,𝑛𝑘

𝜕𝐴𝑝𝑟
(𝑀𝑛),(𝑙𝑘)

𝜕𝑝𝐴𝑏
𝑃𝑀𝑛𝑅𝑙𝑘 +

1

2

𝐼𝜃,𝐼𝑟∑︁
𝑚𝑙,𝑛𝑘

𝜕𝐴𝑟𝑟
(𝑚𝑛)(𝑙𝑘)

𝜕𝑃𝐴𝑏
𝑅𝑚𝑛𝑅𝑙𝑘 + 𝑔Λ𝐴𝐴 𝑝𝐴𝑏

+ (𝜂1 − 𝑔𝜂5 − 𝑆𝑏𝜂5)Λ1𝐴𝑃𝑏 = 0, (4.11a)

𝐼𝜃,𝐼𝑟∑︁
𝑀,𝑛

𝜕𝐴𝑝
𝑀𝑛

𝜕𝑟𝑎𝑏
𝑃̇𝑀𝑛 +

𝐼𝜃,𝐼𝑟∑︁
𝑚,𝑛

𝜕𝐴𝑟
𝑚𝑛

𝜕𝑟𝑎𝑏
𝑅̇𝑚𝑛 +

1

2

𝐼𝜃,𝐼𝑟∑︁
𝑀𝐿,𝑛𝑘

𝜕𝐴𝑝𝑝
(𝑀𝑛)(𝐾𝑙)

𝜕𝑟𝑎𝑏
𝑃𝑀𝑛𝑃𝐿𝑘
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+

𝐼𝜃,𝐼𝑟∑︁
𝑁𝑙,𝑛𝑘

𝜕𝐴𝑝𝑟
(𝑀𝑛),(𝑙𝑘)

𝜕𝑟𝑎𝑏
𝑃𝑀𝑛𝑅𝑙𝑘 +

1

2

𝐼𝜃,𝐼𝑟∑︁
𝑚𝑙,𝑛𝑘

𝜕𝐴𝑟𝑟
(𝑚𝑛)(𝑙𝑘)

𝜕𝑟𝑎𝑏
𝑅𝑚𝑛𝑅𝑙𝑘 + 𝑔Λ𝑎𝑎𝑟𝑎𝑏

+ (𝜂2 + 𝑔𝜂4 + 𝑆𝑏𝜂4)Λ1𝑎𝑃𝑏 = 0, (4.11b)

𝐴 = 0, . . . , 𝐼𝜃; 𝑎 = 1, ..., , 𝐼𝜃; 𝑏 = 1, . . . , 𝐼𝑟,, 𝐼𝜃, 𝐼𝑟 → ∞ (the dynamic sub-
system), where the comma between index pairs such as (𝐴𝑏), (𝑀𝑛) indicates
that the pairs do not commute; the coefficients 𝑃𝑏 are defined in (4.7),

𝑆𝑏 = 2 𝑘−1
1𝑏 tanh(𝑘1𝑏

ℎ
2), Λ𝐼𝐽 =

⎧⎨⎩2𝜋, 𝐼 = 𝐽 = 0,

𝜋𝛿𝐼𝐽 , otherwise,
(4.12)

where 𝛿𝐼𝐽 is the Kronecker delta. The modal system (4.10), (4.11) contains
the following nonlinear expressions by generalized hydrodynamic coordinates

𝐴𝑝𝑝
(𝐴𝑏)(𝑀𝑛)=

1∫︁
0

𝜋∫︁
−𝜋

𝑟
[︁
cos𝐴𝜃 cos𝑀𝜃 𝒢(1)

(𝐴𝑏)(𝑀𝑛)+sin𝐴𝜃 sin𝑀𝜃 𝒢(2)
(𝐴𝑏)(𝑀𝑛)

]︁
𝑑𝜃𝑑𝑟,

𝐴𝑟𝑟
(𝑎𝑏)(𝑚𝑛)=

1∫︁
0

𝜋∫︁
−𝜋

𝑟
[︁
sin 𝑎𝜃 sin𝑚𝜃 𝒢(1)

(𝑎𝑏)(𝑚𝑛) + cos 𝑎𝜃 cos𝑚𝜃 𝒢(2)
(𝑎𝑏)(𝑚𝑛)

]︁
𝑑𝜃 𝑑𝑟,

𝐴𝑝𝑟
(𝐴𝑏),(𝑚𝑛)=

1∫︁
0

𝜋∫︁
−𝜋

𝑟
[︁
cos𝐴𝜃 sin𝑚𝜃 𝒢(1)

(𝐴𝑏)(𝑚𝑛) − sin𝐴𝜃 cos𝑚𝜃 𝒢(2)
(𝐴𝑏)(𝑚𝑛)

]︁
𝑑𝜃𝑑𝑟,

𝐴𝑝
𝐴𝑏=

1∫︁
0

𝜋∫︁
−𝜋

𝑟 cos(𝐴𝜃)𝒢(0)
𝐴𝑏 𝑑𝜃 𝑑𝑟, 𝐴

𝑟
𝑎𝑏 =

1∫︁
𝑟1

𝜋∫︁
−𝜋

𝑟 sin(𝑎𝜃)𝒢(0)
𝐴𝑏 𝑑𝜃 𝑑𝑟, (4.13)

where

𝒢(0)
𝐴𝑏 = ℛ𝐴𝑏(𝑟)

𝜁∫︁
−ℎ

cosh(𝑘𝐴𝑏(𝑧 + ℎ))

cosh(𝑘𝐴𝑏ℎ)
𝑑𝑧 = ℛ𝐴𝑏(𝑟) 𝐼

(0)
(𝐴𝑏),

𝒢(1)
(𝐴𝑏)(𝑀𝑛) = ℛ′

𝐴𝑏(𝑟)ℛ′
𝑀𝑛(𝑟) 𝐼

(1)
(𝐴𝑏)(𝑀𝑛) +ℛ𝐴𝑏(𝑟)ℛ𝑀𝑛(𝑟) 𝑘𝐴𝑏𝑘𝑀𝑛𝐼

(2)
(𝐴𝑏)(𝑀𝑛),

𝒢(2)
(𝐴𝑏)(𝑀𝑛) = 𝐴𝑀 𝑟−2ℛ𝐴𝑏(𝑟)ℛ𝑀𝑛(𝑟) 𝐼

(1)
(𝐴𝑏)(𝑀𝑛); (4.14)
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𝐼
(1)
(𝐴𝑏)(𝑀𝑛) =

𝜁∫︁
−ℎ

cosh(𝑘𝐴𝑏(𝑧 + ℎ)) cosh(𝑘𝑀𝑛(𝑧 + ℎ))

cosh(𝑘𝐴𝑏ℎ) cosh(𝑘𝑀𝑛ℎ)
𝑑𝑧,

𝐼
(2)
(𝐴𝑏)(𝑀𝑛) =

𝜁∫︁
−ℎ

sinh(𝑘𝐴𝑏(𝑧 + ℎ)) sinh(𝑘𝑀𝑛(𝑧 + ℎ))

cosh(𝑘𝐴𝑏ℎ) cosh(𝑘𝑀𝑛ℎ)
𝑑𝑧.

(4.15)

The system of ordinary differential equations (4.10)-(4.11) has, in general,
infinite dimensional, as 𝐼𝜃, 𝐼𝑟 → ∞. If finite values of 𝐼𝜃 and 𝐼𝑟 are taken,
the Cauchy problem for (4.10), (4.11) can be solved numerically, describing
the transient motions of the hydrodynamic system with the corresponding
initial conditions. As we wrote in the literature review, such use of the modal
system (4.10), (4.11) is associated with the Perko method.

Our further goal is an analytical study of the periodic (steady-state) mo-
tions of the system using (4.10)-(4.11). The studies become possible under
additional simplifications in (4.10)-(4.11) via the use of special asymptotic
relationships between the generalized hydrodynamic coordinates instead of
(4.9). Moreover, we must consider viscous damping terms.

4.3. Adaptive asymptotic modal equations

The nonlinear modal system (4.10), (4.11) accounts for the smallness of
amplitude of the container motions which are associated with the generalized
coordinates 𝜂𝑖(𝑡), 𝑖 = 1, 2, 4, 5. However, it does not introduce the asymp-
totic order for the generalized hydrodynamic coordinates 𝑝𝑀𝑖(𝑡) and 𝑟𝑚𝑖(𝑡)

on the introduced asymptotic scale 𝑂(𝜖). This makes the system (4.10),
(4.11) raher complex and unsuitable for analytical studies, which are the pri-
mary goal of the dissertation. To simplify (4.10), (4.11), it is necessary to
introduce additional asymptotic assumptions with respect to 𝑃𝑀𝑖, 𝑟𝑚𝑖, and
𝑅𝑀𝑖, 𝑃𝑚𝑖.

The most general assumptions for non-small liquid depth are associated
with the so-called adaptive approach, where the resonantly excited eigen-
modes with indices (𝑀1𝑖1) have the order 𝑂(𝜖1/3), some number of eigen-
modes (𝑀2𝑖2) are of order 𝑂(𝜖2/3), and there is also a set of modes (𝑀3𝑖3)
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of third order 𝑂(𝜖) but all other eigenmodes can be neglected since these are
of the order 𝑜(𝜖).

It is evident that the most general case of adaptive modal systems occurs
when all generalized coordinates satisfy

𝑝𝑀𝑖 ∼ 𝑟𝑚𝑖 = 𝑂(𝜖1/3).

This case is purely hypothetical and does not lead to nonlinear modal equa-
tions that can be studied analytically. The simplest case is the linear modal
system which is associated with no resonances in the hydrodynamic system,
so that all 𝑝𝑀𝑖 and 𝑟𝑚𝑖 are of order 𝑂(𝜖). This last linear case will be nec-
essary for the physically correct introduction of damping in this mechanical
system through the estimation of logarithmic decrements of the attenuation
of the natural sloshing modes.

In the most general case, the adaptive third-order modal system refers to
the situation where the amplitude of the forcing amplitude is of the order
𝑂(𝜖) ≪ 1, but (4.1) and the generalized hydrodynamic coordinates and
velocities are of order 𝑂(𝜖1/3), i.e.,

𝑟𝑚𝑖 ∼ 𝑅𝑀𝑖 ∼ 𝑃𝑀𝑖 ∼ 𝑝𝑀𝑖 = 𝑂(𝜖1/3). (4.16)

If the quantities of 𝑜(𝜖) are neglected, using assumptions (4.16) and (4.1)
makes it possible to simplify (4.10), (4.11) and, thereby, derive a system of
ordinary differential equations with respect to only the generalized hydro-
dynamic coordinates 𝑟𝑚𝑖(𝑡) and 𝑝𝑀𝑖(𝑡). The derivation procedure is rather
complicated. We will describe only some of its steps.

The first derivation stage of the adaptive system involves expanding
𝐼
(0)
(𝐴𝑏), 𝐼

(1)
(𝐴𝑏)(𝑀𝑛), and 𝐼

(2)
(𝐴𝑏)(𝑀𝑛) in Taylor series with respect to 𝜁, where

𝜁 = 𝑂(𝜖1/3). Analysis of (2.41), (2.42) shows that 𝐼(0)(𝐴𝑏) should be expanded

to the third order of smallness, but 𝐼(1)(𝐴𝑏)(𝑀𝑛) and 𝐼(2)(𝐴𝑏)(𝑀𝑛) require expansion
only to the second order, i.e.

𝐼
(0)
(𝐴𝑏) = 𝑘−1

𝐴𝑏 tanh(𝑘𝐴𝑏ℎ) + 𝜁 + 1
2𝜅𝐴𝑏𝜁

2 + 1
6𝑘

2
𝐴𝑏𝜁

3 + . . . , (4.17a)

𝐼
(1)
(𝐴𝑏)(𝑀𝑛) = 𝑂(1) + 𝜁 + 1

2(𝜅𝐴𝑏 + 𝜅𝑀𝑛)𝜁
2 + . . . , (4.17b)
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𝐼
(2)
(𝐴𝑏)(𝑀𝑛) = 𝑂(1) + 𝜅𝐴𝑏𝜅𝑀𝑛𝜁 +

1
2(𝑘

2
𝐴𝑏𝜅𝑀𝑛 + 𝑘2𝑀𝑛𝜅𝐴𝑏)𝜁

2 + . . . . (4.17c)

Substituting (4.17b) and (4.17c) into (2.13) gives

𝒢(1)
(𝐴𝑏)(𝑀𝑛) = 𝑂(1) + (ℛ′

𝐴𝑏ℛ′
𝑀𝑛 +ℛ𝐴𝑏ℛ𝑀𝑛𝜅𝐴𝑏𝜅𝑀𝑛) 𝜁

+ 1
2 [(𝜅𝐴𝑏 + 𝜅𝑀𝑛)ℛ′

𝐴𝑏ℛ′
𝑀𝑛 +ℛ𝐴𝑏ℛ𝑀𝑛(𝑘

2
𝐴𝑏𝜅𝑀𝑛 + 𝑘2𝑀𝑛𝜅𝐴𝑏)]𝜁

2, (4.18a)

𝒢(2)
(𝐴𝑏)(𝑀𝑛) = 𝑂(1) + 𝑟−2𝐴𝑀ℛ𝐴𝑏ℛ𝑀𝑛 𝜁

+ 1
2𝑟

−2𝐴𝑀(𝜅𝐴𝑏 + 𝜅𝑀𝑛)ℛ𝐴𝑏ℛ𝑀𝑛 𝜁
2. (4.18b)

At the second derivation stage, 𝐴𝑝
𝐴𝑏 and 𝐴𝑟

𝑎𝑏 should be expanded to the
order 𝑂(𝜖) in terms of the corresponding generalized hydrodynamic coordi-
nates,

𝐴𝑝
𝐴𝑏 = Λ𝐴𝐴,𝑝𝐴𝑏 +

1
2

𝐼𝜃,𝐼𝑟∑︁
𝑀𝑁,𝑖𝑗

𝜒𝑝𝑝(𝑀𝑖)(𝑁𝑗),(𝐴𝑏)𝑝𝑀𝑖𝑝𝑁𝑗 +
1
2

𝐼𝜃,𝐼𝑟∑︁
𝑚𝑛,𝑖𝑗

𝜒𝑟𝑟(𝑚𝑖)(𝑛𝑗),(𝐴𝑏)𝑟𝑚𝑖𝑟𝑛𝑗

+ 1
3

𝐼𝜃,𝐼𝑟∑︁
𝑀𝑁𝐾,𝑖𝑗𝑙

𝜒𝑝𝑝𝑝(𝑀𝑖)(𝑁𝑗)(𝐾𝑙),(𝐴𝑏)𝑝𝑀𝑖𝑝𝑁𝑗𝑝𝐾𝑙

+

𝐼𝜃,𝐼𝑟∑︁
𝑀𝑛𝑘,𝑖𝑗𝑙

𝜒𝑝𝑟𝑟(𝑀𝑖),(𝑛𝑗)(𝑘𝑙),(𝐴𝑏)𝑝𝑀𝑖𝑟𝑛𝑗𝑟𝑘𝑙, (4.19a)

