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ÀÍÎÒÀÖIß

Êàëîøà Þ. I. Êåðóâàííÿ áàãàòî÷àñòîòíèìè êîëèâàííÿìè ãiáðèäíèõ ìå-

õàíi÷íèõ ñèñòåì. �Êâàëiôiêàöiéíà íàóêîâà ïðàöÿ íà ïðàâàõ ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ êàíäèäàòà ôiçèêî-ìàòåìà-

òè÷íèõ íàóê çà ñïåöiàëüíiñòþ 01.02.01 � òåîðåòè÷íà ìåõàíiêà. � Iíñòèòóò

ïðèêëàäíî¨ ìàòåìàòèêè i ìåõàíiêè ÍÀÍ Óêðà¨íè, Ñëîâ'ÿíñüê; Iíñòèòóò ìà-

òåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, 2024.

Äèñåðòàöiéíó ðîáîòó ïðèñâÿ÷åíî äîñëiäæåííþ çàäà÷ êåðîâàíî¨ ñòàáiëi-

çàöi¨ i ñïîñòåðåæåííÿ äëÿ ãiáðèäíî¨ ìåõàíi÷íî¨ ñèñòåìè ó âèãëÿäi ïðóæíî¨

áàëêè ç ïðè¹äíàíîþ ìàñîþ íà ïðóæèííié ïiäâiñöi. Áàëêà çíàõîäèòüñÿ ïiä

âïëèâîì çîñåðåäæåíî¨ ñèëè êåðóâàííÿ òà ðîçïîäiëåíèõ ï'¹çîåëåêòðè÷íèõ

ïðèâîäiâ (àêòóàòîðiâ). Öÿ ìåõàòðîííà óñòàíîâêà â ìàòåìàòè÷íîìó ñåíñi

ÿâëÿ¹ ñîáîþ êåðîâàíó äèíàìi÷íó ñèñòåìó ç íåñêií÷åííî¨ êiëüêiñòþ ñòóïå-

íiâ âîëi. Äëÿ öi¹¨ ñèñòåìè çàïðîïîíîâàíî êåðóâàííÿ çi çâîðîòíèì çâ'ÿçêîì,

ÿêå çàáåçïå÷ó¹ àñèìïòîòè÷íó ñòiéêiñòü ñòàíó ðiâíîâàãè. Òàêîæ äîñëiäæåíî

çàäà÷ó ñïîñòåðåæåííÿ, à ñàìå çàïðîïîíîâàíî ñèíòåç ñèñòåìè-ñïîñòåðiãà÷à,

ÿêà äîçâîëÿ¹ àñèìïòîòè÷íî âiäíîâèòè ñòàí ñèñòåìè çà íàÿâíîñòi îáìåæåíî¨

iíôîðìàöi¨ ïðî âèõiäíèé ñèãíàë. Êðiì òîãî, ðîçãëÿíóòî êîíñîëüíî çàêðiï-

ëåíó ïðóæíó áàëêó ç êåðóâàííÿì i äîâåäåíî çáiæíiñòü ìåòîäó Ãàëüîðêiíà

ïîáóäîâè íàáëèæåíèõ ðîçâ'ÿçêiâ ðiâíÿíü ðóõó.

Äèñåðòàöiÿ ñêëàäà¹òüñÿ ç àíîòàöi¨ óêðà¨íñüêîþ òà àíãëiéñüêîþ ìîâà-

ìè, âñòóïó, ï'ÿòè ðîçäiëiâ, ðîçäiëåíèõ íà ïiäðîçäiëè, çàêëþ÷íî¨ ÷àñòèíè,

ñïèñêó âèêîðèñòàíèõ äæåðåë i äâîõ äîäàòêiâ.

Ó âñòóïíié ÷àñòèíi îá ðóíòîâàíî àêòóàëüíiñòü òåìàòèêè äèñåðòàöiéíî¨

ðîáîòè, íàâåäåíî îïèñ ïîòåíöiéíèõ ñôåð ïðàêòè÷íîãî çàñòîñóâàííÿ ðåçóëü-
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òàòiâ äîñëiäæóâàíî¨ ãàëóçi. Âêàçàíî ïðåäìåò, îá'¹êò, ìåòó òà çàâäàííÿ äè-

ñåðòàöiéíîãî äîñëiäæåííÿ, à òàêîæ âiäîìîñòi ïðî àïðîáàöiþ ðåçóëüòàòiâ.

Ïåðøèé ðîçäië ïðåäñòàâëÿ¹ îãëÿä ëiòåðàòóðè i çàñòîñîâàíèõ ìåòîäiâ

çà òåìîþ äîñëiäæåííÿ òà îïèñ ñó÷àñíîãî ñòàíó íàóêîâî¨ ãàëóçi. Öåé ðîç-

äië ñêëàäà¹òüñÿ ç äåêiëüêîõ ÷àñòèí. Ïåðøà îõîïëþ¹ íàïðàöþâàííÿ òåîði¨

âàðiàöiéíîãî ÷èñëåííÿ äëÿ îïèñó äèíàìi÷íèõ ïðîöåñiâ. Óâàãó çîñåðåäæå-

íî íà âàðiàöiéíîìó ïðèíöèïi Ãàìiëüòîíà�Îñòðîãðàäñüêîãî äëÿ îòðèìàí-

íÿ ðiâíÿíü ðóõó ïðóæíèõ ìåõàíi÷íèõ ñèñòåì. Íàâîäÿòüñÿ ïðèêëàäè çà-

ñòîñóâàííÿ öüîãî ìåòîäó äî âèâåäåííÿ ðiâíÿíü êîëèâàíü ïðóæíèõ áàëîê

Åéëåðà�Áåðíóëëi òà Òèìîøåíêà. Íàäàþòüñÿ ôîðìóëþâàííÿ íåîáõiäíèõ ïî-

íÿòü i òåîðåì, ïîâ'ÿçàíèõ ç ïðÿìèì ìåòîäîì Ëÿïóíîâà äîñëiäæåííÿ ñòiéêî-

ñòi ðîçâ'ÿçêiâ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü. Íàñòóïíó ÷àñòèíó ïðè-

ñâÿ÷åíî òåîði¨ êåðóâàííÿ ðóõîì íåñêií÷åííîâèìiðíèõ ìåõàíi÷íèõ ñèñòåì.

Ðîçêðèâàþòüñÿ íåîáõiäíi ïîíÿòòÿ i ìåòîäè òåîði¨ C0-íàïiâãðóï îïåðàòîðiâ ó

ãiëüáåðòîâèõ ïðîñòîðàõ. Äàëi îïèñàíî ïðèíöèï iíâàðiàíòíîñòi ËàÑàëëÿ äëÿ

äîñëiäæåííÿ àñèìïòîòè÷íî¨ ñòiéêîñòi ñòàíó ðiâíîâàãè äèíàìi÷íî¨ ñèñòåìè.

Íàñòóïíà ÷àñòèíà ñòîñó¹òüñÿ çàäà÷ ñïîñòåðåæåííÿ i âiäïîâiäíèõ ìåòîäiâ,

çàñíîâàíèõ Ð. Êàëìàíîì, Ä. Ëóåíáåðãåðîì i ðîçâèíåíèõ iíøèìè âiäîìèìè

â÷åíèìè. Íàîñòàíîê äà¹òüñÿ ñòèñëèé îïèñ ìåòîäó Ãàëüîðêiíà íàáëèæåíîãî

ðîçâ'ÿçàííÿ çàäà÷ äèíàìiêè. Óñi ÷àñòèíè ïåðøîãî ðîçäiëó ìiñòÿòü îãëÿä

íàóêîâèõ ðîáiò, âiä êëàñè÷íèõ ïðàöü äî íîâiòíiõ ñòàòåé i ìîíîãðàôié iç

ïîñèëàííÿìè íà âiäïîâiäíi äæåðåëà.

Äðóãèé ðîçäië ïðèñâÿ÷åíî çàäà÷i ñòàáiëiçàöi¨ êîëèâàíü ïðóæíî¨ áàëêè

ç òâåðäèì òiëîì. Íàâåäåíî äåòàëüíèé îïèñ ðîçãëÿäóâàíî¨ ìåõàíi÷íî¨ ñèñòå-

ìè i íà îñíîâi âàðiàöiéíîãî ïðèíöèïó Ãàìiëüòîíà�Îñòðîãðàäñüêîãî îòðè-

ìàíî ìàòåìàòè÷íó ìîäåëü ðóõó ó âèãëÿäi êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ

Åéëåðà�Áåðíóëëi. Êðàéîâi óìîâè îïèñóþòü øàðíiðíå çàêðiïëåííÿ êiíöiâ

áàëêè, òàêîæ ïðåäñòàâëåíî óìîâè iíòåðôåéñó ó òî÷öi êðiïëåííÿ òâåðäîãî

òiëà. Çàêîí ðóõó ÿâëÿ¹ ñîáîþ ëiíiéíå äèôåðåíöiàëüíå ðiâíÿííÿ ç ÷àñòèí-
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íèìè ïîõiäíèìè ÷åòâåðòîãî ïîðÿäêó. Ïðèéíÿòèì ó ëiòåðàòóði ïiäõîäîì äî

âèâ÷åííÿ ñòiéêîñòi ñèñòåì òàêîãî òèïó ¹ ìåòîäè íà îñíîâi òåîði¨ ñèëüíî íå-

ïåðåðâíèõ íàïiâãðóï îïåðàòîðiâ ó ãiëüáåðòîâèõ ÷è áàíàõîâèõ ïðîñòîðàõ.

Äëÿ ðåàëiçàöi¨ òàêîãî ïiäõîäó îòðèìàíå ðiâíÿííÿ ðóõó çàïèñàíî ó âèãëÿäi

àáñòðàêòíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ â îïåðàòîðíié ôîðìi
d

dt
ξ(t) = Aξ(t) +By. (1)

Ôàçîâèé âåêòîð ξ = (u, v, p, q)T ¹ åëåìåíòîì äiéñíîãî ãiëüáåðòîâîãî ïðîñ-

òîðó X =
◦
H2×L2×R2. Â ÿêîñòi óçàãàëüíåíèõ êîîðäèíàò ïðèéíÿòî u(x) �

ïîïåðå÷íå ïåðåìiùåííÿ, v(x) � øâèäêiñòü çàäàíî¨ òî÷êè áàëêè ç êîîð-

äèíàòîþ x, p = u(ℓ0) � ïåðåìiùåííÿ òà q = v(ℓ0) � øâèäêiñòü òî÷êè

x = ℓ0, ó ÿêié çàêðiïëåíî òâåðäå òiëî. Ðóõ ñèñòåìè ç êåðóâàííÿì çi çâî-

ðîòíèì çâ'ÿçêîì âèãëÿäó y = Kξ(t) âèçíà÷à¹òüñÿ âëàñòèâîñòÿìè îïåðà-

òîðà Ã = A + BK. Ïðåäìåòîì çíà÷íî¨ ÷àñòèíè äîñëiäæåííÿ ¹ âèâ÷åííÿ

âëàñòèâîñòåé äèôåðåíöiàëüíèõ îïåðàòîðiâ ÷åòâåðòîãî ïîðÿäêó A òà Ã ç

îáëàñòþ âèçíà÷åííÿ D(A) = D(Ã) = H4 × H2 × R2 ⊂ X ó ãiëüáåðòîâîìó

ïðîñòîði X.

Çàïðîïîíîâàíî êåðóâàííÿ y = Kξ çi çâîðîòíèì çâ'ÿçêîì. Äîâåäåíî, ùî

òàêå êåðóâàííÿ ¹ îáìåæåíèì ôóíêöiîíàëîì.

Âàæëèâèì ¹ ïèòàííÿ êîðåêòíî¨ ïîñòàíîâêè çàäà÷i Êîøi ç ïî÷àòêîâîþ

ôóíêöi¹þ ξ0 ∈ X äëÿ ðîçãëÿíóòî¨ ñèñòåìè ç êåðóâàííÿì. Ç ëiòåðàòóðè

âiäîìî, ùî çàäà÷à Êîøi ¹ êîðåêòíîþ, ÿêùî îïåðàòîð A + BK ¹ iíôiíiòå-

çèìàëüíèì ãåíåðàòîðîì C0-íàïiâãðóïè. Òàêîæ âiäîìèì ¹ ôàêò, ùî îáìå-

æåíå çáóðåííÿ ãåíåðàòîðà íàïiâãðóïè ¹ ãåíåðàòîðîì íàïiâãðóïè. Òîìó, â

ñèëó äîâåäåíî¨ îáìåæåíîñòi êåðóâàííÿ, äîñòàòíüî äîñëiäèòè ãåíåðàòèâíi

âëàñòèâîñòi îïåðàòîðà A. Âèðiøåííÿ öüîãî ïèòàííÿ  ðóíòó¹òüñÿ íà òåîðå-

ìi Ëþìåðà�Ôiëëiïñà, çãiäíî ç ÿêîþ äëÿ ïîðîäæåííÿ ñèëüíî íåïåðåðâíî¨

íàïiâãðóïè â X îïåðàòîð A ìà¹ áóòè ùiëüíî âèçíà÷åíèì, äèñèïàòèâíèì

òà ìàêñèìàëüíèì. Ïåðøà ç öèõ âëàñòèâîñòåé âèêîíó¹òüñÿ íà îñíîâi òåîðåì
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Ñîáîë¹âà, äðóãó âñòàíîâëåíî áåçïîñåðåäíüîþ ïåðåâiðêîþ íåðiâíîñòi äèñè-

ïàòèâíîñòi, òîäi ÿê äëÿ äîâåäåííÿ ìàêñèìàëüíîñòi íåîáõiäíî ïîêàçàòè, ùî

ðåçîëüâåíòó îïåðàòîðà A êîðåêòíî âèçíà÷åíî ó âñüîìó ïðîñòîði X. Çàçíà-

÷åíó ðåçîëüâåíòó ïîáóäîâàíî ÿê âiäîáðàæåííÿ (I − λA)−1 : X → X äëÿ

äåÿêîãî λ > 0 i òàêèì ÷èíîì íà îñíîâi òåîðåìè Ëþìåðà�Ôiëëiïñà ïîêà-

çàíî, ùî äèôåðåíöiàëüíèé îïåðàòîð A ïîðîäæó¹ C0-íàïiâãðóïó
{
etA
}
t⩾0

ó

ãiëüáåðòîâîìó ïðîñòîði X, ùî ãàðàíòó¹ êîðåêòíiñòü çàäà÷i Êîøi äëÿ ðiâ-

íÿííÿ (1). Ñõåìàòè÷íå ïðåäñòàâëåííÿ íàâåäåíî¨ ïîñëiäîâíîñòi ìiðêóâàíü

ïîäà¹òüñÿ íà ðèñ. À.1 ó äîäàòêó À.

Êðiì òîãî, äîâåäåíî ùå îäíó âàæëèâó âëàñòèâiñòü ãåíåðàòîðà � éîãî

çàìêíåíiñòü. Äëÿ öüîãî ïîáóäîâàíî îáåðíåíèé äî A îïåðàòîð A−1 i íà îñíî-

âi îöiíêè íîðìè ïîêàçàíî éîãî îáìåæåíiñòü ó ïðîñòîði X. Öåé ðåçóëüòàò ¹

âàæëèâèì ó ïîäàëüøîìó äîñëiäæåííi êîìïàêòíîñòi ðåçîëüâåíòè iíôiíiòå-

çèìàëüíîãî ãåíåðàòîðà çàìêíåíî¨ ñèñòåìè ç êåðóâàííÿì.

Íà îñíîâi ïðÿìîãî ìåòîäó Ëÿïóíîâà äîâåäåíî ñòiéêiñòü ñòàíó ðiâíîâàãè

çàìêíåíî¨ ñèñòåìè. Ôóíêöiþ Ëÿïóíîâà V (t) îáðàíî ó âèãëÿäi ïîâíî¨ åíåðãi¨

i ïîêàçàíî, ùî çàïðîïîíîâàíå êåðóâàííÿ çàáåçïå÷ó¹ íåçðîñòàííÿ öi¹¨ ôóíê-

öi¨ íà òðà¹êòîðiÿõ çàìêíåíî¨ ñèñòåìè: V̇ (t) ⩽ 0.

Ó òðåòüîìó ðîçäiëi íàâåäåíî äîñòàòíi óìîâè àñèìïòîòè÷íî¨ ñòiéêîñòi

ñòàíó ðiâíîâàãè ñèñòåìè çi çâîðîòíèì çâ'ÿçêîì. ßê âiäîìî, äîâåäåííÿ

àñèìïòîòè÷íî¨ ñòiéêîñòi âèìàãà¹, êðiì ñòiéêîñòi çà Ëÿïóíîâèì, äîâåäåí-

íÿ âëàñòèâîñòi ïðèòÿãàííÿ òðà¹êòîðié, ùî â ñâîþ ÷åðãó âèìàãà¹ ïåðåâiðêè

óìîâè ËàÑàëëÿ òà ïåðåäêîìïàêòíîñòi òðà¹êòîðié çàìêíåíî¨ ñèñòåìè. Ïiä

óìîâîþ ËàÑàëëÿ ìà¹òüñÿ íà óâàçi âëàñòèâiñòü ìíîæèíè Z =
{
ξ
∣∣∣ V̇ = 0

}
,

à ñàìå: ìàêñèìàëüíà iíâàðiàíòíà ïiäìíîæèíà ìíîæèíè Z íå ìiñòèòü íå-

òðèâiàëüíèõ òðà¹êòîðié ñèñòåìè (1). Iíøèìè ñëîâàìè, àòðàêòîðîì äëÿ ñèñ-

òåìè (1) ¹ ìíîæèíà, ÿêà ñêëàäà¹òüñÿ ç òðà¹êòîði¨ ξ = 0.

Äëÿ äîâåäåííÿ àñèìïòîòè÷íî¨ ñòiéêîñòi îòðèìàíî ÷àñòîòíå ðiâíÿííÿ i

äîñëiäæåíî àñèìïòîòè÷íèé ðîçïîäië âëàñíèõ ÷àñòîò êîëèâàíü áàëêè. ×àñ-
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òîòíå ðiâíÿííÿ äëÿ äîñëiäæóâàíî¨ ìîäåëi ãiáðèäíî¨ ñèñòåìè âèÿâëÿ¹òüñÿ

äîâîëi ãðîìiçäêèì. Òîìó îäíèì ç åòàïiâ äîñëiäæåííÿ àñèìïòîòè÷íîãî ðîç-

ïîäiëó ÷àñòîò êîëèâàíü ¹ âèäiëåííÿ ãîëîâíî¨ ÷àñòèíè õàðàêòåðèñòè÷íîãî

ðiâíÿííÿ i äîâåäåííÿ åêâiâàëåíòíîñòi ¨¨ îòðèìàíîìó ïîâíîìó ðiâíÿííþ â

ñåíñi àñèìïòîòè÷íî¨ ïîâåäiíêè ðîçâ'ÿçêiâ. Çà ðàõóíîê öüîãî ÷àñòîòíå ðiâ-

íÿííÿ çâîäèòüñÿ äî áiëüø çðîçóìiëîãî i äîñòóïíîãî äëÿ àíàëiçó òðàíñöåí-

äåíòíîãî ðiâíÿííÿ. Íà îñíîâi àíàëiçó àñèìïòîòè÷íîãî ðîçïîäiëó ðîçâ'ÿçêiâ

õàðàêòåðèñòè÷íîãî ðiâíÿííÿ äîâåäåíî, ùî ñèñòåìà åêñïîíåíò
{
eλn t

}∞
n=1

¹

ω-ëiíiéíî íåçàëåæíîþ â L2(0, T ), äå λn � âëàñíi çíà÷åííÿ îïåðàòîðà A,

n = 1, 2, . . . .

Êðiì òîãî, äîñëiäæåíî ñïåêòðàëüíi âëàñòèâîñòi äèôåðåíöiàëüíîãî îïå-

ðàòîðà A. Ïîêàçàíî, ùî éîãî âëàñíi ôóíêöi¨ óòâîðþþòü áàçèñ ðîçãëÿíóòî-

ãî ãiëüáåðòîâîãî ïðîñòîðó. Ðîçïîäië ÷àñòîò ïðîiëþñòðîâàíî çà äîïîìîãîþ

÷èñåëüíîãî ìîäåëþâàííÿ. Òàêîæ íàâîäÿòüñÿ ãðàôiêè âëàñíèõ ôóíêöié ií-

ôiíiòåçèìàëüíîãî ãåíåðàòîðà.

Îäíèì ç êëþ÷îâèõ ðåçóëüòàòiâ òðåòüîãî ðîçäiëó ðîáîòè ¹ ïîáóäîâà ðå-

çîëüâåíòè äëÿ îïåðàòîðà Ã çi çâîðîòíèì çâ'ÿçêîì i äîâåäåííÿ êîìïàêòíîñòi

ðåçîëüâåíòè. Îñêiëüêè öÿ çàäà÷à ¹ òåõíi÷íî ñêëàäíîþ, ¨¨ ñïî÷àòêó ðîçâ'ÿ-

çàíî äëÿ äîïîìiæíîãî îïåðàòîðà, â ÿêîìó ÷àñòèíó ïàðàìåòðiâ êåðóâàí-

íÿ ïðèéíÿòî êîíñòàíòàìè. Ïiñëÿ öüîãî îòðèìàíî ñèñòåìó ðiâíÿíü äëÿ âè-

êëþ÷åííÿ öèõ ïàðàìåòðiâ ó âèãëÿäi çàïðîïîíîâàíîãî ðàíiøå çâîðîòíîãî

çâ'ÿçêó, òàêèì ÷èíîì çàïèñàíî ðåçîëüâåíòó äëÿ îïåðàòîðà çàìêíåíî¨ ñèñòå-

ìè. Êîìïàêòíiñòü ïîáóäîâàíî¨ ðåçîëüâåíòè äîâåäåíî çà äîïîìîãîþ îöiíîê

íîðìè ó ãiëüáåðòîâîìó ïðîñòîði. Âëàñòèâiñòü êîìïàêòíîñòi ðåçîëüâåíòè ¹,

çãiäíî ç òåîðåìîþ Äàôåðìîñà�Ñëåìðîäà, äîñòàòíüîþ óìîâîþ ïåðåäêîì-

ïàêòíîñòi òðà¹êòîðié çàìêíåíî¨ ñèñòåìè.

Íà îñíîâi öèõ ðåçóëüòàòiâ, ñïèðàþ÷èñü íà ïðèíöèï iíâàðiàíòíîñòi Ëà-

Ñàëëÿ, äîâåäåíî àñèìïòîòè÷íó ñòiéêiñòü ñòàíó ðiâíîâàãè çàìêíåíî¨ ñèñòå-

ìè. Íàî÷íå ñõåìàòè÷íå ïðåäñòàâëåííÿ íàâåäåíèõ ìiðêóâàíü ìiñòèòüñÿ íà
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ðèñ. À.2 â äîäàòêó À.

×åòâåðòèé ðîçäië ïðèñâÿ÷åíî äîñëiäæåííþ çàäà÷i ñïîñòåðåæåííÿ ñèñ-

òåìè êåðóâàííÿ ç âèõîäîì. Çàïðîïîíîâàíî ÿâíèé àíàëiòè÷íèé ïiäõiä äëÿ

ïîáóäîâè äèíàìi÷íîãî ñïîñòåðiãà÷à òèïó Ëóåíáåðãåðà äëÿ êëàñó ìîäåëåé

ãíó÷êèõ êîíñòðóêöié.

Ðîçãëÿíóòî çàäà÷ó ñïîñòåðåæåííÿ äëÿ ñêií÷åííîâèìiðíî¨ ïðî¹êöi¨

êðàéîâî¨ çàäà÷i, îòðèìàíî¨ ìåòîäîì Ãàëüîðêiíà. Òàêîæ ïîáóäîâàíî ñïîñòå-

ðiãà÷ Ëóåíáåðãåðà äëÿ êëàñó äèíàìi÷íèõ ñèñòåì ó íåñêií÷åííîâèìiðíîìó

ïðîñòîði. Â îáîõ âèïàäêàõ ïðîàíàëiçîâàíî äèíàìiêó ïîõèáêè ñïîñòåðåæåíü

i äîâåäåíî àñèìïòîòè÷íó ñòiéêiñòü òðèâiàëüíîãî ðîçâ'ÿçêó ñèñòåìè âiäíîñíî

ïîõèáîê. Òàêèì ÷èíîì, ïîêàçàíî, ùî çàïðîïîíîâàíèé äèíàìi÷íèé ñïîñòå-

ðiãà÷ äîçâîëÿ¹ îöiíèòè ç âèñîêîþ òî÷íiñòþ ñòàí ëiíiéíî¨ ñèñòåìè çà óìîâè

íàÿâíîñòi íåïîâíî¨ iíôîðìàöi¨ âèõîäó. Äîâåäåííÿ áàçóþòüñÿ, âiäïîâiäíî,

íà ðàíãîâîìó êðèòåði¨ Êàëìàíà i ïðèíöèïi iíâàðiàíòíîñòi ËàÑàëëÿ. Çàïðî-

ïîíîâàíèé äèçàéí ñïîñòåðiãà÷à äîçâîëÿ¹ îöiíþâàòè ïîâíèé ñòàí ñèñòåìè

äëÿ äîâiëüíî¨ ðîçìiðíîñòi âèõiäíîãî âåêòîðà. Çáiæíiñòü ñïîñòåðiãà÷à ïðî-

iëþñòðîâàíî çà äîïîìîãîþ ðåçóëüòàòiâ ÷èñåëüíîãî ìîäåëþâàííÿ.

