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ÇÀÃÀËÜÍÀ ÕÀÐÀÊÒÅÐÈÑÒÈÊÀ ÐÎÁÎÒÈ

Òåìàòèêà ðîáîòè ñòîñó¹òüñÿ òåîði¨ ëîêàëüíî ñêëàäíèõ íåïåðåðâíèõ
ôóíêöié ç ôðàêòàëüíèìè âëàñòèâîñòÿìè, êîíñòðóêöi¨ ÿêèõ ðåàëiçîâàíi
ó òåðìiíàõ íîâîñòâîðåíî¨ ñèñòåìè êîäóâàííÿ äiéñíèõ ÷èñåë çàñîáàìè íå-
ñêií÷åííîãî òà çìiííîãî àëôàâiòiâ. Â íié âèâ÷àþòüñÿ íåïåðåðâíi íiäå íå
ìîíîòîííi (òi, ùî íå ìàþòü ïðîìiæêiâ ìîíîòîííîñòi) òà ñèíãóëÿðíi (òi,
ùî âiäìiííi âiä êîíñòàíòè, i ìàþòü ïîõiäíó ðiâíó íóëþ ìàéæå ñêðiçü ó
ðîçóìiííi ìiðè Ëåáåãà) ôóíêöi¨, à òàêîæ ôóíêöi¨, ÿêi íå ìàþòü ïðîìiæ-
êiâ ìîíîòîííîñòi, îêðiì ïðîìiæêiâ ñòàëîñòi.

Àêòóàëüíiñòü äîñëiäæåííÿ. Iíòåðåñ äî íåïåðåðâíèõ ôóíêöié ç ëî-
êàëüíî ñêëàäíîþ ñòðóêòóðîþ çàðîäæóâàâñÿ ðàçîì çi ñòâîðåííÿì i ðîç-
âèòêîì äèôåðåíöiàëüíîãî ÷èñëåííÿ. Ïåðøi ïðèêëàäè íiäå íå äèôåðåíöi-
éîâíèõ ôóíêöié (Áîëüöàíî (1830 ð.) i Âåé¹ðøòðàññà (1891 ð.)) øîêóâà-
ëè ïðèõèëüíèêiâ íîâîñòâîðåíèõ Íüþòîíîì i Ëåéáíiöîì òåîðié òà äåÿêèé
÷àñ ââàæàëèñü çðàçêàìè ìàòåìàòè÷íèõ ïàòîëîãié. Ïiçíiøå íàáóëè ñòàòó-
ñó êîíòðïðèêëàäiâ. Àëå ïiñëÿ òåîðåìè Áàíàõà-Ìàçóðêåâè÷à (1931 ð.) ïðî
òîïîëîãi÷íó ìàñèâíiñòü ìíîæèíè òàêèõ ôóíêöié ó ïðîñòîði C[0; 1] íiõòî
íå íàñìiëèòüñÿ íàçèâàòè ¨õ ïàòîëîãiÿìè. I çàðàç, ÷åðåç ñòîëiòòÿ, iíòåðåñ
íàâiòü äî ïåðøèõ ïðèêëàäiâ òàêèõ ôóíêöié íå ëèøå íå çãàñ, à é ñóòò¹-
âî ïîñèëèâñÿ (÷èìàëî íîâèõ äîñëiäæåíü ñòîñóâàëèñü íåäèôåðåíöiéîâíèõ
ôóíêöié Òàêàãi (1903), Ñåðïiíñüêîãî (1914) òà ií.)

Íåîáõiäíîþ óìîâîþ íiäå íå äèôåðåíöiéîâíîñòi ôóíêöi¨ ¹ ¨¨ íiäå íå ìî-
íîòîííiñòü (ïîâíà âiäñóòíiñòü iíòåðâàëiâ ìîíîòîííîñòi), à òàêîæ íåîáìå-
æåíiñòü âàðiàöi¨ ôóíêöi¨ â êîæíîìó ÿê çàâãîäíî ìàëîìó ïðîìiæêó îáëàñòi
âèçíà÷åíîñòi. Òîìó ôóíêöi¨ ç òàêèìè âëàñòèâîñòÿìè ìè òåæ âiäíîñèìî äî
êëàñó W ëîêàëüíî ñêëàäíèõ.

Iíøèé êëàñ ëîêàëüíî ñêëàäíèõ îá'¹êòiâ ïðåäñòàâëÿþòü ñèíãóëÿðíi ôóí-
êöi¨. Ñåðåä ñèíãóëÿðíèõ iñíóþòü ìîíîòîííi (ôóíêöi¨ ðîçïîäiëó éìîâiðíî-
ñòåé òà iíâåðñîðè öèôð äëÿ äåÿêèõ ñèñòåì êîäóâàííÿ ÷èñåë çi ñêií÷åí-
íèì àëôàâiòîì), íåìîíîòîííi i íàâiòü íiäå íå ìîíîòîííi ôóíêöi¨. Îêðå-
ìèé êëàñ ïðåäñòàâëÿþòü ñèíãóëÿðíi ôóíêöi¨, ÿêi íå ìàþòü ïðîìiæêiâ
ìîíîòîííîñòi, çà âèíÿòêîì ïðîìiæêiâ ñòàëîñòi. Òàêi ôóíêöi¨ âèâ÷àëèñü
ó ðîáîòàõ Ïðàöüîâèòîãî Ì.Â. òà Ñâèí÷óê Î.Â. Êëàñè÷íèìè ïðèêëàäàìè
ñòðîãî çðîñòàþ÷èõ ñèíãóëÿðíèõ ôóíêöié ¹ ôóíêöi¨ Ìiíêîâñüêîãî òà Ñàëå-
ìà. Âåëèêi êëàñè ìîíîòîííèõ ñèíãóëÿðíèõ ôóíêöié âèâ÷àëèñü ÿê ôóíêöi¨
ðîçïîäiëó âèïàäêîâèõ âåëè÷èí ç íåçàëåæíèìè öèôðàìè ó ðiçíèõ ñèñòå-
ìàõ ¨õ êîäóâàííÿ (Ïðàöüîâèòèé Ì.Â., Òîðáií Ã.Ì., Áàðàíîâñüêèé Î.Ì.,
Âèííèøèí ß.Ô., Ãîí÷àðåíêî ß.Â., Ëèñåíêî I.Ì., Ìàêàð÷óê Î.Ï., Ìîðîç
Ì.Ï., Íiêiôîðîâ Ð.Î., Îñàóëåíêî Ð.Þ., Ïàíàñåíêî Î.Á., Ðàòóøíÿê Ñ.Ï.,
Ôåùåíêî Î.Þ., Ñàëåì Ð., Ìàðñàëüÿ Äæ., ×àòòåðäæi Ñ. òà iíøi).
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Îäíèì ç íàéïðîñòiøèõ ïðèêëàäiâ ñòðîãî ñïàäíî¨ ñèíãóëÿðíî¨ ôóíêöi¨ ¹
iíâåðñîð Q2-çîáðàæåííÿ ÷èñåë (îñòàíí¹ ¹ óçàãàëüíåííÿì êëàñè÷íîãî äâié-
êîâîãî çîáðàæåííÿ). Áiëüøiñòü iíâåðñîðiâ íå ñàìîïîäiáíèõ çîáðàæåíü ÷è-
ñåë çi ñêií÷åííèì àëôàâiòîì ¹ ñèíãóëÿðíèìè. Âàðòî òàêîæ çàçíà÷èòè, ùî
iñíóþòü ñèñòåìè êîäóâàííÿ ÷èñåë, äëÿ ÿêèõ iíâåðñîðè ¹ ðîçðèâíèìè ôóí-
êöiÿìè â òî÷êàõ çëi÷åííî¨ âñþäè ùiëüíî¨ ìíîæèíè (Ïðàöüîâèòèé Ì.Â.,
Ëèñåíêî I.Ì., Ìàñëîâà Þ.Ï.).

Òåîðiÿ ñèíãóëÿðíèõ, íåïåðåðâíèõ íiäå íå ìîíîòîííèõ, çîêðåìà íåäè-
ôåðåíöiéîâíèõ ôóíêöié äî öèõ ïið ïðîõîäèòü êîíñòðóêòèâíèé åòàï ñòà-
íîâëåííÿ i ðîçâèâà¹òüñÿ â îñíîâíîìó çà ðàõóíîê öiêàâèõ ïðèêëàäiâ i ¨õ
óçàãàëüíåíü òà çà ðàõóíîê iíäèâiäóàëüíèõ òåîðié âiäîìèõ ÿñêðàâèõ êëà-
ñè÷íèõ ïðèêëàäiâ. Òîìó êîíòèíóàëüíi êëàñè íåïåðåðâíèõ ôóíêöié, êîæíà
ç ÿêèõ íàëåæèòü äî âêàçàíèõ òèïiâ, âèêëèêà¹ íåòðèâiàëüíèé iíòåðåñ i çà-
ñëóãîâó¹ íà îêðåìó óâàãó.