𝐴𝑟
𝑎𝑏 = Λ,𝑎𝑎𝑟𝑎𝑏 +

𝐼𝜃,𝐼𝑟∑︁
𝑀𝑛,𝑖𝑗

𝜒𝑝𝑟(𝑀𝑖),(𝑛𝑗),(𝑎𝑏)𝑝𝑀𝑖𝑟𝑛𝑗 +
1
3

𝐼𝜃,𝐼𝑟∑︁
𝑚𝑛𝑘,𝑖𝑗𝑙

𝜒𝑟𝑟𝑟(𝑚𝑖)(𝑛𝑗)(𝑘𝑙),(𝑎𝑏)𝑟𝑚𝑖𝑟𝑛𝑗𝑟𝑘𝑙

+

𝐼𝜃,𝐼𝑟∑︁
𝑀𝑁𝑘,𝑖𝑗𝑙

𝜒𝑝𝑝𝑟(𝑀𝑖)(𝑁𝑗),(𝑘𝑙),(𝑎𝑏)𝑝𝑀𝑖𝑝𝑁𝑗𝑟𝑘𝑙, 𝐼𝜃, 𝐼𝑟 → ∞, (4.19b)

where

𝜒𝑝𝑝(𝑀𝑖)(𝑁𝑗),(𝐴𝑏) = 𝜅𝐴𝑏Λ𝐴𝑀𝑁,𝜆(𝐴𝑏)(𝑀𝑖)(𝑁𝑗),

𝜒𝑟𝑟(𝑀𝑖)(𝑛𝑗),(𝐴𝑏) = 𝜅𝐴𝑏Λ𝐴,𝑚𝑛𝜆(𝐴𝑏)(𝑚𝑖)(𝑛𝑗),

𝜒𝑝𝑝𝑝(𝑀𝑖)(𝑁𝑗)(𝐾𝑙),(𝐴𝑏) =
1
2𝑘

2
𝐴𝑏Λ𝐴𝑀𝑁𝐾,𝜆(𝐴𝑏)(𝑀𝑖)(𝑁𝑗)(𝐾𝑙),

𝜒𝑝𝑟𝑟(𝑀𝑖),(𝑛𝑗)(𝑘𝑙),(𝐴𝑏) =
1
2𝑘

2
𝐴𝑏Λ𝐴𝑀,𝑛𝑘𝜆(𝐴𝑏)(𝑀𝑖)(𝑛𝑗)(𝑘𝑙),

𝜒𝑝𝑟(𝑀𝑖),(𝑛𝑗),(𝑎𝑏) = 𝜅𝑎𝑏Λ𝑀,𝑎𝑛𝜆(𝑀𝑖)(𝑛𝑗)(𝑎𝑏),
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𝜒𝑟𝑟𝑟(𝑚𝑖)(𝑛𝑗)(𝑘𝑙),(𝑎𝑏) =
1
2𝑘

2
𝑎𝑏Λ,𝑎𝑚𝑛𝑘𝜆(𝑚𝑖)(𝑛𝑗)(𝑘𝑙)(𝑎𝑏),

𝜒𝑝𝑝𝑟(𝑀𝑖)(𝑁𝑗),(𝑘𝑙),(𝑎𝑏) =
1
2𝑘

2
𝑎𝑏Λ𝑀𝑁,𝑎𝑘𝜆(𝑀𝑖)(𝑁𝑗)(𝑘𝑙)(𝑎𝑏)

and within the tensor Λ, whose elements are defined as

Λ𝑀...𝑁,𝑖...𝑗 =

∫︁ 𝜋

−𝜋
cos(𝐴𝜃) . . . cos(𝑀𝜃) · sin(𝑖𝜃) . . . sin(𝑗𝜃) 𝑑𝜃. (4.20)

The tensors Λ can be computed using recursive formulas

Λ𝑀,𝑖 = 0, Λ,𝑖𝑗 = 𝜋𝛿𝑖𝑗, Λ𝑀𝑁, = 𝜋𝛿𝑀𝑁 , 𝑀
2 +𝑁 2 ̸= 0, Λ00, = 2𝜋,

Λ𝑀...𝑁𝐾,𝑖...𝑗 =
1
2(Λ𝑀...|𝑁−𝐾|,𝑖...𝑗 + Λ𝑀...|𝑁+𝐾|,𝑖...𝑗),

Λ𝑀...𝑁,𝑖...𝑙𝑗𝑘 =
1
2(Λ𝑀...|𝑗−𝑘|,𝑖...𝑙 − Λ𝑀...|𝑗+𝑘|,𝑖...𝑙).

The tensors 𝜆 are defined by the formula

𝜆(𝐴𝑏)...(𝑀𝑛) =

∫︁ 1

0

𝑟ℛ𝐴𝑏(𝑟) . . .ℛ𝑀𝑛(𝑟) 𝑑𝑟. (4.21)

Partial derivatives of (4.19) with respect to generalized coordinates are

𝜕𝐴𝑝
𝐴𝑏

𝜕𝑝𝐷𝑓
= Λ𝐴𝐷,𝛿𝑏𝑓 +

𝐼𝜃,𝐼𝑟∑︁
𝑀,𝑖

𝜒𝑝𝑝(𝑀𝑖)(𝐷𝑓),(𝐴𝑏)𝑝𝑀𝑖 +

𝐼𝜃,𝐼𝑟∑︁
𝑁𝐾,𝑗𝑙

𝜒𝑝𝑝𝑝(𝐷𝑓)(𝑁𝑗)(𝐾𝑙),(𝐴𝑏)𝑝𝑁𝑗𝑝𝐾𝑙

+

𝐼𝜃,𝐼𝑟∑︁
𝑛𝑘,𝑗𝑙

𝜒𝑝𝑟𝑟(𝐷𝑓),(𝑛𝑗)(𝑘𝑙),(𝐴𝑏)𝑟𝑛𝑗𝑟𝑘𝑙, (4.22a)

𝜕𝐴𝑝
𝐴𝑏

𝜕𝑟𝑑𝑓
=

𝐼𝜃,𝐼𝑟∑︁
𝑚,𝑖

𝜒𝑟𝑟(𝑚𝑖)(𝑑𝑓),(𝐴𝑏)𝑟𝑚𝑖 + 2

𝐼𝜃,𝐼𝑟∑︁
𝑀𝑛,𝑖𝑗

𝜒𝑝𝑟𝑟(𝑀𝑖),(𝑛𝑗)(𝑑𝑓),(𝐴𝑏)𝑝𝑀𝑖𝑟𝑛𝑗, (4.22b)

𝜕𝐴𝑟
𝑎𝑏

𝜕𝑝𝐷𝑓
=

𝐼𝜃,𝐼𝑟∑︁
𝑛,𝑗

𝜒𝑝𝑟(𝐷𝑓),(𝑛𝑗),(𝑎𝑏)𝑟𝑛𝑗 + 2

𝐼𝜃,𝐼𝑟∑︁
𝑀𝑛,𝑖𝑗

𝜒𝑝𝑝𝑟(𝑀𝑖)(𝐷𝑓),(𝑛𝑗),(𝑎𝑏)𝑝𝑀𝑖𝑟𝑛𝑗, (4.22c)

𝜕𝐴𝑟
𝑎𝑏

𝜕𝑟𝑑𝑓
= Λ,𝑎𝑑𝛿𝑏𝑓 +

𝐼𝜃,𝐼𝑟∑︁
𝑀,𝑖

𝜒𝑝𝑟(𝑀𝑖),(𝑑𝑓),(𝑎𝑏)𝑝𝑀𝑖 +

𝐼𝜃,𝐼𝑟∑︁
𝑚𝑛,𝑖𝑗

𝜒𝑟𝑟𝑟(𝑚𝑖)(𝑛𝑗)(𝑑𝑓),(𝑎𝑏)𝑟𝑚𝑖𝑟𝑛𝑗

+

𝐼𝜃,𝐼𝑟∑︁
𝑀𝑁,𝑖𝑗

𝜒𝑝𝑝𝑟(𝑀𝑖)(𝑁𝑗),(𝑑𝑓),(𝑎𝑏)𝑝𝑀𝑖𝑝𝑁𝑗, 𝐼𝜃, 𝐼𝑟 → ∞. (4.22d)

The third derivation stage leads to analytical expressions for
𝐴𝑝𝑝

(𝐴𝑏)(𝑀𝑛), 𝐴
𝑟𝑟
(𝑎𝑏)(𝑚𝑛), and 𝐴𝑝𝑟

(𝐴𝑏),(𝑚𝑛), where only second-order terms, 𝑂(𝜖2/3),
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are preserved. The 𝑂(1)-order terms can be obtained from linear modal
theory. The result is

𝐴𝑝𝑝
(𝐴𝑏)(𝑀𝑛) = Λ𝐴𝑀,𝛿𝑏𝑛𝜅𝐴𝑏 +

𝐼𝜃,𝐼𝑟∑︁
𝐾,𝑙

Π𝑝,𝑝
(𝐾𝑙),(𝐴𝑏)(𝑀𝑛)𝑝𝐾𝑙

+

𝐼𝜃,𝐼𝑟∑︁
𝐾𝐶,𝑙𝑑

Π𝑝,𝑝𝑝
(𝐾𝑙)(𝐶𝑑),(𝐴𝑏)(𝑀𝑛)𝑝𝐾𝑙𝑝𝐶𝑑 +

𝐼𝜃,𝐼𝑟∑︁
𝑘𝑐,𝑙𝑑

Π𝑝,𝑟𝑟
(𝑘𝑙)(𝑐𝑑),(𝐴𝑏)(𝑀𝑛)𝑟𝑘𝑙𝑟𝑐𝑑, (4.23a)

𝐴𝑟𝑟
(𝑎𝑏)(𝑚𝑛) = Λ,𝑎𝑚𝛿𝑏𝑛𝜅𝑎𝑏 +

𝐼𝜃,𝐼𝑟∑︁
𝐾,𝑙

Π𝑟,𝑝
(𝐾𝑙),(𝑎𝑏)(𝑚𝑛)𝑝𝐾𝑙

+

𝐼𝜃,𝐼𝑟∑︁
𝐾𝐶,𝑙𝑑

Π𝑟,𝑝𝑝
(𝐾𝑙)(𝐶𝑑),(𝑎𝑏)(𝑚𝑛)𝑝𝐾𝑙𝑝𝐶𝑑 +

𝐼𝜃,𝐼𝑟∑︁
𝑘𝑐,𝑙𝑑

Π𝑟,𝑟𝑟
(𝑘𝑙)(𝑐𝑑),(𝑎𝑏)(𝑚𝑛)𝑟𝑘𝑙𝑟𝑐𝑑, (4.23b)

𝐴𝑝𝑟
(𝐴𝑏),(𝑚𝑛) =

𝐼𝜃,𝐼𝑟∑︁
𝑘,𝑙

Π𝑟
(𝑘𝑙),(𝐴𝑏),(𝑚𝑛)𝑟𝑘𝑙 +

𝐼𝜃,𝐼𝑟∑︁
𝐾𝑐,𝑙𝑑

Π𝑝𝑟
(𝐾𝑙),(𝑐𝑑),(𝐴𝑏),(𝑚𝑛)𝑝𝐾𝑙𝑟𝑐𝑑, (4.23c)

where

Π𝑝,𝑝
(𝐾𝑙),(𝐴𝑏)(𝑀𝑛) = Λ𝐴𝑀𝐾,𝐺

(11)
(𝐴𝑏)(𝑀𝑛),(𝐾𝑙) + Λ𝐾,𝐴𝑀𝐺

(12)
(𝐴𝑏)(𝑀𝑛),(𝐾𝑙),

Π𝑟,𝑝
(𝐾𝑙),(𝑎𝑏)(𝑚𝑛) = Λ𝐾,𝑎𝑚𝐺

(11)
(𝑎𝑏)(𝑚𝑛),(𝐾𝑙) + Λ𝑎𝑚𝐾,𝐺

(12)
(𝑎𝑏)(𝑚𝑛),(𝐾𝑙),

Π𝑟
(𝑘𝑙),(𝐴𝑏),(𝑚𝑛) = Λ𝐴,𝑚𝑘𝐺

(11)
(𝐴𝑏)(𝑚𝑛),(𝑘𝑙) − Λ𝑚,𝐴𝑘𝐺

(12)
(𝐴𝑏)(𝑚𝑛),(𝑘𝑙),

Π𝑝,𝑝𝑝
(𝐾𝑙)(𝐶𝑑),(𝐴𝑏)(𝑀𝑛) = Λ𝐴𝑀𝐾𝐶,𝐺

(21)
(𝐴𝑏)(𝑀𝑛),(𝐾𝑙)(𝐶𝑑) + Λ𝐾𝐶,𝐴𝑀𝐺

(22)
(𝐴𝑏)(𝑀𝑛),(𝐾𝑙)(𝐶𝑑),

Π𝑝,𝑟𝑟
(𝑘𝑙)(𝑐𝑑),(𝐴𝑏)(𝑀𝑛) = Λ𝐴𝑀,𝑘𝑐𝐺

(21)
(𝐴𝑏)(𝑀𝑛),(𝑘𝑙)(𝑐𝑑) + Λ,𝐴𝑀𝑘𝑐𝐺

(22)
(𝐴𝑏)(𝑀𝑛),(𝑘𝑙)(𝑐𝑑),

Π𝑟,𝑝𝑝
(𝐾𝑙)(𝐶𝑑),(𝑎𝑏)(𝑚𝑛) = Λ𝐾𝐶,𝑎𝑚𝐺

(21)
(𝑎𝑏)(𝑚𝑛),(𝐾𝑙)(𝐶𝑑) + Λ𝐾𝐶𝑎𝑚,𝐺

(22)
(𝑎𝑏)(𝑚𝑛),(𝐾𝑙)(𝐶𝑑),

Π𝑟,𝑟𝑟
(𝑘𝑙)(𝑐𝑑),(𝑎𝑏)(𝑚𝑛) = Λ,𝑎𝑚𝑘𝑐𝐺

(21)
(𝑎𝑏)(𝑚𝑛),(𝑘𝑙)(𝑐𝑑) + Λ𝑎𝑚,𝑘𝑐𝐺

(22)
(𝑎𝑏)(𝑚𝑛),(𝑘𝑙)(𝑐𝑑),

Π𝑝𝑟
(𝐾𝑙),(𝑐𝑑),(𝐴𝑏),(𝑚𝑛) = 2[Λ𝐴𝐾,𝑚𝑐𝐺

(21)
(𝐴𝑏)(𝑚𝑛),(𝐾𝑙)(𝑐𝑑) − Λ𝐾𝑚,𝐴𝑐𝐺

(22)
(𝐴𝑏)(𝑚𝑛),(𝐾𝑙)(𝑐𝑑)];

𝐺
(11)
(𝐴𝑏)(𝑀𝑛),(𝐾𝑙) = 𝜆′(𝐴𝑏)(𝑀𝑛),(𝐾𝑙) + 𝜅𝐴𝑏𝜅𝑀𝑛𝜆(𝐴𝑏)(𝑀𝑛)(𝐾𝑙),

𝐺
(12)
(𝐴𝑏)(𝑀𝑛),(𝐾𝑙) = 𝐴𝑀𝜆̄(𝐴𝑏)(𝑀𝑛)(𝐾𝑙),

𝐺
(21)
(𝐴𝑏)(𝑀𝑛),(𝐾𝑙)(𝐶𝑑) =

1
2 [(𝜅𝐴𝑏 + 𝜅𝑀𝑛)𝜆

′
(𝐴𝑏)(𝑀𝑛),(𝐾𝑙)(𝐶𝑑) + (𝑘2𝐴𝑏𝜅𝑀𝑛

+ 𝑘2𝑀𝑛𝜅𝐴𝑏)𝜆(𝐴𝑏)(𝑀𝑛)(𝐾𝑙)(𝐶𝑑)],

𝐺
(22)
(𝐴𝑏)(𝑀𝑛),(𝐾𝑙)(𝐶𝑑) =

1
2𝐴𝑀(𝜅𝐴𝑏 + 𝜅𝑀𝑛)𝜆̄(𝐴𝑏)(𝑀𝑛)(𝐾𝑙)(𝐶𝑑)
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and

𝜆′(𝐴𝑏)(𝑀𝑛),(𝐶𝑑)...(𝐸𝑓) =

1∫︁
0

𝑟ℛ′
𝐴𝑏(𝑟)ℛ′

𝑀𝑛(𝑟) · ℛ𝐶𝑑(𝑟) . . .ℛ𝐸𝑓(𝑟) 𝑑𝑟,

𝜆̄(𝐴𝑏)...(𝑀𝑛) =

1∫︁
0

𝑟−1ℛ𝐴𝑏(𝑟) . . .ℛ𝑀𝑛(𝑟) 𝑑𝑟.

