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2. Bifurcations of noninvertible smooth, piecewise smooth, and discontinuous maps

Pedepar:

1. 1. JucepTaliis IpycBsiueHa BUBYEHHIO BJIaCTUBOCTEH i 6iypKaliili aCMMITOTUYHUX PO3B'SI3KiB 1J1s1 LIMPOKOTO KoJjia
HeOOOPOTHUX SIK HEMIEPEPBHUX, TaK i pO3PUBHUX KyCKOBO-TJIaJIKUX BifoOpa’keHb, 6araTo 3 sIKUX NPeJCTaBIsSIOTh
C00010 MOJieJli PI3BHOMAaHITHUX peasibHuX sBUll. JOCIiIKeHHs HerJagKux TUHAMIYHUX CUCTEM HabyJsio
IIONYJISIPHOCT] HaIIpUKIiHII MUHYJIOTO CTOJIITTS Y BifJ[IOBiib HA 3pOCTAal04i BUMOTHY 3 OOKY Pi3HUX MPUKJIAHAX
ranysei Hayku. OCKiJIbKM MaTeMaTUYHUI aHaJli3 POLECiB, IOB'I3aHUX i3 TEPTSIM, IPVKAHHSM, KOB3aHHSIM,
3iTKHEHHSIMUY, IMITyJIbCAMU, BUXOAUTD 32 MEXI KJIACUYHOI METOMOJIOTI IMIaJIKUX IUHAMIYHMX CUCTEM, BUHUKIIA
HEeOOXiJIHICTh B pO3p0o01L1i HOBUX MiIX0xiB Ta Teopiil. KyckoBo-TyafKi CHCTEMU IEMOHCTPYIOTh HAbaraTo LjiKasily
ACUMITOTUYHY AMHAMIKy, HIX IVIaJIKi CUCTeMHU, 31€0ibIIOr0 Yepes Te, 10 Yy (a3oBOMy IPOCTOPI iCHYIOTh

MHOXXUHHU, Ha IKUX QYHKIisA cucTeMUu HegudepeHLifoBHa, a B IESKUX BUNAAKaX, HaBiTh HEBU3HaueHa. Llei