Çàñîáè òåîði¨ ôðàêòàëiâ çàáåçïå÷óþòü äîäàòêîâi çàñîáè àíàëiçó ôóí-
êöié, ¨õ ãðàôiêiâ òà iíøèõ ñóòò¹âèõ äëÿ ôóíêöié ìíîæèí.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè.
Ðîáîòà âèêîíàíà â ìåæàõ äîñëiäæåíü ìàòåìàòè÷íèõ îá'¹êòiâ ç ëîêàëü-
íî ñêëàäíîþ òîïîëîãî-ìåòðè÷íîþ ñòðóêòóðîþ i ôðàêòàëüíèìè âëàñòè-
âîñòÿìè, ùî ïðîâîäÿòüñÿ íà êàôåäði âèùî¨ ìàòåìàòèêè ÓÄÓ iìåíi Ìè-
õàéëà Äðàãîìàíîâà. Äîñëiäæåííÿ ïðîâîäèëîñÿ â ðàìêàõ òàêèõ íàóêîâî-
äîñëiäíèöüêèõ òåì:

1. Ôóíêöi¨ ç ôðàêòàëüíèìè âëàñòèâîñòÿìè (ìíîæèíè ðiâíiâ òà ðîç-
ïîäiëè çíà÷åíü) i ñêëàäíi äèíàìi÷íi ñèñòåìè ç íèìè ïîâ'ÿçàíi
(� äåðæàâíî¨ ðå¹ñòðàöi¨ 0121U000208);

2. Ìàòåìàòè÷íi òà ïðèðîäíè÷i íàóêè â ÍÏÓ iìåíi Ì.Ï. Äðàãîìàíîâà
(� äåðæàâíî¨ ðå¹ñòðàöi¨ 0121U000209);

3. Ôðàêòàëüíèé àíàëiç ìàòåìàòè÷íèõ îá'¹êòiâ çi ñêëàäíîþ ëîêàëü-
íîþ áóäîâîþ (� äåðæàâíî¨ ðå¹ñòðàöi¨ 0107U000583).

Îá'¹êò äîñëiäæåííÿ. Îá'¹êòîì äîñëiäæåííÿ ¹ ñèñòåìè êîäóâàííÿ
äiéñíèõ ÷èñåë çi çìiííèì òà íåñêií÷åííèì àëôàâiòàìè, ¨õ çàñòîñóâàííÿ
ó òåîði¨ ëîêàëüíî ñêëàäíèõ ôóíêöié ç ôðàêòàëüíèìè âëàñòèâîñòÿìè.

Ïðåäìåòîì äîñëiäæåííÿ ¹ ãåîìåòðiÿ (ïîçèöiéíà òà ìåòðè÷íà) âêà-
çàíèõ ñèñòåì êîäóâàííÿ ÷èñåë; ñòðóêòóðíi, âàðiàöiéíi, òîïîëîãî-ìåòðè÷íi,
iíòåãðî-äèôåðåíöiàëüíi òà ôðàêòàëüíi âëàñòèâîñòi íåïåðåðâíèõ ôóíêöié
òðüîõ êîíòèíóàëüíèõ êëàñiâ.

Ìåòà ðîáîòè ïîëÿãà¹ ó ñòâîðåííi íîâî¨ ñèñòåìè êîäóâàííÿ äðîáîâî¨
÷àñòèíè äiéñíèõ ÷èñåë çàñîáàìè äâîñòîðîííüî íåñêií÷åííîãî àëôàâiòó òà
âèêîðèñòàííi ¨¨ äëÿ ðîçøèðåííÿ i ðîçâèòêó òåîði¨ íåïåðåðâíèõ ëîêàëüíî
ñêëàäíèõ ôóíêöié, çîêðåìà ç ôðàêòàëüíèìè âëàñòèâîñòÿìè.
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Çàâäàííÿ äèñåðòàöiéíîãî äîñëiäæåííÿ ïîëÿãàþòü â íàñòóïíîìó:
1. Îáãðóíòóâàòè ñèñòåìó êîäóâàííÿ äiéñíèõ ÷èñåë, àëôàâiòîì ÿêî¨ ¹

ìíîæèíà öiëèõ ÷èñåë (B-çîáðàæåííÿ). Âèâ÷èòè ¨¨ ãåîìåòðiþ (âëà-
ñòèâîñòi öèëiíäðiâ i õâîñòîâèõ ìíîæèí, âëàñòèâîñòi îïåðàòîðiâ ëi-
âîñòîðîííiõ òà ïðàâîñòîðîííiõ çñóâiâ, ìåòðè÷íi ñïiââiäíîøåííÿ).

2. Ðîçâ'ÿçàòè çàäà÷ó ïðî ìiðó Ëåáåãà ìíîæèíè ÷èñåë ç îáìåæåííÿìè
íà âèêîðèñòàííÿ öèôð ó ¨õ çîáðàæåííÿõ (êàíòîðiâñüêå äâiéêîâî-
ôiáîíà÷÷i¹âå çîáðàæåííÿ, Q̃-çîáðàæåííÿ, B-çîáðàæåííÿ).

3. Çíàéòè íîðìàëüíi âëàñòèâîñòi ÷èñåë ó òåðìiíàõ âêàçàíèõ çîáðà-
æåíü, òîáòî âëàñòèâîñòi çîáðàæåíü, ÿêèìè âîëîäiþòü ìàéæå âñi (ó
ðîçóìiííi ìiðà Ëåáåãà) ÷èñëà îäèíè÷íîãî iíòåðâàëó.

4. Êîðåêòíî îçíà÷èòè òðè êëàñè íåïåðåðâíèõ ôóíêöié ç ëîêàëüíî
ñêëàäíîþ ñòðóêòóðîþ, ïîâ'ÿçàíi ç ðiçíèìè ñèñòåìàìè çîáðàæåííÿ
àðãóìåíòà, âèâ÷èòè ¨õ ñòðóêòóðíi, âàðiàöiéíi, iíòåãðî-äèôåðåíöi-
àëüíi òà ôðàêòàëüíi âëàñòèâîñòi.

5. Âèâ÷èòè ñòðóêòóðíi, òîïîëîãî-ìåòðè÷íi òà äèôåðåíöiàëüíi âëàñòè-
âîñòi ôóíêöi¨-iíâåðñîðà Q̃-çîáðàæåííÿ.

Ìåòîäè äîñëiäæåííÿ. Ó ðîáîòi âèêîðèñòîâóâàëèñü ìåòîäè òåîði¨
êîäóâàííÿ äiéñíèõ ÷èñåë, òåîði¨ ìiðè, ìåòðè÷íî¨ òà éìîâiðíiñíî¨ òåîðié
÷èñåë, ìàòåìàòè÷íîãî àíàëiçó i òåîði¨ ôóíêöié, à òàêîæ ìåòîäè òåîði¨
ôðàêòàëiâ (ôðàêòàëüíîãî àíàëiçó òà ôðàêòàëüíî¨ ãåîìåòði¨). Îêðåìi iäå¨,
ïðèéîìè òà ìåòîäè ÷åðïàëèñü ç ðîáiò ïîïåðåäíèêiâ, à ñàìå: Ïðàöüîâèòî-
ãî Ì.Â., Òîðáiíà Ã.Ì., Ãîí÷àðåíêî ß.Â., Áàðàíîâñüêîãî Î.Ì., Âàñèëåí-
êî Í.À., Âàñèëåíêî Í.Ì., Êàëàøíiêîâà À.Â., Ëåùèíñüêîãî Î.Ë., Ëèñåí-
êî I.Ì., Íiêiôîðîâà Ð.Î., Ïàíàñåíêà Î.Á., Ðàòóøíÿê Ñ.Ï., Ñâèí÷óê Î.Â.,
Ôåùåíêà Î.Þ., Õâîðîñòiíè Þ.Â. òà ií.

Íàóêîâà íîâèçíà îäåðæàíèõ ðåçóëüòàòiâ. Îñíîâíi íàóêîâi ðå-
çóëüòàòè, ùî âèíîñÿòüñÿ íà çàõèñò, òàêi.

1. Îáãðóíòîâàíî íîâó ñèñòåìó êîäóâàííÿ ÷èñåë (B-çîáðàæåííÿ) îäè-
íè÷íîãî iíòåðâàëó, ÿêà â ÿêîñòi àëôàâiòó âèêîðèñòîâó¹ ìíîæèíó Z
âñiõ öiëèõ ÷èñåë, îïèñàíî ¨¨ ãåîìåòðiþ (ãåîìåòðè÷íèé çìiñò öèôð,
âëàñòèâîñòi öèëiíäðè÷íèõ òà õâîñòîâèõ ìíîæèí, ìåòðè÷íi ñïiâ-
âiäíîøåííÿ), âèâ÷åíî âëàñòèâîñòi îïåðàòîðiâ ëiâîñòîðîííüîãî òà
ïðàâîñòîðîííüîãî çñóâiâ. Äîâåäåíî, ùî ìíîæèíà âñiõ íåïåðåðâíèõ
ïåðåòâîðåíü îäèíè÷íîãî iíòåðâàëó, ÿêi çáåðiãàþòü õâîñòè B-çîáðà-
æåííÿ ÷èñåë, âiäíîñíî îïåðàöi¨ êîìïîçèöiÿ ïåðåòâîðåíü óòâîðþ¹
íåêîìóòàòèâíó ãðóïó.

2. Äëÿ äåêiëüêîõ ìíîæèí ÷èñåë ç îáìåæåííÿìè íà âèêîðèñòàííÿ öèôð
ó ¨õ çîáðàæåííÿõ îïèñàíî òîïîëîãî-ìåòðè÷íi òà ôðàêòàëüíi âëà-
ñòèâîñòi.
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3. Îáãðóíòîâàíî îçíàêè íîðìàëüíîñòi ÷èñëà çà éîãî B-çîáðàæåííÿì
(â òåðìiíàõ âèêîðèñòàííÿ öèôð òà íàáîðiâ öèôð). Öå çðîáëåíî
i äëÿ iíøèõ ñèñòåì êîäóâàííÿ ÷èñåë.

