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ÀÍÎÒÀÖIß

Áîíäàðåíêî Î. I. Ñòðóêòóðíî ôðàêòàëüíi íåïåðåðâíi ôóíêöi¨, îçíà÷å-

íi â òåðìiíàõ íåñêií÷åííîñèìâîëüíèõ òà êàíòîðiâñüêèõ çîáðàæåíü äiéñíèõ

÷èñåë. �Êâàëiôiêàöiéíà íàóêîâà ïðàöÿ íà ïðàâàõ ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ êàíäèäàòà ôiçèêî-ìàòåìà-

òè÷íèõ íàóê çà ñïåöiàëüíiñòþ 01.01.01 �Ìàòåìàòè÷íèé àíàëiç. � Óêðà¨í-

ñüêèé äåðæàâíèé óíiâåðñèòåò iìåíi Ìèõàéëà Äðàãîìàíîâà; Iíñòèòóò ìàòå-

ìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, 2025.

Äèñåðòàöiéíå äîñëiäæåííÿ âèêîíàíå íà êàôåäði âèùî¨ ìàòåìàòèêè òà

ëàáîðàòîði¨ ôðàêòàëüíîãî àíàëiçó Óêðà¨íñüêîãî äåðæàâíîãî óíiâåðñèòåòó

iìåíi Ìèõàéëà Äðàãîìàíîâà.

Ðîáîòà ïðèñâÿ÷åíà ðîçâèòêó òåîði¨ ëîêàëüíî ñêëàäíèõ íåïåðåðâíèõ ôóí-

êöié ç ôðàêòàëüíèìè âëàñòèâîñòÿìè, êîíñòðóêöi¨ ÿêèõ ðåàëiçîâàíi ó òåð-

ìiíàõ ðiçíèõ ñèñòåì êîäóâàííÿ (çîáðàæåííÿ) äiéñíèõ ÷èñåë, çîêðåìà êàí-

òîðiâñüêèõ ñèñòåì ÷èñëåííÿ, Q̃-çîáðàæåííÿ òà îðèãiíàëüíî¨ íîâîñòâîðåíî¨

ñèñòåìè êîäóâàííÿ äiéñíèõ ÷èñåë çàñîáàìè äâîñòîðîííüî íåñêií÷åííîãî àë-

ôàâiòó. Â íié âèâ÷àþòüñÿ íåïåðåðâíi íiäå íå ìîíîòîííi (òi, ùî íå ìàþòü

ïðîìiæêiâ ìîíîòîííîñòi), ñèíãóëÿðíi ôóíêöi¨ (òi, ùî ¹ íåïåðåðâíèìè, âiä-

ìiííèìè âiä êîíñòàíòè i ìàþòü ïîõiäíó ðiâíó íóëþ ìàéæå ñêðiçü ó ðîçó-

ìiííi ìiðè Ëåáåãà), à òàêîæ ôóíêöi¨, ùî íå ìàþòü ïðîìiæêiâ ìîíîòîííîñòi,

îêðiì ïðîìiæêiâ ñòàëîñòi. Õî÷à êëàñè òàêèõ ôóíêöié ìàþòü äðóãó êàòåãî-

ðiþ Áåðà ó ïðîñòîði C[0; 1] (òåîðåìè Áàíàõà-Ìàçóðêåâè÷à, Çàìôiðåñêó),

âèâ÷åíi âîíè íåäîñòàòíüî. Çàãàëüíà òåîðiÿ òàêèõ ôóíêöié ¹ ½áiäíîþ�, à

ðîçâèâà¹òüñÿ âîíà â îñíîâíîìó çà ðàõóíîê iíäèâiäóàëüíèõ òåîðié ÿñêðà-

âèõ ïðåäñòàâíèêiâ. Àíàëiòè÷íà ñêëàäîâà òåîði¨ âèìàãà¹ çàñîáiâ, ÿêi äîïî-
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ìàãàþòü äîëàòè íåñêií÷åííiñòü. Åôåêòèâíèìè äëÿ öüîãî ¹ ðiçíi êîäóâàííÿ

äiéñíèõ ÷èñåë ç âèêîðèñòàííÿì ðiçíèõ àëôàâiòiâ òà ñïåöiàëüíèõ íåñêií÷åí-

íèõ âèðàçiâ. Ç öi¹þ ìåòîþ ó ðîáîòi âèêîðèñòîâóþòüñÿ äâîñòîðîííi ðÿäè äëÿ

ñòâîðåííÿ íîâî¨ ñèñòåìè êîäóâàííÿ ÷èñåë � B-çîáðàæåííÿ.

Äèñåðòàöiéíà ðîáîòà ñêëàäà¹òüñÿ ç àíîòàöié óêðà¨íñüêîþ é àíãëiéñüêîþ

ìîâàìè, ïåðåëiêó ñêîðî÷åíü i óìîâíèõ ïîçíà÷åíü, âñòóïó, ï'ÿòè ðîçäiëiâ,

ðîçáèòèõ íà ïiäðîçäiëè, âèñíîâêiâ äî êîæíîãî ðîçäiëó i çàãàëüíèõ âèñíîâ-

êiâ, ñïèñêó âèêîðèñòàíèõ äæåðåë i îäíîãî äîäàòêà, ùî ìiñòèòü ñïèñîê ïó-

áëiêàöié àâòîðà òà âiäîìîñòi ïðî àïðîáàöiþ ðåçóëüòàòiâ äèñåðòàöi¨.

Ó âñòóïi îáãðóíòîâàíî àêòóàëüíiñòü äîñëiäæåííÿ, âèçíà÷åíî éîãî îá'¹êò,

ïðåäìåò, ìåòó i çàâäàííÿ; çàçíà÷åíî íàóêîâó íîâèçíó îäåðæàíèõ ðåçóëüòà-

òiâ, îñîáèñòèé âíåñîê çäîáóâà÷à.

Ïåðøèé ðîçäië ïðèñâÿ÷åíî êîíöåïòóàëüíèì çàñàäàì äîñëiäæåííÿ. Ó

íüîìó ïðîâåäåíî îãëÿä ëiòåðàòóðè, íàâåäåíî îçíà÷åííÿ êëþ÷îâèõ ïîíÿòü

òà ôîðìóëþâàííÿ òâåðäæåíü, ÿêi âèêîðèñòîâóþòüñÿ ó ðîáîòi.

Îñíîâíèì îá'¹êòîì äîñëiäæåííÿ ó ðîçäiëi 2 ¾Êàíòîðiâñüêå äâiéêîâî-

ôiáîíà÷÷i¹âå çîáðàæåííÿ ÷èñåë â çàäà÷àõ òåîði¨ ôóíêöié¿ ¹ ôðà-

êòàëüíi ìíîæèíè i ëîêàëüíî ñêëàäíi ôóíêöi¨, îçíà÷åíi ó òåðìiíàõ êàíòî-

ðiâñüêîãî äâiéêîâî-ôiáîíà÷÷i¹âîãî çîáðàæåííÿ ÷èñåë ç [0; 1], à ñàìå:

[0; 1] ∋ x =
α1

s1
+

α2

s1s2
+ · · ·+ αn

s1s2 . . . sn
+ · · · = ∆(sn)

α1α2...αn...
,

äå sn = 2φn, φ1 = 1 = φ2, φn+2 = φn + φn+1, αn ∈ An ≡ {0, 1, ..., sn − 1}.
Ðîçäië 3 ¾Q̃-çîáðàæåííÿ i òåîðiÿ ôðàêòàëiâ¿ ïðèñâÿ÷åíèé

Q̃-çîáðàæåííþ, ùî ¹ óçàãàëüíåííÿì çîáðàæåííÿ ÷èñåë ó êàíòîðiâñüêèõ ñè-

ñòåìàõ ÷èñëåííÿ, òà éîãî çàñòîñóâàííÿì ó òåîði¨ ôðàêòàëüíèõ ìíîæèí òà

íåïåðåðâíèõ ñòðóêòóðíî ôðàêòàëüíèõ ôóíêöié. Ó íüîìó óçàãàëüíåíî ðå-

çóëüòàòè ïîïåðåäíüîãî ðîçäiëó i îòðèìàíî íîâi.

Äâà íàñòóïíi ðîçäiëè ¹ ãîëîâíèìè ó äèñåðòàöiéíîìó äîñëiäæåííi.

Ó ðîçäiëi 4 ¾B-çîáðàæåííÿ äiéñíèõ ÷èñåë¿ îáãðóíòîâó¹òüñÿ íîâà



4

ñèñòåìà êîäóâàííÿ ÷èñåë ç (0; 1), àëôàâiòîì ÿêî¨ ¹ ìíîæèíà âñiõ öiëèõ ÷è-

ñåë (B-çîáðàæåííÿ). Öÿ ñèñòåìà ¹, âçàãàëi êàæó÷è, ìóëüòèîñíîâíîþ, àëå â

îêðåìèõ âèïàäêàõ âîíà ìîæå áóòè äâî- àáî îäíîîñíîâíîþ (Φ-çîáðàæåííÿ).

Òóò âèâ÷àþòüñÿ ãåîìåòðiÿB-çîáðàæåííÿ ÷èñåë, îïåðàòîðè ëiâîñòîðîííüîãî

òà ïðàâîñòîðîííüîãî çñóâiâ öèôð B-çîáðàæåííÿ, íåïåðåðâíi ïåðåòâîðåííÿ

ïðîìiæêó (0; 1), ÿêi çáåðiãàþòü õâîñòè B-çîáðàæåííÿ ÷èñåë, ðîçâ'ÿçóþòüñÿ

òîïîëîãî-ìåòðè÷íi çàäà÷i.

Íåõàé A = Z = {0,±1,±2, ...} � àëôàâiò, L � ïðîñòið ïîñëiäîâíîñòåé

åëåìåíòiâ àëôàâiòó; (Θn) � ïîñëiäîâíiñòü äîäàòíèõ äiéñíèõ ÷èñåë (n ∈ Z)

òàêà, ùî
∞∑
n=1

Θ−n ≡ u < 1,
+∞∑
n=0

Θn ≡ v < 1, u+ v = 1; bn ≡
n−1∑

i=−∞
Θi.

Îáãðóíòîâó¹ B-çîáðàæåííÿ ÷èñåë íàñòóïíå òâåðäæåííÿ: äëÿ áóäü-ÿêîãî

÷èñëà x ∈ (0; 1) iñíó¹ ¹äèíèé ñêií÷åííèé íàáið öiëèõ ÷èñåë (α1, α2, ..., αm)

àáî ¹äèíà ïîñëiäîâíiñòü (αn) ∈ L òàêi, ùî âèêîíó¹òüñÿ îäíà ç ðiâíîñòåé

x = bα1
+

m∑
k=2

bαk

k−1∏
i=1

Θαi
≡ ∆B

α1α2...αm(∅),

x = bα1
+

∞∑
k=2

bαk

k−1∏
i=1

Θαi
≡ ∆B

α1α2...αk...
, αn = αn(x).

Îçíà÷åííÿ. B-öèëiíäðîì ðàíãó m ç îñíîâîþ c1c2...cm íàçèâà¹òüñÿ ìíî-

æèíà ∆B
c1...cm

= {x : x = ∆B
c1...cmαm+1...αn(∅), x = ∆B

c1...cmβ1β2...
, (βn) ∈ L}.

Âèâåäåíî ôîðìóëó äëÿ îá÷èñëåííÿ ìiðè Ëåáåãà ìíîæèíè C[B, Vn] =

{x : αn(x) ∈ Vn ⊂ Z} i âñòàíîâëåíî êðèòåðié ¨¨ íóëü-ìiðíîñòi. Äîâåäåíî,

ùî âîíà ¹ íiäå íå ùiëüíîþ, ÿêùî íåñêií÷åííó êiëüêiñòü ðàçiâ âèêîíó¹òüñÿ

íåðiâíiñòü Vn ̸= Z; âêàçàíî íåîáõiäíi i äîñòàòíi óìîâè ¨¨ êàíòîðîâîñòi.

Äîâåäåíî, ùî ìíîæèíà C[B, V ] = {x : αn(x) ∈ V ̸= Z} ¹N -ñàìîïîäiáíîþ

íóëü-ìíîæèíîþ Ëåáåãà, N -ñàìîïîäiáíà ðîçìiðíiñòü ÿêî¨ çáiãà¹òüñÿ ç ðîç-

ìiðíiñòþ Ãàóñäîðôà-Áåçèêîâè÷à i ¹ ðîçâ'ÿçêîì ðiâíÿííÿ
∑
i∈V

Θx
i = 1.

Âñòàíîâëåíî, ùî ìíîæèíà ÷èñåë iíòåðâàëà (0; 1) ç îáìåæåíèìè öèôðà-

ìè B-çîáðàæåííÿ ìà¹ íóëüîâó ìiðó Ëåáåãà, à òîìó äëÿ ìàéæå âñiõ x ∈ (0; 1)
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âèêîíó¹òüñÿ óìîâà lim
n→∞

αn(x) = ∞, äå αn(x) � öå n-òà B-öèôðà ÷èñëà x.

Ó ðîçäiëi 5 ¾Íåïåðåðâíi ëîêàëüíî ñêëàäíi ôóíêöi¨, ïîâ'ÿçàíi ç

B-çîáðàæåííÿì ÷èñåë¿ äîñëiäæóþòüñÿ ñòðóêòóðíi, âàðiàöiéíi, iíòåãðî-

äèôåðåíöiàëüíi òà ôðàêòàëüíi âëàñòèâîñòi ôóíêöié, ÿêi âèçíà÷àþòüñÿ ó

òåðìiíàõ B-çîáðàæåííÿ àðãóìåíòà. Ñåðåä íèõ ôóíêöi¨ ìîíîòîííi, íåìîíî-

òîííi, íiäå íå ìîíîòîííi i òàêi, ùî íå ìàþòü ïðîìiæêiâ ìîíîòîííîñòi, îêðiì

ïðîìiæêiâ ñòàëîñòi; ôóíêöi¨ îáìåæåíî¨ i íåîáìåæåíî¨ âàðiàöi¨, ñèíãóëÿðíi

òà àáñîëþòíî íåïåðåðâíi ôóíêöi¨.

Íåõàé íåñêií÷åííà ìàòðèöÿ ||pik|| (∀i ∈ Z, ∀k ∈ N) çàäîâîëüíÿ¹ óìîâè:

1) |pik| < 1 ∀i ∈ Z, ∀k ∈ N ; 2)
∑
i∈Z

pik = 1,∀k ∈ N ;

3) 0 <
∞∑
k=2

k−1∏
j=1

pijj <∞,∀ij ∈ Z; 4) 0 < σik ≡
i−1∑

j=−∞
pjk < 1, ∀i ∈ Z, ∀k ∈ N.

Îñíîâíèì îá'¹êòîì öüîãî ðîçäiëó ¹ ôóíêöiÿ f , îçíà÷åíà íà iíòåðâàëi

(0; 1) ðiâíîñòÿìè:
f(x = ∆B

i1...ik...
) = σi11 +

∞∑
k=2

σikk
k−1∏
j=1

pijj ≡ ∆f
i1...ik...

,

f(x = ∆B
i1...im(∅)) = σi11 +

m∑
k=2

σikk
k−1∏
j=1

pijj ≡ ∆f
i1...im(∅).

Êîðåêòíiñòü òà íåïåðåðâíiñòü ôóíêöi¨ ãàðàíòóþòü óìîâè 1)-4).

Äîâåäåíî, ùî êîëè pcm = 0, òî ôóíêöiÿ ¹ ñòàëîþ íà êîæíîìó öèëiíäði

âèäó ∆B
c1c2...cm−1c

; ÿêùî æ pik ̸= 0 äëÿ áóäü-ÿêèõ i ∈ Z, k ∈ N , òî âîíà íå

ìà¹ iíòåðâàëiâ ñòàëîñòi.

Âèâåäåíî ôîðìóëó äëÿ îá÷èñëåííÿ ìiðè Ëåáåãà ìíîæèíè íåñòàëîñòi

ôóíêöi¨ f , ùî ¹ ðiçíèöåþ îáëàñòi âèçíà÷åííÿ i îá'¹äíàííÿ iíòåðâàëiâ ñòà-

ëîñòi, âñòàíîâëåíî íåîáõiäíi òà äîñòàòíi óìîâè ¨¨ íóëü-ìiðíîñòi.

Îáãðóíòîâàíî êðèòåðié íàëåæíîñòi ôóíêöi¨ äî êëàñó ñèíãóëÿðíèõ ôóí-

êöié êàíòîðiâñüêîãî òèïó.

Äîâåäåíî, ùî ôóíêöiÿ f ¹ íiäå íå ìîíîòîííîþ òîäi i ëèøå òîäi, êîëè ñå-

ðåä åëåìåíòiâ ìàòðèöi ||pik|| íåìà¹ íóëiâ i íåñêií÷åííà êiëüêiñòü ¨¨ ñòîâïöiâ
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ìiñòÿòü âiä'¹ìíi åëåìåíòè.

Âèâåäåíî ôîðìóëó äëÿ îá÷èñëåííÿ âàðiàöi¨ ôóíêöi¨. Çíàéäåíî íåîáõiäíi

òà äîñòàòíi óìîâè, çà ÿêèõ âîíà ìà¹ íåîáìåæåíó âàðiàöiþ. Çîêðåìà äîâåäå-

íî, ùî âîíà ¹ òàêîþ, êîëè ó ìàòðèöi ||pik|| âñi ñòîâïöi îäíàêîâi i íå ìiñòÿòü
íóëiâ. Âêàçàíî óìîâè, ïðè ÿêèõ ôóíêöiÿ ìàòèìå êàíòîðiâñüêèé àáî êâàçi-

êàíòîðiâñüêèé òèï, íåîáìåæåíó âàðiàöiþ i íå ìà¹ ïðîìiæêiâ ìîíîòîííîñòi,

êðiì ïðîìiæêiâ ñòàëîñòi.

Ñòðóêòóðíó ôðàêòàëüíiñòü ãðàôiêà ôóíêöi¨ çàñâiä÷ó¹ íàñòóïíå òâåð-

äæåííÿ: ÿêùî âñi ñòîâïöi ìàòðèöi îäíàêîâi (pik = pi), òî ãðàôiê Γf ôóí-

êöi¨ f ¹ N -ñàìîàôiííîþ ìíîæèíîþ ç ñòðóêòóðîþ ñàìîàôiííîñòi: Γf =
+∞⋃

i=−∞
φi(Γf), φi : x

′ = Θix+ bi, y
′ = piy + σi i ìà¹ ìiñöå ðiâíiñòü

1∫
0

f(x)dx =

∑
i∈Z

σiΘi

1−
∑
i∈Z

Θipi
.

Äîâåäåíî, ùî ìíîæèíà ÷èñåë ç (0; 1), ó B-çîáðàæåííi ÿêèõ öèôðà i ∈ A

çóñòði÷à¹òüñÿ ëèøå ñêií÷åííó êiëüêiñòü ðàçiâ, ìà¹ íóëüîâó ìiðó Ëåáåãà, à

òîìó ìàéæå âñi ÷èñëà iíòåðâàëó (0; 1) ó ñâî¨õ B-çîáðàæåííÿõ âèêîðèñòîâó-

þòü âñi öèôðè àëôàâiòó íåñêií÷åííó êiëüêiñòü ðàçiâ.

Âñòàíîâëåíî, ùî êîëè âñi ñòîâïöi ìàòðèöi ||pik|| îäíàêîâi (pik = pi),

âñi ¨¨ åëåìåíòè äîäàòíi i ïðè öüîìó iñíó¹ pi ̸= Θi, òî f ¹ ñèíãóëÿðíîþ

ñòðîãî çðîñòàþ÷îþ ôóíêöi¹þ ðîçïîäiëó éìîâiðíîñòåé íà iíòåðâàëi (0; 1) ç

ñàìîàôiííèì ãðàôiêîì.

Êëþ÷îâi ñëîâà: êàíòîðiâñüêà ñèñòåìà ÷èñëåííÿ, ñèíãóëÿðíà ôóíêöiÿ,

íåïåðåðâíà íiäå íå ìîíîòîííà ôóíêöiÿ, ôóíêöiÿ êàíòîðiâñüêîãî òèïó, ôóí-

êöiÿ íåîáìåæåíî¨ âàðiàöi¨, N -ñàìîïîäiáíà ðîçìiðíiñòü, B-çîáðàæåííÿ äié-

ñíèõ ÷èñåë, B-öèëiíäð, íîðìàëüíà âëàñòèâiñòü ÷èñëà, îïåðàòîð çñóâó öèôð,

íåïåðåðâíå ïåðåòâîðåííÿ, ÿêå çáåðiãà¹ õâîñòè B-çîáðàæåííÿ ÷èñåë.
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ABSTRACT

Bondarenko O. I. Structurally fractal continuous functions defined in

terms of infinite-symbol and Cantor representations of real numbers. –– Qual-

ifying scientific work in the form of manuscript.

Thesis for candidate of physical and mathematical sciences degree in spe-

ciality 01.01.01 ––Mathematical analysis. ––Mykhailo Drahomanov Ukrainian

State University; Institute of Mathematics of NAS of Ukraine, Kyiv, 2025.

The dissertation research was conducted at the Department of Higher

Mathematics and the Laboratory of Fractal Analysis of the Mykhailo Dra-

homanov Ukrainian State University.

The work is devoted to the development of the theory of locally com-

plicated continuous functions with fractal properties, whose constructions

are realized in terms of various systems of encoding (representation) for real

numbers. In particular, Cantor numeral systems, Q̃-representation, and an

original brand-new system of encoding for real numbers with a bidirectionally

infinite alphabet are used. Continuous nowhere monotonic functions (those

that do not have intervals of monotonicity), singular functions (those that

are continuous, non-constant, and have derivatives equal to zero almost ev-

erywhere with respect to Lebesgue measure) as well as functions that do not

have monotonicity intervals except for intervals of constancy are studied in

the work. Although the classes of such functions are of the second Baire

category in the space C[0, 1] (Banach-Mazurkiewicz and Zamfirescu theo-

rems), they are insufficiently studied. The general theory of such functions is

“poor” and it is developed mostly through individual theories of prominent

representatives. The analytical component of the theory requires tools to
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overcome infinity. Various encodings of real numbers using various alphabets

and special infinite expressions are effective for this task. To this end, the

dissertation employs bidirectional series to create a new system of encoding

for numbers, the B-representation.

The dissertation consists of abstracts in Ukrainian and English, a list of

abbreviations and symbols, an introduction, five chapters divided into sec-

tions, conclusions for each chapter and general conclusions, a list of references,

and an appendix containing the author’s list of publications and information

on the approbation of the dissertation results.

The introduction substantiates the relevance of the research, defines its

object, subject, purpose, and objectives as well as highlights the scientific

novelty of the obtained results and the personal contribution of the author.

The first chapter is devoted to the conceptual foundations of the study.

A literature review, definitions of key concepts, and statements used in the

research are provided.

The main object of study in Chapter 2 “Cantor Binary-Fibonacci

Representation of Numbers in the Function Theory Problems” is

fractal sets and locally complicated functions defined in terms of the Cantor

binary-Fibonacci representation of numbers from [0, 1], namely

[0, 1] ∋ x =
α1

s1
+

α2

s1s2
+ · · ·+ αn

s1s2 . . . sn
+ · · · = ∆(sn)

α1α2...αn...
,

where sn = 2φn, φ1 = 1 = φ2, φn+2 = φn +φn+1, αn ∈ An ≡ {0, 1, ..., sn − 1}.
Chapter 3 “Q̃-Representation and Fractal Theory” is devoted to the

Q̃-representation, which generalizes the representation of numbers in Cantor

numeral systems, and its applications in the theory of fractal sets and con-

tinuous structurally fractal functions. The results of the previous chapter are

generalized and new findings are presented.

The next two chapters are the core of the dissertation research.

In Chapter 4 “B-Representation of Real Numbers”, a new system
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of encoding for numbers from (0, 1), whose alphabet is the set of all inte-

gers, is introduced. It is called the B-representation. Generally speaking,

this system is multibasic but it can be two-base or one-base in particular

cases (Φ-representation). Here, the geometry of B-representation of num-

bers, left and right shift operators for digits of B-representation, continuous

transformations of the interval (0, 1) preserving the tails of B-representation

are studied, and topological and metric problems are solved.

Let A = Z = {0,±1,±2, ...} be the alphabet, let L be a space of sequences

of the alphabet elements, and let (Θn) be a sequence of positive real numbers

(n ∈ Z) such that
∞∑
n=1

Θ−n ≡ u < 1,
+∞∑
n=0

Θn ≡ v < 1, u+ v = 1, bn ≡
n−1∑

i=−∞
Θi.

The B-representation of numbers is justified by the following statement:

for any number x ∈ (0, 1), there exists a unique finite tuple of integers

(α1, α2, ..., αm) or a unique sequence (αn) ∈ L such that one of the following

equalities holds:

x = bα1
+

m∑
k=2

bαk

k−1∏
i=1

Θαi
≡ ∆B

α1α2...αm(∅),

x = bα1
+

∞∑
k=2

bαk

k−1∏
i=1

Θαi
≡ ∆B

α1α2...αk...
, αn = αn(x).

Definition. AB-cylinder of rankm with base c1c2...cm is the set ∆B
c1...cm

=

{x : x = ∆B
c1...cmαm+1...αn(∅), x = ∆B

c1...cmβ1β2...
, (βn) ∈ L}.

A formula for computing the Lebesgue measure of the set C[B, Vn] = {x :

αn(x) ∈ Vn ⊂ Z} is derived, and a criterion for it to be of zero measure

is established. It is proven that this set is nowhere dense if the inequality

Vn ̸= Z holds infinitely many times. Necessary and sufficient conditions for

this set to be a Cantor-type set are also provided.

It is also shown that the set C[B, V ] = {x : αn(x) ∈ V ̸= Z} is an

N -self-similar set of zero Lebesgue measure, whose N -self-similar dimension

coincides with the Hausdorff-Besicovitch dimension and is the solution of the
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equation
∑
i∈V

Θx
i = 1.

Furthermore, it is established that the set of numbers in the interval

(0, 1) with bounded digits in their B-representation is of zero Lebesgue mea-

sure. Consequently, for almost all x ∈ (0, 1), the following condition holds:

lim
n→∞

αn(x) = ∞, where αn(x) is the nth B-digit of number x.

In Chapter 5 “Continuous Locally Complicated Functions Related

to the B-Representation of Numbers”, structural, variational, integral

and differential, and fractal properties of functions defined in terms of the

B-representation of an argument are studied. Monotonic, non-monotonic,

nowhere monotonic functions, functions that do not have intervals of mono-

tonicity except for intervals of constancy, functions of bounded and un-

bounded variation, singular, and absolutely continuous functions are among

them.

Let the infinite matrix ||pik|| (∀i ∈ Z, ∀k ∈ N) satisfy the following

conditions:

1) |pik| < 1 ∀i ∈ Z, ∀k ∈ N ; 2)
∑
i∈Z

pik = 1,∀k ∈ N ;

3) 0 <
∞∑
k=2

k−1∏
j=1

pijj <∞,∀ij ∈ Z; 4) 0 < σik ≡
i−1∑

j=−∞
pjk < 1, ∀i ∈ Z, ∀k ∈ N.

The main object of this chapter is the function f defined on the interval

(0, 1) by the equalities
f(x = ∆B

i1...ik...
) = σi11 +

∞∑
k=2

σikk
k−1∏
j=1

pijj ≡ ∆f
i1...ik...

,

f(x = ∆B
i1...im(∅)) = σi11 +

m∑
k=2

σikk
k−1∏
j=1

pijj ≡ ∆f
i1...im(∅).

Conditions 1)-4) provide that this function is well defined and continuous.

It is proven that if pcm = 0, then the function is constant on each cylinder

of the form ∆B
c1c2...cm−1c

, and if pik ̸= 0 for all i ∈ Z, k ∈ N , then it does not

have intervals of constancy.

A formula for calculating the Lebesgue measure of the set of non-constancy
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of f , which is the difference of its domain and the union of its intervals of

constancy, is derived. Necessary and sufficient conditions for it to be of zero

measure are established.

A criterion for the function to belong to the class of the Cantor-type

singular functions is justified.

It is proven that the function f is nowhere monotonic if and only if the

matrix ||pik|| does not contain zeros and an infinite number of its columns

contain negative elements.

A formula for calculating the variation of the function is derived. Nec-

essary and sufficient conditions for its variation to be unbounded are found.

In particular, it is proven that the variation is unbounded when all columns

of the matrix ||pik|| are identical and do not contain zeros. Conditions under

which the function is of Cantor-type or quasi-Cantor-type, is of unbounded

variation, and does not have intervals of monotonicity except for intervals of

constancy are given.

The following statement establishes the structural fractality of the func-

tion graph: If all columns of the matrix are identical (pik = pi), then the

graph Γf of the function f is an N -self-affine set with the self-affinity struc-

ture: Γf =
+∞⋃

i=−∞
φi(Γf), φi : x′ = Θix + bi, y

′ = piy + σi. Moreover, the

following equality holds:

1∫
0

f(x)dx =

∑
i∈Z

σiΘi

1−
∑
i∈Z

Θipi
.

It is proven that the set of numbers in (0, 1), whose B-representation

contains a given digit i ∈ A only finitely many times, is of zero Lebesgue

measure. Consequently, almost all numbers in (0, 1) use all digits of the

alphabet infinitely often in their B-representations.

Finally, it is established that if all columns of the matrix ||pik|| are identical
(pik = pi), all elements are positive, and there exists pi ̸= Θi, then f is a
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singular strictly increasing probability distribution function on (0, 1) with a

self-affine graph.

Key words : Cantor numeral system, Singular function, Continuous nowhere

monotonic function, Cantor-type function, Function of unbounded variation,

N -self-similar dimension, B-representation of real numbers, B-cylinder, Nor-

mal property of a number, Digit shift operator, Continuous transformation

that preserves the tails of the B-representation of numbers.
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ÏÅÐÅËIÊ ÑÊÎÐÎ×ÅÍÜ I ÓÌÎÂÍÈÕ ÏÎÇÍÀ×ÅÍÜ

N � ìíîæèíà íàòóðàëüíèõ ÷èñåë;

Z � ìíîæèíà öiëèõ ÷èñåë;

Q � ìíîæèíà ðàöiîíàëüíèõ ÷èñåë;

R � ìíîæèíà äiéñíèõ ÷èñåë;

Rn � åâêëiäiâ n-âèìiðíèé ïðîñòið;

(a; b)⧸[a; b]� iíòåðâàë ⧸ âiäðiçîê;

A � àëôàâiò (íàáið öèôð);

L = A∞ � ìíîæèíà âñiõ íåñêií÷åííèõ ïîñëiäîâíîñòåé

åëåìåíòiâ àëôàâiòó A;

a = (an) � ÷èñëîâà ïîñëiäîâíiñòü;

E
k∼ E ′ � ìíîæèíà E ïîäiáíà E ′ ç êîåôiöi¹íòîì k;

λ(E) � ìiðà Ëåáåãà ìíîæèíè E;

α0(E) � ðîçìiðíiñòü Ãàóñäîðôà�Áåçèêîâè÷à E;

αs(E) � ñàìîïîäiáíà ðîçìiðíiñòü ìíîæèíè E;

Sf � ìíîæèíà íåñòàëîñòi ôóíêöi¨ f ;

(a1...ap) � ïåðiîä ó ïåâíîìó çîáðàæåííi ÷èñëà;

∆B
α1α2...αn... � B-çîáðàæåííÿ ÷èñëà;

∆Φ
α1α2...αn... � Φ-çîáðàæåííÿ ÷èñëà;

∆Q̃
α1α2...αn... � Q̃-çîáðàæåííÿ ÷èñëà;

∆g
c1c2...cn

� g-öèëiíäð ðàíãó n ç îñíîâîþ c1c2 . . . cn;

∇g
c1c2...cn

� iíòåðâàë ç òèìè æ êiíöÿìè, ùî é â ∆g
c1c2...cn

;

C[g, V ] � ìíîæèíà ÷èñåë, g-çîáðàæåííÿ ÿêèõ âèêîðè-

ñòîâó¹ öèôðè ëèøå ç ìíîæèíè V ⊂ A;

C[g, Vn] � ìíîæèíà âñiõ ÷èñåë, n-íà öèôðà g-

çîáðàæåííÿ ÿêèõ íàëåæèòü ìíîæèíi Vn ⊂ A;

≡ � ðiâíî çà îçíà÷åííÿì;

□ � äîâåäåííÿ çàâåðøåíî.
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ÂÑÒÓÏ

Ðîáîòà ïðèñâÿ÷åíà ðîçâèòêó ìåòðè÷íî¨ òåîði¨ íåïåðåðâíèõ ëîêàëüíî

ñêëàäíèõ ôóíêöié ç ôðàêòàëüíèìè âëàñòèâîñòÿìè, âèçíà÷åíèõ íà îäèíè-

÷íîìó ïðîìiæêó. Àíàëiòè÷íå çàäàííÿ òàêèõ ôóíêöié (ôîðìóëîþ àáî äå-

êiëüêîìà ôîðìóëàìè) çi ñêií÷åííîþ êiëüêiñòþ îïåðàöié íåìîæëèâå. ×àñ-

òêîâîìó âèðiøåííþ öi¹¨ ïðîáëåìè ïðèñâÿ÷åíà äàíà ðîáîòà.

Ïîíÿòòÿ äiéñíîãî ÷èñëà ¹ êëþ÷îâèì äëÿ ìàòåìàòè÷íîãî àíàëiçó, òåîði¨

ôóíêöié, òåîði¨ éìîâiðíîñòåé òîùî. Ñàìå äiéñíå ÷èñëî âèêîðèñòîâó¹òüñÿ i

ó âiðòóàëüíié, i â àíàëiòè÷íié ôîðìàõ. Äëÿ êîíñòðóêòèâíî¨ òåîði¨ ôóíêöié

ç ëîêàëüíî ñêëàäíèìè âëàñòèâîñòÿìè ôîðìà ÷èñëà ¹ âàæëèâîþ ñêëàäî-

âîþ òåîði¨. Ôîðìó iñíóâàííÿ äiéñíîìó ÷èñëó íàäà¹ ñèñòåìà ÷èñëåííÿ àáî

ñèñòåìà êîäóâàííÿ ÷èñåë.

Íàãàäà¹ìî [72], ùî êîäóâàííÿì äiéñíèõ ÷èñåë ìíîæèíè D çàñîáàìè

àëôàâiòó (íàáîðó öèôð) A íàçèâà¹òüñÿ ñþð'¹êòèâíå âiäîáðàæåííÿ (âiä-

îáðàæåííÿ ¾íà¿) ìíîæèíè (ïðîñòîðó ïîñëiäîâíîñòåé åëåìåíòiâ àëôàâiòó)

L = A × A × ... íà ìíîæèíó D. ßêùî àëôàâiò ìiñòèòü s åëåìåíòiâ, òî

ñèñòåìó êîäóâàííÿ ÷èñåë íàçèâàþòü s-ñèìâîëüíîþ. Íàéïðîñòiøîþ ç íèõ ¹

êëàñè÷íà s-êîâà ñèñòåìà ÷èñëåííÿ, çîêðåìà äâiéêîâà (s = 2) [69].

Òðàäèöiéíi s-êîâi ñèñòåìè ÷èñëåííÿ (s ∈ N) êðiì ñâî¨õ ïðîñòèõ i çðó-

÷íèõ äëÿ âèêîðèñòàííÿ âëàñòèâîñòåé ìàþòü ðÿä îáìåæåíîñòåé, ùî â çíà-

÷íié ìiði âè÷åðïó¹ ¨õ ïîòåíöiàë äëÿ çàäàííÿ òà äîñëiäæåííÿ ëîêàëüíî ñêëà-

äíèõ ìíîæèí, ôóíêöié, ìið, äèíàìi÷íèõ ñèñòåì òîùî. Ðîçøèðåííÿ ìîæëè-

âîñòåé äëÿ çàñòîñóâàíü ðåàëiçó¹òüñÿ ÷åðåç çáàãà÷åííÿ àðñåíàëó çàñîáiâ íî-

âèõ ôîðì ïîäàííÿ äiéñíèõ ÷èñåë.

Âåëèêèé (çíà÷íèé) àðñåíàë çàñîáiâ êîíñòðóþâàííÿ òà äîñëiäæåííÿ êëà-

ñó W ôóíêöié, ÿêi ðîçãëÿäàþòüñÿ äàëi i âiäíîñÿòüñÿ äî ëîêàëüíî ñêëà-
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äíèõ, äàþòü ñèñòåìè çîáðàæåííÿ ÷èñåë ç íåñêií÷åííèì òà çìiííèì àëôà-

âiòàìè [9, 41, 68]. Öå çîáðàæåííÿ ÷èñåë

1) åëåìåíòàðíèìè ëàíöþãîâèìè äðîáàìè [28, 33, 78];

2) äîäàòíèìè ðÿäàìè Åíãåëÿ [4, 51, 77], Ñiëüâåñòåðà, Ïåððîíà [58], Ëþ-

ðîòà [48, 94] òà ií.;

3) çíàêîïî÷åðåæíèìè ðÿäàìè Ëþðîòà, Îñòðîãðàäñüêîãî-Ñåðïiíñüêîãî-

Ïiðñà [53, 50], Îñòðîãðàäñüêîãî [61, 62].

Àêòóàëiçàöiÿ. Iíòåðåñ äî íåïåðåâíèõ ôóíêöié ç ëîêàëüíî ñêëàäíîþ

ñòðóêòóðîþ çàðîäæóâàâñÿ ðàçîì çi ñòâîðåííÿì i ðîçâèòêîì äèôåðåíöiàëü-

íîãî ÷èñëåííÿ. Ïåðøi ïðèêëàäè íiäå íå äèôåðåíöiéîâíèõ ôóíêöié (Áîëü-

öàíî (1830 ð.) i Âåé¹ðøòðàñà (1891 ð.)) øîêóâàëè ïðèõèëüíèêiâ íîâîñòâî-

ðåíèõ Íüþòîíîì i Ëåéáíiöîì òåîðié i äåÿêèé ÷àñ ââàæàëèñü çðàçêàìè ìà-

òåìàòè÷íèõ ïàòîëîãié. Ïiçíiøå íàáóëè ñòàòóñó êîíòðïðèêëàäiâ. Àëå ïiñëÿ

òåîðåìè Áàíàõà-Ìàçóðêåâè÷à (1931 ð.) [3, 65] ïðî òîïîëîãi÷íó ìàñèâíiñòü

ìíîæèíè òàêèõ ôóíêöié ó ïðîñòîði C[0; 1] íiõòî íå íàñìiëèòüñÿ íàçèâà-

òè ¨õ ïàòîëîãiÿìè. I çàðàç, ÷åðåç ñòîëiòòÿ, iíòåðåñ íàâiòü äî ïåðøèõ ïðè-

êëàäiâ òàêèõ ôóíêöié íå ëèøå íå çãàñ [55, 57, 60], à é ñóòò¹âî ïîñèëèâ-

ñÿ [12] (÷èìàëî íîâèõ äîñëiäæåíü ñòîñóâàëèñü íåäèôåðåíöiéîâíèõ ôóíêöié

Òàêàãi (1903) [2], Ñåðïiíñüêîãî (1914) [43] òà ií.)

Íåîáõiíîþ óìîâîþ íiäå íå äèôåðåíöiéîâíîñòi ôóíêöi¨ [45] ¹ ¨¨ íiäå íå ìî-

íîòîííiñòü (ïîâíà âiäñóòíiñòü iíòåðâàëiâ ìîíîòîííîñòi), à òàêîæ íåîáìåæå-

íiñòü âàðiàöi¨ ôóíêöi¨ â êîæíîìó ÿê çàâãîäíî ìàëîìó ïðîìiæêó. I ôóíêöi¨

ç òàêèìè âëàñòèâîñòÿìè ìè òåæ âiäíîñèìî äî êëàñóW ëîêàëüíî ñêëàäíèõ.

Iíøèé êëàñ ëîêàëüíî ñêëàäíèõ îá'¹êòiâ ïðåäñòàâëÿþòü ñèíãóëÿðíi ôóí-

êöi¨ � íåïåðåâíi ôóíêöi¨, âiäìiííi âiä êîíñòàíòè, ïîõiäíà ÿêèõ ìàéæå ñêðiçü

(ó ðîçóìiííi ìiðè Ëåáåãà) ðiâíà íóëþ. Ñåðåä ñèíãóëÿðíèõ iñíóþòü ìîíî-

òîííi (ôóíêöi¨ ðîçïîäiëó òà iíâåðñîðè), íåìîíîòîííi i íàâiòü íiäå íå ìî-

íîòîííi ôóíêöi¨ [42, 68]. Îêðåìèé êëàñ ïðåäñòàâëÿþòü ñèíãóëÿðíi ôóí-
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êöi¨, ÿêi íå ìàþòü ïðîìiæêiâ ìîíîòîííîñòi çà âèêëþ÷åííÿì ïðîìiæêiâ ñòà-

ëîñòi. Òàêi ôóíêöi¨ âèâ÷àëèñü ó ðîáîòàõ Ïðàöüîâèòîãî Ì.Â. òà Ñâèí÷óê

Î.Â. [85, 86, 87].Êëàñè÷íèìè ïðèêëàäàìè ñòðîãî çðîñòàþ÷èõ ñèíãóëÿðíèõ

ôóíêöié ¹ ôóíêöi¨ Ìiíêîâñüêîãî [18] òà Ñàëåìà [39, 40]. Âåëèêi êëàñè ìîíî-

òîííèõ ñèíãóëÿðíèõ ôóíêöié âèâ÷àëèñü ÿê ôóíêöi¨ ðîçïîäiëó âèïàäêîâèõ

âåëè÷èí ç íåçàëåæíèìè öèôðàìè ó ðiçíèõ ñèñòåìàõ ¨õ êîäóâàííÿ [33, 37].