Ó ï'ÿòîìó ðîçäiëi äèñåðòàöi¨ äîñëiäæó¹òüñÿ ðóõ êîíñîëüíî¨ áàëêè. Íà-

âåäåíî ìàòåìàòè÷íó ìîäåëü êîëèâàíü, ðîçãëÿíóòî âiäïîâiäíó ñïåêòðàëüíó

çàäà÷ó i çàïðîïîíîâàíî ñïîñiá ïîáóäîâè ñèñòåìè íàáëèæåíèõ ðîçâ'ÿçêiâ íà

îñíîâi ìåòîäó Ãàëüîðêiíà. Äîâåäåíî i ïðîiëþñòðîâàíî ÷èñåëüíî çáiæíiñòü

ñèñòåìè íàáëèæåíèõ ðîçâ'ÿçêiâ äî óçàãàëüíåíîãî ðîçâ'ÿçêó âèõiäíî¨ çàäà÷i.

Â çàêëþ÷íîìó ðîçäiëi íàâîäÿòüñÿ îñíîâíi âèñíîâêè äèñåðòàöiéíîãî äî-

ñëiäæåííÿ. Ñïèñîê âèêîðèñòàíèõ äæåðåë ìiñòèòü óñi äæåðåëà, íà ÿêi ¹ ïîñè-

ëàííÿ â òåêñòi äèñåðòàöi¨, âêëþ÷íî çi ñïèñêîì îïóáëiêîâàíèõ ðîáiò àâòîðêè.

Îêðåìî ñïèñîê îïóáëiêîâàíèõ ðîáiò àâòîðêè íàâîäèòüñÿ ó äîäàòêó Á.

Ó äîäàòêó À ìiñòÿòüñÿ äîïîìiæíi âèêëàäêè, à òàêîæ iëþñòðàòèâíi ñõå-

ìè, ÿêi íàî÷íî ïðåäñòàâëÿþòü ïîñëiäîâíiñòü ìiðêóâàíü, âèêëàäåíèõ ó

òåêñòi äîñëiäæåííÿ.
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ABSTRACT

Kalosha J. I. Control of multi-frequency oscillations of hybrid mechanical

systems. –– Qualification scientific work in the form of manuscript.

Thesis for candidate of physical and mathematical sciences degree in

speciality 01.02.01 –– analytical mechanics. –– Institute of Applied Mathema-

tics and Mechanics NAS Ukraine, Sloviansk; Institute of Mathematics NAS

Ukraine, Kyiv, 2024.

The dissertation is devoted to the study of controlled stabilization and

observation problems for a hybrid mechanical system in the form of a flexible

beam with an absolutely rigid body attached by a spring-mass system. The

beam is controlled by a lumped force and distributed piezoelectric actuators.

In the mathematical sense, the mechatronic installation is a controlled dy-

namical system with an infinite number of degrees of freedom. A feedback

control is proposed for this system, which ensures asymptotic stability of the

equilibrium. Furthermore, the observation problem is studied, namely, the

observer design is proposed, which allows to restore asymptotically the full

state of the system operating by limited output information. In addition, a

cantilever flexible beam with control is considered and the convergence of the

Galerkin method for constructing approximate solutions of the equations of

motion is proved.

The dissertation consists of an abstract in Ukrainian and English, an

introduction, five chapters divided into sections and subsections, a conclusion,

a list of references, and two appendices.

The introductory part provides a substantiation of the relevance of the

topic of the dissertation, a description of potential scope of practical appli-
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cation of the results of the research area. The subject, object, purpose and

objectives of the dissertation research are indicated, as well as information

on the results’ approbation.

The first chapter provides a review of the literature and methods used on

the research topic and a description of the current state of the art. This chap-

ter consists of several parts. The first one covers the developments in the theo-

ry of calculus of variations for describing dynamical processes. Attention is

focused on the Hamilton–Ostrogradsky variational principle for obtaining the

equations of motion of elastic mechanical systems. Examples of applications

of this method to the derivation of the Euler–Bernoulli and Timoshenko equa-

tions of flexible beams oscillations are given. Formulations of the necessary

concepts and theorems related to the direct Lyapunov method of studying

the stability of solutions of ordinary differential equations are presented. The

next part is devoted to the theory of motion control of infinite-dimensional

mechanical systems. The necessary concepts and methods of the theory of

C0-semigroups of operators in Hilbert spaces are revealed. Next, the LaSalle

invariance principle for studying the asymptotic stability of the equilibrium

of a dynamical system is described. The next part deals with the observa-

tion problems and the corresponding methods founded by Rudolf E. Kálmán

and David Luenberger and developed by other well-known scientists. Finally,

a brief description of the Galerkin method for the approximate solution of

problems of dynamics is given. All parts of the first chapter contain a review

of scientific works, from classical texts to recent articles and monographs,

with references to the relevant sources.

The second chapter is devoted to the problem of stabilization of vibrations

of an elastic beam with a rigid body. A detailed description of the mechanical

system is given, and a mathematical model of the motion in the form of

a boundary value problem for the Euler–Bernoulli equation is obtained on

the basis of the Hamilton–Ostrogradsky variational principle. The boundary
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conditions describe the hinged attachment of the beam ends, and the interface

conditions at the point of rigid body attachment are presented. The law

of motion is a fourth-order linear partial differential equation. A common

approach in the literature to studying the stability of systems of this type is

based on the theory of strongly continuous semigroups of operators in Hilbert

or Banach spaces. To implement this approach, the obtained equation of

motion is written by means of an abstract differential equation in the operator

form
d

dt
ξ(t) = Aξ(t) +By. (2)

The phase vector ξ = (u, v, p, q)T is an element of the real Hilbert space

X = H2 × L2 × R2. The generalized coordinates are u(x) — the transverse

displacement, v(x) — the velocity of a given point of the beam with coordi-

nate x, p = u(ℓ0) — the displacement and q = v(ℓ0) — the velocity of the

point x = ℓ0 where the rigid body is attached. The motion of the system

with feedback control of the form y = Kξ(t) is determined by the properties

of the operator Ã = A + BK. The subject of a significant part of the work

is the study of properties of fourth-order differential operators A and Ã with

the domain D(A) = D(Ã) = H4 ×H2 × R2 ⊂ X in the Hilbert space X.

The control y = Kξ with feedback is proposed. It is proved that this

control is a bounded functional.

An important issue is the well-posedness of the Cauchy problem with the

initial function ξ0 ∈ X for the considered control system. It is known from

the literature that the Cauchy problem is well-posed if the operator A+BK

is an infinitesimal generator of a C0-semigroup. It is also known that a

bounded perturbation of a semigroup generator is a semigroup generator.

Therefore, due to the proved boundedness of the control, it is sufficient to

study the generative properties of the operator A. The solution to this ques-

tion is based on the Lumer–Phillips theorem, according to which, in order
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to generate a strongly continuous semigroup in X, the operator A must be

densely defined, dissipative and maximal. The first of these properties is ful-

filled on the basis of Sobolev’s theorems, the second is established by a direct

check of the dissipativity inequality, while to prove maximality it is neces-

sary to show that the resolvent of the operator A is well defined in the entire

space X. The resolvent is constructed as mapping (I−λA)−1X → X for some

λ > 0 and thus, on the basis of the Lumer–Phillips theorem, it is shown that

the differential operator A generates a C0-semigroup
{
etA
}
t⩾0

in the Hilbert

space X, which guarantees the well-posedness of the Cauchy problem for

equation (2). A schematic representation of the above reasoning is shown in

Fig. A.1 in Appendix A.

Furthermore, we prove another important property of the generator — its

closedness. For this purpose, we construct the inverse of A operator A−1 and

show its boundedness in the space X on the basis of the norm estimate. This

result is important in the further study of the compactness of the resolvent

of an infinitesimal generator of a closed-loop system with control.

On the basis of the direct Lyapunov method, the stability of the closed-

loop system equilibrium is proved. The Lyapunov function V (t) is chosen in

the form of total energy and it is shown that the proposed control ensures the

nonincreasing of this function on the trajectories of the closed-loop system:

V̇ (t) ⩽ 0.

In the third chapter, we give sufficient conditions for the asymptotic stabi-

lity of the equilibrium of the system with feedback control. As is well known,

the proof of asymptotic stability requires, in addition to Lyapunov stability,

the proof of the trajectories attractivity property, which in turn requires the

verification of LaSalle’s condition and the precompactness of the trajectories

of a closed-loop system. By LaSalle’s condition we mean the property of the

set Z =
{
ξ
∣∣∣ V̇ = 0

}
, namely: the maximal invariant subset of the set Z

does not contain non-trivial trajectories of system (2). In other words, an
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attractor for system (2) is a set consisting of the trajectory ξ = 0.

To prove the asymptotic stability, the frequency equation is derived and

the asymptotic distribution of eigenfrequencies of the beam oscillations is

investigated. The frequency equation for the studied model of the hybrid

system turns out to be quite cumbersome. Therefore, one of the steps in the

study of the asymptotic distribution of vibration frequencies is to isolate the

main part of the characteristic equation and prove its equivalence to the ob-

tained full equation in terms of the asymptotic behavior of the solutions. Due

to this approach, the frequency equation is reduced to a more understandable

and accessible for analysis transcendental equation. Based on the analysis

of the asymptotic distribution of solutions of the characteristic equation, it

is proved that the system of exponents
{
eλn t

}∞
n=1

is ω-linearly independent

in L2(0, T ), where λn — eigenvalues of the operator A, n = 1, 2, . . . .

Moreover, spectral properties of the differential operator A are investi-

gated. It is shown that its eigenfunctions form the basis of the considered

Hilbert space. The frequency distribution is illustrated by means of numerical

modeling. Besides, the graphs of eigenfunctions of the infinitesimal generator

are presented.

One of the key results of the third section of the thesis is the construction

of a resolvent for the feedback operator Ã and the proof of the compactness of

the resolvent. Since this problem is technically complex, it is first solved for

the auxiliary operator, in which some of the control parameters are taken as

constants. After that, a system of equations is obtained to exclude these pa-

rameters in the form of the previously proposed feedback, thus obtaining the

resolvent for the closed-loop operator. The compactness of the constructed

resolvent is proved by means of complementary estimates of the norm in the

Hilbert space. The compactness property of the resolvent is, according to the

Dafermos–Slemrod theorem, a sufficient condition for the precompactness of

the trajectories of a closed-loop system.
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Based on these results, the asymptotic stability of the equilibrium of the

closed-loop system is proved on the basis of the LaSalle invariance principle.

An illustrative schematic representation of the above considerations is given

in Fig. A.2 in Appendix A.

The fourth chapter is focused on the study of the observation problem of

a control system with an output. An explicit analytical approach is proposed

for constructing a Luenberger-type dynamic observer for a class of flexible

structure models.

We consider the observation problem for a finite-dimensional projection

of a boundary value problem obtained by the Galerkin method. We also

construct a Luenberger observer for a class of dynamical systems in infinite-

dimensional space. In both cases, we analyze the dynamics of the observation

error and prove the asymptotic stability of the trivial solution of the error

dynamics. Thus, it is shown that the proposed dynamic observer allows us

to estimate the state of a linear system with high accuracy in the presence

of limited output information. The proofs are based, respectively, on the

Kalman rank criterion and the LaSalle invariance principle. The proposed

design of the observer allows us to estimate the full state of the system for an

arbitrary dimension of the output vector. The convergence of the observer is

illustrated using the results of numerical simulations.

In the fifth chapter of the thesis, the motion of a cantilever beam is

considered. A mathematical model of the vibrations is presented, the cor-

responding spectral problem is considered, and a method for constructing a

system of approximate solutions based on the Galerkin method is proposed.

The convergence of the system of approximate solutions to the generalized

solution of the original problem is proved and illustrated numerically.

The final chapter summarizes the main conclusions of the dissertation

research. The list of references contains all sources cited in the text of the

dissertation, including a list of the author’s published works. A standalone
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list of the author’s published works is provided in Appendix B.

Appendix A contains auxiliary statements as well as illustrative diagrams

that clearly represent the sequence of reasoning set forth in the text of the

study.

Key words : hybrid mechanical system, Euler–Bernoulli beam, dynamical

system, phase space, strongly continuous semigroup of operators, infinitesi-

mal generator, equilibrium of a mechanical system, feedback control, the Lya-

punov function, Lyapunov’s stability, asymptotic stability, invariance princi-

ple, the Luenberger observer, the Galerkin method.
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ÂÑÒÓÏ

Àêòóàëüíiñòü òåìè. Ãiáðèäíi ìåõàíi÷íi êîíñòðóêöi¨, ÿêi ìiñòÿòü ó

ñîái åëåìåíòè ó âèãëÿäi ïðóæíèõ áàëîê, ç'¹äíàíèõ ç òâåðäèìè òiëàìè, øè-

ðîêî çàñòîñîâóþòüñÿ â ñó÷àñíié iíæåíåði¨. Çîêðåìà, ÷àñòèíè ïðîìèñëîâèõ

ðîáîòiâ-ìàíiïóëÿòîðiâ, ùîãëè êîñìi÷íèõ àïàðàòiâ, ñòâîëè àðòèëåðiéñüêèõ

ãàðìàò, îïîðè íàôòîâèäîáóâíèõ êîíñòðóêöié, îïîðè òà ëîïàòi âiòðîâèõ òóð-

áií, ïiäâiñêè àâòîìîáiëiâ ìîæóòü áóòè çìîäåëüîâàíèìè ó âèãëÿäi áàëîê ç

àêòèâíèì êåðóâàííÿì. Ó çâ'ÿçêó ç øèðîêèì çàñòîñóâàííÿì ãiáðèäíèõ ìåõà-

íi÷íèõ êîíñòðóêöié ç ïðóæíèìè áàëêàìè ó òåõíiöi òà ïðîìèñëîâîñòi âèíè-

êà¹ ïîòðåáà ó äîñëiäæåííi ïðîáëåì êåðóâàííÿ òà ñïîñòåðåæåííÿ äëÿ ïåâíèõ

òèïiâ êîëèâàëüíèõ ñèñòåì ç ðîçïîäiëåíèìè òà çîñåðåäæåíèìè ïàðàìåòðà-

ìè.

Ïîâíèé ñòàí äèíàìi÷íî¨ ñèñòåìè ÷àñòî âèÿâëÿ¹òüñÿ íåäîñòóïíèì äëÿ

ïðÿìîãî âèìiðþâàííÿ â áàãàòüîõ ïðèêëàäíèõ çàäà÷àõ. Ïðîòå äëÿ äåÿêèõ

ñèñòåì ìîæíà âèìiðþâàòè âèõiäíi ñèãíàëè ó âèãëÿäi ïåâíèõ êîìïîíåíò ôà-

çîâîãî âåêòîðà ÿê ôóíêöié ÷àñó. Äëÿ îïòèìàëüíîãî êåðóâàííÿ òà ñòàáiëi-

çàöi¨ ñòà¹ âàæëèâèì îöiíèòè ñòàí, âèêîðèñòîâóþ÷è ñïîñòåðåæåííÿ îáìåæå-

íî¨ êiëüêîñòi âèõiäíèõ äàíèõ ñèñòåìè. Òîìó âèíèêà¹ ïîòðåáà ó âiäíîâëåí-

íi ïîâíîãî âåêòîðà ñòàíó çà íàÿâíîñòi íåïîâíî¨ iíôîðìàöi¨ âèõîäó. Â öüî-

ìó ïîëÿãà¹ çàäà÷à ñïîñòåðåæåííÿ, ÿêà ðîçãëÿäà¹òüñÿ â äèñåðòàöi¨. Òàêîæ

ó ðåàëüíèõ iíæåíåðíèõ êîíñòðóêöiÿõ ÷àñòî âèíèêà¹ ïîòðåáà çàáåçïå÷èòè

êåðóâàííÿ çi çâîðîòíèì çâ'ÿçêîì, ÿêå âðàõîâó¹ âèõiäíó iíôîðìàöiþ ïðî

ñòàí ñèñòåìè. Çàãàëüíà ïðîáëåìà ïîëÿãà¹ â òîìó, ùî áiëüøiñòü ðåàëüíèõ

óñòàòêóâàíü ìàþòü îáìåæåííÿ äëÿ çàïèñó òà îáðîáêè âèõiäíèõ ñèãíàëiâ.

Çàçâè÷àé äîñòóïíà ëèøå ÷àñòêîâà iíôîðìàöiÿ ïðî ðóõ ïåâíèõ òî÷îê. Òîìó

ïèòàííÿ ñïîñòåðåæóâàíîñòi òà ñèíòåçó ñïîñòåðiãà÷à ñòàþòü âàæëèâèìè äëÿ
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îöiíêè ïîâíîãî ñòàíó äèíàìi÷íî¨ ìîäåëi i ¹ ïðåäìåòîì äîñëiäæåíü áàãàòüîõ

àâòîðiâ.

Îá'¹êò äîñëiäæåííÿ � ìàòåìàòè÷íi ìîäåëi êåðîâàíèõ êîëèâàíü

ãiáðèäíèõ ìåõàíi÷íèõ ñèñòåì ç ïðóæíîþ áàëêîþ òà òâåðäèì òiëîì.

Ïðåäìåò äîñëiäæåííÿ � çàäà÷i ñòiéêîñòi, ñòàáiëiçàöi¨ òà ñïîñòåðå-

æåííÿ ìîäåëåé êåðîâàíèõ ãiáðèäíèõ ìåõàíi÷íèõ ñèñòåì.

Îá ðóíòóâàííÿ âèáîðó òåìè äîñëiäæåííÿ. Ãiáðèäíi ìåõàíi÷íi

ñèñòåìè, ÿêi ñêëàäàþòüñÿ ç àáñîëþòíî òâåðäèõ i äåôîðìiâíèõ òië, ¹ øè-

ðîêî ðîçïîâñþäæåíèìè ó ñó÷àñíié òåõíiöi. Äî öüîãî êëàñó ñèñòåì âiäíî-

ñÿòüñÿ ðîáîòè-ìàíiïóëÿòîðè ç ïðóæíèìè ëàíêàìè, ñóïóòíèêè ç ãíó÷êèìè

àíòåíàìè i ïàíåëÿìè ñîíÿ÷íèõ áàòàðåé, ïiäéîìíi êðàíè ç ïðóæíèìè ñòðiëà-

ìè òà ïðîòÿæíèìè òðîñîâèìè çâ'ÿçêàìè òîùî. Ìàòåìàòè÷íå ìîäåëþâàííÿ

òàêèõ îá'¹êòiâ ïðèçâîäèòü äî íåîáõiäíîñòi äîñëiäæåííÿ êîëèâàíü â ñèñòå-

ìàõ êåðóâàííÿ, ÿêi îïèñóþòüñÿ ñóêóïíiñòþ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷à-

ñòèííèìè ïîõiäíèìè òà ðiâíÿíü Ëàãðàíæà âiäíîñíî óçàãàëüíåíèõ êîîðäè-

íàò. Îäíèì ç àêòóàëüíèõ íàïðÿìêiâ òàêîãî äîñëiäæåííÿ ¹ îá ðóíòóâàííÿ

ñêií÷åííîâèìiðíèõ íàáëèæåíèõ ìåòîäiâ ñèíòåçó êåðóâàíü, ÿêi áàçóþòüñÿ

íà ðîçâ'ÿçàííi çàäà÷ îïòèìàëüíîãî êåðóâàííÿ òà ïëàíóâàííÿ ðóõó. Äîñëiä-

æåííÿ â íàïðÿìêàõ òåîði¨ ñòiéêîñòi ðóõó òà ìàòåìàòè÷íî¨ òåîði¨ êåðóâàííÿ

ñèñòåìàìè ç ðîçïîäiëåíèìè ïàðàìåòðàìè ïðîâîäÿòüñÿ ó øêîëàõ J.-L. Li-

ons, J.-M. Coron, M. Balas, H. Fattorini, R. Curtain, H. Zwart, B. Jacob,

E. Zuazua, Z. H. Luo, B.-Z. Guo, W. Krabs, G. Sklyar, D. L. Russell, I. Lasi-

ecka, J. E. Lagnese, G. Leugering, Â. I. Êîðîáîâà, Î. Ã. Ìàçêà, À. À. Ìàð-

òèíþêà òà ií. Ó äèñåðòàöiéíié ðîáîòi îäåðæàíî íîâi íàóêîâî îá ðóíòîâàíi

ðîçâ'ÿçêè çàäà÷ êåðîâàíî¨ ñòàáiëiçàöi¨ òà ñèíòåçó äèíàìi÷íèõ ñïîñòåðiãà÷iâ

äëÿ ìîäåëåé ãiáðèäíî¨ ìåõàíi÷íî¨ ñèñòåìè iç ðîçïîäiëåíèìè ïàðàìåòðàìè,

ùî ñêëàäà¹ âíåñîê ó ðîçâèòîê ìåòîäiâ òåîði¨ êåðóâàííÿ ðóõîì òà òåîði¨

ñòiéêîñòi â ìåõàíiöi.
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Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè,

ãðàíòàìè. Äîñëiäæåííÿ, ðåçóëüòàòè ÿêèõ âèêëàäåíî ó äèñåðòàöiéíié ðî-

áîòi, âèêîíóâàëèñÿ â ðàìêàõ òàêèõ íàóêîâî-äîñëiäíèõ ðîáiò â Iíñòèòóòi ïðè-

êëàäíî¨ ìàòåìàòèêè i ìåõàíiêè Íàöiîíàëüíî¨ àêàäåìi¨ íàóê Óêðà¨íè:

◦ Êåðóâàííÿ, ñòiéêiñòü òà ðåäóêöiÿ ìîäåëåé ãiáðèäíèõ ñèñòåì ç åëàñòè÷-

íèìè êîìïîíåíòàìè (ïðî¹êò ìiæíàðîäíî¨ íàóêîâî-òåõíi÷íî¨ ñïiâïðàöi,

ïàðòíåð ç äîñëiäæåíü: Iíñòèòóò ìåõàíiêè i ìåõàòðîíiêè Òåõíi÷íîãî óíi-

âåðñèòåòó ì.Âiäåíü, Àâñòðiÿ), 0111U007275, 2011�2012 ðð.

◦ Ðîçðîáêà êîíñòðóêòèâíèõ ìåòîäiâ òåîði¨ êåðóâàííÿ i ñòiéêîñòi iç çàñòî-

ñóâàííÿì äî çàäà÷ ìàøèíîáóäóâàííÿ, 0111U000483, 2012 ð.

◦ Êåðóâàííÿ ìîäåëÿìè ìåõàòðîííèõ ñèñòåì iç çàñòîñóâàííÿì äî çàäà÷

íàâiãàöi¨ êîñìi÷íèõ àïàðàòiâ i ñòàáiëiçàöi¨ ðîáîòîòåõíi÷íèõ êîìïëåêñiâ,

0112U000029, 2012�2016 ðð.

◦ Çàäà÷i ñèíòåçó êåðóâàííÿ äëÿ íåëiíiéíèõ ñèñòåì ç áàãàòîìàñøòàáíîþ

äèíàìiêîþ, 0116U007161, 2016�2017 ðð.

◦ Àíàëiòè÷íi ìåòîäè äîñëiäæåííÿ çàäà÷ ñòiéêîñòi i êåðóâàííÿ ðóõîì íå-

ëiíiéíèõ ìåõàíi÷íèõ ñèñòåì, 0018U006265, 2018�2019 ðð.

◦ Ñòàáiëiçàöiÿ òðà¹êòîðié äèíàìi÷íèõ ñèñòåì ç ãiáðèäíèìè êåðóâàííÿìè

òà ïðîáëåìè àïðîêñèìàöi¨ ðîçâ'ÿçêiâ íåàâòîíîìíèõ ãðàíè÷íèõ çàäà÷,

0119U103214, 2019 ð.

◦ Êåðóâàííÿ òà àíàëiç íåëiíiéíî¨ äèíàìiêè êîëèâàëüíèõ ìåõàíi÷íèõ ñèñ-

òåì i ïðîöåñiâ ìàñîïåðåíîñó, 0116U002033, 2020 ð.