4. Ââåäåíî â ðîçãëÿä i âèâ÷åíî ñòðóêòóðíi, âàðiàöiéíi, iíòåãðî-äèôå-
ðåíöiàëüíi òà ôðàêòàëüíi âëàñòèâîñòi êîíòèíóàëüíîãî êëàñó íåïå-
ðåðâíèõ ëîêàëüíî ñêëàäíèõ ôóíêöié, îçíà÷åíèõ â òåðìiíàõ
B-çîáðàæåííÿ ÷èñåë.

5. Âèâ÷åíî ñòðóêòóðíi, òîïîëîãî-ìåòðè÷íi òà äèôåðåíöiàëüíi âëàñòè-
âîñòi ôóíêöi¨-iíâåðñîðà öèôð Q̃-çîáðàæåííÿ.
Çíà÷íà ÷àñòèíà ðåçóëüòàòiâ îòðèìàíà ó ôîðìi íåîáõiäíèõ òà äî-
ñòàòíiõ óìîâ.

Íàóêîâi ðåçóëüòàòè, ÿêi âèíîñÿòüñÿ íà çàõèñò, ¹ íîâèìè, ñòðîãî i ïîâíî
îá ðóíòîâàíèìè.

Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ. Ðîáîòà íîñèòü â
îñíîâíîìó òåîðåòè÷íèé õàðàêòåð. �¨ iäå¨ òà ðåçóëüòàòè ìîæóòü áóòè âèêî-
ðèñòàíi ó ðîçâèòêó òåîðié ÷èñåë òà ôóíêöié, à òàêîæ ó ôðàêòàëüíîìó àíà-
ëiçi òà ôðàêòàëüíié ãåîìåòði¨, ÿêi âåäóòüñÿ â Iíñòèòóòi ìàòåìàòèêè ÍÀÍ
Óêðà¨íè, Óêðà¨íñüêîìó äåðæàâíîìó óíiâåðñèòåòi iìåíi Ìèõàéëà Äðàãî-
ìàíîâà, Êè¨âñüêîìó íàöiîíàëüíîìó óíiâåðñèòåòi iìåíi Òàðàñà Øåâ÷åíêà.

Îñîáèñòèé âíåñîê çäîáóâà÷êè. Âñi íàóêîâi ðåçóëüòàòè, ÿêi âèíî-
ñÿòüñÿ íà çàõèñò, îòðèìàíi àâòîðîì ñàìîñòiéíî. Iç ðîáiò, îïóáëiêîâàíèõ
ó ñïiâàâòîðñòâi, ó äèñåðòàöi¨ âèêîðèñòàíi ëèøå òi ðåçóëüòàòè, ÿêi íàëå-
æàòü àâòîðó.

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Îñíîâíi ðåçóëüòàòè äîñëiäæå-
ííÿ äîïîâiäàëèñÿ íà íàóêîâèõ êîíôåðåíöiÿõ ðiçíèõ ðiâíiâ, à ñàìå:

� IV Âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ ìîëîäèõ â÷åíèõ ç ìàòåìà-
òèêè òà ôiçèêè (Êè¨â, 23�25 êâiòíÿ 2015 ð.);

� Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ, ïðèñâÿ÷åíà 100-ði÷÷þ âiä äíÿ
íàðîäæåííÿ Ê.Ì. Ôiøìàíà òà Ì.Ê. Ôàãå (×åðíiâöi, 1�4 ëèïíÿ
2015 ð.);

� VIII Âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ ìîëîäèõ â÷åíèõ ç ìàòå-
ìàòèêè òà ôiçèêè ¾Àêòóàëüíi ïðîáëåìè ñó÷àñíî¨ ìàòåìàòèêè i ôi-
çèêè òà ìåòîäèêè ¨õ íàâ÷àííÿ¿ (Êè¨â, 23 òðàâíÿ 2019 ð.);

� Âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ ¾Àêòóàëüíi ïðîáëåìè ìàòåìà-
òèêè òà ìåòîäèêè ¨¨ íàâ÷àííÿ ó âèùié øêîëi¿ (Êè¨â, 17�18 ãðóäíÿ
2020 ð.);

� XI Âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ ìîëîäèõ ìàòåìàòèêiâ (Êè-
¨â, 11�13 òðàâíÿ 2023 ð.);

� IV Ìiæíàðîäíà íàóêîâî-ïðàêòè÷íà iíòåðíåò-êîíôåðåíöiÿ ¾Ìàòå-
ìàòèêà òà iíôîðìàòèêà â íàóöi é îñâiòi � âèêëèêè ñó÷àñíîñòi¿ (Âií-
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íèöÿ, 25�26 òðàâíÿ 2023 ð.);
� Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ ¾Algebraic and Geometric Methods

of Analysis¿ (Îäåñà, 29 òðàâíÿ�01 ÷åðâíÿ 2023 ð.);
� XIVÌiæíàðîäíà àëãåáðà¨÷íà êîíôåðåíöiÿ (Ñóìè, 3�7 ëèïíÿ 2023 ð.);
� Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ, ïðèñâÿ÷åíà 55-ði÷÷þ ôàêóëü-

òåòó ìàòåìàòèêè òà iíôîðìàòèêè ×ÍÓ iìåíi Þ. Ôåäüêîâè÷à (×åð-
íiâöi, 28�30 âåðåñíÿ 2023 ð.);

� XIX Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ iìåíi àêàäåìiêà Ìèõàéëà
Êðàâ÷óêà (Êè¨â, 11�12 æîâòíÿ 2023 ð.);

� XXII Ìiæíàðîäíà íàóêîâî-ïðàêòè÷íà êîíôåðåíöiÿ ¾Øåâ÷åíêiâ-
ñüêà âåñíà � 2024¿ (Êè¨â, 11 êâiòíÿ 2024 ð.);

� XII Âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ ìîëîäèõ ìàòåìàòèêiâ (Êè-
¨â, 9�11 òðàâíÿ 2024 ð.);

� V Ìiæíàðîäíà êîíôåðåíöiÿ, ïðèñâÿ÷åíà 145-ði÷÷þ ç äíÿ íàðîäæå-
ííÿ Ãàíñà Ãàíà (×åðíiâöi, 23�27 âåðåñíÿ 2024 ð.);

� Ìiæíàðîäíà íàóêîâî-ïðàêòè÷íà êîíôåðåíöiÿ (ÓÄÓ iìåíi Ìèõàéëà
Äðàãîìàíîâà, 28 æîâòíÿ 2024 ð).

òà íàóêîâèõ ñåìiíàðàõ:
� ñåìiíàð ç ôðàêòàëüíîãî àíàëiçó Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà-

¨íè òà ÓÄÓ iìåíi Ìèõàéëà Äðàãîìàíîâà (êåðiâíèê: äîêòîð ôiç.-
ìàò. íàóê, ïðîôåñîð Ïðàöüîâèòèé Ì.Â.);

� ñåìiíàð âiääiëó òåîði¨ ôóíêöié Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà-
¨íè (êåðiâíèê: äîêòîð ôiç.-ìàò. íàóê, ïðîôåñîð Ðîìàíþê À.Ñ.);

� ñåìiíàð ç òåîði¨ àíàëiòè÷íèõ ôóíêöié (Ëüâiâñüêèé íàöiîíàëüíèé
óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà, êåðiâíèê: äîêòîð ôiç.-ìàò. íàóê,
ïðîôåñîð Ñêàñêiâ Î.Á.).

Ïóáëiêàöi¨. Îñíîâíi ðåçóëüòàòè äèñåðòàöiéíîãî äîñëiäæåííÿ îïóáëi-
êîâàíî â øåñòè ñòàòòÿõ [1�6] ó íàóêîâèõ âèäàííÿõ, ï'ÿòü ç ÿêèõ [1,2,4�6]
âõîäÿòü äî ïåðåëiêó ôàõîâèõ âèäàíü ÌÎÍ Óêðà¨íè, ñåðåä íèõ äâi ñòàò-
òi [1,2], ÿêi iíäåêñóþòüñÿ ìiæíàðîäíîþ íàóêîâîìåòðè÷íîþ áàçîþ ¾Scopus¿.

Ñòðóêòóðà é îáñÿã äèñåðòàöi¨. Äèñåðòàöiÿ ñêëàäà¹òüñÿ ç àíîòàöi¨,
ïåðåëiêó ñêîðî÷åíü i óìîâíèõ ïîçíà÷åíü, çi âñòóïó, ï'ÿòè ðîçäiëiâ, ðîçáè-
òèõ íà ïiäðîçäiëè, âèñíîâêiâ äî êîæíîãî ðîçäiëó i çàãàëüíèõ âèñíîâêiâ,
ñïèñêó âèêîðèñòàíèõ äæåðåë (94 íàéìåíóâàííÿ) i îäíîãî äîäàòêà, ùî ìi-
ñòèòü ñïèñîê ïóáëiêàöié àâòîðà òà âiäîìîñòi ïðî àïðîáàöiþ ðåçóëüòàòiâ
äèñåðòàöi¨. Çàãàëüíèé îáñÿã äèñåðòàöi¨ ñòàíîâèòü 135 ñòîðiíîê.
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ÎÑÍÎÂÍÈÉ ÇÌIÑÒ ÐÎÁÎÒÈ

Ó âñòóïi îáãðóíòîâàíî àêòóàëüíiñòü äîñëiäæåííÿ, âèçíà÷åíî îá'¹êò,
ïðåäìåò, ìåòó i çàâäàííÿ; çàçíà÷åíî íàóêîâó íîâèçíó îäåðæàíèõ ðåçóëü-
òàòiâ, îñîáèñòèé âíåñîê çäîáóâà÷êè.