Îäíèì ç íàéïðîñòiøèõ ïðèêëàäiâ ñòðîãî ñïàäíî¨ ñèíãóëÿðíî¨ ôóíêöi¨ ¹

iíâåðñîð Q2-çîáðàæåííÿ ÷èñåë (îñòàíí¹ ¹ óçàãàëüíåííÿì êëàñè÷íîãî äâié-

êîâîãî çîáðàæåííÿ [83, 84, 88]). Áiëüøiñòü iíâåðñîðiâ çîáðàæåíü ÷èñåë çi

ñêií÷åííèì àëôàâiòîì ¹ ñèíãóëÿðíèìè. Âàðòî òàêîæ çàçíà÷èòè, ùî iñíó-

þòü ñèñòåìè êîäóâàííÿ ÷èñåë, äëÿ ÿêèõ iíâåðñîðè ¹ ðîçðèâíèìè ôóíêöiÿìè

â òî÷êàõ âñþäè ùiëüíî¨ çëi÷åííî¨ ìíîæèíè [15, 30, 31, 32].

Òåîðiÿ ñèíãóëÿðíèõ, íåïåðåðâíèõ íiäå íå ìîíîòîííèõ, çîêðåìà íåäèôå-

ðåíöiéîâíèõ ôóíêöié äî öèõ ïið ïðîõîäèòü êîíñòðóêòèâíèé åòàï ñòàíîâ-

ëåííÿ i ðîçâèâà¹òüñÿ â îñíîâíîìó çà ðàõóíîê öiêàâèõ ïðèêëàäiâ i ¨õ óçà-

ãàëüíåíü òà çà ðàõóíîê iíäèâiäóàëüíèõ òåîðié âiäîìèõ ÿñêðàâèõ êëàñè÷íèõ

ïðèêëàäiâ. Òîìó êîíòèíóàëüíi êëàñè íåïåðåðâíèõ ôóíêöié, êîæíà ç ÿêèõ

íàëåæèòü äî âêàçàíèõ òèïiâ, âèêëèêà¹ íåòðèâiàëüíèé iíòåðåñ i çàñëóãîâó¹

íà îêðåìó óâàãó.

Çàñîáè òåîði¨ ôðàêòàëiâ çàáåçïå÷óþòü äîäàòêîâi çàñîáè àíàëiçó ôóí-

êöié, ¨õ ãðàôiêiâ òà iíøèõ ñóòò¹âèõ äëÿ ôóíêöié ìíîæèí.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè,

ãðàíòàìè. Ðîáîòà âèêîíàíà â ìåæàõ äîñëiäæåíü ìàòåìàòè÷íèõ îá'¹êòiâ ç

ëîêàëüíî ñêëàäíîþ òîïîëîãî-ìåòðè÷íîþ ñòðóêòóðîþ i ôðàêòàëüíèìè âëà-

ñòèâîñòÿìè, ùî ïðîâîäÿòüñÿ íà êàôåäði âèùî¨ ìàòåìàòèêè ÓÄÓ iìåíi Ìè-

õàéëà Äðàãîìàíîâà. Äîñëiäæåííÿ ïðîâîäèëîñÿ â ðàìêàõ òàêèõ íàóêîâî-

äîñëiäíèöüêèõ òåì:

1. Ôóíêöi¨ ç ôðàêòàëüíèìè âëàñòèâîñòÿìè (ìíîæèíè ðiâíiâ òà ðîç-
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ïîäiëè çíà÷åíü) i ñêëàäíi äèíàìi÷íi ñèñòåìè ç íèìè ïîâ'ÿçàíi (�

äåðæàâíî¨ ðå¹ñòðàöi¨ 0121U000208);

2. Ìàòåìàòè÷íi òà ïðèðîäíè÷i íàóêè â ÍÏÓ iìåíi Ì.Ï. Äðàãîìàíîâà

(� äåðæàâíî¨ ðå¹ñòðàöi¨ 0121U000209);

3. Ôðàêòàëüíèé àíàëiç ìàòåìàòè÷íèõ îá'¹êòiâ çi ñêëàäíîþ ëîêàëüíîþ

áóäîâîþ (� äåðæàâíî¨ ðå¹ñòðàöi¨ 0107U000583).

Îá'¹êò òà ïðåäìåò äîñëiäæåííÿ. Îá'¹êòîì äîñëiäæåííÿ ¹ ñèñòå-

ìè êîäóâàííÿ äiéñíèõ ÷èñåë çi çìiííèì òà íåñêií÷åííèì àëôàâiòàìè òà ¨õ

çàñòîñóâàííÿ ó òåîði¨ ëîêàëüíî ñêëàäíèõ ôóíêöié ç ôðàêòàëüíèìè âëàñòè-

âîñòÿìè.

Ïðåäìåòîì äîñëiäæåííÿ ¹ ãåîìåòðiÿ (ïîçèöiéíà òà ìåòðè÷íà) âêàçà-

íèõ ñèñòåì êîäóâàííÿ ÷èñåë; ñòðóêòóðíi, âàðiàöiéíi, òîïîëîãî-ìåòðè÷íi,

iíòåãðî-äèôåðåíöiàëüíi òà ôðàêòàëüíi âëàñòèâîñòi íåïåðåðâíèõ ôóíêöié

òðüîõ êîíòèíóàëüíèõ êëàñiâ.

Çàâäàííÿ äîñëiäæåííÿ.

1. Îáãðóíòóâàòè ñèñòåìó êîäóâàííÿ äiéñíèõ ÷èñåë, àëôàâiòîì ÿêî¨ ¹

ìíîæèíà öiëèõ ÷èñåë (B-çîáðàæåííÿ). Âèâ÷èòè ¨¨ ãåîìåòðiþ (âëà-

ñòèâîñòi öèëiíäðiâ i õâîñòîâèõ ìíîæèí, âëàñòèâîñòi îïåðàòîðiâ ëi-

âîñòîðîííiõ òà ïðàâîñòîðîííiõ çñóâiâ, ìåòðè÷íi ñïiââiäíîøåííÿ).

2. Ðîçâ'ÿçàòè çàäà÷i ïðî ìiðó Ëåáåãà ìíîæèí ÷èñåë ç îáìåæåííÿìè

íà âèêîðèñòàííÿ öèôð ó ¨õ çîáðàæåííÿõ: ó êàíòîðiâñüêèõ ñèñòåìàõ

÷èñëåííÿ, ó Q̃-çîáðàæåííi òà ó B-çîáðàæåííi.

3. Ðîçãëÿíóòè êëàñè ñòðóêòóðíî òà ìåòðè÷íî ôðàêòàëüíèõ ìíîæèí,

âèçíà÷åíèõ óìîâàìè íà ¨õíi çîáðàæåííÿ.

4. Çíàéòè íîðìàëüíi âëàñòèâîñòi ÷èñåë ó òåðìiíàõ ââåäåíèõ çîáðà-

æåíü.

5. Êîðåêòíî îçíà÷èòè òà âèâ÷èòè êëàñè íåïåðåðâíèõ ôóíêöié ç ëî-

êàëüíî ñêëàäíîþ ñòðóêòóðîþ.
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6. Äàòè âè÷åðïíó âiäïîâiäü íà ïèòàííÿ ïðî âàðiàöiþ ôóíêöi¨ òà ¨¨ äè-

ôåðåíöiàëüíi âëàñòèâîñòi, êîëè ñèñòåìà êîäóâàííÿ B-çîáðàæåííÿ

âèçíà÷à¹òüñÿ îäíèì ïàðàìåòðîì (Φ-çîáðàæåííÿ).

7. Äëÿ êàíòîðiâñüêèõ çîáðàæåíü ÷èñåë òà ¨õ óçàãàëüíåíü Q̃-çîáðàæåíü

âèäiëèòè ïiäêëàñ êîäóâàíü, ïîâ'ÿçàíèõ ç ïîñëiäîâíîñòÿìè Ôiáîíà÷-

÷i, ââåñòè â ðîçãëÿä i âèâ÷èòè âëàñòèâîñòi ëîêàëüíî ñêëàäíèõ ôóí-

êöié âêàçàíîãî êëàñó.

8. Âèâ÷èòè ñòðóêòóðíi òîïîëîãî-ìåòðè÷íi òà äèôåðåíöiàëüíi âëàñòè-

âîñòi ôóíêöié-iíâåðñîðiâ âêàçàíèõ çîáðàæåíü.

Ìåòîäè äîñëiäæåííÿ. Ó ðîáîòi âèêîðèñòîâóâàëèñü ìåòîäè òåîði¨

êîäóâàííÿ äiéñíèõ ÷èñåë, òåîði¨ ìiðè, ìåòðè÷íî¨ òà éìîâiðíiñíî¨ òåîðié ÷è-

ñåë, ìàòåìàòè÷íîãî àíàëiçó i òåîði¨ ôóíêöié, à òàêîæ ìåòîäè òåîði¨ ôðà-

êòàëiâ (ôðàêòàëüíîãî àíàëiçó òà ôðàêòàëüíî¨ ãåîìåòði¨). Îêðåìi iäå¨, ïðè-

éîìè òà ìåòîäè ÷åðïàëèñü ç ðîáiò ïîïåðåäíèêiâ: Ïðàöüîâèòîãî Ì.Â., Òîðái-

íà Ã.Ì., Ãîí÷àðåíêî ß.Â., Áàðàíîâñüêîãî Î.Ì., Âàñèëåíêî Í.À.,Âàñèëåíêî

Í.Ì., Äìèòðåíêà Ñ.Î., Êàëàøíiêîâà À.Â., Ëåùèíñüêîãî Î.Ë., Ëèñåíêî

I.Ì., Íiêiôîðîâà Ð.Î., Îñàóëåíêà Ð.Þ., Ïàíàñåíêà Î.Á., Ðàòóøíÿê Ñ.Ï.,

Ñâèí÷óê Î.Â., Ôåùåíêà Î.Þ., Õâîðîñòiíè Þ.Â., ×óéêîâà À.Ñ. òà ií.

Íàóêîâà íîâèçíà îòðèìàíèõ ðåçóëüòàòiâ.

1. Âèâ÷åíî îêðåìi êëàñè ôóíêöié ç ëîêàëüíî ñêëàäíîþ ñòðóêòóðîþ,

îçíà÷åíèõ ó òåðìiíàõ çîáðàæåííÿ äiéñíèõ ÷èñåë ðÿäàìè Êàíòîðà

(êàíòîðiâñüêi ñèñòåìè ÷èñëåííÿ).

2. Ñòâîðåíî íîâó ñèñòåìó êîäóâàííÿ äiéñíèõ ÷èñåë îäèíè÷íîãî ïðî-

ìiæêà (B-çîáðàæåííÿ), àëôàâiòîì ÿêî¨ ¹ ìíîæèíà öiëèõ ÷èñåë. Îïè-

ñàíî ¨¨ ãåîìåòðiþ (ãåîìåòðè÷íèé çìiñò öèôð, ìåòðè÷íi âiäíîøåí-

íÿ, îáãðóíòîâàíî âëàñòèâîñòi öèëiíäðè÷íèõ òà õâîñòîâèõ ìíîæèí),

ðîçâ'ÿçàíî ðÿä ìåòðè÷íèõ çàäà÷ i âñòàíîâëåíî íîðìàëüíi âëàñòèâî-

ñòi ÷èñåë çà ¨õ çîáðàæåííÿìè.
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3. Ç âèêîðèñòàííÿì B-çîáðàæåííÿ îçíà÷åíî êîíòèíóàëüíèé êëàñ íå-

ïåðåðâíèõ ôóíêöié, ñåðåä ÿêèõ ìîíîòîííi, íåìîíîòîííi, íiäå íå ìî-

íîòîííi, íiäå íå äèôåðåíöiéîâíi; ôóíêöi¨ îáìåæåíî¨ òà íåîáìåæåíî¨

âàðiàöi¨; ñèíãóëÿðíi ôóíêöi¨.

4. Äëÿ ôóíêöié îçíà÷åíîãî êëàñó âè÷åðïíî ðîçâ'ÿçàíî ðÿä çàäà÷:

4.1. Âèâåäåíî ôîðìóëó äëÿ îá÷èñëåííÿ ìiðè Ëåáåãà ìíîæèíè íåñòàëîñòi

ôóíêöié. Äîâåäåíî êðèòåðié ¨¨ íóëüìiðíîñòi.

4.2. Çíàéäåíî íåîáõiäíi i äîñòàòíi óìîâè íàëåæíîñòi ôóíêöi¨ äî êëàñó

ñèíãóëÿðíèõ ôóíêöié êàíòîðiâñüêîãî òèïó.

4.3. Äîâåäåíî êðèòåðié íiäå íå ìîíîòîííîñòi ôóíêöi¨.

4.4. Âèâåäåíî ôîðìóëó äëÿ îá÷èñëåííÿ âàðiàöi¨ ôóíêöi¨ òà çíàéäåíî íå-

îáõiäíi i äîñòàòíi óìîâè, çà ÿêèõ ôóíêöiÿ ìà¹ íåîáìåæåíó âàðiàöiþ.

4.5. Äëÿ âèïàäêó, êîëè ôóíêöiÿ íå ìà¹ ïðîìiæêiâ ñòàëîñòi, âñòàíîâëåíî

ñòðóêòóðíó ôðàêòàëüíiñòü ãðàôiêà (éîãî N -ñàìîàôiííiñòü) i îá÷è-

ñëåíî âèçíà÷åíèé iíòåãðàë.

Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ. Ðîáîòà íîñèòü â

îñíîâíîìó òåîðåòè÷íèé õàðàêòåð. �¨ iäå¨ òà ðåçóëüòàòè ìîæóòü áóòè âèêîðè-

ñòàíi ó ðîçâèòêó òåîðié ÷èñåë òà ôóíêöié, à òàêîæ ó ôðàêòàëüíîìó àíàëiçi

òà ôðàêòàëüíié ãåîìåòði¨, ÿêi âåäóòüñÿ â Iíñòèòóòi ìàòåìàòèêè ÍÀÍ Óêðà-

¨íè, Óêðà¨íñüêîìó äåðæàâíîìó óíiâåðñèòåòi iìåíi Ìèõàéëà Äðàãîìàíîâà,

Êè¨âñüêîìó íàöiîíàëüíîìó óíiâåðèñèòåòi iìåíi Òàðàñà Øåâ÷åíêà òîùî.

Îñîáèñòèé âíåñîê çäîáóâà÷à. Âñi íàóêîâi ðåçóëüòàòè, ÿêi âèíîñÿ-

òüñÿ íà çàõèñò, îòðèìàíi àâòîðîì ñàìîñòiéíî. Iç ðîáiò, îïóáëiêîâàíèõ ó ñïiâ-

àâòîðñòâi, ó äèñåðòàöi¨ âèêîðèñòàíi ëèøå ðåçóëüòàòè, ÿêi íàëåæàòü àâòîðó.

Àïðîáàöiÿ ìàòåðiàëiâ äèñåðòàöi¨. Îñíîâíi ðåçóëüòàòè äîñëiäæåí-

íÿ äîïîâiäàëèñÿ íà íàóêîâèõ êîíôåðåíöiÿõ ðiçíèõ ðiâíiâ, à ñàìå:

� IV Âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ ìîëîäèõ â÷åíèõ ç ìàòåìà-

òèêè òà ôiçèêè (Êè¨â, 23�25 êâiòíÿ 2015 ð.);
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� Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ, ïðèñâÿ÷åíà 100-ði÷÷þ âiä äíÿ

íàðîäæåííÿ Ê.Ì. Ôiøìàíà òà Ì.Ê. Ôàãå (×åðíiâöi, 1�4 ëèïíÿ 2015 ð.);

� VIII Âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ ìîëîäèõ â÷åíèõ ç ìàòåìà-

òèêè òà ôiçèêè ¾Àêòóàëüíi ïðîáëåìè ñó÷àñíî¨ ìàòåìàòèêè i ôiçèêè

òà ìåòîäèêè ¨õ íàâ÷àííÿ¿ (Êè¨â, 23 òðàâíÿ 2019 ð.);

� Âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ ¾Àêòóàëüíi ïðîáëåìè ìàòåìà-

òèêè òà ìåòîäèêè ¨¨ íàâ÷àííÿ ó âèùié øêîëi¿ ( Êè¨â, 17�18 ãðóäíÿ

2020 ð.);

� ÕI Âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ ìîëîäèõ ìàòåìàòèêiâ (Êè¨â,

11�13 òðàâíÿ 2023 ð.);

� IV Ìiæíàðîäíà íàóêîâî-ïðàêòè÷íà iíòåðíåò-êîíôåðåíöiÿ ¾Ìàòåìà-

òèêà òà iíôîðìàòèêà â íàóöi é îñâiòi � âèêëèêè ñó÷àñíîñòi¿ (Âiííè-

öÿ, 25�26 òðàâíÿ 2023 ð.);

� Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ ¾Algebraic and Geometric Methods

of Analysis¿ (Îäåñà, 29 òðàâíÿ�01 ÷åðâíÿ 2023 ð.);

� XIVÌiæíàðîäíà àëãåáðà¨÷íà êîíôåðåíöiÿ (Ñóìè, 3�7 ëèïíÿ 2023 ð.);

� Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ, ïðèñâÿ÷åíà 55-ði÷÷þ ôàêóëüòå-

òó ìàòåìàòèêè òà iíôîðìàòèêè ×ÍÓ iìåíi Þ. Ôåäüêîâè÷à (×åðíiâ-

öi, 28�30 âåðåñíÿ 2023 ð.);

� XIX Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ iìåíi àêàäåìiêà Ìèõàéëà

Êðàâ÷óêà (Êè¨â, 11�12 æîâòíÿ 2023 ð.);

� ÕÕII Ìiæíàðîäíà íàóêîâî-ïðàêòè÷íà êîíôåðåíöiÿ ¾Øåâ÷åíêiâñüêà

âåñíà � 2024¿ (Êè¨â, 11 êâiòíÿ 2024 ð.);

� ÕII Âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ ìîëîäèõ ìàòåìàòèêiâ (Êè-

¨â, 9�11 òðàâíÿ 2024 ð.);

� V Ìiæíàðîäíà êîíôåðåíöiÿ, ïðèñâÿ÷åíî¨ 145-ði÷÷þ ç äíÿ íàðîäæå-

ííÿ Ãàíñà Ãàíà (23.09.-27.09.2024, ×åðíiâöi);

� Ìiæíàðîäíà íàóêîâî-ïðàêòè÷íà êîíôåðåíöiÿ (28 æîâòíÿ 2024, ÓÄÓ

iìåíi Ìèõàéëà Äðàãîìàíîâà)



27

òà íàóêîâèõ ñåìiíàðàõ:

� ñåìiíàð ç ôðàêòàëüíîãî àíàëiçó Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà-

¨íè òà ÓÄÓ iìåíi Ìèõàéëà Äðàãîìàíîâà (êåðiâíèê: ä-ð ôiç.-ìàò.

íàóê, ïðîôåñîð Ïðàöüîâèòèé Ì.Â.);

� ñåìiíàð âiääiëó òåîði¨ ôóíêöié Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè

(êåðiâíèê: ä-ð ôiç.-ìàò. íàóê, ïðîôåñîð Ðîìàíþê À.Ñ.);

� ñåìiíàð ç òåîði¨ àíàëiòè÷íèõ ôóíêöié (Ëüâiâñüêèé íàöiîíàëüíèé óíi-

âåðñèòåò iìåíi Iâàíà Ôðàíêà, êåðiâíèê: ä-ð ôiç.-ìàò. íàóê, ïðîôåñîð

Ñêàñêiâ Î.Á.).

Ïóáëiêàöi¨. Îñíîâíi ðåçóëüòàòè äèñåðòàöiéíîãî äîñëiäæåííÿ îïóáëiêî-

âàíî â øåñòè ñòàòòÿõ [20, 21, 52, 53, 74, 75] ó íàóêîâèõ âèäàííÿõ, ï'ÿòü ç

ÿêèõ [20, 21, 52, 74, 75] âõîäÿòü äî ïåðåëiêó ôàõîâèõ âèäàíü ÌÎÍ Óêðà¨íè,

ñåðåä íèõ äâi ñòàòòi [20, 21], ÿêi iíäåêñóþòüñÿ ìiæíàðîäíîþ íàóêîâîìåòðè-

÷íîþ áàçîþ "Scopus".

Ñòðóêòóðà òà îáñÿã äèñåðòàöi¨. Äèñåðòàöiÿ çàãàëüíèì îáñÿãîì 135

ñòîðiíîê ñêëàäà¹òüñÿ ç àíîòàöi¨, ïåðåëiêó ñêîðî÷åíü i óìîâíèõ ïîçíà÷åíü, çi

âñòóïó, ï'ÿòè ðîçäiëiâ, ðîçáèòèõ íà ïiäðîçäiëè, âèñíîâêiâ äî êîæíîãî ðîçäi-

ëó i çàãàëüíèõ âèñíîâêiâ, ñïèñêó âèêîðèñòàíèõ äæåðåë (94 íàéìåíóâàííÿ)

i îäíîãî äîäàòêà, ùî ìiñòèòü ñïèñîê ïóáëiêàöié àâòîðà òà âiäîìîñòi ïðî

àïðîáàöiþ ðåçóëüòàòiâ äèñåðòàöi¨ (20 íàéìåíóâàíü).

Ïîäÿêà. Õî÷ó âèñëîâèòè ùèðó âäÿ÷íiñòü ñâî¹ìó íàóêîâîìó êåðiâíè-

êó Ïðàöüîâèòîìó Ìèêîëi Âiêòîðîâè÷ó çà íåâòîìíó ïiäòðèìêó, ïðîôåñiéíi

ïîðàäè òà öiííi íàñòàíîâè. Âàøà áåçìåæíà âiääàíiñòü íàóöi òà áàãàòèé äî-

ñâiä ñòàëè íåçàìiííèìè ÷èííèêàìè ó íàïèñàííi ìî¹¨ äèñåðòàöi¨. Äÿêóþ çà

Âàø ÷àñ òà çóñèëëÿ, ÿêi Âè ïðèñâÿòèëè ìî¨é ðîáîòi, à òàêîæ çà Âàøå òåð-

ïiííÿ òà ðîçóìiííÿ. Âàøà ïðîôåñiéíiñòü íàäèõà¹ íà íîâi äîñÿãíåííÿ. Áåç

Âàøî¨ äîïîìîãè öåé äèñåðòàöiéíèé ïðî¹êò íå áóâ áè ìîæëèâèì.
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ÐÎÇÄIË 1

ÊÎÍÖÅÏÒÓÀËÜÍI ÇÀÑÀÄÈ ÄÎÑËIÄÆÅÍÍß.

Öåé ðîçäië ïðèñâÿ÷åíî êëþ÷îâèì ïîíÿòòÿì i ôàêòàì, ùî âèêîðèñòîâó-

þòüñÿ â ðîáîòi i ñòîñóþòüñÿ òåîði¨ êîäóâàííÿ (çîáðàæåííÿ) ÷èñåë îäèíè-

÷íîãî ïðîìiæêà òà òåîði¨ ôóíêöié ç ëîêàëüíî ñêëàäíîþ ñòðóêòóðîþ, òàêîæ

îãëÿäó ðåçóëüòàòiâ ïîïåðåäíiõ äîñëiäæåíü, ùî ïðèìèêàþòü äî òåìè äèñåð-

òàöiéíîãî äîñëiäæåííÿ.

1.1. Ñèñòåìè êîäóâàííÿ äiéñíèõ ÷èñåë çàñîáàìè ñêií÷åííîãî,

íåñêií÷åííîãî òà çìiííîãî àëôàâiòiâ

Íåõàé A � ñêií÷åííà àáî çëi÷åííà ìíîæèíà, ïîòóæíiñòü ÿêî¨ áiëüøà çà

1. �¨ ìè íàçèâà¹ìî àëôàâiòîì (íàáîðîì öèôð). Ìíîæèíó L = A×A× . . .×
A× . . . = {(an) : an ∈ A, n ∈ N} ìè íàçèâà¹ìî ïðîñòîðîì ïîñëiäîâíîñòåé

åëåìåíòiâ àëôàâiòó.

Îçíà÷åííÿ 1.1. Êîäóâàííÿì (çîáðàæåííÿì) ÷èñåë ìíîæèíè D çàñî-

áàìè àëôàâiòó A íàçèâà¹òüñÿ ñþð'¹êòèâíå âiäîáðàæåííÿ g ìíîæèíè L ó

ìíîæèíó D [72].

ßêùî g(an) = x, òî êàæóòü, ùî ïîñëiäîâíiñòü (an) ¹ g-êîäîì ÷èñëà x,

à ñèìâîëi÷íèé çàïèñ x = ∆g
a1a2...an...

íàçèâàþòü éîãî g-çîáðàæåííÿì, ïðè

öüîìó an íàçèâàþòü n-îþ öèôðîþ öüîãî çîáðàæåííÿ.

Êàæóòü, ùî ñèñòåìà êîäóâàííÿ ìà¹ íóëüîâó íàäëèøêîâiñòü, ÿêùî âñi

÷èñëà ìíîæèíè D ìàþòü íå áiëüøå äâîõ g-çîáðàæåíü, ïðè÷îìó òèõ, ùî

ìàþòü ¨õ äâà � íå áiëüø, íiæ çëi÷åííà ìíîæèíà. Ó öüîìó âèïàäêó ÷èñëà,

ùî ìàþòü îäíå çîáðàæåííÿ íàçèâàþòü g-óíàðíèìè, à òi, ùî ìàþòü äâà �

g-áiíàðíèìè. Êàæóòü, ùî ñèñòåìà êîäóâàííÿ ìà¹ åêñòðàíóëüîâó íàäëèøêî-
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âiñòü, ÿêùî âñi ÷èñëà ìàþòü ¹äèíå çîáðàæåííÿ.

ßêùî â àëôàâiòi s-ñèìâîëiâ, òî êîäóâàííÿ íàçèâà¹òüñÿ s-ñèìâîëüíèì.

Iñíóþòü ñèñòåìè êîäóâàííÿ çi çìiííèì àëôàâiòîì, àëå ñêií÷åííèì. Iñíóþòü

ñèñòåìè ç íåñêií÷åííèì àëôàâiòîì, çîêðåìà, êîëè ÷èñëà ðîçêëàäàþòüñÿ

ó åëåìåíòàðíèé ëàíöþãîâèé äðiá i êîäóþòüñÿ çàñîáàìè àëôàâiòó, ÿêèé ¹

ìíîæèíîþ íàòóðàëüíèõ ÷èñåë.

Ìíîæèíà ÷èñåë ìíîæèíè D, ÿêi ìàþòü g-çîáðàæåííÿ ∆g
c1...cmam+1am+2...

íàçèâà¹òüñÿ g-öèëiíäðîì ðàíãóm ç îñíîâîþ c1...cm i ïîçíà÷à¹òüñÿ∆c1...cm [72].

Ñèñòåìó g-êîäóâàííÿ íàçèâàþòü íåïåðåðâíîþ, ÿêùî êîæåí g-öèëiíäð

¹ ïðîìiæêîì. Ïðîñòèìè ïðèêëàäàìè íåïåðåâíîãî g-êîäóâàííÿ ç íóëüîâîþ

íàäëèøêîâiñòþ ¹ ïðåäñòàâëåííÿ (çîáðàæåííÿ) ÷èñåë ó êëàñè÷íié s-êîâié

ñèñòåìi ÷èñëåííÿ.

Îçíà÷åííÿ 1.2. Îáìåæåíà ìíîæèíà E ⊂ Rn íàçèâà¹òüñÿ

N -ñàìîïîäiáíîþ, ÿêùî iñíó¹ çëi÷åííèé íàáið ïåðåòâîðåíü ïîäiáíîñòi

f1, f2, ..., fn, ... òàêèõ, ùî

1)E = f1(E) ∪ f2(E) ∪ f3(E) ∪ ... ∪ fn(E) ∪ ...;

2)fi(E) ∩ fj(E) = ∅, i ̸= j.

1.2. Êàíòîðiâñüêi ñèñòåìè ÷èñëåííÿ

Êëàñè÷íà s-êîâà ñèñòåìà ÷èñëåííÿ (1 < s ∈ N) âèêîðèñòîâó¹ àëôàâiò

As ≡ {0, 1, . . . , s− 1} i Ls = As×As×... � ïðîñòið ïîñëiäîâíîñòåé åëåìåíòiâ
àëôàâiòó As.

S-êîâèé ðîçêëàä i s-êîâå çîáðàæåííÿ ÷èñëà x ∈ [0; 1] ìàþòü âèãëÿä:

x =
α1

s
+
α2

s2
+ · · ·+ αn

sn
+ · · · ≡ ∆s

α1α2...αn...
, (αn) ∈ L. (1.1)

Óçàãàëüíåííÿì êëàñè÷íî¨ s-êîâî¨ ñèñòåìè ÷èñëåííÿ ¹ êàíòîðiâñüêà ñè-

ñòåìà, ÿêà âèêîðèñòîâó¹ ïîñëiäîâíiñòü íàòóðàëüíèõ îñíîâ (sn) i çìiííèé

àëôàâiò Asn ≡ {0, 1, . . . , sn − 1}, 2 ⩽ sn ∈ N, n = 1, 2, . . . [7, 67, 90].
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ßêùî (sn) � ïîñëiäîâíiñòü íàòóðàëüíèõ ÷èñåë, áiëüøèõ 1, (Asn) � ïî-

ñëiäîâíiñòü àëôàâiòiâ, òî ïðåäñòàâëåííÿ ÷èñëà x ∈ [0; 1] ó êàíòîðiâñüêié

(sn)-ñèñòåìi ìà¹ âèãëÿä

x =
α1

s1
+

α2

s1s2
+ · · ·+ αn

s1s2 . . . sn
+ · · · ≡ ∆(sn)

α1α2...αn...
, (1.2)

αn ∈ Asn. Ïðè sn = s ìà¹ìî êëàñè÷íå s-êîâå çîáðàæåííÿ ÷èñëà.

Ñèìâîëi÷íèé çàïèñ ∆
(sn)
α1α2...αn... íàçèâà¹òüñÿ ∆-çîáðàæåííÿì ðÿäó (1.2)

i éîãî ñóìè � ÷èñëà x. Ïðè öüîìó αn íàçèâà¹òüñÿ n-îþ öèôðîþ öüîãî

çîáðàæåííÿ. ∆-çîáðàæåííÿ ÷èñëà ¹ éîãî êîäóâàííÿì çàñîáàìè çìiííîãî

àëôàâiòó Asn, ïðè öüîìó êîäîì ÷èñëà x ¹ ïîñëiäîâíiñòü (αn) ç ïðîñòîðó

Ω1 ≡ As1 × As2 × . . .× Asn × . . . .

Íàãàäà¹ìî, ùî iñíóþòü ÷èñëà, ÿêi ìàþòü äâà ∆-çîáðàæåííÿ. Âîíè íà-

çèâàþòüñÿ ∆-áiíàðíèìè. Öå ÷èñëà ç çîáðàæåííÿìè:

∆c1...cm−1cm(0), ∆c1...cm−1[cm−1][sm+1−1][sm+2−1]...,

äå (sm+k) ∈ Ωm+1 = Asm+1
× Asm+2

× . . . × Asm+k
× . . . . Êðóãëi äóæêè

ñèìâîëiçóþòü ïåðiîä. Òàêèõ ÷èñåë çëi÷åííà âñþäè ùiëüíà â [0; 1] ìíîæèíà.

Äëÿ îäíîçíà÷íîñòi çîáðàæåííÿ ìîæíà äîìîâèòèñü âèêîðèñòîâóâàòè ëèøå

îäíå ç íèõ, à ñàìå � ïåðøå. Ðåøòà ÷èñåë ìàþòü ¹äèíå ∆-çîáðàæåííÿ i

íàçèâàþòüñÿ ∆-óíàðíèìè.

Öèëiíäðîì ðàíãó m ç îñíîâîþ c1 . . . cm íàçèâà¹òüñÿ ìíîæèíà ∆
(sn)
c1...cm

âñiõ ÷èñåë x, ÿêi ìàþòü çîáðàæåííÿ ∆
(sn)
c1...cmd1d2...

, äå (dk) ∈ Ωm+1.

Öèëiíäð ∆
(sn)
c1...cm ¹ âiäðiçêîì ç êiíöÿìè:

a =
c1
s1

+
c2
s1s2

+ . . .+
cm

s1s2 . . . sm
= ∆

(sn)
c1...cm(0),

b = a+
sm+1 − 1

s1 . . . smsm+1
+

sm+2 − 1

s1 . . . sm+1sm+2
+ . . . = ∆

(sn)
c1...cm(sm+k−1),

ÿêèé ìà¹ äîâæèíó |∆(sn)
c1...cm| = 1

s1s2...sm
. À îòæå, îñíîâíå ìåòðè÷íå âiäíîøåí-
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íÿ äëÿ äàíîãî çîáðàæåííÿ ìà¹ âèãëÿä

|∆(sn)
c1...cmi|

|∆(sn)
c1...cm|

=
1

sm+1
.

Âîíî íå çàëåæèòü âiä îñíîâè c1 . . . cm öèëiíäðà i íå çàëåæèòü âiä îñòàí-

íüî¨ öèôðè i, à çàëåæèòü ëèøå âiä ðàíãó öèëiíäðà, à ñàìå âiä ÷ëåíà sm+1

ïîñëiäîâíîñòi îñíîâ.

Çàóâàæèìî, ùî êîæíå ∆-áiíàðíå ÷èñëî ¹ êiíöåì äâîõ ïîñëiäîâíîñòåé

öèëiíäðiâ âñåìîæëèâèõ ðàíãiâ, ïî÷èíàþ÷è ç äåÿêîãî.

Áåçïîñåðåäíüî ç îçíà÷åííÿ öèëiíäðà âèïëèâà¹: ∆(sn)
c1...cm =

sm+1−1⋃
i=0

∆
(sn)
c1...cmi.

Ïîñëiäîâíiñòü âêëàäåíèõ öèëiíäðiâ âèçíà÷à¹ òî÷êó, òîáòî äëÿ áóäü-ÿêî¨ ïî-

ñëiäîâíîñòi (cn) ∈ Ω1 âèêîíó¹òüñÿ ðiâíiñòü
∞⋂
n=1

∆
(sn)
c1...cn = ∆

(sn)
c1...cn.... Òîìó

òî÷êà âiäðiçêà [0; 1] ¹ öèëiíäðîì íåñêií÷åííîãî ðàíãó.

1.3. Q̃-çîáðàæåííÿ ÿê óçàãàëüíåííÿ êàíòîðiâñüêèõ çîáðàæåíü

Ðîçãëÿíåìî ùå îäíå çîáðàæåííÿ ÷èñåë çi çìiííèì àëôàâiòîì, ÿêå âïåð-

øå ââåäåíå Ïðàöüîâèòèì Ì.Â. [65] ÿê óçàãàëüíåííÿ Q∗-çîáðàæåííÿ [19].

Òóò âèêîðèñòîâóþòüñÿ âñi ïàðàìåòðè i ïîçíà÷åííÿ ïîïåðåäíüîãî ïóíêòó.

Íåõàé ∥qik∥ � íåñêií÷åííà ìàòðèöÿ (i ∈ Ask,∀k ∈ N) òàêà, ùî

1) 0 < qik ∈ R;

2) qok + · · ·+ q[sn−1]k = 1;

3) ∀(αk) ∈ Ω :
∞∏
k=1

qαkk = 0 ⇐⇒
∞∏
k=1

max
i

{qik} = 0.

Ïîêëàäåìî βik ≡ q0k + q1k + · · ·+ q[i−1]k, k ∈ N .

Òâåðäæåííÿ 1.1. Äëÿ áóäü-ÿêîãî x ∈ [0; 1] iñíó¹ ïîñëiäîâíiñòü (αn) ∈ Ω

òàêà, ùî

x = βα11 +
∞∑
k=2

βαkk

k−1∏
i=1

qαii ≡ ∆Q̃
α1α2...αn...

. (1.3)

Îñòàííié ñèìâîëi÷íèé çàïèñ∆Q̃
α1α2...αn...

íàçèâà¹òüñÿ Q̃-çîáðàæåííÿì ÷è-

ñëà x, à αn � éîãî n-îþ öèôðîþ.
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ßêùî sn = s = const, òî Q̃-çîáðàæåííÿ ¹ Qs-çîáðàæåííÿì [65] (äàëi

âîíî ïîçíà÷à¹òüñÿ ∆Qs
α1α2...αn...

). ßêùî êðiì öüîãî ùå é qin = qi =
1
s , òî Q̃-

çîáðàæåííÿ ¹ êëàñè÷íèì s-êîâèì çîáðàæåííÿì i ïîçíà÷à¹òüñÿ ∆s
α1α2...αn...

.

Òåîðiÿ Qs-çîáðàæåííÿ äîáðå ðîçðîáëåíà i ìà¹ ðÿä ðiçíîïëàíîâèõ çàñòîñó-

âàíü [83, 88] ó òåîði¨ ôðàêòàëiâ, òåîði¨ ôóíêöié, òåîði¨ éìîâiðíîñòåé.

Î÷åâèäíî, ùî Q̃-çîáðàæåííÿ ¹ óçàãàëüíåííÿì êàíòîðiâñüêîãî çîáðàæå-

ííÿ i ñòà¹ íèì ïðè qik = 1
sk
,∀k ∈ N .

Q̃-öèëiíäð ðàíãó m ç îñíîâîþ c1c2 . . . cm îçíà÷ó¹òüñÿ ðiâíiñòþ

∆Q̃
c1c2...cm

= {x : x = ∆Q̃
α1α2...αn...

, αi = ci, i = 1,m}. (1.4)

Öèëiíäð ∆Q̃
c1c2...cm

¹ âiäðiçêîì [a; b] ç êiíöÿìè:

a = βα11 +
∞∑
k=2

βαkk

k−1∏
i=1

qαii, b = a+
m∏
i=1

qαii, à îòæå,

|∆Q̃
c1c2...cm

| =
m∏
i=1

qcii.

Òîäi îñíîâíå ìåòðè÷íå âiäíîøåííÿ äëÿ Q̃-çîáðàæåííÿ ìà¹ âèãëÿä:

|∆Q̃
c1c2...cmi| = qi[m+1]|∆Q̃

c1c2...cm
|.

ßê i äëÿ êàíòîðiâñüêèõ çîáðàæåíü iñíóþòü ÷èñëà, ùî ìàþòü äâà

Q̃-çîáðàæåííÿ: ∆Q̃
c1...cm−1(0)

= ∆Q̃
c1...cm−1[cm−1](sm+k−1). Âîíè íàçèâàþòüñÿ

Q̃-áiíàðíèìè. Ìíîæèíà òàêèõ ÷èñåë çëi÷åííà i ùiëüíà ó âiäðiçêó [0; 1].

Ðåøòà ÷èñåë ìàþòü ¹äèíå Q̃-çîáðàæåííÿ. �õ íàçèâàþòü Q̃-óíàðíèìè [65].

Ó ðiçíèõ ðîáîòàõ âèâ÷àëèñü âëàñòèâîñòi ôóíêöi¨ ðîçïîäiëó âèïàäêîâî¨

âåëè÷èíè ç íåçàëåæíèìè öèôðàìè ¨¨ Q̃-çîáðàæåííÿ [71, 75]. Äîâåäåíî, ùî

òàêi ôóíêöi¨ ìàþòü ÷èñòèé ëåáåãiâñüêèé òèï (¹ ÷èñòî äèñêðåòíèìè, ÷è-

ñòî àáñîëþòíî íåïåðåðâíèìè àáî ÷èñòî ñèíãóëÿðíèìè) i ¹, â ïåðåâàæíié

áiëüøîñòi, ñèíãóëÿðíèìè. Q̃-çîáðàæåííÿ ôiãóðóâàëî â äîñëiäæåííÿõ íåïå-

ðåðâíèõ ëîêàëüíî ñêëàäíèõ ôóíêöié [71, 75].
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1.4. Q∞-çîáðàæåííÿ

Iñíóþòü ñèñòåìè êîäóâàííÿ (çîáðàæåííÿ) äiéñíèõ ÷èñåë, ÿêi âèêîðèñòî-

âóþòü ñòàëèé íåñêií÷åííèé àëôàâiò. Ðîçãëÿíåìî îäíó ç òàêèõ. Íåõàé (qn) �

çàäàíà ïîñëiäîâíiñòü äîäàòíèõ äiéñíèõ ÷èñåë òàêà, ùî q0+. . .+ qn+. . .= 1,

σk ≡ q0 + q1 + · · ·+ qk−1, H ≡ N ×N × . . .

Òâåðäæåííÿ 1.2. Äëÿ áóäü-ÿêîãî x ∈ [0; 1) iñíó¹ ¹äèíà ïîñëiäîâíiñòü

(an) ∈ H òàêà, ùî

x = σa1 +
∞∑
k=2

σak

k−1∏
i=1

qai ≡ ∆Q∞
a1...an...

. (1.5)

Ñèìâîëi÷íèé çàïèñ ∆Q∞
a1a2...an...

íàçèâà¹òüñÿ Q∞-çîáðàæåííÿì ÷èñëà x, à

an � éîãî n-îþ öèôðîþ.

Çðîçóìiëî, ùî Q∞-çîáðàæåííÿ ¹ ÷àñòêîâèì âèïàäêîì Q̃-çîáðàæåííÿ.

Òîìó éîãî ãåîìåòðiÿ, âèðàæåíà ó âëàñòèâîñòÿõ öèëiíäðè÷íèõ ìíîæèí, ëè-

øå êîíêðåòèçó¹òüñÿ:

1) |∆Q∞
c1c2...cm

| =
∏m

j=1 qcj , 2) |∆
Q∞
c1c2...cmj| = qj|∆Q∞

c1c2...cm
|.

Çàóâàæåííÿ 1.1. Îñîáëèâiñòþ Q∞-çîáðàæåííÿ ¹ òå, ùî êîæíå ÷èñëî

ïðîìiæêà [0; 1) ìà¹ ¹äèíå Q∞-çîáðàæåííÿ, òîáòî äàíà ñèñòåìà êîäóâàííÿ

÷èñåë ìà¹ íóëüîâó íàäëèøêîâiñòü.

Q∞-çîáðàæåííÿ i ìàòåìàòè÷íi îá'¹êòè ç íèì ïîâ'ÿçàíi (ìíîæèíè, ôóí-

êöi¨, éìîâiðíiñíi ìiðè, äèíàìi÷íi ñèñòåìè) âèâ÷àëèñü ó ðiçíèõ ðîáîòàõ, çîêðå-

ìà êàíäèäàòñüêèõ äèñåðòàöiÿõ Ëiùèíñüêîãî Î.Ë. [81] i Íiêiôîðîâà Ð.Î. [34,

19].