(4.24)

The partial derivatives of the expressions in (4.23) with respect to the
generalized coordinates are

𝜕𝐴𝑝𝑝
(𝐴𝑏)(𝐶𝑑)

𝜕𝑝𝐸𝑓
= Π𝑝,𝑝

(𝐸𝑓),(𝐴𝑏)(𝐶𝑑) + 2

𝐼𝜃,𝐼𝑟∑︁
𝑀,𝑖

Π𝑝,𝑝𝑝
(𝑀𝑖)(𝐸𝑓),(𝐴𝑏)(𝐶𝑑)𝑝𝑀𝑖, (4.25a)

𝜕𝐴𝑝𝑝
(𝐴𝑏)(𝐶𝑑)

𝜕𝑟𝑒𝑓
= 2

𝐼𝜃,𝐼𝑟∑︁
𝑚,𝑖

Π𝑝,𝑟𝑟
(𝑚𝑖)(𝑒𝑓),(𝐴𝑏)(𝐶𝑑)𝑟𝑚𝑖, (4.25b)

𝜕𝐴𝑟𝑟
(𝑎𝑏)(𝑐𝑑)

𝜕𝑝𝐸𝑓
= Π𝑟,𝑝

(𝐸𝑓),(𝑎𝑏)(𝑐𝑑) + 2

𝐼𝜃,𝐼𝑟∑︁
𝑀,𝑖

Π𝑟,𝑝𝑝
(𝑀𝑖)(𝐸𝑓),(𝑎𝑏)(𝑐𝑑)𝑝𝑀𝑖, (4.25c)

𝜕𝐴𝑟𝑟
(𝑎𝑏)(𝑐𝑑)

𝜕𝑟𝑒𝑓
= 2

𝐼𝜃,𝐼𝑟∑︁
𝑚,𝑖

Π𝑟,𝑟𝑟
(𝑚𝑖)(𝑒𝑓),(𝑎𝑏)(𝑐𝑑)𝑟𝑚𝑖, (4.25d)

𝜕𝐴𝑝𝑟
(𝐴𝑏),(𝑐𝑑)

𝜕𝑝𝐸𝑓
=

𝐼𝜃,𝐼𝑟∑︁
𝑛,𝑗

Π𝑝𝑟
(𝐸𝑓),(𝑛𝑗),(𝐴𝑏)(𝑐𝑑)𝑟𝑛𝑗, (4.25e)

𝜕𝐴𝑝𝑟
(𝐴𝑏),(𝑐𝑑)

𝜕𝑟𝑒𝑓
= Π𝑟

(𝑒𝑓),(𝐴𝑏),(𝑐𝑑) +

𝐼𝜃,𝐼𝑟∑︁
𝑀,𝑖

Π𝑝𝑟
(𝑀𝑖),(𝑒𝑓),(𝐴𝑏)(𝑐𝑑)𝑝𝑀𝑖. (4.25f)

At the fourth derivation stage, the kinematic equations (4.10) must be
solved with respect to the generalized hydrodynamic velocities 𝑃𝐴𝑏 and 𝑅𝑎𝑏.
Postulating the following

𝑃𝐴𝑏 =
1

𝜅𝐴𝑏
𝑝̇𝐴𝑏 +

𝐼𝜃,𝐼𝑟∑︁
𝑀𝑁,𝑖𝑗

𝑉 𝑝𝑝
(𝑀𝑖),(𝑁𝑗),(𝐴𝑏)𝑝̇𝑀𝑖𝑝𝑁𝑗 +

𝐼𝜃,𝐼𝑟∑︁
𝑚𝑛,𝑖𝑗

𝑉 𝑟𝑟
(𝑚𝑖),(𝑛𝑗),(𝐴𝑏)𝑟̇𝑚𝑖𝑟𝑛𝑗

+

𝐼𝜃,𝐼𝑟∑︁
𝑀𝑛𝑘,𝑖𝑗𝑙

𝑉 𝑝𝑟𝑟
(𝑀𝑖),(𝑛𝑗),(𝑘𝑙),(𝐴𝑏)𝑝̇𝑀𝑖𝑟𝑛𝑗𝑟𝑘𝑙 +

𝐼𝜃,𝐼𝑟∑︁
𝑀𝑁𝐾,𝑖𝑗𝑙

𝑉 𝑝𝑝𝑝
(𝑀𝑖),(𝑁𝑗),(𝐾𝑙),(𝐴𝑏)𝑝̇𝑀𝑖𝑝𝑁𝑗𝑝𝐾𝑙
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+

𝐼𝜃,𝐼𝑟∑︁
𝑀𝑛𝑘,𝑖𝑗𝑙

𝑉 𝑟𝑝𝑟
(𝑛𝑗),(𝑀𝑖),(𝑘𝑙),(𝐴𝑏)𝑟̇𝑛𝑗𝑝𝑀𝑖𝑟𝑘𝑙, (4.26a)

𝑅𝑎𝑏 =
1

𝜅𝑎𝑏
𝑟̇𝑎𝑏 +

𝐼𝜃,𝐼𝑟∑︁
𝑀𝑛,𝑖𝑗

𝑉 𝑝𝑟
(𝑀𝑖),(𝑛𝑗),(𝑎𝑏)𝑝̇𝑀𝑖𝑟𝑛𝑗 +

𝐼𝜃,𝐼𝑟∑︁
𝑀𝑛,𝑖𝑗

𝑉 𝑟𝑝
(𝑛𝑗),(𝑀𝑖),(𝑎𝑏)𝑟̇𝑛𝑗𝑝𝑀𝑖

+

𝐼𝜃,𝐼𝑟∑︁
𝑚𝑛𝑘,𝑖𝑗𝑙

𝑉 𝑟𝑟𝑟
(𝑚𝑖),(𝑛𝑗),(𝑘𝑙),(𝑎𝑏)𝑟̇𝑚𝑖𝑟𝑛𝑗𝑟𝑘𝑙 +

𝐼𝜃,𝐼𝑟∑︁
𝑀𝑁𝑘,𝑖𝑗𝑙

𝑉 𝑟𝑝𝑝
(𝑘𝑙),(𝑀𝑖),(𝑁𝑗),(𝑎𝑏)𝑟̇𝑘𝑙𝑝𝑀𝑖𝑝𝑁𝑗

+

𝐼𝜃,𝐼𝑟∑︁
𝑀𝑁𝑘,𝑖𝑗𝑙

𝑉 𝑝𝑝𝑟
(𝑀𝑖),(𝑁𝑗),(𝑘𝑙),(𝑎𝑏)𝑝̇𝑀𝑖𝑝𝑁𝑗𝑟𝑘𝑙, (4.26b)

Substituting (4.26) into the kinetic subsystem (4.10) and grouping similar
terms, we derive the formulas for the coefficients in (4.26)

𝑉 𝑝𝑝
(𝑀𝑖),(𝑁𝑗),(𝐴𝑏) =

1

Λ𝐴𝐴𝜅𝐴𝑏

[︃
𝜒𝑝𝑝(𝑁𝑗)(𝑀𝑖),(𝐴𝑏) −

Π𝑝,𝑝
(𝑁𝑗),(𝐴𝑏)(𝑀𝑖)

𝜅𝑀𝑖

]︃
,

𝑉 𝑟𝑟
(𝑚𝑖),(𝑛𝑗),(𝐴𝑏) =

1

Λ𝐴𝐴𝜅𝐴𝑏

[︂
𝜒𝑟𝑟(𝑛𝑗)(𝑚𝑖),(𝐴𝑏) −

Π𝑟
(𝑛𝑗),(𝐴𝑏),(𝑚𝑖)

𝜅𝑚𝑖

]︂
,

𝑉 𝑟𝑝
(𝑛𝑗),(𝑀𝑖),(𝑎𝑏) =

1

Λ𝑎𝑎𝜅𝑎𝑏

[︃
𝜒𝑝𝑟(𝑀𝑖),(𝑛𝑗),(𝑎𝑏) −

Π𝑟,𝑝
(𝑀𝑖),(𝑎𝑏)(𝑛𝑗)

𝜅𝑛𝑗

]︃
,

𝑉 𝑝𝑟
(𝑀𝑖),(𝑛𝑗),(𝑎𝑏) =

1

Λ𝑎𝑎𝜅𝑎𝑏

[︂
𝜒𝑝𝑟(𝑀𝑖),(𝑛𝑗),(𝑎𝑏) −

Π𝑟
(𝑛𝑗),(𝑀𝑖),(𝑎𝑏)

𝜅𝑀𝑖

]︂
,

𝑉 𝑝𝑝𝑝
(𝑀𝑖),(𝑁𝑗),(𝐾𝑙),(𝐴𝑏) =

1

Λ𝐴𝐴𝜅𝐴𝑏

[︃
𝜒𝑝𝑝𝑝(𝑀𝑖)(𝑁𝑗)(𝐾𝑙),(𝐴𝑏) −

Π𝑝,𝑝𝑝
(𝑁𝑗)(𝐾𝑙),(𝐴𝑏)(𝑀𝑖)

𝜅𝑀𝑖

−
𝐼𝜃,𝐼𝑟∑︁
𝐶,𝑑

𝑉 𝑝𝑝
(𝑀𝑖),(𝑁𝑗),(𝐶𝑑)Π

𝑝,𝑝
(𝐾𝑙),(𝐴𝑏)(𝐶𝑑)

⎤⎦ ,
𝑉 𝑝𝑟𝑟
(𝑀𝑖),(𝑛𝑗),(𝑘𝑙),(𝐴𝑏) =

1

Λ𝐴𝐴𝜅𝐴𝑏

[︃
𝜒𝑝𝑟𝑟(𝑀𝑖),(𝑛𝑗)(𝑘𝑙),(𝐴𝑏) −

Π𝑝,𝑟𝑟
(𝑛𝑗)(𝑘𝑙),(𝐴𝑏)(𝑀𝑖)

𝜅𝑀𝑖

−
𝐼𝜃,𝐼𝑟∑︁
𝑐,𝑑

𝑉 𝑝𝑟
(𝑀𝑖),(𝑛𝑗),(𝑐𝑑)Π

𝑟
(𝑘𝑙),(𝐴𝑏),(𝑐𝑑)

⎤⎦ ,
𝑉 𝑟𝑟𝑟
(𝑚𝑖),(𝑛𝑗),(𝑘𝑙),(𝑎𝑏) =

1

Λ𝑎𝑎𝜅𝑎𝑏

[︃
𝜒𝑟𝑟𝑟(𝑛𝑗)(𝑘𝑙)(𝑚𝑖),(𝑎𝑏) −

Π𝑟,𝑟𝑟
(𝑛𝑗)(𝑘𝑙),(𝑎𝑏)(𝑚𝑖)

𝜅𝑚𝑖
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−
𝐼𝜃,𝐼𝑟∑︁
𝐶,𝑑

𝑉 𝑟𝑟
(𝑚𝑖),(𝑛𝑗),(𝐶𝑑)Π

𝑟
(𝑘𝑙),(𝐶𝑑),(𝑎𝑏)

⎤⎦ ,
𝑉 𝑟𝑝𝑝
(𝑘𝑙),(𝑀𝑖),(𝑁𝑗),(𝑎𝑏) =

1

Λ𝑎𝑎𝜅𝑎𝑏

[︃
𝜒𝑝𝑝𝑟(𝑀𝑖)(𝑁𝑗),(𝑘𝑙),(𝑎𝑏) −

Π𝑟,𝑝𝑝
(𝑀𝑖)(𝑁𝑗),(𝑎𝑏)(𝑘𝑙)

𝜅𝑘𝑙

−
𝐼𝜃,𝐼𝑟∑︁
𝑐,𝑑

𝑉 𝑟𝑝
(𝑘𝑙),(𝑀𝑖),(𝑐𝑑)Π

𝑟,𝑝
(𝑁𝑗),(𝑎𝑏),(𝑐𝑑)

⎤⎦ ,

𝑉 𝑝𝑝𝑟
(𝑀𝑖),(𝑁𝑗),(𝑘𝑙),(𝑎𝑏) =

1

Λ𝑎𝑎𝜅𝑎𝑏

[︃
2𝜒𝑝𝑝𝑟(𝑀𝑖)(𝑁𝑗),(𝑘𝑙),(𝑎𝑏) −

Π𝑝𝑟
(𝑁𝑗),(𝑘𝑙),(𝑀𝑖)(𝑎𝑏)

𝜅𝑀𝑖

−
𝐼𝜃,𝐼𝑟∑︁
𝐶,𝑑

𝑉 𝑝𝑝
(𝑀𝑖),(𝑁𝑗),(𝐶𝑑)Π

𝑟
(𝑘𝑙),(𝐶𝑑),(𝑎𝑏) −

𝐼𝜃,𝐼𝑟∑︁
𝑐,𝑑

𝑉 𝑝𝑟
(𝑀𝑖),(𝑘𝑙),(𝑐𝑑)Π

𝑟,𝑝
(𝑁𝑗),(𝑎𝑏)(𝑐𝑑)

⎤⎦ ,
𝑉 𝑟𝑝𝑟
(𝑛𝑗),(𝑀𝑖),(𝑘𝑙),(𝐴𝑏) =

1

Λ𝐴𝐴𝜅𝐴𝑏

[︃
2𝜒𝑝𝑟𝑟(𝑀𝑖),(𝑘𝑙)(𝑛𝑗),(𝐴𝑏) −

Π𝑝𝑟
(𝑀𝑖),(𝑘𝑙),(𝐴𝑏)(𝑛𝑗)

𝜅𝑛𝑗

−
𝐼𝜃,𝐼𝑟∑︁
𝐶,𝑑

𝑉 𝑟𝑟
(𝑛𝑗),(𝑘𝑙),(𝐶𝑑)Π

𝑝,𝑝
(𝑀𝑖),(𝐴𝑏)(𝐶𝑑) −

𝐼𝜃,𝐼𝑟∑︁
𝑐,𝑑

𝑉 𝑟𝑝
(𝑛𝑗),(𝑀𝑖),(𝑐𝑑)Π

𝑟
(𝑘𝑙),(𝐴𝑏),(𝑐𝑑)

⎤⎦ .
At the fifth derivation stage, the expressions (4.22), (4.25), and (4.26) are

substituted into the dynamic modal equations (4.11). Excluding terms of the
order 𝑜(𝜖), we obtain the sought-after adaptive nonlinear modal equations