Ïåðøèé ðîçäië ¾Êîíöåïòóàëüíi çàñàäè äîñëiäæåííÿ¿ ïðèñâÿ-
÷åíî êëþ÷îâèì ïîíÿòòÿì i ôàêòàì, ùî âèêîðèñòîâóþòüñÿ â ðîáîòi i ñòî-
ñóþòüñÿ òåîði¨ êîäóâàííÿ (çîáðàæåííÿ) ÷èñåë îäèíè÷íîãî ïðîìiæêà òà
òåîði¨ ôóíêöié ç ëîêàëüíî ñêëàäíîþ ñòðóêòóðîþ, òàêîæ îãëÿäó ðåçóëüòà-
òiâ ïîïåðåäíiõ äîñëiäæåíü, ùî ïðèìèêàþòü äî òåìè äèñåðòàöiéíîãî äîñëi-
äæåííÿ. Ó íüîìó ïðîâåäåíî îãëÿä ëiòåðàòóðè, ñôîðìóëüîâàíi îçíà÷åííÿ
êëþ÷îâèõ ïîíÿòü òà òâåðäæåíü, ÿêi âèêîðèñòîâóþòüñÿ ó ðîáîòi.

Îñíîâíèì îá'¹êòîì äîñëiäæåííÿ ó ðîçäiëi 2 ¾Êàíòîðiâñüêå äâié-
êîâî-ôiáîíà÷÷i¹âå çîáðàæåííÿ ÷èñåë â çàäà÷àõ òåîði¨ ôóíêöié¿
¹ ôðàêòàëüíi ìíîæèíè i ëîêàëüíî ñêëàäíi ôóíêöi¨, îçíà÷åíi ó òåðìiíàõ
êàíòîðiâñüêîãî äâiéêîâî-ôiáîíà÷÷i¹âîãî çîáðàæåííÿ ÷èñåë ç [0; 1], à ñàìå:

[0; 1] ∋ x =
α1

s1
+

α2

s1s2
+ · · ·+ αn

s1s2 . . . sn
+ · · · = ∆(sn)

α1α2...αn...,

äå sn = 2φn , φ1 = 1 = φ2, φn+2 = φn + φn+1, αn ∈ An ≡ {0, 1, ..., sn − 1}.
Òåîðåìà 2.2. ßêùî (cn) ∈ L = A1 × A2 × A3 × . . . i äëÿ âñiõ j ∈ An

gcnn = 0, gjn = 1
2φn−1 ïðè j ̸= cn i βjn = g0n + ... + g[j−1]n, òî ôóíêöiÿ f,

îçíà÷åíà ðiâíiñòþ

f(x = ∆(sn)
α1α2...αn...) = βα11 +

∞∑
k=2

βαkk

k−1∏
j=1

gαjj ,

¹ ôóíêöi¹þ ðîçïîäiëó êâàçiêàíòîðiâñüêîãî òèïó (òîáòî ìà¹ íiäå íå ùiëüíó
ìíîæèíó òî÷îê ðîñòó äîäàòíî¨ ìiðè Ëåáåãà).

Òåîðåìà 2.3. Ìíîæèíà C[∆;Vn] = {x = ∆c1c2...cn..., cn ∈ Vn ⊂ An}, ¹:
1) âiäðiçêîì [0; 1], ÿêùî Vn = An ∀n ∈ N ; 2) îá'¹äíàííÿì âiäðiçêiâ, ÿêùî
Vn = An äëÿ âñiõ n > n0; 3) äîñêîíàëîþ íiäå íå ùiëüíîþ ìíîæèíîþ, ÿêùî
äëÿ íåñêií÷åííî¨ êiëüêîñòi çíà÷åíü n âèêîíó¹òüñÿ íåðiâíiñòü Vn ̸= An. �¨

ìiðà Ëåáåãà îá÷èñëþ¹òüñÿ çà ôîðìóëîþ λ(C) =
∞∏

n=1
(1− |An\Vn|

2φn ).

Íàñëiäîê 2.1. Ìíîæèíà C ¹ íóëü-ìíîæèíîþ Ëåáåãà ëèøå, êîëè

∞∑
n=1

|An \ Vn|
2φn

= ∞.
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Òåîðåìà 2.5. ßêùî g0n > 0, g[2φn−1]n > 0, g0n + g[2φn−1]n = 1,
β0n = 0, βjn = g0n ïðè 0 < j < 2φn , òî ôóíêöiÿ

f(x = ∆α1α2...αn...) = βα11 +
∞∑
k=2

βαkk

k−1∏
j=1

gαjj ,

¹ ñèíãóëÿðíîþ ôóíêöi¹þ ç àíîìàëüíî ôðàêòàëüíèì ñïåêòðîì (ìà¹ íóëüî-
âó ôðàêòàëüíó ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à).

Ðåøòà ðåçóëüòàòiâ öüîãî ðîçäiëó ñòîñóþòüñÿ ôóíêöi¨ ϕ:

ϕ (x = ∆α1α2...αn...) = δα11 +

∞∑
k=2

(
δαkk

k−1∏
i=1

gαii

)
≡ ∆ϕ

α1α2...αn...,

äå gk = (g0k, g1k, . . . , gsk−1,k) � çàäàíà ïîñëiäîâíiñòü âåêòîðiâ òàêà, ùî:
1)|gik| < 1; 2)δik ≡ g0k + g1k + . . .+ gi−1,k > 0, i ∈ Ask ;

3)g0k + g1k + . . .+ gsk−1,k = 1, k ∈ N ; 4)
∞∏
k=1

gckk = 0, ck ∈ Ak.

Ëåìà 2.3. Ïðèðiñò µϕ (∆c1c2...cm) ≡ ϕ
(
∆c1...cm(sm+k−1)

)
−ϕ

(
∆c1...cm(0)

)
ôóíêöi¨ ϕ íà öèëiíäði ∆c1...cm îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

µϕ(∆c1c2...cm) =
m∏
i=1

gcii.

Òåîðåìà 2.6. Ôóíêöiÿ y = ϕ(x) ¹ íåïåðåðâíîþ â êîæíié òî÷öi âiäðiçêà
[0; 1]; ñòðîãî çðîñòàþ÷îþ, ÿêùî gik > 0 äëÿ áóäü-ÿêèõ i ∈ Ask , ∀k ∈ N ;
ñòàëîþ íà âñiõ öèëiíäðàõ âèäó ∆c1...ck−1i, ÿêùî gik = 0.

Ëåìà 2.4. ßêùî gik > 0 äëÿ âñiõ i ∈ Ask i k ⩾ m, òî ôóíêöiÿ ϕ(x)
¹ ìîíîòîííîþ íà êîæíîìó öèëiíäði m-ãî ðàíãó, ïðè÷îìó íà öèëiíäði
∆c1...cm

1) ñòðîãî çðîñòà¹, ÿêùî P ≡
m∏
i=1

gcii > 0; 2) ñòðîãî ñïàäà¹, ÿêùî P < 0;

3) ¹ ñòàëîþ, ÿêùî P = 0.
Òåîðåìà 2.7.ßêùî ìàòðèöÿ ∥gik∥ íå ìiñòèòü íóëiâ, àëå ìà¹ íåñêií÷åí-

íó êiëüêiñòü âiä'¹ìíèõ åëåìåíòiâ, òî ôóíêöiÿ ϕ(x) ¹ íiäå íå ìîíîòîííîþ.
Òåîðåìà 2.8. Âàðiàöiÿ V (ϕ) ôóíêöi¨ ϕ íà âiäðiçêó [0; 1] îá÷èñëþ¹òüñÿ

çà ôîðìóëîþ V (ϕ) =
∞∏
k=1

Wk, äå Wk = g0k + |g1k|+ ...+ |gsk−1,k|.

Íàñëiäîê 2.7. Ôóíêöiÿ ϕ ¹ ôóíêöi¹þ îáìåæåíî¨ âàðiàöi¨ òîäi i òiëüêè

òîäi, êîëè çáiãà¹òüñÿ ðÿä
∞∑
k=1

(1−Wk).
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Ðîçäië 3 ¾Q̃-çîáðàæåííÿ i òåîðiÿ ôðàêòàëiâ¿ ïðèñâÿ÷åíèé âiäîìî-
ìó Q̃-çîáðàæåííþ, ùî ¹ óçàãàëüíåííÿì çîáðàæåííÿ ÷èñåë ó êàíòîðiâñüêèõ
ñèñòåìàõ ÷èñëåííÿ, òà éîãî çàñòîñóâàííÿì ó òåîði¨ ôðàêòàëüíèõ ìíîæèí
òà íåïåðåðâíèõ ñòðóêòóðíî ôðàêòàëüíèõ ôóíêöié. Ó íüîìó ïîøèðþþ-
òüñÿ äåÿêi ðåçóëüòàòè ðîçäiëó 2 íà áiëüø çàãàëüíèé âèïàäîê, à òàêîæ
âèâ÷àþòüñÿ âëàñòèâîñòi íîâî¨ ôóíêöi¨ � iíâåðñîðà Q̃-çîáðàæåííÿ.