Q∞-çîáðàæåííÿ òiñíî ïîâ'ÿçàíå iç çîáðàæåííÿì ÷èñåë äîäàòíèìè ðÿäà-

ìè Ëþðîòà [48, 94].

Q∗
∞-çîáðàæåííÿ ¹ óçàãàëüíåííÿì Q∞-çîáðàæåííÿ i ¹ ÷àñòêîâèì âèïàä-

êîì Q̃-çîáðàæåííÿ [70].
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1.5. Ñèíãóëÿðíi ôóíêöi¨

Îçíà÷åííÿ 1.3. Íåïåðåðâíà ôóíêöiÿ, âiäìiííà âiä êîíñòàíòè, íàçèâà-

¹òüñÿ ñèíãóëÿðíîþ, ÿêùî ¨¨ ïîõiäíà ðiâíà íóëþ ìàéæå ñêðiçü ó ðîçóìií-

íi ìiðè Ëåáåãà. Ñåðåä ñèíãóëÿðíèõ ôóíêöié iñíóþòü ìîíîòîííi (çîêðåìà,

ñòðîãî ìîíîòîííi), íå ìîíîòîííi i òàêi, ùî íå ìàþòü ïðîìiæêiâ ìîíîòîííî-

ñòi âçàãàëi [42, 68].

Òâåðäæåííÿ 1.3. (Òåîðåìà Ëåáåãà). Äîâiëüíà ôóíêöiÿ y = f(x) îáìå-

æåíî¨ âàðiàöi¨ ¹ ëiíiéíîþ êîìáiíàöi¹þ ôóíêöi¨:

f(x) = α1fd(x) + α2fac(x) + α3fs(x), (1.6)

äå αi ⩾ 0, α1 + α2 + α3 = 1; fd � äèñêðåòíà (ôóíêöiÿ ñòðèáêiâ); fac �

àáñîëþòíî íåïåðåðâíà ôóíêöiÿ; fac =
x∫

−∞
f

′

ac(t)dt; fs � ñèíãóëÿðíà ôóíêöiÿ.

Ðiâíiñòü (1.6) íàçèâàþòü ëåáåãiâñüêîþ ñòðóêòóðîþ ôóíêöi¨. Ïðè α1 = 1

ôóíêöiþ f íàçèâàþòü ÷èñòî äèñêðåòíîþ, ïðè α2 = 1 � ÷èñòî àáñîëþòíî

íåïåðåðâíîþ, à ïðè α3 = 1 � ÷èñòî ñèíãóëÿðíîþ (àáî ïðîñòî ñèíãóëÿð-

íîþ). Â ðåøòi âèïàäêiâ êàæóòü, ùî ôóíêöiÿ f ¹ ñóìiøøþ äâîõ àáî òðüîõ

ôóíêöié ÷èñòèõ ëåáåãiâñüêèõ òèïiâ.

Äàëi çîñåðåäèìî óâàãó íà ÷èñòî ñèíãóëÿðíèõ ôóíêöiÿõ. Íàéïðîñòiøèì

ïðèêëàäîì íåñïàäíî¨ ñèíãóëÿðíî¨ ôóíêöi¨ ¹ êëàñè÷íà ôóíêöiÿ Êàíòîðà:

k(x =
∞∑
k=1

αk

3k
) = βα1

+
∞∑
k=2

(βαk

k−1∏
j=1

pαj
),

äå p0 = 1
2 = p2, p1 = 0, β0 = 0, β1 = p0 = β2.

Ïðèêëàä 1.1. (ñòðîãî çðîñòàþ÷à ñèíãóëÿðíà ôóíêöiÿ Ñàëåìà [39,

40]). Ôóíêöiÿ Ñàëåìà ¹ ôóíêöi¹þ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè ç íåçàëå-

æíèìè îäíàêîâî ðîçïîäiëåíèìè öèôðàìè äâiéêîâîãî çîáðàæåííÿ, ÿêi íà-

áóâàþòü çíà÷åíü 0 òà 1 ç éìîâiðíîñòÿìè p0 i p1 (pi > 0, p0 + p1 = 1). Âîíà

¹ íåïåðåðâíèì ðîçâ'ÿçêîì ñèñòåìè ôóíêöiîíàëüíèõ ðiâíÿíü
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x
2) = p0f(x),

f(1+x
2 ) = p0 + p1f(x).

Âîíà ìà¹ àíàëiòè÷íèé âèðàç

s(x = ∆2
α1α2...αn...

) = α1p1−α1
+

∞∑
k=2

(αkp1−αk

k−1∏
j=1

pαj
),

äå 0 < p0 < 1, p1 = 1− p0 ̸= 1
2 .

Ïðèêëàä 1.2. (ñòðîãî ñïàäíà). Iíâåðñîð öèôð Q2-çîáðàæåííÿ ÷èñåë.

Iíâåðñîðîì öèôð Q2-çîáðàæåííÿ ÷èñåë íàçèâà¹òüñÿ ôóíêöiÿ, îçíà÷åíà ðiâ-

íiñòþ I(x = ∆Q2
α1α2...αn...

) = ∆Q2

[1−α1][1−α2]...[1−αn]...
. Ïðè q0 = 1

2 ìà¹ ìiñöå ðiâíiñòü

I(x) = x. Ïðè q0 ̸= 1
2 iíâåðñîð ¹ ñèíãóëÿðíîþ ñòðîãî ñïàäíîþ ôóíêöi¹þ [88].

Ïðèêëàä 1.3. (ñòðîãî çðîñòàþ÷à ñèíãóëÿðíà ôóíêöiÿ Ìiíêîâñüêîãî).

Ôóíêöiÿ Ìiíêîâñüêîãî y =?(x) âïåðøå ââåäåíà ó ðîçãëÿä ó 1911 ðî-

öi ó ðîáîòi [18] ÿê ïðèêëàä ôóíêöi¨, ùî âñòàíîâëþ¹ âçà¹ìíî îäíîçíà÷íó

âiäïîâiäíiñòü ìiæ êâàäðàòè÷íèìè iððàöiîíàëüíîñòÿìè [0; 1] i ðàöiîíàëüíè-

ìè ÷èñëàìè ç öüîãî æ âiäðiçêà. Âîíà àíàëiòè÷íî çàäà¹òüñÿ âèðàçîì, ÿêèé

çíàéøîâ Ñàëåì [40], à ñàìå:

?(x = [0; a1, a2, . . . , an, . . . ]) =

= 21−a1 − 21−a1−a2 + 21−a1−a2−a3 + · · ·+ (−1)n+121−a1−···−an + . . . , äå

x = [0; a1, a2, . . . ] � ðîçêëàä ÷èñëà x â åëåìåíòàðíèé ëàíöþãîâèé äðiá,

òîáòî

x =
1

a1 +
1

a2+...

, an ∈ N

.

Îäíîïàðàìåòðè÷íå óçàãàëüíåííÿ φµ ïîáóäîâàíî ó ðîáîòi [80] Ïðàöüî-

âèòîãî Ì.Â., Êàëàøíiêîâà À.Â., Áåçáîðîäîâà Â.Ê.
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1.6. Íiäå íå äèôåðåíöiéîâíi ôóíêöi¨

Ïðèêëàä 1.4. (Ôóíêöiÿ Òàêàãi [44]).

Â 1903 ð. Ò. Òàêàãi çàïðîïîíóâàâ íàñòóïíó êîíñòðóêöiþ íåïåðåðâíî¨

íiäå íå äèôåðåíöiéîâíî¨ ôóíêöi¨:

T (x) =
∞∑
n=0

φn(x)

2n
=

∞∑
n=0

1

2n
φ0(2

nx), (1.7)

äå φ0(x) = inf
m∈Z

| x−m |, φn(x) = φ0(2
nx). ßê ïîêàçàâ Í. Êîíî [14]

ôóíêöiÿ Òàêàãi çàäîâîëüíÿ¹ ðiâíiñòü

T (x) =
∞∑
k=1

x∫
0

rk(t)dt,

äå rk(t) = (−1)⌊2kt⌋ � ôóíêöiÿ Ðàäåìàõåðà, ⌊2kt⌋ � öiëà ÷àñòèíà ÷èñëà t.

Ôóíêöiÿ Òàêàãi ¹ àíàëîãîì âiäîìî¨ íåïåðåðâíî¨ íåäèôåðåíöiéîâíî¨ ôóí-

êöi¨ Ê. Âåé¹ðøòðàññà:

f(x) =
∞∑
n=1

ancos(bnπx),

äå 0 < a < 1, b � âiä'¹ìíå öiëå ÷èñëî, áiëüøå çà îäèíèöþ i òàêå, ùî

ab > 1 + 3
2π. Âií îòðèìó¹òüñÿ çàìiíîþ ãàðìîíiê íà ¾ïðÿìîêóòíié õâèëi¿,

ùî äîçâîëÿ¹ ñóòò¹âî ñïðîñòèòè îáãðóíòóâàííÿ íåäèôåðåíöiéîâíîñòi (âiäñó-

òíîñòi ïîõiäíî¨ ó êîæíié òî÷öi îáëàñòi âèçíà÷åííÿ). Äîñëiäæåííÿ ôóíêöi¨

Òàêàãi òðèâà¹ i äîñi [44]. Íà äàííèé ìîìåíò ¨é ïðèñâÿ÷åíi äåñÿòêè äîñëi-

äæåíü.

Ïðèêëàä 1.5. (Ôóíêöiÿ Ïðàöüîâèòîãî-Âàñèëåíêî [10]).

Íåõàé s � ôiêñîâàíå íåïàðíå íàòóðàëüíå ÷èñëî (s > 3), Q∗
s òà Q

∗
3 � çà-

äàíi ìàòðèöi äëÿ Q∗-çîáðàæåííÿ, ïðè÷îìó ìàòðèöþ, ÿêà âèçíà÷à¹ îñòàíí¹

çîáðàæåííÿ áóäåìî ïîçíà÷èòè ÷åðåç G∗
3 = ||gik||, i ∈ A3, k ∈ N.
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Íåõàé As � àëôàâiò (íàáið öèôð), âèçíà÷èìî äèñêðåòíó ôóíêöiþ

γ(α) =


0, ÿêùî α = 0,

1, ÿêùî α ∈ As\{0, s− 1},

2, ÿêùî α = s− 1.

Äëÿ ïîñëiäîâíîñòi (αk) ∈ L ≡ A∞
s = As×As× ... âèçíà÷à¹òñÿ ïîñëiäîâ-

íiñòü (ck) íàñòóïíèì ÷èíîì

c1 = 0, ck =

ck−1, ÿêùî αk−1 ∈ As\{2, 4, . . . , s− 3}

1− ck−1, ÿêùî αk−1 ∈ {2, 4, . . . , s− 3}.

Ðîçãëÿíåìî íà [0; 1] ôóíêöiþ, àðãóìåíò ÿêî¨ ìà¹ ôîðìó Q∗
s-çîáðàæåííÿ

x = φα11 +
∞∑
i=2

(φαii

i−1∏
j=1

qαjj) ≡ ∆Q∗
s

α1α2...αk...
,

äå αk ∈ As, Q
∗
s = ||qij||, φ0j = 0, φij =

i−1∑
k=0

qkj, i ∈ As, j ∈ N, à çíà÷åííÿ

ôóíêöi¨ ìà¹ G∗
3-ðîçêëàä

f(x) = ψβ11 +
∞∑
i=2

(ψβii

i−1∏
j=1

qβjj) ≡ ∆
G∗

3

β1β2...βk...
,

äå βk ∈ A3 ≡ {0, 1, 2}, G∗
3 = ||gik||, ψ0j = 0, ψij =

i−1∑
k=0

gkj, i ∈ A3, j ∈ N,

βk =

γ(αk), ÿêùî ck = 0,

2− γ(αk), ÿêùî ck ̸= 0.
(1.8)

Íàäàìî ôîðìóëàì (1.8) iíøèé çàïèñ:
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βk =



0, ÿêùî

 αk = 0 i ck = 0,

αk = s− 1 i ck = 1;

1, ÿêùî αk ∈ As \ {0, s− 1};

2, ÿêùî

 αk = 0 i ck = 1,

αk = s− 1 i ck = 0.

(1.9)

Çàóâàæåííÿ 1.2. Çíà÷åííÿ G∗
3-ñèìâîëà βk çàëåæèòü âiä êiëüêîñòi (ïàð-

íîñòi ÷è íåïàðíîñòi) íàÿâíèõ ñèìâîëiâ ç ìíîæèíè {2, 4, ..., s − 3} â Q∗
s-

çîáðàæåííi ÷èñëà x, à çíà÷èòü i âiä íàáîðó (α1, α2, ..., αk−1), àëå ìîæå i íå

çàëåæèòè, ÿêùî âñi Q∗
s-ñèìâîëè αi(x) ∈ As\{0, s− 1}, äå i = 1, k − 1.

Ïðèêëàä 1.6. (Òðèáií-ôóíêöiÿ) [63].

Íåõàé çàäàíî äâà çîáðàæåííÿ ÷èñåë âiäðiçêà [0; 1] : Q3-çîáðàæåííÿ, âè-

çíà÷åíå òðiéêîþ ÷èñåë (q0; q1; q2) i Q2-çîáðàæåííÿ, âèçíà÷åíå ïàðîþ ÷èñåë

(q
′

0, q
′

1). Ôóíêöiÿ f, îçíà÷ó¹òüñÿ ðiâíiñòþ

f(x = ∆Q3
α1α2...αn...

) = ∆Q2

β1β2...βn...
, (1.10)

β1 =

0, ÿêùî α1 = 0,

1, ÿêùî α1 ̸= 0,

βn+1 =

βn, ÿêùî αn+1 = αn,

1− βn, ÿêùî αn+1 ̸= αn.

Ðiâíiñòü (1.10) ¹ êîðåêòíèì îçíà÷åííÿì ôóíêöi¨ f , îñêiëüêè âèêîðèñòàííÿ

ôîðìóëè (1.10) äëÿ äâîõ ôîðìàëüíî ðiçíèõ çîáðàæåíü îäíîãî i òîãî æ Q3-

áiíàðíîãî ÷èñëà ïðèâîäèòü äî îäíîãî i òîãî æ ðåçóëüòàòó.

Ôóíêöiÿ f ¹ íåïåðåðâíîþ, íiäå íå ìîíîòîííîþ òà íiäå íå äèôåðåíöiéîâ-

íîþ; ìà¹ îáìåæåíó i íåîáìåæåíó âàðiàöiþ.
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Òðèáií-ôóíêöiÿ âïåðøå îçíà÷åíà i âèâ÷åíà ó ðîáîòi Ì.Â. Ïðàöüîâèòî-

ãî [64]. ßê âèÿâèëîñü çíà÷íî ïiçíiøå, ðàíiøå ðîçãëÿäàëèñü ÷àñòêîâi âè-

ïàäêè öi¹¨ ôóíêöi¨, à ñàìå ôóíêöi¨ Áóøà [6] òà Âóíäåðëiõà [47], îçíà÷åíi â

òåðìiíàõ òðiéêîâîãî òà äâiéêîâîãî çîáðàæåíü.

Âëàñòèâîñòi Òðèáií-ôóíêöi¨ òàêîæ âèâ÷àëèñü â ðîáîòàõ [11], à ó ñòàò-

òÿõ [14, 24, 73] ðîçãëÿäàëèñü ¨¨ óçàãàëüíåííÿ òà àíàëîãè.

1.7. Íiäå íå ìîíîòîííi ôóíêöi¨

Îçíà÷åííÿ 1.4. Íåïåðåðâíà ôóíêöiÿ, ÿêà íå ìà¹ æîäíîãî ïðîìiæêó

ìîíîòîííîñòi, íàçèâà¹òüñÿ íiäå íå ìîíîòîííîþ [68, 89].

Äâà äîáðå âiäîìèõ ôàêòè:

1) êîæíà ôóíêöiÿ îáìåæåíî¨ âàðiàöi¨ ¹ ðiçíèöåþ äâîõ ìîíîòîííèõ ôóí-

êöié;

2) êîæíà íåïåðåðâíà ìîíîòîííà ôóíêöiÿ ìà¹ ñêií÷åííó ïîõiäíó ìàéæå

â êîæíié òî÷öi (âiäíîñíî ìiðè Ëåáåãà)

¹ êëþ÷îâèìè òâåðäæåííÿìè ó òåîði¨ ôóíêöié ç îáìåæåíîþ âàðiàöi¹þ. �õ

íàñëiäêîì ¹ íàñòóïíå òâåðäæåííÿ: êîæíà íiäå íå äèôåðåíöiéîâíà ôóíêöiÿ

¹ íiäå íå ìîíîòîííîþ.

Îáåðíåíå òâåðäæåííÿ ¹ íåïðàâèëüíèì. Iñíóþòü íiäå íå ìîíîòîííi ôóí-

êöi¨, ÿêi ìàþòü ñêií÷åííó âàðiàöiþ, i òi, ÿêi, êðiì öüîãî, ìàþòü ïîõiäíó,

ðiâíó íóëþ ìàéæå ñêðiçü (ó ðîçóìiííi ìiðè Ëåáåãà).

Ñåðåä íiäå íå ìîíîòîííèõ ôóíêöié ¹ ôóíêöi¨ îáìåæåíî¨ òà íåîáìåæåíî¨

âàðiàöi¨, íiäå íå äèôåðåíöiéîâíi ôóíêöi¨ òà ñèíãóëÿðíi ôóíêöi¨.

Ðîçãëÿíåìî ïî îäíîìó ç ïðåäñòàâíèêiâ êîæíîãî ç âêàçàíèõ êëàñiâ, çà-

óâàæèâøè, ùî êîæíà íiäå íå äèôåðåíöiéîâíà ôóíêöiÿ ¹ íiäå íå ìîíîòîí-

íîþ.

Iíòåðåñ äî íåïåðåðâíèõ ôóíêöié, ÿêi ìàþòü ìàñèâíi (ó òîïîëîãî-

-ìåòðè÷íîìó òà ôðàêòàëüíîìó ñåíñi) ìíîæèíè îñîáëèâîñòåé iíòåãðî-
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-äèôåðåíöiàëüíîãî òà âàðiàöiéíîãî õàðàêòåðó, çîêðåìà äî ñèíãóëÿðíèõ [68],

íiäå íå ìîíîòîííèõ òà íåäèôåðåíöiéîâíèõ íåâïèííî çðîñòà¹ [10, 16]. Éî-

ãî ïiäñèëþþòü íîâi ïðèêëàäè ìîäåëåé ðåàëüíèõ ïðîöåñiâ iíôîðìàöiéíî-

êîìóíiêàöiéíîãî ïëàíó, ÿêi âèêîðèñòîâóþòü òàêi ôóíêöi¨, iíòåðåñ äî ñèñòåì

êîäóâàííÿ, äåêîäóâàííÿ òà çàõèñòó iíôîðìàöi¨, çàñîáiâ êîìïàêòèçàöi¨ äà-

íèõ òîùî.

Ñüîãîäíi íàéáiëüø ïîøèðåíèìè ñïîñîáàìè êîíñòðóþâàííÿ òà äîñëiäæå-

ííÿ íiäå íå ìîíîòîííèõ ôóíêöié ¹: ìåòîä çãóùåííÿ îñîáëèâîñòåé [92], IFS-

ìåòîä (ìåòîä iòåðîâàíèõ ôóíêöié), çàäàííÿ ôóíêöié ïåðåòâîðþâà÷åì öèôð

(îäíîãî àáî ðiçíèõ) çîáðàæåíü ÷èñåë [25, 76], çîêðåìà çà äîïîìîãîþ àâòî-

ìàòiâ ç ðiçíîþ ìàñèâíiñòþ ïàì'ÿòi [56, 60, 66, 73, 84], iíâåðñóâàííÿì öèôð

çîáðàæåííÿ ÷èñëà, ¾ïðîåêòóâàííÿ¿ öèôð îäíîãî çîáðàæåííÿ ÷èñëà â iíøå.

Îäíèì ç ÿâíî ñôîðìîâàíèõ ¹ ïiäõiä, ÿêèé ðåàëiçó¹òüñÿ â ðîáîòàõ [79, 85].

1.8. Ôðàêòàëüíèé àíàëiç ìíîæèí

Ìè ðîçìåæîâó¹ìî ñòðóêòóðíó i ìåòðè÷íó ôðàêòàëüíiñòü ìíîæèí ïðî-

ñòîðó Rn, ðîçóìiþ÷è, ùî çà ïåâíèõ óìîâ ìiæ íèìè iñíó¹ òiñíèé çâ'ÿçîê.

Ìíîæèíó E ⊂ Rn ìè íàçèâà¹ìî ñòðóêòóðíî ôðàêòàëüíîþ, ÿêùî âîíà

¹ ñàìîïîäiáíîþ, ñàìîàôiííîþ àáî àâòîìîäåëüíîþ.

Ìíîæèíà E ⊂ Rn íàçèâà¹òüñÿ àâòîìîäåëüíîþ, ÿêùî iñíó¹ (φ1, . . . , φk)

� íàáið ñòèñêàþ÷èõ ïåðåòâîðåíü ïðîñòîðó, ùî íàëåæàòü îäíié íàïiâãðóïi

òàêèé, ùî E = φ1(E)∪φ2(E)∪· · ·∪φn(E), ïðè÷îìó ïåðåòèí φi(E)∩φj(E)

¹ iñòîòíî ìåíøèì çà ìàñèâíiñòþ, íiæ éîãî ñêëàäîâi.

ßêùî φi � åëåìåíòè ãðóïè àôiííèõ ïåðåòâîðåíü, òî ìíîæèíà E íàçè-

âà¹òüñÿ ñàìîàôiííîþ [13].

ßêùî φi ç ãðóïè ïåðåòâîðåíü ïîäiáíîñòi, òî ìíîæèíà E íàçèâà¹òüñÿ

ñàìîïîäiáíîþ.

ßêùî E � ñàìîïîäiáíà ìíîæèíà i ïîäiáíà ìíîæèíi φj(E) ç êîåôiöi¹í-
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òàìè kj, òî ðîçâ'ÿçîê ðiâíÿííÿ

kx1 + kx2 + · · ·+ kxn = 1

íàçèâà¹òüñÿ ñàìîïîäiáíîþ ðîçìiðíiñòþ ìíîæèíè E. Äëÿ êëàñè÷íî¨ ìíî-

æèíè Êàíòîðà ìà¹ìî (13)
x + (13)

x = 1 ⇐⇒ x = log3 2 ≈ 0, 63.

Ìiðà Ãàóñäîðôà ïîðÿäêó α ìíîæèíè E ⊂ Rn, ÿêà ïîçíà÷à¹òüñÿ Hα(E),

îçíà÷ó¹òüñÿ ðiâíiñòþ

Hα(E) = lim
ε→0

mα
ε (E) = lim

ε→0
{ inf
d(Ei)⩽ε

Σid
α(Ei), E ⊂ ∪iEi}, (1.11)

äå d(Ei) � äiàìåòð ìíîæèíè Ei. Ïðè öüîìó òî÷íà íèæíÿ ìåæà áåðåòüñÿ

çà âñåìîæëèâèìè ïîêðèòòÿìè ∪Ei ìíîæèíè E, äiàìåòðè ìíîæèí ÿêèõ íå

ïåðåâèùóþòü ε.

Ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à α0(E) ìíîæèíè E ⊂ Rn ¹ ÷èñëîì,

ÿêå îçíà÷ó¹òüñÿ ðiâíiñòþ

α0(E) = inf{α : Hα(E) = 0} = sup{α : Hα(E) = ∞}.

Ïðè ïåâíèõ óìîâàõ ñàìîïîäiáíà ðîçìiðíiñòü ñàìîïîäiáíî¨ ìíîæèíè ðiâ-

íà ðîçìiðíîñòi Ãàóñäîðôà-Áåçèêîâè÷à, çîêðåìà, öå ìà¹ ìiñöå, êîëè ìíîæè-

íà çàäîâîëüíÿ¹ óìîâó âiäêðèòî¨ ìíîæèíè [46].

ßêùî E � ñàìîàôiííà ìíîæèíà i âèêîíó¹òüñÿ ðiâíiñòü E = ∪j=1φj(E),

φj :

x
′
= a

(j)
11 x+ a

(j)
12 y + x0,

y
′
= a

(j)
21 x+ a

(j)
22 y + y0, j = 1, n

, (1.12)

òî ðîçâ'ÿçîê ðiâíÿííÿ
n∑

j=1

|

∣∣∣∣∣∣a
(j)
11 a

(j)
12

a
(j)
21 a

(j)
22

∣∣∣∣∣∣ |x2 = 1 (1.13)

¹ ñàìîàôiííîþ ðîçìiðíiñòþ ìíîæèíè E.

Çðîçóìiëî, ùî êîæíà ñàìîïîäiáíà ìíîæèíà ¹ ñàìîàôiííîþ i ñàìîïîäi-

áíà ðîçìiðíiñòü â öüîìó âèïàäêó ¹ ñàìîàôiííîþ ðîçìiðíiñòþ.
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1.9. Ôðàêòàëüíèé àíàëiç ôóíêöié

×àñòî ëîêàëüíî ñêëàäíi ôóíêöi¨ ìàþòü ôðàêòàëè ó ÿêîñòi ñóòò¹âèõ äëÿ

íèõ ìíîæèí (ìíîæèí çíà÷åíü, ìíîæèí ðiâíiâ, ìíîæèí íåñòàëîñòi, ìíîæèí

çðîñòàííÿ òîùî, ó äåÿêèõ ôóíêöiÿõ ôðàêòàëüíèìè ¹ ãðàôiêè). Òàêi ôóíêöi¨

ìè íàçèâà¹ìî ôóíêöiÿìè ç ôðàêòàëüíèìè âëàñòèâîñòÿìè àáî ôðàêòàëü-

íèìè ôóíêöiÿìè [16, 17, 82, 84].

Ìíîæèíè òî÷îê ðîñòó ôóíêöié ðîçïîäiëó êàíòîðiâñüêîãî òèïó ÷àñòî

¹ ôðàêòàëàìè [8]. Íàïðèêëàä, ìíîæèíîþ òî÷îê ðîñòó êëàñè÷íî¨ ôóíêöi¨

Êàíòîðà ¹ ìíîæèíà Êàíòîðà � íàéïðîñòiøèé ñàìîïîäiáíèé ôðàêòàë ç

ôðàêòàëüíîþ ðîçìiðíiñòþ Ãàóñäîðôà-Áåçèêîâè÷à: log3 2 ≈ 0, 63.

Ñóòò¹âèìè íîñiÿìè ùiëüíîñòi ñòðîãî ìîíîòîííèõ ñèíãóëÿðíèõ ôóíêöié

ðîçïîäiëó ¹ âñþäè ùiëüíi ôðàêòàëè òèïó ìíîæèí Áåçèêîâè÷à-Åããëñòîíà [65].

Ìíîæèíà òî÷îê Nf = {x : f
′
(x) ̸= 0}, â ÿêèõ ïîõiäíà ñèíãóëÿðíî¨

ôóíêöi¨ f àáî íå iñíó¹, àáî äîðiâíþ¹ íåñêií÷åííîñòi, àáî äîðiâíþ¹ ÷èñëó,

âiäìiííîìó âiä íóëÿ, ¹ íóëü-ìíîæèíîþ Ëåáåãà. À öå ¹ íåîáõiäíîþ óìî-

âîþ ¨¨ ôðàêòàëüíîñòi. Ôðàêòàëüíèé àíàëiç ñèíãóëÿðíî¨ ôóíêöi¨ ïîëÿãà¹ ó

âèâ÷åííi ôðàêòàëüíèõ âëàñòèâîñòåé âêàçàíî¨ ìíîæèíè, à òàêîæ ôðàêòàëü-

íèõ âëàñòèâîñòåé ¨¨ ãðàôiêà, ÿêèé ÷àñòî ¹ ñàìîïîäiáíèì, ñàìîàôiííèì àáî

àâòîìîäåëüíèì.

1.10. Öèëiíäðè÷íà ïîõiäíà

Îçíà÷åííÿ 1.5. ßêùî ìà¹ìî íåïåðåðâíå g-êîäóâàííÿ ÷èñåë ïðîìiæ-

êó (a; b) ç íóëüîâîþ íàäëèøêîâiñòþ i ôóíêöiþ f , çàäàíó íà íüîìó, òî ¨¨

öèëiíäðè÷íîþ ïîõiäíîþ [72] â òî÷öi x0 íàçèâàþòü ãðàíèöþ ïîñëiäîâíîñòi

âiäíîøåíü

lim
n→∞

µf(∆
g
α1(x0)α2(x0)...αn(x0)

)

|∆g
α1(x0)α2(x0)...αn(x0)

|
,
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äå ∆g
α1(x0)α2(x0)...αn(x0)

� öèëiíäð n−ãî ðàíãó, ùî ìiñòèòü òî÷êó x0,
|∆g

α1(x0)α2(x0)...αn(x0)
| � äîâæèíà öèëiíäðà,

µf(∆
g
α1(x0)α2(x0)...αn(x0)

) = f(∆g
α1...αn(1)

− f(∆g
α1...αn(0)

) � ïðèðiñò ôóíêöi¨ íà

öèëiíäði.

Íàñëiäîê 1.1. ßêùî â òî÷öi x0 ∈ (a; b) iñíó¹ ïîõiäíà ôóíêöi¨ f , âèçíà-

÷åíî¨ íà öüîìó ïðîìiæêó, òî ¨¨ çíà÷åííÿ çáiãà¹òüñÿ çi çíà÷åííÿì öèëií-

äðè÷íî¨ ïîõiäíî¨ çà áóäü-ÿêî¨ íåïåðåðâíî¨ ñèñòåìè êîäóâàííÿ (ç íóëüîâîþ

íàäëèøêîâiñòþ) ÷èñåë öüîãî ïðîìiæêó, çîêðåìà çà êëàñè÷íîãî äâiéêîâîãî

êîäóâàííÿ.

Íàñëiäîê 1.2. Íåõàé g � íåïåðåðâíå êîäóâàííÿ ç íóëüîâîþ íàäëèøêî-

âiñòþ. ßêùî f � íåïåðåðâíà ôóíêöiÿ îáìåæåíî¨ âàðiàöi¨, ÿêó âèçíà÷åíî íà

âiäðiçêó [a; b], i äëÿ ìàéæå âñiõ x ∈ [a; b] ¨¨ öèëiíäðè÷íà ïîõiäíà äîðiâíþ¹

íóëþ, òî f � ñèíãóëÿðíà ôóíêöiÿ.

Çàóâàæåííÿ 1.3. Öèëiíäðè÷íà ïîõiäíà � ïðîäóêòèâíèé çàñiá äëÿ îá-

ãðóíòóâàííÿ ñèíãóëÿðíîñòi òà íåäèôåðåíöiéîâíîñòi íåïåðåðâíî¨ ôóíêöi¨.

Äëÿ êîæíîãî êîíêðåòíîãî g-çîáðàæåííÿ ÷èñåë öèëiíäðè÷íà ïîõiäíà ìà¹

ñâîþ ñïåöèôiêó.

Îçíà÷åííÿ 1.6. Çà çàäàíîãî íåïåðåðâíîãî g-êîäóâàííÿ ÷èñåë âiäðiçêà

[a; b], íà ÿêîìó çàäàíî ôóíêöiþ f , ãðàíèöþ

lim
n→∞

|f(∆g
α1(x0)α2(x0)...αn(x0)

)|
|∆g

α1(x0)α2(x0)...αn(x0)
|
,

äå f(∆g
α1(x0)α2(x0)...αn(x0)

) � îáðàç öèëiíäðà ∆g
α1(x0)α2(x0)...αn(x0)

, ÿêèé ìiñòèòü

òî÷êó x0, ïiä äi¹þ ôóíêöi¨ f , íàçèâàþòü öèëiíäðè÷íîþ g-ïîõiäíîþ 2-ãî

ðîäó ôóíêöi¨ f ó òî÷öi x0.

Çàóâàæåííÿ 1.4. Ëåãêî áà÷èòè, ùî çíà÷åííÿ âèðàçó

|f(∆g
α1(x0)α2(x0)...αn(x0)

)| = max
x∈∆g

α1...αn

f(x)− min
x∈∆g

α1...αn

f(x)
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¹ êîëèâàííÿì ôóíêöi¨ íà öèëiíäði. Ó âèïàäêó, êîëè íàéáiëüøîãî i íàéìåí-

øîãî çíà÷åííÿ ôóíêöiÿ íàáóâà¹ íà êiíöÿõ öèëiíäðà, çîêðåìà ¹ ìîíîòîííîþ

íà íüîìó, öèëiíäðè÷íà ïîõiäíà 2-ãî ðîäó ç óðàõóâàííÿì çíàêà çáiãà¹òüñÿ ç

öèëiíäðè÷íîþ ïîõiäíîþ.
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Âèñíîâêè äî ðîçäiëó 1

Ó ðîçäiëi 1 íàâåäåíî îçíà÷åííÿ êëþ÷îâèõ ïîíÿòü, ôîðìóëþâàííÿ ôà-

êòiâ, ÿêi áóäóòü âèêîðèñòîâóâàòèñÿ â íàñòóïíèõ ðîçäiëàõ, à òàêîæ çäié-

ñíåíî êîðîòêèé îãëÿä ëiòåðàòóðè, ùî ïðèìèêà¹ äî òåìè äèñåðòàöiéíîãî

äîñëiäæåííÿ.

Ó íüîìó çäiéñíåíî àêöåíò íà ñèñòåìàõ êîäóâàííÿ äiéñíèõ ÷èñåë, íà ãåî-

ìåòði¨ çîáðàæåííÿ ÷èñåë, ïðèéîìàõ òà ìåòîäàõ çàäàííÿ íåïåðåðâíèõ ëî-

êàëüíî ñêëàäíèõ ôóíêöié.

Ðåçóëüòàòiâ, ÿêi âèíîñÿòüñÿ íà çàõèñò, öåé ðîçäië íå ìiñòèòü.
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ÐÎÇÄIË 2

ÊÀÍÒÎÐIÂÑÜÊÅ ÄÂIÉÊÎÂÎ-ÔIÁÎÍÀ××I�ÂÅ

ÇÎÁÐÀÆÅÍÍß ×ÈÑÅË Â ÇÀÄÀ×ÀÕ ÒÅÎÐI� ÔÓÍÊÖIÉ

Ó öüîìó ðîçäiëi âèâ÷à¹òüñÿ ãåîìåòðiÿ êàíòîðiâñüêî¨ ñèñòåìè ÷èñëåí-

íÿ, ïîðîäæåíî¨ ïîñëiäîâíiñòþ îñíîâ (sn), äå sn = 2φn, (φn) � êëàñè÷íà

ïîñëiäîâíiñòü Ôiáîíà÷÷i [54]: φ1 = 1 = φ2, φn+2 = φn + φn+1. Ðîçãëÿäàþ-

òüñÿ ìíîæèíè êàíòîðiâñüêîãî òèïó ç íóëüîâîþ é äîäàòíüîþ ìiðîþ Ëåáåãà,

çîêðåìà àíîìàëüíî ôðàêòàëüíi, à òàêîæ âèâ÷àþòüñÿ ñèíãóëÿðíi, íåìîíî-

òîííi i íåäèôåðåíöiéîâíi ôóíêöi¨, ôóíêöi¨ ç îáìåæåíîþ òà íåîáìåæåíîþ

âàðiàöi¹þ.

2.1. Êàíòîðiâñüêå äâiéêîâî-ôiáîíà÷÷i¹âå çîáðàæåííÿ ÷èñåë

Ðîçãëÿäà¹òüñÿ ïðåäñòàâëåííÿ ÷èñåë x ∈ [0; 1] ðÿäàìè Êàíòîðà:

x =
α1

s1
+

α2

s1s2
+ · · ·+ αn

s1s2 . . . sn
+ . . . ≡ △(sn)

α1α2...αn...
, (2.1)

ùî âèçíà÷à¹òüñÿ êëàñè÷íîþ ïîñëiäîâíiñòþ Ôiáîíà÷÷i [54]:

φ1 = 1, φ2 = 1, . . . , φn+2 = φn + φn+1, n ∈ N, (2.2)

çàãàëüíèé ÷ëåí ÿêî¨ âèðàæà¹òüñÿ âiäîìîþ ôîðìóëîþ Áiíå:

φn =
1√
5

[(
1 +

√
5

2

)n

−

(
1−

√
5

2

)n]
, (2.3)

à ñàìå: sn = 2φn,

x =
c1
21

+
c2

21 · 21
+

c3
22 · 22

+
c4

24 · 23
+ · · ·+ cn

2φn+1−1 · 2φn
+ · · · =
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=
∞∑
n=1

cn
2φn+2−1

≡ △c1c2... cn..., (2.4)

äå cn ∈ {0, 1, . . . , 2φn−1} ≡ An.

Ôîðìàëüíèé çàïèñ△c1c2... cn... ðÿäó (2.4) i éîãî ñóìè � ÷èñëà x íàçèâàòè-

ìåìî ¨õ△-çîáðàæåííÿì. Òîäi ïîñëiäîâíiñòü (cn) ç△-çîáðàæåííÿ△c1c2... cn...

÷èñëà x ¹ åëåìåíòîì ïðîñòîðó L = A1×A2× . . .×An× . . . � ïîñëiäîâíîñòåé

åëåìåíòiâ àëôàâiòiâ (An) i ¨ ¨ êîäîì ó öüîìó ïðîñòîði.

Ïåðåâàæíà áiëüøiñòü ÷èñåë ìà¹ ¹äèíå △-çîáðàæåííÿ i ëèøå çëi÷åííà

ìíîæèíà ÷èñåë ìà¹ ¨õ äâà, à ñàìå:

△c1c2... cn(0) = △c1c2... cn−1[cn−1][2φn+1−1][2φn+2−1]....

2.2. Çâ'ÿçîê ∆-çîáðàæåííÿ ç éîãî êëàñè÷íèì äâiéêîâèì

çîáðàæåííÿì

Çîñåðåäèìî ñâîþ óâàãó íà△-çîáðàæåííi ÷èñëà x. ßê áóäå ïîêàçàíî äàëi,

öå çîáðàæåííÿ ìà¹ òiñíèé çâ'ÿçîê ç êëàñè÷íèì äâiéêîâèì çîáðàæåííÿì, à

òîìó ìà¹ äåÿêi ñâî¨ òåõíi÷íi ïåðåâàãè.

Ëåìà 2.1. ßêùî ∆c1c2...cn... � ∆-çîáðàæåííÿ ÷èñëà x ∈ [0; 1], òîáòî

x =
c1
21

+
c2

21 · 21
+

c3
22 · 22

+
c4

24 · 23
+ · · ·+ cn

2φn+1−1 · 2φn
+ . . . ,

òî éîãî êëàñè÷íå äâiéêîâå çîáðàæåííÿ ìà¹ âèãëÿä:

∆2
α1α2...αn...

=
α1

2
+
α2

22
+
α3

23
+
α4

24
+ . . .+

αn

2n
+ . . . , äå αn ∈ {0, 1},

ïðè÷îìó c1 = α1, c2 = α2, c3 = 2 · α3 + α4, c4 = 22 · α5 + 2 · α6 + α7, . . . ,

cn = 2φn−1 · αφn+1
+ 2φn−2 · αφn+1+1 + . . .+ 21 · αφn+1+φn−2 + 20 · αφn+2−1.

Äîâåäåííÿ. Îñêiëüêè cn ∈ An, òî éîãî ìîæíà ïîäàòè ó âèãëÿäi:

cn = 2φn−1 · αφn+1
+ 2φn−2 · αφn+1+1 + . . .+ 21 · αφn+1+φn−2 + 20 · αφn+2−1,



48

ïðè÷îìó öå ìîæíà çðîáèòè ¹äèíèì ÷èíîì. Òîäi ïîäàâøè äðiá

2φn−1 · αφn+1
+ 2φn−2 · αφn+1+1 + 21 · αφn+1+φn−2 + 20 · αφn+2−1

2φn+1−1 · 2φn

ó âèãëÿäi ñóìè φn äîäàíêiâ

2φn−1 · αφn+1

2φn+1−1 · 2φn
=
αφn+1

2φn+1
,
2φn−2 · αφn+1+1

2φn+1−1 · 2φn
=
αφn+1+1

2φn+1+1
, . . . ,

21 · αφn+1+φn−2

2φn+1−1 · 2φn
=
αφn+1+φn−2

2φn+1+φn−2
,
20 · αφn+2−1

2φn+1−1 · 2φn
=
αφn+2−1

2φn+2−1
.

Îòðèìà¹ìî äâiéêîâå çîáðàæåííÿ ÷èñëà:

x =
α1

2
+
α2

22
+ · · ·+ αn

2n
+ · · ·+ = △2

α1α2...αn...
.

Ëåìà 2.2. △-çîáðàæåííÿ ÷èñëà x = △2
α1...αn...

ìà¹ âèãëÿä △c1...cn..., äå

cn = 2φn−1 · αφn+1
+ 2φn−2 · αφn+1+1 + . . .+ 21 · αφn+1+φn−2 + 20 · αφn+2−1.

Äîâåäåííÿ. Íåõàé ¹ äâiéêîâå çîáðàæåííÿ ÷èñëà x ∈ [0; 1]:

∆2
α1α2...αn...

=
α1

2
+
α2

22
+
α3

23
+
α4

24
+ . . .+

αn

2n
+ . . . , äå αn ∈ {0, 1}.