𝐼𝜃,𝐼𝑟∑︁
𝑀,𝑖

𝑝𝑀𝑖

⎡⎣𝛿𝑀𝐸𝛿𝑖𝑓 +

𝐼𝜃,𝐼𝑟∑︁
𝑁,𝑗

𝑑
𝑝𝑝,(𝐸𝑓)
(𝑀𝑖),(𝑁𝑗)𝑝𝑁𝑗 +

𝐼𝜃,𝐼𝑟∑︁
𝑁𝐾,𝑗𝑙

𝑑
𝑝𝑝𝑝,(𝐸𝑓)
(𝑀𝑖),(𝑁𝑗),(𝐾𝑙)𝑝𝑁𝑗𝑝𝐾𝑙

+

𝐼𝜃,𝐼𝑟∑︁
𝑛𝑘,𝑗𝑙

𝑑
𝑝𝑟𝑟,(𝐸𝑓)
(𝑀𝑖),(𝑛𝑗),(𝑘𝑙)𝑟𝑛𝑗𝑟𝑘𝑙

⎤⎦+

𝐼𝜃,𝐼𝑟∑︁
𝑚𝑛,𝑖𝑗

𝑟𝑚𝑖𝑟𝑛𝑗

⎡⎣𝑑𝑟𝑟,(𝐸𝑓)(𝑚𝑖),(𝑛𝑗) +

𝐼𝜃,𝐼𝑟∑︁
𝐾,𝑙

𝑑
𝑟𝑟𝑝,(𝐸𝑓)
(𝑚𝑖),(𝑛𝑗),(𝐾𝑙)𝑝𝐾𝑙

⎤⎦
+

𝐼𝜃,𝐼𝑟∑︁
𝑀𝑁,𝑖𝑗

𝑝̇𝑀𝑖𝑝̇𝑁𝑗

⎡⎣𝑡𝑝𝑝,(𝐸𝑓)(𝑀𝑖),(𝑁𝑗)+

𝐼𝜃,𝐼𝑟∑︁
𝐾,𝑙

𝑡
𝑝𝑝𝑝,(𝐸𝑓)
(𝑀𝑖),(𝑁𝑗),(𝐾𝑙)𝑝𝐾𝑙

⎤⎦+ 𝐼𝜃,𝐼𝑟∑︁
𝑀𝑛𝑘,𝑖𝑗𝑙

𝑡
𝑝𝑟𝑟,(𝐸𝑓)
(𝑀𝑖),(𝑛𝑗),(𝑘𝑙)𝑝̇𝑀𝑖𝑟̇𝑛𝑗𝑟𝑘𝑙

+

𝐼𝜃,𝐼𝑟∑︁
𝑚𝑛,𝑖𝑗

𝑟̇𝑚𝑖𝑟̇𝑛𝑗

⎡⎣𝑡𝑟𝑟,(𝐸𝑓)(𝑚𝑖),(𝑛𝑗) +

𝐼𝜃,𝐼𝑟∑︁
𝐾,𝑙

𝑡
𝑟𝑟𝑝,(𝐸𝑓)
(𝑚𝑖),(𝑛𝑗),(𝐾𝑙)𝑝𝐾𝑙

⎤⎦+ 𝜎̄2𝐸𝑓𝑝𝐸𝑓

= −(𝜂1 − 𝑔𝜂5 − 𝑆𝑏𝜂5)𝛿1𝐸𝜅1𝑓 𝑃𝑓 ; 𝐸 = 0, . . . , 𝐼𝜃; 𝑓 = 1, . . . , 𝐼𝑟, (4.27a)
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𝐼𝜃,𝐼𝑟∑︁
𝑚,𝑖

𝑟𝑚𝑖

⎡⎣𝛿𝑚𝑒𝛿𝑖𝑗 + 𝐼𝜃,𝐼𝑟∑︁
𝑁,𝑗

𝑑
𝑟𝑝,(𝑒𝑓)
(𝑚𝑖),(𝑁𝑗)𝑝𝑁𝑗 +

𝐼𝜃,𝐼𝑟∑︁
𝑁𝐾,𝑗𝑙

𝑑
𝑟𝑝𝑝,(𝑒𝑓)
(𝑚𝑖),(𝑁𝑗),(𝐾𝑙)𝑝𝑁𝑗𝑝𝐾𝑙

+

𝐼𝜃,𝐼𝑟∑︁
𝑛𝑘,𝑗𝑙

𝑑
𝑟𝑟𝑟,(𝑒𝑓)
(𝑚𝑖),(𝑛𝑗),(𝑘𝑙)𝑟𝑛𝑗𝑟𝑘𝑙

⎤⎦+ 𝐼𝜃,𝐼𝑟∑︁
𝑀𝑛,𝑖𝑗

𝑝𝑀𝑖𝑟𝑛𝑗

⎡⎣𝑑𝑝𝑟,(𝑒𝑓)(𝑀𝑖),(𝑛𝑗) +

𝐼𝜃,𝐼𝑟∑︁
𝐾,𝑙

𝑑
𝑝𝑟𝑝,(𝑒𝑓)
(𝑀𝑖),(𝑛𝑗),(𝐾𝑙)𝑝𝐾𝑙

⎤⎦
+

𝐼𝜃,𝐼𝑟∑︁
𝑀𝑛,𝑖𝑗

𝑝̇𝑀𝑖𝑟̇𝑛𝑗

⎡⎣𝑡𝑝𝑟,(𝑒𝑓)(𝑀𝑖),(𝑛𝑗) +

𝐼𝜃,𝐼𝑟∑︁
𝐾,𝑙

𝑡
𝑝𝑟𝑝,(𝑒𝑓)
(𝑀𝑖),(𝑛𝑗),(𝐾𝑙)𝑝𝐾𝑙

⎤⎦
+

𝐼𝜃,𝐼𝑟∑︁
𝑀𝑁𝑘,𝑖𝑗𝑙

𝑡
𝑝𝑝𝑟,(𝑒𝑓)
(𝑀𝑖),(𝑁𝑗),(𝑘𝑙)𝑝̇𝑀𝑖𝑝̇𝑁𝑗𝑟𝑘𝑙 +

𝐼𝜃,𝐼𝑟∑︁
𝑚𝑛𝑘,𝑖𝑗𝑙

𝑡
𝑟𝑟𝑟,(𝑒𝑓)
(𝑚𝑖),(𝑛𝑗),(𝑘𝑙)𝑟̇𝑚𝑖𝑟̇𝑛𝑗𝑟𝑘𝑙 + 𝜎̄2𝑒𝑓𝑟𝑒𝑓

= −(𝜂2 + 𝑔𝜂4 + 𝑆𝑏𝜂4)𝛿1𝑒𝜅1𝑓𝑃𝑓 ; 𝑒 = 1, . . . , 𝐼𝜃; 𝑓 = 1, . . . , 𝐼𝑟, (4.27b)

where the dimensionless natural frequencies

𝜎̄𝐸𝑓 =
𝜎𝐸𝑡
𝜎

(4.28)

are defined in (4.5), 𝑃𝑓 and 𝑆𝑏 are given in (4.7) and (4.12), respectively,
and the hydrodynamic coefficients in nonlinear quantities can be explicitly
computed as functions of the dimensionless depth ℎ

𝑑
𝑝𝑝,(𝐸𝑓)
(𝑀𝑖),(𝑁𝑗) =

𝜅𝐸𝑓
Λ𝐸𝐸

[︃
Λ𝐸𝐸𝑉

𝑝𝑝
(𝑀𝑖),(𝑁𝑗),(𝐸𝑓) +

𝜒𝑝𝑝(𝑁𝑗)(𝐸𝑓),(𝑀𝑖)

𝜅𝑀𝑖

]︃
,

𝑑
𝑝𝑝𝑝,(𝐸𝑓)
(𝑀𝑖),(𝑁𝑗),(𝐾𝑙) =

𝜅𝐸𝑓
Λ𝐸𝐸

[︃
Λ𝐸𝐸𝑉

𝑝𝑝𝑝
(𝑀𝑖),(𝑁𝑗),(𝐾𝑙),(𝐸𝑓) +

𝜒𝑝𝑝𝑝(𝐸𝑓)(𝑁𝑗)(𝐾𝑙),(𝑀𝑖)

𝜅𝑀𝑖

+

𝐼𝜃,𝐼𝑟∑︁
𝐴,𝑏

𝑉 𝑝𝑝
(𝑀𝑖),(𝑁𝑗),(𝐴𝑏)𝜒

𝑝𝑝
(𝐾𝑙)(𝐸𝑓),(𝐴𝑏)

⎤⎦ ,
𝑑
𝑝𝑟𝑟,(𝐸𝑓)
(𝑀𝑖),(𝑛𝑗),(𝑘𝑙) =

𝜅𝐸𝑓
Λ𝐸𝐸

[︃
Λ𝐸𝐸𝑉

𝑝𝑟𝑟
(𝑀𝑖),(𝑛𝑗),(𝑘𝑙),(𝐸𝑓) +

𝜒𝑝𝑟𝑟(𝐸𝑓),(𝑛𝑗)(𝑘𝑙),(𝑀𝑖)

𝜅𝑀𝑖

+

𝐼𝜃,𝐼𝑟∑︁
𝑎,𝑏

𝑉 𝑝𝑟
(𝑀𝑖),(𝑛𝑗),(𝑎𝑏)𝜒

𝑝𝑟
(𝐸𝑓),(𝑘𝑙),(𝑎𝑏)

⎤⎦ ,

𝑑
𝑟𝑟,(𝐸𝑓)
(𝑚𝑖),(𝑛𝑗) =

𝜅𝐸𝑓
Λ𝐸𝐸

[︃
Λ𝐸𝐸𝑉

𝑟𝑟
(𝑚𝑖),(𝑛𝑗),(𝐸𝑓) +

𝜒𝑝𝑟(𝐸𝑓),(𝑛𝑗),(𝑚𝑖)
𝜅𝑚𝑖

]︃
,
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𝑑
𝑟𝑟𝑝,(𝐸𝑓)
(𝑚𝑖),(𝑛𝑗),(𝐾𝑙) =

𝜅𝐸𝑓
Λ𝐸𝐸

[︃
Λ𝐸𝐸𝑉

𝑟𝑝𝑟
(𝑚𝑖),(𝐾𝑙),(𝑛𝑗),(𝐸𝑓) +

2𝜒𝑝𝑝𝑟(𝐾𝑙)(𝐸𝑓),(𝑛𝑗),(𝑚𝑖)

𝜅𝑚𝑖

+

𝐼𝜃,𝐼𝑟∑︁
𝑎,𝑏

𝑉 𝑟𝑝
(𝑚𝑖),(𝐾𝑙),(𝑎𝑏)𝜒

𝑝𝑟
(𝐸𝑓),(𝑛𝑗),(𝑎𝑏) +

𝐼𝜃,𝐼𝑟∑︁
𝐴,𝑏

𝑉 𝑟𝑟
(𝑚𝑖),(𝑛𝑗),(𝐴𝑏)𝜒

𝑝𝑝
(𝐾𝑙)(𝐸𝑓),(𝐴𝑏)

⎤⎦ ,

𝑡
𝑝𝑝,(𝐸𝑓)
(𝑀𝑖),(𝑁𝑗) =

𝜅𝐸𝑓
Λ𝐸𝐸

[︃
Λ𝐸𝐸𝑉

𝑝𝑝
(𝑀𝑖),(𝑁𝑗),(𝐸𝑓) +

Π𝑝,𝑝
(𝐸𝑓),(𝑀𝑖)(𝑁𝑗)

2𝜅𝑀𝑖𝜅𝑁𝑗

]︃
,

𝑡
𝑝𝑝𝑝,(𝐸𝑓)
(𝑀𝑖),(𝑁𝑗),(𝐾𝑙) =

𝜅𝐸𝑓
Λ𝐸𝐸

[︃
Λ𝐸𝐸𝑉

𝑝𝑝𝑝
(𝑀𝑖),(𝑁𝑗),(𝐾𝑙),(𝐸𝑓) +

Π𝑝,𝑝𝑝
(𝐾𝑙)(𝐸𝑓),(𝑀𝑖)(𝑁𝑗)

𝜅𝑀𝑖𝜅𝑁𝑗

+

𝐼𝜃,𝐼𝑟∑︁
𝐴,𝑏

𝑉 𝑝𝑝
(𝑀𝑖),(𝑁𝑗),(𝐴𝑏)𝜒

𝑝𝑝
(𝐾𝑙)(𝐸𝑓),(𝐴𝑏) +

𝐼𝜃,𝐼𝑟∑︁
𝐴,𝑏

Π𝑝,𝑝
(𝐸𝑓),(𝑀𝑖)(𝐴𝑏)

𝜅𝑀𝑖
𝑉 𝑝𝑝
(𝑁𝑗),(𝐾𝑙),(𝐴𝑏)

⎤⎦ ,

𝑡
𝑟𝑟,(𝐸𝑓)
(𝑚𝑖),(𝑛𝑗) =

𝜅𝐸𝑓
Λ𝐸𝐸

[︃
Λ𝐸𝐸𝑉

𝑟𝑟
(𝑚𝑖),(𝑛𝑗),(𝐸𝑓) +

Π𝑟,𝑝
(𝐸𝑓),(𝑚𝑖)(𝑛𝑗)

2𝜅𝑚𝑖𝜅𝑛𝑗

]︃
,

𝑡
𝑟𝑟𝑝,(𝐸𝑓)
(𝑚𝑖),(𝑛𝑗),(𝐾𝑙) =

𝜅𝐸𝑓
Λ𝐸𝐸

[︃
Λ𝐸𝐸𝑉

𝑟𝑝𝑟
(𝑚𝑖),(𝐾𝑙),(𝑛𝑗),(𝐸𝑓) +

Π𝑟,𝑝𝑝
(𝐾𝑙)(𝐸𝑓),(𝑚𝑖)(𝑛𝑗)

𝜅𝑚𝑖𝜅𝑛𝑗

+

𝐼𝜃,𝐼𝑟∑︁
𝐴,𝑏

𝑉 𝑟𝑟
(𝑚𝑖),(𝑛𝑗),(𝐴𝑏)𝜒

𝑝𝑝
(𝐾𝑙)(𝐸𝑓),(𝐴𝑏) +

𝐼𝜃,𝐼𝑟∑︁
𝑎,𝑏

Π𝑟,𝑝
(𝐸𝑓),(𝑚𝑖)(𝑎𝑏)

𝜅𝑚𝑖
𝑉 𝑟𝑝
(𝑛𝑗),(𝐾𝑙),(𝑎𝑏)

⎤⎦ ,
𝑡
𝑝𝑟𝑟,(𝐸𝑓)
(𝑀𝑖),(𝑛𝑗),(𝑘𝑙) =

𝜅𝐸𝑓
Λ𝐸𝐸

[︃
Λ𝐸𝐸𝑉

𝑝𝑟𝑟
(𝑀𝑖),(𝑛𝑗),(𝑘𝑙),(𝐸𝑓) +

Π𝑝𝑟
(𝐸𝑓),(𝑘𝑙),(𝑀𝑖)(𝑛𝑗)

𝜅𝑀𝑖𝜅𝑛𝑗

+

𝐼𝜃,𝐼𝑟∑︁
𝑎,𝑏

(︂
𝑉 𝑝𝑟
(𝑀𝑖),(𝑛𝑗),(𝑎𝑏)𝜒

𝑝𝑟
(𝐸𝑓),(𝑘𝑙),(𝑎𝑏) +

1

𝜅𝑛𝑗
𝑉 𝑝𝑟
(𝑀𝑖),(𝑘𝑙),(𝑎𝑏)Π

𝑟,𝑝
(𝐸𝑓),(𝑎𝑏)(𝑛𝑗)

)︂

+

𝐼𝜃,𝐼𝑟∑︁
𝐴,𝑏

Π𝑝,𝑝
(𝐸𝑓),(𝑀𝑖)(𝐴𝑏)

𝜅𝑀𝑖
𝑉 𝑟𝑟
(𝑛𝑗),(𝑘𝑙),(𝐴𝑏)

⎤⎦ ,
𝑑
𝑝𝑟,(𝑒𝑓)
(𝑀𝑖),(𝑛𝑗) =

𝜅𝑒𝑓
Λ𝑒𝑒

[︂
Λ𝑒𝑒𝑉

𝑝𝑟
(𝑀𝑖),(𝑛𝑗),(𝑒𝑓) +

𝜒𝑟𝑟(𝑛𝑗),(𝑒𝑓),(𝑀𝑖)