Q̃-çîáðàæåííÿ ÷èñåë x ∈ [0; 1] âèçíà÷à¹òüñÿ ôiêñîâàíîþ ïîñëiäîâíiñòþ
íàòóðàëüíèõ ÷èñåë (mk), ïîñëiäîâíiñòþ àëôàâiòiâ Ak ≡ {0, 1, 2, ...,mk}
i ïîñëiäîâíiñòþ äîäàòíèõ ñòîõàñòè÷íèõ âåêòîðiâ-ñòîâïöiâ (q0k, ..., qmkk):

1) 0 < qik < 1; 2)
mk∑
i=0

qik = 1, k ∈ N ; 3)
∞∏

n=1
max

i
{qin} = 0.

Äëÿ äîâiëüíîãî ÷èñëà x ∈ [0; 1] iñíó¹ ïîñëiäîâíiñòü (ik) ∈ L òàêà, ùî

x = ai11 +
∞∑
k=2

[aikk

k−1∏
j=1

qij(x)j ] ≡ ∆Q̃
i1i2...ik...

,

äå aikk =
ik−1∑
s=0

qsk. Ïîäàííÿ ÷èñëà x âêàçàíèì ðÿäîì íàçèâà¹òüñÿ éîãî

Q̃-ïðåäñòàâëåííÿì, éîãî ñêîðî÷åíèé çàïèñ ∆i1i2...ik... � Q̃-çîáðàæåííÿì,
ik � k-îþ öèôðîþ öüîãî çîáðàæåííÿ.

Îñíîâíèì îá'¹êòîì äîñëiäæåííÿ ó öüîìó ðîçäiëi ¹ ôóíêöiÿ, îçíà÷åíà

ðiâíiñòþ I(x = ∆Q̃
i1...in...

) = ∆Q̃
[m1−i1]...[mn−in]...

i íàçâàíà iíâåðñîðîì.

Ëåìà 3.6. Iíâåðñîð I öèôð Q̃-çîáðàæåííÿ ÷èñåë ¹ íåïåðåðâíîþ ñòðîãî
ñïàäíîþ ôóíêöi¹þ íà [0; 1].

Òåîðåìà 3.4. Iíâåðñîð ¹ ëiíiéíîþ ôóíêöi¹þ I(x) = 1 − x òîäi i òiëü-
êè òîäi, êîëè äëÿ åëåìåíòiâ ìàòðèöi ||qik|| âèêîíóþòüñÿ ðiâíîñòi qinn =
q[mn−in]n, ∀n ∈ N .

Ëåìà 3.8. ßêùî äëÿ åëåìåíòiâ ìàòðèöi ||qik|| ìàþòü ìiñöå ðiâíîñòi{
q[m1−i1]1 ̸= qi11,

q[mn−in]n = qinn, n = 2, 3, ...,
òî ôóíêöiÿ ¹ ëiíiéíîþ íà öèëiíäðàõ 1-ãî

ðàíãó, à ñàìå ôóíêöi¹þ âèäó

I(x) = am1−i1(x)+1 −
q[m1−i1(x)]1

qi1(x)1
(x− ai1(x)).

Íàñëiäîê 3.4. ßêùî äëÿ åëåìåíòiâ ìàòðèöi ||qik|| âèêîíóþòüñÿ ðiâíî-
ñòi {

q[mk−ik]1 ̸= qikk, k = 1, 2, ..., n− 1

q[mn−in]n = qinn, 1 ̸= n ∈ N,
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òî iíâåðñîð I(x) ¹ êóñêîâî-ëiíiéíîþ ôóíêöi¹þ, ïðè÷îìó ëiíiéíîþ íà öè-

ëiíäðàõ (n− 1)-ãî ðàíãó I(x) =
n−2∑
k=1

amk−ik

k−1∏
j=1

q[mj−ij ]+

+amn−1−in−1+1

n−2∏
j=1

q[mj−ij ]j +
n−1∏
j=1

q[mj−ij ]j

qijj
(x−

n−1∑
k=1

aik
k−1∏
j=1

qijj).

Ëåìà 3.9. ßêùî â Q̃-óíàðíié òî÷öi x0 = ∆Q̃
i1...in...

iñíó¹ ïîõiäíà I ′(x0)

ôóíêöi¨ I, òî ¨¨ ìîæíà îá÷èñëèòè çà ôîðìóëîþ I ′(x0) = −
∞∏

n=1

q[mn−in]n

qinn
.

Òåîðåìà 3.5. ßêùî ïîñëiäîâíiñòü (mk) ¹ ñòàëîþ (mk = m) i lim
k→∞

qik =

= qi, i = 0,m, ïðè÷îìó iñíó¹ òàêå s, ùî qs ̸= 1
m+1 , òî ôóíêöiÿ ìà¹ ïîõiäíó

ðiâíó íóëþ ìàéæå ñêðiçü, òîáòî ¹ ñèíãóëÿðíîþ.
Òåîðåìà 3.6. ßêùî ïîñëiäîâíiñòü (mn) ¹ ñòàëîþ (mn = m) i ìàòðè-

öÿ ||qik||, ùî âèçíà÷à¹ Q̃-çîáðàæåííÿ, ¹ ïåðiîäè÷íîþ, à ñàìå âèêîíóþ-
òüñÿ ðiâíîñòi qi,k(n−1)+j = gij , j = 1, k äëÿ äåÿêîãî ôiêñîâàíîãî íàòó-
ðàëüíîãî k i âñiõ n ∈ N , òî ãðàôiê Γ ôóíêöi¨ I ¹ ñàìîàôiííîþ ìíî-

æèíîþ ç ñàìîàôiííîþ ñòðóêòóðîþ Γ =
m1⋃
e1=0

...
mk⋃
ek=0

Γe1...ek , ek ∈ N0
mk

, äå

Γe1...ek = fe1...ek(Γ) = {(x; y) ∈ R2 : x = ∆e1...eki1...in..., y = I(x)},

fe1...ek :

{
x′ = δe1...ek(∆i1i2...in...),

y′ = δ[m1−e1]...[mn−en](∆[m1−i1][m2−i2]...),
(e1...ek) ∈ A1×...×Ak.

Íàñëiäîê 3.6. Ñàìîàôiííà ðîçìiðíiñòü ãðàôiêà Γ ôóíêöi¨ I ¹

ðîçâ'ÿçêîì ðiâíÿííÿ
m1∑
e1=0

...
mk∑
ek=0

(
k∏

j=1

(qejjq[mj−ej ]j)
x
2

)
= 1.

Äâà íàñòóïíi ðîçäiëè ¹ ãîëîâíèìè ó äèñåðòàöiéíîìó äîñëiäæåííi.
Ó ðîçäiëi 4 ¾B�çîáðàæåííÿ äiéñíèõ ÷èñåë¿ îáãðóíòîâó¹òüñÿ íîâà

ñèñòåìà êîäóâàííÿ (B-çîáðàæåííÿ) ÷èñåë ç (0;1), àëôàâiòîì ÿêî¨ ¹ ìíî-
æèíà âñiõ öiëèõ ÷èñåë. Öÿ ñèñòåìà ¹, âçàãàëi êàæó÷è, ìóëüòèîñíîâíîþ,
àëå â îêðåìèõ âèïàäêàõ âîíà ìîæå áóòè äâî- àáî îäíîîñíîâíîþ (Φ-çî-
áðàæåííÿ). Òóò âèâ÷àþòüñÿ ãåîìåòðiÿ B-çîáðàæåííÿ ÷èñåë, îïåðàòîðè
ëiâîñòîðîííüîãî òà ïðàâîñòîðîííüîãî çñóâiâ öèôð B-çîáðàæåííÿ, íåïå-
ðåðâíi ïåðåòâîðåííÿ (0;1), ÿêi çáåðiãàþòü õâîñòè B-çîáðàæåííÿ ÷èñåë,
ðîçâ'ÿçóþòüñÿ òîïîëîãî-ìåòðè÷íi çàäà÷i.

Íåõàé A = Z = {0,±1,±2, ...} � àëôàâiò, L � ïðîñòið ïîñëiäîâíîñòåé
åëåìåíòiâ àëôàâiòó; (Θn) � ïîñëiäîâíiñòü äîäàòíèõ äiéñíèõ ÷èñåë (n ∈ Z)

òàêà, ùî
∞∑

n=1
Θ−n ≡ u < 1,

+∞∑
n=0

Θn ≡ v < 1, u+ v = 1; bn ≡
n−1∑

i=−∞
Θi.