◦ Çàäà÷i ðîçïîäiëåíîãî êåðóâàííÿ òà iäåíòèôiêàöi¨ áàãàòîêîìïîíåíòíèõ

ìåõàíi÷íèõ ñèñòåì, 0121U100219, 2021�2023 ðð.

◦ Ñó÷àñíi ìåòîäè òåîði¨ êðàéîâèõ çàäà÷ òà ¨õ çàñòîñóâàííÿ äî ïðîáëåì

ìàòåìàòè÷íî¨ ôiçèêè i ìåõàíiêè, 0122U000594, 2022 ð.

◦ Grant EFDS-FL2-08 of the found The European Federation of Academies

of Sciences and Humanities (ALLEA), 2023 ð.
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Ìåòà i çàâäàííÿ äîñëiäæåííÿ. Ìåòîþ äîñëiäæåííÿ ¹ ðîçâèòîê ìå-

òîäiâ ñèíòåçó ôóíêöié êåðóâàííÿ çi çâîðîòíèì çâ'ÿçêîì äëÿ ìåõàíi÷íèõ

ñèñòåì ç ðîçïîäiëåíèìè ïàðàìåòðàìè. Çàâäàííÿì äîñëiäæåííÿ ¹ ðîçâ'ÿçàí-

íÿ çàäà÷ àñèìïòîòè÷íî¨ ñòàáiëiçàöi¨ òà ñïîñòåðåæåííÿ äëÿ ãiáðèäíî¨ ñèñòå-

ìè ç ïðóæíèìè òà òâåðäèìè åëåìåíòàìè.

Ìåòîäè äîñëiäæåííÿ. Ó äèñåðòàöiéíîìó äîñëiäæåííi âèêîðèñòîâó-

âàëèñü ìåòîäè àíàëiòè÷íî¨ ìåõàíiêè i ìàòåìàòè÷íî¨ òåîði¨ êåðóâàííÿ. Ìàòå-

ìàòè÷íó ìîäåëü ðóõó ãiáðèäíî¨ ñèñòåìè, ÿêà ïðåäñòàâëÿ¹òüñÿ â äèñåðòàöié-

íié ðîáîòi, îòðèìàíî iç çàñòîñóâàííÿì âàðiàöiéíîãî ïðèíöèïó Ãàìiëüòîíà�

Îñòðîãðàäñüêîãî. Êåðóâàííÿ çi çâîðîòíèì çâ'ÿçêîì ïîáóäîâàíî íà îñíîâi

ïðÿìîãî ìåòîäó Ëÿïóíîâà, çà äîïîìîãîþ ÿêîãî òàêîæ ïîêàçàíî ñòiéêiñòü

ñòàíó ðiâíîâàãè ñèñòåìè. Çàäà÷ó, çàïèñàíó â îïåðàòîðíié ôîðìi, äîñëiäæå-

íî íà êîðåêòíiñòü çà äîïîìîãîþ òåîði¨ C0-íàïiâãðóï ó íåñêií÷åííîâèìið-

íèõ ãiëüáåðòîâèõ ïðîñòîðàõ. Òàêèé ïiäõiä ¹ ïðèéíÿòèì ó òåîði¨ êåðóâàííÿ

ñèñòåìàìè ç ðîçïîäiëåíèìè ïàðàìåòðàìè. Óìîâè àñèìïòîòè÷íî¨ ñòiéêîñòi

îòðèìàíî íà îñíîâi ïðèíöèïó iíâàðiàíòíîñòi ËàÑàëëÿ, ïðè öüîìó ïåðåä-

êîìïàêòíiñòü òðà¹êòîðié äîâåäåíî iç çàñòîñóâàííÿì òåîðåìè Äàôåðìîñà�

Ñëåìðîäà ïðî êîìïàêòíó ðåçîëüâåíòó. Çàäà÷ó ñïîñòåðåæåííÿ ðîçâ'ÿçàíî

ìåòîäîì ïîáóäîâè ñïîñòåðiãà÷à Ëóåíáåðãåðà. Äëÿ ñêií÷åííîâèìiðíî¨ ñèñòå-

ìè ïiäõiä çàñíîâàíî íà ïåðåâiðöi ðàíãîâî¨ óìîâè Êàëìàíà. Àíàëiç ïîâåäií-

êè ïîõèáêè çàïðîïîíîâàíîãî ñïîñòåðiãà÷à áàçó¹òüñÿ íà òåîðåìi ËàÑàëëÿ.

Çàçíà÷åíi ìåòîäè äàþòü ìîæëèâiñòü îòðèìàòè çàÿâëåíi ðåçóëüòàòè ñïèðà-

þ÷èñü íà íàÿâíi äàíi ïðî ðóõ ìåõàíi÷íî¨ ñèñòåìè.

Íàóêîâà íîâèçíà îòðèìàíèõ ðåçóëüòàòiâ. Ó äèñåðòàöiéíié ïðàöi

ïðåäñòàâëåíî íîâó ìàòåìàòè÷íó ìîäåëü ðóõó ãiáðèäíî¨ ìåõàíi÷íî¨ ñèñòåìè,

ÿêà ñêëàäà¹òüñÿ ç ïðóæíî¨ áàëêè, ðîçïîäiëåíèõ ï'¹çîåëåêòðè÷íèõ àêòóàòî-

ðiâ òà òâåðäîãî òiëà, ïðè¹äíàíîãî â òî÷öi. Çàïðîïîíîâàíî çàêîí êåðóâàííÿ

ó âèãëÿäi çâîðîòíîãî çâ'ÿçêó, ÿêèé ãàðàíòó¹ àñèìïòîòè÷íó ñòiéêiñòü ñòàíó
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ðiâíîâàãè ðîçãëÿíóòî¨ ñèñòåìè. Âïåðøå äîñëiäæåíî àñèìïòîòè÷íèé ðîçïî-

äië âëàñíèõ ÷àñòîò êîëèâàíü òàêî¨ áàëêîâî¨ ñèñòåìè. Îòðèìàíî íîâèé ñïîñiá

ïîáóäîâè ñïîñòåðiãà÷à äëÿ òàêî¨ ìîäåëi. Âïåðøå äîâåäåíî çáiæíiñòü ìåòîäó

Ãàëüîðêiíà äëÿ ìîäåëi êîíñîëüíî çàêðiïëåíî¨ ïðóæíî¨ áàëêè.

Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ. Ðåçóëüòàòè äèñåð-

òàöiéíî¨ ðîáîòè íîñÿòü â îñíîâíîìó òåîðåòè÷íèé õàðàêòåð. Ïîòåíöiéíèìè

ñôåðàìè ïðàêòè÷íîãî çàñòîñóâàííÿ ìîæå áóòè iìïëåìåíòàöiÿ îäåðæàíèõ

ìåòîäiâ ñèíòåçó êåðóâàííÿ çi çâîðîòíèì çâ'ÿçêîì i ñèñòåìè-ñïîñòåðiãà÷à â

iíæåíåðíi êîíñòðóêöi¨, ÿêi ìiñòÿòü ðîáîòèçîâàíi ìàíiïóëÿòîðè ç ãíó÷êèìè

ëàíêàìè ÷è îïîðàìè, à òàêîæ ó êîñìi÷íi àïàðàòè ç ÷àñòèíàìè, ÿêi ìîæóòü

áóòè çìîäåëüîâàíèìè ó âèãëÿäi ïðóæíèõ áàëîê. Êðiì òîãî, çàïðîïîíîâàíå

â ðîáîòi àêòèâíå êåðóâàííÿ ìîæå áóòè âïðîâàäæåíî äëÿ ãàñiííÿ âiáðàöié â

àâòîìîáiëüíèõ ïiäâiñêàõ.

Îñîáèñòèé âíåñîê çäîáóâà÷êè. Óñi ðåçóëüòàòè, ùî ïðåäñòàâëÿþòü-

ñÿ â äèñåðòàöi¨, îòðèìàíi çäîáóâà÷êîþ ó ñïiâàâòîðñòâi ç íàóêîâèì êåðiâíè-

êîì ïðîôåñîðîì Î. Ë. Çó¹âèì. Êåðiâíèêîâi íàëåæàòü ïîñòàíîâêè çàäà÷,

âèáið ìåòîäiâ äîñëiäæåííÿ i îáãîâîðåííÿ îäåðæàíèõ ðåçóëüòàòiâ. Çäîáó-

âà÷öi íàëåæàòü äîâåäåííÿ âñiõ ðåçóëüòàòiâ, ðîçãëÿä ïðèêëàäiâ i ïðîâåäåííÿ

÷èñåëüíèõ ðîçðàõóíêiâ.

Àïðîáàöiÿ ìàòåðiàëiâ äèñåðòàöi¨. Îñíîâíi ðåçóëüòàòè äîñëiäæåí-

íÿ äîïîâiäàëèñÿ íà íàóêîâèõ êîíôåðåíöiÿõ ðiçíîãî ðiâíÿ òà íàóêîâèõ ñåìi-

íàðàõ. Öå òàêi êîíôåðåíöi¨:

◦ 11th International Conference �Stability, Control and Rigid Bodies Dyna-

mics� (ICSCD), Donetsk, Ukraine, June 8 � 12, 2011.

◦ International Conference �The Twenty Third Crimea Autumn Mathemati-

cal School-Symposium� (KROMSh), Crimea, Ukraine, September 17 � 29,

2012.

◦ International Mathematical Conference �The Boundary Problems, the Theo-
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ry of Functions and Their Applications� dedicated to the 75th birthday of

Academician A.M. Samoilenko, Sloviansk, Ukraine, June 12 � 14, 2013.

◦ 16th International Conference �Dynamical System Modelling and Stability

Investigation� (DSMSI), Kyiv, Ukraine, May 29�31, 2013.

◦ Crimean International Math. Conf. �KMMK�2013�, Sudak, Ukraine, Sep-

tember 22 � October 4, 2013.

◦ XVII International Conference �Dynamical Systems Modelling and Stability

Investigation� (DSMSI), Kyiv, Ukraine, May 27 � 29, 2015.

◦ International V. Skorobohatko Mathematical Conference, Drohobych,

Ukraine, August 25 � 28, 2015.

◦ International Conference of Young Mathematicians, Kyiv, Ukraine, June

3 � 6, 2015.

◦ International Conference on Di�erential Equations, Mathematical Physics

and Applications (DEMPhA�2017), Cherkasy, Ukraine, October 17 � 19,

2017.

◦ International Conference �Dynamical Systems Modelling and Stability

Investigation� (DSMSI�2017), Kyiv, Ukraine, May 24 � 26, 2017.

◦ International Conference of Young Mathematicians, Kyiv, Ukraine, June

3 � 5, 2021.

◦ The Conference of Young Scientists �Pidstryhach Readings � 2021�, Lviv,

Ukraine, May 26 � 28, 2021.

◦ The Conference of Young Scientists �Pidstryhach Readings � 2022�, Lviv,

Ukraine, May 25 � 27, 2022.

◦ International Scienti�c Conference �Current Problems of Mechanics and Ma-

thematics � 2023�, Lviv, Ukraine, May 23 � 25, 2023.

◦ European Control Conference (ECC23), Bucharest, Romania, June 13 � 16,

2023.
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Ñåìiíàðè:

◦ Ñåìiíàð âiääiëó ïðèêëàäíî¨ ìåõàíiêè Iíñòèòóòó ïðèêëàäíî¨ ìàòåìàòèêè

i ìåõàíiêè Íàöiîíàëüíî¨ àêàäåìi¨ íàóê Óêðà¨íè (2011�2023).

◦ Ñåìiíàð ìîëîäèõ â÷åíèõ Iíñòèòóòó ïðèêëàäíî¨ ìàòåìàòèêè i ìåõàíiêè

Íàöiîíàëüíî¨ àêàäåìi¨ íàóê Óêðà¨íè (2016�2023).

◦ Ñåìiíàðè â Iíñòèòóòi ìåõàíiêè i ìåõàòðîíiêè Òåõíi÷íîãî óíiâåðñèòå-

òó Âiäíÿ (Àâñòðiÿ) â ðàìêàõ ïðî¹êòó ìiæíàðîäíî¨ íàóêîâî¨ ñïiâïðàöi

�Control, stability and model reduction of hybrid systems with elastic com-

ponents� (2011�2012).

◦ Seminar of Biomathematics and Game Theory Group at University of War-

saw, Faculty of Mathematics, Informatics and Mechanics, Warsaw, Poland

(2022).

◦ Open seminar on partial di�erential equations at The Faculty of Mathema-

tics and Information Science, Warsaw University of Technology, Warsaw,

Poland (2022).

◦ Seminar at The Institute of Mathematics, Polish Academy of Sciences,

Warsaw, Poland (2022).

◦ Seminar at The Max Planck Institute for Dynamics of Complex Technical

Systems, Computational Methods in Systems and Control Theory Group

(CSC Seminar), Magdeburg, Germany (2022).

◦ Seminar at the Institute of Mathematics, Kassel University, Kassel, Ger-

many. Presentation �Asymptotic Stabilization of the Flexible Beam Oscilla-

tions� (2022).

◦ Ðîçøèðåíèé ñåìiíàð âiääiëó ïðèêëàäíî¨ ìåõàíiêè Iíñòèòóòó ïðèêëàäíî¨

ìàòåìàòèêè i ìåõàíiêè Íàöiîíàëüíî¨ àêàäåìi¨ íàóê Óêðà¨íè (17.11.2023).

◦ Ñåìiíàð êàôåäðè ïðèêëàäíî¨ ìàòåìàòèêè Õàðêiâñüêîãî íàöiîíàëüíîãî

óíiâåðñèòåòó iì. Â. Í. Êàðàçiíà (21.11.2023).

◦ Ñåìiíàð âiääiëó ìàòåìàòè÷íèõ ïðîáëåì ìåõàíiêè òà òåîði¨ êåðóâàííÿ

Iíñòèòóòó ìàòåìàòèêè Íàöiîíàëüíî¨ àêàäåìi¨ íàóê Óêðà¨íè (23.11.2023).
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Ïóáëiêàöi¨. Îñíîâíi ðåçóëüòàòè äèñåðòàöiéíîãî äîñëiäæåííÿ îïóáëi-

êîâàíî ó ñòàòòÿõ [41, 42, 122, 123, 143, 144] òà äîäàòêîâî âèñâiòëåíî ó

òåçàõ äîïîâiäåé [43], [53] � [56], [128, 129], [142], [145] � [149], [155]. Ðå-

çóëüòàòè äðóãîãî ðîçäiëó äèñåðòàöi¨ îïóáëiêîâàíî ó ñòàòòi [144]. Ðåçóëüòà-

òè, ïðåäñòàâëåíi ó òðåòüîìó ðîçäiëi, îïóáëiêîâàíî ó ñòàòòÿõ [41] òà [42].

Ðåçóëüòàòè, âèêëàäåíi â ðîçäiëi 4, îïóáëiêîâàíî â ðîáîòàõ [122] òà [123].

Ðåçóëüòàòè ï'ÿòîãî ðîçäiëó äèñåðòàöi¨ îïóáëiêîâàíî ó ñòàòòi [143]. Ïóáëi-

êàöi¨ [122, 143, 144] âiäïîâiäàþòü âèìîãàì äî ïóáëiêàöi¨ ðåçóëüòàòiâ äèñåð-

òàöiéíèõ ðîáiò ó ôàõîâèõ âèäàííÿõ iç ôiçèêî-ìàòåìàòè÷íèõ íàóê. Ñòàò-

òi [41, 42, 123] ïðîiíäåêñîâàíî â ìiæíàðîäíèõ íàóêîìåòðè÷íèõ áàçàõ äàíèõ

Web of Science i Scopus.

Ñòðóêòóðà òà îáñÿã äèñåðòàöi¨. Äèñåðòàöiÿ ñêëàäà¹òüñÿ ç àíîòàöi¨

óêðà¨íñüêîþ òà àíãëiéñüêîþ ìîâàìè, âñòóïó, ï'ÿòè ðîçäiëiâ, ðîçäiëåíèõ íà

ïiäðîçäiëè, çàêëþ÷íî¨ ÷àñòèíè, ñïèñêó âèêîðèñòàíèõ äæåðåë i äâîõ äîäàò-

êiâ. Çàãàëüíèé îáñÿã äèñåðòàöi¨ ñêëàäà¹ 165 ñòîðiíîê. Ñïèñîê âèêîðèñòàíèõ

äæåðåë (173 ïîñèëàííÿ âêëþ÷íî ç ðîáîòàìè çäîáóâà÷êè), ñïèñîê ïóáëiêà-

öié çäîáóâà÷êè (6 ñòàòåé i 14 òåç êîíôåðåíöié), âiäîìîñòi ïðî àïðîáàöiþ

ðåçóëüòàòiâ i äîäàòîê çàéìàþòü 29 ñòîðiíîê (ç íèõ 2 ñòîðiíêè � iëþñòðà-

òèâíi ìàòåðiàëè ó äîäàòêó À).

Çìiñò ðîáîòè. Ó ïåðøîìó ðîçäiëi äèñåðòàöi¨ íàâîäèòüñÿ îãëÿä ëi-

òåðàòóðè òà ìåòîäèêè äîñëiäæåíü. Ðåçóëüòàòè âëàñíîãî íàóêîâîãî äîñëiä-

æåííÿ çà òåìîþ äèñåðòàöi¨ âèêëàäåíî ó ðîçäiëàõ 2 � 5. Ðîçâ'ÿçàíî çàäà÷ó

ñòàáiëiçàöi¨ äëÿ ìîäåëi ïðóæíî¨ áàëêè ç òâåðäîþ ìàñîþ i ðîçïîäiëåíèì êå-

ðóâàííÿì. Ìîäåëü ðóõó îòðèìàíî çà äîïîìîãîþ âàðiàöiéíîãî ïðèíöèïó.

Çàïðîïîíîâàíî êåðóâàííÿ ó âèãëÿäi çâîðîòíîãî çâ'ÿçêó. Äîâåäåíî êîðåêò-

íiñòü çàäà÷i Êîøi äëÿ ðiâíÿííÿ ðóõó, çàïèñàíîãî ó âèãëÿäi àáñòðàêòíî-

ãî ðiâíÿííÿ ó ãiëüáåðòîâîìó ïðîñòîði ç äèôåðåíöiàëüíèì îïåðàòîðîì ÷åò-

âåðòîãî ïîðÿäêó. Äîñëiäæåíî âëàñòèâîñòi iíôiíiòåçèìàëüíîãî ãåíåðàòîðà
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C0-íàïiâãðóïè. Íà îñíîâi ïðÿìîãî ìåòîäó Ëÿïóíîâà äîâåäåíî ñòiéêiñòü ñòà-

íó ðiâíîâàãè çàìêíåíî¨ ñèñòåìè.

Àñèìïòîòè÷íó ñòiéêiñòü äîâåäåíî çà äîïîìîãîþ ïðèíöèïó iíâàðiàíò-

íîñòi ËàÑàëëÿ. Ïîáóäîâàíî ðåçîëüâåíòó iíôiíiòåçèìàëüíîãî ãåíåðàòîðà,

ïîêàçàíî ¨¨ êîìïàêòíiñòü, íà îñíîâi ÷îãî äîâåäåíî ïåðåäêîìïàêòíiñòü

òðà¹êòîðié çàìêíåíî¨ ñèñòåìè ó ôàçîâîìó ïðîñòîði. Äîñëiäæåíî àñèìïòî-

òè÷íèé ðîçïîäië ìîäàëüíèõ ÷àñòîò êîëèâàíü áàëêè. Íà îñíîâi öüîãî ïå-

ðåâiðåíî óìîâó ËàÑàëëÿ � âëàñòèâiñòü iíâàðiàíòíèõ ïiäìíîæèí ìíîæèíè

òðà¹êòîðié, íà ÿêèõ ïîõiäíà ôóíêöiîíàëà Ëÿïóíîâà çà ÷àñîì äîðiâíþ¹ íó-

ëåâi.

Êðiì òîãî, ðîçâ'ÿçàíî çàäà÷ó ñïîñòåðåæåííÿ äëÿ äèíàìi÷íî¨ ñèñòåìè

ç âèõîäîì, ñïî÷àòêó äëÿ ñêií÷åííîâèìiðíî¨ ìîäåëi, ïiñëÿ ÷îãî ðåçóëüòàò

óçàãàëüíåíî íà øèðîêèé êëàñ ãàìiëüòîíîâèõ ñèñòåì ó íåñêií÷åííîâèìið-

íîìó ïðîñòîði. Çàïðîïîíîâàíî àëãîðèòì ïîáóäîâè äèíàìi÷íîãî ñïîñòåðiãà-

÷à òèïó Ëóåíáåðãåðà. Äîâåäåíî àñèìïòîòè÷íó ñòiéêiñòü ïîõèáêè ñïîñòåðå-

æåíü, ðåçóëüòàòè ïðîiëþñòðîâàíî çà äîïîìîãîþ ÷èñåëüíîãî ìîäåëþâàííÿ.

Òàêîæ îòðèìàíî ðåçóëüòàò ïðî çáiæíiñòü ìåòîäó Ãàëüîðêiíà äëÿ êîíñîëü-

íî¨ áàëêè ç ðîçïîäiëåíèì êåðóâàííÿì.

Ïîäÿêà. Àâòîðêà âèñëîâëþ¹ ïîäÿêó Ñèëàì îáîðîíè Óêðà¨íè, çàâäÿ-

êè ÷è¨ì ãåðî¨÷íèì çóñèëëÿì ìà¹ ìîæëèâiñòü ïðîâîäèòè íàóêîâi äîñëiäæåí-

íÿ. Îñîáëèâó ïîäÿêó àâòîðêà âèñëîâëþ¹ íàóêîâîìó êåðiâíèêîâi ïðîôåñî-

ðó Îëåêñàíäðó Ëåîíiäîâè÷ó Çó¹âó, ÷è¨ êîíñóëüòàöi¨ i âñåái÷íà ïiäòðèìêà

âïðîäîâæ óñiõ åòàïiâ ïiäãîòîâêè äèñåðòàöi¨ íåîöiíåííi. Îêðåìà ïîäÿêà âè-

ñëîâëþ¹òüñÿ àâòîðîâi íàáîðó êëàñiâ i ïàêåòiâ LATEX vakthesis òà vakaref

Îëåêñàíäðó Áàðàíîâñüêîìó, ÷è¨ íàïðàöþâàííÿ çíà÷íî ñïðîñòèëè ðîáîòó

íàä ïiäãîòîâêîþ ðóêîïèñó.
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ÐÎÇÄIË 1

ÎÃËßÄ ËIÒÅÐÀÒÓÐÈ ÒÀ ÌÅÒÎÄÈÊÀ ÄÎÑËIÄÆÅÍÜ

Ìîäåëþâàííÿ ìåõàíi÷íèõ ñèñòåì çà äîïîìîãîþ âàðiàöiéíèõ

ïðèíöèïiâ. Iñíóþòü ðiçíi ïiäõîäè äî ìàòåìàòè÷íîãî ìîäåëþâàííÿ ðóõó

ìåõàíi÷íèõ ñèñòåì. Ó êëàñè÷íèõ ïðàöÿõ ç àíàëiòè÷íî¨ ìåõàíiêè òà ìåõà-

íiêè ñóöiëüíîãî ñåðåäîâèùà [5, 8, 29, 135, 139] âèêëàäåíî óíiâåðñàëüíi ìå-

òîäè äëÿ îïèñó ôiçè÷íèõ ïðîöåñiâ çà äîïîìîãîþ âàðiàöiéíèõ ïðèíöèïiâ.