𝜅𝑀𝑖

]︂
,

𝑑
𝑝𝑟𝑝,(𝑒𝑓)
(𝑀𝑖),(𝑛𝑗),(𝐾𝑙) =

𝜅𝑒𝑓
Λ𝑒𝑒

[︃
Λ𝑒𝑒𝑉

𝑝𝑝𝑟
(𝑀𝑖),(𝐾𝑙),(𝑛𝑗),(𝑒𝑓) +

2𝜒𝑝𝑟𝑟(𝐾𝑙),(𝑛𝑗)(𝑒𝑓),(𝑀𝑖)

𝜅𝑀𝑖
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+

𝐼𝜃,𝐼𝑟∑︁
𝐴,𝑏

𝑉 𝑝𝑝
(𝑀𝑖),(𝐾𝑙),(𝐴𝑏)𝜒

𝑟𝑟
(𝑛𝑗)(𝑒𝑓),(𝐴𝑏) +

𝐼𝜃,𝐼𝑟∑︁
𝑎,𝑏

𝑉 𝑝𝑟
(𝑀𝑖),(𝑛𝑗),(𝑎𝑏)𝜒

𝑝𝑟
(𝐾𝑙),(𝑒𝑓),(𝑎𝑏)

⎤⎦ ,

𝑑
𝑟𝑝,(𝑒𝑓)
(𝑚𝑖),(𝑁𝑗) =

𝜅𝑒𝑓
Λ𝑒𝑒

[︃
Λ𝑒𝑒𝑉

𝑟𝑝
(𝑚𝑖),(𝑁𝑗),(𝑒𝑓) +

𝜒𝑝𝑟(𝑁𝑗),(𝑒𝑓),(𝑚𝑖)
𝜅𝑚𝑖

]︃
,

𝑑
𝑟𝑝𝑝,(𝑒𝑓)
(𝑚𝑖),(𝑁𝑗),(𝐾𝑙) =

𝜅𝑒𝑓
Λ𝑒𝑒

[︃
Λ𝑒𝑒𝑉

𝑟𝑝𝑝
(𝑚𝑖),(𝑁𝑗),(𝐾𝑙),(𝑒𝑓) +

𝜒𝑝𝑝𝑟(𝑁𝑗)(𝐾𝑙),(𝑒𝑓),(𝑚𝑖)

𝜅𝑚𝑖

+

𝐼𝜃,𝐼𝑟∑︁
𝑎,𝑏

𝑉 𝑟𝑝
(𝑚𝑖),(𝑁𝑗),(𝑎𝑏)𝜒

𝑝𝑟
(𝐾𝑙),(𝑒𝑓),(𝑎𝑏)

⎤⎦ ,
𝑑
𝑟𝑟𝑟,(𝑒𝑓)
(𝑚𝑖),(𝑛𝑗),(𝑘𝑙) =

𝜅𝑒𝑓
Λ𝑒𝑒

[︂
Λ𝑒𝑒𝑉

𝑟𝑟𝑟
(𝑚𝑖),(𝑛𝑗),(𝑘𝑙),(𝑒𝑓) +

𝜒𝑟𝑟𝑟(𝑛𝑗)(𝑘𝑙)(𝑒𝑓),(𝑚𝑖)

𝜅𝑚𝑖

+

𝐼𝜃,𝐼𝑟∑︁
𝐴,𝑏

𝑉 𝑟𝑟
(𝑚𝑖),(𝑛𝑗),(𝐴𝑏)𝜒

𝑟𝑟
(𝑘𝑙)(𝑒𝑓),(𝐴𝑏)

⎤⎦ ,

𝑡
𝑝𝑟,(𝑒𝑓)
(𝑀𝑖),(𝑛𝑗) =

𝜅𝑒𝑓
Λ𝑒𝑒

[︂
Λ𝑒𝑒𝑉

𝑝𝑟
(𝑀𝑖),(𝑛𝑗),(𝑒𝑓) +

Π𝑟
(𝑒𝑓),(𝑀𝑖),(𝑛𝑗)

𝜅𝑀𝑖𝜅𝑛𝑗

]︂
,

𝑡
𝑝𝑟𝑝,(𝑒𝑓)
(𝑀𝑖),(𝑛𝑗),(𝐾𝑙) =

𝜅𝑒𝑓
Λ𝑒𝑒

[︃
Λ𝑒𝑒𝑉

𝑟𝑝𝑝
(𝑛𝑗),(𝑀𝑖),(𝐾𝑙),(𝑒𝑓) +

Π𝑝𝑟
(𝐾𝑙),(𝑒𝑓),(𝑀𝑖)(𝑛𝑗)

𝜅𝑀𝑖𝜅𝑛𝑗

+

𝐼𝜃,𝐼𝑟∑︁
𝑎,𝑏

𝑉 𝑝𝑟
(𝑀𝑖),(𝑛𝑗),(𝑎𝑏)𝜒

𝑝𝑟
(𝐾𝑙),(𝑒𝑓),(𝑎𝑏) +

𝐼𝜃,𝐼𝑟∑︁
𝑎,𝑏

𝑉 𝑟𝑝
(𝑛𝑗),(𝐾𝑙),(𝑎𝑏)

𝜅𝑀𝑖
Π𝑟

(𝑒𝑓),(𝑀𝑖),(𝑎𝑏)

+

𝐼𝜃,𝐼𝑟∑︁
𝐴,𝑏

𝑉 𝑝𝑝
(𝑀𝑖),(𝐾𝑙),(𝐴𝑏)

𝜅𝑛𝑗
Π𝑟

(𝑒𝑓),(𝐴𝑏),(𝑛𝑗)

⎤⎦ ,

𝑡
𝑝𝑝𝑟,(𝑒𝑓)
(𝑀𝑖),(𝑁𝑗),(𝑘𝑙) =

𝜅𝑒𝑓
Λ𝑒𝑒

[︃
Λ𝑒𝑒𝑉

𝑝𝑝𝑟
(𝑀𝑖),(𝑁𝑗),(𝑘𝑙),(𝑒𝑓) +

Π𝑝,𝑟𝑟
(𝑘𝑙)(𝑒𝑓),(𝑀𝑖)(𝑁𝑗)

𝜅𝑀𝑖𝜅𝑁𝑗

+

𝐼𝜃,𝐼𝑟∑︁
𝐴,𝑏

𝑉 𝑝𝑝
(𝑀𝑖),(𝑁𝑗),(𝐴𝑏)𝜒

𝑟𝑟
(𝑘𝑙)(𝑒𝑓),(𝐴𝑏) +

𝐼𝜃,𝐼𝑟∑︁
𝑎,𝑏

𝑉 𝑝𝑟
(𝑁𝑗),(𝑘𝑙),(𝑎𝑏)

𝜅𝑀𝑖
Π𝑟

(𝑒𝑓),(𝑀𝑖),(𝑎𝑏)

⎤⎦ ,
𝑡
𝑟𝑟𝑟,(𝑒𝑓)
(𝑚𝑖),(𝑛𝑗),(𝑘𝑙) =

𝜅𝑒𝑓
Λ𝑒𝑒

[︃
Λ𝑒𝑒𝑉

𝑟𝑟𝑟
(𝑚𝑖),(𝑛𝑗),(𝑘𝑙),(𝑒𝑓) +

Π𝑟,𝑟𝑟
(𝑘𝑙)(𝑒𝑓),(𝑚𝑖)(𝑛𝑗)

𝜅𝑚𝑖𝜅𝑛𝑗
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+

𝐼𝜃,𝐼𝑟∑︁
𝐴,𝑏

𝑉 𝑟𝑟
(𝑚𝑖),(𝑛𝑗),(𝐴𝑏)𝜒

𝑟𝑟
(𝑘𝑙)(𝑒𝑓),(𝐴𝑏) +

𝐼𝜃,𝐼𝑟∑︁
𝐴,𝑏

𝑉 𝑟𝑟
(𝑚𝑖),(𝑘𝑙),(𝐴𝑏)

𝜅𝑛𝑗
Π𝑟

(𝑒𝑓),(𝐴𝑏),(𝑛𝑗)

⎤⎦ ;

𝑉 𝑝𝑝𝑝
(𝑀𝑖),(𝑁𝑗),(𝐾𝑙),(𝐴𝑏) = 𝑉 𝑝𝑝𝑝

(𝑀𝑖),(𝑁𝑗),(𝐾𝑙),(𝐴𝑏) + 𝑉 𝑝𝑝𝑝
(𝑀𝑖),(𝐾𝑙),(𝑁𝑗),(𝐴𝑏),

𝑉 𝑝𝑟𝑟
(𝑀𝑖),(𝑛𝑗),(𝑘𝑙),(𝐴𝑏) = 𝑉 𝑝𝑟𝑟

(𝑀𝑖),(𝑛𝑗),(𝑘𝑙),(𝐴𝑏) + 𝑉 𝑝𝑟𝑟
(𝑀𝑖),(𝑘𝑙),(𝑛𝑗),(𝐴𝑏) + 𝑉 𝑟𝑝𝑟

(𝑛𝑗),(𝑀𝑖),(𝑘𝑙),(𝐴𝑏),

𝑉 𝑝𝑟
(𝑀𝑖),(𝑛𝑗),(𝑎𝑏) = 𝑉 𝑝𝑟

(𝑀𝑖),(𝑛𝑗),(𝑎𝑏) + 𝑉 𝑟𝑝
(𝑛𝑗),(𝑀𝑖),(𝑎𝑏),

𝑉 𝑟𝑟𝑟
(𝑚𝑖),(𝑛𝑗),(𝑘𝑙),(𝑎𝑏) = 𝑉 𝑟𝑟𝑟

(𝑚𝑖),(𝑛𝑗),(𝑘𝑙),(𝑎𝑏) + 𝑉 𝑟𝑟𝑟
(𝑚𝑖),(𝑘𝑙),(𝑛𝑗),(𝑎𝑏),

𝑉 𝑟𝑝𝑝
(𝑘𝑙),(𝑀𝑖),(𝑁𝑗),(𝑎𝑏) = 𝑉 𝑟𝑝𝑝

(𝑘𝑙),(𝑀𝑖),(𝑁𝑗),(𝑎𝑏) + 𝑉 𝑟𝑝𝑝
(𝑘𝑙),(𝑁𝑗),(𝑀𝑖),(𝑎𝑏) + 𝑉 𝑝𝑝𝑟

(𝑀𝑖),(𝑁𝑗),(𝑘𝑙),(𝑎𝑏).

The system of ordinary differential equations (4.27) can be interpreted as
a mechanical system composed with an infinite number of degrees of freedom
without damping. If we neglect the nonlinear terms by 𝑝𝑀𝑖 and 𝑟𝑚𝑖, the
system splits into an infinite set of linear oscillators. Hence, these uncoupled
oscillators (in our case, related to 𝑝𝑀𝑖 and 𝑟𝑚𝑖) interact exclusively in a
linear manner. The nonlinearity ensures an energy transfer between degrees
of freedom of the hydrodynamic system, here, the generalized coordinates of
𝑝𝑀𝑖 and 𝑟𝑚𝑖.

4.4. On damping in the linear modal theory

Consider the damped linear standing waves in an upright cylindrical con-
tainer. These decaying standing waves are associated with natural sloshing
modes (4.2) and can be modeled using the linear approximation of the modal
system (4.27) by incorporating linear damping coefficients into the linearized
system (4.27). The resulting linear equations (system (4.27)) then resemble a
system of independent linear oscillators without a right-hand (forcing) terms,
i.e.,

𝑝𝑀𝑖+ 2𝜉𝑀𝑖𝜎̄𝑀𝑖𝑝̇𝑀𝑖 + 𝜎̄
2
𝑀𝑖𝑝𝑀𝑖 = 0; 𝑟𝑚𝑖+ 2𝜉𝑚𝑖𝜎̄𝑚𝑖𝑟̇𝑚𝑖 + 𝜎̄

2
𝑚𝑖𝑟𝑚𝑖 = 0, (4.29)

where the framed terms represent the viscous damping.
Normally, the damping rates 𝜉𝑀𝑖 are associated with logarithmic decre-

ment of the natural sloshing modes. The rates are supposed to be small
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dimensionless parameters and account for the cumulative effect of various
dissipative phenomena, including the viscous laminar boundary layer on the
wetted tank surface [160]. Additional factors include viscous affects at the
liquid–tank–gas contact line [158], free-surface contamination [94], and, for
sufficiently strong wave perturbations, the wave breakings [10]. When 𝜉𝑀𝑖

are relatively small, these can be assumed that the frequencies of standing
waves remain approximately equal to those given by the ideal liquid surface
theory (4.5).

According to Henderson and Miles [160] who investigated both experimen-
tal and theoretical values of 𝜉𝑀𝑖, the damping rates 𝜉𝑀𝑖 in (4.29) are mainly
contributed by the viscous boundary layer on the wetted tank surface and
by viscous bulk friction. Theoretical values of 𝜉𝑀𝑖 can be asymptotically de-
rived via the Galilei number [230], 𝐺𝑎≫ 1 (which implies the ratio between
gravity and viscosity), or, more precisely, in terms of the small parameter

𝛿 = Ga−1/4 =

√︁
𝜈/(𝑔1/2𝑅

3/2
0 ) ≪ 1, (4.30)

where 𝜈 is the kinematic viscosity, which provides an asymptotic estimate of
the viscous layer thickness along the wetted tank surface.

The leading-order asymptotic contribution, 𝜉surf
𝑀𝑖 = 𝑂(𝛿), is associated

with the laminar viscous boundary layer on the wetted tank walls. The
value of 𝜉surf

𝑀𝑖 can be estimated using the Keulegan method [158]. The second-
order asymptotic contribution, 𝜉𝑏𝑢𝑙𝑘𝑀𝑖 = 𝑂(𝛿2), is related to the bulk viscosity
(internal friction). According to [159] and [160], the sum

𝜉𝑀𝑖 = 𝜉surf
𝑀𝑖 + 𝜉𝑏𝑢𝑙𝑘𝑀𝑖 (4.31)

provides good agreement with experimental results regarding the damping
decrements of standing linear waves.

To estimate the damping coefficients 𝜉𝑀𝑖 in formula (4.31), one can study
[4] the energy loss of the standing wave over the natural sloshing period.
The derivation procedure for (4.31) is described in detail in the book [4].
The result is

𝜉surf
𝑀𝑖 = 𝛿

𝜇
(1)
𝑀𝑖 +

1
2𝐽

2
𝑀𝑖(𝑘𝑀𝑖)(𝜇

(2)
𝑀𝑖 + 𝜇

(3)
𝑀𝑖)

2
√
2𝜅

5/4
𝑀𝑖 𝜇

(0)
𝑀𝑖

, (4.32)
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where

𝜇
(0)
𝑀𝑖 =

1∫︁
0

𝑟𝐽2
𝑀𝑖(𝑘𝑀𝑖𝑟)𝑑𝑟,

𝜇
(1)
𝑀𝑖 =

1∫︁
0

𝑟𝑘2𝑀𝑖𝐽
′2
𝑀𝑖(𝑘𝑀𝑖𝑟)𝑑𝑟 +𝑀

2

1∫︁
0

𝐽2
𝑀𝑖(𝑘𝑀𝑖𝑟)

𝑟
𝑑𝑟,

𝜇
(2)
𝑀𝑖 =𝑀 2

(︂
tanh(𝑘𝑀𝑖ℎ)

𝑘𝑀𝑖
+

ℎ

cosh2(𝑘𝑀𝑖ℎ)

)︂
,

𝜇
(3)
𝑀𝑖 = 𝑘2𝑀𝑖

(︂
tanh(𝑘𝑀𝑖ℎ)

𝑘𝑀𝑖
− ℎ

cosh2(𝑘𝑀𝑖ℎ)

)︂
(4.33)

and

𝜉𝑏𝑢𝑙𝑘𝑀𝑖 = 𝛿2

[︃
2𝑘2𝑀𝑖

𝜅
1/2
𝑀𝑖

− 𝐽2
𝑀𝑖(𝑘𝑀𝑖)𝜇

(2)
𝑀𝑖

2𝜅
3/2
𝑀𝑖 𝜇

(0)
𝑀𝑖

]︃
. (4.34)

4.5. The damped Narimanov-Moiseev–type modal
equations

We consider an upright circular base rigid tank of the radius 𝑅0 perform-
ing small-amplitude (relative to the radius) oscillatory periodic translatory
motions in the horizontal plane that are governed by the generalized time-
periodic coordinate 𝜂1(𝑡). The excitation period is close to the higher natural
sloshing period so that the contained liquid is in resonance, that is, in par-
ticular, that the surface-wave magnitude is much larger that the excitation
amplitude.