Òåîðåìà 4.1. Äëÿ áóäü-ÿêîãî ÷èñëà x ∈ (0; 1) iñíó¹ ¹äèíèé ñêií÷åííèé
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íàáið öiëèõ ÷èñåë (α1, α2, ..., αm) àáî ¹äèíà ïîñëiäîâíiñòü (αn) ∈ L òàêi,
ùî âèêîíó¹òüñÿ îäíà ç ðiâíîñòåé

x = bα1
+

m∑
k=2

bαk

k−1∏
i=1

Θαi
≡ ∆B

α1α2...αm(∅), (1)

x = bα1
+

∞∑
k=2

bαk

k−1∏
i=1

Θαi
≡ ∆B

α1α2...αk...
. (2)

Ñèìâîëi÷íèé çàïèñ x ðiâíiñòþ (1) àáî (2) íàçèâàòèìåìî B-çîáðàæå-

ííÿì öüîãî ÷èñëà, à αn = αn(x) � n-îþ éîãî öèôðîþ. ×åðåç ¹äèíiñòü
B-çîáðàæåííÿ ÷èñëà öèôðà αn = αn(x) ¹ êîðåêòíî îçíà÷åíîþ ôóíêöi¹þ
÷èñëà x.

×èñëà, äëÿ ÿêèõ âèêîíó¹òüñÿ ðiâíiñòü (1), íàçèâàþòüñÿB-ñêií÷åííèìè,
à òi, äëÿ ÿêèõ âèêîíó¹òüñÿ ðiâíiñòü (2), � B-íåñêií÷åííèìè.

Ìíîæèíà âñiõ B-ñêií÷åííèõ ÷èñåë ¹ çëi÷åííîþ, ïðè÷îìó âñþäè ùiëü-
íîþ â iíòåðâàëi (0; 1) ìíîæèíîþ.

B-çîáðàæåííÿ ¹ çàñîáîì êîäóâàííÿ ÷èñåë iíòåðâàëà (0; 1), ¨õ iäåíòèôi-
êàöi¨ òà ïîðiâíÿííÿ: ÷èñëà x = ∆B

α1...αm... i y = ∆B
β1...βm... ïåðåáóâàþòü ó

âiäíîøåííi x < y òîäi i ëèøå òîäi, êîëè iñíó¹ k ∈ N òàêå, ùî αk < βk,

àëå αi = βi ïðè i < k.
Òåîðåìà 4.2. Ìíîæèíà ÷èñåë C[B, Vn] = {x : αn(x) ∈ Vn ⊂ Z} ¹

íiäå íå ùiëüíîþ, ÿêùî íåñêií÷åííó êiëüêiñòü ðàçiâ âèêîíó¹òüñÿ íåðiâíiñòü
Vn ̸= Z. �¨ ìiðà Ëåáåãà îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

λ(C) =
∞∏

n=1

λ(En)

λ(En−1)
=

∞∏
n=1

(1− λ(En)

λ(En−1)
) =

∞∏
n=1

(1−Wn),

äå E0 = (0; 1), En � îá'¹äíàííÿ öèëiíäðiâ n-ãî ðàíãó, ñåðåä âíóòðiøíiõ
òî÷îê ÿêèõ ¹ òî÷êè ìíîæèíè C, En ≡ En−1 \ En, Wn ≡

∑
i∈Z\Vn

Θi.

Íàñëiäîê 4.1. λ(C) > 0 ⇔
∞∑
k=1

Wk < ∞.

Òåîðåìà 4.3.Ìíîæèíà C[B, V ] = {x : αn(x) ∈ V ̸= Z} ¹ N -ñàìîïîäiá-
íîþ íóëü-ìíîæèíîþ Ëåáåãà, N -ñàìîïîäiáíà ðîçìiðíiñòü ÿêî¨ çáiãà¹òüñÿ ç
ðîçìiðíiñòþ Ãàóñäîðôà-Áåçèêîâè÷à i ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

∑
i∈V

Θx
i = 1.

Òåîðåìà 4.4. Ìíîæèíà ÷èñåë iíòåðâàëà (0; 1) ç îáìåæåíèìè öèôðà-
ìè B-çîáðàæåííÿ ìà¹ íóëüîâó ìiðó Ëåáåãà. Äëÿ ìàéæå âñiõ x ∈ (0; 1)
âèêîíó¹òüñÿ óìîâà lim

n→∞
αn(x) = ∞, äå αn(x) � öå n-òà B-öèôðà ÷èñëà x.
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Ó ïóíêòi 4.6 âèâ÷àëèñü íåïåðåðâíi ïåðåòâîðåííÿ îäèíè÷íîãî iíòåðâà-
ëó, ÿêi çáåðiãàþòü õâîñòè çîáðàæåííÿ ÷èñåë. Êîíñòðóêòèâíî äîâåäåíî,
ùî ìíîæèíà âñiõ òàêèõ ïåðåòâîðåíü âiäíîñíî îïåðàöi¨ ¾êîìïîçèöiÿ ïåðå-
òâîðåíü¿ óòâîðþ¹ íåñêií÷åííó íåêîìóòàòèâíó ãðóïó. Êîíñòðóêöi¨ ïåðå-
òâîðåíü ìiñòÿòü ïî¹äíàííÿ ëiâîñòîðîííüîãî òà ïðàâîñòîðîííüîãî çñóâiâ.

Ó ðîçäiëi 5 ¾Íåïåðåðâíi ëîêàëüíî ñêëàäíi ôóíêöi¨, ïîâ'ÿçàíi
ç B-çîáðàæåííÿì ÷èñåë¿ äîñëiäæóþòüñÿ ôóíêöi¨, ÿêi âèçíà÷àþòüñÿ ó
òåðìiíàõ B-çîáðàæåííÿ àðãóìåíòà. Ñåðåä íèõ ôóíêöi¨ ìîíîòîííi, íiäå íå
ìîíîòîííi i òàêi, ùî íå ìàþòü ïðîìiæêiâ ìîíîòîííîñòi, îêðiì ïðîìiæêiâ
ñòàëîñòi. Äîñëiäæóþòüñÿ ñòðóêòóðíi, âàðiàöiéíi, iíòåãðî-äèôåðåíöiàëüíi
òà ôðàêòàëüíi âëàñòèâîñòi ôóíêöié.

Íåõàé íåñêií÷åííà ìàòðèöÿ ||pik|| (∀i ∈ Z, ∀k ∈ N) çàäîâîëüíÿ¹ óìîâè:
1) |pik| < 1 ∀i ∈ Z,∀k ∈ N ; 2)

∑
i∈Z

pik = 1,∀k ∈ N ;

3) 0 <
∞∑
k=2

k−1∏
j=1

pijj < ∞,∀ij ∈ Z; 4) 0 < σik ≡
i−1∑

j=−∞
pjk < 1, ∀i ∈ Z,

∀k ∈ N.
Ôóíêöiÿ f , ùî ¹ îñíîâíèì îá'¹êòîì äîñëiäæåííÿ, îçíà÷ó¹òüñÿ ðiâíî-

ñòÿìè 
f(x = ∆B

i1...ik...
) = σi11 +

∞∑
k=2

σikk

k−1∏
j=1

pijj ≡ ∆f
i1...ik...

,

f(x = ∆B
i1...im(∅)) = σi11 +

m∑
k=2

σikk

k−1∏
j=1

pijj ≡ ∆f
i1...im(∅).

Òåîðåìà 5.1. Ôóíêöiÿ f íåïåðåðâíà â êîæíié òî÷öi îáëàñòi âèçíà-
÷åííÿ. ßêùî pcm = 0, òî f ¹ ñòàëîþ íà êîæíîìó öèëiíäði ∆B

c1c2...cm−1c.
ßêùî pik ̸= 0 äëÿ áóäü-ÿêèõ i ∈ Z, k ∈ N , òî ôóíêöiÿ f íå ìà¹ iíòåðâàëiâ
ñòàëîñòi.

Ëåìà 5.2. Ïðèðiñò µf (∆
B
c1...cm) ≡ f(d) − f(a) ôóíêöi¨ f íà öèëiíäði

∆B
c1...cm = [a; d) îá÷èñëþ¹òüñÿ çà ôîðìóëîþ µf (∆

B
c1...cm) =

m∏
i=1

pcii.

Íàñëiäîê 5.2. ßêùî pcii ̸= 0 äëÿ âñiõ i ⩽ m, òî ïðèðiñò ôóíêöi¨ f íà
öèëiíäði ∆B

c1...cm ¹ àáî äîäàòíèì, àáî âiä'¹ìíèì, ïðè÷îìó äîäàòíèì, ÿêùî
m∏
i=1

pcii > 0, i âiä'¹ìíèì â ïðîòèëåæíîìó âèïàäêó.

Íàñëiäîê 5.3. ßêùî ìàòðèöÿ ||pik|| íå ìà¹ âiä'¹ìíèõ åëåìåíòiâ, òî
f ¹ ôóíêöi¹þ ðîçïîäiëó íà iíòåðâàëi (0; 1), ïðè÷îìó ñòðîãî çðîñòàþ÷îþ,
ÿêùî ìàòðèöÿ íå ìiñòèòü íóëiâ.

Òåîðåìà 5.2. Ìiðà Ëåáåãà λ(Sf ) ìíîæèíè Sf íåñòàëîñòi ôóíêöi¨ f

îá÷èñëþ¹òüñÿ çà ôîðìóëîþ: λ(Sf ) =
∞∏
k=1

(1 − λ(Fk)
λ(Fk−1)

) =
∞∏
k=1

(1 − Wk),
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F0 = [0; 1], Fk � îá'¹äíàííÿ B-öèëiíäðiâ ðàíãó k, ÿêi ìiñòÿòü öèëiíäðè
âèùèõ ðàíãiâ ç íåíóëüîâèìè ïðèðîñòàìè ôóíêöi¨ f , F k ≡ Fk−1 \ Fk,
Wk =

∑
i:pik=0

Θi.