Òàêèé ïiäõiä äà¹ ñïîñiá îòðèìàòè ðiâíÿííÿ ðóõó ñèñòåìè, äîñëiäæóþ÷è õà-

ðàêòåðèñòèêè çìiíè êiíåòè÷íî¨ òà ïîòåíöiàëüíî¨ åíåðãi¨. Êîíöåïöiÿ ïîëÿ-

ãà¹ â òîìó, ùî ó ðåàëüíèõ ïðîöåñàõ äåÿêi ôóíêöiîíàëè ìàþòü ñòàöiîíàðíå

çíà÷åííÿ, i çàêîíè âçà¹ìîäi¨ ÷àñòîê ñåðåäîâèùà ìîæóòü áóòè îòðèìàíi ç

óìîâè ñòàöiîíàðíîñòi ôóíêöiîíàëà äi¨. Iäåÿ ñõîäèòü äî ðîáiò Ï'¹ðà Ôåðìà,

Ï'¹ðà Ìîðïåòþ¨, Æ. Ë. Äàëàìáåðà, Éîãàíà òà ßêîáà Áåðíóëëi, Ëåîíàðäà

Åéëåðà1 [172]. Ïîäàëüøèé ðîçâèòîê íàïðÿìêó äàâ ôîðìóëþâàííÿ ïðèíöè-

ïó íàéìåíøî¨ äi¨ ó ôîðìi Ëàãðàíæà: iñòèííèé ðóõ ñèñòåìè ¹ ñòàöiîíàðíîþ

òî÷êîþ äi¨ íà ìíîæèíi òðà¹êòîðié, ÿêi âèõîäÿòü â ìîìåíò ÷àñó t0 ç îäíi¹¨

çàäàíî¨ òî÷êè êîíôiãóðàöiéíîãî ïðîñòîðó òà ïðèõîäÿòü â iíøó â ìîìåíò ÷à-

ñó t1 i çàäîâîëüíÿþòü çàêîí çáåðåæåííÿ åíåðãi¨. Ïðè öüîìó ôóíêöiîíàë äi¨

ïðèéìà¹òüñÿ ó âèãëÿäi iíòåãðàëà çà ïðîìiæêîì [t0, t1] âiä êiíåòè÷íî¨ åíåð-

ãi¨ ñèñòåìè, ÿêà ââàæà¹òüñÿ äîäàòíîþ îäíîðiäíîþ äðóãîãî ñòåïåíÿ âiäíîñíî

øâèäêîñòi2 ôóíêöi¹þ óçàãàëüíåíèõ êîîðäèíàò i øâèäêîñòåé.

Ïiçíiøå ç'ÿâèëèñü âåðñi¨ âèêëàäåíîãî ïðèíöèïó ó ðîáîòàõ Â. Ãàìiëüòî-

1Íàïèñàííÿ ïðiçâèùà Ë. Åéëåðà â óêðà¨íñüêié ìîâi ¹ äèñêóñiéíèì. Ïðàâèëüíèì òàêîæ ââàæà¹òüñÿ

íàïèñàííÿ �Îéëåð�.
2ßêùî qi � óçàãàëüíåíi êîîðäèíàòè, q̇i � óçàãàëüíåíi øâèäêîñòi, òî äëÿ êiíåòè÷íî¨ åíåðãi¨ E ìàþòü

ìiñöå ðiâíîñòi E(q, λq̇) = λ2E(q, q̇) òà q̇i
∂E
∂q̇i

= 2E(q, q̇).
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íà, Ì. Â. Îñòðîãðàäñüêîãî, À. Ïóàíêàðå, Ê. Ã. ß. ßêîái. Îñíîâíi âiäìiííîñòi

ïîëÿãàëè â òîìó, ÿê çàïèñóâàòè ôóíêöiîíàë äi¨. Çîêðåìà, Ãàìiëüòîí [33] i

Îñòðîãðàäñüêèé [87] çàïðîïîíóâàëè ïðèíöèï íàéìåíøî¨ äi¨ ó ôîðìi, ÿêà íå

âèìàãà¹ âèêîíàííÿ çàêîíó çáåðåæåííÿ åíåðãi¨ íà äîïóñòèìèõ òðà¹êòîðiÿõ.

Äèôåðåíöiàëüíå ðiâíÿííÿ ðóõó ìåõàíi÷íî¨ ñèñòåìè ìîæíà îòðèìàòè ÿê

íàñëiäîê âàðiàöiéíîãî ïðèíöèïó íà îñíîâi ëàãðàíæåâîãî ôîðìàëiçìó � ìå-

òîäó âèâåäåííÿ ðiâíÿíü ðóõó çà äîïîìîãîþ ïðèíöèïó ñòàöiîíàðíî¨ äi¨ çà

Ãàìiëüòîíîì, àáî ïðèíöèïó Ãàìiëüòîíà�Îñòðîãðàäñüêîãî [133, 159], êîëè

ôóíêöiîíàëîì äi¨ ïðèéìà¹òüñÿ iíòåãðàë çà ÷àñîâèì ïðîìiæêîì âiä ôóíêöi¨

Ëàãðàíæà. Iíòåãðàëüíèé ïðèíöèï Ãàìiëüòîíà îïèñó¹ ðóõ òèõ ìåõàíi÷íèõ

ñèñòåì, äëÿ ÿêèõ âñi ñèëè (êðiì ñèë îïîðó) âèâîäÿòüñÿ ç óçàãàëüíåíîãî ñêà-

ëÿðíîãî ïîòåíöiàëó, ÿêèé ìîæå áóòè ôóíêöi¹þ êîîðäèíàò i ÷àñó. Ïðèíöèï

Ãàìiëüòîíà�Îñòðîãðàäñüêîãî ïîëÿãà¹ â òîìó, ùî ðóõ (çìiíà êîíôiãóðàöi¨)

ñèñòåìè âiä ìîìåíòó ÷àñó t0 äî ìîìåíòó t1 ¹ òàêèì, ùî êðèâîëiíiéíèé iíòåã-

ðàë äi¨
t1∫
t0

Ldt ìà¹ ñòàöiîíàðíå çíà÷åííÿ íà ôàêòè÷íié òðà¹êòîði¨ ðóõó, òóò

L ¹ ðiçíèöåþ ìiæ êiíåòè÷íîþ i ïîòåíöiàëüíîþ åíåðãi¹þ ñèñòåìè. Òîáòî, ç

óñiõ äîïóñòèìèõ çâ'ÿçêàìè (âiðòóàëüíèõ) òðà¹êòîðié äiéñíîþ ¹ òà, äëÿ ÿêî¨

äiÿ çà Ãàìiëüòîíîì íàáóâà¹ åêñòðåìàëüíîãî çíà÷åííÿ.

Ñèñòåìè ç ðîçïîäiëåíèìè ïàðàìåòðàìè, òàêi ÿê ãíó÷êi ñòðóíè, áàë-

êè ÷è ìåìáðàíè, ôiçè÷íi ïîëÿ òîùî, íå ìîæóòü áóòè îïèñàíi ñêií÷åííîþ

êiëüêiñòþ óçàãàëüíåíèõ êîîðäèíàò. Ó òàêèõ âèïàäêàõ ìîæíà çàñòîñóâàòè

óçàãàëüíåííÿ ïðèíöèïó Ãàìiëüòîíà�Îñòðîãðàäñüêîãî íà âèïàäîê íåñêií-

÷åííî¨ êiëüêîñòi ñòóïåíiâ âiëüíîñòi. À ñàìå: íåõàé êîíôiãóðàöiÿ ñèñòåìè

îïèñó¹òüñÿ âåêòîð-ôóíêöi¹þ q(t) â äåÿêîìó áàíàõîâîìó àáî ãiëüáåðòîâî-

ìó ïðîñòîði. Ïîçíà÷èìî êiíåòè÷íó åíåðãiþ ñèñòåìè ÷åðåç K(t, q, q̇), ïîòåí-

öiàëüíó � ÷åðåç U(q). Ôóíêöiîíàë äi¨ çà Ãàìiëüòîíîì ìîæíà çàïèñàòè ó

âèãëÿäi I =
t1∫
t0

L(t, q, q̇)dt, äå L = K − U � ëàãðàíæiàí. Íàäàìî ôóíê-

öi¨ q(t) ìàëèé ïðèðiñò δq(t) ∈ C1[t0, t1], ÿêèé çàäîâîëüíÿ¹ êðàéîâi óìîâè
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δq(t0) = δq(t1) = 0, i îá÷èñëèìî ïðèðiñò ∆I = I(t, q + δq, q̇ + δ̇q)− I(t, q, q̇)

ôóíêöiîíàëà äi¨. Âàðiàöi¹þ δI ôóíêöiîíàëà I ¹ ãîëîâíà ëiíiéíà âiäíîñíî δq

÷àñòèíà ∆I. Íåîáõiäíîþ óìîâîþ ñòàöiîíàðíîñòi I íà ôóíêöi¨ q(t) ¹ δI = 0.

Âiäïîâiäíî äî ïðèíöèïó Ãàìiëüòîíà�Îñòðîãðàäñüêîãî ç óðàõóâàííÿì ðîáî-

òè ñòîðîííiõ ñèë [133, ñ. 189], ðóõ ìåõàíi÷íî¨ ñèñòåìè âiäïîâiäà¹ ñòàöiîíàð-

íîìó çíà÷åííþ ôóíêöiîíàëà äi¨ i òîìó çäiéñíþ¹òüñÿ íà ôóíêöiÿõ q(t), ÿêi

çàäîâîëüíÿþòü óìîâó

δI +

t1∫
t0

δAdt = 0, (1.1)

äå δA � âàðiàöiÿ ðîáîòè çîâíiøíiõ ñèë íà ïåðåìiùåííÿõ δq. Ðiâíiñòü (1.1)

âèêîíàíî äëÿ äîâiëüíèõ âiðòóàëüíèõ ïåðåìiùåíü δq êëàñó C1 ç íóëüîâè-

ìè êðàéîâèìè óìîâàìè íà êiíöÿõ âiäðiçêó [t0, t1]. Ïiä âiðòóàëüíèìè ïåðå-

ìiùåííÿìè ìàþòüñÿ íà óâàçi íåñêií÷åííî ìàëi ïåðåìiùåííÿ ñèñòåìè, ùî

äîïóñêàþòüñÿ ðiâíÿííÿìè â'ÿçiâ. Çàñòîñîâóþ÷è îñíîâíó ëåìó âàðiàöiéíîãî

÷èñëåííÿ (äèâ. [133, c. 15], [136, c. 29], [165, c. 7]) òà iíòåãðóâàííÿ ÷àñòèíà-

ìè, ç (1.1) ìîæíà îòðèìàòè äèôåðåíöiàëüíi ðiâíÿííÿ ðóõó ç âiäïîâiäíèìè

êðàéîâèìè óìîâàìè. Ïåðåâàãîþ òàêîãî ïiäõîäó ¹ òå, ùî âàðiàöiéíi ïðèíöè-

ïè äàþòü ìîæëèâiñòü ïî¹äíàòè ãåîìåòðè÷íi òà ôiçè÷íi âëàñòèâîñòi ñèñòåìè

i îòðèìàòè ¹äèíèé ïiäõiä äî àíàëiçó ðiçíèõ ñèñòåì. Ó êíèãàõ [136, 173] íà-

âîäÿòüñÿ óçàãàëüíåííÿ öüîãî ìåòîäó íà âèïàäêè, êîëè ôóíêöiÿ q çàëåæèòü

âiä êiëüêîõ çìiííèõ, à ôóíêöiîíàë I çàëåæèòü, êðiì q, q̇, âiä ïîõiäíèõ âè-

ùèõ ïîðÿäêiâ.

Ìîäåëi êîëèâàíü ïðóæíèõ òië. Äîñëiäæåííÿ ðóõó ïðóæíèõ êî-

ëèâàëüíèõ ñèñòåì ñõîäèòü äî Éîãàííà Áåðíóëëi òà Ëåîíàðäà Åéëåðà, ÿêi

âñòàíîâèëè äèôåðåíöiàëüíi ðiâíÿííÿ äëÿ êðèâèõ ïðîãèíó ïðóæíîãî ñòðè-

æíÿ òà iäåàëüíî ïðóæíî¨ ìåìáðàíè. Ëåîíàðä Åéëåð çàïðîïîíóâàâ ïðàâèëà

çíàõîäæåííÿ åêñòðåìàëåé ôóíêöiîíàëiâ i çàñòîñóâàâ âàðiàöiéíèé ïiäõiä äî

ìîäåëþâàííÿ ãíó÷êèõ ïëàñòèí òà äîñëiäæåííÿ ðóõó òië ó ñóöiëüíîìó ñå-
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ðåäîâèùi. Ó òåîði¨ áàëêè Åéëåðà�Áåðíóëëi êëþ÷îâèì ïðèïóùåííÿì ¹ òå,

ùî ïëîñêèé ïîïåðå÷íèé ïåðåðiç çàëèøà¹òüñÿ ïåðïåíäèêóëÿðíèì äî îïîð-

íî¨ îñi ïiä ÷àñ äåôîðìàöi¨. Ó ðîáîòàõ [136, 165] iç çàñòîñóâàííÿì ïiäõîäó íà

îñíîâi ëàãðàíæåâîãî ôîðìàëiçìó áóëè îòðèìàíi ðiâíÿííÿ ìàëèõ êîëèâàíü

ñòðóíè, ïðóæíîãî ñòðèæíÿ, ïðîñòîãî ìåõàíi÷íîãî îñöèëÿòîðà, ìåìáðàíè i

ïëàñòèíè ç ðiçíèìè óìîâàìè çàêðiïëåííÿ êiíöiâ àáî ìåæi.

Óêðà¨íñüêèé â÷åíèé Ñòåïàí Òèìîøåíêî çàïðîïîíóâàâ ìîäåëü ïðóæíî¨

áàëêè [166, 167], áåðó÷è äî óâàãè íå òiëüêè ïîïåðå÷íå ïåðåìiùåííÿ, à i äå-

ôîðìàöiþ çãèíó òà iíåðöiþ îáåðòàííÿ ïîïåðå÷íîãî ïåðåòèíó åëåìåíòó áàë-

êè. Õî÷à ðiâíÿííÿ áàëêè Òèìîøåíêà áiëüø òî÷íî îïèñó¹ êîëèâàííÿ çà ðà-

õóíîê îáåðòàëüíèõ iíåðöiéíèõ ìîìåíòiâ, ëiíiéíà ìîäåëü Åéëåðà�Áåðíóëëi

äîñi çàëèøà¹òüñÿ çàòðåáóâàíîþ i äîñòàòíüî òî÷íîþ äëÿ äîñëiäæåííÿ ðóõó

áàëîê, ÷èÿ äîâæèíà çíà÷íî ïåðåâèùó¹ ðîçìiðè ïåðåðiçó. Ó ðîáîòi [35] ñî-

íÿ÷íi ïàíåëi êîñìi÷íîãî àïàðàòó ìîäåëþþòüñÿ ó âèãëÿäi äâîõ áàëîê Åéëå-

ðà�Áåðíóëëi, ïðè¹äíàíèõ äî òî÷êîâî¨ ìàñè. Àâòîðè çâåðòàþòüñÿ äî ïðèíöè-

ïó Ãàìiëüòîíà äëÿ âèâåäåííÿ ðiâíÿíü ðóõó i ïðîïîíóþòü ñïîñiá åêñïîíåíöi-

àëüíî¨ ñòàáiëiçàöi¨ íà îñíîâi ïîðîäæåíîãî åíåðãi¹þ ôóíêöiîíàëà Ëÿïóíîâà.

Ó ñòàòòi [97] ïðèíöèï Ãàìiëüòîíà âèêîðèñòàíî äëÿ îòðèìàííÿ ðiâíÿíü ðó-

õó çâ'ÿçàíî¨ ñèñòåìè, ÿêà ïðåäñòàâëÿ¹ ìîäåëü çàïðàâíî¨ ìàøèíè ÿäåðíîãî

ðåàêòîðà i ñêëàäà¹òüñÿ ç ìîñòà i âiçêà òà ãíó÷êîãî ñòðèæíÿ. Ç âèêîðèñ-

òàííÿì ìåòîäó Ëÿïóíîâà ðîçðîáëåíå êåðóâàííÿ, ÿêå ñòàáiëiçó¹ ïîëîæåííÿ

ìîñòà i âiçêà, à òàêîæ ïîïåðå÷íi òà ái÷íi êîëèâàííÿ ïàëèâíîãî ñòðèæíÿ, ÿêi

ñïðè÷èíåíi ðóõîì ìîñòà i âiçêà. Çàïðîïîíîâàíèé ñèíòåç êåðóâàííÿ ãàðàíòó¹

ðiâíîìiðíó ãðàíè÷íó îáìåæåíiñòü ðîçâ'ÿçêiâ çàìêíåíî¨ ñèñòåìè.

Ñòiéêiñòü i ñòàáiëiçàöiÿ ðóõó. Ïiä ðóíòÿ ñó÷àñíî¨ òåîði¨ ñòiéêîñòi

çàêëàâ Î. Ì. Ëÿïóíîâ [158], íàäàâøè ÷iòêî¨ ìàòåìàòè÷íî¨ ôîðìè iäåÿì

Àíði Ïóàíêàðå [164] i ïîíÿòòÿì ñòiéêîñòi, àñèìïòîòè÷íî¨ ñòiéêîñòi, i äî-

âiâøè òåîðåìè ïðî ñòiéêiñòü òà íåñòiéêiñòü äèíàìi÷íî¨ ñèñòåìè. Ó çàïðî-
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ïîíîâàíîìó Ëÿïóíîâèì ïiäõîäi äîñëiäæåííÿ ñòiéêîñòi ðóõó çâîäèòüñÿ äî

äîñëiäæåííÿ ïîâåäiíêè ðîçâ'ÿçêiâ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü
dxi
dt

= fi(t, x1, . . . , xn), i = 1, . . . , n (1.2)

â ìàëîìó îêîëi ñòàíó ðiâíîâàãè x0 = (x01, x02, . . . , x0n)
T ∈ Rn. Ïåðåäáà÷à-

¹òüñÿ ùî âåêòîð-ôóíêöiÿ f(t, x) = (f1(t, x), . . . , fn(t, x))
T ¹ íåïåðåðâíîþ

íà ìíîæèíi t ⩾ 0, x ∈ D ⊆ Rn, äå îáëàñòü D ìiñòèòü òî÷êó x0 òà

f(t, x0) ≡ 0 äëÿ âñiõ t ⩾ 0. Îñíîâè ïðÿìîãî ìåòîäó Ëÿïóíîâà âèñâiòëå-

íi â ðîáîòàõ [138, 140, 156] i áàãàòüîõ iíøèõ.

Ñòàí ðiâíîâàãè ñèñòåìè ¹ ñòiéêèì çà Ëÿïóíîâèì, ÿêùî ïðè ìàëèõ ïî-

÷àòêîâèõ çáóðåííÿõ òðà¹êòîði¨ ñèñòåìè çàëèøàþòüñÿ â ìàëîìó îêîëi ñòàíó

ðiâíîâàãè.

Îçíà÷åííÿ 1.1. Ðîçâ'ÿçîê x = x0 ñèñòåìè (1.2) íàçèâàòèìåìî ñòiéêèì

(çà Ëÿïóíîâèì), ÿêùî äëÿ êîæíîãî ε > 0 ìîæíà çíàéòè òàêå çíà÷åííÿ

δ > 0, ùî ç ∥x(0)− x0∥ < δ âèïëèâà¹ ∥x(t)− x0∥ < ε äëÿ âñiõ t ⩾ 0.

Òóò ñèìâîëîì ∥·∥ ïîçíà÷åíî åâêëiäîâó íîðìó âåêòîðà â Rn.

Ïðè ðîçãëÿäi ïðèêëàäíèõ çàäà÷ âèíèêà¹ íåîáõiäíiñòü ðîçðiçíÿòè äåÿêi

âèäè ñòiéêîñòi. Íàïðèêëàä, ñòàí ðiâíîâàãè ó íèæíüîìó ïîëîæåííi ìàòåìà-

òè÷íîãî ìàÿòíèêà ¹ ñòiéêèì, îäíàê æîäíà ç áëèçüêèõ äî íüîãî òðà¹êòîðié

íiêîëè íå äîñÿãà¹ éîãî, íà ïðîòèâàãó ìàÿòíèêà ç òåðòÿì. Äëÿ îïèñó ïîâå-

äiíêè ôiçè÷íèõ ñèñòåì, ÿêi ç ÷àñîì ïðÿìóþòü äî ñòiéêîãî ñòàíó ðiâíîâàãè,

ââîäèòüñÿ ïîíÿòòÿ àñèìïòîòè÷íî¨ ñòiéêîñòi.

Îçíà÷åííÿ 1.2. Ðîçâ'ÿçîê x = x0 ñèñòåìè (1.2) íàçèâàòèìåìî àñèì-

ïòîòè÷íî ñòiéêèì, ÿêùî âií ¹ ñòiéêèì çà Ëÿïóíîâèì òà iñíó¹ òàêå δ > 0,

ùî ç ∥x(0)− x0∥ < δ âèïëèâà¹ lim
t→∞

∥x(t)− x0∥ = 0.

Ïðèéíÿòî êàçàòè, ùî ðîçâ'ÿçîê ¹ àñèìïòîòè÷íî ñòiéêèì, ÿêùî âií ¹

ñòiéêèì i ïðèòÿãóþ÷èì.

Ëÿïóíîâ çàïðîïîíóâàâ ìåòîäè îòðèìàííÿ äîñòàòíiõ óìîâ ñòiéêîñòi ñòà-

íó ðiâíîâàãè àáî ïåðiîäè÷íîãî ðóõó íà íåñêií÷åííîìó iíòåðâàëi ÷àñó çà
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ìàëèõ çìií ïî÷àòêîâèõ óìîâ. Ïðÿìèé (äðóãèé) ìåòîä Ëÿïóíîâà äîçâîëÿ¹

çíàõîäèòè óìîâè ñòiéêîñòi, íå âäàþ÷èñü äî iíòåãðóâàííÿ ðiâíÿíü ðóõó, i ïî-

ëÿãà¹ ó çàâäàííi äîäàòíîâèçíà÷åíî¨ ôóíêöi¨, ÿêà ¹ íåçðîñòàþ÷îþ âçäîâæ

êîæíî¨ òðà¹êòîði¨ ñèñòåìè. Òàêèì ÷èíîì, äîñëiäæåííÿ ñòiéêîñòi çâîäèòüñÿ

äî ïîáóäîâè ôóíêöi¨, ÿêà ìà¹ ïåâíi âëàñòèâîñòi. Òàêó ôóíêöiþ ïðèéíÿòî

íàçèâàòè ôóíêöi¹þ Ëÿïóíîâà.

Îçíà÷åííÿ 1.3. ([131, ñ. 12]). Íåïåðåðâíà â îáëàñòi D (0 ∈ D) ôóíê-

öiÿ V (x) íàçèâà¹òüñÿ äîäàòíîâèçíà÷åíîþ (äîäàòíîþ çíàêîâèçíà÷åíîþ) àáî

âiä'¹ìíîâèçíà÷åíîþ, ÿêùî V > 0 àáî V < 0, âiäïîâiäíî, äëÿ âñiõ x ∈ D,

êðiì òî÷êè x = 0, ïðè öüîìó V (0) = 0. ßêùî âñþäè â îáëàñòi D ìà¹ ìiñöå

íåðiâíiñòü V ⩾ 0 àáî V ⩽ 0, òî ôóíêöiÿ V íàçèâà¹òüñÿ çíàêîñòàëîþ �

çíàêîäîäàòíîþ àáî çíàêîâiä'¹ìíîþ âiäïîâiäíî.

Ðîçãëÿíåìî àâòîíîìíó ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü
dxi
dt

= fi(x1, . . . , xn), i = 1, . . . , n. (1.3)

Íåõàé ôóíêöi¨ fi ¹ íåïåðåðâíèìè i çàäîâîëüíÿþòü óìîâó Ëiïøèöÿ â äåÿêié

îáëàñòi D, ÿêà ìiñòèòü òî÷êó x = 0 ðàçîì ç äåÿêèì ¨¨ îêîëîì, i íåõàé òî÷êà

x = 0 ¹ ïîëîæåííÿì ðiâíîâàãè ñèñòåìè (1.3), òîáòî fi(0) = 0.

Òåîðåìà 1.1. ßêùî â îáëàñòi D iñíó¹ òàêà çíàêîâèçíà÷åíà ôóíêöiÿ

V ∈ C1(D), ïîõiäíà V̇ ÿêî¨ â ñèëó ñèñòåìè (1.3) ¹ çíàêîñòàëîþ ôóíêöi¹þ

çíàêó, ïðîòèëåæíîãî çíàêó V , òî ñòàí ðiâíîâàãè ¹ ñòiéêèì çà Ëÿïóíî-

âèì. ßêùî ôóíêöiÿ V̇ ¹ òàêîæ çíàêîâèçíà÷åíîþ, òî ñòàí ðiâíîâàãè ¹

àñèìïòîòè÷íî ñòiéêèì.

Ôóíêöiÿ Ëÿïóíîâà äà¹ ìîæëèâiñòü íå òiëüêè âñòàíîâèòè óìîâè àñèìï-

òîòè÷íî¨ ñòiéêîñòi, à i âèçíà÷èòè ìíîæèíó äîïóñòèìèõ ïî÷àòêîâèõ çáóðåíü.