Combining the Miles-Lukovsky variational and Narimanov-Moiseev
asymptotic approaches, a rather compact weakly nonlinear system of or-
dinary differential equations was derived in [4,7]. This Narimanov-Moiseev–
type modal system is applicable when the excitation frequency 𝜎 is close to
the lowest natural sloshing frequency 𝜎11, i.e., 𝜎̄11 → 1, the non-dimensional
liquid depth 1.02 ≲ ℎ (this provides no secondary resonances [1, 7, 74] in
the hydrodynamic system) and the nondimensional (𝑅0-scaled) excitation
amplitude is small

𝜂1 = 𝑂(𝜖) ≪ 1. (4.35)
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Within the framework of the Narimanov-Moiseev–type multimodal mod-
elling, the nondimensional generalised hydrodynamic coordinates satisfy the
asymptotic relations

𝑝11 ∼ 𝑟11 = 𝑂(𝜖1/3), 𝑝0𝑖∼ 𝑝2𝑖∼ 𝑟2𝑖=𝑂(𝜖2/3),

𝑝3𝑖∼ 𝑟3𝑖∼ 𝑝1 𝑖+1 ∼ 𝑟1 𝑖+1 =𝑂(𝜖), 𝑖 ≥ 1, (4.36)

but the modal system neglects the 𝑜(𝜖) terms and takes the form [4,7]

𝑝11 + 2𝜉11𝜎̄11𝑝̇11 +𝒬11(𝑝̇11) + 𝜎̄211𝑝11 + 𝑑1𝑝11
(︀
𝑝11𝑝11 + 𝑟11𝑟11 + 𝑝̇211 + 𝑟̇211

)︀
+ 𝑑2[𝑟11(𝑝11𝑟11 − 𝑟11𝑝11) + 2𝑟̇11(𝑝̇11𝑟11 − 𝑟̇11𝑝11)

+

𝐼𝑟∑︁
𝑗=1

[︁
𝑑
(𝑗)
3 (𝑝11𝑝2𝑗 + 𝑟11𝑟2𝑗 + 𝑝̇11𝑝̇2𝑗 + 𝑟̇11𝑟̇2𝑗) + 𝑑

(𝑗)
4 (𝑝2𝑗𝑝11 + 𝑟2𝑗𝑟11)

+𝑑
(𝑗)
5 (𝑝11𝑝0𝑗 + 𝑝̇11𝑝̇0𝑗) + 𝑑

(𝑗)
6 𝑝0𝑗𝑝11

]︁
= −𝜂1𝜅11𝑃1, (4.37a)

𝑟11 + 2𝜉11𝜎̄11𝑟̇11 +𝒬11(𝑟̇11) + 𝜎̄211𝑟11 + 𝑑1𝑟11
(︀
𝑝11𝑝11 + 𝑟11𝑟11 + 𝑝̇211 + 𝑟̇211

)︀
+ 𝑑2[𝑝11(𝑟11𝑝11 − 𝑝11𝑟11) + 2𝑝̇11(𝑟̇11𝑝11 − 𝑝̇11𝑟11)

𝐼𝑟∑︁
𝑗=1

[︁
𝑑
(𝑗)
3 (𝑝11𝑟2𝑗 − 𝑟11𝑝2𝑗 + 𝑝̇11𝑟̇2𝑗 − 𝑝̇2𝑗 𝑟̇11)

+ 𝑑
(𝑗)
4 (𝑟2𝑗𝑝11 − 𝑝2𝑗𝑟11) +𝑑

(𝑗)
5 (𝑟11𝑝0𝑗 + 𝑟̇11𝑝̇0𝑗) + 𝑑

(𝑗)
6 𝑝0𝑗𝑟11

]︁
= 0; (4.37b)

𝑝2𝑘+ 2𝜉2𝑘𝜎̄2𝑘𝑝̇2𝑘 +𝜎̄
2
2𝑘𝑝2𝑘+𝑑7,𝑘(𝑝̇

2
11− 𝑟̇211)+𝑑9,𝑘(𝑝11𝑝11−𝑟11𝑟11) = 0, (4.38a)

𝑟2𝑘 + 2𝜉2𝑘𝜎̄2𝑘𝑟̇2𝑘 + 𝜎̄22𝑘𝑟2𝑘 + 2𝑑7,𝑘𝑝̇11𝑟̇11 + 𝑑9,𝑘(𝑝11𝑟11 + 𝑟11𝑝11) = 0, (4.38b)

𝑝0𝑘+ 2𝜉0𝑘𝜎̄0𝑘𝑝̇0𝑘 +𝜎̄
2
0𝑘𝑝0𝑘+𝑑8,𝑘(𝑝̇

2
11+𝑟̇

2
11)+𝑑10,𝑘(𝑝11𝑝11+𝑟11𝑟11) = 0; (4.38c)

𝑝3𝑘 + 2𝜉3𝑘𝜎̄3𝑘𝑝̇3𝑘 + 𝜎̄23𝑘𝑝3𝑘 + 𝑑11,𝑘[𝑝11(𝑝
2
11 − 𝑟211)− 2𝑝11𝑟11𝑟11]

+ 𝑑12,𝑘[𝑝11(𝑝̇
2
11 − 𝑟̇211)− 2𝑟11𝑝̇11𝑟̇11] +

𝐼𝑟∑︁
𝑗=1

[︁
𝑑
(𝑗)
13,𝑘(𝑝11𝑝2𝑗 − 𝑟11𝑟2𝑗)

+ 𝑑
(𝑗)
14,𝑘(𝑝2𝑗𝑝11 − 𝑟2𝑗𝑟11) +𝑑

(𝑗)
15,𝑘(𝑝̇2𝑗 𝑝̇11 − 𝑟̇2𝑗 𝑟̇11)

]︁
= 0, (4.39a)



113

𝑟3𝑘 + 2𝜉3𝑘𝜎̄3𝑘𝑟̇3𝑘 + 𝜎̄23𝑘𝑟3𝑘 + 𝑑11,𝑘
[︀
𝑟11(𝑝

2
11 − 𝑟211) + 2𝑝11𝑟11𝑝11

]︀
+ 𝑑12,𝑘

[︀
𝑟11(𝑝̇

2
11 − 𝑟̇211) +2𝑝11𝑝̇11𝑟̇11] +

𝐼𝑟∑︁
𝑗=1

[︁
𝑑
(𝑗)
13,𝑘(𝑝11𝑟2𝑗 + 𝑟11𝑝2𝑗)

+ 𝑑
(𝑗)
14,𝑘(𝑝2𝑗𝑟11 + 𝑟2𝑗𝑝11) +𝑑

(𝑗)
15,𝑘(𝑝̇2𝑗 𝑟̇11 + 𝑟̇2𝑗 𝑝̇11)

]︁
= 0, 𝑘 = 1, ..., 𝐼𝑟; (4.39b)

𝑝1𝑛+ 2𝜉1𝑛𝜎̄1𝑛𝑝̇1𝑛 +𝜎̄
2
1𝑛𝑝1𝑛+𝑑16,𝑛(𝑝11𝑝

2
11+𝑟11𝑝11𝑟11)+𝑑17,𝑛(𝑝11𝑟

2
11−𝑟11𝑝11𝑟11)

+ 𝑑18,𝑛𝑝11(𝑝̇
2
11 + 𝑟̇211) + 𝑑19,𝑛(𝑟11𝑝̇11𝑟̇11 − 𝑝11𝑟̇

2
11)

+

𝐼𝑟∑︁
𝑗=1

[︁
𝑑
(𝑗)
20,𝑛(𝑝11𝑝2𝑗 + 𝑟11𝑟2𝑗) + 𝑑

(𝑗)
21,𝑛(𝑝11𝑝2𝑗 + 𝑟11𝑟2𝑗) + 𝑑

(𝑗)
22,𝑛(𝑝̇11𝑝̇2𝑗 + 𝑟̇11𝑟̇2𝑗)

+𝑑
(𝑗)
23,𝑛𝑝11𝑝0𝑗 + 𝑑

(𝑗)
24,𝑛𝑝11𝑝0𝑗 + 𝑑

(𝑗)
25,𝑛𝑝̇11𝑝̇0𝑗

]︁
= −𝜂1𝜅1𝑛𝑃𝑛, (4.40a)

𝑟1𝑛+ 2𝜉1𝑛𝜎̄1𝑛𝑟̇1𝑛 +𝜎̄
2
1𝑛𝑟1𝑛+𝑑16,𝑛(𝑟11𝑟

2
11+𝑟11𝑝11𝑝11)+𝑑17,𝑛(𝑟11𝑝

2
11−𝑟11𝑝11𝑝11)

+ 𝑑18,𝑛𝑟11(𝑝̇
2
11 + 𝑟̇211) + 𝑑19,𝑛(𝑝11𝑝̇11𝑟̇11 − 𝑟11𝑝̇

2
11)

+

𝐼𝑟∑︁
𝑗=1

[︁
𝑑
(𝑗)
20,𝑛(𝑝11𝑟2𝑗− 𝑟11𝑝2𝑗)+𝑑

(𝑗)
21,𝑛(𝑝11𝑟2𝑗−𝑟11𝑝2𝑗) + 𝑑

(𝑗)
22,𝑛(𝑝̇11𝑟̇2𝑗 − 𝑟̇11𝑝̇2𝑗)

+𝑑
(𝑗)
23,𝑛𝑟11𝑝0𝑗 + 𝑑

(𝑗)
24,𝑛𝑟11𝑝0𝑗 + 𝑑

(𝑗)
25,𝑛𝑟̇11𝑝̇0𝑗

]︁
= 0, 𝑛 = 2, ..., 𝐼𝑟, (4.40b)

where

𝑃𝑗 =
1

𝑘1𝑗

√︃
2

𝑘21𝑗 − 1
(4.41)

and the non-dimensional hydrodynamic coefficients at the nonlinear quanti-
ties are the given functions of the non-dimensional liquid depth ℎ which are
tabled in [4].

Following [4], the nonlinear Narimanov-Moiseev–type equations (4.37)–
(4.40) are equipped with extra framed terms which are not derivable from
the original mathematical statement but are needed to account for the viscous
damping. The terms include linear components with the damping coefficients
2𝜉𝑀𝑖𝜎̄𝑀𝑖 (0 < 𝜉𝑀𝑖 ≪ 1 are the viscous damping rates) which can physically
be related to logarithmic decrements of the natural sloshing modes when the
free-surface nonlinearity does not matter. In addition, the nonlinear damping
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quantity 𝒬11 is introduced in (4.37) governing the lowest-order (dominant)
generalised hydrodynamic coordinates 𝑝11(𝑡) and 𝑟11(𝑡).

Experimental estimates of the damping rates 𝜉𝑀𝑖 might be done by mea-
suring the logarithmic decrements [1, 160, 219] of the corresponding natural
sloshing modes (standing waves). The procedure of restoring 𝜉𝑀𝑖 from these
measurements could mathematically be interpreted as a [machine] learning
of the linearised modal equations (4.37)–(4.40). Theoretical predictions of
𝜉𝑀𝑖 are derivable by solving a spectral boundary value problem on linear
sloshing of viscous liquid [48, 230]. Alternatively, the theoretical damping
rates 𝜉𝑀𝑖 can be estimated by employing asymptotic formulas by Keule-
gan [4,158,160,219] that assumes laminar viscous flow near the wetted tank
surface.

Specifically, all the aforementioned approaches to estimating the damping
rates 𝜉𝑀𝑖 are invalid for nonlinear resonant sloshing when total energy loss
is seriously affected by energy flow from lower to higher natural sloshing
modes [220]. This means that 𝜉𝑀𝑖 in (4.37)–(4.40) are poorly predicted by
existing theories [4, 48, 158, 160, 219]. The latter is also true for experiments
when the free-surface nonlinearity is not negligible.

The nonlinear Narimanov-Moiseev–type modal system (4.38)–(4.40) is
of asymptotic nature. It neglects the 𝑜(𝜖)-order quantities including whose
associated with viscous damping. Furthermore, one should recall that the
damping rates 𝜉𝑀𝑖 should be small. It is because they should be propor-
tional to the viscous boundary layer thickness at the liquid boundary but the
thickness must be small if an inviscid-liquid hydrodynamic model is adopted.

In [4], the damping rates 𝜉𝑀𝑖 are assumed being of the 𝑂(𝜖2/3)-order
that made it possible to completely neglect viscous damping in (4.38)–(4.40)
and require 𝒬11 ≡ 0. Under this asymptotic assumption, the Narimanov-
Moiseev–type modal theory completely fails to fit the measured data in [10]
on the phase lag for the steady-state swirling wave mode. On the other hand,
the authors [215] showed that assuming the 𝑂(𝜖1/3)-order damping rates in
the Narimanov-Moiseev–type modal equations for sloshing in a rectangular
tank makes it possible to fit analogous measurements in [11]. Let us further
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follow [215] and, therefore, postulate 𝜉𝑀𝑖 = 𝑂(𝜖1/3) and

𝒬11 (𝑓) = 𝜉1
3𝜋

4
𝑓 |𝑓 |+ 𝑜(𝑓 2), 𝜉1 = 𝑂(𝜖1/3). (4.42)

4.6. Steady-state resonant sloshing

The nonlinear modal equations (4.37)–(4.40) were derived assuming reso-
nant excitation of the lowest natural sloshing mode. Consider the harmonic
resonant longitudinal forcing of a small amplitude, i.e.,

𝜂1(𝑡) = 𝜂1𝑎 cos 𝑡, 𝜂1𝑎 = 𝑂(𝜖) ≪ 1, (4.43)

when the excitation (equal to the characteristic) frequency 𝜎 is close to the
first natural sloshing frequency 𝜎11 as well as the Moiseev asymptotic detun-
ing is satisfied,

Λ = 𝜎̄211 − 1 =
𝜎211
𝜎2

− 1 = 𝑂(𝜖2/3). (4.44)

Even though the Narimanov-Moiseev–type equations (4.37)–(4.40) are
equipped with extra damping terms, its asymptotic periodic solution can
be constructed by combining asymptotic and Fourier harmonic analysis
from [4,7]. The starting point consists of considering the first (lowest) order
asymptotic approximation which is associated with amplitudes at the lowest
Fourier harmonics in the dominant generalised hydrodynamic coordinates

𝑝11(𝑡) = 𝑎 cos 𝑡+ 𝑎̄ sin 𝑡+𝑂(𝜖); 𝑟11(𝑡) = 𝑏̄ cos 𝑡+ 𝑏 sin 𝑡+𝑂(𝜖), (4.45)

where the non-dimensional amplitude parameters 𝑎, 𝑎̄, 𝑏̄, and 𝑏 = 𝑂(𝜖1/3).
Why these four lowest order amplitudes are of the lowest asymptotic order
𝑂(𝜖1/3) in the Narimanov-Moiseev–type approximation.