Íàñëiäîê 5.4. Ìà¹ ìiñöå ñïiââiäíîøåííÿ

λ(Sf ) = 0 ⇔
∞∑
k=1

λ(F k)

λ(Fk−1)
=

∞∑
k=1

Wk = ∞.

Òåîðåìà 5.3. Ôóíêöiÿ f ¹ ñèíãóëÿðíîþ ôóíêöi¹þ êàíòîðiâñüêîãî òè-

ïó (òîáòî ìiðà Ëåáåãà ìíîæèíè ¨¨ òî÷îê íåñòàëîñòi ðiâíà íóëþ) òîäi i ëèøå
òîäi, êîëè íåñêií÷åííà êiëüêiñòü ñòîâïöiâ ìàòðèöi ||pik|| ìiñòÿòü íóëi i ïðè
öüîìó

∑
k∈N

Wk = ∞.

Íàñëiäîê 5.5. ßêùî pikk = 0, pjk ̸= 0 ïðè j ̸= ik i Θik < 1
k2 äëÿ áóäü-

ÿêîãî k, òî ðÿä
∑
k∈N

Wk çáiãà¹òüñÿ i f ¹ ôóíêöi¹þ êâàçiêàíòîðiâñüêîãî

òèïó.
Íàñëiäîê 5.6. ßêùî âñi ñòîâïöi ìàòðèöi ||pik|| îäíàêîâi, òîáòî pik = pi

äëÿ áóäü-ÿêîãî k ∈ N , i ïðèíàéìíi îäèí åëåìåíò ìàòðèöi ðiâíèé íóëþ
(íåõàé pm = 0), òî f ¹ ôóíêöi¹þ êàíòîðiâñüêîãî òèïó.

Ó ïóíêòi 5.4 ¾Ðîçïîäiëè çíà÷åíü ôóíêöié êàíòîðiâñüêîãî òèïó¿ äëÿ
íåïåðåðâíèõ ôóíêöié äîâåäåíî íàñòóïíi òâåðäæåííÿ.

Ëåìà 5.3.ßêùî f �ôóíêöiÿ êàíòîðiâñüêîãî òèïó, à ζ � âèïàäêîâà âå-
ëè÷èíà ç íåçàëåæíèìè îäíàêîâî ðîçïîäiëåíèìè öèôðàìè B-çîáðàæåííÿ,
òî òî÷êà y∗ = f(∆B

c1...cm−1i(∅)), äå pckk ̸= 0 ̸= qck , k = 1,m− 1, pim =

0 ̸= qi, ¹ àòîìîì ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè Y = f(ζ), ìàñà ÿêîãî

äîðiâíþ¹ çíà÷åííþ âèðàçó qi
m−1∏
k=1

qck = P{ζ ∈ ∆B
c1...cm−1i

}.

Íàñëiäîê 5.7. ßêùî f � ôóíêöiÿ ðîçïîäiëó êàíòîðiâñüêîãî òèïó,
à ζ � íåïåðåðâíà âèïàäêîâà âåëè÷èíà ç íåçàëåæíèìè îäíàêîâî ðîçïîäi-
ëåíèìè öèôðàìè B-çîáðàæåííÿ, òî òî÷êîâèé ñïåêòð (ìíîæèíà àòîìiâ)
âèïàäêîâî¨ âåëè÷èíè Y = f(ζ) óòâîðþþòü òî÷êè âèäó y∗.

Òåîðåìà 5.4. ßêùî f � ôóíêöiÿ ðîçïîäiëó êàíòîðiâñüêîãî òèïó, à ζ �
íåïåðåðâíà â. â. ç íåçàëåæíèìè îäíàêîâî ðîçïîäiëåíèìè öèôðàìè B-çî-
áðàæåííÿ, P{ζn = i} = qi > 0,

∑
i∈Z

qi = 1, òî â. â. Y = f(ζ) ìà¹ ÷èñòî

äèñêðåòíèé ðîçïîäië òîäi i ëèøå òîäi, êîëè G ≡
∞∑
k=1

Gk

k−1∏
i=1

Qi = 1, qk = Θk

∀k ∈ Z. Éîãî àòîìàìè ¹ òî÷êè âèäó y = f(∆B
c1...cm−1i(∅)), äå pckk ̸= 0 ̸=

qck , k = 1,m− 1, pim = 0 ̸= qi, ìàñà àòîìà ÿêî¨ äîðiâíþ¹ qi
m−1∏
k=1

qck .
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Ó ðåøòi âèïàäêiâ ðîçïîäië Y ¹ íåòðèâiàëüíîþ ñóìiøøþ äèñêðåòíîãî òà
íåïåðåðâíîãî ðîçïîäiëiâ.

Ó ïóíêòi 5.5 äîâåäåíî êðèòåðié íiäå íå ìîíîòîííîñòi ôóíêöi¨.
Òåîðåìà 5.5. Ôóíêöiÿ f ¹ íiäå íå ìîíîòîííîþ òîäi i ëèøå òîäi, êî-

ëè ñåðåä åëåìåíòiâ ìàòðèöi ||pik|| íåìà¹ íóëiâ i íåñêií÷åííà êiëüêiñòü ¨¨
ñòîâïöiâ ìiñòÿòü âiä'¹ìíi åëåìåíòè.

Ó ïóíêòi 5.6 âèâ÷àþòüñÿ âàðiàöiéíi âëàñòèâîñòi ôóíêöi¨: âèâåäåíî

ôîðìóëó äëÿ îá÷èñëåííÿ âàðiàöi¨, çà äîïîìîãîþ ÿêî¨ âñòàíîâëåíî íåîá-

õiäíi i äîñòàòíi òà äåÿêi äîñòàòíi óìîâè, çà ÿêèõ ôóíêöiÿ ìà¹ íåîáìå-

æåíó âàðiàöiþ.
Ëåìà 5.4. Ôóíêöiÿ f ñâîãî íàéáiëüøîãî i íàéìåíøîãî çíà÷åííÿ íà

B-öèëiíäði íàáóâà¹ íà éîãî êiíöÿõ.
Òåîðåìà 5.6. Âàðiàöiÿ V 1

0 (f) ôóíêöi¨ f íà iíòåðâàëi (0; 1) îá÷èñëþ¹-

òüñÿ çà ôîðìóëîþ V 0
1 (f) =

∞∏
k=1

Vk, äå Vk =
+∞∑

i=−∞
|pik|.

Íàñëiäîê 5.8. Ôóíêöiÿ f ìà¹ íåîáìåæåíó âàðiàöiþ òîäi i ëèøå òîäi,

êîëè
∞∑
k=1

(1− Vk) = −∞.

Íàñëiäîê 5.9. ßêùî âñi ñòîâïöi ìàòðèöi ||pik|| îäíàêîâi i ôóíêöiÿ f
¹ íiäå íå ìîíîòîííîþ, òî âîíà ìà¹ íåîáìåæåíó âàðiàöiþ.

Íàñëiäîê 5.10. ßêùî íåñêií÷åííà êiëüêiñòü ñòîâïöiâ ó ìàòðèöi ||pik||
ìiñòÿòü íóëüîâi åëåìåíòè i ïðè öüîìó

∞∑
k=1

(1 − Vk) = −∞, òî f ¹ ôóí-

êöi¹þ êàíòîðiâñüêîãî àáî êâàçiêàíòîðiâñüêîãî òèïó, ÿêà ìà¹ íåîáìåæåíó
âàðiàöiþ i íå ìà¹ ïðîìiæêiâ ìîíîòîííîñòi, îêðiì ïðîìiæêiâ ñòàëîñòi.

Ó ïóíêòi 5.7 âèâ÷àþòüñÿ àâòîìîäåëüíi òà iíòåãðàëüíi âëàñòèâîñòi

ôóíêöié.
Ëåìà 5.5. Ãðàôiê Γf ôóíêöi¨ f ¹ ñòðóêòóðíî ôðàêòàëüíîþ ìíîæè-

íîþ, à ñàìå N -ñàìîàôiííîþ ìíîæèíîþ ç íàñòóïíîþ ñòðóêòóðîþ ñàìîà-
ôiííîñòi:

Γf =
+∞⋃

i=−∞
Γi, Γi = φi(Γf ), φi :

{
x′ = Θix+ bi,

y′ = piy + σi,
i ∈ Z.

Òåîðåìà 5.7. Äëÿ âèïàäêó, êîëè âñi ñòîâïöi ìàòðèöi îäíàêîâi (pik =
pi), ìà¹ ìiñöå ðiâíiñòü

1∫
0

f(x)dx =

∑
i∈Z

σiΘi

1−
∑
i∈Z

Θipi
,
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äå σi ≡
i−1∑

j=−∞
pj , ∀i ∈ Z.

Ïóíêò 5.8 ïðèñâÿ÷åíèé äèôåðåíöiàëüíèì âëàñòèâîñòÿì ôóíêöi¨ i äî-
âåäåííþ îçíàêè ¨¨ ñèíãóëÿðíîñòi äëÿ âèïàäêó, êîëè âñi ñòîâïöi ìàòðèöi
îäíàêîâi.

