Scaling limit for small blocks in the Chinese restaurant process
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Let P,,, n € N, denote the partition of [n] = {1,...,n} formed at the nth step of the Chinese
restaurant process CRP(6), where § > 0 is a real parameter (see, e.g., [1]). For convenience,
we list the elements within each block of P, in ascending order. The growth of each block is
described by the following scheme:

{kfl} — {k?l,kfg} —_— ... —> {k?l, ...,k’N} — {kl, ...,kZN,kN+1} — ... (1)

Let A(k1, ... kn,knt) = {{k1,. .., kn,kns1} € Pry.,} be the random event indicating the
existence of a block that, up to the step ky.1, evolves as described by (1). For a fixed N € N,
the structure and dynamics of all blocks up to the times they reach size N + 1 are uniquely
determined by the infinite collection of events {A(ky,...,kn,m) 1 <k <...<ky <m}.

Main result. Let Xy = {(z1,...,2zx,y) € [0, 4+00)V ' : 2y < ... <y < y}. Considering
it as a measurable space, we equip it with the Borel o-algebra and a special localizing ring of
bounded sets. Define a sequence of random point measures E%L), N e N, by

=(N) _
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Theorem. =" vaguely converges in distribution as n — oo to the Poisson random measure

EWN) on Xy with intensity measure p defined by dp®) = Qy,]ﬁldxl ...dxydy.

Applications. The theorem above, combined with the continuous mapping theorem, allows
us to derive limit results for a variety of CRP characteristics with limits given in an explicit
form. We present a few examples of both classical and functional limit theorems for the following
characteristics:

the joint distribution of block counts at times n and |an|, a > 1;

the number of singletons in P, ;

the first singleton in P,;

the dynamics of singletons with a short lifetime.
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