Substitution of (4.45) into (4.38) derives

𝑝0𝑘(𝑡) = 𝑠0𝑘(𝑎
2 + 𝑎̄2 + 𝑏2 + 𝑏̄2)

+ 𝑠1𝑘
[︀
(𝑎2 − 𝑎̄2 − 𝑏2 + 𝑏̄2) cos 2𝑡+ 2(𝑎𝑎̄+ 𝑏𝑏̄) sin 2𝑡

]︀
+ 𝑠2𝑘

[︀
−2(𝑎𝑎̄+ 𝑏𝑏̄) cos 2𝑡+ (𝑎2 − 𝑎̄2 − 𝑏2 + 𝑏̄2) sin 2𝑡

]︀
+ 𝑜(𝜖), (4.46a)

𝑝2𝑘(𝑡) = 𝑐0𝑘(𝑎
2 + 𝑎̄2 − 𝑏2 − 𝑏̄2)
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+ 𝑐1𝑘
[︀
(𝑎2 − 𝑎̄2 + 𝑏2 − 𝑏̄2) cos 2𝑡+ 2(𝑎𝑎̄− 𝑏𝑏̄) sin 2𝑡

]︀
+ 𝑐2𝑘

[︀
−2(𝑎𝑎̄− 𝑏𝑏̄) cos 2𝑡+ (𝑎2 − 𝑎̄2 + 𝑏2 − 𝑏̄2) sin 2𝑡

]︀
+ 𝑜(𝜖), (4.46b)

𝑟2𝑘(𝑡) = 2𝑐0𝑘(𝑎𝑏̄+ 𝑏𝑎̄) + 2𝑐1𝑘
[︀
(𝑎𝑏̄− 𝑏𝑎̄) cos 2𝑡+ (𝑎𝑏+ 𝑎̄𝑏̄) sin 2𝑡

]︀
+ 2𝑐2𝑘

[︀
−(𝑎𝑏+ 𝑎̄𝑏̄) cos 2𝑡+ (𝑎𝑏̄− 𝑏𝑎̄) sin 2𝑡

]︀
+ 𝑜(𝜖), (4.46c)

where

𝑠0𝑘 =
𝑑10,𝑘 − 𝑑8,𝑘

2𝜎̄20𝑘
; 𝑠1𝑘 =

𝑑10,𝑘 + 𝑑8,𝑘
2Δ0𝑘

(𝜎̄20𝑘 − 4),

𝑠2𝑘 = 2
𝑑10,𝑘 + 𝑑8,𝑘

Δ0𝑘
𝜉0,𝑘𝜎̄0𝑘; 𝑐0𝑘 =

𝑑9,𝑘 − 𝑑7,𝑘
2𝜎̄22𝑘

,

𝑐1𝑘 =
𝑑9,𝑘 + 𝑑7,𝑘

2Δ2𝑘
(𝜎̄22𝑘 − 4); 𝑐2𝑘 = 2

𝑑9,𝑘 + 𝑑7,𝑘
Δ2𝑘

𝜉2,𝑘𝜎̄2𝑘

(4.47)

and

Δ0𝑘 = (𝜎̄20𝑘 − 4)2 + 16𝜉20𝑘𝜎̄
2
0𝑘; Δ2𝑘 = (𝜎̄22𝑘 − 4)2 + 16𝜉22𝑘𝜎̄

2
2𝑘. (4.48)

Inserting (4.45) and (4.46) into (4.37) and collecting the terms in front of
the first Fourier harmonics, cos 𝑡 and sin 𝑡, deduce the necessary solvability
(secular) conditions

𝑎
[︀
Λ +𝑚1(𝑎

2 + 𝑎̄2 + 𝑏̄2) +𝑚3𝑏
2 − 2(𝑚7 −𝑚6)𝑏𝑏̄

]︀
+ 𝑎̄

[︀
(𝑚1 −𝑚3)𝑏̄𝑏+ (𝜉0 + 𝜉1𝐴) − (𝑚6 +𝑚7)(𝑎

2 + 𝑎̄2 + 𝑏2)

−(3𝑚6 −𝑚7)𝑏̄
2
]︀
= 𝜖𝑥 = 𝜅11𝑃1𝜂1𝑎, (4.49a)

𝑎̄
[︀
Λ +𝑚1(𝑎

2 + 𝑎̄2 + 𝑏2) +𝑚3𝑏̄
2 + 2(𝑚7 −𝑚6)𝑏𝑏̄

]︀
+ 𝑎

[︀
(𝑚1 −𝑚3)𝑏̄𝑏

−(𝜉0 + 𝜉1𝐴) + (𝑚6 +𝑚7)(𝑎
2 + 𝑎̄2 + 𝑏̄2) + (3𝑚6 −𝑚7)𝑏

2
]︀
= 0, (4.49b)

𝑏
[︀
Λ +𝑚1(𝑏

2 + 𝑏̄2 + 𝑎̄2) +𝑚3𝑎
2 + 2(𝑚7 −𝑚6)𝑎𝑎̄

]︀
+ 𝑏̄ [(𝑚1 −𝑚3)𝑎̄𝑎

−(𝜉0 + 𝜉1𝐵) + (𝑚6 +𝑚7)(𝑏
2 + 𝑏̄2 + 𝑎2) + (3𝑚6 −𝑚7)𝑎̄

2
]︀
= 0, (4.49c)

𝑏̄
[︀
Λ +𝑚1(𝑏

2 + 𝑏̄2 + 𝑎2) +𝑚3𝑎̄
2 − 2(𝑚7 −𝑚6)𝑎𝑎̄

]︀
+ 𝑏 [(𝑚1 −𝑚3)𝑎̄𝑎

+(𝜉0 + 𝜉1𝐵)− (𝑚6 +𝑚7)(𝑏
2 + 𝑏̄2 + 𝑎̄2)− (3𝑚6 −𝑚7)𝑎

2
]︀
= 0 (4.49d)
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with respect to 𝑎, 𝑎̄, 𝑏̄ and 𝑏, 𝜉0 = 2𝜉11, so that the system (4.49) defines
the amplitude parameters as functions the frequency parameter Λ by (4.44).
The coefficients 𝑚𝑖 are calculated by the formulas

𝑚1 = −1
2𝑑1 +

𝐼𝑟∑︁
𝑗=1

[︁
𝑐1𝑗

(︁
1
2𝑑

(𝑗)
3 − 2𝑑

(𝑗)
4

)︁
+ 𝑠1𝑗

(︁
1
2𝑑

(𝑗)
5 − 2𝑑

(𝑗)
6

)︁
−𝑠0𝑗𝑑(𝑗)5 − 𝑐0𝑗𝑑

(𝑗)
3

]︁
, (4.50a)

𝑚3 =
1
2𝑑1 − 2𝑑2 +

𝐼𝑟∑︁
𝑗=1

[︁
𝑐1𝑗

(︁
3
2𝑑

(𝑗)
3 − 6𝑑

(𝑗)
4

)︁
+ 𝑠1𝑗

(︁
−1

2𝑑
(𝑗)
5 + 2𝑑

(𝑗)
6

)︁
−𝑠0𝑗𝑑(𝑗)5 + 𝑐0𝑗𝑑

(𝑗)
3

]︁
, (4.50b)

𝑚6 =

𝐼𝑟∑︁
𝑗=1

𝑐2𝑗

(︁
1
2𝑑

(𝑗)
3 − 2𝑑

(𝑗)
4

)︁
; 𝑚7 =

𝐼𝑟∑︁
𝑗=1

𝑠2𝑗

(︁
1
2𝑑

(𝑗)
5 − 2𝑑

(𝑗)
6

)︁
, (4.50c)

which are formally functions of ℎ and 𝜎̄11 = 1+𝑂(𝜖2/3) so that excluding the
higher-order terms in𝑚𝑘 implies considering 𝜎̄20𝑘 and 𝜎̄22𝑘 in expressions (4.47)
and (4.48) independent of 𝜎2 and equal to 𝜎20𝑘/𝜎

2
11 and 𝜎22𝑘/𝜎

2
11, respectively.

Following [8], we introduce the integral amplitudes

𝐴 =
√︀
𝑎2 + 𝑎̄2 and 𝐵 =

√︀
𝑏̄2 + 𝑏2 > 0, (4.51)

which link the original amplitude parameters as follows

𝑎 = 𝐴 cos𝜓, 𝑎̄ = 𝐴 sin𝜓, 𝑏̄ = 𝐵 cos𝜙, 𝑏 = 𝐵 sin𝜙, (4.52)

where 𝜓 and 𝜙 are the phase lags.
By substituting (4.52) into expressions [𝑎̄ (4.49a)−𝑎 (4.49b)], [𝑏̄ (4.49c)−

𝑏 (4.49d)], [𝑎 (4.49a) + 𝑎̄ (4.49b)] and [𝑏 (4.49c) + 𝑏̄ (4.49d)], we arrive at the
following alternative secular equations⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

1 : 𝐴[Λ +𝑚1𝐴
2 + (ℱ +ℋ)𝐵2] = 𝜖𝑥 cos𝜓,

2 : 𝐵[Λ +𝑚1𝐵
2 + (ℱ −ℋ)𝐴2] = 0,

3 : 𝐴[(𝒟 + 𝒢)𝐵2 + (𝜉0 + 𝜉1𝐴)− (𝑚6 +𝑚7)𝐴
2] = 𝜖𝑥 sin𝜓,

4 : 𝐵[(𝒟 − 𝒢)𝐴2 − (𝜉0 + 𝜉1𝐵) + (𝑚6 +𝑚7)𝐵
2] = 0,

(4.53)
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where

ℱ = ℱ𝛼 = 𝑚1 cos
2 𝛼 +𝑚3 sin

2 𝛼,

𝒟 = 𝒟𝛼 = (𝑚3 −𝑚1) sin𝛼 cos𝛼,

𝒢 = 𝒢𝛼 = 𝑚7 − 3𝑚6 + 2(𝑚6 −𝑚7) cos
2 𝛼,

ℋ = ℋ𝛼 = 2(𝑚6 −𝑚7) sin𝛼 cos𝛼,

(4.54)

and 𝛼 = 𝜙 − 𝜓. The secular systems (4.49) and (4.53) are mathematically
equivalent. Having known 𝐴,𝐵, 𝜓, 𝜙 from (4.53), we can define 𝑎, 𝑎̄, 𝑏, 𝑏̄
and vice versa. There are two physically different solutions which determine
planar and swirling steady-state waves.

The planar steady-state waves correspond to 𝐵 = 0 and 𝐴 > 0 (phase
lag 𝜙 is not defined), where 𝐴 and 𝜓 are analytically represented by

𝐴2
[︀
(Λ +𝑚1𝐴

2)2 + (𝜉0 + 𝜉1𝐴− (𝑚6 +𝑚7)𝐴
2)2

]︀
= 𝜖2𝑥

⇕

− 1 < Λ[𝐴] = ±
√︂
𝜖2𝑥
𝐴2

− (𝜉0 + 𝜉1𝐴− (𝑚6 +𝑚7)𝐴2)2 −𝑚1𝐴
2,

𝜓[𝐴] = atan2
(︂
𝐴(𝜉0 + 𝜉1𝐴− (𝑚6 +𝑚7)𝐴

2)

𝜖𝑥
,
𝐴(Λ[𝐴] +𝑚1𝐴

2)

𝜖𝑥

)︂
,

(4.55)

which parametrically determine the wave amplitude (𝜎/𝜎1 = (Λ[𝐴] +

1)−1/2, 𝐴, 0) and phase lag (𝜎/𝜎1 = (Λ[𝐴] + 1)−1/2, 𝜓[𝐴], 0) response curves
as functions of 𝐴𝑚𝑖𝑛 < 𝐴 < 𝐴𝑚𝑎𝑥, where 𝐴𝑚𝑎𝑥 comes from the positiveness
of expression under the square root and 𝐴𝑚𝑖𝑛 is associated with the equality
−1 < Λ[𝐴].

The swirling steady-state wave regime is associated with solution of (4.53)
when 𝐵 > 0. To get this solution, the secular system should be rewritten in
the form

4 : 𝐴2
[𝐵,𝛼] =

𝜉0 + 𝜉1𝐵 − (𝑚6 +𝑚7)𝐵
2

𝒟𝛼 − 𝒢𝛼
> 0, (4.56a)

2 : Λ[𝐵,𝛼] = −𝑚1𝐵
2 − (ℱ𝛼 −ℋ𝛼)𝐴

2
[𝐵,𝛼] > −1, (4.56b)

1
2 + 4

2 : 𝜖2𝑥 = 𝐴2
[𝐵,𝛼]

(︂[︁
Λ[𝐵,𝛼] +𝑚1𝐴

2
[𝐵,𝛼] + (ℱ𝛼 +ℋ𝛼)𝐵

2
]︁2

+
[︁
(𝜉0 + 𝜉1𝐴[𝐵,𝛼])− (𝑚6 +𝑚7)𝐴

2
[𝐵,𝛼] + (𝒟𝛼 + 𝒢𝛼)𝐵2

]︁2)︂
, (4.56c)
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1 , 4 : 𝜓[𝐵,𝛼] = atan2

⎛⎝𝐴[𝐵,𝛼]

(︁
𝜉0 + 𝜉1𝐴[𝐵,𝛼] − (𝑚6 +𝑚7)𝐴

2
[𝐵,𝛼]

)︁
𝜖𝑥

,

𝐴[𝐵,𝛼]

(︁
Λ[𝐵,𝛼] +𝑚1𝐴

2
[𝐵,𝛼]

)︁
𝜖𝑥

⎞⎠ , (4.56d)

𝜙[𝐵,𝛼] = 𝛼 + 𝜓[𝐵,𝛼] (4.56e)

whose consequently usage makes it possible to draw the amplitude/phase-lag
response branchings, parametrically, as functions of 𝐵.

Summarizing the above derivations implies that we proved the following
theorem.

Theorem 4.1. Getting the branches for the swirling wave mode implies fol-
lowing the computational procedure:
10. Consider a trial fixed value 𝐵 > 0.

20. Because 𝒟𝛼,𝒢𝛼,ℱ𝛼, and ℋ𝛼 are the 𝜋–periodic functions of 𝛼, one can
find intervals (𝛼𝑖, 𝛼𝑖+1), 0 ≤ 𝛼𝑖 < 𝜋, where inequality (4.56a) is satisfied for
the chosen 𝐵 and, therefore, the real 𝐴 > 0 exists.

30. Substitute (4.56a) and (4.56b) into (4.56c) to get (for the chosen fixed
𝐵) an equation with respect to 𝛼 defined on the above computed intervals
(𝛼𝑖, 𝛼𝑖+1), 0 ≤ 𝛼𝑖 < 𝜋. Denote these roots as 𝛼[𝑘]

[𝐵], 𝑘 = 1, ..., 𝑁𝐵.

40. Consequently inserting 𝐵 and 𝛼 = 𝛼
[𝑘]
[𝐵], 𝑘 = 1, ..., 𝑁𝐵 into (4.56a),

(4.56b) and (4.56e) determines 𝑁𝐵 points on the amplitude(︁
𝜎/𝜎1 = (Λ[𝐵,𝛼[𝑘]

[𝐵]]
+ 1)−1/2, 𝐴[𝐵,𝛼[𝑘]

[𝐵]]
, 𝐵

)︁
, 𝑘 = 1, ..., 𝑁𝐵 (4.57)

and phase-lag(︁
𝜎/𝜎1 = (Λ[𝐵,𝛼[𝑘]

[𝐵]]
+ 1)−1/2, 𝜓[𝐵,𝛼[𝑘]

[𝐵]]
, 𝜙[𝐵,𝛼[𝑘]

[𝐵]]

)︁
, 𝑘 = 1, ..., 𝑁𝐵 (4.58)

response curves.