Çãðóïó¹ìî ïî÷ëåííî, ïî÷èíàþ÷è ç òðåòüîãî äîäàíêà (êiëüêiñòü äîäàí-

êiâ ó ãðóïi ðiâíî ÷èñëó ïîñëiäîâíîñòi Ôiáîíà÷÷i), i, çâiâøè äî ñïiëüíîãî

çíàìåííèêà äîäàíêè â ãðóïi, îòðèìà¹ìî:

x =
α1

2
+
α2

22
+
(α3

23
+
α4

24

)
+
(α5

25
+
α6

26
+
α7

27

)
+

+
(α8

28
+
α9

29
+
α10

210
+
α11

211
+
α12

212

)
+ . . . =

=
α1

2
+
α2

22
+

2 · α3 + α4

24
+

22·α5 + 2 · α6 + α7

27
+

+
24·α8 + 23·α9 + 22·α10 + 2 · α11 + α12

212
+ . . .+
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+
2φn−1 · αφn+1

+ 2φn−2 · αφn+1+1

2φn+1−1 · 2φn
+ . . .+

+
+21 · αφn+1+φn−2 + 20 · αφn+2−1

2φn+1−1 · 2φn
=

=
α1

21
+

α2

21 · 21
+

2 · α3 + α43

22 · 22
+

22·α5 + 2 · α6 + α7

24 · 23
+ · · ·+

+
2φn−1 · αφn+1

+ 2φn−2 · αφn+1+1 + . . .+ 21 · αφn+1+φn−2 + 20 · αφn+2−1

2φn+1−1 · 2φn
,

ìè îòðèìó¹ìî éîãî △ - çîáðàæåííÿ △c1c2... cn..., äå

cn = 2φn−1 · αφn+1
+ 2φn−2 · αφn+1+1 + . . .+ 21 · αφn+1+φn−2 + 20 · αφn+2−1.

Âèêîðèñòîâóþ÷è çâ'ÿçîê ∆-çîáðàæåííÿ ç êëàñè÷íèì äâiéêîâèì çîáðà-

æåííÿì, ëåãêî êîíñòàòóâàòè, ùî ñóìà áàçèñíîãî ðÿäó

x = ∆(1) =
∞∑
n=1

2−(φ1+φ2+...+φn), (2.5)

¹ iððàöiîíàëüíèì ÷èñëîì, îñêiëüêè éîãî äâiéêîâå çîáðàæåííÿ ¹ íåïåðiîäè-

÷íèì.

Çàóâàæèìî, ùî ìíîæèíà íåïîâíèõ ñóì (ïiäñóì) ðÿäó (2.5) ¹ àíîìàëüíî

ôðàêòàëüíîþ, òîáòî ¹ êîíòèíóàëüíîþ ìíîæèíîþ i ìà¹ íóëüîâó ôðàêòàëüíó

ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à [65, 92].

2.3. Ãåîìåòðiÿ ∆-çîáðàæåííÿ

Ó êîæíié ñèñòåìi êîäóâàííÿ (çîáðàæåííÿ) äiéñíèõ ÷èñåë öèôðè ìàþòü

ñâié ãåîìåòðè÷íèé çìiñò, íàñëiäêîì ÷îãî ¹ iíøi ãåîìåòðè÷íi òëóìà÷åííÿ

ðiçíèõ âiäíîøåíü. Ãåîìåòðiÿ çîáðàæåííÿ ÷èñåë (ïîçèöiéíà òà ìåòðè÷íà) â

çíà÷íié ìiði âèçíà÷à¹òüñÿ âëàñòèâîñòÿìè öèëiíäðiâ òà õâîñòîâèõ ìíîæèí.
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Íàãàäà¹ìî, ùî öèëiíäðîì ðàíãó m ç îñíîâîþ c1c2 . . . cm, ùî âiäïîâiäà¹

äàíîìó çîáðàæåííþ ÷èñåë, íàçèâà¹òüñÿ ìíîæèíà:

△c1c2...cm ≡ {x : x = △c1c2...cmum+1um+2..., (um+k) ∈ Asm+k
}, (2.6)

ùî ¹ âiäðiçêîì [a; b] ç êiíöÿìè:

a =
m∑
i=1

c1
2φi+1−1

, b = a+
1

2φm+2−1
.

Òðàäèöiéíî, îçíà÷èâøè öèëiíäðè ðiâíiñòþ (2.6), ìîæíà ãðóíòîâíî êîí-

êðåòèçóâàòè ãåîìåòðiþ △ - çîáðàæåííÿ ÷èñåë (ãåîìåòðè÷íèé çìiñò öèôð,

âëàñòèâîñòi öèëiíäðè÷íèõ, íàïiâöèëiíäðè÷íèõ òà õâîñòîâèõ ìíîæèí). �¨

÷àñòêîâî ðîçêðèâàþòü íàñòóïíi ìåòðè÷íi ñïiââiäíîøåííÿ: 1) äîâæèíà öè-

ëiíäðà

| △c1c2...cm | = 1

s1s2 . . . sm
=

1

2φ1 · 2φ2 · ... · 2φm
=

=
1

2φ1+φ2+···+φm
=

1

2φm+2−1
,

2) îñíîâíå ìåòðè÷íå âiäíîøåííÿ

| △c1c2...cm | = sm+1 · | △c1c2...cmc | = (2φ1 · 2φ2 · ... · 2φm+1) · | △c1c2...cmc | =

= 2φ1+φ2+...+φm+1|∆c1c2...cmc| = 2φm+2|∆c1c2...cmc|.

2.4. Ìíîæèíè êàíòîðiâñüêîãî òèïó (Ìåòðè÷íi çàäà÷i)

Òåîðåìà 2.1. Ìíîæèíà

C ≡ C[△; 1̄] = {x : x = △c1c2...cn..., cn ̸= 1}

¹ íiäå íå ùiëüíîþ, äîñêîíàëîþ ìíîæèíîþ äîäàòíî¨ ìiðè Ëåáåãà, ÿêà îá-

÷èñëþ¹òüñÿ çà ôîðìîëîþ

λ(C) =
∞∏
n=1

(
1− 1

2φn

)
> 0. (2.7)
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Äîâåäåííÿ. Íiäå íå ùiëüíiñòü ìíîæèíè C ¹ íàñëiäêîì òîãî, ùî öèëiíäð

∆c1c2...cm ìiñòèòü iíòåðâàë

∇c1c2...cm1 ≡ (∆c1c2...cm1(0); ∆c1c2...cm1(1)),

ÿêèé íå ìiñòèòü òî÷îê ìíîæèíè C.

Äîñêîíàëiñòü (çàìêíåíiñòü, âiäñóòíiñòü içîëüîâàíèõ òî÷îê) îáãðóíòîâó-

¹òüñÿ ñòàíäàðòíèì ñïîñîáîì (ÿê i äëÿ âñiõ íåïåðåðâíèõ êîäóâàíü äiéñíèõ

÷èñåë).

Íåõàé F0 ≡ [0; 1], Fk � îá'¹äíàííÿ âñiõ öèëiíäðiâ ðàíãó k, ñåðåä âíóòði-

øíiõ òî÷îê ÿêèõ ¹ òî÷êè ìíîæèíè C[△; 1̄], òîáòî⋃
c1 ̸=1

...
⋃
ck ̸=1

△c1c2...ck,

F k+1 = Fk\Fk+1. Òîäi ìà¹ìî

F0 ⊃ F1... ⊃ Fk ⊃ Fk+1 ⊃ ... i C[△; 1̄] ⊂ Fk ïðè ∀k ∈ N.

Òîìó λ(C[△; 1̄]) ⩽ λ(Fk) i áiëüøå òîãî, îñêiëüêè

C[△; 1̄] = lim
k→∞

Fk =
∞⋂
k=1

Fk,

òî

λ(C[△; 1̄]) = lim
k→∞

λ(Fk) = lim
k→∞

k∏
m=1

λ(Fm)

λ(Fm−1)
=

∞∏
k=1

λ(Fk)

λ(Fk−1)
.

Âðàõîâóþ÷è, ùî Fk+1 = Fk\F k+1, îòðèìó¹ìî

λ(C[△; 1̄]) =
∞∏
k=1

λ(Fk−1)− λ(F k)

λ(Fk−1)
=

∞∏
k=1

(
1− λ(F k)

λ(Fk−1)

)
.

Àëå λ(F k)
λ(Fk−1)

= 1
2φk

. Òîìó ìà¹ ìiñöå ðiâíiñòü (2.7). Îñêiëüêè æ ðÿä
∞∑
k=1

1
2φk

¹

çáiæíèì, òî çáiæíèì ¹ i íåñêií÷åííèé äîáóòîê (2.7).

Òåîðåìà 2.2. ßêùî gcnn = 0, gjn = 1
2φn−1 ïðè j ̸= cn i βjn = g0n + ... +

g[j−1]n, òî ôóíêöiÿ f, îçíà÷åíà ðiâíiñòþ

f(x = ∆α1α2...αn...) = βα11 +
∞∑
k=2

βαkk

k−1∏
j=1

gαjj,
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¹ ôóíêöi¹þ ðîçïîäiëó êâàçiêàíòîðiâñüêîãî òèïó [65].

Äîâåäåííÿ. Ñïî÷àòêó äîâåäåìî, ùî f ¹ ôóíêöi¹þ ðîçïîäiëó íà âiäðiçêó

[0; 1]. Ìà¹ìî f(0 = ∆(0)) = 0, f(1 = ∆(sk−1)) = 1.

Íåõàé ci ̸= 1, i = 1,m. Òîäi ÿêùî x ∈ ∆c1...cm−11, òîáòî x = ∆c1...cm−11a1a2...,

òî f(x) = f(∆c1...cm−11(0)) = f(∆c1...cm−11(sm+k−1)) = βc11 +
m−1∑
k=2

βckk
k−1∏
j=1

gcjj +

β1m
m−1∏
j=1

gcjj. À îòæå, ôóíêöiÿ íà öèëiíäði ∆c1...cm−11 ¹ ñòàëîþ.

ßêùî x1 < x2, òîáòî x1 ∈ ∆c1...cm−1a, x2 ∈ ∆c1...cm−1b, äå a < b, òî î÷å-

âèäíî, òî f(x1) ⩽ f(x2). Îòæå, ôóíêöiÿ f íåñïàäíà. Òàêèì ÷èíîì, f ¹

ôóíêöi¹þ ðîçïîäiëó, à ìíîæèíà C[∆, 1] � ¨¨ ñïåêòðîì (ìíîæèíîþ òî÷îê

ðîñòó).

Çãiäíî ç òåîðåìîþ 2.1 C[∆, 1] ¹ íiäå íå ùiëüíîþ ìíîæèíîþ äîäàòíî¨

ìiðè Ëåáåãà. À îòæå, çãiäíî ç îçíà÷åííÿì f(x) ¹ ôóíêöi¹þ êâàçiêàíòîðiâ-

ñüêîãî òèïó.

Òåîðåìà 2.3. Ìíîæèíà, îçíà÷åíà ðiâíiñòþ

C ≡ C[△;Vn] = {x : x = △c1c2...cn..., cn ∈ Vn ⊂ An}, (2.8)

¹: 1) âiäðiçêîì [0; 1], ÿêùî Vn = An ∀n ∈ N ; 2) îá'¹äíàííÿì âiäðiçêiâ, ÿêùî

Vn = An äëÿ âñiõ n > n0; 3) äîñêîíàëîþ íiäå íå ùiëüíîþ ìíîæèíîþ, ÿêùî

äëÿ íåñêií÷åííî¨ êiëüêîñòi çíà÷åíü n âèêîíó¹òüñÿ íåðiâíiñòü Vn ̸= An. �¨

ìiðà Ëåáåãà îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

λ(C) =
∞∏
n=1

(
1− |An \ Vn|

2φn

)
. (2.9)

Äîâåäåííÿ. Ìiðêóâàííÿ, ÿêi âèêîðèñòîâóâàëèñÿ ïðè äîâåäåííi ïîïåðå-

äíüî¨ òåîðåìè, ïðèâîäÿòü äî ôîðìóëè

λ(C) =
∞∏
k=1

(
1− λ(Fk)

λ(Fk−1)

)

â äàíîìó âèïàäêó λ(Fk)
λ(Fk−1)

= |Ak\Vk|
2φk

. Òîìó ìà¹ ìiñöå ðiâíiñòü (2.9).
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Íàñëiäîê 2.1. Ìíîæèíà C, îçíà÷åíà ðiâíiñòþ (2.3), ¹ íóëü-ìíîæèíîþ

Ëåáåãà òîäi i òiëüêè òîäi, êîëè

∞∑
n=1

|An \ Vn|
2φn

= ∞.

Íàñëiäîê 2.2. ßêùî An\Vn = {cn}, òî C[∆, V ] ¹ ìíîæèíîþ äîäàòíî¨

ìiðè Ëåáåãà.

Òåîðåìà 2.4. Ìíîæèíà

C1 ≡ C[△;Vn] = {x : x = △c1c2...cn..., cn ∈ Vn = {0, 2φn − 1}}.

¹ äîñêîíàëîþ àíîìàëüíî ôðàêòàëüíîþ ìíîæèíîþ [65], òîáòî ìà¹ íó-

ëüîâó ôðàêòàëüíó ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à.

Äîâåäåííÿ. Äîñêîíàëiñòü ìíîæèíè C1 ¹ î÷åâèäíîþ. Ñêîðèñòà¹ìîñÿ êðè-

òåði¹ì àíîìàëüíî¨ ôðàêòàëüíîñòi äîñêîíàëî¨ ìíîæèíè [65]. Îñêiëüêè ìíî-

æèíó C1 ìîæíà ïîêðèòè 2-ìà öèëiíäðàìè ðàíãó k, êîæåí ç ÿêèõ ìà¹ äîâ-

æèíó 1
2φk+2−1 , òî α-îá'¹ì öüîãî ïîêðèòòÿ âèðàæà¹òüñÿ

lαk = 2k ·
(

1

2φk+2−1

)α

=

[
2

2α·
φk+2−1

k

]k
.

Òîäi äëÿ áóäü-ÿêîãî α (lαk → 0 ïðè k → ∞), òîáòî ìiðà Ãàóñäîðôà ìíîæèíè

C ðiâíà íóëþ ïðè áóäü-ÿêîìó α > 0, ùî çàñâiä÷ó¹ àíîìàëüíó ôðàêòàëüíiñòü

ìíîæèíè C.

Òåîðåìà 2.5. Íåõàé g0n > 0, g[2φn−1]n > 0, g0n + g[2φn−1]n = 1, β0n =

0, βjn = g0n ïðè 0 < j < 2φn ôóíêöiÿ f, îçíà÷åíà ðiâíiñòþ

f(x = ∆α1α2...αn...) = βα11 +
∞∑
k=2

βαkk

k−1∏
j=1

gαjj,

¹ ñèíãóëÿðíîþ ôóíêöi¹þ ðîçïîäiëó êàíòîðiâñüêîãî òèïó [65] ç àíîìàëüíî

ôðàêòàëüíèì ñïåêòðîì.
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Äîâåäåííÿ. Ç óìîâè òåîðåìè âèïëèâà¹, ùî g1n = g2n... = g2φn−1 = 0. Òî-

äi äëÿ áóäü-ÿêîãî x ∈ ∆c1...cn−1j, äå 0 < j < 2φn − 1. f(x) = f(∆c1...cn−1j(0)) =

f(∆c1...cn−1(2φn−1)), òîáòî ôóíêöiÿ f ¹ ñòàëîþ íà öèëiíäði ∆c1...cn−1j.

ßêùî x1 = ∆c1...cna1a2... < ∆c1...cmb1b2... = x2, òî a1 < b1.

f(x2)− f(x1) = (
n∏

j=1

gcjj)[βb1,n+1 − βa1,n+1+

+
∞∑
k=2

βbk[n+k]

k−1∏
j=1

gbjj −
∞∑
k=2

βak[n+k]

k−1∏
j=1

gbjj] ⩾ 0.

Î÷åâèäíèìè ¹ ðiâíîñòi f(0 = ∆(0)) = 0 i f(1 = ∆2φ1−1,2φ2−1,..) = 1.

Òîìó ôóíêöiÿ f ¹ ôóíêöi¹þ ðîçïîäiëó íà [0; 1]. �¨ ñïåêòðîì ¹ ìíîæèíà

C1 ≡ C[△;Vn], ÿêà çãiäíî ç òåîðåìîþ 2.4 ìà¹ íóëüîâó ìiðó Ëåáåãà i íó-

ëüîâó ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à. Îòæå, f � ñèíãóëÿðíà ôóíêöiÿ

êàíòîðiâñüêîãî òèïó ç àíîìàëüíî ôðàêòàëüíèì íîñi¹ì.

2.5. Êëàñ ôóíêöié

Iíâåðñîð öèôð ∆-çîáðàæåííÿ ÷èñåë, òîáòî ôóíêöiÿ, ùî îçíà÷åíà ðiâíi-

ñòþ

I(x = ∆α1α2...αn...) = ∆[s1−1−α1][s2−1−α2]...[sk−1−αk]...,

ìà¹ àíàëiòè÷íèé âèðàç I(x) = 1 − x, ùî ñâiä÷èòü ïðî âiäíîñíó ïðîñòîòó

ãåîìåòði¨ ∆-çîáðàæåííÿ ÷èñåë. Äîâåäåìî öå.

Î÷åâèäíî, ùî

I(x) =
∞∑
k=1

sk − 1

s1s2...sk
−

∞∑
k=1

αk

s1s2...sk
=

∞∑
k=1

sk − 1

s1s2...sk
− x.

Îñêiëüêè
s1 − 1

s1
+
s2 − 1

s1s2
=
s1s2 − 1

s1s2
,

s1 − 1

s1
+
s2 − 1

s1s2
+
s3 − 1

s1s2s3
=
s1s2s3 − 1

s1s2s3
= 1− 1

s1s2s3
,
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òî

I(x) = 1−

(
1

s1s2...sk
−

∞∑
i=1

sk+i − 1

s1s2...sk+i

)
− x = 1− x.

Íåõàé çàäàíî gk = (g0k, g1k, . . . , gsk−1,k) � ïîñëiäîâíiñòü âåêòîðiâ, êîîð-

äèíàòè ÿêèõ äëÿ êîæíîãî k ∈ N çàäîâîëüíÿþòü óìîâè:

1) |gik| < 1,

2) g0k > 0,

3) δik ≡ g0k + g1k + . . .+ gi−1,k > 0, i ∈ Ask,

4) g0k + g1k + . . .+ gsk−1,k = 1, k ∈ N,

5)
∞∏
k=1

gckk = 0, ∀(ck) ∈ Ω.

Î÷åâèäíî, ùî δi+1,k = δik + gik äëÿ áóäü-ÿêèõ i ∈ Ask, ∀k ∈ N.

Ðîçãëÿäà¹òüñÿ ôóíêöiÿ y = ϕ(x), îçíà÷åíà ðiâíiñòþ

ϕ (x = ∆α1α2...αn...) = δα11 +
∞∑
k=2

(
δαkk

k−1∏
i=1

gαii

)
≡ ∆ϕ

α1α2...αn...
. (2.10)

Êîðåêòíiñòü îçíà÷åííÿ ôóíêöi¨ ¹ íàñëiäêîì äâîõ óìîâ:

1) àáñîëþòíî¨ çáiæíîñòi ðÿäó (2.10),

2) ðiâíîñòi ϕ
(
∆c1...cm−1cm(0)

)
= ϕ

(
∆c1...cm−1[cm−1](sm+k−1)

)
.

Äëÿ äîâåäåííÿ îñòàííüî¨ ðiâíîñòi äîñèòü ðîçãëÿíóòè ðiçíèöþ

ρ ≡ ϕ
(
∆c1...cm−1[cm−1](sm+k−1)

)
− ϕ

(
∆c1...cm−1cm(0)

)
=

=

(
m−1∏
i=1

gcii

)[
δcm−1,m + gcm−1,m

∞∑
k=1

sm+k−1
sm+1sm+2...sm+k

− δcm,m

]
=

=

(
m−1∏
i=1

gcii

)
[δcm−1,m + gcm−1,m − δcmm

] = 0.

ßêùî âñi åëåìåíòè ìàòðèöi ∥gik∥ ¹ ðàöiîíàëüíèìè, òî ôóíêöiÿ ϕ(x)

íàçèâà¹òüñÿ ðàöiîíàëüíîþ. �¨ çíà÷åííÿ ó ∆-áiíàðíié òî÷öi ¹ ðàöiîíàëüíèì

÷èñëîì. Ñïðàâäi, ϕ
(
∆c1...cm(0)

)
= ∆ϕ

c1...cm(0) ¹ ðàöiîíàëüíèì ÷èñëîì, ÿê ñêií-

÷åííà ñóìà ðàöiîíàëüíèõ ÷èñåë.
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Ëåìà 2.3. Ïðèðiñò µϕ (∆c1c2...cm) ≡ ϕ
(
∆c1c2...cm(sm+k−1)

)
−ϕ

(
∆c1c2...cm(0)

)
ôóíêöi¨ ϕ íà öèëiíäði ∆c1...cm îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

µϕ(∆c1c2...cm) =
m∏
i=1

gcii. (2.11)

Äîâåäåííÿ. Âèðàçèìî ïðèðiñò µϕ(∆c1c2...cm) =

= P ·
[
δsm+1−1,m+1 + δsm+2−1,m+2 · gsm+1−1,m+1+

+δsm+3−1,m+3 · gsm+1−1,m+1 · gsm+2−1,m+2 + ...] = P,

P =
m∏
i=1

gcii.

Îñêiëüêè, δsm+k−1,m+k = 1− gsm+k−1,m+k äëÿ âñiõ k ∈ N, òî âèðàç ó êâà-

äðàòíèõ äóæêàõ çáiãà¹òüñÿ äî îäèíèöi. Òîìó âèêîíó¹òüñÿ ðiâíiñòü (2.11).

Ëåìó äîâåäåíî.

Ó ðîáîòàõ [25, 56, 63, 66, 68, 73, 76, 79, 84, 85, 92] ñôîðìóâàëàñü ïåâíà

ìåòîäîëîãiÿ âèâ÷åííÿ òàêîãî òèïó íåïåðåðâíèõ ôóíêöié, ÿêî¨ ìè áóäåìî

äîòðèìóâàòèñü ó äàíié ðîáîòi.

2.6. Íåïåðåðâíiñòü òà ìîíîòîííiñòü ôóíêöi¨

Òåîðåìà 2.6. Ôóíêöiÿ y = ϕ(x) ¹ íåïåðåâíîþ â êîæíié òî÷öi âiäðiçêà

[0; 1]; ñòðîãî çðîñòàþ÷îþ, ÿêùî gik > 0 äëÿ áóäü-ÿêèõ i ∈ Ask, ∀k ∈ N ;

ñòàëîþ íà âñiõ öèëiíäðàõ âèäó ∆c1...ck−1i, ÿêùî gik = 0.

Äîâåäåííÿ. 1. Íåõàé x0 = ∆c1...cm... � äîâiëüíà ∆-óíàðíà òî÷êà âiäðiçêà

[0; 1], x0 ̸= x = ∆α1...αm.... Òîäi iñíó¹ ÷èñëî m òàêå, ùî αm ̸= cm, àëå αi = ci

ïðè i < m, ïðè÷îìó x→ x0 ðiâíîñèëüíî m→ ∞. Òîäi

|ϕ(x)− ϕ(x0)| =

(
m∏
i=1

|gci,i|

)
·

·

∣∣∣∣∣δαmm +
∞∑

k=m+1

(
δαkk

k−1∏
i=m

gαii

)
− δcmm −

∞∑
k=m+1

(
δckk

k−1∏
i=m

gcii

)∣∣∣∣∣ .
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Îñêiëüêè âèðàç ïiä îñòàííiì ìîäóëåì ¹ ðiçíèöåþ äâîõ ÷èñåë ç âiäðiçêà

[0; 1], òî ñàì ìîäóëü íå ïåðåâèùó¹ 1. Ïðè öüîìó äîáóòîê

m−1∏
i=1

|gci,i| → 0

ïðè óìîâi m→ ∞, ùî ¹ íàñëiäêîì óìîâè 5).

Òàêèì ÷èíîì,

|ϕ(x)− ϕ(x0)| → 0

(óìîâà m → ∞ ⇔ x → x0, ùî ¹ ñâiä÷åííÿì íåïåðåðâíîñòi ôóíêöi¨ ϕ(x) â

òî÷öi x0).

ßêùî x0 = ∆c1...cm−1[cm−1](sm+k−1) = ∆c1...cm−1cm(0) � ∆-áiíàðíà òî÷êà, òî

íåïåðåðâíiñòü ôóíêöi¨ ϕ(x) îá ðóíòîâó¹òüñÿ àíàëîãi÷íî, ç òi¹þ ëèøå ðiçíè-

öåþ, ùî îêðåìî äîâîäèòüñÿ íåïåðåðâíiñòü çëiâà i ñïðàâà. Ïðè öüîìó äëÿ

äîâåäåííÿ íåïåðåðâíîñòi çëiâà âèêîðèñòîâó¹òüñÿ ïåðøå çîáðàæåííÿ, à äëÿ

äîâåäåííÿ íåïåðåðâíîñòi ñïðàâà � äðóãå.

2. Äîâåäåìî ñòðîãó ìîíîòîííiñòü ôóíêöi¨ ϕ(x) ïðè óìîâi äîäàòíîñòi âñiõ

åëåìåíòiâ ìàòðèöi ∥gik∥. Ç öi¹þ ìåòîþ ðîçãëÿíåìî x1 i x2, äå x1 < x2. Íåõàé

x1 = ∆c1...cmd1d2..., x2 = ∆c1...cmd′1d
′
2...
. Òîäi d1 < d′1. Ðîçãëÿíåìî ðiçíèöþ

ϕ(x2)− ϕ(x1) =

(
m∏
i=1

gcii

)[
δd′11 +

∞∑
k=2

(
δd′kk

k−1∏
i=1

gd′ii

)
− δd11−

−
∞∑
k=2

(
δdkk

k−1∏
i=1

gdii

)
⩾

(
m∏
i=1

gcii

)[
δd′11 − δd11 − gd11 · 1

]
=

=

(
m∏
i=1

gcii

)[
δd′11 − δ[d1+1]1

]
> 0,

îñêiëüêè x1 ̸= x2.

Îòæå, ϕ(x) ¹ ñòðîãî çðîñòàþ÷îþ ôóíêöi¹þ.

3. Íåõàé gim = 0. Òîäi äëÿ äîâiëüíîãî x = ∆c1...cm−1id1d2..., ùî íàëåæèòü
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öèëiíäðó ∆c1...cm−1i, ìà¹ìî

ϕ(x) = δc11 +
m−1∑
k=2

(
δckk

k−1∏
i=1

)
+ δim

m−1∏
i=1

gcii + 0 = ϕ(∆c1...cm−1(0)),

òîáòî ôóíêöiÿ ϕ(x) íàáóâà¹ ñòàëîãî çíà÷åííÿ ó êîæíié òî÷öi öèëiíäðà

∆c1...cm−1i.

Íàñëiäîê 2.3. Îáëàñòþ âèçíà÷åííÿ i ìíîæèíîþ çíà÷åíü ôóíêöi¨ ϕ(x)

¹ âiäðiçîê [0; 1], òîáòî D(ϕ) = [0; 1] = E(ϕ).

Íàñëiäîê 2.4. Íåõàé Fk � îá'¹äíàííÿ öèëiíäðiâ ðàíãó k, ñåðåä âíó-

òðiøíiõ òî÷îê ÿêèõ ¹ òî÷êè íåñòàáiëüíîñòi ôóíêöi¨ ϕ, òîáòî

Fk ≡
⋃

i1: gi11 ̸=0

. . .
⋃

ik: gikk ̸=0

∆i1i2...ik.

Ôóíêöiÿ ϕ(x) ¹ ñèíãóëÿðíîþ ôóíêöi¹þ êàíòîðiâñüêîãî òèïó [65] òîäi i

òiëüêè òîäi, êîëè

∞∑
k=1

λ (Fk \ Fk+1)

λ(Fk)
= ∞, äå λ(·)− ìiðà Ëåáåãà.

2.7. Âàðiàöiéíi âëàñòèâîñòi ôóíêöi¨

Ëåìà 2.4. ßêùî gik > 0 äëÿ âñiõ i ∈ Ask i k ⩾ m, òî ôóíêöiÿ ϕ(x) ¹

ìîíîòîííîþ íà êîæíîìó öèëiíäðim-ãî ðàíãó, ïðè÷îìó íà öèëiíäði ∆c1...cm

1) ñòðîãî çðîñòà¹, ÿêùî P ≡
m∏
i=1

gcii > 0;

2) ñòðîãî ñïàäà¹, ÿêùî P < 0;

3) ¹ ñòàëîþ, ÿêùî P = 0.

Äîâåäåííÿ. Íåõàé x1 = ∆c1...cmd1d2... i x2 = ∆c1...cmd′1d
′
2...
, ïðè÷îìó x1 < x2,

òîáòî d1 < d′1. Ðîçãëÿíåìî ðiçíèöþ

ρ ≡ ϕ(x2)−ϕ(x1) = P

[
δd′11 +

∞∑
k=2

(
δd′kk

k−1∏
i=1

gd′ii

)
− δd11 −

∞∑
k=2

(
δdkk

k−1∏
i=1

gdii

)]
.
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Îñêiëüêè âèðàç ó êâàäðàòíèõ äóæêàõ ìà¹ äîäàòíå çíà÷åííÿ iç çà x1 < x2,

òî çíàê ðiçíèöi ρ çàëåæèòü âiä çíàêó ÷èñëà P. Ç äîâiëüíîñòi âèáîðó ÷èñåë

x1 i x2 ç öèëiíäðà ∆c1...cm âèïëèâà¹ òâåðäæåííÿ, ùî âèìàãàëîñü äîâåñòè.

Ëåìó äîâåäåíî.

Íàñëiäîê 2.5. Ôóíêöiÿ ϕ(x) ñâîãî íàéáiëüøîãî i íàéìåíøîãî çíà÷åííÿ

íà öèëiíäði, íàáóâà¹ íà éîãî êiíöÿõ.

Íàñëiäîê 2.6. Òî÷êè ìàêñèìóìiâ òà ìiíiìóìiâ ôóíêöi¨ ¹∆-áiíàðíèìè

÷èñëàìè.

Òåîðåìà 2.7. ßêùî ìàòðèöÿ ∥gik∥ íå ìiñòèòü íóëiâ, àëå ìà¹ íåñêií-
÷åííó êiëüêiñòü âiä'¹ìíèõ åëåìåíòiâ, òî ôóíêöiÿ ϕ(x) ¹ íiäå íå ìîíîòîí-

íîþ.

Äîâåäåííÿ. Äëÿ äîâåäåííÿ òåîðåìè äîñèòü ïîêàçàòè, ùî â äîâiëüíîìó

öèëiíäði ÿê çàâãîäíî âåëèêîãî ðàíãó iñíó¹ òðè òî÷êè x1, x2, x3 òàêi, ùî

x1 < x2 < x3 i ïðè öüîìó

[ϕ(x2)− ϕ(x1)] [ϕ(x3)− ϕ(x2)] < 0.

Ìîæíà ñêîðèñòàòèñÿ iíøèì ïðèéîìîì, à ñàìå äîâåñòè, ùî ó êîæíîìó

öèëiíäði iñíó¹ äâà öèëiíäðè âèùèõ ðàíãiâ, ïðèðîñòè íà ÿêèõ ìàþòü ðiçíi

çíàêè. Ç öi¹þ ìåòîþ ðîçãëÿíåìî öèëiíäð ∆c1...cm i ÷èñëî k > m, äëÿ ÿêîãî

iñíó¹ gik < 0. Çãiäíî ç ëåìîþ 1

µϕ(∆c1...cm...ck−10) = P · g0k, µϕ(∆c1...cm...ck−1i) = P · gik,

äå P =
k−1∏
i=1

gcii.

Îñêiëüêè g0k > 0 (äèâ. óìîâó 2), à gik < 0, òî

µϕ(∆c1...cm...ck−10)µϕ(∆c1...cm...ck−1i) = P 2g0kgik < 0.

Ñàìå öå ¹ ñâiä÷åííÿì íåìîíîòîííîñòi ôóíêöi¨ íà öèëiíäði ∆c1...cm. Òåîðåìó

äîâåäåíî.



60

Òåîðåìà 2.8. Âàðiàöiÿ V (ϕ) ôóíêöi¨ ϕ íà âiäðiçêó [0; 1] îá÷èñëþ¹òüñÿ

çà ôîðìóëîþ

V (ϕ) =
∞∏
k=1

Wk, (2.12)

äå Wk = g0k + |g1k|+ ...+ |gsk−1,k|.

Äîâåäåííÿ. Âðàõîâóþ÷è, ùî ôóíêöiÿ ϕ(x) íàéìåíøîãî i íàéáiëüøîãî

çíà÷åííÿ íà öèëiíäði íàáóâà¹ íà éîãî êiíöÿõ, à òàêîæ ëåìó 1, ÿêà âèðàæà¹

êîëèâàííÿ ôóíêöi¨ íà öèëiíäði, áà÷èìî, ùî äîáóòîê

m∏
k=1

Wk

âèðàæà¹ ñóìàðíå çíà÷åííÿ êîëèâàíü ôóíêöi¨ íà âñiõ öèëiíäðàõ ðàíãó m.

Òîäi ãðàíè÷íèé ïåðåõiä äà¹ âàðiàöiþ ôóíêöi¨ ϕ íà âñüîìó âiäðiçêó [0; 1],

òîáòî ïðèâîäèòü äî ôîðìóëè (2.12).

Íàñëiäîê 2.7. Ôóíêöiÿ ϕ ¹ ôóíêöi¹þ îáìåæåíî¨ âàðiàöi¨ òîäi i òiëüêè

òîäi, êîëè çáiãà¹òüñÿ ðÿä
∞∑
k=1

(1−Wk).

Äàíå òâåðäæåííÿ ¹ íàñëiäêîì ïîïåðåäíüî¨ òåîðåìè i òåîðåìè ïðî çâ'ÿçîê

çáiæíîñòi íåñêií÷åííîãî äîáóòêó

∞∏
k=1

(1− ak) i ðÿäó
∞∑
k=1

ak.

2.8. Îäèí öiêàâèé ÷àñòêîâèé âèïàäîê

Íåõàé g0k = q0k > 0, gsk−1,k = q1k > 0, q0k + q1k = 1; gik = 0 ïðè

0 ̸= i ̸= sk − 1, ∀k ∈ N. Òîäi δ0k = 0, δik = q0k, ïðè i ̸= 0. Ó öüîìó âèïàäêó

âèðàç (2.10) ôóíêöi¨ ϕ(x) íàáóâà¹ Q∗
2-ïðåäñòàâëåííÿ ÷èñåë.

Ïðè âèêîíàííi âêàçàíèõ óìîâ ôóíêöiÿ ϕ(x) ¹ ñèíãóëÿðíîþ ôóíêöi¹þ

ðîçïîäiëó (ìà¹ ïîõiäíó ðiâíó íóëþ ìàéæå ñêðiçü, ó ðîçóìiííi ìiðè Ëåáåãà)

ç àíîìàëüíî ôðàêòàëüíèì ñïåêòðîì (ìíîæèíîþ òî÷îê ðîñòó).
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ßêùî êðiì öüîãî q0k = q0 äëÿ áóäü-ÿêîãî k ∈ N, òî âèðàç ôóíêöi¨ ϕ ¹

Q2-çîáðàæåííÿì ÷èñëà [35, 36, 83, 84, 88], à ïðè q0 = 1
2 � êëàñè÷íèì äâiéêî-

âèì. Öi äîäàòêîâi îáìåæåííÿ äîçâîëÿþòü ñóòò¹âî ñïðîñòèòè äîñëiäæåííÿ

ëîêàëüíèõ òîïîëîãî-ìåòðè÷íèõ òà iíòåãðî-äèôåðåíöiàëüíèõ âëàñòèâîñòåé

ôóíêöi¨.

2.9. Íîðìàëüíi âëàñòèâîñòi ÷èñåë

Îçíà÷åííÿ 2.1. Âëàñòèâiñòü V åëåìåíòiâ ìíîæèíè E íàçèâà¹òüñÿ íîð-

ìàëüíîþ [65, 72], ÿêùî íåþ âîëîäiþòü ¾ìàéæå âñi¿ (â òîìó ÷è iíøîìó ìà-

òåìàòè÷íîìó ñåíñi) åëåìåíòè öi¹¨ ìíîæèíè.

Öþ òåðìiíîëîãiþ âèêîðèñòîâóþòü â ïåðåâàæíié áiëüøîñòi òîäi, êîëè

ìíîæèíà E íåñêií÷åííà, à ñëîâîñïîëó÷åííÿ ¾ìàéæå âñi¿ � ðîçóìiþòü â

ñåíñi ïîòóæíîñòi, ìiðè àáî êàòåãîðié Áåðà.

Ïî÷àòîê äîñëiäæåíü íîðìàëüíèõ âëàñòèâîñòåé ÷èñåë ïîêëàâ Å. Áîðåëü [5,

91], ââiâøè ïîíÿòòÿ íîðìàëüíîãî ÷èñëà ó s-êîâié ñèñòåìi ÷èñëåííÿ òà àáñî-

ëþòíî íîðìàëüíîãî ÷èñëà.

Öiëå ñòîëiòòÿ ìàòåìàòèêè âèâ÷àþòü íîðìàëüíi âëàñòèâîñòi ÷èñåë â òié

÷è iíøié ñèñòåìi êîäóâàííÿ (çîáðàæåííÿ):

1. Qs-çîáðàæåííÿ [35, 36, 83, 84, 88], Q∗
s-çîáðàæåííÿ [26, 29, 70], Q̃-

çîáðàæåííÿ [34, 71, 81].

2. G2-çîáðàæåííÿ [22, 23, 31].

3. Çîáðàæåííÿ ÷èñåë äîäàòíèìè òà çíàêîçìiííèìè ðÿäàìè Ëþðîòà [48,

94], Åíãåëÿ [4, 51], Ñiëüâåñòåðà, Îñòðîãðàäñüêîãî [61, 62], Ïåððî-

íà [58], Îñòðîãðàäñüêîãî-Ñåðïiíñüêîãî-Ïiðñà [53, 50].

4. Çîáðàæåííÿ ÷èñåë åëåìåíòàðíèìè ëàíöþãîâèìè äðîáàìè òà ëàíöþ-

ãîâèìè As-äðîáàìè [28, 33, 78].

5. Òà iíøå.
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Âèñíîâêè äî ðîçäiëó 2

Ó öüîìó ðîçäiëi ðîçãëÿíóòî îäíó ç êàíòîðiâñüêèõ ñèñòåì çîáðàæåííÿ

÷èñåë, ïîñëiäîâíiñòü îñíîâ ÿêî¨ âèçíà÷à¹òüñÿ êëàñè÷íîþ ïîñëiäîâíiñòþ Ôi-

áîíà÷÷i [54]. Âèâ÷åíî ñïåöèôiêó öi¹¨ ñèñòåìè, ¨¨ ãåîìåòðiþ i ðîçâ'ÿçàíî êiëü-

êà ìåòðè÷íèõ çàäà÷. À òàêîæ ó íüîìó ðîçãëÿíóòî çàñòîñóâàííÿ öi¹¨ ñèñòå-

ìè ó òåîði¨ ëîêàëüíî ñêëàäíèõ íåïåðåðâíèõ ôóíêöié, ñåðåä ÿêèõ ôóíêöi¨

îáìåæåíî¨ òà íåîáìåæåíî¨ âàðiàöi¨, ìîíîòîííi òà íiäå íå ìîíîòîííi ôóíêöi¨,

ôóíêöi¨ ç íåïðîñòèìè äèôåðåíöiàëüíèìè âëàñòèâîñòÿìè.

Îñíîâíèìè ðåçóëüòàòàìè öüîãî ðîçäiëó ¹ òåîðåìè 2.2, 2.3, 2.4, 2.5, 2.7,

2.8 òà íàñëiäêè ç íèõ 2.1, 2.2, 2.7. Âîíè îïóáëiêîâàíi ó ðîáîòi [53].



63

ÐÎÇÄIË 3

Q̃-ÇÎÁÐÀÆÅÍÍß I ÒÅÎÐIß ÔÐÀÊÒÀËIÂ

Ó òåîði¨ íåïåðåðâíèõ ëîêàëüíî ñêëàäíèõ ôóíêöié ç ôðàêòàëüíèìè âëà-

ñòèâîñòÿìè [65], çîêðåìà ñèíãóëÿðíèõ, íåïåðåðâíèõ íiäå íå ìîíîòîííèõ,

âêëþ÷àþ÷è íåäèôåðåíöiéîâíi, ôóíêöié îáìåæåíî¨ òà íåîáìåæåíî¨ âàðiàöi¨,

iñíóþòü ìåòîäîëîãi÷íi òðóäíîùi ó ¨õ åôåêòèâíîìó çàäàííi òà äîñëiäæåí-

íi. Íàéáiëüø äi¹âèì, íà íàø ïîãëÿä, ¹ ïiäõiä âèêîðèñòàííÿ ðiçíèõ ñèñòåì

êîäóâàííÿ ÷èñåë i àâòîìàòiâ ïåðåòâîðåííÿ öèôð çîáðàæåííÿ àðãóìåíòà â

öèôðè çîáðàæåííÿ çíà÷åííÿ ôóíêöi¨ [7, 52, 71, 90]. Ïðè öüîìó îäíèì ç ïðî-

ñòèõ ñïîñîáiâ îçíà÷åííÿ ôóíêöi¨ ¹ ïðèéîì iíâåðñóâàííÿ öèôð çîáðàæåííÿ

àðãóìåíòà [26, 88]. Íà öüîìó øëÿõó áóëî îïèñàíî êiëüêà êëàñiâ ôóíêöié i

âèâ÷åíî ¨õ ñòðóêòóðíi, äèôåðåíöiàëüíi, âàðiàöiéíi òà ôðàêòàëüíi âëàñòèâî-

ñòi. Ñåðåä íèõ ôóíêöi¨, âèçíà÷åíi ó òåðìiíàõ ðiçíèõ óçàãàëüíåíü òà àíàëîãiâ

êëàñè÷íîãî äâiéêîâîãî çîáðàæåííÿ, à òàêîæ ôóíêöi¨, îçíà÷åíi â òåðìiíàõ

ëàíöþãîâèõ äðîáiâ (åëåìåíòàðíèõ, A2-äðîáiâ òà äðîáiâ Äàíæóà) [28, 72]. Ó

öié ðîáîòi ìè ïðîäîâæó¹ìî äîñëiäæåííÿ, ðîçøèðþþ÷è êëàñè ðîçãëÿíóòèõ

ôóíêöié.