Õî÷à íå iñíó¹ çàãàëüíîãî àëãîðèòìó ïîáóäîâè ôóíêöi¨ Ëÿïóíîâà, äëÿ áàãà-

òüîõ ìåõàíi÷íèõ ñèñòåì âîíà ìîæå áóòè ïîðîäæåíà ïîâíîþ åíåðãi¹þ, òîäi

ÿê óìîâà ¨¨ íåçðîñòàííÿ íà òðà¹êòîðiÿõ ñèñòåìè íàáóâà¹ çìiñòó çáåðåæåííÿ

åíåðãi¨. Îñíîâè òåîði¨ ñòiéêîñòi çà Ëÿïóíîâèì äëÿ ñèñòåì iç çîñåðåäæåíèìè
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ïàðàìåòðàìè, ÿêi îïèñóþòüñÿ çâè÷àéíèìè äèôåðåíöiàëüíèìè ðiâíÿííÿìè

òèïó (1.2), äå ïðàâi ÷àñòèíè ðiâíÿíü ìîæóòü çàëåæàòè âiä t, âèêëàäåíî

ó [138, 152], òàêîæ íàâåäåíî óìîâè ñòiéêîñòi ñèñòåì ëiíiéíèõ äèôåðåíöiàëü-

íèõ ðiâíÿíü ç ïîñòiéíèìè êîåôiöi¹íòàìè, çàïèñàíèõ ó ìàòðè÷íîìó âèãëÿäi
dx(t)
dt = Ax(t). Êðèòåði¨ ñòiéêîñòi ôîðìóëþþòüñÿ ó òåðìiíàõ âëàñíèõ ÷èñåë

ìàòðèöi A. Çíàêè äiéñíèõ ÷àñòèí i êðàòíiñòü âëàñíèõ ÷èñåë âèçíà÷àþòü

àñèìïòîòè÷íó ïîâåäiíêó òðà¹êòîðié. Ó êíèãàõ [93, 160] íàâåäåíî ïðèêëàäè

ïîáóäîâè ôóíêöi¨ Ëÿïóíîâà äëÿ ñèñòåì óñòàëåíîãî îáåðòàëüíîãî ðóõó òâåð-

äèõ òië, ìàÿòíèêà çi çìiííèì òåðòÿì, ñèñòåì àâòîìàòè÷íîãî ðåãóëþâàííÿ,

êîíñåðâàòèâíèõ ñèñòåì ç ïîñòiéíî äiþ÷èìè çáóðåííÿìè, à òàêîæ ñèñòåì ç

äèñèïàöi¹þ. Ìîíîãðàôi¨ [130, 131] ïðèñâÿ÷åíî çàäà÷àì ñòiéêîñòi i ïîáóäîâi

ôóíêöi¨ Ëÿïóíîâà, â òîìó ÷èñëi äëÿ äåÿêèõ íåëiíiéíèõ ñèñòåì i ñèñòåì ó

ôóíêöiîíàëüíèõ ïðîñòîðàõ. Ó ðîáîòi [140] çàñòîñóâàííÿ ìåòîäiâ Ëÿïóíîâà

ïîäàþòüñÿ ç çàãàëüíèõ ïîçèöié, â òîìó ÷èñëi äëÿ ñèñòåì, ÷èé ðóõ îïèñó-

¹òüñÿ ðiâíÿííÿìè ç ÷àñòèííèìè ïîõiäíèìè.

ßêùî ïðàâi ÷àñòèíè ñèñòåìè ìiñòÿòü âåëè÷èíè uj, ÿêi õàðàêòåðèçóþòü

êåðóþ÷èé âïëèâ, òî ðiâíÿííÿ ðóõó íàáóâàþòü ôîðìè
dxi
dt

= fi (t, x1, . . . , xn, u1, . . . , um), i = 1, . . . , n, (1.4)

i çàäà÷à ñòàáiëiçàöi¨ ïîëÿãà¹ ó çíàõîäæåííi òàêèõ êåðóâàíü uj = uj(t, x),

j = 1,m, ÿêi çàáåçïå÷óþòü ñòiéêiñòü (àñèìïòîòè÷íó ñòiéêiñòü) ðîçâ'ÿçêó

xi = 0 ñèñòåìè (1.4).

Ïiäõiä äî ðîçâ'ÿçàííÿ çàäà÷i åêñïîíåíöiàëüíî¨ òà àñèìïòîòè÷íî¨ ñòà-

áiëiçàöi¨ çàïðîïîíîâàíî ó [15] äëÿ êiëüêîõ ïîñëiäîâíî ç'¹äíàíèõ ïðóæíèõ

áàëîê òà ó ñòàòòi [49] äëÿ êîíñîëüíî¨ áàëêè. Â îáîõ ïðàöÿõ êåðóâàííÿ çà-

ñòîñîâó¹òüñÿ ó âèãëÿäi òî÷êîâî¨ ñèëè, ïðèêëàäåíî¨ äî âiëüíîãî êiíöÿ áàë-

êè. Àâòîð ñòàòåé [82, 83] çâåðòà¹òüñÿ äî ïîáóäîâè ôóíêöiîíàëà Ëÿïóíîâà

ó âèãëÿäi åíåðãi¨ äëÿ äîâåäåííÿ ñòiéêîñòi êåðîâàíî¨ ãiáðèäíî¨ ñèñòåìè ç

áàëêàìè Åéëåðà�Áåðíóëëi òà Òèìîøåíêà. Çàêîí êåðóâàííÿ, ïîáóäîâàíèé
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íà îñíîâi ôóíêöi¨ Ëÿïóíîâà, òàêîæ ïîðîäæåíî¨ åíåðãi¹þ, ïðîïîíó¹òüñÿ ó

ñòàòòi [98] äëÿ ìîäåëi áàëêè Åéëåðà�Áåðíóëëi. Àâòîðè çãàäàíèõ ðîáiò íà-

ãîëîøóþòü íà çàñòîñîâíîñòi ðîçãëÿíóòèõ ìîäåëåé áàëêîâèõ ñèñòåì äî ií-

æåíåðíèõ çàäà÷ êåðóâàííÿ ðóõîì ïðîìèñëîâèõ ðîáîòiâ-ìàíiïóëÿòîðiâ òà

êîñìi÷íèõ àïàðàòiâ. Óìîâè êåðîâàíîñòi íà îñíîâi àïðiîðíèõ îöiíîê åíåðãi¨

äëÿ ñåði¨ ç'¹äíàíèõ áàëîê ïðåäñòàâëåíi ó [59]. Àâòîðè êíèãè [20] çàñòîñó-

âàëè óíiâåðñàëüíi ïiäõîäè ç âèêîðèñòàííÿì íåãàðìîíiéíèõ ðÿäiâ Ôóð'¹ äî

äîñëiäæåííÿ êåðîâàíîñòi ç'¹äíàíèõ ñòðóí, íàäàþ÷è òàêèì ÷èíîì åôåêòèâíi

iíñòðóìåíòè òàêîæ äëÿ àíàëiçó ðiâíÿíü áàëîê. Ó ðîáîòi [94] òåîðiþ Ôóð'¹

äëÿ íåãàðìîíiéíèõ ôóíêöié ïîøèðåíî íà âèïàäîê äèôåðåíöiàëüíèõ ðiâ-

íÿíü äðóãîãî ïîðÿäêó i âñòàíîâëåíî âëàñòèâîñòi ðîçâ'ÿçêiâ çàäà÷i ìîìåíòiâ

ïðè áàçîâèõ ïðèïóùåííÿõ íà êåðóþ÷ó ôóíêöiþ. Ñåðiþ ðîáiò [99, 101, 102]

ïðèñâÿ÷åíî êåðîâàíîñòi òà ñïåêòðàëüíîìó àíàëiçó ìîäåëåé áàëîê Åéëåðà�

Áåðíóëëi ç ðiçíèìè òèïàìè êðàéîâèõ óìîâ. Ó ñòàòòi [170] ðîçãëÿíóòî íåëi-

íiéíó ìîäåëü îäíîëàíêîâîãî ìàíiïóëÿòîðà ç ïðóæíèì ç÷ëåíóâàííÿì ó âè-

ãëÿäi òîðñiîííî¨ ïðóæèíè. Çàïðîïîíîâàíî êåðóâàííÿ, ÿêå çàáåçïå÷ó¹ ãëî-

áàëüíó àñèìïòîòè÷íó ñòiéêiñòü çàäàíîãî ñòàíó ðiâíîâàãè ñèñòåìè äèôå-

ðåíöiàëüíèõ ðiâíÿíü. Êåðóâàííÿ, îòðèìàíå çà äîïîìîãîþ òåõíiêè Dynamic

Surface Control, ãàðàíòó¹ ãëîáàëüíå àñèìïòîòè÷íå ïðÿìóâàííÿ òðà¹êòîði¨

ðóõó ìîäåëi ìàíiïóëÿòîðà äî çàäàíî¨ ïðîãðàìíî¨ òðà¹êòîði¨. Äîâåäåííÿ

ñòiéêîñòi áàçó¹òüñÿ íà ìåòîäi ôóíêöié Ëÿïóíîâà.

Îñîáëèâèé iíòåðåñ ñòàíîâëÿòü çàäà÷i îïòèìàëüíîãî êåðóâàííÿ, îñíîâè

ÿêîãî âèêëàäåíî äåòàëüíî ó [65]. Ó êíèçi [141] âñåái÷íî ðîçãëÿíóòî çàäà-

÷i îïòèìàëüíî¨ ñòàáiëiçàöi¨ äëÿ ëiíiéíèõ, íåëiíiéíèõ, ñòîõàñòè÷íèõ ñèñòåì,

çîêðåìà, çàäà÷i îði¹íòàöi¨ òiëà, ÿêi ìàþòü îñîáëèâî âàæëèâå çíà÷åííÿ ïðè

ìîäåëþâàííi ðóõó êîñìi÷íèõ àïàðàòiâ. Çàäà÷i îïòèìàëüíîãî êåðóâàííÿ êî-

ëèâàííÿìè ïðóæíèõ áàëîê áóëè äåòàëüíî ðîçãëÿíóòi â [45] äëÿ âñiõ îñíîâ-

íèõ òèïiâ êðàéîâèõ óìîâ, ùî âèïëèâàþòü ç ìåõàíi÷íî¨ ïîñòàíîâêè çàäà÷i.

Äëÿ ñèìåòðè÷íèõ ãiïåðáîëi÷íèõ ñèñòåì áóëè ðîçãëÿíóòi äåÿêi çàãàëüíi òè-
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ïè êåðóâàííÿ, â òîìó ÷èñëi iìïóëüñíå, à òàêîæ îïèñàíî âèïàäîê êåðóâàííÿ

ðîçïîäiëåíèì íàâàíòàæåííÿì äëÿ ìîäåëi îñöèëþþ÷î¨ áàëêè.

Ñòàáiëiçàöiÿ íåñêií÷åííîâèìiðíèõ ñèñòåì. Êåðóâàííÿ ãíó÷êèìè

ñòðóêòóðàìè ¹ àêòóàëüíîþ ãàëóççþ ñó÷àñíèõ äîñëiäæåíü ç òåîðåòè÷íî¨ ìå-

õàíiêè òà ìàòåìàòè÷íî¨ òåîði¨ êåðóâàííÿ. Ïðîáëåìè êåðîâàíîñòi òà ñòàái-

ëiçàöi¨ äëÿ ðiçíèõ ìîäåëåé ïðóæíèõ áàëîê áóëè ïðåäìåòîì óâàãè áàãàòüîõ

àâòîðiâ ïðîòÿãîì êiëüêîõ äåñÿòèëiòü [6, 47, 60]. Óçàãàëüíåííÿ ñêií÷åííîâè-

ìiðíî¨ ëiíiéíî¨ çàäà÷i êåðóâàííÿ íà àáñòðàêòíó ëiíiéíó çàäà÷ó â ãiëüáåðòî-

âîìó ïðîñòîði ìîæíà çíàéòè ó [48]. Óìîâè êåðîâàíîñòi îñöèëþþ÷èõ ñòðóí i

áàëîê ç ðîçïîäiëåíèì òà êðàéîâèìè êåðóâàííÿìè íàäàþòüñÿ â çàãàëüíîìó

âèãëÿäi. Â îñòàííi ðîêè âñå áiëüøèé iíòåðåñ âèêëèêàþòü çàäà÷i êåðóâàí-

íÿ, ÿêi âèíèêàþòü ïðè ìîäåëþâàííi ìîðñüêèõ áóðîâèõ ñïîðóä [61, 67] òà

ðiçíîãî ðîäó ãíó÷êèõ ðîáîòiâ-ìàíiïóëÿòîðiâ [85, 108].

Çàäà÷i äèíàìiêè ñèñòåì ç ðîçïîäiëåíèìè ïàðàìåòðàìè ïðèçâîäÿòü äî

íåîáõiäíîñòi ðîçãëÿäó äèôåðåíöiàëüíèõ ðiâíÿíü ó íåñêií÷åííîâèìiðíèõ

ïðîñòîðàõ, àäæå ìàþòü íåñêií÷åííó êiëüêiñòü ñòóïåíiâ âiëüíîñòi i îïèñó-

þòüñÿ ðiâíÿííÿìè ç ÷àñòèííèìè ïîõiäíèìè. Äëÿ òàêèõ ñèñòåì áóëè ðîç-

ðîáëåíi ìåòîäè äîñëiäæåííÿ ñòiéêîñòi ó ôóíêöiîíàëüíèõ ïðîñòîðàõ. Íîâi

ðåçóëüòàòè â ãàëóçi ñòàáiëiçàöi¨ íåñêií÷åííîâèìiðíèõ äèíàìi÷íèõ ñèñòåì ó

ôóíêöiîíàëüíèõ ïðîñòîðàõ âèêëàäåíî ó [103].

Ïðèéíÿòèì ¹ ïðåäñòàâëåííÿ ìàòåìàòè÷íî¨ ìîäåëi ó âèãëÿäi àáñòðàêòíî-

ãî äèôåðåíöiàëüíîãî ðiâíÿííÿ ξ̇(t) = Aξ(t), â ÿêîìó òðà¹êòîðiÿ ñèñòåìè

çàäà¹òüñÿ âåêòîð-ôóíêöi¹þ ξ(t) ó íåñêií÷åííîâèìiðíîìó ïðîñòîði, âiäîáðà-

æåííÿ A ìîæå áóòè íåîáìåæåíèì îïåðàòîðîì.

Ó êíèçi [162] íàî÷íî ïðîäåìîíñòðîâàíî çâ'ÿçîê ñïåêòðàëüíèõ âëàñòè-

âîñòåé îïåðàòîðiâ çi ñòiéêiñòþ êîëèâàëüíèõ ñèñòåì íà ïðèêëàäàõ ïðóæíî¨

ñòðóíè i ìåìáðàíè. Ó ìîíîãðàôi¨ [77] ïðîäåìîíñòðîâàíî, ÿê ðiçíîìàíiòíi

ïðîöåñè ìîæíà çàïèñàòè ó âèãëÿäi çàäà÷i Êîøi äëÿ àáñòðàêòíîãî äèôåðåí-
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öiàëüíîãî ðiâíÿííÿ
dξ(t)

dt
= Aξ(t), ξ(0) = ξ0 (1.5)

ç ëiíiéíèì îïåðàòîðîì A : D(A) ⊂ X → X ó ïiäiáðàíîìó íàëåæíèì ÷èíîì

ãiëüáåðòîâîìó ÷è áàíàõîâîìó ïðîñòîði X. Ïðè äîñëiäæåííi çàäà÷ ñòàáiëiçà-

öi¨ òà êåðóâàííÿ òàêèõ ñèñòåì íà íåñêií÷åííîìó ÷àñîâîìó ïðîìiæêó âèêî-

ðèñòîâó¹òüñÿ ïðåäñòàâëåííÿ çà äîïîìîãîþ íàïiâãðóï îïåðàòîðiâ ó ãiëüáåð-

òîâèõ i áàíàõîâèõ ïðîñòîðàõ. Ó [154, Òåîðåìà 2.8] äîâåäåíî, ùî îïåðàòîð A

êîðåêòíî ïîñòàâëåíî¨ çàäà÷i Êîøi (1.5) ïîðîäæó¹ ñèëüíî íåïåðåðâíó íà-

ïiâãðóïó ëiíiéíèõ îáìåæåíèõ îïåðàòîðiâ â X. Âàãîìi ðåçóëüòàòè îòðèìàíî

çà äîïîìîãîþ ðîçâèíóòî¨ òåîði¨ C0-íàïiâãðóï, ÿêà áóëà âñåái÷íî âèñâiòëåíà

â ðîáîòàõ [77, 89] iç çàñòîñóâàííÿì äî çàäà÷ ñòiéêîñòi. Ó ìîíîãðàôi¨ [77]

ïðåäñòàâëåíî íàïðàöþâàííÿ â ãàëóçi òåîði¨ ñòiéêîñòi íåñêií÷åííîâèìiðíèõ

ñèñòåì iç çàñòîñóâàííÿì äî ñòàáiëiçàöi¨ çi çâîðîòíèì çâ'ÿçêîì ðiçíîìàíiòíèõ

ñèñòåì êåðóâàííÿ, ùî îïèñóþòüñÿ äèôåðåíöiàëüíèìè ðiâíÿííÿìè ç ÷àñòèí-

íèìè ïîõiäíèìè. Ó òîìó ÷èñëi íàâîäÿòüñÿ óìîâè åêñïîíåíöiàëüíî¨ ñòiéêîñòi

ñòàíiâ ðiâíîâàãè ìåõàíi÷íèõ ñèñòåì ç áàëêàìè Åéëåðà�Áåðíóëëi. Âèâ÷åí-

íþ ñèñòåì ç ðîçïîäiëåíèìè ïàðàìåòðàìè ïðèñâÿ÷åíî, êðiì çãàäàíèõ âèùå,

ðîáîòè [18, 171], òàêîæ [112, Ãëàâà 2]. Ó ìîíîãðàôi¨ [18] áóëî êîìïëåêñíî âè-

ñâiòëåíî òåîðiþ íàïiâãðóï òà ¨¨ çàñòîñóâàííÿ äî äîñëiäæåííÿ êåðîâàíîñòi,

ñïîñòåðåæóâàíîñòi, åêñïîíåíöiàëüíî¨ ñòàáiëiçàöi¨ òà iäåíòèôiêàöi¨ ëiíiéíèõ

ñèñòåì êåðóâàííÿ ç îáìåæåíèìè âõiäíèìè òà âèõiäíèìè îïåðàòîðàìè ó íå-

ñêií÷åííîâèìiðíèõ ïðîñòîðàõ. Äåÿêi çàñòîñóâàííÿ òåîði¨ íàïiâãðóï äî ïðî-

áëåì ñïîñòåðåæóâàíîñòi òà êåðîâàíîñòi äëÿ àáñòðàêòíèõ õâèëüîâèõ ðiâíÿíü

áóëè ðîçãëÿíóòi â [46]. Ó ñòàòòÿõ [120, 127] ðîçâ'ÿçàíî çàäà÷i ìîäåëþâàí-

íÿ i ñòàáiëiçàöi¨ ðóõó ñêëàäíîãî ìàíiïóëÿòîðà ç ïðóæíîþ áàëêîþ Åéëåðà�

Áåðíóëëi ç ìàñîþ íà êiíöi, çàïðîïîíîâàíî çàêîí êåðóâàííÿ çi çâîðîòíèì

çâ'ÿçêîì i äîâåäåíî ñòiéêiñòü íà îñíîâi ïðÿìîãî ìåòîäó Ëÿïóíîâà i òåîði¨

ñèëüíî íåïåðåðâíèõ íàïiâãðóï ó ãiëüáåðòîâîìó ïðîñòîði.
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Äàëi íàâåäåìî äåÿêi âàæëèâi îçíà÷åííÿ é òåîðåìè, ïîñëóãîâóþ÷èñü ìà-

òåðiàëàìè [25, 77, 86, 89, 91, 153, 154, 168]. Íåõàé A : D(A) → Y �ëiíiéíå

âiäîáðàæåííÿ ç îáëàñòþ âèçíà÷åííÿ D(A) ⊂ X, X òà Y � áàíàõîâi àáî

ãiëüáåðòîâi ïðîñòîðè íàä ïîëåì äiéñíèõ ÷èñåë R.

Îçíà÷åííÿ 1.4. Ôóíêöiÿ ξ(·) : R+ → X íàçèâà¹òüñÿ êëàñè÷íèì ðîç-

â'ÿçêîì çàäà÷i Êîøi (1.5), ÿêùî ξ(t) íåïåðåðâíà äëÿ t ⩾ 0, íåïåðåðâíî

äèôåðåíöiéîâíà äëÿ t > 0 i çàäîâîëüíÿ¹ (1.5).

Îçíà÷åííÿ 1.5. Çàäà÷à Êîøi (1.5) ¹ êîðåêòíîþ íà âiäðiçêó [0, T ], ÿêùî

äëÿ áóäü-ÿêîãî ξ0 ∈ D(A) iñíó¹ ¹äèíèé ðîçâ'ÿçîê ξ(t), t ∈ [0, T ] çàäà÷i (1.5)

i öåé ðîçâ'ÿçîê íåïåðåðâíî çàëåæèòü âiä ïî÷àòêîâèõ äàíèõ â òîìó ñåíñi,

ùî ç ξn(0) → 0 (ξn(0) ∈ D(A)) äëÿ âiäïîâiäíèõ ðîçâ'ÿçêiâ ξn(t) âèïëèâà¹

ξn(t) → 0 äëÿ âñiõ t ∈ [0, T ].

Ç êîðåêòíîñòi çàäà÷i Êîøi (1.5) íà áóäü-ÿêîìó âiäðiçêó [0, T ] âèïëèâà¹

¨¨ êîðåêòíiñòü íà âñié ïiââiñi [0,+∞).

Îçíà÷åííÿ 1.6. Íîðìîþ ëiíiéíîãî âiäîáðàæåííÿ A : D(A) ⊂ X → Y

íàçèâà¹òüñÿ ∥A∥Y = sup
∥x∥⩽1

Ax, x ∈ D(A). Îïåðàòîð A íàçèâà¹òüñÿ îáìåæå-

íèì, ÿêùî ∥A∥Y <∞.

Îçíà÷åííÿ 1.7. Ëiíiéíèé îïåðàòîð A íàçèâà¹òüñÿ çàìêíåíèì, ÿêùî ç

xn ∈ D(A), xn → x òà Axn → y âèïëèâà¹ x ∈ D(A) òà Ax = y.

Îçíà÷åííÿ 1.8. Îáìåæåíèé ëiíiéíèé îïåðàòîð A(t) : D(A) ⊂ X → Y

íàçèâà¹òüñÿ ñèëüíî íåïåðåðâíèì, ÿêùî äëÿ êîæíîãî x ∈ D(A) ôóíêöiÿ

A(t)x çi çíà÷åííÿìè â Y íåïåðåðâíà.

Îçíà÷åííÿ 1.9. Îïåðàòîð A íàçèâàòèìåìî êîìïàêòíèì, ÿêùî áóäü-

ÿêó îáìåæåíó ìíîæèíó â X âií ïåðåâîäèòü ó ïåðåäêîìïàêòíó3 (âiäíîñíî

êîìïàêòíó) ìíîæèíó â Y . Àáî, åêâiâàëåíòíî: äëÿ áóäü-ÿêî¨ îáìåæåíî¨ ïî-

ñëiäîâíîñòi xn ∈ D(A) ïîñëiäîâíiñòü Axn ìiñòèòü â ñîái çáiæíó ïiäïîñëi-

3çàìèêàííÿ ÿêî¨ ¹ êîìïàêòîì � òîáòî, äëÿ áóäü-ÿêîãî âiäêðèòîãî ïîêðèòòÿ öi¹¨ ìíîæèíè iñíó¹

ñêií÷åííå ïiäïîêðèòòÿ.
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äîâíiñòü.