HayKOBUIl HATIPSAMOK [OB'I3aHUIA 3 PO6OTaMU TaKMX BiIOMUX BYeHUX K JIxk. A. opk, X. E. Hycce, 111 Ito, 11I.
Tanaka, ®. Takenc, C. banepmxi, C. I'pe6omxi, E. Mozekinbze, XK. T. XKycy6amies, K. Mipa, JI. [apaini, k. 1. Bicki, A.
Anbspi, B. ABpyTiH, 1. Cymko, 0. MaiictpeHko. He3Baskaiouun Ha BEeJIUKY KiJIbKiCTb POGIT 32 TEMATUKOIO, TEOPis
6ipypKaliil [ KyCKOBO-TJIAIKUX BilOOpaKeHb 1€ JajleKa Bill 3aBEPIIEHHS Ta IOTpebye PETEIbHOTO NOCIiI)KEHHS
HOBUX S1BULIL. B naHiil po6oTi 3a JOIIOMOr0I0 METOIB TEOPii CTIMKOCTI, Teopii 6idypKawiil Ta XaoCy BUBYAIOTHCS
OJHO- Ta MaJIOBUMIpPHI Bimo6pakeHHsI, a TAaKOX BigoOpakeHHSs BUIOi pO3MIpPHOCTI, 5IKi MOJIETIOI0Th BaXXJIMBI 3a71a4i
pazio-eseKTPOHIKY, EKOHOMIKH, €KOJIOTii, ICUXOJIOTii PO3BUTKY Ta iHIIMX CYCIiJIbHUX HayK. 7 TaKUX BifloOpa’KeHb
DOCIIIKYIOThCS CTiKi HEpYXOMI Ta IepiofnyHi TOYKU, IPUTATYIOYI TJ1aJKi Ta HerylaAKi iHBapiaHTHI KpYBi, XaOTU4HI
aTpakTopH pi3HOi KOHQIrypaii, 06s1aCTi NOrIMHAHHS HEe3MIIIaHOTO Ta 3MIlIaHOTO THUIIB, PETEJIbHO aHali3yI0ThCS
JIOKaJIbHi Ta ry100asbHi aCleKTH ix 6idypKauiil, 1j1s AesKUX 3 IKUX OyAyI0TbCSl HOpMaJIbHI GOPMU B 3arajIbHOMY
BUIIAJIKy Ta y BUIAJKy KOPO3MIPHOCTI [1Ba, TAKOK ONMUCYIOThCS 6iypKaliliHi CTPYKTypH Y BiZTIOBiHUX ITPOCTOPAx
napameTpiB. 30Kkpema, Brieplie 6yJI0 Oep’KaHO HM3KY HOBUX BOKJIMBUX HAayKOBUX pe3ysbTartis: 1) [lyig
OJJHOBUMIPHUX KYCKOBO-JIiHIHUX HEIlepEPBHUX BilOOpa’KeHb 3 IBOMa ME>KOBMMU TOUKaMU OTPUMaHO HEOOXiTHi i
IOCTaTHi yMOBU JJ1s1 iCHYBaHHS CTiKUX LMKJIiB Oy[ib-5KOTO Nepiofly Ta AOCTAaTHI YMOBH [1J1s iCHyBaHHSI XaOTUYHUX
aTpaKTOPiB; y IPOCTOPi NapaMeTpiB BUYEPIIHO ONIMCAHO TPU O6iypKaLiliHi CTPYKTYPH, IBi 3 SIKMX € y3araJbHEHHSIMU
y>Ke BilOMUX, a TPETIO BUSBJIEHO BIiepiue. 2) 17151 OfHOBUMiPHUX KyCKOBO-MOHOTOHHUX BilOOpaskeHb 3 TBOMA
TOYKaMU PO3PUBY BUSIBJIEHO /1Bi HOBi 6iypKallii XaOTUYHUX aTPaKTOPIB, SKi Bil0yBalOTbCSI 3aBISIKU KOHTAKTY JBOX
Pi3HUX KPUTUYHUX TOYOK Ta HE MAIOTh BiTHOUIEHHS 10 YKOJAHUX KPUTUUHUX TOMOKJIIHIYHUX OPOiT; OTpPUMaHO
IOCTaTHi yMOBHU /1711 BAHMKHEHHS TaKuX 6i(ypKaliiii Ta on1caHo MoB'si3aHy 3 HUMU 6i(ypKalliiiHy CTPYKTypy
HOBOTO TUIly. 3) Iyl ABOBUMIDHUX KYCKOBO-TJIAJKUX HEIIePEPBHUX BioOpaskeHb [1eBHOi (GOPMHU OTPUMAHO
IOCTaTHI yMOBM iCHYBaHHS IIPUTATYIOYOi 3aMKHEHO]I iHBapiaHTHOI HErJIaIKoi KpUBO, sIKa CKJIALAEThCS 3 CETMEHTIB
KPUTAYHMX MHOXXMH Pi3HOTO PaHTy; I0Ka3aHOo, M0 3By>KE€HHSI BUXiJHOTO ABOBUMIPHOTO BilOOPa’KEHHS Ha 110 KPUBY
33/12€ThCS OJHOBUMIPHUM Bif0OpakXeHHSM I1epLIoro IOBEPHEHHS, SIKe Ma€ IIPUHANMHI OJIHy TOUYKY 3J1aMy Ta
IIPUHAMMHI OIHY TOUKY po3puBy. 4) [y TPUBUMIPHUX KyCKOBO-TJIaIKMX HENlEPEPBHUX BiloOpaXkeHb II€BHOI
(opmuy, SIKi MAIOTb HECKIHYEHY KiJIbKICTh HEPYXOMUX TOYOK, JOBEIEHO, 10 iX aCHMIITOTUYHA JMHAMIKa SKiCHO
OINKCYETbCSI OAHOBUMIPHUM Bifo6pakeHHsIM Tully Paiikepa. 5) 1151 IBOBUMIPHUX HEOOOPOTHUX KYCKOBO-TJIQAKMX
BiJOOpa’KeHb, 1110 MaIOTh APOOOBO-PalLliOHaJIbHI YJIeHU B 060X KOMIIOHEHTaX CUCTeMHOI QYHKIIi{, BUSBIIEHO
(dokanbHy TOUKY (B sIKill PpyHKLiI Mae HeBudHaueHicTh 0/0), 110 Hale>KUTh CBOiN NpedoKabHill MHOXUHI, Ta

[IOKa3aHo, 10 BOHA MOX€ MaTU 6ACEIH NPUTSITaHHS JOAATHOI MipHu.