3.1. Ñèñòåìà Q̃-çîáðàæåííÿ äiéñíèõ ÷èñåë ÿê óçàãàëüíåííÿ

êàíòîðiâñüêèõ ñèñòåì ÷èñëåííÿ

Íåõàé (mk) � ôiêñîâàíà ïîñëiäîâíiñòü íàòóðàëüíèõ ÷èñåë,

Ak ≡ {0, 1, 2, ...,mk}

� ïîñëiäîâíiñòü àëôàâiòiâ, L ≡ A1 × A2 × ... � ïðîñòið (ìíîæèíà) ïî-

ñëiäîâíîñòåé åëåìåíòiâ àëôàâiòiâ; (q0k, ..., qmkk) � ïîñëiäîâíiñòü äîäàòíèõ

âåêòîðiâ-ñòîâïöiâ (k = 1, 2, ...) òàêèõ, ùî:
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1) 0 < qik < 1;

2)
mk∑
i=0

qik = 1, k ∈ N ;

3) äëÿ áóäü-ÿêî¨ ïîñëiäîâíîñòi (in) ∈ L ìà¹ ìiñöå
∞∏
n=1

qinn = 0 ⇔
∞∏
n=1

max
i

{qin} = 0.

Âiäîìî [71], ùî äëÿ äîâiëüíîãî ÷èñëà x0 ∈ [0; 1] iñíó¹ ïîñëiäîâíiñòü (ik) ∈ L

òàêà, ùî

x0 = ai11 +
∞∑
k=2

[aikk

k−1∏
j=1

qij(x0)j] ≡ ∆i1i2...ik..., (3.1)

äå aikk =
ik−1∑
s=0

qsk.

Ïîäàííÿ ÷èñëà x0 ó âèãëÿäi ðÿäó (3.1) íàçèâà¹òüñÿ éîãî

Q̃-ïðåäñòàâëåííÿì, éîãî ñêîðî÷åííèé çàïèñ ∆i1i2...ik... � Q̃-çîáðàæåííÿì, ik

� k-îþ öèôðîþ öüîãî çîáðàæåííÿ.

Ðîçêëàä ÷èñëà x â ðÿä (3.1) i îá÷èñëåííÿ öèôð Q̃-çîáðàæåííÿ ÷èñëà

çäiéñíþ¹òüñÿ çà íàñòóïíèì àëãîðèòìîì:

x0 = ai11 + x1, äå 0 ⩽ x1 ≡ x0 − ai11 ⩽ qi11, xn−1 = ainn
n−1∏
j=1

qijj + xn, äå

0 ⩽ xn ≡ xn−1 − ainn
n−1∏
j=1

qijj ⩽
n∏

j=1

qijj;

i1 = {j : ai11 ⩽ x0 < ai1+1,1, } in = {j : ainn
n−1∏
k=1

qikk ⩽ xn−1 ⩽ an+1,n

n−1∏
k=1

qikk}.

Iñíóþòü ÷èñëà, ùî ìàþòü äâà Q̃-çîáðàæåííÿ, îñêiëüêè

∆i1...in−1in(0) = ∆i1...in−1[in−1]mn+1mn+2mn+3....

Âîíè íàçèâàþòüñÿ Q̃-áiíàðíèìè. Ðåøòà ÷èñåë ìàþòü ¹äèíå Q̃-çîáðàæåííÿ.

Âîíè íàçèâàþòüñÿ Q̃-óíàðíèìè. Ìíîæèíà âñiõ Q̃-áiíàðíèõ ÷èñåë ¹ çëi÷åí-

íîþ, âñþäè ùiëüíîþ ó âiäðiçêó [0; 1].

ßêùî mk + 1 = s äëÿ áóäü-ÿêîãî k ∈ N , òî Q̃-çîáðàæåííÿ ¹ Q∗
s-

çîáðàæåííÿ ÷èñåë, ÿêùî æ ïðè öüîìó qik = 1
s äëÿ äîâiëüíîãî i ∈ Ak,

k ∈ N , òî Q̃-çîáðàæåííÿ ¹ êëàñè÷íèì s-êîâèì çîáðàæåííÿì ÷èñåë âiäðiç-

êà [0; 1]. Âèïàäîê qik = 1
sk
äëÿ áóäü-ÿêîãî i ∈ Ak ïðèâîäèòü äî êëàñè÷íî¨
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êàíòîðiâñüêî¨ ñèñòåìè ÷èñëåííÿ [90], ó ÿêié ðîçêëàä ÷èñëà â ðÿä íàáóâà¹

âèãëÿäó:

x =
α1

s1
+

α2

s1s2
+ ...+

αk

s1s2...sk
+ ....

Òàêèì ÷èíîì, Q̃-êîäóâàííÿ (Q̃-çîáðàæåííÿ) ÷èñåë ¹ óçàãàëüíåííÿì êàíòî-

ðiâñüêî¨ ñèñòåìè ÷èñëåííÿ ç ïîñëiäîâíiñòþ îñíîâ (sk = mk + 1).

Çàóâàæèìî, ùî Q̃-çîáðàæåííÿ çàáåçïå÷ó¹ ñóòò¹âî øèðøi ìîæëèâîñòi

äëÿ êîíñòðóþâàííÿ ìàòåìàòè÷íèõ îá'¹êòiâ (ìíîæèí, ôóíêöié, ìið, äèíàìi-

÷íèõ ñèñòåì, ïåðåòâîðåíü ïðîñòîðó) ç ëîêàëüíî ñêëàäíèìè âëàñòèâîñòÿìè

ñòðóêòóðíîãî, âàðiàöiéíîãî, äèôåðåíöàëüíî-iíòåãðàëüíîãî òà ôðàêòàëüíî-

ãî çìiñòó.

3.2. Ãåîìåòðiÿ Q̃-çîáðàæåííÿ: Q̃-öèëiíäðè òà ¨õ çàñòîñóâàííÿ

Ãåîìåòðiþ Q̃-çîáðàæåííÿ äîñòàòíüî ïîâíî ðîçêðèâàþòü âëàñòèâîñòi öè-

ëiíäðiâ. Íàãàäà¹ìî, ùî öèëiíäðîì ðàíãó m ç îñíîâîþ c1...cm íàçèâà¹òüñÿ

ìíîæèíà ∆c1...cm ÷èñåë îäèíè÷íîãî âiäðiçêà, ïåðøi m öèôð Q̃-çîáðàæåííÿ

ÿêèõ çáiãàþòüñÿ ç c1...cm âiäïîâiäíî, òîáòî

∆c1...cm = {x = ∆c1...cmi1...in..., (in) ∈ L}. (3.2)

Öèëiíäðè (Q̃-öèëiíäðè) ìàþòü âëàñòèâîñòi:

1) ∆c1c2...ck =
mk+1⋃
i=0

∆c1c2...cki;

[0; 1] =
m1⋃
c1=0

...
mk⋃
ck=0

∆c1...ck ;

2) Q̃-öèëiíäð ∆c1c2...cm ¹ âiäðiçêîì ç êiíöÿìè a i b:

a = ai11 +
m∑
k=1

(ackk

k−1∏
j=1

qcjj), b = a+
m∏
j=1

qcjj;

3) max∆c1c2...ck−1i = min∆c1c2...ck−1[i+1], i ∈ {0, 1, ...,mk};
4) ∆c1...ck = ∆d1...dk ⇔ ci = di, i = 1, k;
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5) ∇c1...ck ∩∇d1...dk...dn =

=

∆d1...dk...dn, ÿêùî di = ci, i = 1, k

∅, ÿêùî di ̸= ci ïðè i < k,
äå ∇c1...ck � âíóòðiøíiñòü

öèëiíäðà ∆c1...ck ;

6) |∆c1c2...ck| =
k∏

i=1

qcii;

7)
|∆c1c2...ck−1i

|
|∆c1c2...ck−1

| = qik;

8)
∞⋂
k=1

∆c1c2...ck = ∆c1c2...ck... = x.

Îñòàííþ âëàñòèâiñòü çàáåçïå÷ó¹ óìîâà 3) äëÿ ìàòðèöi ||qik||.

3.3. Ìíîæèíè êàíòîðiâñüêîãî òèïó

Ðîçãëÿäà¹òüñÿ ìíîæèíà

C = C[Q̃;Vn] = {x : x = ∆α1...αn..., αn ∈ Vn ⊂ An}.

Ëåìà 3.1. ßêùî íåðiâíiñòü Vn ̸= An âèêîíó¹òüñÿ ëèøå ñêií÷åííó

êiëüêiñòü ðàçiâ, òî ìíîæèíà C ¹ îá'¹äíàííÿì âiäðiçêiâ i ¹ äîñêîíàëîþ

íiäå íå ùiëüíîþ ìíîæèíîþ ó ïðîòèëåæíîìó âèïàäêó.

Äîâåäåííÿ. ßêùî Vn = An äëÿ âñiõ n ⩾ n0, òî ìíîæèíà C ¹ îá'¹äíàííÿì

Q̃-öèëiíäðiâ ðàíãó n0. ßêùî æ Vnk
= Ank

i jk ∈ Ank
\ Vnk

, òî ∇c1...cnk−1jk ∩
∩ C = ∅. Òîìó â êîæíîìó ÿê çàâãîäíî ìàëîìó iíòåðâàëi (u, v) ëåãêî âêà-

çàòè éîìó íàëåæíèé Q̃-öèëiíäð, à â íüîìó öèëiíäð ñåðåä âíóòðiøíiõ òî÷îê

ÿêîãî íåìà¹ òî÷îê ìíîæèíè C. Îòæå, C � íiäå íå ùiëüíà çãiäíî ç îçíà÷å-

ííÿì. Ëåìó äîâåäåíî.

Ëåìà 3.2. Ìiðà Ëåáåãà ìíîæèíè C îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

λ(C) =
∞∏
n=1

λ(Fn)
λ(Fn−1)

=
∞∏
n=1

(
1− λ(Fn)

λ(Fn−1)

)
,

äå F0 = [0; 1], Fn � îá'¹äíàííÿ Q̃-öèëiíäðiâ ðàíãó n, ñåðåä âíóòðiøíiõ

òî÷îê ÿêèõ ¹ òî÷êè ìíîæèíè C,

F n ≡ Fn−1 \ Fn.
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Äîâåäåííÿ. Î÷åâèäíî, ùî C ⊂ Fk ⊂ Fk−1 äëÿ áóäü-ÿêîãî k ∈ N ,

C = lim
k→∞

Fk =
∞⋂
k=1

Fk; λ(C) = lim
k→∞

λ(Fk).

Òîäi λ(C) = lim
k→∞

λ(Fk)
λ(Fk−1)

· λ(Fk−1)
λ(Fk−2)

· ... · λ(F1)
λ(F0)

= lim
k→∞

k∏
n=1

λ(Fn)
λ(Fn−1)

=
∞∏
n=1

λ(Fn)
λ(Fn−1)

.

Îñêiëüêè Fn = Fn−1 \ F n, òî

λ(C) =
∞∏
n=1

λ(Fn−1)− λ(F n)

λ(Fn−1)
=

∞∏
n=1

(
1− λ(F n)

Fn−1

)
.

Ëåìó äîâåäåíî.

Íàñëiäîê 3.1. λ(C) = 0 ⇔
∞∑
n=1

λ(Fn)
λ(Fn−1)

= ∞.

Öå òâåðäæåííÿ âèïëèâà¹ ç âiäîìîãî ôàêòó ïðî âçà¹ìîçâ'ÿçîê çáiæíîñòi

íåñêií÷åííèõ äîáóòêiâ i ðÿäiâ.

Íàñëiäîê 3.2. ßêùî ïîñëiäîâíiñòü (mk) ¹ îáìåæåíîþ, τ > 0 i íåñêií-

÷åííó êiëüêiñòü ðàçiâ âèêîíó¹òüñÿ íåðiâíiñòü Vn ̸= An, òî λ(C) = 0.

3.4. Íîðìàëüíà âëàñòèâiñòü ÷èñåë

Ëåìà 3.3. ßêùî ïîñëiäîâíiñòü (mk) ¹ ñòàëîþ, τ > 0 i d1...dm � ôi-

êñîâàíèé íàáið öèôð, òî ìiðà Ëåáåãà ìíîæèíè

D[Q̃, d1...dm] = {x = ∆α1...αn..., αk...αk+m = d1...dm ∀k ∈ N} äîðiâíþ¹

íóëþ.

Äîâåäåííÿ. Î÷åâèäíî, ùî ∇d1...dm ∩D = ∅. Ðîçãëÿíåìî ìíîæèíó ÷èñåë

D0 = {x = ∆[i1...im][im+1...i2m]..., ikm+1...i[k+1]m ̸= d1...dm}.
Î÷åâèäíî, ùî D ⊂ D0. Ïîêàæåìî, ùî λ(D0) = 0. Íåõàé En � öå

îá'¹äíàííÿ Q̃-öèëiíäðiâ ðàíãóm, ñåðåä âíóòðiøíiõ òî÷îê ÿêèõ ¹ òî÷êè ìíî-

æèíè D0, E0 = [0; 1], En = En−1 \ En. Òîäi D0 ⊂ En ⊂ En−1,

D0 = lim
n→∞

En =
∞⋂
n=1

En, λ(D0) = lim
n→∞

λ(En) = lim
n→∞

n∏
k=1

λ(Ek)
λ(Ek−1)

=
∞∏
k=1

λ(Ek)
λ(Ek−1)

=

=
∞∏
k=1

(1− λ(Ek)
λ(Ek−1)

).
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Îñêiëüêè λ(D0) = 0 òîäi i òiëüêè òîäi, êîëè
∞∑
k=1

λ(Ek)
λ(Ek−1)

= ∞.

Iç-çà âiäîêðåìëåíîñòi åëåìåíòiâ ìàòðèöi ||qik|| âiä íóëÿ ìà¹ìî, ùî

λ(Ek)

λ(Ek−1)
> ε > 0

äëÿ äåÿêîãî ε.

Òîìó âêàçàíèé ðÿä ¹ ðîçáiæíèì, à îòæå, λ(D0) = 0. Ëåìó äîâåäåíî.

Íàñëiäîê 3.3. Ïðè âèêîíàííi óìîâ ëåìè ìíîæèíà

D1 = {x = ∆α1...αk..., αk...αk+m ̸= d1...dm äëÿ k ⩾ k0}

ìà¹ íóëüîâó ìiðó Ëåáåãà.

Òåîðåìà 3.1. ßêùî ïîñëiäîâíiñòü (mk) ¹ ñòàëîþ (mk = s−1) i τ > 0,

òî ìàéæå âñi (ó ðîçóìiííi ìiðè Ëåáåãà) ÷èñëà âiäðiçêà [0; 1] ó ñâî¨õ Q̃-

çîáðàæåííÿõ äîâiëüíî âèáðàíèé íàáið öèôð c1...cm ìiñòÿòü íåñêií÷åííó

êiëüêiñòü ðàçiâ.

Äîâåäåííÿ. ßêùî E � ìíîæèíà ÷èñåë, ó Q̃-çîáðàæåííÿõ ÿêèõ íàáið

öèôð c1...cm â ÿêîñòi ïîñëiäîâíèõ öèôð çîáðàæåííÿ ôiãóðó¹ ëèøå ñêií÷åí-

íó êiëüêiñòü ðàçiâ, òî çãiäíî ç ïîïåðåäíüîþ ëåìîþ λ(E) = 0. Òîäi ìíîæèíà

H ≡ [0; 1] \ E ¹ ìíîæèíîþ ïîâíî¨ ìiðè, òîáòî λ(H) = 1. Òåîðåìó äîâåäå-

íî.

3.5. Çàñòîñóâàííÿ: ðîçïîäiëè âèïàäêîâèõ âåëè÷èí

Ëåìà 3.4. ßêùî X � âèïàäêîâà âåëè÷èíà, ðiâíîìiðíî ðîçïîäiëåíà íà

âiäðiçêó [0; 1], òî öèôðè ¨¨ Q̃�çîáðàæåííÿ ¹ íåçàëåæíèìè âèïàäêîâèìè

âåëè÷èíàìè, ÿêi ìàþòü ðîçïîäiëè P{τk = i} = qik.

Äîâåäåííÿ. Îñêiëüêè X � ðiâíîìiðíî ðîçïîäiëåíà âèïàäêîâà âåëè÷èíà

íà [0; 1], òî P{τ1 = i} = |∆i| = qi1,

P{τk = i} = P{X ∈
m1⋃
i1=0

...
mk−1⋃
ik−1=0

∆i1...ik−1i} = =
m1∑
i1=0

...
mk−1∑
ik−1=0

|∆i1...ik−1i| = qik.
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Íåçàëåæíiñòü öèôð τk î÷åâèäíà, îñêiëüêè

P{τk = i⧸τ1 = i1, ..., τk−1 = ik−1} = P{τk = i}. Ëåìó äîâåäåíî.

Íåõàé (ζn) � ïîñëiäîâíiñòü íåçàëåæíèõ âèïàäêîâèõ âåëè÷èí, ÿêi ìàþòü

ðîçïîäiëè:

P{ζn = i} = pin ⩾ 0, i = 0,mn, n ∈ N ; M ≡
∞∏
k=1

max
i

{pin}, L ≡ λ(C+),

C+ ≡C[Q̃, Vn] ={x = ∆i1...in...,pinn > 0, n ∈ N}.

Òåîðåìà 3.2. ßêùî M > 0, òî ðîçïîäië âèïàäêîâî¨ âåëè÷èíè ζ =

= ∆ζ1ζ2...ζn... ¹ äèñêðåòíèì. ßêùî M = 0 = L, òî âií ¹ ñèíãóëÿðíèì

ðîçïîäiëîì êàíòîðiâñüêîãî òèïó.

Äîâåäåííÿ. ßêùî ∆c1...cn... = x0 � Q̃-óíàðíà òî÷êà, òî P{ζ = x0} =

=P{ζn = cn, n ∈ N} =
∞∏
n=1

pcnn.

ßêùî x0 � Q̃-áiíàðíà òî÷êà, òîáòî x0 = ∆c1...ck(0) = ∆c1...ck−1[ck−1](mk+n),

òî P{ζ = x0} = P{ζ1 = c1, ..., ζk = ck, ζk+1 = 0 = ζk+n ∀n ∈ N}+ P{ζ1 =
= c1, ..., ζk = ck, ζk+1 = mk+1, ζk+2 = mk+2, ...}, ïðè÷îìó îäèí ç äîäàíêiâ

îñòàííüî¨ ñóìè ðiâíèé 0.

Âðàõîâóþ÷è ñêàçàíå, ïðè óìîâi M > 0 P{ζ = x∗} > 0, x∗ = ∆c1...cn...,

pekk =max
i

{pik}. Òîäi àòîìàìè ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè ζ ¹ âñi òî÷êè

x, Q̃-çîáðàæåííÿ ÿêèõ ëèøå ñêií÷åííîþ êiëüêiñòþ öèôð âiäðiçíÿþòüñÿ âiä

âiäïîâiäíèõ öèôð Q̃-çîáðàæåííÿ x∗.

Îñêiëüêè ñóìà âñiõ àòîìiâ ðîçïîäiëó ζ äîðiâíþ¹ 1, òî ζ ïðè óìîâiM > 0

ìà¹ ÷èñòî äèñêðåòíèé ðîçïîäië.

ßêùî M = 0, òî P{ζ = x0} ⩽ P{ζ = x∗} = 0, à îòæå, ðîçïîäië ζ

¹ íåïåðåðâíèì. Àëå, áóäó÷è çîñåðåäæåíèì ïðè L = 0 íà íiäå íå ùiëüíié

ìíîæèíi êàíòîðiâñüêîãî òèïó, ÿêà ìà¹ ìiðó Ëåáåãà 0 (çãiäíî ç ëåìîþ 3.2),

ξ ìà¹ ñèíãóëÿðíèé ðîçïîäië êàíòîðiâñüêîãî òèïó. Òåîðåìó äîâåäåíî.
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3.6. Çàñòîñóâàííÿ ó òåîði¨ ôðàêòàëiâ

Ëåìà 3.5. ßêùî τ > 0 i ïîñëiäîâíiñòü (mk) îáìåæåíà çâåðõó, ïðè÷î-

ìó max{mk} =M , òî äëÿ äîâiëüíîãî âiäðiçêà u ⊂ [0; 1] iñíó¹ íå áiëüø

b = 2Mp, äå p � íàéìåíøå íàòóðàëüíå ÷èñëî, ùî çàäîâîëüíÿ¹ íåðiâíiñòü

ξp ⩽ τ , Q̃-öèëiíäðiâ, ÿêi ïîêðèâàþòü u i ìàþòü äîâæèíó íå áiëüøó äîâ-

æèíè u.

Äîâåäåííÿ. ßêùî âiäðiçîê u ñàì ¹ Q̃-öèëiíäðîì, òî äîñòàòíüî îäíîãî

öèëiíäðà äëÿ ïîêðèòòÿ u, ÿêå çàäîâîëüíÿ¹ âêàçàíi óìîâè. ßêùî öå íå òàê,

òî iñíó¹ öèëiíäð∆c1...ck ìiíiìàëüíîãî ðàíãó k, ÿêèé öiëêîì íàëåæèòü âiäðiç-

êó u, òîáòî æîäåí öèëiíäð (k− 1)-ãî ðàíãó íå ¹ ïiäìíîæèíîþ u. Òîäi iñíó¹

äâà Q̃-öèëiíäðè ω0 i ω1 ðàíãó (k−1), îá'¹äíàííÿ ÿêèõ ìiñòèòü u (àëå íå ìà¹

ãàðàíòi¨, ùî ¨õ äiàìåòðè ìåíøi |u|). Íåõàé maxω0 = minω1, u0 = ω0 ∩ u,

u1 = ω1 ∩ u. Îäíîìó ç âiäðiçiâ u0 òà u1 íàëåæèòü öèëiíäð ∆c1...ck .

Ïðîâåäåìî çàãàëüíi ìiðêóâàííÿ ñòîñîâíî âiäðiçêà u0, íåçâàæàþ÷è íà òå,

÷è íàëåæèòü éîìó öèëiíäð ∆c1...ck ÷è íi. Äëÿ âiäðiçêà u1 âîíè àíàëîãi÷íi.

Î÷åâèäíî, ùî iñíó¹ Q̃-öèëiíäð∆b1...bnmn+1
ìiíiìàëüíîãî ðàíãó n+1, ÿêèé

öiëêîì íàëåæèòü u0 (ó ÷àñòèííîìó âèïàäêó öå ìiã áóòè öèëiíäð ∆c1...ck),

òîáòî æîäåí ç öèëiíäðiâ ðàíãó n íå íàëåæèòü u0 öiëêîì. Òîäi öèëiíäð∆b1...bn

ïîêðèâà¹ u0. Âií ¹ îá'¹äíàííÿì Q̃-öèëiíäðiâ ðàíãó (m + p), ¨õ êiëüêiñòü ¹

äîáóòêîì mn+1 ·mn+2 · ... ·mn+p ⩽Mp.

Îñêiëüêè ξp ⩽ τ , òî êîæåí ç öèõ öèëiíäðiâ ðàíãó (n+p) ìà¹ äîâæèíó, ùî

íå ïåðåâèùó¹ äîâæèíè öèëiíäðà ∆b1...bnmn+1
, à îòæå, i äîâæèíè u0. Òàêèì

÷èíîì, äëÿ ïîêðèòòÿ u0 äîñòàòíüî íå áiëüøå íiæ Mp Q̃-öèëiíäðiâ. Òàêî¨ æ

êiëüêîñòi öèëiíäðiâ äîñòàòíüî äëÿ ïîêðèòòÿ âiäðiçêà u1. Ëåìó äîâåäåíî.

Òåîðåìà 3.3. ßêùî E � äîâiëüíà ïiäíîæèíà âiäðiçêà [0; 1], WQ̃ �

ìíîæèíà âñiõ Q̃-öèëiíäðiâ ñêií÷åííîãî ðàíãó, òî ÷èñëî

α∗ = inf{α : Ĥα(E) = 0} = sup{α : Ĥα(E) = ∞},
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äå Ĥα(E) = sup
ε>0

{ inf
|ωi|⩽ε

∑
i

|ωi|α : E ⊂
⋃
i

ωi, ωi ∈ WQ̃}, äîðiâíþ¹ ôðàêòàëüíié
ðîçìiðíîñòi Ãàóñäîðôà-Áåçèêîâè÷à ìíîæèíè E.

Äîâåäåííÿ. Ïîêàæåìî, ùî äëÿ äîâiëüíî¨ ìíîæèíè E ⊂ [0; 1] âèêîíó¹-

òüñÿ

mα
ε (E) ⩽ lαε (E) ⩽ 2Mpmα

ε (E),

äå mα
ε (E) = inf

|ui|⩽ε
{
∑
i

|ui|α :
⋃
ui ⊃ E}, lαε (E) = inf

|ωi|⩽ε
{
∑
i

|ωi|α :
⋃
ui ⊃ E}.

Ëiâà íåðiâíiñòü ¹ î÷åâèäíîþ, îñêiëüêè êëàñ ïîêðèòòiâ, ÿêi áåðóòü ó÷àñòü

ó êîíñòðóêöi¨ mα
ε øèðøèé, íiæ êëàñ ïîêðèòòiâ Q̃-öèëiíäðàìè.

Ïðàâà íåðiâíiñòü âèïëèâà¹ ç ëåìè 3.5.

Ñïðàâäi, íåõàé
⋃
ui � äîâiëüíå ε-ïîêðèòòÿ ìíîæèíè E âiäðiçêàìè,∑

|ui|α � α-îá'¹ì öüîãî ïîêðèòòÿ.

Çãiäíî ç ïîïåðåäíüîþ ëåìîþ iñíó¹ ïîêðèòòÿ
⋃
ωi âiäðiçêà 2Mp öèëií-

äðàìè ç äîâæèíàìè, ùî íå ïåðåâèùóþòü |u| îòðèìó¹ìî ïîêðèòòÿ ç
α-îá'¹ìîì 2mp

∑
i

|ui|.

Îòæå,
∑
i

|ωi|α ⩽ 2Mp
∑
i

|ui|α i lαε (E) ⩽ 2Mpmα
ε (E).

Âèêîíàâøè ãðàíè÷íèé ïåðåõiä ïî ε→ 0, ìà¹ìî

Hα(E) ⩽ Ĥα(E) ⩽ 2MpHα(E).

Çâiäêè áà÷èìî, ùî Ĥα(E) i Hα(E) îäíî÷àñíî ïåðåòâîðþþòüñÿ â íóëü òà íå-

ñêií÷åííiñòü, à îòæå, ôðàêòàëüíà ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à α0(E)

äîðiâíþ¹ ÷èñëó α∗. Òåîðåìó äîâåäåíî.

Òåîðåìà 3.3 ¹ âàæëèâîþ äëÿ òåîði¨ ïåðåòâîðåíü, ùî çáåðiãàþòü ôðà-

êòàëüíó ðîçìiðíiñòü [1].

3.7. Îñíîâíèé îá'¹êò äîñëiäæåííÿ

Ðîçãëÿäà¹òüñÿ ôóíêöiÿ, îçíà÷åíà ðiâíiñòþ

I(x = ∆i1...in...) = ∆[m1−i1]...[mn−in].... (3.3)
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Ôóíêöiÿ I, âèçíà÷åíà ðiâíiñòþ (3.3), ¹ êîðåêòíî îçíà÷åíîþ, îñêiëüêè äëÿ

k ∈ N ìà¹ ìiñöå

I(∆i1...in(0)) = ∆[m1−i1]...[mn−in](mn+k) = ∆[m1−i1]...[mn−in+1](0) = I(∆i1...[in−1](mn+k)).

Ëåìà 3.6. Iíâåðñîð I öèôð Q̃-çîáðàæåííÿ ÷èñåë ¹ íåïåðåðâíîþ ñòðîãî

ñïàäíîþ ôóíêöi¹þ íà [0; 1].

Äîâåäåííÿ. Äëÿ äîâåäåííÿ íåïåðåðâíîñòi ôóíêöi¨ I â òî÷öi x0 ïîêàæå-

ìî, ùî âèêîíó¹òüñÿ ðiâíiñòü

lim
xn→x0

|I(xn)− I(x0)| = 0 (3.4)

ó Q̃-áiíàðíèõ i Q̃-óíàðíèõ òî÷êàõ. Íåõàé x0 = ∆i1...in−1in... � äîâiëüíà

Q̃-óíàðíà òî÷êà îáëàñòi âèçíà÷åííÿ. Âèáåðåìî â ÿêîñòi ïîñëiäîâíîñòi xn =

= ∆i1...in−1i′n..., äå in ̸= i′n. Òîäi xn → x0 ⇔ n→ ∞.

Îñêiëüêè I(x0) = I(∆i1...in−1in...) = ∆[m1−i1]...[mn−1−in−1][mn−in]...;

I(xn) = I(∆i1...in−1i′n...) = ∆[m1−i1]...[mn−1−in−1][mn−i′n]...
, òî î÷åâèäíî, ùî

lim
xn→x0

|I(xn)− I(x0)| = lim
n→∞

|∆[m1−i1]...[mn−1−in−1][mn−i′n]...
−

−∆[m1−i1]...[mn−1−in−1][mn−in]...| = 0.

Îòæå, ôóíêöiÿ I ¹ íåïåðåðâíîþ íà ìíîæèíi Q̃-óíàðíèõ ÷èñåë. Íåïå-

ðåðâíiñòü ôóíêöi¨ íà ìíîæèíi Q̃-áiíàðíèõ ÷èñåë ¹ íàñëiäêîì êîðåêòíîñòi

îçíà÷åííÿ ôóíêöi¨.

Ïîêàæåìî, ùî ôóíêöiÿ ¹ ñòðîãî ñïàäíîþ íà âñié îáëàñòi âèçíà÷åííÿ.

Ðîçãëÿíåìî x1 = ∆i1...ik−1ik... < x2 = ∆i1...ik−1i′k...
, ïðè÷îìó ik(x1) < i′k(x2) i

ÿêùî ik(x+ 1) = i′k(x1)− 1, òî iñíó¹ n ∈ N òàêå, ùî (ik+n(x1); ik+n(x2)) ̸=
̸= (mk+n; 0).

Òîäi

I(x1 = ∆i1...ik−1ik...)− I(x1 = ∆i1...ik−1i′k...
) = ∆[m1−i1]...[mk−1−ik−1][mk−ik]...−

−∆[m1−i1]...[mk−1−ik−1][mk−i′k]...
.

Çâiäêè ìà¹ìî, ùî mk − ik > mk − i′k. Îñêiëüêè âiäïîâiäíi öèôðè çíà÷åí-

íÿ ôóíêöi¨ ïåðåáóâàþòü ó âiäíîøåííi áiëüøå, òî I(x1) > I(x2). Ïðè÷îìó
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I(x1) = I(x2) ëèøå, òîäi êîëè mk − ik = mk − i′k + 1 i

(mk+n − ik+n(x1); (mk+n − ik+n(x2)) = (0;mk+n) äëÿ áóäü-ÿêîãî n ∈ N , ùî

ñóïåðå÷èòü òîìó, ùî x1 ̸= x2. Îòæå, ôóíêöiÿ I(x) ¹ ñòðîãî ìîíîòîííîþ,

ïðè÷îìó ñòðîãî ñïàäíîþ.

3.8. Äèôðåíöiàëüíi âëàñòèâîñòi ôóíêöi¨

Ëåìà 3.7. ßêùî äëÿ åëåìåíòiâ ìàòðèöi ||qik|| âèêîíóþòüñÿ ðiâíîñòi

qinn = q[mn−in]n, n ∈ N, (3.5)

òî

amn−in = 1− ain+1, n ∈ N. (3.6)

Äîâåäåííÿ. Ñïðàâäi, ìà¹ ìiñöå ðÿä ïåðåòâîðåíü

amk−ik =q0k + q1k + ...+ q[mk−ik−1]k = qmkk + q[mk−1]k + ...+ q[ik+1]k =

=1− (q0k + q1k + ...+ qik) = 1− aik+1,

îñêiëüêè âèêîíóþòüñÿ qikk = q[mk−ik]k, k ∈ N .

Òåîðåìà 3.4. Iíâåðñîð ¹ ëiíiéíîþ ôóíêöi¹þ I(x) = 1−x òîäi i òiëüêè
òîäi, êîëè äëÿ åëåìåíòiâ ìàòðèöi ||qik|| âèêîíóþòüñÿ ðiâíîñòi qinn =

q[mn−in]n, ∀n ∈ N .

Äîâåäåííÿ. Äîâåäåìî ñïî÷àòêó, ùî êîëè ìàþòü ìiñöå ðiâíîñòi (3.5), òî

I(x) = 1− x. Íåõàé ìàþòü ìiñöå ðiâíîñòi (3.5), òîäi çãiäíî ç ïîïåðåäíüîìó

ëåìîþ ìàþòü ìiñöå ðÿä ïåðåòâîðåíü

I(x) = I(∆i1i2i3...) = am1−i1 + am2−i2q[m1−i1]1 + am3−i3q[m1−i1]1q[m2−i2]2 + ... =

= 1− ai1+1 + (1− ai2+1)qi11 + (1− ai3+1)qi11qi22 + ... =

= 1− ai1 − qi11 + (1− ai2 − qi22)qi11 + (1− ai3 − qi33)qi11qi22 + ... =

= 1− ai1 − qi11 + qi11 − ai2qi11 − qi11qi22 + qi11qi22−

− ai2qi11qi22 − qi11qi22qi33 − ... = 1− ai1 − ai2qi11 − ai3qi11qi22 − ... = 1− x.
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Òåïåð ïîêàæåìî, ùî êîëè I(x) = 1 − x, òî ìàþòü ìiñöå ðiâíîñòi (3.5).

Ðîçãëÿíåìî âèðàç

I(x = ∆i1i2i3...) = ∆[m1−i1][m2−i2][m3−i3]... = am1−i1 + am2−i2q[m1−i1]1+

+am3−i3q[m1−i1]1q[m2−i2]2 + ... = (1− q[m1−i1]1 − q[m1−i1+1]1 − ...− qm11)+

+(1− q[m2−i2]2 − q[m2−i2+1]2 − ...− qm22) · q[m1−i1]1+

+(1− q[m3−i3]3 − q[m3−i3+1]3 − ...− qm33) · q[m1−i1]1q[m2−i2]2 + ... =

=1− q[m1−i1]1 − q[m1−i1+1]1 − ...− qm11 + q[m1−i1]1−

− (q[m2−i2]2 + q[m2−i2+1]2 + ...+ qm22) · q[m1−i1]1 + q[m1−i1]1q[m2−i2]2−

−(q[m3−i3]3 + q[m3−i3+1]3 + ...+ qm33) · q[m1−i1]1q[m2−i2]2 + ...,

i âèðàç

I(x = ∆i1i2i3...) = 1−∆i1i2i3... = 1− ai1 − ai2qi11 − ... =

= 1− (q01 + q11 + ...+ q[i1−1]1)− (q02 + q12 + ...q[i2−1]2)qi11−

− (q03 + q13 + ...q[i3−1]3)qi11qi22 − ...

îñêiëüêè äàíà ðiâíiñòü âèêîíó¹òüñÿ äëÿ áóäü-ÿêîãî in ∈ An, òî îäíî÷àñíî

ìàþòü ìiñöå ðiâíîñòi:

1− q[m1−i1+1]1 − ...− qm11 = 1− (q01 + q11 + ...+ q[i1−1]1),

(q[m2−i2+1]2 + ...+ qm22)q[m1−i1]1 = (q02 + q12 + ...+ q[i2−1]2)qi11,

(q[m3−i3+1]3 + ...+ qm33)q[m1−i1]1q[m2−i2]2 = (q03 + q13 + ...+ q[i3−1]3)qi11qi22,

i ò.ä.

Çâiäêè q[m1−i1]1 = qi11, q[m2−i2]2 = qi22, ..., ùî é òðåáà áóëî äîâåñòè.

Ëåìà 3.8. ßêùî äëÿ åëåìåíòiâ ìàòðèöi ||qik|| ìàþòü ìiñöå ðiâíîñòiq[m1−i1]1 ̸= qi11,

q[mn−in]n = qinn, n = 2, 3, ...,
(3.7)

òî ôóíêöiÿ ¹ ëiíiéíîþ íà öèëiíäðàõ 1-ãî ðàíãó, òîáòî ôóíêöi¹þ âèäó

I(x) = am1−i1(x)+1 −
q[m1−i1(x)]1

qi1(x)1
(x− ai1(x)).
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Äîâåäåííÿ. Ñïðàâäi, îñêiëüêè ìàþòü ìiñöå ðÿä ðiâíîñòåé

I(x = ∆i1i2i3...) = am1−i1 + am2−i2q[m1−i1]1 + ... =

= am1−i1 + (1− ai2 − qi22)q[m1−i1]1 + ... = am1−i1 + q[m1−i1]1−

− ai22q[m1−i1]1 − q[m1−i1]1qi22 + ... = am1−i1+1−
q[m1−i1]1

qi11
(−ai1+ ai1+ ai2qi11+ ...) =

= am1−i1+1 −
q[m1−i1]1

qi11
(x− ai1),

òî î÷åâèäíî, ùî ôóíêöiÿ I(x) çà óìîâè âèêîíàííÿ ðiâíîñòåé (3.7) ¹ ëiíiéíîþ

íà êîæíîìó öèëiíäði ïåðøîãî ðàíãó.

Íàñëiäîê 3.4. ßêùî äëÿ åëåìåíòiâ ìàòðèöi ||qik|| âèêîíóþòüñÿ ðiâ-

íîñòi q[mk−ik]1 ̸= qikk, k = 1, 2, ..., n− 1

q[mn−in]n = qinn, 1 ̸= n ∈ N,
(3.8)

òî iíâåðñîð I(x) ¹ êóñêîâî-ëiíiéíîþ ôóíêöi¹þ, ïðè÷îìó ëiíiéíîþ íà öèëií-

äðàõ (n− 1)-ãî ðàíãó I(x) =
n−2∑
k=1

amk−ik

k−1∏
j=1

q[mj−ij ]+ amn−1−in−1+1

n−2∏
j=1

q[mj−ij ]j+

+
n−1∏
j=1

q[mj−ij ]j

qijj
(x−

n−1∑
k=1

aik
k−1∏
j=1

qijj).

Ëåìà 3.9. ßêùî â Q̃-óíàðíié òî÷öi x0 = ∆i1...in... iñíó¹ ïîõiäíà I
′(x0)

ôóíêöi¨ I, òî âîíà ìîæå áóòè çíàéäåíà çà ôîðìóëîþ

I ′(x0) = −
∞∏
n=1

q[mn−in]n

qinn
. (3.9)

Òâåðäæåííÿ âèïëèâà¹ ç òåîðåìè 3.11.1 ç [72], îñêiëüêè ó âèïàäêó iñíó-

âàííÿ ïîõiäíî¨

I ′(x0) = − lim
n→∞

|∆[m1−i1]...[mn−in]|
|∆i1...in|

.

Òåîðåìà 3.5. ßêùî ïîñëiäîâíiñòü (mk) ¹ ñòàëîþ (mk = m) i lim
k→∞

qik =

= qi, i = 0,m, ïðè÷îìó iñíó¹ òàêå s, ùî qs ̸= 1
m+1, òî ôóíêöiÿ ìà¹ ïîõiäíó

ðiâíó íóëþ ìàéæå ñêðiçü, òîáòî ¹ ñèíãóëÿðíîþ.
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Äîâåäåííÿ. Îñêiëüêè ôóíêöiÿ I ¹ ìîíîòîííîþ, òî ìàéæå â óñiõ òî÷êàõ

âiäðiçêà [0; 1] âîíà çãiäíî ç âiäîìîþ òåîðåìîþ Ëåáåãà ìà¹ ñêií÷åííó ïîõiäíó.

Ìíîæèíó òàêèõ òî÷îê ïîçíà÷èìî ÷åðåç E. Ìíîæèíà H âñiõ òî÷îê, ÿêi ó

ñâî¨õ Q̃-çîáðàæåííÿõ öèôðó s âèêîðèñòîâóþòü íåñêií÷åííó êiëüêiñòü ðÿäiâ,

¹ ìíîæèíîþ ïîâíî¨ ìiðè Ëåáåãà.

Òîäi ìíîæèíàW = R∩H ¹ ìíîæèíîþ ïîâíî¨ ìiðè Ëåáåãà. ßêùî x ∈ W ,

òî I ′(x0) =
∞∏
n=1

q[mn−in]n

qinn
= 0, îñêiëüêè íåîáõiäíà óìîâà çáiæíîñòi íåñêií÷åí-

íîãî äîáóòêó (ïðÿìóâàííÿ éîãî n-ãî ÷ëåíà äî 1) íå âèêîíó¹òüñÿ, òî âií

çáiãà¹òüñÿ äî ñêií÷åííîãî ÷èñëà 0. Îòæå, I ′(x) = 0 ìàéæå ñêðiçü, ùî i

âèìàãàëîñÿ äîâåñòè.

3.9. Ôðàêòàëüíi âëàñòèâîñòi ôóíêöi¨ I

Äàëi ðîçãëÿäà¹òüñÿ âèïàäîê, êîëè ïîñëiäîâíiñòü (mk) ¹ ñòàëîþ. Íåõàé

äëÿ åëåìåíòiâ ìàòðèöi ||qik|| äëÿ äåÿêîãî k ∈ N i äîâiëüíîãî n ∈ N ìàþòü

ìiñöå ðiâíîñòi:

qi,k(n−1)+j = gij, j = 1, k. (3.10)

Ðîçãëÿíåìî ôóíêöiþ, âèçíà÷åííó ðiâíiñòþ:

ωk(∆i1i2...ikik+1...in...) = ∆ik+1ik+2...in−k.... (3.11)

Ôóíêöiÿ ωk íå ¹ êîðåêòíî îçíà÷åíîþ äëÿ ÷èñåë, ùî ìàþòü äâà Q̃-çîáðàæåííÿ

(Q̃-áiíàðíèõ ÷èñåë), îñêiëüêè ìà¹ ìiñöå ðiâíiñòü:

ωk(∆i1...ik(0)) = ∆(0) ̸= ωk(∆i1...[ik−1](mn+k)) = ∆mk+1mk+2....