ßêùî îïåðàòîð A ¹ îáìåæåíèì, òî çàäà÷à Êîøi (1.5) ¹ êîðåêòíîþ äëÿ

áóäü-ÿêèõ ïî÷àòêîâèõ äàíèõ ξ0 ∈ X i ðîçâ'ÿçîê ìîæå áóòè îá÷èñëåíèé çà

äîïîìîãîþ ìàòðè÷íî¨ åêñïîíåíòè: ξ(t, x) = etA ξ0, äå eA =
∞∑
j=1

tn

n! A
n. Òóò ïiä

An ìà¹òüñÿ íà óâàçi ïîñëiäîâíå çàñòîñóâàííÿ n ðàçiâ îïåðàòîðà A. Çîêðå-

ìà, ó âèïàäêó, êîëè A âäà¹òüñÿ çàäàòè çà äîïîìîãîþ êâàäðàòíî¨ ìàòðèöi,

öå çâè÷àéíèé ìàòðè÷íèé äîáóòîê. Iñíóþòü ðiçíi ñïîñîáè îá÷èñëåííÿ ìà-

òðè÷íî¨ åêñïîíåíòè eA â çàëåæíîñòi âiä êîíêðåòíî¨ çàäà÷i, òàêîæ ñó÷àñíi

ñèñòåìè êîìï'þòåðíî¨ àëãåáðè äîçâîëÿþòü öå ðîáèòè ó âèïàäêó îïåðàòîðà,

çàäàíîãî êâàäðàòíîþ ìàòðèöåþ. Äëÿ øèðîêîãî êëàñó çàäà÷, ÿêi ïðèçâî-

äÿòü äî ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè, îïåðàòîð A íå ¹ îáìåæåíèì, i

îïåðàòîðíó åêñïîíåíòó íåìîæëèâî âèçíà÷èòè ó çâè÷íîìó ðîçóìiííi. Òà-

êi âèïàäêè ïðèçâîäÿòü äî íåîáõiäíîñòi óçàãàëüíåííÿ ïîíÿòòÿ ìàòðè÷íî¨

åêñïîíåíòè, ùî äà¹òüñÿ çà äîïîìîãîþ íàïiâãðóï. Äëÿ âèâ÷åííÿ åâîëþöi¨

äèíàìi÷íî¨ ñèñòåìè äîöiëüíî ðîçãëÿäàòè ïðîìiæêè ÷àñó äëÿ äîäàòíèõ çíà-

÷åíü t, òîìó íàäàëi ãîâîðèòèìåìî ïðî íàïiâãðóïè, ìàþ÷è íà óâàçi, ùî âñi

îïåðàòîðè âèçíà÷åíî íà ïiââiñi ÷àñîâî¨ ïðÿìî¨ t ⩾ 0. Âàðòî çàóâàæèòè, ùî

iñíóþòü óçàãàëüíåííÿ òåîði¨ íà âèïàäêè, êîëè t < 0, i âîíè ìàþòü øèðîêå

çàñòîñóâàííÿ, íàïðèêëàä, ïðè âèâ÷åííi ñèñòåì ç çàïiçíåííÿì. Îäíàê ó öié

ðîáîòi ìîâà éòèìå âèêëþ÷íî ïðî ñèñòåìè, ùî ðîçâèâàþòüñÿ â äîäàòíîìó

÷àñîâîìó ïðîìiæêó, à îòæå, ïîñëóãîâóâàòèìåìîñü ïîíÿòòÿìè òåîði¨ íàïiâ-

ãðóï. Íåõàé X � ãiëüáåðòiâ ïðîñòið çi ñêàëÿðíèì äîáóòêîì ⟨·, ·⟩X òà íåõàé

A : D(A) ⊂ X → X.

Îçíà÷åííÿ 1.10. Îïåðàòîð A∗ : X → X íàçèâà¹òüñÿ ñïðÿæåíèì äî

îïåðàòîðà A, ÿêùî ⟨x,A∗y⟩X = ⟨Ax, y⟩X , ∀x, y ∈ X. ßêùî A = A∗, àáî,

åêâiâàëåíòíî, ⟨Ax, y⟩X = ⟨x,Ay⟩X äëÿ äîâiëüíèõ åëåìåíòiâ x, y ïðîñòîðó

X, òî îïåðàòîð A íàçèâà¹òüñÿ ñàìîñïðÿæåíèì.

Êîñîñèìåòðè÷íèì íàçèâàòèìåìî îïåðàòîð A, äëÿ ÿêîãî A = −A∗, ùî
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åêâiâàëåíòíî ⟨Ax, y⟩X = −⟨x,Ay⟩X . Îïåðàòîð A : X → X íàçèâàòèìåìî

íîðìàëüíèì, ÿêùî AA∗ = A∗A.

Î÷åâèäíî, áóäü-ÿêèé êîñîñèìåòðè÷íèé îïåðàòîð ¹ íîðìàëüíèì.

Îçíà÷åííÿ 1.11. Îäíîïàðàìåòðè÷íå ñiìåéñòâî T (t) : X → X îáìåæå-

íèõ ëiíiéíèõ îïåðàòîðiâ ó ãiëüáåðòîâîìó ïðîñòîðiX, ÿêi çàëåæàòü âiä ïàðà-

ìåòðà t, 0 ⩽ t <∞, íàçèâà¹òüñÿ íàïiâãðóïîþ, ÿêùî T (0) = I òà

T (t + s) = T (t)T (s), t, s ∈ [0,+∞). ßêùî ïðè öüîìó lim
t→0

T (t)x = x

äëÿ âñiõ x ∈ X, òî íàïiâãðóïà T (t) íàçèâà¹òüñÿ ñèëüíî íåïåðåðâíîþ, àáî

C0-íàïiâãðóïîþ.

Îçíà÷åííÿ 1.12. Íåõàé T (t) � C0-íàïiâãðóïà ó áàíàõîâîìó ïðîñòî-

ði X ç iíôiíiòåçèìàëüíèì ãåíåðàòîðîì A. Äëÿ êîæíîãî ξ0 ∈ X âåêòîð

ξ(t) = T (t) ξ0 íàçèâà¹òüñÿ ñëàáêèì ðîçâ'ÿçêîì çàäà÷i Êîøi (1.5).

Áóäü-ÿêèé êëàñè÷íèé ðîçâ'ÿçîê ¹ òàêîæ ñëàáêèì. Ñëàáêèé ðîçâ'ÿçîê

ξ(t), t ∈ [0, T ] ¹ êëàñè÷íèì òîäi i òiëüêè òîäi, êîëè ξ(t) ∈ D(A) äëÿ âñiõ

t ∈ [0, T ].

Òåîðåìà 1.2. ([89, Òåîðåìà 2.2]). Äëÿ ñèëüíî íåïåðåðâíî¨ íàïiâãðóïè

T (t) iñíóþòü êîíñòàíòè M ⩾ 1 òà ω ⩾ 0, òàêi, ùî ∥T (t)∥X ⩽ Meωt,

0 ⩽ t <∞.

Îçíà÷åííÿ 1.13. Îïåðàòîð A, âèçíà÷åíèé ïðàâèëîì Ax = lim
t→0

T (t)x−x
t

äëÿ âñiõ x ∈ X, äëÿ ÿêèõ iñíó¹ ãðàíèöÿ, íàçèâà¹òüñÿ iíôiíiòåçèìàëüíèì

ãåíåðàòîðîì íàïiâãðóïè T (t).

Çàóâàæèìî íàñòóïíèé âàæëèâèé ôàêò: ãåíåðàòîð íàïiâãðóïè ïðåäñòàâ-

ëÿ¹òüñÿ ó òàêîìó âèãëÿäi, ÿêèé íå ìiñòèòü çàëåæíîñòi âiä ïàðàìåòðà t, çàâ-

äÿêè ÷îìó áóäü-ÿêèé åëåìåíò íàïiâãðóïè ìîæíà çàïèñàòè ÷åðåç ãåíåðàòîð

çà äîïîìîãîþ åêñïîíåíöiîíóâàííÿ. Òàêèì ÷èíîì, ãåíåðàòîð ìiñòèòü iíôîð-

ìàöiþ ïðî ãðóïîâó îïåðàöiþ áåç ïðèâ'ÿçêè äî êîíêðåòíîãî åëåìåíòó. ßêùî

îïåðàòîð A ïîðîäæó¹ ñèëüíî íåïåðåðâíó íàïiâãðóïó T (t), òî íåîäíîðiäíà
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çàäà÷à Êîøi
dξ(t)

dt
= Aξ(t) + f(t), ξ(0) = ξ0 (1.6)

ç ïðàâîþ ÷àñòèíîþ f ∈ L1(0, T ) ¹ êîðåêòíîþ [154, ñ. 67] i ¨¨ ðîçâ'ÿçîê ìîæíà

çàïèñàòè ó âèãëÿäi ξ(t) = T (t) ξ0 +
t∫
0

T (t− s)f(s)ds.

Ó ìîíîãðàôi¨ [77] äëÿ ðiâíÿíü òåïëîïðîâiäíîñòi, ÷èñåëüíîñòi ïîïóëÿöi¨,

êîëèâàíü ñòðóíè òà áàëêè ðîçâ'ÿçîê çàäà÷i Êîøi ïðåäñòàâëåíî ó âèãëÿäi

îáðàçó ïî÷àòêîâî¨ ôóíêöi¨ ïðè âiäîáðàæåííi íàïiâãðóïè, ïîðîäæåíî¨ îïåðà-

òîðîì ñèñòåìè. Çàçíà÷à¹òüñÿ, ùî ñòàí ðiâíîâàãè ñèñòåìè õàðàêòåðèçó¹òüñÿ

âëàñíèì âåêòîðîì îïåðàòîðà A, ïðè öüîìó ñòiéêiñòü ñèñòåìè âèçíà÷à¹òüñÿ

íåíóëüîâèì ñïåêòðîì îïåðàòîðà A. Çîêðåìà, àñèìïòîòè÷íî ñòiéêîþ ¹ íàïiâ-

ãðóïà, ùî ïîðîäæåíà îïåðàòîðîì iç êîìïàêòíîþ ðåçîëüâåíòîþ, âñi âëàñíi

çíà÷åííÿ ÿêîãî ëåæàòü ó âiäêðèòié ëiâié êîìïëåêñíié ïiâïëîùèíi. Ïðè öüî-

ìó äëÿ ðiâíÿíü êîëèâàíü ñòðóíè àáî ïîçäîâæíiõ êîëèâàíü áàëêè àñèìïòî-

òè÷íà ñòiéêiñòü ñèñòåìè íå ãàðàíòó¹ åêñïîíåíöiàëüíî¨ ñòiéêîñòi. Äëÿ ïîïå-

ðå÷íèõ êîëèâàíü áàëêè, ùî îáåðòà¹òüñÿ, åêñïîíåíöiàëüíà ñòiéêiñòü ñèñòåìè

ç çàäàíèì êåðóâàííÿì íå âèïëèâà¹ ïðÿìî ç ðîçòàøóâàííÿ ñïåêòðà ó âiä-

êðèòié ëiâié êîìïëåêñíié ïiâïëîùèíi, à ïîòðåáó¹ äîäàòêîâèõ äîñëiäæåíü,

íà âiäìiíó âiä ñêií÷åííîâèìiðíèõ ñèñòåì.

Îçíà÷åííÿ 1.14. ×èñëî λ ∈ C íàçèâà¹òüñÿ ðåãóëÿðíèì äëÿ îïåðàòî-

ðà A : D(A) ⊂ X → X, ÿêùî éîãî ðåçîëüâåíòà R(λ;A) = (A − λI)−1

¹ îáìåæåíèì ëiíiéíèì îïåðàòîðîì íà âñüîìó ïðîñòîði X. Ðåçîëüâåíòíà

ìíîæèíà � ñóêóïíiñòü âñiõ ðåãóëÿðíèõ òî÷îê îïåðàòîðà A. Ñïåêòð îïå-

ðàòîðà A � äîïîâíåííÿ íà êîìïëåêñíié ïëîùèíi ðåçîëüâåíòíî¨ ìíîæèíè

îïåðàòîðà.

Ó [86] íà çàãàëüíié îñíîâi âèêëàäåíî ñïåêòðàëüíi ìåòîäè äîñëiäæåííÿ

ñèëüíî¨ ñòiéêîñòi ðîçïîäiëåíèõ ñèñòåì ó ãiëüáåðòîâèõ ïðîñòîðàõ äëÿ ñèñòåì

êåðóâàííÿ ç îáìåæåíèìè âõiäíèìè òà âèõiäíèìè îïåðàòîðàìè òà ïðîàíà-

ëiçîâàíî äåÿêi ïðèêëàäè êåðîâàíèõ áàëîê. Ñòàáiëiçàöiþ ñóòò¹âî íåëiíiéíî¨
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ñèñòåìè, ùî ñêëàäà¹òüñÿ ç áàëêè, ïðèêðiïëåíî¨ äî äèñêà, ç êåðóâàííÿì

îáåðòàëüíîãî ìîìåíòó, ïðåäñòàâëåíî ó [16]. Â öié ìîíîãðàôi¨ òàêîæ äî-

ñëiäæåíî íåðiâíîñòi, ïîâ'ÿçàíi ç êåðîâàíiñòþ äèôåðåíöiàëüíèõ ðiâíÿíü. Â

ðîáîòi [31] äîñëiäæåíî äèíàìi÷íó ïîâåäiíêó íåîäíîðiäíî¨ êîíñîëüíî¨ áàëêè

Åéëåðà�Áåðíóëëi ç êðàéîâèì êåðóâàííÿì. Àâòîð ïiäêðåñëþ¹, ùî àñèìïòî-

òè÷íi âëàñòèâîñòi âëàñíèõ çíà÷åíü âiäïîâiäíîãî iíôiíiòåçèìàëüíîãî ãåíå-

ðàòîðà âiäiãðàþòü âàæëèâó ðîëü äëÿ äîâåäåííÿ åêñïîíåíöiàëüíî¨ ñòiéêîñòi

çàìêíåíî¨ ñèñòåìè. Ó ñòàòòi [69] çàïðîïîíîâàíî ÷èñåëüíó ñõåìó äëÿ àïðî-

êñèìàöi¨ ðîçâ'ÿçêiâ çàäà÷i ðiâíîìiðíî¨ åêñïîíåíöiàëüíî¨ ñòàáiëiçàöi¨ ìîäåëi

áàëêè Åéëåðà�Áåðíóëëi ç çàêðiïëåíèì êiíöåì i êðàéîâèì êåðóâàííÿì íà

iíøîìó êiíöi. Ó ðîáîòi [100] ðîçãëÿíóòî áàëêó Åéëåðà�Áåðíóëëi ç îäíèì

çàêðiïëåíèì êiíöåì ÿê ñèñòåìó êåðóâàííÿ ç äâîâèìiðíèìè âõîäîì i âè-

õîäîì. Ïîêàçàíî, ùî ñïåêòð ãåíåðàòîðà äëÿ ðîçãëÿíóòî¨ ìîäåëi ëåæèòü ó

âiäêðèòié âåðõíié ïiâïëîùèíi, i çàïðîïîíîâàíî àñèìïòîòè÷íi íàáëèæåííÿ

âëàñíèõ çíà÷åíü. Ó ñòàòòi [44] ñôîðìóëüîâàíî çàãàëüíó çàäà÷ó ïðî âëàñ-

íi çíà÷åííÿ äëÿ ìîäåëåé Òèìîøåíêà òà Åéëåðà�Áåðíóëëi äëÿ øèðîêîãî

êëàñó êðàéîâèõ óìîâ. Çàïðîïîíîâàíî ïiäõiä äî ÷èñåëüíãî ðîçâ'ÿçàííÿ õà-

ðàêòåðèñòè÷íîãî ðiâíÿííÿ. Ðîáîòè [12, 13, 14, 34] ïðèñâÿ÷åíî çàäà÷àì êåðó-

âàííÿ äëÿ ãiáðèäíèõ ñèñòåì, ùî ñêëàäàþòüñÿ ç ïðóæíèõ ñòðóí àáî áàëîê,

ç'¹äíàíèõ çà äîïîìîãîþ òî÷êîâî¨ ìàñè. Äîñëiäæåíî ïèòàííÿ êîðåêòíîñòi,

êåðîâàíîñòi i ñòàáiëiçàöi¨ äëÿ òàêèõ ñèñòåì. Òàêîæ îñòàííiì ÷àñîì ïðèâåð-

òàþòü çíà÷íó óâàãó ïðîáëåìè ñòiéêîñòi òà ñòàáiëiçàöi¨ ëàìiíîâàíèõ áàëîê

òà áàëî÷íèõ ñïîëó÷åíü çàâäÿêè ¨õ øèðîêîìó òåîðåòè÷íîìó êîíòåêñòó òà

÷èñëåííèì iíæåíåðíèì çàñòîñóâàííÿì [3, 4, 71, 84].

Íà âiäìiíó âiä ñèñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, óìîâè êî-

ðåêòíî¨ ïîñòàíîâêè çàäà÷i Êîøi äëÿ ñèñòåì ç ðîçïîäiëåíèìè ïàðàìåòðà-

ìè ïîñòàþòü íåòðèâiàëüíèì ïèòàííÿì íàâiòü ó ëiíiéíîìó âèïàäêó. Îäèí

ç ïiäõîäiâ äî âèðiøåííÿ öüîãî ïèòàííÿ ¹ òåîðåìà Õiëå�Éîñiäè [89]. Iíøèì

iíñòðóìåíòîì äëÿ ïåðåâiðêè ãåíåðàòèâíèõ âëàñòèâîñòåé îïåðàòîðà ÷àñòî
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âèñòóïà¹ òåîðåìà Ëþìåðà�Ôiëëiïñà i çîêðåìà äèñèïàòèâíiñòü îïåðàòîðà,

ÿêà òàêîæ òiñíî ïîâ'ÿçàíà çi ñòiéêiñòþ.

Îçíà÷åííÿ 1.15. Ñèëüíî íåïåðåðâíà íàïiâãðóïà îïåðàòîðiâ T (t) ó

ãiëüáåðòîâîìó ïðîñòîði X íàçèâà¹òüñÿ ñòèñêàþ÷îþ, ÿêùî ∥T (t)∥X ⩽ 1 äëÿ

âñiõ t ⩾ 0.

Îçíà÷åííÿ 1.16. Íåõàé A � îïåðàòîð (ìîæëèâî, íåîáìåæåíèé) ó ãiëü-

áåðòîâîìó ïðîñòîði X ç îáëàñòþ âèçíà÷åííÿ D(A) ⊂ X. A íàçèâà¹òüñÿ

äèñèïàòèâíèì îïåðàòîðîì, ÿêùî ⟨Ax, x⟩X + ⟨x,Ax⟩X ⩽ 0, ∀x ∈ D(A)

[86, îçíà÷åííÿ 2.2.1], àáî Re ⟨Ax, x⟩X ⩽ 0, ∀x ∈ D(A) [153, ñ. 121].

Îïåðàòîð B : D(B) ⊂ X → X íàçèâàòèìåìî ðîçøèðåííÿì îïåðàòîðà

A : D(A) ⊂ X → X, ÿêùî D(A) ⊂ D(B) òà Bξ = Aξ äëÿ âñiõ ξ ∈ D(A).

Ùiëüíî âèçíà÷åíèé äèñèïàòèâíèé îïåðàòîð ó ãiëüáåðòîâîìó ïðîñòîði äî-

ïóñêà¹ çàìêíåíå ðîçøèðåííÿ, ÿêå òàêîæ ¹ äèñèïàòèâíèì îïåðàòîðîì. Äè-

ñèïàòèâíèé ëiíiéíèé îïåðàòîð ó ãiëüáåðòîâîìó ïðîñòîði X íàçèâà¹òüñÿ

ìàêñèìàëüíèì, ÿêùî âií íå ¹ âëàñíèì çâóæåííÿì æîäíîãî iíøîãî äèñèïà-

òèâíîãî îïåðàòîðà, òîáòî ðåçîëüâåíòà R(λ;A) = (I−λA)−1 ¹ ñþð'¹êòèâíèì

âiäîáðàæåííÿìX → X. Áóäåìî ïîñëóãîâóâàòèñü íàñòóïíèì åêâiâàëåíòíèì

îçíà÷åííÿì ìàêñèìàëüíîãî îïåðàòîðà.

Îçíà÷åííÿ 1.17. Äèñèïàòèâíèé ëiíiéíèé îïåðàòîð A : D(A) → X

ó ãiëüáåðòîâîìó ïðîñòîði X íàçèâà¹òüñÿ ìàêñèìàëüíèì, ÿêùî ìíîæèíà

çíà÷åíü R (I− λA) îïåðàòîðà I− λA, äå I � òîòîæíèé îïåðàòîð, ñïiâïàäà¹

ç ïðîñòîðîì X. Ëiíiéíèé îïåðàòîð ó ãiëüáåðòîâîìó ïðîñòîði X íàçèâà¹òüñÿ

m-äèñèïàòèâíèì, ÿêùî âií ¹ äèñèïàòèâíèì i ìàêñèìàëüíèì.

Òåîðåìà 1.3. (Ëþìåðà-Ôiëëiïñà, [89, ñ. 81]). Ùiëüíî âèçíà÷åíèé ëi-

íiéíèé îïåðàòîð A ¹ iíôiíiòåçèìàëüíèì ãåíåðàòîðîì ñòèñêàþ÷î¨

C0-íàïiâãðóïè òîäi i òiëüêè òîäi, êîëè A ¹ m-äèñèïàòèâíèì.

Àñèìïòîòè÷íà ñòiéêiñòü. ßê çàçíà÷àëîñÿ âèùå, â áàãàòüîõ ïðè-

êëàäíèõ çàäà÷àõ ôóíêöiþ Ëÿïóíîâà ìîæíà îáðàòè ó âèãëÿäi ïîâíî¨ åíåð-
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ãi¨ ñèñòåìè. Òîäi ïåðåâiðêà óìîâ ñòiéêîñòi çâîäèòüñÿ äî ïåðåâiðêè çíàêî-

âiä'¹ìíîñòi ïîõiäíî¨ ôóíêöi¨ Ëÿïóíîâà çà ÷àñîì, îá÷èñëåíî¨ â ñèëó ñèñòåìè.

Öÿ âëàñòèâiñòü áåçïîñåðåäíüî ïîâ'ÿçàíà ç äèñèïàòèâíiñòþ îïåðàòîðà ñèñ-

òåìè. Äëÿ äîñëiäæåííÿ àñèìïòîòè÷íî¨ ñòiéêîñòi âèêîðèñòîâó¹òüñÿ ïiäõiä,

âïåðøå ïðåäñòàâëåíèé ó ñòàòòi [132] i ïiçíiøå ðîçâèíåíèé äëÿ àáñòðàêòíèõ

(ó òîìó ÷èñëi íåñêií÷åííîâèìiðíèõ) ñèñòåì ó [62].

Îçíà÷åííÿ 1.18. Íåõàé X1 � çàìêíåíà ïiäìíîæèíà X, i íåõàé T (t) �

íåïåðåðâíà íàïiâãðóïà îïåðàòîðiâ â X1 (ïðè öüîìó T (t) : X1 → X1 äëÿ

êîæíîãî t ⩾ 0). Òðà¹êòîði¹þ (òî÷íiøå, äîäàòíîþ íàïiâòðà¹êòîði¹þ, àáî äî-

äàòíîþ îðáiòîþ), ÿêà ïî÷èíà¹òüñÿ â ξ0 ∈ X1, íàçèâàòèìåìî

γ(ξ0) =
⋃
t⩾0

{T (t) ξ0}. Ìíîæèíó

ω(ξ0) =
{
y ∈ X1

∣∣∣ y = lim
n→∞

T (tn) ξ0 ïðè äåÿêié ïîñëiäîâíîñòi tn → ∞
}

íàçèâàòèìåìî ω-ãðàíè÷íîþ ìíîæèíîþ äëÿ ξ0.

Äëÿ òîãî, ùîá ω-ãðàíè÷íà ìíîæèíà áóëà íåïîðîæíüîþ, äîñòàòíüî [171],

ùîá ìíîæèíà γ(ξ0) áóëà ïåðåäêîìïàêòíîþ. Ïîçíà÷èìî E ìàêñèìàëüíó ií-

âàðiàíòíó (âiäíîñíî íàïiâãðóïè T (t)) ïiäìíîæèíó ìíîæèíè

Z =
{
ξ
∣∣∣ ξ ∈ X1, V̇ (ξ) = 0

}
. Ïiä iíâàðiàíòíiñòþ E âiäíîñíî íàïiâãðóïè

T (t) ìà¹òüñÿ íà óâàçi âëàñòèâiñòü T (t) E ⊂ E äëÿ âñiõ t ⩾ 0. Iíøèìè ñëîâà-

ìè, E � îá'¹äíàííÿ âñiõ öiëèõ íàïiâòðà¹êòîðié ñèñòåìè (1.5), ÿêi ìiñòÿòüñÿ

ïîâíiñòþ ó ìíîæèíi Z.

Òåîðåìà 1.4. (Ïðèíöèï iíâàðiàíòíîñòi ËàÑàëëÿ, [77, Òåîðåìà 3.64]).