50. Varying 𝐵 between 0 and 𝐵𝑚𝑎𝑥 which obviously exists since the right-
hand side of (4.56c) increases with increasing 𝐵 draws the response curves
by (4.57) and (4.58).
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4.7. Learning the damping coefficients 𝜉0𝑖, 𝜉2𝑖, 𝜉0 and 𝜉1

Based on analytical solutions (4.55) and (4.56) and experimental data on
the phase lag, one can, following [215], construct a learning procedure to
compute the positive damping rates 𝜉0𝑖, 𝜉2𝑖 as well as 𝜉0 and 𝜉1 (denote all of
them as the vector 𝜉 ≥ 0).

Appropriate measurements of the phase lag 𝜓 for stable swirling were done
in [10]. These measurements were employed in [4] to show that assuming the
damping rates (= viscous boundary layer thickness) of the order 𝑂(𝜖2/3)
(which means 𝜉0𝑖 = 𝜉2𝑖 = 0 and 𝜉1 = 0 when neglecting the 𝑜(𝜖)-order
terms in the modal system) makes it impossible to fit, even qualitatively, the
measured phase-lag data within the framework of the Narimanov-Moiseev–
type modal theory.

Assume the given experimental measurements of the phase lag with the
same liquid depth but, possibly, different forcing amplitudes, 𝜖𝑥, are presented
by the pairs

(𝜎/𝜎11 = 𝑠𝑗(𝜖𝑥), 𝜓 = 𝑝𝑗(𝜖𝑥)), 𝑗 = 1, ..., 𝑁 (4.59)

and consider the theoretical phase-lag branch(︂
[𝜎/𝜎11][𝐵,𝛼[*]

[𝐵]]
(𝜖𝑥, 𝜉) =

(︁
Λ[𝐵,𝛼[*]

[𝐵]]
(𝜖𝑥, 𝜉) + 1

)︁−1/2

, 𝜓[𝐵,𝛼[*]
[𝐵]]

(𝜖𝑥, 𝜉)

)︂
(4.60)

as a function of 0 < 𝐵 ≤ 𝐵𝑚𝑎𝑥.
Similar to [215], we also introduce the distance function between the mea-

sured (4.59) and theoretical (4.60) phase-lag branches as follows

𝐷(𝜖𝑥, 𝜉, 𝑗) =

(︂
min

0≤𝐵≤𝐵𝑚𝑎𝑥

(︁
𝑠𝑗(𝜖𝑥)− [𝜎/𝜎11][𝐵,𝛼[*]

[𝐵]]
(𝜖𝑥, 𝜉)

)︁2

+
(︁
𝑝𝑗(𝜖𝑥)− 𝜓[𝐵,𝛼[*]

[𝐵]]
(𝜖𝑥, 𝜉)

)︁2
)︂1/2

, (4.61)

which is determined for each fixed experimental point 𝑗 with the excitation
amplitude 𝜖𝑥 and the trial vector 𝜉 ≥ 0 of the damping rates. The integral
(summarised) distance reads as

𝐶(𝜉) =
𝑁∑︁
𝑗=1

∑︁
𝜖𝑥

𝐷(𝜖𝑥, 𝜉, 𝑗). (4.62)
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It appears as the cost function in the learning procedure. Minimisation of
the cost function (4.62) can be done by the gradient descent method.

To the authors best knowledge, the research paper [10] is a unique case
when its authors measured the phase lag for steady-state resonant slosh-
ing in an upright circular base tank exposed to a horizontal harmonic ex-
citation. The measurements were done for the swirling-wave regime when
the nondimensional mean liquid depth ℎ = 1.5 and the excitation am-
plitude 𝜂2𝑎 = 0.045. These were already employed in [4, 9] to investi-
gate applicability of the Narimanov-Moiseev–type theory with 𝜉11 ̸= 0 but
𝜉1 = 𝜉0𝑘 = 𝜂2𝑘 = 0, 𝑘 = 1, ..., 𝑁𝑟, which corresponds to the 𝑂(𝜖2/3)-
order viscous boundary layer thickness. Similar failure was reported in [11]
which used analogous assumptions to the Narimanov-Moiseev–type modal
system [3] on sloshing in a two=dimensional rectangular tank. The present
authors [215] showed that the latter modal system effectively fits the ex-
perimental data from [11] with viscous damping terms associated with the
𝑂(𝜖1/3)-asymptotics for the viscous boundary layer.

Fig. 4.2 demonstrates results of the developed (machine) learning pro-
cedure resulted from feature data on the phase lag in [10]. The left
panel is drown when the learning procedure adopts the whole set of mea-
surements including those where experimental observations discovered se-
vere wave breakings with the free-surface fragmentation. The computed
damping coefficients are 𝜉0 = 1.019368961 · 10−4, 𝜉1 = 2.259451 · 10−2,
𝜉01 = 2.6424261 · 10−2, 𝜉02 = 6.4908885462 · 10−3, 𝜉03 = 0.21416321, and
𝜉21 = 0.150823783, 𝜉22 = 7.008502736 · 10−3, 𝜉23 = 7.00062716 · 10−3.
The right panel in Fig. 4.2 compares theory and experiments when fea-
ture data corresponding to severe breaking waves in [10] are excluded.
The computed damping coefficients are 𝜉0 = 0.0, 𝜉1 = 8.393626 · 10−3,
𝜉01 = 2.74034543 · 10−2, 𝜉02 = 8.7304159 · 10−3, 𝜉03 = 0.2148668, and
𝜉21 = 0.15094845, 𝜉22 = 7.138907 · 10−3, 𝜉23 = 7.31498666 · 10−3.

The computed damping coefficients show that damping of higher natu-
ral sloshing modes plays the primary role to fit experimental feature data.
The damping rates 𝜉0𝑖 and 𝜉2𝑖 weakly change with the choice of the full or
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Figure 4.2. Theoretical and experimental phase lag 𝜓 (vertical axis, grad) versus the nondimensional
forcing frequency 𝜎/𝜎11 (horizontal axis) for longitudinal tank excitations with the nondimensional forcing
amplitude 𝜂2𝑎 = 0.045 and ℎ = 1.5. Steady-state swirling waves. The measured values (circles) are taken
from [10]. The theoretical response curves are marked by lines: the solid lines correspond to stable steady-
state swirling (according to [4]) and the dashed lines imply instable waves. The empty (red) circles are
experimental data for which [10] reports severe wave breaking with fragmentation of the free surface
that can significantly affect, as discussed in [215], the measured data. The solid (deep blue) circles
mark measurements done with stable swirling wave which is also accompanied by the breaking wave
phenomenon but not much severe. The left panel demonstrates the results when all the measurement
from [10] are adopted as feature data but the right panel was drown based on feature data which are
marked by the solid circles.

limited (trusted) feature data set. Linear damping of the lowest natural
sloshing modes (generalized coordinates 𝑝11(𝑡) and 𝑟11(𝑡)) can be practically
neglected. However, the coefficient in the non-linear damping term, 𝜉1, is
not zero and determines the theoretical branching behavior versus the reli-
able (feature) experimental data.

4.8. Conclusions to the chapter

The chapter shows how to get nonlinear modal equations of a special
form, (4.10), (4.11), which describe sloshing under small-amplitude resonant
excitations of an upright circular base tank with four degrees of freedom
𝜂𝑖(𝑡), 𝑖 = 1, 2, 4, 5 as illustrated in Fig. 4.1. The non-dimensional rigid-body
degrees of freedom 𝜂𝑖(𝑡) satisfy the condition (4.1). The characteristic size is
equal to the radius 𝑅0 and the characteristic time 1/𝜎, where 𝜎 is the forcing
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frequency. The generalized hydrodynamic coordinates and velocities in the
derived modal equations satisfy (4.9) and the asymptotic terms of order 𝑜(𝜖)
are neglected.

The system of ordinary differential equations (4.10), (4.11) assume that
the 𝑜(𝜂𝑖)-order quantities can be neglected. At the same time, the asymp-
totic condition (4.9) expresses the resonant nature of liquid sloshing, that
is, the resonance response amplitude in (4.10), (4.11) should be of a lower
asymptotic order than the forcing amplitude. That is why, the generalized
hydrodynamic coordinates and velocities are included into modal equations
‘as is’.

In [4, 9], the Narimanov-Moiseev–type modal theory was applied to de-
rive the steady-state periodic solution and compare the theoretical results
on the phase lags with experimental data on the phase lag measured for
the resonant steady-state swirling wave in [10]. These studies followed a
rather typical assumption that viscous damping in the hydrodynamic system
is mainly associated with energy dissipation of the dominant (lowest-order)
generalized hydrodynamic coordinate. This is the same as in [11] but for
resonant sloshing in a rectangular tank. However, following this assumption
failed to fit experimental data: for rectangular tank in [11] but for vertical
circular tank – [10].

The solution on how to get agreement with experiments for rectangular
tank was proposed in [215] where the present authors assumed that viscous
damping is of strongly nonlinear character. These results are reported in
the previous chapter. The present results [231] demonstrate that this idea
(approach) can be expanded to the case in [10]. The focus has been on
steady-state swirling wave regime.

Physically, this success of the machine learning methods to teach the
model system accounting for the viscous damping can be interpreted as that
viscous damping terms and, therefore, boundary layer thickness become in
the nonlinear resonant case of the lowest asymptotic order.



124

Chapter 5

Conclusions

Based on the hidden physics concept, the present PhD thesis (disserta-
tion) conducts an analytical study of (simplified) reduced order models on
resonant liquid sloshing in rigid containers exposed to longitudinal harmonic
excitation of the lowest natural sloshing frequency. The focus has been on
upright tanks of rectangular (two-dimensional flows) and circular base (three-
dimensional waves). The simplified (reduced order) hydrodynamic models
are a product of combined usage of both variational and asymptotic meth-
ods applied to the original free-surface boundary value problem on the liquid
sloshing dynamics. As it is usually accepted in the analytical sloshing the-
ories, the original hydrodynamic model suggests a perfect incompressible
liquid with irrotational flows. Applying the reduced order modeling leads
to the Narimanov-Moiseev–type multi-modal equations with respect to the
generalized hydrodynamic coordinates which describe perturbations of the
natural sloshing modes. Because viscosity is not accounted for in the orig-
inal hydrodynamic model, the approximate reduced order models are not
able to describe physical phenomena for which viscous damping matters. A
machine learning technique makes it possible to remove these failures by
‘learning’ special kind damping terms with apriori unknown coefficients and,
thereby, correctly account for viscous damping phenomena by asymptotic
multi-modal equations of the Narimanov-Moiseev–type. These phenomena
were considered by the authors of [4,11] who also attempted speculatively de-
scribe them by incorporating linear damping terms in similar reduced order
modal equations but without success.

When conducting the present dedicated applied matthematical studies,
the following results were obtained:
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• Derivations of multi-modal equations of both Miles-Lukovsky’ and
Narimanov-Moiseev’ types are revisited for upright rectangular and cir-
cular base containers. The derivations are treated as a first step of
the Reduced Order Modeling in sloshing problems. The derived nonlin-
ear ordinary differential (modal) equations of the Miles-Lukovsky-type
couple the generalized hydrodynamic coordinates and velocities. They
imply discrete infinite dimensional mathematical models/conservative
mechanical systems which are fully equivalent to the original free-surface
boundary value problem. Employing, in addition, the Narimanov-
Moiseev asymptotics significantly simplifies analytical structure of these
discrete mathematical models so that they may admit dedicated ana-
lytical studies and, as the study shows, construct analytical periodic
solutions which are associated with steady-state resonant waves.

• The Reduced Order Modeling suggests both derivation of discrete math-
ematical models by using a Galerkin–type projective and asymptotic
methods (that has been done in the dissertation for two tank shapes)
and development of Machine Learning algorithm to discover or infer the
underlying governing differential equations and system parameters from
limited and/or noisy observational data. Effectively, these mathemati-
cal models leverage Machine Learning to make the implicit or “hidden”
physical laws. The Narimanov-Moiseev–types asymptotic modal equa-
tions for sloshing in upright rectangular and circular base tanks are,
therefore modified with extra terms responsible for viscous damping
in the hydrodynamic system. In the linear (non-resonant) case, this
damping-equipped discrete modal formulation appears as an infinite set
of uncoupled damped linear oscillators where each degree of freedom
corresponds to perturbations of natural sloshing mode. The damping
rates can then be interpreted as those coming from measuring logarith-
mic decrement of the natural sloshing modes. For resonant sloshing,
the resulting damping becomes strongly nonlinear, affected by numer-
ous dissipative physical factors (in addition to the boundary layer effect
on the mean wetted tank surface) and also imply an energy transfer
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from primary-excited to other (higher) natural sloshing modes.

• The single-dominant modal equations from [3] are re-derived and
equipped with apriori unknown nonlinear damping terms. Theorem 3.1
establishes analytical structure of these terms to fit the Narimanov-
Moiseev–type asymptotics. Theorem 3.2 deduces the asymptotic steady-
state wave (periodic) solution of the damped modal equations. The so-
lution is analytically derived by using the Moiseev’s asymptotic scheme.
It becomes a function of three unknown parameters, 𝜉1, 𝜉2 and 𝜉 which
are responsible for damping in the hydrodynamic system.

• Having known experimental measurements of the phase lags makes it
possible to effectively compute the aforementioned three apriori un-
known damping-related parameters. Measurements by [11] are employed
by the author to demonstrate abilities of the proposed machine learning
procedure. The results were published in [215]. In contrast to numerical
speculations with damping coefficients in [11], an excellent agreement
is demonstrated except when, according to visual observations in [11],
the single-dominant modal system is not applicable. Conclusions from
these numerical results are:

– confirmation that damping effect of higher natural sloshing modes
cannot be neglected (reason is nonlinear energy transfer from the
primary-excited to higher modes with forthcoming viscous damping
of these modes);

– viscous damping of the primary-excited (first) natural sloshing
mode should, generally speaking, be a function of the resonant wave
amplitude and, moreover, for the considered case, this function is
just the linear regression;

– proposed learning technique can be an efficient tool for estimating
the viscous damping (logarithmic decrements) of the lowest (domi-
nant) natural sloshing mode, but it fails for higher (order) natural
sloshing modes.
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• In [4, 9], the Narimanov-Moiseev–type nonlinear modal theory was ap-
plied to derive the steady-state periodic solution and compare theoret-
ical results on the phase lags with experimental data on the phase lag
measured for the resonant steady-state swirling wave in [10]. These
studies followed a rather typical assumption that viscous damping in
the hydrodynamic system is mainly associated with energy dissipa-
tion of the dominant (lowest-order) generalized hydrodynamic coordi-
nates. However, following this assumption failed to fit experimental data
in [10]. The obtained results (see, also, [231]) on Machine Learning of
the Narimanov-Moiseev–type modal equations to account for damping
of the steady-state swirling wave regime in a circular base tank (based
on experiments in [10]) showed that, similar to the case of rectangular
tank,

– viscous damping of higher natural sloshing modes cannot be ne-
glected;

– viscous damping of the primary-excited (first) natural sloshing
modes is strongly nonlinear and, therefore, is a function of the res-
onant wave amplitude;

• The success of learning hydrodynamic systems on sloshing to account
for viscous damping can be explained by the fact that boundary layer
thickness become in the nonlinear resonant case larger of the lowest
asymptotic order in the Narimanov-Moiseev–type asymptotics. The re-
sults can be improved by using adaptive multi-modal system from [75].
Such adaptive modal system is also required for better prediction of the
resonance steady-state wave-amplitude response curves.
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