2. The thesis is devoted to studying properties and bifurcations of asymptotic solutions for a wide range of
noninvertible continuous and discontinuous piecewise smooth maps, many of which represent models of various
real phenomena. The study of non-smooth dynamical systems gained popularity at the end of the last century in
response to the growing demands from different applied fields of science. Since the mathematical analysis for
processes involving friction, chattering, grazing, sliding, collisions, intermittency fall outside the classical
methodology for smooth dynamical systems, there was a need in developing new approaches and theories.
Piecewise smooth systems demonstrate much more interesting asymptotic dynamics than smooth ones, largely
due to the fact that there are sets in the phase space on which the system function is non-differentiable, and in
some cases, even undefined. This scientific area is associated with the works of many famous scientists, such as J.
A. Yorke, H. E. Nusse, S. Ito, S. Tanaka, F. Takens, S. Banerjee, C. Grebogi, E. Mosekilde, Zh. T. Zhusubaliev, C. Mira,
L. Gardini, G. I. Bischi, A. Agliari, V. Avrutin, I. Sushko, Yu. Maistrenko. Despite the large number of works on the
topic, the theory of bifurcations for piecewise smooth maps is still far from being complete and requires a
thorough study of new phenomena. In this work, using methods of stability theory, bifurcation and chaos theory,
one- and low-dimensional maps, as well as higher-dimensional maps, which model important problems in
engineering, economics, ecology, developmental psychology and other social sciences, are studied. For such maps,
we investigate stable fixed and periodic points, attracting smooth and non-smooth invariant curves, chaotic
attractors of various configurations, absorbing areas of non-mixed and mixed types; we carefully analyse local and
global aspects of the related bifurcations, for some of which we construct normal forms in general case and in case
of codimension two; we also describe bifurcation structures in the respective parameter spaces. In particular, a



number of new important scientific results were obtained: 1) For one-dimensional piecewise linear continuous
maps with two border points, the necessary and the sufficient conditions for the existence of stable cycles of any
period and the sufficient conditions for the existence of chaotic attractors have been obtained; in the parameter
space, three bifurcation structures have been exhaustively described, two of which are generalisations of already
known ones, and the third one is discovered for the first time. 2) For one-dimensional piecewise monotone maps
with two discontinuity points, two novel bifurcations of chaotic attractors have been discovered, which occur due
to the contact of two different critical points and are not related to any critical homoclinic orbits; the sufficient
conditions for the occurrence of such bifurcations have been obtained and the associated bifurcation structure of
new kind has been described. 3) For two-dimensional piecewise smooth continuous maps of a certain form, the
sufficient conditions for the existence of an attracting closed invariant non-smooth curve consisting of segments
of critical sets of different ranks have been obtained; it has been shown that the restriction of the original two-
dimensional map to this curve is given by a one-dimensional first return map, which has at least one kink point and
at least one discontinuity point. 4) For three-dimensional piecewise smooth continuous maps of a certain form,
which have an infinite number of fixed points, it has been proved that their asymptotic dynamics is qualitatively
described by a one-dimensional Ricker-type map. 5) For two-dimensional noninvertible piecewise smooth maps,
which have fractional-rational terms in both components of the system function, a focal point (at which the
function has uncertainty 0/0) belonging to its prefocal set has been found; moreover, it has been shown that this
focal point can have a basin of attraction of positive measure.
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Kopg 3a €IPIIOY: 02070921

Micue3HaxoaKeHHS: npocrekt bepecreiicekuit, 6y, 37, Kuis, 03056, Ykpaina
dopma By1acHoCTI:

Cdepa ynpaBiriHHS: MiHicTepCTBO OCBITH i HayKy YKpaiHu



InenTudikarop ROR: He zacrocosyerscs

CeKTop HayKH: YHiBEepCUTETCHKUI

Penensentu

VIII. 3aKkJII04Hi BiZOMOCTi
Bsacue IlpisBume Im'st [To-6aTbKOBI Baneesa Onena OnekcanzpisHa

TOJIOBH pajgu

Biacue IpizBume Im's [1o-6aThKOBI Baneesa Onena OnexcanyipisHa

rOJIOBYIOYOTO Ha 3acCiiaHHi

BigmoBizanbHMIL 32 HiATOTOBKY ApTemudenko JKanHa SIkiBHa

00JIiKOBUX JOKYMEHTIB

PeecTparop VYkpIHTEI

KepiBHuk Bigginy YKpIHTEI, mpo €
BiZINIOBiZaJIbHUM 32 peECTpallil0o HAayKOBOIi IOpuenko TeTsHa AHaTtosiiBHA

OisIJIBHOCTI