Íåõàé V � íåïåðåðâíà ôóíêöiÿ Ëÿïóíîâà äëÿ íåïåðåðâíî¨ ñòèñêàþ÷î¨ íà-

ïiâãðóïè T (t) íà çàìêíåíié ïiäìíîæèíi X1 äiéñíîãî áàíàõîâîãî ïðîñòî-

ðó X òà íåõàé E � ìàêñèìàëüíà iíâàðiàíòíà ïiäìíîæèíà ìíîæèíè

Z =
{
ξ
∣∣∣ ξ ∈ X1, V̇ (ξ) = 0

}
. ßêùî ξ0 ∈ X1 òà òðà¹êòîðiÿ γ(ξ0) ¹ ïå-

ðåäêîìïàêòíîþ, òî lim
t→∞

d (T (t) ξ0, E) = 0.4

4d(y,Ω) = inf
w∈Ω

∥y − w∥ � âiäñòàíü âiä y ∈ X äî Ω ⊂ X.
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ßê áà÷èìî, ãðàíè÷íà ïîâåäiíêà òðà¹êòîðié ñèñòåìè (1.6) ïîâ'ÿçàíà ç

âëàñòèâîñòÿìè ëiíiéíîãî äèôåðåíöiàëüíîãî îïåðàòîðà A. Äëÿ äîâåäåííÿ

àñèìïòîòè÷íî¨ ñòiéêîñòi ó íåñêií÷åííîâèìiðíîìó âèïàäêó ðàçîì ç óìîâîþ

ËàÑàëëÿ íà iíâàðiàíòíó ïiäìíîæèíó Z íåîáõiäíî ïåðåâiðÿòè òàêîæ âëàñ-

òèâiñòü ïåðåäêîìïàêòíîñòi òðà¹êòîðié. Äëÿ öüîãî ìîæíà ïîñëóãîâóâàòèñü

ðåçóëüòàòîì [19] Ê. Äàôåðìîñà òà Ì. Ñëåìðîäà, çãiäíî ÿêîãî äîñòàòíüîþ

óìîâîþ ïåðåäêîìïàêòíîñòi ìíîæèíè òðà¹êòîðié äèíàìi÷íî¨ ñèñòåìè ¹

êîìïàêòíiñòü âiäïîâiäíî¨ ðåçîëüâåíòè äèôåðåíöiàëüíîãî îïåðàòîðà. Òà-

êèì ÷èíîì [19, 104, 105], îïåðàòîðè ç êîìïàêòíîþ ðåçîëüâåíòîþ ïîðîäæó-

þòü êðàéîâi çàäà÷i, ÷è¨ òðà¹êòîði¨ óòâîðþþòü ïåðåäêîìïàêòíó ìíîæèíó ó

ãiëüáåðòîâîìó ïðîñòîði.

Ïåðåâiðêà êîìïàêòíîñòi ðåçîëüâåíòè ÷àñòî âèÿâëÿ¹òüñÿ äóæå ñêëàäíîþ

çàäà÷åþ ç òåõíi÷íî¨ òî÷êè çîðó. Àëüòåðíàòèâíèé ïiäõiä äî àñèìïòîòè÷íî¨

ñòàáiëiçàöi¨ ðîçïîäiëåíèõ ñèñòåì çà ðàõóíîê ñêií÷åííîâèìiðíèõ íåëiíiéíèõ

çáóðåíü íà êiíöÿõ, ïðåäñòàâëåíèé ó [92], çàñòîñîâàíî â [64] äî ãiáðèäíî¨

ñèñòåìè, ÿêà ñêëàäà¹òüñÿ ç áàëêè Åéëåðà�Áåðíóëëi òà ïðè¹äíàíèõ ïðóæèí

ç ìàñàìè. Âëàñòèâîñòi àñèìïòîòè÷íî¨ ñòiéêîñòi êåðîâàíî¨ áàëêè Åéëåðà-

Áåðíóëëi, ç'¹äíàíî¨ ç íåëiíiéíîþ ñèñòåìîþ ïðóæèí i äåìïôåðiâ, ðîçãëÿíóòî

ïðè ñëàáêèõ ïðèïóùåííÿõ íà ïðè¹äíàíi ìàñè.

Ðÿä ðîáiò [116]�[119] i ìîíîãðàôiþ [121] Î. Ë. Çó¹âà ïðèñâÿ÷åíî çàäà÷àì

ñòàáiëiçàöi¨ çà ÷àñòèíîþ çìiííèõ (÷àñòêîâî¨ ñòàáiëiçàöi¨) äëÿ ëiíiéíèõ òà íå-

ëiíiéíèõ íåñêií÷åííîâèìiðíèõ ñèñòåì ç ïðóæíèìè åëåìåíòàìè. Ðåçóëüòàòè

ïðî àñèìïòîòè÷íó ñòiéêiñòü áàçóþòüñÿ íà ïðèéîìàõ ïîáóäîâè ôóíêöi¨ Ëÿ-

ïóíîâà, ïîðîäæåíî¨ åíåðãi¹þ, òà ïðèíöèïi iíâàðiàíòíîñòi ËàÑàëëÿ. Ïðîá-

ëåìè êåðîâàíîñòi òà îïòèìàëüíîãî êåðóâàííÿ ëiíiéíèõ ñèñòåì äîñëiäæóâà-

ëèñÿ ç çàãàëüíèõ ïîçèöié â ðîáîòàõ [11, 17, 26, 68]. Ó ñòàòòi [80] óìîâè åêñ-

ïîíåíöiàëüíî¨ ñòiéêîñòi äèíàìi÷íî¨ ñèñòåìè íàâåäåíî â òåðìiíàõ ìîíîòîí-

íîñòi i ïîçèòèâíîñòi ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü. Ó ðîáîòi [81] äîñëiä-

æóþòüñÿ óìîâè ðîáàñòíî¨ ñòàáiëiçàöi¨ i ñòàáiëiçàöi¨ çi çâîðîòíèì çâ'ÿçêîì
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çà âèõîäîì äëÿ äåÿêèõ êëàñiâ ëiíiéíèõ òà àôiííèõ êåðîâàíèõ ñèñòåì.

Çàäà÷à ñïîñòåðåæåííÿ. Äèíàìi÷íà ñèñòåìà ââàæà¹òüñÿ ñïîñòåðå-

æóâàíîþ, ÿêùî äëÿ êîæíîãî ïðèïóñòèìîãî êåðóâàííÿ i êîæíî¨ ìîæëè-

âî¨ åâîëþöi¨ âåêòîðà ñòàíó ïîòî÷íèé ñòàí ìîæíà îöiíèòè, âèêîðèñòîâó-

þ÷è ëèøå iíôîðìàöiþ âèõîäó (ôiçè÷íî öå, ÿê ïðàâèëî, âiäïîâiäà¹ iíôîð-

ìàöi¨, îòðèìàíié âiä äàò÷èêiâ ÷è ñåíñîðiâ). Iíøèìè ñëîâàìè, ìîæíà âè-

çíà÷èòè ïîâåäiíêó âñi¹¨ ñèñòåìè çà ¨¨ âèõîäàìè, ÿêùî ôóíêöiÿ êåðóâàí-

íÿ ¹ âiäîìîþ. Êîíöåïöiþ ñïîñòåðåæóâàíîñòi ïðåäñòàâèâ ó 1960 ðîöi Ðó-

äîëüô Å. Êàëìàí [39] ÷åðåç çàäà÷ó âiäíîâëåííÿ íåâèìiðþâàíèõ çìiííèõ

ñòàíó ç âèìiðþâàíèõ çà ìiíiìàëüíî ìîæëèâèé ïðîìiæîê ÷àñó. Âií òàêîæ

äîâiâ ðàíãîâèé êðèòåðié êåðîâàíîñòi i ñïîñòåðåæóâàíîñòi [40]. Îäíàê äëÿ

äèíàìi÷íèõ ñèñòåì iç ðîçïîäiëåíèìè ïàðàìåòðàìè êðèòåðié Êàëìàíà íå çà-

ñòîñîâíèé, îñêiëüêè ïåðåäáà÷à¹ îá÷èñëåííÿ ðàíãó ìàòðèöi, ÿêà ïîâ'ÿçàíà ç

îïåðàòîðàìè ó íåñêií÷åííîâèìiðíîìó ïðîñòîði. Öå äàëî ïîøòîâõ ðîçðîáöi

ïîòóæíèõ îïåðàòîðíèõ ìåòîäiâ äëÿ ðåàëiçàöi¨ íåñêií÷åííîâèìiðíèõ ìîäè-

ôiêàöié êëàñè÷íèõ ìåòîäiâ [22, 23, 38, 50, 51]. Ó 1964 ðîöi Äåâiä Ëóåíáåðãåð

çàïðîïîíóâàâ ïiäõiä äî ïîáóäîâè ñïîñòåðiãà÷à � äèíàìi÷íî¨ ñèñòåìè, ÿêà

ôîðìó¹òüñÿ íàÿâíèìè âèõîäàìè òà âõîäàìè îðèãiíàëüíî¨ ñèñòåìè i ïðèçíà-

÷åíà äëÿ îöiíêè ñòàíó íà îñíîâi âèìiðþâàíü âèõîäiâ [73]�[75].

Êëàñè÷íèé ìåòîä îöiíêè âåêòîðà ñòàíó, çàïðîïîíîâàíèé Ä. Ëóåíáåð-

ãåðîì, îòðèìàâ øèðîêå ïîøèðåííÿ äëÿ ðiçíèõ êëàñiâ ñèñòåì êåðóâàííÿ,

âêëþ÷àþ÷è ñèñòåìè ç ðîçïîäiëåíèìè ïàðàìåòðàìè [7, 52, 57, 58, 78, 79, 115],

à òàêîæ ñèñòåìè ç çàïiçíåííÿì [2, 111, 113]. Âàðòî âiäçíà÷èòè ðåçóëüòàòè,

ÿêi ìàþòü áåçïîñåðåäí¹ ïðàêòè÷íå çàñòîñóâàííÿ. Íàïðèêëàä, ó ðîáîòi [72]

ðîçðîáëåíî ñõåìó êåðóâàííÿ çi çâîðîòíèì çâ'ÿçêîì íà îñíîâi ñïîñòåðiãà÷à

çáóðåíü äëÿ ãíó÷êîãî êîñìi÷íîãî àïàðàòà, ùî ïiääà¹òüñÿ çîâíiøíiì âïëè-

âàì òà îáìåæåííÿì íà âåëè÷èíó âõiäíîãî ñèãíàëó òà øâèäêiñòü. Ó ñòàò-

òi [88] çàïðîïîíîâàíî íåëiíiéíèé ñïîñòåðiãà÷ çíèæåíîãî ïîðÿäêó äëÿ ãíó÷-
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êî¨ ñèñòåìè áàãàòüîõ òië ç âèêîðèñòàííÿì ìåòîäiâ ðåäóêöi¨ ìîäåëi. Íåëiíié-

íå êåðóâàííÿ íà îñíîâi ñïîñòåðiãà÷à ïðåäñòàâëåíî â [79] äëÿ ãíó÷êî¨ ñòðóê-

òóðè, ùî îáåðòà¹òüñÿ, çìîäåëüîâàíî¨ ó âèãëÿäi áàëêè Òèìîøåíêà. Â öié

ðîáîòi äîâåäåíî åêñïîíåíöiàëüíó çáiæíiñòü ñõåìè îöiíþâàííÿ òà àñèìïòî-

òè÷íó ñòiéêiñòü çàìêíåíî¨ ñèñòåìè. Àâòîðàìè ïðàöi [21] ïîáóäîâàíî îöiíêó

ñòàíó äëÿ ðóõó ïîâîðîòíî¨ ãíó÷êî¨ êîíñòðóêöi¨ ç æîðñòêèì òiëîì. Â [90]

ñïîñòåðiãà÷ Ëóåíáåðãåðà âèêîðèñòàíî äëÿ îöiíþâàííÿ âíóòðiøíüîãî ñòàíó

ëiíiéíî¨ ñèñòåìè òèïó �÷îðíèé ÿùèê� i çàïðîïîíîâàíî îïòèìàëüíå êåðó-

âàííÿ çi çâîðîòíèì çâ'ÿçêîì. Ñòiéêiñòü ïðè ïàðàìåòðèçàöi¨ ñïîñòåðiãà÷à

Ëóåíáåðãåðà äîâåäåíî íà îñíîâi òåîði¨ ñòiéêîñòi Ëÿïóíîâà. Ó âñiõ öèõ ðî-

áîòàõ ðåçóëüòàòè ïiäòâåðäæåíî åêñïåðèìåíòàëüíî. Ó ñòàòòi [32] ðîçãëÿäà-

þòüñÿ ñèñòåìè, ÿêi îïèñóþòüñÿ áiëiíiéíèìè äèôåðåíöiàëüíèìè ðiâíÿííÿìè

ç ÷àñòèííèìè ïîõiäíèìè i äîñëiäæóþòüñÿ óìîâè íàáëèæåíî¨ ñïîñòåðåæó-

âàíîñòi ó òåðìiíàõ ðÿäiâ Âîëüòåððè. Â îãëÿäîâié ðîáîòi [95] ïðåäñòàâëåíî

íàïðàöþâàííÿ â ãàëóçi òåîði¨ êåðîâàíîñòi òà ñïîñòåðåæóâàíîñòi íåñêií÷åí-

íîâèìiðíèõ ñèñòåì ó ãiëüáåðòîâèõ ïðîñòîðàõ. Ó ñòàòòi [70] çàïðîïîíîâà-

íî êåðóâàííÿ íà îñíîâi ñïîñòåðiãà÷à äëÿ íåñêií÷åííîâèìiðíî¨ ìîäåëi áàëêè

Åéëåðà�Áåðíóëëi. Íà îñíîâi ïðèíöèïó iíâàðiàíòíîñòi äîâåäåíî àñèìïòîòè÷-

íó ñòiéêiñòü çàìêíåíî¨ ñèñòåìè. Âàðòî òàêîæ âiäìiòèòè ðÿä ðåçóëüòàòiâ äëÿ

êëàñó ñèñòåì, ÷è¨ îïåðàòîðè ïðèâîäÿòüñÿ äî ãàìiëüòîíîâî¨ ÷è äiàãîíàëüíî¨

ôîðìè [36, 37, 96].

Ìåòîä Ãàëüîðêiíà. Äëÿ çàäà÷, ÿêi íîñÿòü ïðèêëàäíèé õàðàêòåð, ií-

òåðåñ ïðåäñòàâëÿþòü ìåòîäè íàáëèæåíîãî ðîçâ'ÿçàííÿ. Îäíèì iç òàêèõ ìå-

òîäiâ ¹ ìåòîä Ãàëüîðêiíà, ïðåäñòàâëåíèé ó [134]. Ìåòîä ïîëÿãà¹ ó ïiäáîði

ñèñòåìè áàçèñíèõ ôóíêöié i ïðåäñòàâëåííi íàáëèæåíîãî ðîçâ'ÿçêó êðàéî-

âî¨ çàäà÷i ó âèãëÿäi ðîçêëàäó çà áàçèñíèìè ôóíêöiÿìè. Äàëi îá÷èñëþ¹òü-

ñÿ ïîõèáêà i ðiâíÿííÿ íà íåâiäîìi êîåôiöi¹íòè ðîçêëàäó îòðèìó¹òüñÿ ç

óìîâè îðòîãîíàëüíîñòi ïîõèáêè áàçèñíèì ôóíêöiÿì. Îòðèìàíå ðiâíÿííÿ
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íà êîåôiöi¹íòè ïî ñóòi ÿâëÿ¹ ñîáîþ ïðî¹êöiþ çàäà÷i íà äåÿêèé ñêií÷åí-

íîâèìiðíèé ëiíiéíèé ìíîãîâèä, ÿêèé óòâîðåíî ó âèãëÿäi ëiíiéíî¨ îáîëîí-

êè áàçèñíèõ ôóíêöié. Òîìó ïîäiáíi ìåòîäè òàêîæ íàçèâàþòü ïðî¹êöiéíè-

ìè. Îïèñ i ïðèêëàäè çàñòîñóâàííÿ ìåòîäó Ãàëüîðêiíà äî çàäà÷ ìàòåìà-

òè÷íî¨ ôiçèêè ìîæíà çíàéòè ó [30, 161, 162]. Ðîáîòè [124]�[126], à òàêîæ

[121, Äîäàòîê À] ïðèñâÿ÷åíî çàäà÷àì ñòàáiëiçàöi¨ òà ñïîñòåðåæåííÿ äëÿ íà-

áëèæåíü çà Ãàëüîðêiíèì ñêëàäíèõ ìåõàíi÷íèõ ñèñòåì, çîêðåìà, ïîâîðîòíî¨

ïîæåæíî¨ äðàáèíè, çìîäåëüîâàíî¨ ó âèãëÿäi ñåði¨ ç'¹äíàíèõ ïðóæíèõ áàëîê

Åéëåðà�Áåðíóëëi àáî áàëêè Òèìîøåíêà ç íàâàíòàæåííÿì.

Íà çàâåðøåííÿ öüîãî ðîçäiëó íàâåäåìî äîäàòêîâî äåêiëüêà ðîáiò ç òåîði¨

êåðóâàííÿ [10, 27, 63, 66, 106, 107, 109, 110], â ÿêèõ ìîæíà çíàéòè äåòàëüíèé

îïèñ âèùåçãàäàíèõ êîíöåïöié.
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ÐÎÇÄIË 2

ÑÒÀÁIËIÇÀÖIß ÊÎËÈÂÀÍÜ ÏÐÓÆÍÎ� ÁÀËÊÈ Ç

ÏÐÈ�ÄÍÀÍÎÞ ÌÀÑÎÞ

Äîñëiäæó¹òüñÿ ìàòåìàòè÷íà ìîäåëü ïðóæíî¨ áàëêè äîâæèíè ℓ, ÿêó çà-

êðiïëåíî ó âåðòèêàëüíié ïëîùèíi çà äîïîìîãîþ øàðíiðiâ ç îáîõ êiíöiâ.

Ââàæàòèìåìî, ùî âiñü x ñïðÿìîâàíî âåðòèêàëüíî âíèç âçäîâæ öåíòðàëü-

íî¨ ëiíi¨ áàëêè â íåäåôîðìîâàíîìó ñòàíi, ïî÷àòîê êîîðäèíàò çáiãà¹òüñÿ ç

âåðõíiì êiíöåì áàëêè, êîîðäèíàòà x = ℓ âiäïîâiäà¹ íèæíüîìó êiíöþ áàë-

êè. Âçäîâæ áàëêè ïðè¹äíàíî k ï'¹çîåëåêòðè÷íèõ àêòóàòîðiâ, íà êîæåí ç

ÿêèõ ïîäà¹òüñÿ ñòðóì äëÿ ðåàëiçàöi¨ ìîìåíòiâ ñèë êåðóâàííÿ. Áóäåìî ââà-

æàòè, ùî äiþ àêòóàòîðà ç iíäåêñîì j ìîæíà îïèñàòè çãèíàëüíèì ìîìåí-

òîì Mj, j = 1, k. Â òî÷öi ℓ0 ∈ (0; ℓ) äî áàëêè ïðè¹äíàíî åëåêòðîìàãíiòíèé

ìåõàíiçì (øåéêåð), ÿêèé ðåàëiçó¹ ñèëó êåðóâàííÿ F0. ßêið åëåêòðîìàãíi-

òó ìà¹ ìàñó m i ðóõà¹òüñÿ ó ïðóæíié ïiäâiñöi, ÿêó áóäåìî ìîäåëþâàòè

ïðóæèíîþ ç êîåôiöi¹íòîì æîðñòêîñòi κ. Âñi àêòóàòîðè âiäîêðåìëåíi âiä

êiíöåâèõ òî÷îê áàëêè òà âiä åëåêòðîìàãíiòó, òàê çâàíi ñòðóêòóðíi ôóíêöi¨

ψj(x), x ∈ (0, ℓ) îïèñóþòü ðîçòàøóâàííÿ àêòóàòîðiâ i çàäîâîëüíÿþòü óìîâó

suppψj ∩ {0, ℓ0, ℓ} = ∅, j = 1, k. Íåõàé ôóíêöiÿ w(x, t) îïèñó¹ ïîïåðå÷íå

ïåðåìiùåííÿ öåíòðàëüíî¨ ëiíi¨ áàëêè â ìîìåíò ÷àñó t ∈ [0, τ ], τ > 0; ëi-

òåðîþ ρ áóäåìî ïîçíà÷àòè ãóñòèíó (ìàñó áàëêè íà îäèíèöþ îá'¹ìó), E �

ìîäóëü Þíãà (êîåôiöi¹íò ïðóæíîñòi), I � ìîìåíò iíåðöi¨ ïîïåðå÷íîãî ïå-

ðåòèíó áàëêè. Ðîçãëÿäà¹òüñÿ áàëêà ç îäíîðiäíîãî ìàòåðiàëó ç íåçìiííîþ

ïëîùåþ ïîïåðå÷íîãî ïåðåòèíó, òîìó ââàæàòèìåìî ρ > 0, E > 0 òà I > 0

ñòàëèìè ïàðàìåòðàìè äëÿ âñiõ x ∈ [0, ℓ]. Íà ðèñ. 2.1 ñõåìàòè÷íî çîáðà-

æåíî îñíîâíi åëåìåíòè îïèñàíî¨ ìåõàòðîííî¨ ñèñòåìè. Ó ñòàòòi [24] ïîäàíî

äåòàëüíó òåõíi÷íó ñõåìó ïðåäñòàâëåíî¨ ìîäåëi.
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Ðèñ. 2.1: Ñõåìàòè÷íå çîáðàæåííÿ ìåõàòðîííî¨ ñèñòåìè

2.1. Ìîäåëü êîëèâàíü ïðóæíî¨ áàëêè ç òâåðäèì òiëîì

Çàäëÿ âèâåäåííÿ ðiâíÿíü ðóõó ñèñòåìè ñêîðèñòà¹ìîñÿ ïðèíöèïîì Ãà-

ìiëüòîíà�Îñòðîãðàäñüêîãî, çàñòîñóâàííÿ ÿêîãî äëÿ ñèñòåì ç ðîçïîäiëåíè-

ìè ïàðàìåòðàìè âèêëàäåíî â ðîáîòàõ [133, 157, 163].

Òî÷êîþ ẇ(x, t) áóäåìî ïîçíà÷àòè äèôåðåíöiþâàííÿ ôóíêöi¨ w(x, t) çà

÷àñîì t, øòðèõîì w′(x, t) � äèôåðåíöiþâàííÿ çà ïðîñòîðîâîþ çìiííîþ x,

äëÿ ïîçíà÷åííÿ ïîõiäíî¨ ïîðÿäêó n ∈ N âèêîðèñòîâóâàòèìåìî òàêîæ âåðõ-

íié iíäåêñ ó äóæêàõ, à ñàìå w(n)(x, t) = dnw
dxn ; ïîçíà÷åííÿ C2(Ω) áóäåìî

âèêîðèñòîâóâàòè äëÿ êëàñó íåïåðåðâíèõ â îáëàñòi Ω ⊂ Rn ôóíêöié, ÷è¨

ïîõiäíi äî äðóãîãî ïîðÿäêó âêëþ÷íî ¹ íåïåðåðâíèìè ôóíêöiÿìè â Ω.