Çàäëÿ êîðåêòíîñòi îçíà÷åííÿ ôóíêöi¨ ωk äîìîâèìîñÿ íàäàëi âèêîðèñòîâó-

âàòè ëèøå îäíå iç äâîõ iñíóþ÷èõ Q̃-áiíàðíèõ çîáðàæåíü ÷èñëà, à ñàìå òå,

ùî ìiñòèòü 0 â ïåðiîäi.

Ôóíêöiÿ ωk ó âèïàäêó, êîëè ìàþòü ìiñöå ðiâíîñòi (3.10) íàçèâà¹òüñÿ

îïåðàòîðîì ëiâîñòîðîííüîãî çñóâó öèôð Q̃-çîáðàæåííÿ.
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Çàóâàæèìî, ùî êîëè äëÿ ìàòðèöi Q̃-çîáðàæåííÿ õî÷à á îäíà ç óìîâ (3.10)

íå âèêîíó¹òüñÿ, òî àðãóìåíò i çíà÷åííÿ ôóíêöi¨ ωk ìàþòü ðiçíi

Q̃-çîáðàæåííÿ.

Ëåìà 3.10. Ôóíêöiÿ ωk àíàëiòè÷íî âèðàæà¹òüñÿ:

ωk(x = ∆i1i2...ikik+1...) =
k∏

j=1

q−1
ijj

(
x−

k∑
m=1

(
aimm

m−1∏
j=2

qijj

)
. (3.12)

Âîíà ¹ êóñêîâî-ëiíiéíîþ, ïðè÷îìó ëiíiéíîþ íà êîæíîìó öèëiíäði k-ãî ðàí-

ãó.

Äîâåäåííÿ. Ðîçãëÿíåìî ðÿä ïåðåòâîðåíü

x =∆i1(x)i2(x)...ik(x)ik+1(x)... =
k∑

m=1

(
aimm

m−1∏
j=2

qijj

)
+

+
∞∑

k=m+1

(
aimm

m−1∏
j=2

qijj

)
=

k∑
m=1

(
aimm

m−1∏
j=2

qijj

)
+

k∏
j=1

qijj·

·

 ∞∑
k=m+1

aimm

m−1∏
j=k+1

qijj

 =
k∑

m=1

(
aimm

m−1∏
j=2

qijj

)
+ ω(x)

k∏
j=1

qijj(x).

Çâiäñè ìà¹ìî, ùî

ωk(x) =

x−
k∑

m=1
(aimm(x)

m−1∏
j=2

qijj(x))

k∏
j=1

qijj(x)

,

à òîìó ìà¹ ìiñöå ôîðìóëà (3.12).

Îñêiëüêè âèðàçè
k∏

j=1

q−1
ijj
(x) i

k∑
m=1

(aim(x)
m−1∏
j=2

qijj(x))

çàëåæàòü âiä öèôð i1(x), i2(x),..., ik(x) i íå çàëåæàòü âiä óñiõ ðåøòè öèôð

àðãóìåíòà, òî íà êîæíîìó öèëiíäði ∆i1(x)i(x)...ik(x) ðàíãó k âèðàçè íàáóâà-

þòü ñòàëèõ çíà÷åíü, à òîìó ôóíêöiÿ ωk(x) íà êîæíîìó òàêîìó öèëiíäði ¹

ëiíiéíîþ i â óñié îáëàñòi âèçíà÷åííÿ êóñêîâî-ëiíiéíîþ.
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Ðîçãëÿäà¹òüñÿ ôóíêöiÿ δe1e2...ek , îçíà÷åíà ðiâíiñòþ:

δe1...ek(x = ∆i1i2...in...) = ∆e1...eki1i2...in.... (3.13)

Ôóíêöiÿ δe1e2...ek ¹ êîðåêòíî îçíà÷åíîþ äëÿ ÷èñåë, ùî ìàþòü äâà Q̃-çîáðàæåííÿ.

Ôóíêöiÿ δe1e2...ek ó âèïàäêó, êîëè ìàþòü ìiñöå ðiâíîñòi (3.10) íàçèâà¹òüñÿ

îïåðàòîðîì ïðàâîñòîðîííüîãî çñóâó öèôð Q̃-çîáðàæåííÿ.

Çàóâàæèìî, ùî êîëè äëÿ ìàòðèöi Q̃-çîáðàæåííÿ õî÷à á îäíà ç óìîâ (3.10)

íå âèêîíó¹òüñÿ, òî àðãóìåíò i çíà÷åííÿ ôóíêöi¨ δe1e2...ek ìàþòü ðiçíi Q̃-

çîáðàæåííÿ.

Ëåìà 3.11. Ôóíêöiÿ δe1...ek àíàëiòè÷íî âèðàæà¹òüñÿ:

δe1...ek(x = ∆i1...in...) = x
k∏

j=1

qejj +
k∑

m=1

(
aem

m−1∏
j=2

qejj

)
. (3.14)

Âîíà ¹ ëiíiéíîþ, ñòðîãî çðîñòàþ÷îþ íà âñié îáëàñòi âèçíà÷åííÿ.

Äîâåäåííÿ. Ðîçãëÿíåìî ðÿä ïåðåòâîðåíü

δe1e2...ek(x = ∆i1i2...in...) = ∆e1e2...eki1i2...in... =
k∑

m=1

(
aem

m−1∏
j=2

qejj

)
+

+
∞∑

k=m+1

(
aim

m−1∏
j=2

qijj

)
=

=
k∑

m=1

(
aem

m−1∏
j=2

qejj

)
+

k∏
j=1

qejj ·

 ∞∑
k=m+1

aim(x) m−1∏
j=k+1

qijj(x)

 =

=
k∑

m=1

(
aem

m−1∏
j=2

qejj

)
+

k∏
j=1

qejj

 ∞∑
k=1

aim(x) m−1∏
j=k+1

qijj(x)

 =

=
k∑

m=1

(
aem

m−1∏
j=2

qejj

)
+ x

k∏
j=1

qejj.

Îñêiëüêè âèðàç ôóíêöi¨ δe1e2...ek ìà¹ âèãëÿä δe1e2...ek(x) = Ax+B, äå çíà÷åííÿ

A =
k∏

j=1

qejj = Const > 0, B =
k∑

m=1

(
aem

m−1∏
j=2

qejj

)
= Const ïðè ôiêñîâàíîìó

íàáîði e1e2...ek, òî δe1e2...ek ¹ ñòðîãî çðîñòàþ÷îþ ëiíiéíîþ ôóíêöi¹þ.
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Òåîðåìà 3.6. ßêùî ïîñëiäîâíiñòü (mn) ¹ ñòàëîþ (mn = m) i ìà-

òðèöÿ ||qik||, ùî âèçíà÷à¹ Q̃-çîáðàæåííÿ, ¹ ïåðiîäè÷íîþ, à ñàìå âèêî-

íóþòüñÿ ðiâíîñòi qi,k(n−1)+j = gij, j = 1, k äëÿ äåÿêîãî ôiêñîâàíîãî íà-

òóðàëüíîãî k i âñiõ n ∈ N , òî ãðàôiê Γ ôóíêöi¨ I ¹ ñàìîàôiííîþ ìíî-

æèíîþ ç ñàìîàôiííîþ ñòðóêòóðîþ Γ =
m1⋃
e1=0

...
mk⋃
ek=0

Γe1...ek, ek ∈ N 0
mk
, äå

Γe1...ek = fe1...ek(Γ) = {(x; y) ∈ R2 : x = ∆e1...eki1...in..., y = I(x)},

fe1...ek :

x
′ = δe1...ek(∆i1i2...in...),

y′ = δ[m1−e1]...[mn−en](∆[m1−i1][m2−i2]...),
(e1...ek) ∈ A1 × ...× Ak.

Çàãàëüíà ñõåìà îáãðíóòóâàííÿ àíàëîãi÷íà äî äîâåäåííÿ öüîãî ôàêòó

äëÿ Q∗
2-çîáðàæåííÿ [26].

Íàñëiäîê 3.5. Ñàìîàôiííà ðîçìiðíiñòü ãðàôiêà Γ ôóíêöi¨ I ¹ ðîçâ'ÿçêîì

ðiâíÿííÿ
m1∑
e1=0

...

mk∑
ek=0

(
k∏

j=1

(qejjq[mj−ej ]j)
x
2

)
= 1. (3.15)

Ñïðàâäi, îñêiëüêè Γe1e2...ek

fe1e2...ek→ Γ, äå fe1...ek � àôiííå ïåðåòâîðåííÿ,

ùî çàäà¹òüñÿ ôîðìóëàìè
x′ = x

k∏
j=1

qejj +
k∑

t=1

(
aet

t−1∏
j=2

qejj

)
,

y′ = y
k∏

j=1

q[mj−ej ]j +
k∑

t=1

(
a[mt−et]

t−1∏
j=2

q[mj−ej ]j

)
,

òî çãiäíî ç îçíà÷åííÿì ðîçìiðíîñòi ñàìîàôiííî¨ ìíîæèíè ìà¹ìî ðiâíÿí-

íÿ (3.15).
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Âèñíîâêè äî ðîçäiëó 3

Ó öüîìó ðîçäiëi âñòàíîâëåíî çâ'ÿçîê ìiæ Q̃-çîáðàæåííÿì ÷èñåë òà êàí-

òîðiâñüêèìè çîáðàæåííÿìè (öi çîáðàæåííÿ iñíóâàëè i ðîçâèâàëèñü íåçàëå-

æíî). Ïåðøå ç íèõ óâîäèëîñü â äîñëiäæåííÿ ÿê óçàãàëüíåííÿQ∗-çîáðàæåííÿ.

ßê âèÿâèëîñÿ, âîíî ¹ òàêîæ óçàãàëüíåííÿì êàíòîðiâñüêèõ çîáðàæåíü.

Q̃-çîáðàæåííÿ ó öüîìó ðîçäiëi âèêîðèñòàíå ó çàäà÷àõ ìåòðè÷íî¨ òåîði¨ ÷è-

ñåë i òåîði¨ ñèíãóëÿðíèõ ðîçïîäiëiâ âèïàäêîâèõ âåëè÷èí, âêàçàíî çàñòîñó-

âàííÿ ó òåîði¨ ôðàêòàëiâ. Îñíîâíèìè ðåçóëüòàòàìè öüîãî ðîçäiëó ¹ âëà-

ñòèâîñòi íåïåðåðâíî¨ ñòðîãî ñïàäíî¨ àâòîìîäåëüíî¨ ôóíêöi¨, îçíà÷åíî¨ çà

äîïîìîãîþ iíâåðñóâàííÿ öèôð Q̃-çîáðàæåííÿ (òåîðåìè 3.4, 3.5). Îñíîâíèì

òâåðäæåííÿì ¹ êðèòåðié ¨¨ ñèíãóëÿðíîñòi, äîâåäåííÿ ÿêîãî ãðóíòó¹òüñÿ íà

íîðìàëüíèõ âëàñòèâîñòÿõ ÷èñåë çà ¨õ Q̃-çîáðàæåííÿìè. Ïðè äîäàòêîâèõ

óìîâàõ äëÿ ïàðàìåòðiâ çàäàííÿ ìàòðèöi îñíîâíîãî îá'¹êòó âñòàíîâëåíà

ñòðóêòóðíà ôðàêòàëüíiñòü ãðàôiêà iíâåðñîðà (òåîðåìà 3.6).

Îñíîâíi ðåçóëüòàòè öüîãî ðîçäiëó îïóáëiêîâàíi â ðîáîòi [75].
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ÐÎÇÄIË 4

B�ÇÎÁÐÀÆÅÍÍß ÄIÉÑÍÈÕ ×ÈÑÅË

Ó öüîìó ðîçäiëi îáãðóíòîâó¹òüñÿ ñèñòåìà êîäóâàííÿ ÷èñåë iíòåðâàëó

(0;1), àëôàâiòîì ÿêî¨ ¹ ìíîæèíà âñiõ öiëèõ ÷èñåë (B-çîáðàæåííÿ). Öÿ ñèñòå-

ìà ¹, âçàãàëi êàæó÷è, ìóëüòèîñíîâíîþ, àëå â îêðåìèõ âèïàäêàõ âîíà ìîæå

áóòè äâî- àáî îäíîîñíîâíîþ (Φ-çîáðàæåííÿ). Òóò ìè âèâ÷à¹ìî ãåîìåòðiþ

B-çîáðàæåííÿ ÷èñåë, îïåðàòîðè ëiâîñòîðîííüîãî òà ïðàâîñòîðîííüîãî çñó-

âiâ öèôð B-çîáðàæåííÿ, à òàêîæ íåïåðåðâíi ïåðåòâîðåííÿ iíòåðâàëó (0;1),

ÿêi çáåðiãàþòü õâîñòè B-çîáðàæåííÿ ÷èñåë, ðîçâ'ÿçó¹ìî ìåòðè÷íi çàäà÷i.

4.1. Îçíà÷åííÿ B�çîáðàæåííÿ ÷èñåë

Íåõàé A = Z = {0,±1,±2, ...} � àëôàâiò (íàáið öèôð), L = A×A×... �
ïðîñòið ïîñëiäîâíîñòåé åëåìåíòiâ àëôàâiòó; (Θn) � ïîñëiäîâíiñòü äîäàòíèõ

äiéñíèõ ÷èñåë (n ∈ Z) òàêà, ùî

0 <
∞∑
n=1

Θ−n ≡ u < 1, 0 <
+∞∑
n=0

Θn ≡ v < 1, u+ v = 1.

Ïðèêëàäàìè òàêèõ äâîñòîðîííiõ ïîñëiäîâíîñòåé (Θn) ¹:

1) Θ0 = 1−3a
1−a , Θ−n = Θn = an, äå ïàðàìåòð a çàäîâîëüíÿ¹ íåðiâíîñòi

0 < a < 1
3 , n ∈ N ;

2) Θ−n = 2−(n+1),Θ0 =
1
3 ,Θn = 3−(n+1), n ∈ N.

3) a0 = 1
2·3 , an = 1

(2+n)(3+n) .

Ñôîðìó¹ìî iíøó äâîñòîðîííþ ïîñëiäîâíiñòü (bn), âèçíà÷åíó ïîñëiäîâíiñòþ

(Θn), à ñàìå

bn ≡
n−1∑

i=−∞
Θi = bn−1 +Θn−1.
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Òåîðåìà 4.1. Äëÿ áóäü-ÿêîãî ÷èñëà x ∈ (0; 1) iñíó¹ ¹äèíèé ñêií÷åííèé

íàáið öiëèõ ÷èñåë (α1, α2, ..., αm) àáî ¹äèíà ïîñëiäîâíiñòü (αn) ∈ L òàêi,

ùî âèêîíó¹òüñÿ îäíà ç ðiâíîñòåé

x = bα1
+

m∑
k=2

bαk

k−1∏
i=1

Θαi
≡ ∆B

α1α2...αm(∅), (4.1)

x = bα1
+

∞∑
k=2

bαk

k−1∏
i=1

Θαi
≡ ∆B

α1α2...αk...
. (4.2)

Äîâåäåííÿ. I ñ í ó â à í í ÿ. Îñêiëüêè

(0; 1) =
∞⋃

n=−∞
[bn; bn+1),

òî î÷åâèäíî, ùî iñíó¹ α1 ∈ A òàêå, ùî bα1
⩽ x < bα1+1.

ßêùî x = bα1
, òî îòðèìàíî ðîçêëàä (4.1) i x = △B

α1(∅). ßêùî x ̸= bα1
,

òîáòî bα1
< x < bα1+1, òî 0 < x− bα1

≡ x1 < bα1+1− bα1
= Θα1

i x = bα1
+x1.

Ðîçãëÿíåìî ÷èñëî x1 ∈ (0;Θα1
). Îñêiëüêè

(0;Θα1
) =

∞⋃
n=−∞

[bnΘα1
; bn+1Θα1

),

òî î÷åâèäíî, ùî iñíó¹ α2 ∈ A òàêå, ùî bα2
Θα1

⩽ x1 < bα2+1Θα1
.

ßêùî x1 = bα2
Θα1

, òî x = bα1
+ x1 = bα1

+ bα2
Θα1

= △B
α1α2(∅).

ßêùî x1 ̸= bα2
Θα1

, òîáòî bα2
Θα1

< x1 < bα2+1Θα1
, òî

0 < x1 − bα2
Θα1

≡ x2 < bα2+1Θα1
− bα2

Θα1
= Θα2

Θα1
i x1 = bα2

Θα1
+ x2.

Äàëi àíàëîãi÷íi ìiðêóâàííÿ ïðîäîâæó¹ìî ñòîñîâíî ÷èñëà x2.

Îñêiëüêè

x2 ∈ (0;Θα1
Θα2

) =
∞⋃

n=−∞
[bnΘα1

Θα2
; bn+1Θα1

Θα2
),

òî iñíó¹ α3 ∈ A òàêå, ùî bα3
Θα1

Θα2
⩽ x2 < bα3+1Θα1

Θα2
.
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ßêùî x2 = bα3
Θα1

Θα2
, òî

x = bα1
+ x1 = bα1

+ bα2
Θα1

+ x2 = bα1
+ bα2

Θα1
+ bα3

Θα1
Θα2

= ∆B
α1α2α3(∅).

ßêùî æ x2 ̸= bα3
Θα1

Θα2
, òî 0 ⩽ x2 − bα3

Θα1
Θα2

≡ x3 < Θα1
Θα2

Θα3
.

Àíàëîãi÷íî ìiðêó¹ìî ñòîñîâíî x3.

Òàê çà ñêií÷åííó êiëüêiñòü êðîêiâ îòðèìà¹ìî

x =bα1
+ x1 = bα1

+ bα2
Θα1

+ x2 = · · · =

=bα1
+ bα2

Θα1
+ bα3

Θα1
Θα2

+ · · ·+ bαm
Θα1

Θα2
. . .Θαm−1

= ∆B
α1α2...αm(∅).

ßêùî æ ïðè áóäü-ÿêîìó m

x = bα1
+ bα2

Θα1
+ bα3

Θα1
Θα2

+ · · ·+ bαm
Θα1

Θα2
. . .Θαm−1 + xm,

äå xm ̸= 0, òî ç òîãî, ùî Θj ⩽ M ≡ max{Θi, i ∈ Z} < 1 äëÿ áóäü-ÿêîãî

j ∈ Z ìà¹ìî

xm <

m−1∏
i=1

Θαi
⩽Mm−1 → 0(m→ 0).

Çâiäêè ðîáèìî âèñíîâîê ïðî çáiæíiñòü ïðîöåñó ðîçêëàäó ÷èñëà x â ñó-

ìó (4.1) àáî ðÿä (4.2).

� ä è í i ñ ò ü. Äîâåäåìî, ùî ÷èñëà ç ôîðìàëüíî ðiçíèìè ðîçêëàäàìè

ðiâíèìè áóòè íå ìîæóòü. Ðîçãëÿíåìî âñi ìîæëèâi âèïàäêè:

1) x1 = ∆B
α1α2...αn...

i x2 = ∆B
β1β2...βn...

,

2) x1 = ∆B
α1...αm(∅), x2 = ∆B

β1...βm(∅),

3) x1 = ∆B
α1...αm(∅), x2 = ∆B

β1...βm...βk(∅).

Ó ïåðøèõ äâîõ âèïàäêàõ ìîæíà ñêîðèñòàòèñÿ ñïiëüíèìè ìiðêóâàííÿìè.

Íåõàé 1). Îñêiëüêè ¨õíi çîáðàæåííÿ ôîðìàëüíî ðiçíi, òî iñíó¹ m òàêå, ùî

αm ̸= βm, àëå αi = βi, êîëè i < m. Ðàäè êîíêðåòíîñòi, íåõàé αm < βm.

Ðîçãëÿíåìî ðiçíèöþ x2 − x1 = C
m−1∏
i=1

Θαi
, äå

C ≡ bβm
− bαm

+
∞∑
k=1

bβm+k

k−1∏
i=0

Θβm+i
−

∞∑
k=1

bαm+k

k−1∏
i=0

Θαm+i
.
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Îñêiëüêè bβm
− bαm

= Θαm
+Θαm+1 + · · ·+Θβm−1 ⩾ Θαm

,

0 < bβm+1
·Θβm

<
∞∑
k=1

bβm+k

k−1∏
i=0

Θβm+i
< Θβm

· 1,

∞∑
k=1

bαm+k

k−1∏
i=0

Θαm+i
<

∞∑
k=1

bαm+k

k−1∏
i=0

Θαm+i
< Θαm

· 1,

òî

C ⩾ (Θαm
+Θαm+1) + · · ·+Θβm−1 +

∞∑
k=1

bβm+k

k−1∏
i=0

Θβm+i
−Θαm

> 0.

Îòæå, x2 > x1.

Ó âèïàäêó 2), êîëè αn < βn, àëå αi = βi ïðè i < n < m, òî àíàëîãi÷íî

äî âèïàäêó 1) îáãðóíòîâó¹òüñÿ íåðiâíiñòü x1 < x2.

Ó âèïàäêó 3) ìîæëèâi ïiäâèïàäêè. 3.1. ßêùî αi = βi äëÿ âñiõ i ⩽ m, òî

x2 − x1 =
k∑

i=m+1

bβi

i−1∏
j=1

Θβj
> 0.

3.2. Íåõàé iñíó¹ αn ̸= βn, àëå αi = βi ïðè i < n ⩽ m. Ðîçãëÿíåìî ÷èñëî

x3 = ∆B
β1...βm(∅). Çãiäíî ç ïóíêòîì 3.1 x3 < x2, à çãiäíî ç ïóíêòîì 2 ìà¹ìî

x1 = x3, òîäi i ëèøå òîäi, êîëè αi = βi äëÿ âñiõ i ⩽ m. Òîìó ïðè αn < βn

ìà¹ìî x1 < x3 < x2. Íåõàé αn > βn. Òîäi x1 > x3. Ðîçãëÿíåìî ðiçíèöþ

x1 − x2. Ìà¹ìî

x1 − x2 = C1

n−1∏
i=1

Θαi
, äå

C1 = bαn
− bβn

+
m∑
i=1

bαn+i

i−1∏
j=0

Θαn+j
−

k∑
i=1

bβn+i

i−1∏
j=0

Θβn+j
.

Îñêiëüêè bαn
− bβn

⩾ Θβn
,

0 < bαn+1
·Θαn

⩽
m∑
i=1

bαn+i

i−1∏
j=0

Θαn+j
< Θαn

,
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k∑
i=1

bβn+i

i−1∏
j=0

Θβn+j
< Θβn

,

òî C1 > Θβn
+ 0−Θβn

= 0 i x1 > x2.

Ñèìâîëi÷íèé çàïèñ ÷èñëà x ðiâíiñòþ (4.1) àáî (4.2) íàçèâàòèìåìî B-

çîáðàæåííÿì öüîãî ÷èñëà, à αn = αn(x) � n-îþ éîãî öèôðîþ. Iç-çà ¹äèíî-

ñòi B-çîáðàæåííÿ ÷èñëà, αn ¹ êîðåêòíî îçíà÷åíîþ ôóíêöi¹þ ÷èñëà x.

×èñëà, äëÿ ÿêèõ âèêîíó¹òüñÿ ðiâíiñòü (4.1), íàçèâàþòüñÿB-ñêií÷åííèìè,

à òi, äëÿ ÿêèõ âèêîíó¹òüñÿ ðiâíiñòü (4.2), � B-íåñêií÷åííèìè.

Ìíîæèíà âñiõB-ñêií÷åííèõ ÷èñåë ¹ çëi÷åííîþ, ïðè÷îìó âñþäè ùiëüíîþ

â iíòåðâàëi (0; 1) ìíîæèíîþ.

B-çîáðàæåííÿ ¹ çàñîáîì êîäóâàííÿ ÷èñåë iíòåðâàëà (0; 1), ¨õ iäåíòèôi-

êàöi¨ òà ïîðiâíÿííÿ: ÷èñëà x = ∆B
α1...αm... i y = ∆B

β1...βm... ïåðåáóâàþòü ó

âiäíîøåííi x < y òîäi i ëèøå òîäi, êîëè iñíó¹ k ∈ N òàêå, ùî αk < βk,

àëå αi = βi ïðè i < k.

Îáãðóíòóâàííÿ öèõ âèñíîâêiâ ôàêòè÷íî ìiñòèòüñÿ ó äîâåäåííi ¹äèíîñòi

òåîðåìè 4.1.

4.2. Ãåîìåòðiÿ B�çîáðàæåííÿ ÷èñåë: öèëiíäðè÷íi òà õâîñòîâi

ìíîæèíè

Ãåîìåòðiþ B-çîáðàæåííÿ ÷èñåë (ãåîìåòðè÷íèé çìiñò öèôð, ìåòðè÷íi

âiäíîøåííÿ) äîñòàòíüî ïîâíî ðîçêðèâàþòü âëàñòèâîñòi öèëiíäðè÷íèõ i õâî-

ñòîâèõ ìíîæèí.

Îçíà÷åííÿ 4.1. Ìíîæèíà ∆B
c1...cm

÷èñåë x ∈ (0; 1), ùî ìàþòü ñêií÷åííå

àáî íåñêií÷åííå B-çîáðàæåííÿ ç ïåðøèìèm-öèôðàìè c1, c2, ..., cm âiäïîâiä-

íî, òîáòî

∆B
c1...cm

= {x : x = ∆B
c1...cmαm+1...αn(∅), x = ∆B

c1...cmβ1β2...
, (βn) ∈ L},

íàçèâà¹òüñÿ B-öèëiíäðîì ðàíãó m ç îñíîâîþ c1c2...cm.

0. Áåçïîñåðåäíüî ç îçíà÷åííÿ âèïëèâà¹ ðiâíiñòü:∆B
c1...cm

=
∞⋃

i=−∞
∆B

c1...cmi.
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1. Ïîðÿäîê ñëiäóâàííÿ öèëiíäðiâ âèçíà÷à¹òüñÿ ðiâíiñòþ

sup∆B
c1...cm−1cm

= min∆B
c1...cm−1[cm+1].

2. Öèëiíäð ∆B
c1...cm

¹ ïiââiäðiçêîì [a; d) ç êiíöÿìè:

a = bc1 +
m∑
k=2

bck

k−1∏
i=1

Θci = ∆B
c1...cm(∅),

d = a+
m∏
i=1

Θci = ∆B
c1...cm−1[cm+1](∅).

3. Äîâæèíà öèëiíäðà: |∆B
c1...cm

| =
m∏
i=1

Θci → 0 ïðè m→ ∞;

4. Îñíîâíå ìåòðè÷íå âiäíîøåííÿ: |∆B
c1...cmi| = Θi|∆B

c1...cm
|;

5. ∀(cm) ∈ L:
∞⋂

m=1
∆B

c1...cm
= ∆B

c1...cm....

B-öèëiíäðè çàäàþòü ñèñòåìó ïîäðiáíþþ÷èõ ðîçáèòòiâ iíòåðâàëà (0; 1).

Îçíà÷åííÿ 4.2. Êàæóòü, ùî B-çîáðàæåííÿ ÷èñåë x = ∆B
α1...αn...

i y =

= ∆B
β1...βn...

¾ìàþòü îäíàêîâèé õâiñò¿ (ñèìâîëi÷íî çàïèñóþòü x ∽ y), ÿêùî

iñíóþòü òàêi íàòóðàëüíi ÷èñëàm i k, ùî αm+j = βk+j äëÿ áóäü-ÿêîãî j ∈ N .

Ââàæàòèìåìî, ùî B-ñêií÷åííi ÷èñëà ìàþòü îäíàêîâèé õâiñò çà îçíà÷åííÿì.

Î÷åâèäíî, ùî âiäíîøåííÿ ∽ ¹ âiäíîøåííÿì åêâiâàëåíòíîñòi. Êîæåí ç

êëàñiâ åêâiâàëåíòíîñòi íàçèâà¹òüñÿ õâîñòîâîþ ìíîæèíîþ. Çðîçóìiëî, ùî

çîáðàæåííÿ âñiõ B-ñêií÷åííèõ ÷èñåë íàëåæàòü îäíîìó êëàñó åêâiâàëåíòíî-

ñòi, òîáòî ìàþòü îäíàêîâèé õâiñò.

Êîæíà õâîñòîâà ìíîæèíà ¹ çëi÷åííîþ, âñþäè ùiëüíîþ ó iíòåðâàëi (0; 1),

à ìíîæèíà êëàñiâ åêâiâàëåíòíîñòi � êîíòèíóàëüíîþ. Çìiñòîâíi ìåòðèçàöi¨

õâîñòîâèõ ìíîæèí ¹ îäíi¹þ ç öiêàâèõ i âàæëèâèõ äëÿ òåîði¨ äèíàìi÷íèõ

ñèñòåì ïðîáëåì.
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4.3. Ìíîæèíè êàíòîðiâñüêîãî òèïó

Òåîðåìà 4.2. Ìíîæèíà ÷èñåë C[B, Vn] = {x : αn(x) ∈ Vn ⊂ Z} ¹ íiäå

íå ùiëüíîþ, ÿêùî íåñêií÷åííó êiëüêiñòü ðàçiâ âèêîíó¹òüñÿ íåðiâíiñòü

Vn ̸= Z. �¨ ìiðà Ëåáåãà îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

λ(C) =
∞∏
n=1

λ(En)

λ(En−1)
=

∞∏
n=1

(
1− λ(En)

λ(En−1)

)
=

∞∏
n=1

(1−Wn) , (4.3)

äå E0 = [0; 1), En � îá'¹äíàííÿ öèëiíäðiâ n-ãî ðàíãó, ñåðåä âíóòðiøíiõ

òî÷îê ÿêèõ ¹ òî÷êè ìíîæèíè C, En ≡ En−1 \ En, Wn ≡
∑

i∈Z\Vn

Θi.

Äîâåäåííÿ. Îñêiëüêè C ⊂ En+1 ⊂ En ∀ n ∈ N , òî

λ(C) ⩽ λ(En) =
λ(En)

λ(En−1)
· λ(En−1)

λ(En−2)
· ... · λ(E1)

λ(E0)
=

n∏
k=1

λ(Ek)

λ(Ek−1)
;

C =
∞⋂
n=1

En = lim
n→∞

En.

Âðàõîâóþ÷è âèìiðíiñòü ìíîæèíè C i íåïåðåðâíîñòi ìiðè Ëåáåãà, ìà¹ìî

λ(C) = lim
n→∞

λ(En) =
∞∏
n=1

λ(En)

λ(En−1)
.

Îñêiëüêè En = En−1 \En, òî ìà¹ ìiñöå ïåðåäîñòàííÿ ç ðiâíîñòåé (4.3), àëå
λ(En)
λ(En−1)

= Wk, à òîìó âèêîíó¹òüñÿ îñòàííÿ ç ðiâíîñòåé (4.3).

Äëÿ äîâåäåííÿ íiäå íå ùiëüíîñòi ìíîæèíè C ïðè çàçíà÷åíèõ óìîâàõ

äîñèòü ïîêàçàòè, ùî ó áóäü-ÿêîìó B-öèëiíäði iñíó¹ iíòåðâàë, ùî íå ìiñòèòü

òî÷îê ìíîæèíè C.

Ðîçãëÿíåìî äîâiëüíèé öèëiíäð ∆B
c1...cm

. ßêùî Vk ̸= Z, äå k > m, j ∈
∈ Z \ Vk, òî öèëiíäðè÷íèé iíòåðâàë ∇B

c1...cmαm+1...αm+k−1j
, ÿêèé íàëåæèòü B-

öèëiíäðó∆B
c1...cm

,òî÷îê ìíîæèíè C íå ìiñòèòü. Öå i âèìàãàëîñü äîâåñòè.

Íàñëiäîê 4.1. λ(C) > 0 ⇔
∞∑
k=1

Wk <∞.
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Òåîðåìà 4.3. Ìíîæèíà êàíòîðiâñüêîãî òèïó

C[B, V ] = {x : αn(x) ∈ V ̸= Z}

¹ N -ñàìîïîäiáíîþ íóëü-ìíîæèíîþ Ëåáåãà, N -ñàìîïîäiáíà ðîçìiðíiñòü

ÿêî¨ çáiãà¹òüñÿ ç ôðàêòàëüíîþ ðîçìiðíiñòþ Ãàóñäîðôà-Áåçèêîâè÷à i ¹

ðîçâ'ÿçêîì ðiâíÿííÿ ∑
i∈V

Θx
i = 1. (4.4)

Äîâåäåííÿ. Îñêiëüêè

C =
⋃
i∈V

, äå C ′
i = ∆B

i ∩ C i C ′
i
Θi∼ C,

òî ìíîæèíà C ¹N -ñàìîïîäiáíîþ. �¨N -ñàìîïîäiáíà ðîçìiðíiñòü ¹ ðîçâ'ÿçêîì

ðiâíÿííÿ (4.4), iñíóâàííÿ òà ¹äèíiñòü ÿêîãî ëåãêî îáãðóíòîâó¹òüñÿ.

Îñêiëüêè ìíîæèíà C çàäîâîëüíÿ¹ óìîâó âiäêðèòî¨ ìíîæèíè, òî N -

ñàìîïîäiáíà ðîçìiðíiñòü i ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à çáiãàþòüñÿ [72].

4.4. Íîðìàëüíi âëàñòèâîñòi ÷èñåë

Òåîðåìà 4.4. Ìíîæèíà ÷èñåë iíòåðâàëà (0; 1) ç îáìåæåíèìè öèôðà-

ìè B-çîáðàæåííÿ ìà¹ íóëüîâó ìiðó Ëåáåãà.

Äîâåäåííÿ. Íåõàé n � äîâiëüíå ôiêñîâàíå íàòóðàëüíå ÷èñëî, Fn � ìíî-

æèíà âñiõ ÷èñåë (0; 1), B-öèôðè ÿêèõ íàëåæàòü iíòåðâàëó (−n;n). Çãiäíî
ç òåîðåìîþ (4.2) λ(Fn) = 0. ßêùî

F ≡
∞⋃
n=1

Fn,

òî

λ(F ) ⩽
∞∑
n=1

λ(Fn) = 0.
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Îñêiëüêè êîæíà òî÷êà x ∈ (0; 1), ìíîæèíà B-öèôð ÿêî¨ ¹ îáìåæåíîþ, î÷å-

âèäíî íàëåæèòü Fn ïðè äîñòàòíüî âåëèêîìó n, à îòæå, i ìíîæèíi F . Òîìó

ìíîæèíà òàêèõ òî÷îê ìà¹ íóëüîâó ìiðó Ëåáåãà.

Íàñëiäîê 4.2. Äëÿ ìàéæå âñiõ (â ðîçóìiííi ìiðè Ëåáåãà) òî÷îê x

iíòåðâàëó (0; 1) âèêîíó¹òüñÿ óìîâà

lim
n→∞

αn(x) = ∞,

äå αn(x) � öå n-òà B-öèôðà ÷èñëà x.

4.5. Îïåðàòîðè ëiâîñòîðîííüîãî òà ïðàâîñòîðîíüîãî çñóâiâ

öèôð B-çîáðàæåííÿ ÷èñåë

Îïåðàòîðîì ëiâîñòîðîíüîãî çñóâó öèôð B-çîáðàæåííÿ ÷èñåë íàçèâà¹-

òüñÿ ôóíêöiÿ ω, îçíà÷åíà ðiâíîñòÿìè:

ω(∆B
α1α2...αn...

) = ∆B
α2α3...αn...

, ω(∆B
α1α2...αn(∅)) = ∆B

α2α3...αn(∅).

Îñêiëüêè

x = bα1
+

∞∑
k=2

(
bαk

k−1∏
i=1

Θαi

)
= bα1

+Θαi
·

(
bα2

+
∞∑
k=3

bαk

k−1∏
i=2

Θαi

)
= bα1

+Θα1
·ω(x),

òî

ω(x) =
1

Θα1(x)
· x−

bα1(x)

Θα1(x)

Çâiäêè áà÷èìî, ùî îïåðàòîð ëiâîñòîðîííüîãî çñóâó ¹ êóñêîâî-ëiíiéíîþ

ôóíêöi¹þ, ÿêà ¹ ëiíiéíîþ i çðîñòàþ÷îþ íà êîæíîìó öèëiíäði 1-ãî ðàíãó,

çîêðåìà íà öèëiíäði ∆B
0 , ïðè óìîâi, ùî Θ0 =

1−3a
1−a , âîíà ìà¹ âèãëÿä:

ω(x) =
1− a

1− 3a
· x− a

1− 3a
.

Íà ëiâîìó êiíöi êîæíîãî öèëiíäðà ïåðøîãî ðàíãó îïåðàòîð ëiâîñòîðîííüîãî

çñóâó íàáóâà¹ íóëüîâîãî çíà÷åííÿ, îñêiëüêè ω(∆B
α1(∅)) = ∆B

(∅) = 0.
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Îïåðàòîðîì n-êðàòíîãî ëiâîñòîðîííüîãî çñóâó íàçèâà¹òüñÿ ôóíêöiÿ,

îçíà÷åíà ðiâíiñòþ

y = ωn(x) = ω(ωn−1(x)).

Îïåðàòîð n-êðàòíîãî ëiâîñòîðîííüîãî çñóâó ¹ êóñêîâî-ëiíiéíîþ ôóíêöi¹þ,

ïðè÷îìó ëiíiéíîþ íà êîæíîìó B-öèëiíäði n-ãî ðàíãó.

Îïåðàòîðîì ïðàâîñòîðîííüîãî çñóâó öèôð B-çîáðàæåííÿ ç ïàðàìå-

òðîì i ∈ Z íàçèâà¹òüñÿ ôóíêöiÿ δi, îçíà÷åíà ðiâíîñòÿìè:

δi(x = ∆B
α1α2...

) = ∆B
iα1α2...

, δi(x = ∆B
α1α2...αn(∅)) = ∆B

iα1α2...αn(∅).

Êîðåêòíiñòü îçíà÷åííÿ ôóíêöi¨ δi âèïëèâà¹ ç ¹äèíîñòi B-çîáðàæåííÿ ÷èñåë.

Îñêiëüêè

δi(x) = bi +Θi ·

(
bα1

+
∑
k>1

(bαk

k−1∏
i=1

Θαi
)

)
= bi +Θi · x,

òî ôóíêöiÿ δi(x) ¹ ëiíiéíîþ i çðîñòàþ÷îþ íà âñüîìó ïðîìiæêó [0; 1), ïðè-

÷îìó δi(0) = ∆B
i(∅) = bi. Î÷åâèäíèìè ¹ ðiâíîñòi

ω(δi(x)) = x, δα1(x)(ω(x)) = x.

Ðiâíÿííÿ δi(x) = ω(x) ìà¹ íåñêií÷åííó ìíîæèíó ðîçâ'ÿçêiâ: x = ∆B
(ji),

j ∈ Z. À ñèñòåìà ðiâíÿíü δi(x) = x = ω(x) ìà¹ ¹äèíèé ðîçâ'ÿçîê x = ∆B
(i).

Ôóíêöiþ δi1i2...im(x) îçíà÷èìî ðiâíiñòþ

δi1...im(x = ∆B
α1α2...αn...

) = ∆B
i1...imα1α2...αn...

.

Òîäi ìà¹ ìiñöå ðiâíiñòü

δi1...im(x) = δi1 +
m∑
k=2

bik

k−1∏
j=1

Θij +

(
k∏

j=1

Θij

)
x,

ç ÿêî¨ áà÷èìî, ùî äàíà ôóíêöiÿ ¹ ëiíiéíîþ i ñòðîãî çðîñòàþ÷îþ.
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4.6. Ãðóïà íåïåðåðâíèõ ïåðåòâîðåíü îäèíè÷íîãî iíòåðâàëó,

ÿêi çáåðiãàþòü õâîñòè çîáðàæåííÿ ÷èñåë

Íàãàäà¹ìî, ùî ïåðåòâîðåííÿì ìíîæèíè íàçèâà¹òüñÿ âçà¹ìíîîäíîçíà-

÷íå, òîáòî ái¹êòèâíå, âiäîáðàæåííÿ öi¹¨ ìíîæèíè íà ñåáå. Íåïåðåðâíi ïå-

ðåòâîðåííÿ îäèíè÷íîãî iíòåðâàëó âè÷åðïóþòüñÿ ñòðîãî çðîñòàþ÷èìè òà

ñòðîãî ñïàäíèìè ôóíêöiÿìè, îáëàñòü âèçíà÷åííÿ i ìíîæèíà çíà÷åíü ÿêèõ

ñïiâïàäàþòü ç äàíèì iíòåðâàëîì.

Êàçàòèìåìî, ùî çîáðàæåííÿ B-íåñêií÷åííèõ ÷èñåë x1 = ∆B
α1α2...αn...

i

x2 = ∆B
β1β2...βn...

ìàþòü îäíàêîâèé õâiñò, ÿêùî iñíóþòü íàòóðàëüíi k i m

òàêi, ùî αk+j = βm+j äëÿ âñiõ íàòóðàëüíèõ j, ùî ñèìâîëi÷íî çàïèñó¹òüñÿ

x1 ∽ x2. Ââàæàòèìåìî, ùî óñi B-ñêií÷åííi ÷èñëà ìàþòü îäíàêîâèé õâiñò.

Î÷åâèäíî, ùî áiíàðíå âiäíîøåííÿ ½ìàòè îäíàêîâèé õâiñò� ¹ âiäíîøåí-

íÿì åêâiâàëåíòíîñòi. Êîæåí ç êëàñiâ åêâiâàëåíòíîñòi çà âiäíîøåííÿì ∽

íàçèâà¹òüñÿ õâîñòîâîþ ìíîæèíîþ. Ëåãêî áà÷èòè, õâîñòîâà ìíîæèíà ¹ çëi-

÷åííîþ, à ôàêòîð-ìíîæèíà � êîíòèíóàëüíîþ.

Îçíà÷åííÿ 4.3. Ôóíêöi¹þ, ùî çáåðiãà¹ õâîñòè B-çîáðàæåííÿ ÷èñåë

íàçèâàþòü òàêó ôóíêöiþ, äëÿ ÿêî¨ äëÿ áóäü-ÿêîãî x ∈ (0; 1) i éîìó âiäïî-

âiäíîãî çíà÷åííÿ f(x) âèêîíó¹òüñÿ óìîâà x ∼ f(x), òîáòî iñíóþòü òàêi

íîìåðè k i m, ùî αn+i(x) = αm+i(f(x)), i ∈ N .