Ëåìà 5.6. Ìiðà Ëåáåãà ìíîæèíè êàíòîðiâñüêîãî òèïó C[B, V ] = {x :
x = ∆B

α1...αn..., αn ∈ V ⊂ Z, V ̸= Z} äîðiâíþ¹ íóëþ.
Íàñëiäîê 5.11. Ìiðà Ëåáåãà ìíîæèíè En(i) ÷èñåë ç (0; 1), ó B-çî-

áðàæåííi ÿêèõ öèôðà i ìîæå çóñòði÷àòèñü íà ïåðøèõ n ìiñöÿõ, äîðiâíþ¹
íóëþ.

Òåîðåìà 5.8. Ìíîæèíà I ÷èñåë ç (0; 1), ó B-çîáðàæåííi ÿêèõ öèôðà
i ∈ A çóñòði÷à¹òüñÿ ëèøå ñêií÷åííó êiëüêiñòü ðàçiâ, ìà¹ íóëüîâó ìiðó
Ëåáåãà.

Íàñëiäîê 5.12. Ìàéæå âñi ÷èñëà iíòåðâàëó (0; 1) ó ñâî¨õ B-çîáðàæå-
ííÿõ âèêîðèñòîâóþòü âñi öèôðè àëôàâiòó íåñêií÷åííó êiëüêiñòü ðàçiâ.

Íàñëiäîê 5.13. Äëÿ ìàéæå âñiõ (ó ðîçóìiííi ìiðè Ëåáåãà)
x = ∆B

α1...αn... ∈ (0; 1) ìà¹ìî, ùî lim sup
n→∞

αn(x) = ∞.

Ëåìà 5.7. ßêùî ó B-íåñêií÷åííié òî÷öi x0 iñíó¹ ñêií÷åííà ïîõiäíà

ôóíêöi¨ f , òî âîíà îá÷èñëþ¹òüñÿ çà ôîðìóëîþ f ′(x0) =
∞∏
k=1

pαk(x0)

Θαk(x0)
. ßêùî

íåñêií÷åííèé äîáóòîê
∞∏
k=1

pαk(x0)

Θαk(x0)
ðîçáiãà¹òüñÿ, ïðè÷îìó íå äî íóëÿ, òî íå

iñíó¹ ñêií÷åííî¨ ïîõiäíî¨ ôóíêöi¨ f ó òî÷öi x0.
Òåîðåìà 5.9. ßêùî (pn) � ïîñëiäîâíiñòü äîäàòíèõ äiéñíèõ ÷èñåë,

ñåðåä ÷ëåíiâ ÿêî¨ iñíó¹ pk ̸= Θk, òî f ¹ ñèíãóëÿðíîþ ñòðîãî çðîñòàþ÷îþ
ôóíêöi¹þ ðîçïîäiëó éìîâiðíîñòåé íà iíòåðâàëi (0; 1).

ÂÈÑÍÎÂÊÈ

Äèñåðòàöiéíà ðîáîòà âèêîíàíà â ãàëóçi ìåòðè÷íî¨ òåîði¨ íåïåðåðâíèõ
ëîêàëüíî ñêëàäíèõ ôóíêöié, ÿêi ìàþòü ñòðóêòóðíî ôðàêòàëüíi âëàñòè-
âîñòi. Â íié îòðèìàíî íàñòóïíi ðåçóëüòàòè:

1. Âèâ÷åíî îêðåìi êëàñè ôóíêöié ç ëîêàëüíî ñêëàäíîþ ñòðóêòóðîþ,
îçíà÷åíèõ ó òåðìiíàõ çîáðàæåííÿ äiéñíèõ ÷èñåë ðÿäàìè Êàíòîðà
(êàíòîðiâñüêi ñèñòåìè ÷èñëåííÿ).

2. Ñòâîðåíî íîâó ñèñòåìó êîäóâàííÿ äiéñíèõ ÷èñåë îäèíè÷íîãî ïðî-
ìiæêà (B-çîáðàæåííÿ), àëôàâiòîì ÿêî¨ ¹ ìíîæèíà öiëèõ ÷èñåë.
Îïèñàíî ¨¨ ãåîìåòðiþ (ãåîìåòðè÷íèõ çìiñò öèôð, ìåòðè÷íi âiäíî-
øåííÿ, îáãðóíòîâàíî âëàñòèâîñòi öèëiíäðè÷íèõ òà õâîñòîâèõ ìíî-
æèí), ðîçâ'ÿçàíî ðÿä ìåòðè÷íèõ çàäà÷ i âñòàíîâëåíî íîðìàëüíi



15

âëàñòèâîñòi ÷èñåë çà ¨õ B-çîáðàæåííÿì.
3. Ç âèêîðèñòàííÿì B-çîáðàæåííÿ îçíà÷åíî êîíòèíóàëüíèé êëàñ íå-

ïåðåðâíèõ ôóíêöié, ñåðåä ÿêèõ ìîíîòîííi, íåìîíîòîííi, íiäå íå
ìîíîòîííi, íiäå íå äèôåðåíöiéîâíi; ôóíêöi¨ îáìåæåíî¨ òà íåîáìå-
æåíî¨ âàðiàöi¨; ñèíãóëÿðíi ôóíêöi¨.

4. Äëÿ ôóíêöié îçíà÷åíîãî êëàñó âè÷åðïíî ðîçâ'ÿçàíî ðÿä çàäà÷:
4.1. Âèâåäåíî ôîðìóëó äëÿ îá÷èñëåííÿ ìiðè Ëåáåãà ìíîæèíè íåñòàëî-

ñòi ôóíêöié. Äîâåäåíî êðèòåðié ¨¨ íóëü-ìiðíîñòi.
4.2. Çíàéäåíî íåîáõiäíi i äîñòàòíi óìîâè íàëåæíîñòi ôóíêöi¨ äî êëàñó

ñèíãóëÿðíèõ ôóíêöié êàíòîðiâñüêîãî òèïó.
4.3. Äîâåäåíî êðèòåðié íiäå íå ìîíîòîííîñòi ôóíêöi¨.
4.4. Âèâåäåíî ôîðìóëó äëÿ îá÷èñëåííÿ âàðiàöi¨ ôóíêöi¨ òà çíàéäåíî

íåîáõiäíi i äîñòàòíi óìîâè, çà ÿêèõ ôóíêöiÿ ìà¹ íåîáìåæåíó âàði-
àöiþ.

4.5. Äëÿ âèïàäêó, êîëè ôóíêöiÿ íå ìà¹ ïðîìiæêiâ ñòàëîñòi, âñòàíîâ-
ëåíî ñòðóêòóðíó ôðàêòàëüíiñòü ãðàôiêà (éîãî N -ñàìîàôiííiñòü) i
îá÷èñëåíî âèçíà÷åíèé iíòåãðàë.
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ABSTRACT

Bondarenko O.I. Structurally fractal continuous functions de-
fined in terms of infinite-symbol and Cantor representations of real
numbers. — Manuscript.

Thesis for Candidate of Physical and Mathematical Sciences degree in
speciality 01.01.01 — Mathematical Analysis. — Institute of Mathematics of
the National Academy of Sciences of Ukraine, Kyiv, 2025.

This thesis is devoted to the development of the theory of locally com-
plicated continuous functions with fractal properties constructed in terms of
various systems of encoding (representations) for real numbers. These include

Cantor numeral systems, Q̃-representation, and an original brand-new system
of encoding for real numbers (B-representation) with a bidirectionally infinite
alphabet. The structural, variational, topological and metric, integral and
differential, and fractal properties of three classes of continuous functions are
studied in the work. Nowhere monotonic functions (those that do not have
intervals of monotonicity), singular functions (those that are continuous, non-
constant, and have derivatives equal to zero almost everywhere with respect
to the Lebesgue measure) as well as functions that do not have intervals of
monotonicity except for intervals of constancy are among them.

The argument of these functions is defined using one of the above-men-
tioned representations, and the value of the function is determined by a spe-
cific infinite matrix such that sum of elements of every column is equal to
one.

The class of functions related to the brand-new and studied in detail B-rep-
resentation of numbers of the unit interval is studied in the most complete way.
For functions of this class, a formula for calculating the Lebesgue measure
of the set of non-constancy of the function, which is the difference between
the domain of definition and the union of intervals of constancy, is derived.
Necessary and sufficient conditions for this set to be of zero Lebesgue measure
are established. A criterion for the function to belong to the class of singular
Cantor-type functions is found.

We prove that this function is nowhere monotonic if and only if there are
no zeros among the elements of its defining matrix and an infinite number of
its columns contain negative elements. A formula for calculating the variation
of the function is derived. Necessary and sufficient conditions for the function
to have unbounded variation are found. In particular, we prove that it has
unbounded variation when all columns of the matrix are identical and do not
contain zeros. Conditions for the function, when it has Cantor or quasi-Cantor
type, unbounded variation and does not have intervals of monotonicity other
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than intervals of constancy, are specified.
We establish that in the case, when all columns of the defining matrix are

identical and do not contain zeros, the graph of the function is an N -self-
affine set. The self-affine structure of the function graph is used to compute
the definite integral.

Under the condition that all columns of the matrix are identical and its
elements are positive, sufficient conditions for the function to be a singular
strictly increasing probability distribution function on the unit interval are
found.

Key words: Cantor numeral system, singular function, continuous nowhere
monotonic function, Cantor-type function, function of unbounded variation,
N -self-affine set, B-representation of numbers, B-cylinder, normal property
of a number, digit shift operator, continuous transformation that preserves
the tails of the B-representation of numbers.
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