Î÷åâèäíî, ùî îïåðàòîðè ëiâîñòîðîííüîãî òà ïðàâîñòîðîííüîãî çñóâiâ ¹

ôóíêöiÿìè, ùî çáåðãiàþòü õâîñòè B-çîáðàæåííÿ ÷èñåë.

Òåîðåìà 4.5. Ìíîæèíà G âñiõ íåïåðåðâíèõ ái¹êöié (ïåðåòâîðåíü) ií-

òåðâàëà (0; 1) â (0; 1), ÿêi çáåðiãàþòü õâîñòè B-çîáðàæåííÿ ÷èñåë, âiäíî-

ñíî îïåðàöi¨ ½êîìïîçèöiÿ ïåðåòâîðåíü� óòâîðþþòü íåñêií÷åííó íåêîìó-

òàòèâíó ãðóïó (ãðóïó íåïåðåðâíèõ ïåðåòâîðåíü, ùî çáåðiãàþòü õâîñòè

B-çîáðàæåííÿ ÷èñåë).

Äîâåäåííÿ. Çàìêíåíiñòü ìíîæèíè G âiäíîñíî îïåðàöi¨ ½êîìïîçèöiÿ ïå-

ðåòâîðåíü� î÷åâèäíà. Òàêîæ î÷åâèäíî, ùî îáåðíåíå ïåðåòâîðåííÿ òåæ çáå-
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ðiãà¹ õâîñòè. Âðàõîâóþ÷è òå, ùî òîòîæíå ïåðåòâîðåííÿ çáåðiãà¹ õâîñòè

B-çîáðàæåííÿ ÷èñåë, äëÿ äîâåäåííÿ òåîðåìè äîñèòü íàâåñòè ïðèêëàä íå-

òðèâiàëüíîãî ïåðåòâîðåííÿ, çàëåæíîãî âiä íàòóðàëüíîãî ïàðàìåòðà i, ÿêå

çáåðiãà¹ õâîñòè i äâîõ ïåðåòâîðåíü, ÿêi íå êîìóòóþòü. Çëi÷åííà ìíîæèíà

íåïåðåðâíèõ ïåðåòâîðåíü, ÿêi çáåðiãàþòü õâîñòè, çàäà¹òüñÿ íàñòóïíîþ ðiâ-

íiñòþ

fi(x) =



x, ÿêùî x ⩽ x1 ≡ ∆B
(0),

ω(x), ÿêùî x1 ⩽ x ⩽ x2 ≡ ∆B
(0i), i ∈ N,

δi(x), ÿêùî x2 ⩽ x ⩽ x3 ≡ ∆B
(i),

x, ÿêùî x ⩾ x3.

Äëÿ îáãðóíòóâàííÿ íåêîìóòàòèâíîñòi ãðóïè G äîñèòü ðîçãëÿíóòè íà-

ñòóïíèé ïðèêëàä.

f1(x) =



x, ÿêùî x ⩽ x1 ≡ ∆B
(0),

ω(x), ÿêùî x1 ⩽ x ⩽ x2 ≡ ∆B
(01),

δ1(x), ÿêùî x2 ⩽ x ⩽ x3 ≡ ∆B
(1),

x, ÿêùî x ⩾ x3,

f2(x) =



x, ÿêùî x ⩽ x1 ≡ ∆B
(0),

ω2(x), ÿêùî x1 ⩽ x ⩽ x2 ≡ ∆B
(011),

δ1(x), ÿêùî x2 ⩽ x ⩽ x3 ≡ ∆B
(1),

x, ÿêùî x ⩾ x3.

f2(f1(∆
B
(010))) = f2(ω(∆

B
(010))) = f2(∆

B
10(010)) = δ1(∆

B
10(010)) = ∆B

110(010),

f1(f2(∆
B
(010))) = f1(ω

2(∆B
(010))) = f1(∆

B
0(010)) = ω(∆B

0(010)) = ∆B
(010).

Çâiäêè áà÷èìî, ùî ïåðåòâîðåííÿ f1 i f2 íå êîìóòóþòü.

Ãðóïè íåïåðåðâíèõ ïåðåòâîðåíü, ùî çáåðiãàþòü õâîñòè iíøèõ çîáðà-

æåíü, ðîçãëÿäàëèñü â ðîáîòi [27].
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4.7. Φ�çîáðàæåííÿ ÷èñåë

×àñòêîâèé âèïàäîê çîáðàæåííÿ, ÿêå ìà¹ äâîñòîðîííüî íåñêií÷åííèé àë-

ôàâiò, áóëî ðîçãëÿíóòî â ðîáîòi Ôåùåíêà Îëåêñiÿ Þðiéîâè÷à [38, 93], ÿêà

ïðèñâÿ÷åíà ïðîáëåìàì òåîði¨ éìîâiðíîñòåé, à ñàìå ñèíãóëÿðíèì ðîçïîäiëàì

éìîâiðíîñòåé.

Óíiêàëüíèì âèïàäêîì B-çîáðàæåííÿ ¹ çîáðàæåííÿ, âèçíà÷åíå îäíi¹þ

îñíîâîþ τ =
√
5−1
2 ≈ 0.62 � çîëîòå âiäíîøåííÿ, ÿêà ¹ äîäàòíèì êîðåíåì

ðiâíÿííÿ x2 + x− 1 = 0. Òîìó

τ = 1− τ 2 > 0, τ 2 = 1− τ, τ + 1 =
1

τ
, τ =

1

τ
− 1;

τ 3 = τ(1− τ) = τ − τ 2 = τ − (1− τ) = 2τ − 1;

τ 4 = ττ 3 = τ(2τ − 1) = 2τ 2 − τ = 2(1− τ)− τ = 2− 3τ ;

τ 5 = ττ 4 = τ(2− 3τ) = 2τ − 3τ 2 = 2τ − 3(1− τ) = 5τ − 3;

τ 6 = ττ 5 = τ(5τ − 3) = 5τ 2 − 3τ = 5(1− τ)− 3τ = 5− 8τ ;

τ 7 = ττ 6 = τ(5− 8τ) = 5τ − 8τ 2 = 5τ − 8(1− τ) = 13τ − 8;

τ 8 = ττ 7 = τ(13τ − 8) = 13τ 2 − 8τ = 13(1− τ)− 8τ = 13− 21τ ;

τ 9 = ττ 8 = τ(13− 21τ) = 13τ − 21τ 2 = 13τ − 21(1− τ) = 34τ − 21;

τ 10 = ττ 9 = τ(34τ − 21) = 34τ 2 − 21τ = 34(1− τ)− 21τ = 34− 55τ ;

τ 2k+1 = u2k+1τ − u2k;

τ 2k = u2k−1 − u2kτ,

äå (un)� n-é ÷ëåí êëàñè÷íî¨ ïîñëiäîâíîñòi Ôiáîíà÷÷i: u1 = 1, u2 = 1,

un+2 = un+1 + un. Òîäi

τ 3 + 2τ 4 + 2τ 5 + · · ·+ 2τn + · · · = τ 3 +
2τ 4

1− τ
= 1;

τ 3 + τ 4 + τ 5 + · · ·+ τn + · · · = τ 3

1− τ
=
τ 3

τ 2
= τ =

√
5− 1

2
=

−∞∑
n=0

τ 3−n;
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τ 4 + τ 5 + · · ·+ τn + · · · = τ 4

1− τ
=
τ 4

τ 2
= τ 2 = 1− τ =

3−
√
5

2
=

∞∑
n=1

τ 3+n;

1 =
0∑

n=−∞
τ 3−n +

∞∑
n=1

τ 3+n ≡
+∞∑

n=−∞
τ 3+|n|,

Φ = {. . . , τn, . . . , τ 5, τ 4, τ 3, τ 4, τ 5, . . . , τn, . . . },

Äâîñòîðîííþ ïîñëiäîâíiñòü Θn âèçíà÷èìî ñèìåòðè÷íîþ, ïîêëàâøè

Θn = Θ−n = τ 3+|n|.

Íåõàé

bn ≡
n−1∑

i=−∞
Θi.

Òîäi bn+1 = bn +Θn i

bn =

τ
2−n, ÿêùî n ⩽ 0,

1− τn+1, ÿêùî n ⩾ 0,

Çîêðåìà, b0 = τ 2 = 1− τ.

Ëåãêî áà÷èòè, ùî

0 < bn−1 < bn < bn+1 < 1,∀n ∈ Z.

Îçíà÷åííÿ 4.4. Ðîçêëàä ÷èñëà x â ñóìó

x = bα1
+

m∑
k=2

(
bαk

k−1∏
i=1

Θαi

)
= bα1

+
m∑
k=2

(
bαk
τ
3(k−1)+

k−1∑
i=1

|αi|
)

≡ ∆Φ
α1α2...αm(∅)

àáî â ðÿä

x = bα1
+

∞∑
k=2

(
bαk

k−1∏
i=1

Θαi

)
= bα1

+
m∑
k=2

(
bαk
τ
3(k−1)+

k−1∑
i=1

|αi|
)

≡ ∆Φ
α1α2...αn...

íàçèâà¹òüñÿ éîãî Φ-ïðåäñòàâëåííÿì, à ñèìâîëi÷íèé çàïèñ ∆Φ
α1α2...αm(∅) àáî

∆Φ
α1...αn...

� éîãî Φ-çîáðàæåííÿì (ñêií÷åííèì àáî íåñêií÷åííèì âiäïîâiä-

íî). Ïðè öüîìó αn íàçèâà¹òüñÿ n-îþ öèôðîþ öüîãî Φ-çîáðàæåííÿ.
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Ç ¹äèíîñòi Φ-çîáðàæåííÿ âèïëèâà¹, ùî öèôðà αn = αn(x) Φ-çîáðàæåííÿ

÷èñëà x ¹ êîðåêòíî îçíà÷åíîþ ôóíêöi¹þ ÷èñëà, ùî çîáðàæà¹òüñÿ.

Îçíà÷åííÿ 4.5. Ìíîæèíà ∆Φ
c1...cm

âñiõ ÷èñåë x ∈ (0; 1), ùî ìàþòü ñêií-

÷åííå àáî íåñêií÷åííå Φ-çîáðàæåííÿ ç ïåðøèìè m-öèôðàìè c1, c2, ..., cm

âiäïîâiäíî, òîáòî

∆Φ
c1...cm

= {x : x = ∆Φ
c1...cmαm+1...αn(∅) àáî x = ∆Φ

c1...cmβ1β2...
, (αm+i) ∈ A, (βn) ∈ L}

íàçèâà¹òüñÿ öèëiíäðîì ðàíãó m ç îñíîâîþ c1c2...cm.

0. Áåçïîñåðåäíüî ç îçíà÷åííÿ âèïëèâàþòü âëàñòèâîñòi öèëiíäðiâ:

∆Φ
c1...cmi ⊂ ∆Φ

c1...cm
; ∆Φ

c1...cm
=

∞⋃
i=−∞

∆Φ
c1...cmi.

1. Ïîðÿäîê ñëiäóâàííÿ öèëiíäðiâ âèçíà÷à¹òüñÿ ðiâíiñòþ

sup∆Φ
c1...cm−1cm

= min∆Φ
c1...cm−1[cm+1].

2. Öèëiíäð ∆Φ
c1...cm

¹ ïiââiäðiçêîì [a; d) ç êiíöÿìè:

a = bc1 +
m∑
k=2

bckτ
3(k−1)+

k−1∑
i=1

|ci|
= ∆Φ

c1...cm(∅),

d = a+ τ
3m+

m∑
i=1

|ci|
= ∆Φ

c1...cm−1[cm+1](∅).

3. Äîâæèíà öèëiíäðà: |∆Φ
c1...cm

| = τ
3m+

m∑
i=1

|ci|
;

4. Îñíîâíå ìåòðè÷íå âiäíîøåííÿ ìà¹ âèãëÿä: |∆Φ
c1...cmi| = τ 3+|i||∆Φ

c1...cm
|.

5. ∀(cm) ∈ L:
∞⋂

m=1
∆Φ

c1...cm
= ∆Φ

c1...cm....

Çàóâàæèìî, ùî öèëiíäðè çàäàþòü ñèñòåìó ïîäðiáíþþ÷èõ ðîçáèòòiâ ií-

òåðâàëà (0; 1) i ðîçêðèâàþòü ãåîìåòðiþ Φ-çîáðàæåííÿ ÷èñåë.

Îïåðàòîð ëiâîñòîðîííüîãî çñóâó Φ−çîáðàæåííÿ ìà¹ âèãëÿä:

ω(∆Φ
α1α2...αn...

) = ∆Φ
α2α3...αn...

=
1

Θα1(x)
·x−

bα1(x)

Θα1(x)
= τ−3−|α1(x)|x−bα1(x)τ

−3−|α1(x)|
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ω(∆Φ
α1α2...αn(∅)) = ∆Φ

α2α3...αn(∅).

Âií ¹ êóñêîâî-ëiíiéíîþ ôóíêöi¹þ, ÿêà ¹ ëiíiéíîþ íà êîæíîìó öèëiíäði

1-ãî ðàíãó, çîêðåìà íà öèëiíäði ∆Φ
0 âîíà ìà¹ âèãëÿä:

ω(x) =
1

τ 3
x+

τ 2

τ 3
=

1

τ 3
x+

1

τ
=

1

τ 3
x+ (τ + 1) =

1

(2τ − 1)
x+ (τ + 1).

Îïåðàòîð ïðàâîñòîðîííüîãî çñóâó ç ïàðàìåòðîì i ìà¹ âèðàç:

δi(x = ∆Φ
α1α2...

) = ∆Φ
iα1α2...

= bi +Θi · x = bi + τ 3+|i|x;

δi(x = ∆Φ
α1α2...αn(∅)) = ∆Φ

iα1α2...αn(∅),

òî ôóíêöiÿ δi(x) ¹ ëiíiéíîþ i çðîñòàþ÷îþ íà âñiîìó iíòåðâàëi (0; 1).

Iíâåðñîðîì öèôð Φ-çîáðàæåííÿ ÷èñåë íàçèâà¹òüñÿ ôóíêöiÿ I, îçíà÷åíà

ðiâíîñòÿìè:

I(∆Φ
α1α2...αn...

) = ∆Φ
[−α1][−α2]...[−αn]...

, I(∆Φ
α1α2...αn(∅)) = ∆Φ

[−α1][−α2]...[−αn](∅).

Ëåìà 4.1. Iíâåðñîð I öèôð Φ-çîáðàæåííÿ ÷èñåë ìà¹ âëàñòèâîñòi:

1) I(∆(0)) =
1
2 ;

2) ¹ íåïåðåðâíîþ ñòðîãî ñïàäíîþ ôóíêöi¹þ.

Äîâåäåííÿ. 1) Ñïðàâäi,

I(∆Φ
(0)) = b0+b0Θ0+b0Θ

2
0+· · · = b0

1−Θ0
=

τ 2

1− τ 3
=

1− τ

1− 2τ + 1
=

1

2
.

2) Ðîçãëÿíåìî äîâiëüíó òî÷êó x0 ∈ (0; 1). Íåõàé x0 = ∆Φ
c1c2...cn...

,

x0 ̸= x = ∆Φ
α1α2...αn...

. Òîäi iñíó¹ m òàêå, ùî αm ̸= cm, àëå αi = ci,

i < m. Òîäi

|f(∆Φ
α1α2...αn...

)− f(∆Φ
c1c2...n...

)| =

= |ωm(x)− ωm(x0)|
m∏
i=1

Θαi
→ 0 (m→ ∞ ⇐⇒ x→ x0),

îñêiëüêè |ωm(x)− ωm(x0)| < 1.
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Äîâåäåìî ìîíîòîííiñòü ôóíêöi¨. Íåõàé x1 < x2 i

x1 = ∆Φ
α1α2...αn...

, x2 = ∆Φ
β1β2...βn...

.

Îñêiëüêè x1 < x2, òî iñíó¹ m òàêå, ùî αm < βm i αj = βj ïðè j < m. Òîäi

I(x1) = ∆Φ
γ1...γm−1γmγm+1...

, I(x2) = ∆Φ
γ1...γm−1γ

′
mγ

′
m+1...

,

γm = −αm > −βm = γ
′

m+1. Òîìó I(x1) > I(x2). Îòæå, ôóíêöiÿ I ¹ ñòðîãî

ñïàäíîþ.
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Âèñíîâêè äî ðîçäiëó 4

Ó ðîçäiëi 4, ÿêèé ¹ îäíèì iç îñíîâíèõ, îáãðóíòîâàíî íîâå ìóëüòèîñíîâíå

B-çîáðàæåííÿ ÷èñåë iíòåðâàëó (0; 1) ç äâîñòîðîííüî íåñêií÷åííèì àëôàâi-

òîì i ðîçãëÿíóòî éîãî ÷àñòèííèé âèïàäîê � Φ-çîáðàæåííÿ, ÿêå âèçíà÷à¹-

òüñÿ îäíi¹þ iððàöiîíàëüíîþ îñíîâîþ. Îïèñàíî ãåîìåòðè÷íi âëàñòèâîñòi ââå-

äåíèõ çîáðàæåíü (ç'ÿñîâàíî ãåîìåòðè÷íèé çìiñò öèôð, îïèñàíî âëàñòèâîñòi

öèëiíäðè÷íèõ òà õâîñòîâèõ ìíîæèí), âèâåäåíî ìåòðè÷íi ñïiââiäíîøåííÿ i

ðîçâ'ÿçàíî êiëüêà çàäà÷ ïðî ìiðó Ëåáåãà ìíîæèí ÷èñåë ç îáìåæåííÿìè

íà âæèâàííÿ öèôð, çîêðåìà âèâåäåíî íîðìàëüíi âëàñòèâîñòi ÷èñåë çà ¨õ

B-çîáðàæåííÿì. Îòðèìàíî âèðàçè äëÿ îïåðàòîðiâ ëiâîñòîðîííüîãî òà ïðà-

âîñòîðîííüîãî çñóâiâ. Äîâåäåíî, ùî ìíîæèíà âñiõ íåïåðåðâíèõ ïåðåòâîðåíü

îäèíè÷íîãî ïðîìiæêà, ÿêi çáåðiãàþòü õâîñòè B-çîáðàæåííÿ ÷èñåë óòâîðþ-

þòü íåñêií÷åííó íåêîìóòàòèâíó ãðóïó.

Îñíîâíèìè ðåçóëüòàòè öüîãî ðîçäiëó ¹ òåîðåìè 4.1, 4.2, 4.3, 4.4, 4.5 òà

íàñëiäêè ç íèõ 4.1, 4.2.

Âñi îá'¹êòè i ðåçóëüòàòè öüîãî ðîçäiëó ¹ íîâèìè òà âèíîñÿòüñÿ íà çàõèñò.

Âîíè îïóáëiêîâàíi ó ðîáîòàõ [20, 74].
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ÐÎÇÄIË 5

ÍÅÏÅÐÅÐÂÍI ËÎÊÀËÜÍÎ ÑÊËÀÄÍI ÔÓÍÊÖI�,

ÏÎÂ'ßÇÀÍI Ç B-ÇÎÁÐÀÆÅÍÍßÌ ×ÈÑÅË.

Ó öüîìó ðîçäiëi ââàæà¹òüñÿ B-çîáðàæåííÿ ÷èñåë iíòåðâàëó (0;1) ôi-

êñîâàíèì. Â íüîìó âèâ÷àþòüñÿ íåïåðåðâíi ôóíêöi¨ ç ëîêàëüíî ñêëàäíè-

ìè òîïîëîãî-ìåòðè÷íèìè âëàñòèâîñòÿìè, ÿêi âèçíà÷àþòüñÿ ó òåðìiíàõ B-

çîáðàæåííÿ àðãóìåíòà. Ñåðåä íèõ ôóíêöi¨ ìîíîòîííi, íiäå íå ìîíîòîííi i

òàêi, ùî íå ìàþòü ïðîìiæêiâ ìîíîòîííîñòi, îêðiì ïðîìiæêiâ ñòàëîñòi. Äî-

ñëiäæóþòüñÿ ñòðóêòóðíi, âàðiàöiéíi, iíòåãðî-äèôåðåíöiàëüíi òà ôðàêòàëüíi

âëàñòèâîñòi ôóíêöié, óâàãà ïðèäiëåíà i ôóíêöiÿì êàíòîðiâñüêîãî òèïó.

5.1. Îçíà÷åííÿ êëàñó ôóíêöié

Íåõàé íåñêií÷åííà ìàòðèöÿ ||pik|| (∀i ∈ Z, ∀k ∈ N) çàäîâîëüíÿ¹ óìîâè:

1) |pik| < 1 ∀i ∈ Z, ∀k ∈ N ;

2)
∑
i∈Z

pik = 1 ∀k ∈ N ;

3) 0 <
∞∑
k=2

k−1∏
j=1

pijj <∞ ∀ij ∈ Z;

4) 0 < σik ≡
i−1∑

j=−∞
pjk < 1 ∀i ∈ Z, ∀k ∈ N.

Îçíà÷èìî ôóíêöiþ f íà iíòåðâàëi (0; 1) ðiâíîñòÿìè:
f(x = ∆B

i1...ik...
) = σi11 +

∞∑
k=2

σikk
k−1∏
j=1

pijj ≡ ∆f
i1...ik...

,

f(x = ∆B
i1...im(∅)) = σi11 +

m∑
k=2

σikk
k−1∏
j=1

pijj ≡ ∆f
i1...im(∅).

(5.1)

Êîðåêòíiñòü îçíà÷åííÿ ôóíêöi¨ f ðiâíîñòÿìè (5.1) ¹ íàñëiäêîì ¹äèíîñòi B-

çîáðàæåííÿ ÷èñåë i óìîâ 1) � 4), ùî ãàðàíòóþòü çáiæíiñòü ðÿäó (5.1). ßêùî
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pik = Θi äëÿ âñiõ ∀i ∈ Z, ∀k ∈ N , òî f(x) = x.

5.2. Íåïåðåðâíiñòü ôóíêöié

Òåîðåìà 5.1. Ôóíêöiÿ f , îçíà÷åíà ðiâíiñòþ (5.1), íåïåðåðâíà â êî-

æíié òî÷öi îáëàñòi âèçíà÷åííÿ.

Äîâåäåííÿ. Îñêiëüêè ôóíêöiÿ f âèçíà÷åíà â êîæíié òî÷öi iíòåðâàëó

(0; 1), òî ¨¨ íåïåðåðâíiñòü ó òî÷öi x0 ∈ (0; 1) ðiâíîñèëüíà ðiâíîñòi

lim
x→x0

|f(x)− f(x0)| = 0.

1. Íåõàé x0 = ∆B
c1...cn...

� B-íåñêií÷åííà òî÷êà, x0 ̸= x = ∆B
α1...αn...

. Òîäi

iñíó¹ m ∈ N òàêå, ùî αm ̸= cm, àëå αi = ci ïðè i < m. Ðîçãëÿíåìî ìîäóëü

ðiçíèöi

|f(x)−f(x0)| = |
m−1∏
i=1

pcii||(σαmm+
∞∑

k=m+1

σαkk

k−1∏
j=m

pαjj−σcmm−
∞∑
k=2

σckk

k−1∏
j=m

pαjj)|.

Îñêiëüêè âèðàç ïiä îñòàííiì ìîäóëåì ¹ ðiçíèöåþ äâîõ ÷èñåë ç iíòåðâàëó

(0; 1), òî éîãî çíà÷åííÿì ¹ ÷èñëî, ìîäóëü ÿêîãî íå ïåðåâèùó¹ 1.

Âðàõîâóþ÷è, ùî ç óìîâè 3) äëÿ ìàòðèöi ||pik|| âèïëèâà¹ óìîâà

m−1∏
k=1

pikk → 0(m→ ∞), ∀(ik) ∈ L,

áà÷èìî, ùî

|f(x)− f(x0)| → 0 (m→ ∞ ⇔ x→ x0).

Îòæå, ôóíêöiÿ f íåïåðåðâíà ó òî÷öi x0.

2. Íåõàé x0 = ∆B
c1...cm(∅) � B-ñêií÷åííà òî÷êà, x→ x0 − 0. Äëÿ ÷èñåë

x < x0, äîñòàòíüî áëèçüêèõ äî x0, ìà¹ìî x = ∆B
c1...cm−1[cm−1]αm+1αm+2...

,

ïðè÷îìó óìîâà x→ x0 ðiâíîñèëüíà óìîâi αm+1 → ∞. Ðîçãëÿíåìî ðiçíèöþ

|f(x)− f(x0)| = |
m−1∏
i=1

pci| × C, (5.2)
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äå C = |σ[cm−1]m + p[cm−1]m

∞∑
k=m+1

σαkk

k−1∏
i=m

pαii − σcmm| =

= |σ[cm−1]m + p[cm−1]mσαm+1[m+1] + pαmmpαm+1[m+1]

∞∑
k=m+2

σαkk

k−1∏
i=m+1

pαii −

− σcmm| → 0, îñêiëüêè σαm+1[m+1] → 1 ïðè αm+1 → ∞.

3. Íåõàé x0 = ∆B
c1...cm(∅) � B-ñêií÷åííà òî÷êà,

x→ x0 + 0, x = ∆B
c1...cmαm+1αm+2...

i αm+1 → −∞.

Ðîçãëÿíåìî ðiçíèöþ |f(x)− f(x0)| = |
m∏
i=1

pcii| × C,

äå C = |σ[cm−1]m + p[cm−1]m

∞∑
k=m+1

σαkk

k−1∏
i=m

pαii − σcmm| =

= |σ[cm−1]m + p[cm−1]mσαm+1[m+1] + pαmmpαm+1[m+1]

∞∑
k=m+2

σαkk

k−1∏
i=m+1

pαii −

− σcmm| → 0, îñêiëüêè σαm+1[m+1] → 1 ïðè αm+1 → ∞. Îòæå, f íåïåðåðâíà

ó êîæíié òî÷öi iíòåðâàëó (0; 1).

5.3. Ôóíêöi¨ êàíòîðiâñüêîãî òèïó

Ìíîæèíîþ ñòàëîñòi ôóíêöi¨ íàçèâà¹òüñÿ îá'¹äíàííÿ âñiõ ¨¨ iíòåðâàëiâ

ñòàëîñòi. Ìíîæèíîþ íåñòàëîñòi ôóíêöi¨ íàçèâà¹òüñÿ äîïîâíåííÿ ìíîæè-

íè ñòàëîñòi äî âñi¹¨ îáëàñòi âèçíà÷åííÿ.

Êàæóòü, ùî âèçíà÷åíà i íåïåðåðâíà íà ïðîìiæêó ôóíêöiÿ, âiäìiííà âiä

êîíñòàíòè, ìà¹ êàíòîðiâñüêèé òèï, ÿêùî ñóìàðíà äîâæèíà ¨¨ iíòåðâàëiâ ñòà-

ëîñòi äîðiâíþ¹ äîâæèíi îáëàñòi âèçíà÷åííÿ (ïðîìiæêà) [40]. Êîæíà ôóí-

êöiÿ êàíòîðiâñüêîãî òèïó ¹ ñèíãóëÿðíîþ, òîáòî íåïåðåðâíîþ ôóíêöi¹þ, ïî-

õiäíà ÿêî¨ ðiâíà íóëþ ìàéæå ñêðiçü ó ðîçóìiííi ìiðè Ëåáåãà. Íàéïðîñòiøèì

ïðèêëàäîì òàêî¨ ôóíêöi¨ ¹ êëàñè÷íà ôóíêöiÿ Êàíòîðà, âïåðøå ðîçãëÿíóòà

À. Ëåáåãîì.

Çàóâàæèìî, ùî ôóíêöiÿ êàíòîðiâñüêîãî òèïó ìîæå áóòè ìîíîòîííîþ

(íå ñïàäíîþ, àáî íå çðîñòàþ÷îþ); íåìîíîòîííîþ i íiäå íå ìîíîòîííîþ, êðiì

ïðîìiæêiâ ñòàëîñòi; ìàòè ÿê îáìåæåíó, òàê i íåîáìåæåíó âàðiàöiþ.

Ìè êàæåìî, ùî ôóíêöiÿ ìà¹ êâàçiêàíòîðiâñüêèé òèï, ÿêùî ¨¨ ìíîæèíà
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íåñòàëîñòi (çîêðåìà ìíîæèíà òî÷îê ðîñòó äëÿ íåñïàäíèõ ôóíêöié) ¹ íiäå íå

ùiëüíîþ, àëå ìà¹ äîäàòíó ìiðó Ëåáåãà, òîäi ÿê äëÿ ôóíêöié êàíòîðiâñüêîãî

òèïó âîíà ìà¹ íóëüîâó ìiðó Ëåáåãà.

Ëåìà 5.1. ßêùî îäèí iç åëåìåíòiâ ìàòðèöi ||pik||, à ñàìå pcm = 0, òî

ôóíêöiÿ f ¹ ñòàëîþ íà êîæíîìó öèëiíäði ∆B
c1c2...cm−1c

, äå c1, c2, . . . , cm−1 �

äîâiëüíi öèôðè àëôàâiòó.

Äîâåäåííÿ. Ñïðàâäi, ÿêùî x ∈ ∆B
c1...cm−1c

= [a, d), äå

a = bc1 +
m−1∑
k=2

bck

k−1∏
i=1

Θci + bc

m−1∏
i=1

Θci, d = a+Θc

m−1∏
i=1

Θi,

òî äëÿ

x = ∆B
c1...cm−1cα1α2...

, f(x) = f(a) + 0,

îñêiëüêè

pc

m−1∏
i=1

pci = 0, a = ∆B
c1...cm−1c(∅)

i f(x) = f(a).

Íàñëiäîê 5.1. ßêùî â ìàòðèöi ||pik|| íåìà¹ íóëiâ, òîáòî pik ̸= 0 äëÿ

áóäü-ÿêèõ i ∈ Z, k ∈ N , òî ôóíêöiÿ f íå ìà¹ iíòåðâàëiâ ñòàëîñòi.

Ëåìà 5.2. Ïðèðiñò µf(∆
B
c1...cm

) ≡ f(d) − f(a) ôóíêöi¨ f íà öèëiíäði

∆B
c1...cm

= [a; d) îá÷èñëþ¹òüñÿ çà ôîðìóëîþ µf(∆
B
c1...cm

) =
m∏
i=1

pcii.

Äîâåäåííÿ. Îñêiëüêè

a = bc1 +
m∑
k=2

bck

k−1∏
i=1

Θci = ∆B
c1...cm(∅), d = a+

m∏
i=1

Θci = ∆B
c1...cm−1[cm+1](∅),

òî âðàõîâóþ÷è íåïåðåðâíiñòü ôóíêöi¨ i òå, ùî σ[cm+1]m−σcmm = pcmm, ìà¹ìî

f(d)− f(a) = (
m−1∏
i=1

pcii)
(
σ[cm+1]m − σcmm

)
=

m∏
i=1

pcii.

Íàñëiäîê 5.2. ßêùî pcii ̸= 0 äëÿ âñiõ i ⩽ m, òî ïðèðiñò ôóíêöi¨ f íà

öèëiíäði ∆B
c1...cm

¹ àáî äîäàòíèì, àáî âiä'¹ìíèì, ïðè÷îìó äîäàòíèì, ÿêùî
m∏
i=1

pcii > 0, i âiä'¹ìíèé â ïðîòèëåæíîìó âèïàäêó.
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Íàñëiäîê 5.3. ßêùî ìàòðèöÿ ||pik|| íå ìà¹ âiä'¹ìíèõ åëåìåíòiâ, òî

f ¹ íåñïàäíîþ ôóíêöi¹þ íà iíòåðâàëi (0; 1), òàêîþ, ùî f(0) = 0, f(1) = 1,

ïðè÷îìó ñòðîãî çðîñòàþ÷îþ, ÿêùî ìàòðèöÿ íå ìiñòèòü íóëiâ.

Òåîðåìà 5.2. Ìiðà Ëåáåãà λ(Sf) ìíîæèíè Sf íåñòàëîñòi ôóíêöi¨ f

îá÷èñëþ¹òüñÿ çà ôîðìóëîþ:

λ(Sf) =
∞∏
k=1

λ(Fk)

λ(Fk−1)
=

∞∏
k=1

(
1− λ(F k)

λ(Fk−1)

)
=

∞∏
k=1

(1−Wk) , (5.3)

äå F0 = [0; 1], Fk � öå îá'¹äíàííÿ âñiõ B-öèëiíäðiâ ðàíãó k, ÿêi ìiñòÿòü

öèëiíäðè âèùèõ ðàíãiâ ç íåíóëüîâèìè ïðèðîñòàìè ôóíêöi¨ f ,

F k ≡ Fk−1 \ Fk, Wk =
∑

i:pik=0

Θi.

Äîâåäåííÿ. Î÷åâèäíî, ùî Sf ⊂ Fk+1 ⊂ Fk ∀ k ∈ N i

Sf =
∞⋂
k=1

Fk = lim
k→∞

Fk.

Iç-çà âèìiðíîñòi Sf i íåïåðåðâíîñòi ìiðè Ëåáåãà ìà¹ìî

λ(Sf) = lim
k→∞

λ(Fk) =
∞∏
k=1

λ(Fk)

λ(Fk−1)
.

Îñêiëüêè Fk = Fk−1 \ F k, òî ìà¹ ìiñöå ïåðåäîñòàííÿ ç ðiâíîñòåé (5.3), àëå
λ(F k)
λ(Fk−1)

= Wk, à òîìó âèêîíó¹òüñÿ îñòàííÿ ç ðiâíîñòåé (5.3).

Íàñëiäîê 5.4. λ(Sf) = 0 ⇔
∞∑
k=1

λ(F k)
λ(Fk−1)

=
∞∑
k=1

Wk = ∞.

Òåîðåìà 5.3. Ôóíêöiÿ f ¹ ñèíãóëÿðíîþ ôóíêöi¹þ êàíòîðiâñüêîãî òè-

ïó òîäi i ëèøå òîäi, êîëè íåñêií÷åííà êiëüêiñòü ñòîâïöiâ ìàòðèöi ||pik||
ìiñòÿòü íóëi i ïðè öüîìó ∑

k∈N

Wk = ∞.

Äîâåäåííÿ. Öå òâåðäæåííÿ âèïëèâà¹ ç îçíà÷åííÿ ôóíêöi¨ êàíòîðiâñüêî-

ãî òèïó, ïîïåðåäíüîãî òâåðäæåííÿ i âiäîìîãî âçà¹ìîçâ'ÿçêó ìiæ çáiæíiñòþ

(ðîçáiæíiñòþ) íåñêií÷åííèõ äîáóòêiâ i ðÿäiâ.
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Íàñëiäîê 5.5. ßêùî pikk = 0, pjk ̸= 0 ïðè j ̸= ik i Θik <
1
k2 äëÿ áóäü-

ÿêîãî k, òî ðÿä
∑
k∈N

Wk çáiãà¹òüñÿ i f ¹ ôóíêöi¹þ êâàçiêàíòîðiâñüêîãî

òèïó.

Íàñëiäîê 5.6. ßêùî âñi ñòîâïöi ìàòðèöi îäíàêîâi, òîáòî pik = pi

äëÿ áóäü-ÿêîãî k ∈ N , i iñíó¹ ïðèíàéìi îäèí åëåìåíò ðiâíèé íóëþ (íåõàé

pm = 0), òî f ¹ ôóíêöi¹þ êàíòîðiâñüêîãî òèïó.

5.4. Ðîçïîäiëè çíà÷åíü ôóíêöié êàíòîðiâñüêîãî òèïó

Íåõàé ζ = ∆B
ζ1ζ2...ζn...

� âèïàäêîâà âåëè÷èíà ç íåçàëåæíèìè îäíàêîâî

ðîçïîäiëåíèìè öèôðàìè B-çîáðàæåííÿ: P{ζn = i} = qi ⩾ 0,
∑
i∈Z

qi = 1.

Ëåãêî äîâåñòè, ùî ζ ìà¹ ÷èñòèé ëåáåãiâñüêèé òèï ðîçïîäiëó: ÷èñòî äèñ-

êðåòíèé, ÷èñòî àáñîëþòíî íåïåðåðâíèé, ÷èñòî ñèíãóëÿðíî íåïåðåðâíèé (çà-

ãàëüíà ñõåìà äîâåäåííÿ öüîãî íàâåäåíà ó ðîáîòi [65]), ïðè÷îìó ÷èñòî äèñ-

êðåòíèé ðîçïîäië � òîäi i ëèøå òîäi, êîëè max{qi} = 1. Ïðè max{qi} ≠ 1

ðîçïîäië ζ ¹ ÷èñòî íåïåðåðâíèì, ïðè÷îìó

� ðiâíîìiðíèì íà (0; 1), êîëè qk = Θk ∀k ∈ Z,

� ñèíãóëÿðíèì ðîçïîäiëîì êàíòîðiâñüêîãî, êîëè iñíó¹ qi = 0,

� ñèíãóëÿðíèì ðîçïîäiëîì ñàëåìiâñüêîãî òèïó, ÿêùî qk > 0 ∀k ∈ Z òà

iñíó¹ pi ̸= Θi.

Äàëi âèêëþ÷èìî ç ðîçãëÿäó âèïàäîê äèñêðåòíîñòi ðîçïîäiëó ζ.

Ëåìà 5.3. ßêùî f � ôóíêöiÿ êàíòîðiâñüêîãî òèïó, à ζ � âèïàäêîâà

âåëè÷èíà ç íåçàëåæíèìè îäíàêîâî ðîçïîäiëåíèìè öèôðàìè B-çîáðàæåííÿ,

òî òî÷êà

y∗ = f(∆B
c1...cm−1i(∅)), äå pckk ̸= 0 ̸= qck, k = 1,m− 1, pim = 0 ̸= qi, (5.4)

¹ àòîìîì ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè Y = f(ζ), ìàñà ÿêîãî äîðiâíþ¹

çíà÷åííþ âèðàçó qi
m−1∏
k=1

qck = P{ζ ∈ ∆B
c1...cm−1i

}.
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Äîâåäåííÿ. ßêùî pckk ̸= 0, êîëè k ∈ {1, 2, ...,m−1}, i pim = 0, òî çãiäíî

ç ëåìîþ 5.1 ôóíêöiÿ f ¹ ñòàëîþ íà öèëiíäði ∆B
c1...cm−1i

. Ðàçîì ç öèì

P{ξ ∈ ∆B
c1...cm−1i

} = qi

m−1∏
k=1

qck > 0.

Çîêðåìà, ÿêùî ζ ìà¹ ðiâíîìiðíèé ðîçïîäië, òî

P{ζ ∈ ∆B
c1...cmi} = |∆B

c1...cmi| = Θi

m∏
j=1

Θcj .

Òîäi äëÿ áóäü-ÿêîãî x ∈ ∆B
c1...cm−1i

, f(x = ∆B
c1...cm−1i(∅)) = y∗. Òîìó

P{Y = y∗} = P{ζ ∈ ∆B
c1...cm−1i

} > 0.

Îòæå, y∗ ¹ àòîìîì ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè Y ç âêàçàíîþ ìàñîþ.

Íàñëiäîê 5.7. ßêùî f � ôóíêöiÿ ðîçïîäiëó êàíòîðiâñüêîãî òèïó, à

ζ � íåïåðåðâíà âèïàäêîâà âåëè÷èíà ç íåçàëåæíèìè îäíàêîâî ðîçïîäiëå-

íèìè öèôðàìè B-çîáðàæåííÿ, òî òî÷êîâèé ñïåêòð (ìíîæèíà àòîìiâ)

âèïàäêîâî¨ âåëè÷èíè Y = f(ζ) óòâîðþþòü òî÷êè âèäó y∗.

Ââåäåìî ïîçíà÷åííÿ A0k ≡ {i : pik ̸= 0 ̸= qi}, A1k ≡ {i : pik = 0 ̸= qi},∑
i∈A0k

qi ≡ Qk,
∑

i∈A1k

qi ≡ Gk, k ∈ N .

Òåîðåìà 5.4. ßêùî f � ôóíêöiÿ ðîçïîäiëó êàíòîðiâñüêîãî (àáî êâàçi-

êàíòîðiâñüêîãî) òèïó, à ζ � íåïåðåðâíà âèïàäêîâà âåëè÷èíà ç íåçàëåæíè-

ìè îäíàêîâî ðîçïîäiëåíèìè öèôðàìè B-çîáðàæåííÿ, ïðè÷îìó P{ζn =

= i} = qi > 0,
∑
i∈Z

qi = 1, òî âèïàäêîâà âåëè÷èíà Y = f(ζ) ìà¹ ÷èñòî

äèñêðåòíèé ðîçïîäië òîäi i ëèøå òîäi, êîëè

G ≡
∞∑
k=1

Gk

k−1∏
i=1

Qi = 1, (5.5)

qk = Θk ∀k ∈ Z, àòîìàìè ÿêîãî ¹ êîæíà ç òî÷îê âèäó

y = f(∆B
c1...cm−1i(∅)), äå pckk ̸= 0 ̸= qck, k = 1,m− 1, pim = 0 ̸= qi, (5.6)
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ìàñà àòîìà ÿêî¨ äîðiâíþ¹ qi
m−1∏
k=1

qck. Ó ðåøòi âèïàäêiâ ðîçïîäië Y ¹ íåòðè-

âiàëüíîþ ñóìiøøþ äèñêðåòíîãî òà íåïåðåðâíîãî ðîçïîäiëiâ.

Äîâåäåííÿ. Îñêiëüêè f � ôóíêöiÿ ðîçïîäiëó êàíòîðiâñüêîãî (êâàçiêàí-

òîðiâñüêîãî) òèïó, òî âîíà ìîíîòîííà i ìà¹ íåñêií÷åííó êiëüêiñòüB-öèëiíäðiâ

ñòàëîñòi, ïðè÷îìó ðiçíèõ ðàíãiâ. Iç-çà íåïåðåðâíîñòi ðîçïîäiëó ζ àòîìè â

ðîçïîäiëi âèïàäêîâî¨ âåëè÷èíè Y ìîæóòü ç'ÿâèòèñü ëèøå çà ðàõóíîê ií-

òåðâàëiâ ñòàëîñòi ôóíêöi¨ f . Òîìó ðîçïîäië âèïàäêîâî¨ âåëè÷èíè Y ìà¹

íåñêií÷åííó êiëüêiñòü àòîìiâ çãiäíî ç ëåìîþ 5.6 ëèøå ó âèïàäêó, êîëè ó

ïîñëiäîâíîñòi A0n íåñêií÷åííà êiëüêiñòü íåïîðîæíiõ ìíîæèí. I ëèøå â òî-

ìó âèïàäêó, êîëè ñóìà G ìàñ âñiõ àòîìiâ äîðiâíþ¹ 1, ðîçïîäië âèïàäêîâî¨

âåëè÷èíè Y áóäå ÷èñòî äèñêðåòíèì, à öå áóäå òîäi, êîëè âèêîíó¹òüñÿ óìî-

âà (5.5).

Îêðåìî ðîçãëÿíåìî âèïàäîê, êîëè ζ ìà¹ ðiâíîìiðíèé ðîçïîäië. ßêùî f

� ôóíêöiÿ êàíòîðiâñüêîãî òèïó, òî qi = Θi ∀i ∈ Z,

P{ζ ∈ ∆B
c1...cmi} = |∆B

c1...cmi| = Θi

m∏
j=1

Θcj .

Òîäi çà äàíèõ óìîâ äëÿ áóäü-ÿêîãî x ∈ ∆B
c1...cm−1i

, f(x = ∆B
c1...cm−1i(∅)) = y0.

Òîìó

P{Y = y0} = P{X ∈ ∆B
c1...cm−1i

} = |∆B
c1...cm−1i

| = Θi

m−1∏
j=1

Θcj .

Îòæå, y0 ¹ àòîìîì ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè Y ç âêàçàíîþ ìàñîþ.

Âðàõîâóþ÷è êàíòîðîâiñòü ôóíêöi¨ f , à ñàìå òå, ùî ñóìàðíà äîâæèíà âñiõ ¨¨

iíòåðâàëiâ ñòàëîñòi äîðiâíþ¹ 1, ðîáèìî âèñíîâîê, ùî ðîçïîäië Y ÷èñòî äèñ-

êðåòíèé. Íåõàé òåïåð f � ôóíêöiÿ êâàçiêàíòîðiâñüêîãî òèïó. Àíàëîãi÷íî

äî ïîïåðåäíüîãî âèïàäêó ôîðìó¹òüñÿ ¨¨ òî÷êîâèé ñïåêòð. Àëå ñóìà äîâæèí

iíòåðâàëiâ ñòàëîñòi ôóíêöi¨ ìåíøà 1, òîìó ñóìà ìàñ âñiõ àòîìiâ àâòîìàòè-

÷íî ìåíøà 1. Îòæå, ðîçïîäië Y ¹ íåòðèâiàëüíîþ ñóìiøøþ äèñêðåòíîãî i

íåïåðåðâíîãî ðîçïîäiëiâ.
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5.5. Íiäå íå ìîíîòîííi ôóíêöi¨

Òåîðåìà 5.5. Ôóíêöiÿ f ¹ íiäå íå ìîíîòîííîþ òîäi i ëèøå òîäi, êî-

ëè ñåðåä åëåìåíòiâ ìàòðèöi ||pik|| íåìà¹ íóëiâ i íåñêií÷åííà êiëüêiñòü ¨¨
ñòîâïöiâ ìiñòÿòü âiä'¹ìíi åëåìåíòè.

Äîâåäåííÿ. Ñïî÷àòêó äîâåäåìî, ùî êîëè ìàòðèöÿ íå ìà¹ íóëüîâèõ åëå-

ìåíòiâ i íåñêií÷åííà êiëüêiñòü ¨¨ ñòîâïöiâ ìiñòèòü âiä'¹ìíi åëåìåíòè, òî ôóí-

êöiÿ f íiäå íå ìîíîòîííà.

Îñêiëüêè â ìàòðèöi ||pik|| íóëiâ íåìà¹, òî çãiäíî ç íàñëiäêîì ç ëåìè 5.2

ôóíêöiÿ f íå ìà¹ iíòåðâàëiâ ñòàëîñòi. Çàëèøà¹òüñÿ äîâåñòè, ùî f íå ìà¹

iíòåðâàëiâ ìîíîòîííîñòi. Îñêiëüêè äëÿ áóäü-ÿêîãî iíòåðâàëà (a; b) ⊂ (0; 1)

ëåãêî âêàçàòè B-öèëiíäð, ÿêèé öiëêîì íàëåæèòü äàíîìó iíòåðâàëó, òî äëÿ

äîâåäåííÿ âêàçàíîãî òâåðäæåííÿ äîñèòü ïîêàçàòè, ùî ôóíêöiÿ íå ¹ ìîíî-

òîííîþ íà áóäü-ÿêîìó B-öèëiíäði.

Íåõàé ∆B
c1...cm

� äîâiëüíèé öèëiíäð ðàíãó m i pik < 0, äå k > m. Ïðèðiñò

ôóíêöi¨ íà B-öèëiíäði ∆B
c1...cm...ck−1c

= [a1; d1) âèðàæà¹òüñÿ

f(d1)− f(a1) = pck

k−1∏
j=1

pcjj,

à íà B-öèëiíäði ∆B
c1...cm...ck−1cck+1...cn−1i

= [a2; d2), äå pin < 0, ïðè÷îìó pjs > 0

äëÿ áóäü-ÿêèõ j ∈ Z i k < s < n ìà¹ âèãëÿä

f(d2)− f(a2) =

(
k−1∏
j=1

pcjj

)
pck

 n−1∏
j=k+1

pcjj

 pin. (5.7)

Îñêiëüêè [a2; d2) ⊂ [a1; d1), à
n−1∏

j=k+1

pcjj > 0 (äî ðå÷i ïðè n = k + 1 öåé ìíî-

æíèê ó äîáóòêó (5.7) ïðîñòî âiäñóòíié), òî ïðèðîñòè ôóíêöi¨ íà âêàçàíèõ

öèëiíäðàõ, ÿêi íàëåæàòü öèëiíäðó ∆B
c1...cm

, ìàþòü ïðîòèëåæíi çíàêè.

Òàêèì ÷èíîì, ôóíêöiÿ íà B-öèëiíäði ∆B
c1...cm

íå ¹ ìîíîòîííîþ, à îòæå,

¹ íiäå íå ìîíîòîííîþ â ñèëó äîâiëüíîñòi âèáîðó öüîãî B-öèëiíäðà.
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Íåõàé f � íiäå íå ìîíîòîííà ôóíêöiÿ. ßêùî ïðèïóñòèòè, ùî ñåðåä

åëåìåíòiâ ìàòðèöi ||pik|| ¹ íóëi (íåõàé pcs = 0), òî çãiäíî ç ëåìîþ 5.1 ôóí-

êöiÿ ìà¹ ïðîìiæêè ñòàëîñòi, ùî ñóïåðå÷èòü ¨¨ íiäå íå ìîíîòîííîñòi. Îòæå,

íóëüîâi åëåìåíòè ó ìàòðèöi ||pik|| âiäñóòíi.
Ïðèïóñòèìî òåïåð, ùî ëèøå ñêií÷åííà êiëüêiñòü ñòîâïöiâ ìàòðèöi ìà-

þòü âiä'¹ìíi åëåìåíòè i pik > 0 ∀i ∈ Z, k > k0. Òîäi çãiäíî ç íàñëiäêîì 5.5

ç ëåìè 5.2 íà êîæíîìó öèëiíäði ðàíãó k ôóíêöiÿ f ¹ ìîíîòîííîþ. Ó öüîìó

âèïàäêó âîíà ¹ êóñêîâî-ìîíîòîííîþ, ùî çíîâó ñóïåðå÷èòü óìîâi íiäå íå

ìîíîòîííîñòi. Îòðèìàíi ñóïåðå÷íîñòi ç ïðèïóùåííÿìè äîâîäÿòü, ùî óìîâà

âiäñóòíîñòi íóëiâ ó ìàòðèöi ||pik|| i íàÿâíiñòü â íié íåñêií÷åííî¨ êiëüêîñòi

ñòîâïöiâ ç âiä'¹ìíèìè åëåìåíòàìè ¹ íåîáõiäíîþ i äîñòàòíüîþ äëÿ íiäå íå

ìîíîòîííîñòi ôóíêöi¨.

5.6. Âàðiàöiéíi âëàñòèâîñòi ôóíêöi¨

Ó ðîçãëÿäóâàíîìó êëàñi ôóíêöié P (B) iñíóþòü ôóíêöi¨ îáìåæåíî¨ òà

íåîáìåæåíî¨ âàðiàöi¨ â çàëåæíîñòi âiä âëàñòèâîñòåé ìàòðèöi ||pik||.

Ëåìà 5.4. Ôóíêöiÿ f ñâîãî íàéáiëüøîãî i íàéìåíøîãî çíà÷åííÿ íà B-

öèëiíäði íàáóâà¹ íà éîãî êiíöÿõ.

Äîâåäåííÿ. Ðîçãëÿíåìî äîâiëüíèé B-öèëiíäð ∆B
c1...cm

= [a; d), äå

a = ∆B
c1...cm(∅), d = ∆B

c1...cm−1[cm+1](∅) i òî÷êó x, ùî éîìó íàëåæèòü. ×èñëî x

ìîæå áóòè B-ñêií÷åííèì àáî B-íåñêií÷åííèì. Ðîçãëÿíåìî îáèäâà ìîæëèâi

âèïàäêè: x = x1 = ∆B
c1...cmi(∅) i x = x2 = ∆B

c1...cm...ck...
. ßêùî D ≡

m−1∏
k=1

pckk, òî

f(x1)− f(a) = D · pcmm · σi[m+1],

f(d)− f(x1) = D(σ[cm+1]m − σcmm − pcmmσi[i+1]) = Dpcmm(1− σi[m+1]).

Îñêiëüêè σi[m+1] > 0 i 1 − σi[m+1] > 0, òî çíà÷åííÿ âèðàçiâ f(x1) − f(a) i

f(d) − f(x1) ìàþòü îäíàêîâi çíàêè àáî æ îäíî÷àñíî ðiâíi 0. Òîìó f(a) ¹
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ìàêñèìàëüíèì, à f(d) � ìiíiìàëüíèì, êîëè f(x1) − f(a) < 0 i íàâïàêè ó

ïðîòèëåæíîìó âèïàäêó.

Àíàëîãi÷íî,

f(x2)− f(a) = Dpcmm ·
∞∑

k=m+1

σckik

k−1∏
j=m+1

pcjj,

f(d)− f(x2) = D(σ[cm+1]m − σcmm −
∞∑

k=m+1

σckk

k−1∏
j=m

pcjj) =

= D·pcmm(1−
∞∑

k=m+1

σckk
∏k−1

j=m+1 pcjj).

Îñêiëüêè 0 < 1 −
∞∑

k=m+1

σckk
k−1∏

j=m+1

pcjj < 1, òî âèðàçè f(x2) − f(a) i

f(d)− f(x2) ìàþòü îäíàêîâi çíàêè àáî îäíî÷àñíî ðiâíi 0. Öå ïðèâîäèòü äî

òèõ æå âèñíîâêiâ.

Îòæå, ôóíêöiÿ f íàéáiëüøîãî i íàéìåíøîãî çíà÷åííÿ íàáóâà¹ íà êiíöÿõ

B-öèëiíäðà, ùî ðîçãëÿäà¹òüñÿ. Ëåìó äîâåäåíî.

Òåîðåìà 5.6. Âàðiàöiÿ V 1
0 (f) ôóíêöi¨ f íà iíòåðâàëi (0; 1) îá÷èñëþ¹-

òüñÿ çà ôîðìóëîþ

V 0
1 (f) =

∞∏
k=1

Vk, äå Vk =
+∞∑

i=−∞
|pik|. (5.8)

Äîâåäåííÿ. Ñóìà ïðèðîñòiâ ôóíêöi¨ f íà öèëiíäðàõ 1-ãî ðàíãó çãiäíî ç

ëåìîþ 5.2 äîðiâíþ¹:

V1 =
+∞∑

i=−∞
|pi1|.

Â ñèëó óìîâ 1) i 2) äëÿ ìàòðèöi ||pik|| ìà¹ìî V1 ⩾ 1.

Ñóìà ïðèðîñòiâ ôóíêöi¨ f íà öèëiíäðàõ 2-ãî ðàíãó, ùî íàëåæàòü öèëií-

äðó 1-ãî ðàíãó ∆B
c1
, âèðàæà¹òüñÿ

|pc11|
+∞∑

i=−∞
|pi2|.
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Òîäi ñóìà B2 ïðèðîñòiâ ôóíêöi¨ f íà âñiõ öèëiíäðàõ 2-ãî ðàíãó îá÷èñëþ¹-

òüñÿ çà ôîðìóëîþ

B2 ≡
+∞∑

c1=−∞
(|pc11|

+∞∑
i=−∞

|pi2|) = V1V2.

Iíäóêòèâíî ìiðêóþ÷è, îòðèìó¹ìî âèðàç Bm âñiõ ïðèðîñòiâ ôóíêöi¨ f íà

öèëiíäðàõ ðàíãó m:

Bm =
m∏
k=1

Vk.

Îñêiëüêè ôóíêöiÿ f ñâîãî íàéáiëüøîãî i íàéìåíøîãî çíà÷åííÿ íà öèëií-

äði íàáóâà¹ íà éîãî êiíöÿõ (äèâ. ëåìó 5.4), òî âàðiàöiÿ ôóíêöi¨ f íà (0; 1)

äîðiâíþ¹

V 1
0 (f) = lim

m→∞
Bm =

∞∏
k=1

Vk.

Íàñëiäîê 5.8. Ôóíêöiÿ f ìà¹ íåîáìåæåíó âàðiàöiþ òîäi i ëèøå òîäi,

êîëè ∞∑
k=1

(1− Vk) = −∞.

Ñïðàâäi, îñêiëüêè Vk = 1− (1−Vk) ⩾ 1, òî äàíå òâåðäæåííÿ âèïëèâà¹ ç

âiäîìî¨ òåîðåìè ïðî âçà¹ìîçâ'ÿçîê çáiæíîñòi íåñêií÷åííèõ äîáóòêiâ i ðÿäiâ.

Íàñëiäîê 5.9. ßêùî âñi ñòîâïöi ìàòðèöi ||pik|| îäíàêîâi i ôóíêöiÿ f
¹ íiäå íå ìîíîòîííîþ, òî âîíà ìà¹ íåîáìåæåíó âàðiàöiþ.

Äîâåäåííÿ. Ñïðàâäi, ïðè âèêîíàííi óìîâ ëåìè Vm = V1, Bm = V m
1 ,

V 1
0 (f) = lim

m→∞
V m
1 . Àëå ç óìîâè íiäå íå ìîíîòîííîñòi ôóíêöi¨ f âèïëèâà¹

V1 > 1. Îòæå, V 1
0 (f) = ∞.

Íàñëiäîê 5.10. ßêùî íåñêií÷åííà êiëüêiñòü ñòîâïöiâ ó ìàòðèöi ||pik||
ìiñòÿòü íóëüîâi åëåìåíòè i ïðè öüîìó

∞∑
k=1

(1 − Vk) = −∞, òî f ¹ ôóí-

êöi¹þ êàíòîðiâñüêîãî àáî êâàçiêàíòîðiâñüêîãî òèïó, ÿêà ìà¹ íåîáìåæåíó

âàðiàöiþ i íå ìà¹ ïðîìiæêiâ ìîíîòîííîñòi îêðiì ïðîìiæêiâ ñòàëîñòi.
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5.7. Àâòîìîäåëüíi òà iíòåãðàëüíi âëàñòèâîñòi ôóíêöié

Êëàñ P (B) ôóíêöié, îçíà÷åíèõ ðiâíiñòþ (5.1), êîíòèíóàëüíèé. Éîãî âà-

æëèâèé êîíòèíóàëüíèé ïiäêëàñ P0(B) óòâîðþþòü ôóíêöi¨, âèçíà÷åíi ìà-

òðèöÿìè, âñi ñòîâïöi ÿêèõ îäíàêîâi. Ó öüîìó âèïàäêó ìàòðèöÿ ||pik|| âèçíà-
÷à¹òüñÿ âåêòîðîì-ñòîâïöåì

(..., p−2, p−1, p0, p1, p2, ...) = p.

Ó öié ñèòóàöi¨ ïðè pi = Θi äëÿ áóäü-ÿêîãî i ∈ Z, ìà¹ìî f(x) = x.

Ëåìà 5.5. Ãðàôiê Γf ôóíêöi¨ f ¹ ñòðóêòóðíî ôðàêòàëüíîþ ìíîæè-

íîþ, à ñàìå N -ñàìîàôiííîþ ìíîæèíîþ ç íàñòóïíîþ ñòðóêòóðîþ ñàìîà-

ôiííîñòi:

Γf =
+∞⋃

i=−∞
Γi, Γi = φi(Γf), φi :

x
′ = Θix+ bi,

y′ = piy + σi,
i ∈ Z.

Äîâåäåííÿ. Îñêiëüêè Γf =
∞⋃

i=−∞
Hi, äå Hi = {M(x; y) : x = ∆B

iα2α3...
,

y = ∆iα2α3...}, òî çàëèøà¹òüñÿ ïîêàçàòè, ùî Hi = φi(Γf).

Íåõàé M(x; y) ∈ Γf , òîáòî x = ∆B
c1c2...

, y = ∆c1c2... = f(x). Ðîçãëÿíåìî

òî÷êó φi(M) = M ′(δi(x); ρi(x)) � îáðàç òî÷êè M ïiä äi¹þ àôiííîãî ïåðå-

òâîðåííÿ φi, äå δi(x) ≡ ∆B
iα1α2...

, ρi(x) ≡ ∆iα1α2.... Î÷åâèäíî, ùî M
′ ∈ Hi, à

îòæå, Γi ⊂ Hi.

Äîâåäåìî, ùî Hi ⊂ Γi.

Íåõàé K∗(x∗; y∗) ∈ Hi, òîáòî x∗ = ∆B
iα2α3...

, y∗ = ∆iα2α3..., òîäi î÷åâèäíî,

ùî K∗ ¹ îáðàçîì òî÷êè K(x; y), äå x = ∆B
α2α3...

, y = ∆α2α3..., ÿêà íàëåæèòü

ãðàôiêó ôóíêöi¨ f , ïiä äi¹þ ïåðåòâîðåííÿ φi, à îòæå, K ∈ Γi. Ç Γi ⊂
⊂ Hi i Hi ⊂ Γi îòðèìó¹ìî ðiâíiñòü Gi = Hi äëÿ äîâiëüíîãî i ∈ Z. Òîìó

òâåðäæåííÿ äîâåäåíî.

Òåîðåìà 5.7. Äëÿ âèïàäêó, êîëè âñi ñòîâïöi ìàòðèöi îäíàêîâi (pik =
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pi), ìà¹ ìiñöå ðiâíiñòü

1∫
0

f(x)dx =

∑
i∈Z

σiΘi

1−
∑
i∈Z

Θipi
,

äå σi ≡
i−1∑

j=−∞
pj, ∀i ∈ Z.

Äîâåäåííÿ. Îñêiëüêè ôóíêöiÿ f ¹ íåïåðåðâíîþ, òî âîíà iíòåãðîâíà íà

êîæíîìó B-öèëiíäði. Âèêîðèñòîâóþ÷è àäèòèâíó âëàñòèâiñòü iíòåãðàëà i

N -ñàìîàôiííiñòü ãðàôiêà ôóíêöi¨, ìà¹ìî

1∫
0

f(x)dx =
∞∑

k=−∞

bk+1∫
bk

f(x)dx;

bk+1∫
bk

f(x)dx =

1∫
0

(pif(x) + σi)d(Θix+ bi) = Θipi

1∫
0

f(x)dx+ σiΘi;

1∫
0

f(x)dx =
∑
i∈Z

σiΘi +
∑
i∈Z

Θipi

1∫
0

f(x)dx;

(1−
∑
i∈Z

Θipi)

1∫
0

f(x)dx =
∑
i∈Z

σiΘi,

1∫
0

f(x)dx =

∑
i∈Z

σiΘi

1−
∑
i∈Z

Θipi
.

5.8. Äèôåðåíöiàëüíi âëàñòèâîñòi ôóíêöi¨

Ó öüîìó ïóíêòi ìè ââàæà¹ìî, ùî pik = pi äëÿ áóäü-ÿêèõ i ∈ Z, k ∈ N .

Ëåìà 5.6. Ìiðà Ëåáåãà ìíîæèíè êàíòîðiâñüêîãî òèïó

C[B, V ] = {x : x = ∆B
α1...αn...

, αn ∈ V ⊂ Z, V ̸= Z}

äîðiâíþ¹ íóëþ.
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Äîâåäåííÿ. Íåõàé j ∈ V , Vj = Z\{j}. Î÷åâèäíî, ùî C[B, V ] ⊂ C[B, Vj] ≡
≡ C, à îòæå, äëÿ ìiðè Ëåáåãà ìà¹ìî λ(C[B, V ]) ⩽ λ(C[B, Vj]). Òîìó äîñèòü

ïîêàçàòè, ùî λ(C[B, Vj]) = 0.

ßêùî E0 = [0; 1], En � îá'¹äíàííÿ B-öèëiíäðiâ ðàíãó n, ñåðåä âíó-

òðiøíiõ òî÷îê ÿêèõ ¹ òî÷êè ìíîæèíè C, òî äëÿ äîâiëüíîãî n ∈ N ìà¹ìî

C ⊂ En+1 ⊂ En, En ≡ En \ En−1, λ(C) ⩽ λ(En) i

λ(C) = lim
n→∞

λ(En) = lim
n→∞

(
λ(En)

λ(En−1)
· λ(En−1)

λ(En−2)
· ... · λ(E1)

λ(E0)
) =

∞∏
n=1

λ(En)

λ(En−1)
.

Àëå En ≡ En−1 \ En, à òîìó En = En−1 \ En.

λ(C) =
∞∏
n=1

λ(En−1)− λ(En)

λ(En−1)
=

∞∏
n=1

(
1− λ(En)

λ(En−1)

)
.

Îñêiëüêè 0 <
(En)

λ(En−1)
= Θj < 1, òî λ(C) = 0 = λ(C[B, V ]).

Íàñëiäîê 5.11. Ìiðà Ëåáåãà ìíîæèíè En(i) âñiõ ÷èñåë ç iíòåðâàëó

(0; 1), ó B-çîáðàæåííi ÿêèõ öèôðà i ìîæå çóñòði÷àòèñü ëèøå íà ïåðøèõ

n-ìiñöÿõ, äîðiâíþ¹ íóëþ.

Ñïðàâäi, îñêiëüêè En(i) =
⋃

α1∈A
...
⋃

αn∈A
[∆B

α1...αn
∩ En(i)], à çãiäíî ç ëå-

ìîþ 5.6 λ[∆B
α1...αn

∩ En(i)] = 0, òî λ(En(i)) = 0.

Òåîðåìà 5.8. Ìíîæèíà I âñiõ ÷èñåë ç (0; 1), ó B-çîáðàæåííi ÿêèõ

öèôðà i ∈ A çóñòði÷à¹òüñÿ ëèøå ñêií÷åííó êiëüêiñòü ðàçiâ, ìà¹ íóëüîâó

ìiðó Ëåáåãà.

Äîâåäåííÿ. Îñêiëüêè I ⊂
⋃
n
En(i), òî, âðàõîâóþ÷è íàñëiäîê ïîïåðåäíüî¨

ëåìè, ìà¹ìî λ(I) ⩽
∑
n
λ(En(i)). Îòæå, λ(I) = 0.

Íàñëiäîê 5.12. Ìàéæå âñi (ó ðîçóìiííi ìiðè Ëåáåãà) ÷èñëà iíòåð-

âàëó (0; 1) ó ñâî¨õ B-çîáðàæåííÿõ âèêîðèñòîâóþòü âñi öèôðè àëôàâiòó

íåñêií÷åííó êiëüêiñòü ðàçiâ.

Íàñëiäîê 5.13. Äëÿ ìàéæå âñiõ (ó ðîçóìiííi ìiðè Ëåáåãà)

x = ∆B
α1...αn...

∈ (0; 1) lim sup
n→∞

αn(x) = ∞.
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Ëåìà 5.7. Íåõàé âñi åëåìåíòè ìàòðèöi ||pik|| îäíàêîâi. ßêùî ó B-

íåñêií÷åííié òî÷öi x0 iñíó¹ ñêií÷åííà ïîõiäíà ôóíêöi¨ f , òî âîíà îá÷è-

ñëþ¹òüñÿ çà ôîðìóëîþ

f ′(x0) =
∞∏
k=1

pαk(x0)

Θαk(x0)
. (5.9)

ßêùî íåñêií÷åííèé äîáóòîê (5.9) ðîçáiãà¹òüñÿ, ïðè÷îìó íå äî íóëÿ, òî

íå iñíó¹ ñêií÷åííî¨ ïîõiäíî¨ ôóíêöi¨ f ó òî÷öi x0.

Äàíå òâåðäæåííÿ ¹ íàñëiäêîì òåîðåìè 3.11.1 [72, ñòîð. 93].

Òåîðåìà 5.9. ßêùî (pn) � ïîñëiäîâíiñòü äîäàòíèõ äiéñíèõ ÷èñåë, ñå-

ðåä ÷ëåíiâ ÿêî¨ iñíó¹ pk ̸= Θk, òî f ¹ ñèíãóëÿðíîþ ñòðîãî çðîñòàþ÷îþ

ôóíêöi¹þ ðîçïîäiëó éìîâiðíîñòåé íà iíòåðâàëi (0; 1).

Äîâåäåííÿ. Âðàõîâóþ÷è íàñëiäîê 5.5 ç ëåìè 5.2 f ¹ ñòðîãî çðîñòàþ-

÷îþ ôóíêöi¹þ ðîçïîäiëó. Ôóíêöiÿ f , áóäó÷è ìîíîòîííîþ, çãiäíî ç âiäîìîþ

òåîðåìîþ Ëåáåãà ìà¹ ñêií÷åííó ïîõiäíó íà ìíîæèíi D ïîâíî¨ ìiðè Ëåáå-

ãà. Ìíîæèíó òî÷îê, ùî âîëîäiþòü íîðìàëüíîþ âëàñòèâiñòþ, ÿêó êîíñòàòó¹

ïåðøèé íàñëiäîê ç òåîðåìè 5.8, ïîçíà÷èìî ÷åðåç B. Òîäi ìíîæèíà D ∩B ¹

ìíîæèíîþ ïîâíî¨ ìiðè.

Äëÿ äîâåäåííÿ ñèíãóëÿðíîñòi ôóíêöi¨ f ðîçãëÿíåìî äîâiëüíó òî÷êó x∗ ∈
D ∩B. Âðàõîâóþ÷è ëåìó 5.7, ìà¹ìî

f ′(x∗) =
∞∏
n=1

pαn(x∗)

Θαn(x∗)
. (5.10)

Îñêiëüêè íåñêií÷åííà êiëüêiñòü ÷ëåíiâ îñòàííüîãî íåñêií÷åííîãî äîáóòêó

ðiâíà âiäíîøåííþ
pk
Θk

̸= 1,

òî äîáóòîê (5.10) ðîçáiãà¹òüñÿ (íå âèêîíó¹òüñÿ íåîáõiäíà óìîâà çáiæíîñòi

äîáóòêó). Òîìó ìàéæå ñêðiçü äîáóòîê (5.10) ðîçáiãà¹òüñÿ äî íóëÿ. Öå i âè-

ìàãàëîñü äîâåñòè. Îòæå, ôóíêöiÿ f ¹ ñèíãóëÿðíîþ çãiäíî ç îçíà÷åííÿì.
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Âèñíîâêè äî ðîçäiëó 5

Êëàñ íåïåðåðâíèõ ôóíêöié, âèçíà÷åíèõ íà ïðîìiæêó, äèâîâèæíî áàãà-

òèé íå ëèøå ïîòóæíiñòþ, à é ðiçíîìàíiòíiñòþ ôóíêöié çà âëàñòèâîñòÿìè.

Ñåðåä íèõ ôóíêöi¨, ëîêàëüíà ïîâåäiíêà ÿêèõ êðàé íåîäíîðiäíà. Öå íiäå íå

ìîíîòîííi ôóíêöi¨ òà òàêi, ùî îêðiì ïðîìiæêiâ ñòàëîñòi íå ìàþòü iíøèõ

ïðîìiæêiâ ìîíîòîííîñòi; ôóíêöi¨, ìíîæèíè íåñòàëîñòi ÿêèõ (çîêðåìà ìíî-

æèíè òî÷îê ðîñòó äëÿ ìîíîòîííèõ) ìàþòü íóëüîâó ìiðó Ëåáåãà i äðîáîâó

ôðàêòàëüíó ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à [65], ìîíîòîííi ôóíêöi¨, ÿêi

â êîæíîìó ÿê çàâãîäíî ìàëîìó iíòåðâàëi îáëàñòi âèçíà÷åííÿ ìàþòü òî÷êè,

â ÿêèõ ïîõiäíà ðiâíà íóëþ, ðiâíà íåñêií÷åííîñòi, à òàêîæ òî÷êè, â ÿêèõ

ïîõiäíà íå iñíó¹. Ñàìå òàêèì ôóíêöiÿì, à âîíè âèìàãàþòü ñïåöèôi÷íèõ

ñïîñîáiâ àíàëiòè÷íîãî çàäàííÿ, ïðèñâÿ÷åíà äàíà ðîáîòà. Äëÿ âèçíà÷åííÿ

ôóíêöié ìè âèêîðèñòîâó¹ìî ñïåöiàëüíó íåñêií÷åííî-ñèìâîëüíó ñèñòåìó êî-

äóâàííÿ (çîáðàæåííÿ) ÷èñåë, ïîðîäæåíó äâîìà äâîñòîðîííiìè ïîñëiäîâíî-

ñòÿìè äiéñíèõ ÷èñåë, ïåðøà ç ÿêèõ îäíîïàðàìåòðè÷íà.

Íåïåðåðâíi íiäå íå ìîíîòîííi, çîêðåìà íåäèôåðåíöiéîâíi, ñèíãóëÿðíi

ôóíêöi¨ (ìîíîòîííi, íåìîíîòîííi, íiäå íå ìîíîòîííi, îêðiì ïðîìiæêiâ ñòà-

ëîñòi), à òàêîæ ôóíêöi¨ íåîáìåæåíî¨ âàðiàöi¨ ìè âiäíîñèìî äî êëàñó ëî-

êàëüíî ñêëàäíèõ. Îäíîìó íåñêií÷åííîïàðàìåòðè÷íîìó êëàñó P (B) òàêèõ

ôóíêöié ïðèñâÿ÷åíà äàíà ðîáîòà.

Çðîçóìiëî, ùî àíàëiòè÷íî çàäàòè ëîêàëüíî ñêëàäíó ôóíêöiþ âèðàçîì

çi ñêií÷åííîþ êiëüêiñòþ ïðîñòèõ áiíàðíèõ îïåðàöié ïðàêòè÷íî íåìîæëè-

âî. Òîìó ç öi¹þ ìåòîþ äëÿ çîáðàæåííÿ àðãóìåíòà ìè âèêîðèñòîâó¹ìî îäíå

íåñêií÷åííîñèìâîëüíå çîáðàæåííÿ (êîäóâàííÿ) ÷èñåë iíòåðâàëó (0; 1) ç àë-

ôàâiòîì A = Z = {0,±1,±2, ...}, âèçíà÷åíå íåñêií÷åííîþ äâîñòîðîííüîþ

çáiæíîþ i íîðìîâàíîþ ïîñëiäîâíiñòþ äîäàòíèõ äiéñíèõ ÷èñåë (Θn). Çíà÷å-

ííÿ ôóíêöi¨ âèçíà÷à¹òüñÿ íåñêií÷åííîþ ìàòðèöåþ ||pik||, ∀i ∈ Z, ∀k ∈ N ,

ÿêà çàäîâîëüíÿ¹ ðÿä âèìîã.
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Íåñêií÷åííîñèìâîëüíå B-çîáðàæåííÿ ÷èñåë ìà¹ ðÿä ñïåöèôi÷íèõ âëà-

ñòèâîñòåé, íå ïðèòàìàííèõ iíøèì íåñêií÷åííîñèìâîëüíèì çîáðàæåííÿì

(Q∞-çîáðàæåííÿ ÷èñåë [34], çîáðàæåííÿ ÷èñåë åëåìåíòàðíèìè ëàíöþãîâè-

ìè äðîáàìè, çîáðàæåííÿì ÷èñåë ðÿäàìè Ëþðîòà, Åíãåëÿ, Ñiëüâåñòåðà,

Îñòðîãðàäñüêîãî-Ñåðïiíñüêîãî-Ïiðñà òîùî), ÿêi ïîâ'ÿçàíi ç äâîñòîðîííüî-

íåñêií÷åííèì àëôàâiòîì i ïîëiîñíîâíiñòþ ñèñòåìè êîäóâàííÿ ÷èñåë.

Îñíîâíèìè ðåçóëüòàòè öüîãî ðîçäiëó ¹ òåîðåìè 5.1, 5.2, 5.3, 5.4, 5.5, 5.6,

5.7, 5.8, 5.9 òà íàñëiäêè ç íèõ 5.4, 5.6, 5.5, 5.8, 5.9, 5.10, 5.12, 5.13.

Âñi îá'¹êòè i ðåçóëüòàòè öüîãî ðîçäiëó ¹ íîâèìè òà âèíîñÿòüñÿ íà çàõèñò.

Âîíè îïóáëiêîâàíi ó ðîáîòàõ [21, 74].

Çàëèøèëèñÿ íåç'ÿñîâàíèìè ïèòàííÿ:

1) ×è iñíóþòü ó êëàñi P (B) ôóíêöi¨, ùî ìàþòü ìíîæèíó ðiâíÿ, ÿêà ¹

êàíòîðâàëîì?

2) ßêîþ ¹ ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à ìíîæèíèH = {x : f ′(x) ̸=
̸= 0} íóëüîâî¨ ìiðè Ëåáåãà äëÿ ôóíêöi¨ f , ùî ¹ ñèíãóëÿðíîþ ôóíêöi¹þ ñà-

ëåìiâñüêîãî òèïó [39], äèôåðåíöiàëüíi âëàñòèâîñòi ÿêî¨ âèâ÷àëèñÿ ó ïîïå-

ðåäíüîìó ïóíêòi?
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ÂÈÑÍÎÂÊÈ

Íåïåðåðâíi íiäå íå ìîíîòîííi, çîêðåìà, íåäèôåðåíöiéîâíi òà ñèíãóëÿðíi

ôóíêöi¨ ùå çàëèøàþòüñÿ çàãàäêîâèì îá'¹êòîì ìàòåìàòè÷íèõ äîñëiäæåíü.

�õ çàãàëüíà òåîðiÿ áiäíà, à ìåòîäîëîãiÿ äîñëiäæåííÿ êðàé îáìåæåíà i âêëþ-

÷à¹ ëèøå êiëüêà ëîãi÷íèõ ñõåì ¨õ àíàëiçó. Íà äàíèé ìîìåíò ïðîäîâæó¹òüñÿ

åêñòåíñèâíèé åòàï ðîçâèòêó òåîði¨ çà ðàõóíîê ñòâîðåííÿ iíäèâiäóàëüíèõ

òåîðié äëÿ ðiçíèõ êîíñòðóêöié ôóíêöié àáî êëàñiâ ôóíêöié, âèçíà÷åíèõ

íàáîðîì ïàðàìåòðiâ.

Äâîñòîðîííi ïîñëiäîâíîñòi ÿê òâiðíi äëÿ ïðåäñòàâëåííÿ äiéñíèõ ÷èñåë

¹ âiäíîñíî íîâèì çàñîáîì äëÿ êîäóâàííÿ ÷èñåë çà äîïîìîãîþ íåñêií÷åííî-

ãî àëôàâiòó A = {0,±1,±2, . . .}. Öåé çàñiá ñóòò¹âî ðîçøèðþ¹ ìîæëèâîñòi

äëÿ åôåêòèâíîãî àíàëiòè÷íîãî çàäàííÿ i äîñëiäæåííÿ ôóíêöié ç ëîêàëüíî

ñêëàäíèìè, òîïîëîãî-ìåòðè÷íèìè i ôðàêòàëüíèìè âëàñòèâîñòÿìè. Â äà-

íié ðîáîòi ìè öå ïðîäåìîíñòðóâàëè íà êîíòèíóàëüíîìó êëàñi íåïåðåðâíèõ

ôóíêöié: ìîíîòîííèõ, ñòðîãî ìîíîòîííèõ, íiäå íå ìîíîòîííèõ, ñèíãóëÿð-

íèõ, âêëþ÷àþ÷è ôóíêöi¨ êàíòîðiâñüêîãî òèïó.

Äèñåðòàöiéíà ðîáîòà âèêîíàíà â ãàëóçi ìåòðè÷íî¨ òåîði¨ íåïåðåðâíèõ

ëîêàëüíî ñêëàäíèõ ôóíêöié, ÿêi ìàþòü ñòðóêòóðíî ôðàêòàëüíi âëàñòèâî-

ñòi. Â íié îòðèìàíî íàñòóïíi ðåçóëüòàòè:

1. Âèâ÷åíî îêðåìi êëàñè ôóíêöié ç ëîêàëüíî ñêëàäíîþ ñòðóêòóðîþ,

îçíà÷åíèõ ó òåðìiíàõ çîáðàæåííÿ äiéñíèõ ÷èñåë ðÿäàìè Êàíòîðà

(êàíòîðiâñüêi ñèñòåìè ÷èñëåííÿ).

2. Ñòâîðåíî íîâó ñèñòåìó êîäóâàííÿ äiéñíèõ ÷èñåë îäèíè÷íîãî ïðî-

ìiæêà (B-çîáðàæåííÿ), àëôàâiòîì ÿêî¨ ¹ ìíîæèíà öiëèõ ÷èñåë. Îïè-

ñàíî ¨¨ ãåîìåòðiþ (ãåîìåòðè÷íèé çìiñò öèôð, ìåòðè÷íi âiäíîøåí-

íÿ, îáãðóíòîâàíî âëàñòèâîñòi öèëiíäðè÷íèõ òà õâîñòîâèõ ìíîæèí),
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ðîçâ'ÿçàíî ðÿä ìåòðè÷íèõ çàäà÷ i âñòàíîâëåíî íîðìàëüíi âëàñòèâî-

ñòi ÷èñåë çà ¨õ çîáðàæåííÿìè.

3. Ç âèêîðèñòàííÿì B-çîáðàæåííÿ îçíà÷åíî êîíòèíóàëüíèé êëàñ íå-

ïåðåðâíèõ ôóíêöié, ñåðåä ÿêèõ ìîíîòîííi, íåìîíîòîííi, íiäå íå ìî-

íîòîííi, íiäå íå äèôåðåíöiéîâíi; ôóíêöi¨ îáìåæåíî¨ òà íåîáìåæåíî¨

âàðiàöi¨; ñèíãóëÿðíi ôóíêöi¨.

4. Äëÿ ôóíêöié îçíà÷åíîãî êëàñó âè÷åðïíî ðîçâ'ÿçàíî ðÿä çàäà÷:

4.1. Âèâåäåíî ôîðìóëó äëÿ îá÷èñëåííÿ ìiðè Ëåáåãà ìíîæèíè íåñòàëîñòi

ôóíêöié. Äîâåäåíî êðèòåðié ¨¨ íóëüìiðíîñòi.

4.2. Çíàéäåíî íåîáõiäíi i äîñòàòíi óìîâè íàëåæíîñòi ôóíêöi¨ äî êëàñó

ñèíãóëÿðíèõ ôóíêöié êàíòîðiâñüêîãî òèïó.

4.3. Äîâåäåíî êðèòåðié íiäå íå ìîíîòîííîñòi ôóíêöi¨.

4.4. Âèâåäåíî ôîðìóëó äëÿ îá÷èñëåííÿ âàðiàöi¨ ôóíêöi¨ òà çíàéäåíî íå-

îáõiäíi i äîñòàòíi óìîâè, çà ÿêèõ ôóíêöiÿ ìà¹ íåîáìåæåíó âàðiàöiþ.

4.5. Äëÿ âèïàäêó, êîëè ôóíêöiÿ íå ìà¹ ïðîìiæêiâ ñòàëîñòi, âñòàíîâëåíî

ñòðóêòóðíó ôðàêòàëüíiñòü ãðàôiêà (éîãî N -ñàìîàôiííiñòü) i îá÷è-

ñëåíî âèçíà÷åíèé iíòåãðàë.
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� ñåìiíàð âiääiëó òåîði¨ ôóíêöié Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè

(êåðiâíèê: ä-ð ôiç.-ìàò. íàóê, ïðîôåñîð Ðîìàíþê À.Ñ.);

� ñåìiíàð ç òåîði¨ àíàëiòè÷íèõ ôóíêöié (Ëüâiâñüêèé íàöiîíàëüíèé óíi-

âåðñèòåò iìåíi Iâàíà Ôðàíêà, êåðiâíèê: ä-ð ôiç.-ìàò. íàóê, ïðîôåñîð

Ñêàñêiâ Î.Á.).

Ïóáëiêàöi¨. Îñíîâíi ðåçóëüòàòè äèñåðòàöiéíîãî äîñëiäæåííÿ îïóáëiêî-
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âàíî â øåñòè ñòàòòÿõ [20, 21, 52, 53, 74, 75] ó íàóêîâèõ âèäàííÿõ, ï'ÿòü ç

ÿêèõ [20, 21, 52, 74, 75] âõîäÿòü äî ïåðåëiêó ôàõîâèõ âèäàíü ÌÎÍ Óêðà¨íè,

ñåðåä íèõ äâi ñòàòòi [20, 21], ÿêi iíäåêñóþòüñÿ ìiæíàðîäíîþ íàóêîâîìåòðè-

÷íîþ áàçîþ ¾Scopus¿.