Íåõàé ôóíêöiÿ w(x, t) çàäà¹ ðóõ ðîçãëÿíóòî¨ ìåõàíi÷íî¨ ñèñòåìè íà âiä-

ðiçêó ÷àñó [0, τ ] òà íåõàé w(x, t) ∈ C2
(
[0, ℓ] × [0, τ ]

)
, τ > 0. Çàïèøåìî

êiíåòè÷íó åíåðãiþ ñèñòåìè: 2K =
ℓ∫
0

ρ(ẇ(x, t))2dx + m(ẇ(ℓ0, t))
2, i ïîòåí-

öiàëüíó åíåðãiþ: 2U =
ℓ∫
0

EI(w′′(x, t))2dx + κ(w2(ℓ0, t)). Îñêiëüêè áàëêó

çàêðiïëåíî øàðíiðàìè íà êiíöÿõ, ãåîìåòðè÷íi êðàéîâi óìîâè ìàþòü âèãëÿä
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w(0, t) = w(ℓ, t) = 0. Çãiäíî ç ïðèíöèïîì Ãàìiëüòîíà�Îñòðîãðàäñüêîãî ç

óðàõóâàííÿì ðîáîòè çîâíiøíiõ ñèë íà ìîæëèâèõ ïåðåìiùåííÿõ, ðiâíiñòü

δ

τ∫
0

(K − U)dt+

τ∫
0

F0δw(ℓ0, t)+
k∑

j=1

Mj

ℓ∫
0

ψj(x)δw
′′(x, t)dx

dt=0 (2.1)

âèêîíàíî äëÿ äîâiëüíî¨ ôóíêöi¨ δw(x, t) êëàñó C2
(
[0, ℓ] × [0, τ ]

)
, ÿêà çàäî-

âîëüíÿ¹ êðàéîâi óìîâè δw
∣∣∣
t=0

= δw
∣∣∣
t=τ

= δw
∣∣∣
x=0

= δw
∣∣∣
x=ℓ

= 0. Iíòåãðóâàí-

íÿ (2.1) ÷àñòèíàìè çà çìiííîþ t ïðèçâîäèòü äî ñïiââiäíîøåííÿ
τ∫

0


ℓ∫

0

[
ρẅδw +

(
EIw′′ −

k∑
j=1

Mjψj

)
δw′′

]
dx +

+ (mẅ + κw − F0)δw
∣∣∣
x=ℓ0

}
dt = 0. (2.2)

Çàñòîñîâóþ÷è äî (2.2) îñíîâíó ëåìó âàðiàöiéíîãî ÷èñëåííÿ, â ñèëó äîâiëü-

íîñòi ïðîáíî¨ ôóíêöi¨ δw, ìà¹ìî âàðiàöiéíó ôîðìó ðiâíÿíü ðóõó:
ℓ∫

0

{
ρẅδw+

(
EIw′′−

k∑
j=1

Mjψj

)
δw′′

}
dx+(mẅ+κw−F0)δw

∣∣∣
x=ℓ0

=0. (2.3)

Iíòåãðóâàííÿ ðiâíîñòi (2.3) ÷àñòèíàìè çà çìiííîþ x ïðèçâîäèòü äî ðiâíÿííÿ
ℓ∫

0

{
ρẅ −

k∑
j=1

Mjψ
′′
j

}
δwdx+

∫
(0,ℓ)\{ℓ0}

EIw(4)δwdx−

− EI

(
w′′′δw

∣∣∣
x=ℓ0−0

− w′′′δw
∣∣∣
x=ℓ0+0

)
+ (mẅ + κw − F0)δw

∣∣∣
x=ℓ0

= 0

i êðàéîâèõ óìîâ w′′(0) = w′′(ℓ) = 0. Òàêèì ÷èíîì, îòðèìàíî íàñòóïíó

êðàéîâó çàäà÷ó, ÿêà îïèñó¹ ðóõ ðîçãëÿíóòî¨ ìåõàíi÷íî¨ ñèñòåìè:

ρ ẅ(x, t) + EI w(4)(x, t) =
k∑

j=1

ψ′′
j (x)Mj, x ∈ [0, ℓ] \ {ℓ0} , (2.4)

w
∣∣∣
x=0

= w
∣∣∣
x=ℓ

= 0, w′′∣∣∣
x=0

= w′′∣∣∣
x=ℓ

= 0, (2.5)

(mẅ + κw)
∣∣∣
x=ℓ0

= EI

(
w′′′∣∣∣

x=ℓ0−0

− w′′′∣∣∣
x=ℓ0+0

)
+ F0. (2.6)

Ðîçãëÿäà¹òüñÿ ôóíêöiÿ w(·, t) ∈ C2[0, ℓ], òîìó óìîâó iíòåðôåéñó (2.6), ÿêà
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îïèñó¹ ðóõ òî÷êè ç êîîðäèíàòîþ ℓ0, äå ïðèêëàäåíî çîñåðåäæåíó ñèëó F0,

ìîæíà äîïîâíèòè óìîâàìè íåïåðåðâíîñòi ïîõiäíèõ çà çìiííîþ x ôóíêöi¨

w(x, t) äî äðóãîãî ïîðÿäêó âêëþ÷íî: w(i)(ℓ0 − 0, t) = w(i)(ℓ0 + 0, t), i = 0, 2.

2.1.1. Ôàçîâèé ïðîñòið. Ïîçíà÷åííÿ L p(0, ℓ) áóäåìî âèêîðèñòîâó-

âàòè (äèâ., íàïð., [150, 151]) äëÿ ïðîñòîðó äiéñíèõ âèìiðíèõ íà âiäðiçêó

[0, ℓ] ôóíêöié, ÿêi ïðè ïiäíåñåííi äî ñòåïåíÿ p ¹ iíòåãðîâàíèìè çà Ëåáåãîì

(1 ⩽ p < ∞), òîáòî ñóêóïíiñòü óñiõ âèìiðíèõ ôóíêöié f(x) : [0, ℓ] → R,

äëÿ ÿêèõ
ℓ∫
0

|f(x)|p dx < ∞; ïîçíà÷åííÿ Hk(0, ℓ) � äëÿ ïðîñòîðó ôóíêöié

ç Lp(0, ℓ), ÿêi ìàþòü óçàãàëüíåíi ïîõiäíi äî ïîðÿäêó k âêëþ÷íî ç ïðîñòîðó

L p(0, ℓ) (1 ⩽ k < ∞);
◦
Hk(0, ℓ) � äëÿ ïiäïðîñòîðó Hk(0, ℓ) ôóíêöié f , äëÿ

ÿêèõ f(0) = f(ℓ) = 0.

Ââåäåìî äiéñíèé ëiíiéíèé ïðîñòið X =
◦
H2(0, ℓ)×L2(0, ℓ)×R2 i çàäàìî

ñêàëÿðíèé äîáóòîê éîãî åëåìåíòiâ ξ1 = (u1, v1, p1, q1)
T ∈ X òà

ξ2 = (u2, v2, p2, q2)
T ∈ X íàñòóïíîþ ôîðìóëîþ:

⟨ξ1, ξ2⟩X =

ℓ∫
0

(
EI u′′1(x)u

′′
2(x) + ρ v1(x) v2(x)

)
dx+ κ p1 p2 +mq1 q2. (2.7)

Òâåðäæåííÿ 2.1. Ïðîñòið X çi ñêàëÿðíèì äîáóòêîì (2.7) ¹ ãiëüáåð-

òîâèì.

Äîâåäåííÿ. Çàïèøåìî íåðiâíiñòü Ñò¹êëîâà (äèâ.[161, ñ. 150]) äëÿ ôóíê-

öi¨ u ∈
◦
H2(0, ℓ):

∥u∥2L2(0,ℓ) =

ℓ∫
0

(u(x))2dx ⩽
ℓ2

2

ℓ∫
0

(u′(s))2ds =
ℓ2

2
∥u′∥2L2(0,ℓ) .

Â îáëàñòi Ω = (−ε, ℓ+ε), äå ε � äîâiëüíà äîäàòíà ñòàëà, çàäàìî äîïîìiæíó

ôóíêöiþ û : Ω → R òàêèì ÷èíîì: û(x) =

u(x), x ∈ [0, ℓ],

0, x ∈ Ω \ [0, ℓ].
Î÷åâèäíî,

û′(x) =

u′(x), x ∈ [0, ℓ],

0, x ∈ Ω \ [0, ℓ].
Â ñèëó íåðiâíîñòi Ñò¹êëîâà, äëÿ ôóíêöi¨
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û′(x) ∈
◦
H1(0, ℓ) âèêîíàíî íàñòóïíó îöiíêó:

∥u′∥2L2(0, ℓ) =

ℓ∫
0

(u′(x))2dx =

∫
Ω

(û′(x))2dx ⩽
(ℓ+ 2ε)2

2

ℓ+ε∫
−ε

(û′′(x))2dx =

=
(ℓ+ 2ε)2

2

 0∫
−ε

(û′′(x))2dx+

ℓ∫
0

(û′′(x))2dx+

ℓ+ε∫
ℓ

(û′′(x))2dx

 =

=
(ℓ+ 2ε)2

2

ℓ∫
0

(u′′(x))2dx =
(ℓ+ 2ε)2

2
∥u′′∥2L2(0, ℓ) .

Çâiäñè ∥u∥2◦
H2(0,ℓ)

⩽ C ∥u′′∥2L2(0,ℓ), äå C = ℓ2(ℓ+2ε)2

4 + (ℓ+2ε)2

2 + 1. Òàêèì ÷èíîì,

âèêîíàíî íàñòóïíi íåðiâíîñòi:

∥ξ∥X,s ⩽ C1 ∥ξ∥X , äå C2
1 = max

{
C

EI
,
1

ρ
,
1

κ
,
1

m

}
, (2.8)

∥ξ∥X ⩽ C2 ∥ξ∥X,s , äå C2
2 = max {EI, ρ, κ, m} . (2.9)

Òóò ñèìâîë ∥·∥X,s âèêîðèñòîâó¹òüñÿ äëÿ ïîçíà÷åííÿ ñòàíäàðòíî¨ íîðìè∥∥(u, v, p, q)T∥∥
X,s

=
(
∥u∥2L2 + ∥u′∥2L2 + ∥u′′∥2L2 + ∥v∥2L2 + |p|2 + |q|2

)1/2
ïðîñòîðó

◦
H2(0, ℓ) × L2(0, ℓ) × R2. Íåðiâíîñòi (2.8) òà (2.9) äîâîäÿòü åêâi-

âàëåíòíiñòü íîðìè, ÿêó ïîðîäæåíî ñêàëÿðíèì äîáóòêîì (2.7), ñòàíäàðòíié

íîðìi ïðîñòîðó X. Öåé ôàêò ïiäòâåðäæó¹, ùî ïðîñòið X çi ñêàëÿðíèì äî-

áóòêîì (2.7) ¹ ãiëüáåðòîâèì.

Íàäàëi ðîçãëÿäàòèìåìî ôàçîâèé âåêòîð ξ, ùî ñêëàäà¹òüñÿ ç òàêèõ åëå-

ìåíòiâ: u(·) = w(·, t), v(·) = ẇ(·, t), p = w(ℓ0, t), q = ẇ(ℓ0, t). Çàïèøåìî

ðiâíÿííÿ ðóõó (2.4)�(2.6) ìåõàòðîííî¨ ñèñòåìè ó âèãëÿäi àáñòðàêòíîãî äè-

ôåðåíöiàëüíîãî ðiâíÿííÿ ó ïðîñòîði X.

2.1.2. Ðiâíÿííÿ ðóõó â îïåðàòîðíié ôîðìi. Çàäà÷ó (2.4)�(2.6)

ìîæíà çàïèñàòè â îïåðàòîðíié ôîðìi:
d

dt
ξ(t) = Aξ(t) +By(t), (2.10)
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äå A : D(A) → X � ëiíiéíèé äèôåðåíöiàëüíèé îïåðàòîð ç îáëàñòþ âèçíà-

÷åííÿ

D(A) =



ξ =


u

v

p

q

 ∈ X :

u
∣∣∣
x∈[0,ℓ0]

∈ H4(0, ℓ0),

u
∣∣∣
x∈(ℓ0,ℓ]

∈ H4(ℓ0, ℓ),

u′′(0) = u′′(ℓ) = 0,

u′′(ℓ0 − 0) = u′′(ℓ0 + 0),

v ∈
◦
H2(0, ℓ),

p = u(ℓ0), q = v(ℓ0)



⊂ X, (2.11)

ÿêèé äi¹ çà ïðàâèëîì

A : ξ=


u

v

p

q

∈D(A) 7→ Aξ=


v

−EI
ρ u(4)

q
EI
m

(
u′′′(ℓ0 − 0)− u′′′(ℓ0 + 0)

)
− κ

m p

∈X;

(2.12)

y = (F0,M1, . . . ,Mk)
T � âåêòîð êåðóâàííÿ, B : Rk+1 → X � âiäîáðàæåííÿ,

çàäàíå ìàòðèöåþ B =


0 0 . . . 0

0 1
ρ ψ

′′
1 . . . 1

ρ ψ
′′
k

0 0 . . . 0
1
m 0 . . . 0

. Ó ïîäàëüøîìó íåîäíîðàçîâî

çíàäîáèòüñÿ çâåðòàòèñü äî êðàéîâèõ óìîâ äëÿ ξ ∈ D(A), òîìó çàïèøåìî ¨õ

ó ÿâíîìó âèãëÿäi:

u(0) = u(ℓ) = 0, u′′(0) = u′′(ℓ) = 0, v(0) = v(ℓ) = 0,

p = u(ℓ0), q = v(ℓ0).
(2.13)

Òàêîæ âèïèøåìî äëÿ ξ ∈ D(A) óìîâè iíòåðôåéñó â òî÷öi ℓ0:

u(i)(ℓ0 − 0)− u(i)(ℓ0 + 0) = 0, i = 0, 2. (2.14)
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2.2. Êåðóâàííÿ çi çâîðîòíèì çâ'ÿçêîì

Çàïèøåìî ïîâíó åíåðãiþ ìåõàíi÷íî¨ ñèñòåìè:

E = K + U =
1

2

ℓ∫
0

(
ρ v2 + EI(u′′)2

)
dx+

mq2

2
+

κ p2

2
=

1

2
∥ξ∥2X . (2.15)

Êåðóâàííÿ y ó âèãëÿäi çâîðîòíîãî çâ'ÿçêó îáåðåìî òàêèì ÷èíîì, ùîá âè-

êîíóâàëàñÿ óìîâà íåçðîñòàííÿ ïîâíî¨ åíåðãi¨ íà òðà¹êòîðiÿõ, òîáòî óìîâà

Ė(ξ(t)) ⩽ 0. Äëÿ öüîãî îá÷èñëèìî ïîõiäíó Ė(ξ(t)) â ñèëó ñèñòåìè (2.10).

Ïðîäèôåðåíöiþ¹ìî (2.15):

dE
dt

=

ℓ∫
0

(
ρ v v̇ + EI u′′ u̇′′

)
dx+mq q̇ + κ p ṗ =

=

ℓ∫
0

(
ρ v v̇+EI u(4) v

)
dx−EI

(
u′′′(ℓ0 − 0)− u′′′(ℓ0 + 0)

)
q +mq q̇ + κ p ṗ.

Íà âåêòîðàõ, ÿêi çàäîâîëüíÿþòü (2.10) ç óðàõóâàííÿì (2.11), (2.12), öåé

âèðàç íàáóâà¹ âèãëÿäó Ė =
k∑

j=1

Mj

ℓ∫
0

ψ′′
j (x) v(x)dx + F0 q. Óìîâó Ė ⩽ 0 âè-

êîíàíî, çîêðåìà, ïðè íàñòóïíîìó âèáîði çàêîíiâ êåðóâàííÿ:

F0 = −α0 q, α0 > 0, (2.16)

Mj = −αj

ℓ∫
0

ψ′′
j (x) v(x)dx, αj > 0, j = 1, k. (2.17)

Òàêèì ÷èíîì çàäàíî êåðóâàííÿ çi çâîðîòíèì çâ'ÿçêîì

y = Kξ, (2.18)

äå ëiíiéíèé îïåðàòîð K : X → Rk+1 äà¹òüñÿ ôîðìóëîþ:

K : ξ =


u

v

p

q

 7→ Kξ = −



α0q

α1

ℓ∫
0

ψ′′
1(x) v(x)dx
...

αk

ℓ∫
0

ψ′′
k(x) v(x)dx
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ç äîâiëüíèìè äîäàòíèìè ïàðàìåòðàìè ðåãóëþâàííÿ α0, α1, . . . , αk. Ïiäñòàâ-

ëÿþ÷è êåðóâàííÿ y, çàäàíå â (2.18), ó ðiâíÿííÿ (2.10), îòðèìó¹ìî çàìêíåíó

ñèñòåìó, ÿêó ìîæíà çàïèñàòè â îïåðàòîðíîìó âèãëÿäi íàñòóïíèì ÷èíîì:
d

dt
ξ(t) = Ãξ(t), (2.19)

äå îïåðàòîð Ã : ξ 7→ Ãξ ìà¹ îáëàñòü âèçíà÷åííÿ D(Ã) = D(A) i äi¹ çà

òàêèì çàêîíîì: Ãξ = Aξ + B̃ξ, äå

B̃ξ =


0

−1
ρ

k∑
j=1

αj ψ
′′
j (x)

ℓ∫
0

ψ′′
j (s) v(s)ds

0

−α0

m q

 . (2.20)

Òóò Aξ âèçíà÷åíî ôîðìóëîþ (2.12), òîìó îïåðàòîð ç êåðóâàííÿì çàäà¹òüñÿ

ó ôîðìi

Ãξ =


v

−EI
ρ u(4) − 1

ρ

k∑
j=1

αj ψ
′′
j (x)

ℓ∫
0

ψ′′
j (s) v(s)ds

q
EI
m

(
u′′′(ℓ0 − 0)− u′′′(ℓ0 + 0)

)
− 1

m(κp+ α0q)

 . (2.21)

Ñòàòòþ [1] ïðèñâÿ÷åíî ïîáóäîâi àëãîðèòìó âèçíà÷åííÿ îïòèìàëüíîãî

ðîçòàøóâàííÿ ï'¹çîêåðàìi÷íèõ àêòóàòîðiâ äëÿ êåðóâàííÿ ôîðìîþ ïðîãèíó

áàëî÷íèõ ñèñòåì.

Ëåìà 2.1. Ëiíiéíå âiäîáðàæåííÿ B̃ξ : X → X, âèçíà÷åíå ìàòðè-

öåþ (2.20), ¹ îáìåæåíèì.

Äîâåäåííÿ. Ðîçãëÿíåìî âèðàç

∥By∥2X =
1

ρ

ℓ∫
0

(
k∑

j=1

ψ′′
j (x)Mj(ξ)

)2
dx+

1

m

(
F0(ξ)

)2
,

â ÿêîìó ïàðàìåòðè êåðóâàííÿ F0 òà Mj çàäàíi ôîðìóëàìè (2.16), (2.17).
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Íåñêëàäíî ïåðåêîíàòèñü, ùî äëÿ äîâiëüíèõ aj ∈ R âèêîíàíî íåðiâíiñòü(
k∑

j=1

aj

)2
⩽ k∗

k∑
j=1

a2j , (2.22)

äå k∗ = 2

[
k+1
2

]
; òóò êâàäðàòíèìè äóæêàìè ó ïîêàçíèêó ñòåïåíÿ ïîçíà÷åíî

öiëó ÷àñòèíó ÷àñòêè. Çàóâàæèìî, ùî

∥By∥2X ⩽
k∗

ρ

k∑
j=1

ℓ∫
0

(
ψ′′
j (x)Mj(ξ)

)2
dx+

1

m
(F0(ξ))

2 ,

òîìó, â ñèëó(2.22) òà íåðiâíîñòi Êîøi�Áóíÿêîâñüêîãî�Øâàðöà, âèêîíàíî

íåðiâíiñòü∥∥∥B̃ξ∥∥∥2
X
⩽
k∗

ρ

k∑
j=1

α2
j

ℓ∫
0

ψ′′
j (x)

ℓ∫
0

ψ′′
j (s) v(s)ds

2

dx+
α2
0

m
q2 =

=
k∗

ρ

k∑
j=1

α2
j

ℓ∫
0

ψ′′
j (x)dx ·

 ℓ∫
0

ψ′′
j (s) v(s)ds

2

+
α2
0

m
q2 ⩽

⩽
k∗

ρ

k∑
j=1

α2
j

ℓ∫
0

(
ψ′′
j (x)

)2
dx ·

ℓ∫
0

(
ψ′′
j (s)

)2
ds ·

ℓ∫
0

v2(s)ds+
α2
0

m
q2 =

=
k∗

ρ

k∑
j=1

α2
j

 ℓ∫
0

(
ψ′′
j (x)

)2
dx

2

·
ℓ∫

0

v2(x)dx+
α2
0

m
q2 ⩽

⩽
k∗ℓ

ρ

k∑
j=1

α2
j

ℓ∫
0

(
ψ′′
j (x)

)4
dx ·

ℓ∫
0

v2(x)dx+
α2
0

m
q2,

îòæå,
∥∥∥B̃ξ∥∥∥2

X
⩽ Λ ∥ξ∥2X , äå Λ = max

{
EI, κ, α2

0

m2 ,
k∗ℓ
ρ2

k∑
j=1

α2
j

ℓ∫
0

(
ψ′′
j (x)

)4
dx

}
.

Îñòàííÿ íåðiâíiñòü ç äîäàòíîþ êîíñòàíòîþ Λ äîâîäèòü îáìåæåíiñòü îïåðà-

òîðà êåðóâàííÿ.

Ïåðø íiæ ïåðåéòè äî äîñëiäæåííÿ ñòiéêîñòi ñòàíó ðiâíîâàãè çàìêíå-

íî¨ ñèñòåìè, ïåðåêîíà¹ìîñÿ, ùî äëÿ (2.19) i äîâiëüíî¨ ïî÷àòêîâî¨ ôóíêöi¨

ξ0 ∈ D(Ã) çàäà÷à Êîøi ¹ êîðåêòíî ïîñòàâëåíîþ íà ïðîìiæêó t ∈ [0,∞).
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Äëÿ öüîãî íåîáõiäíî i äîñòàòíüî [18, 77, 154] äîâåñòè, ùî îïåðàòîð Ã ¹ iíôi-

íiòåçèìàëüíèì ãåíåðàòîðîì C0-íàïiâãðóïè ó ïðîñòîði X. Çãiäíî

ç [18, Òåîðåìà 3.2.1], ÿêùî äåÿêèé îïåðàòîð ¹ iíôiíiòåçèìàëüíèì ãåíåðàòî-

ðîì C0-íàïiâãðóïè ó ãiëüáåðòîâîìó ïðîñòîði, òî äîäàâàííÿ äî íüîãî îáìå-

æåíîãî ëiíiéíîãî îïåðàòîðà çáåðiãà¹ öþ âëàñòèâiñòü. Îñêiëüêè îïåðàòîð Ã ç

êåðóâàííÿì ¹ îáìåæåíèì çáóðåííÿì äèôåðåíöiàëüíîãî îïåðàòîðà A, òî äî-

ñòàòíüî äîâåñòè, ùî A ¹ iíôiíiòåçèìàëüíèì ãåíåðàòîðîì. Çãiäíî ç òåîðåìîþ

Ëþìåðà�Ôiëëiïñà, ëiíiéíèé îïåðàòîð A ¹ iíôiíiòåçèìàëüíèì ãåíåðàòîðîì

C0-íàïiâãðóïè îïåðàòîðiâ ó ïðîñòîði X, ÿêùî âií ¹ ùiëüíî âèçíà÷åíèì òà

m-äèñèïàòèâíèì. Äîñëiäæåííþ âëàñòèâîñòåé îïåðàòîðà, çàäàíîãî â (2.12),

ïðèñâÿ÷åíî íàñòóïíèé ïiäðîçäië.

2.3. Iíôiíiòåçèìàëüíèé ãåíåðàòîð C0-íàïiâãðóïè

Çãiäíî ç òåîðåìàìè Ñîáîë¹âà ìà¹ìî ùiëüíi âêëàäåííÿ ïðîñòîðiâ:

H4(0, ℓ)
ds
⊂ H2(0, ℓ) òà H2(0, ℓ)

ds
⊂ L2(0, ℓ)1, çâiäñè D(A)

ds
⊂ X, òîìó ìà¹ìî

Òâåðäæåííÿ 2.2. Îïåðàòîð A : D(A) → X ¹ ùiëüíî âèçíà÷åíèì.

Ëåìà 2.2. Îïåðàòîð A : D(A) → X, çàäàíèé ôîðìóëàìè (2.11), (2.12),

¹ äèñèïàòèâíèì.

Äîâåäåííÿ. Â ñèëó ñèìåòðè÷íîñòi ñêàëÿðíîãî äîáóòêó (2.7),

⟨Aξ, ξ⟩X + ⟨ξ, Aξ⟩X = 2 ⟨Aξ, ξ⟩X =

= 2

 ℓ∫
0

EI u′′(x) v′′(x)dx−
ℓ∫

0

EI u(4)(x) v(x)dx+ κ p q+

+ EI
(
u′′′(ℓ0 − 0)− u′′′(ℓ0 + 0)

)
q − κ p q

.
1Ñèìâîë �ds� âèêîðèñòîâó¹òüñÿ äëÿ ïîçíà÷åííÿ ùiëüíîãî âêëàäåííÿ ïðîñòîðiâ.
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Çàóâàæèìî, ùî iíòåãðóâàííÿ ÷àñòèíàìè äà¹
ℓ∫

0

EIu′′(x) v′′(x)dx=−EI
(
u′′′(ℓ0−0)−u′′′(ℓ0+0)

)
v(ℓ0)+

ℓ∫
0

EIu(4)(x) v(x)dx,

ïðè ÷îìó v(ℓ0) = q, òîìó ⟨Aξ, ξ⟩X + ⟨ξ, Aξ⟩X ≡ 0. Çãiäíî ç îçíà÷åííÿì 1.16,

äîâåäåíî äèñèïàòèâíiñòü îïåðàòîðà A.

Ïîáóäó¹ìî îáåðíåíèé äî A îïåðàòîð A−1 : X → X i ïîêàæåìî, ùî âií

¹ êîðåêòíî âèçíà÷åíèì ó âñüîìó ïðîñòîði X.

Ëåìà 2.3. Íåõàé îïåðàòîð A çàäàíî ôîðìóëàìè (2.11), (2.12). Òîäi

îïåðàòîð A−1 êîðåêòíî âèçíà÷åíî íà ìíîæèíi D(A−1) = X.

Äîâåäåííÿ. Ðîçâ'ÿæåìî ðiâíÿííÿ

Aξ = ξ̂ (2.23)

âiäíîñíî âåêòîðà ξ ∈ D(A) äëÿ äîâiëüíîãî ξ̂ = (û, v̂, p̂, q̂)T ∈ X. Çà êîìïî-

íåíòàìè âåêòîðiâ ξ òà ξ̂ öå ðiâíÿííÿ ìîæíà çàïèñàòè ó âèãëÿäi íàñòóïíî¨

ñèñòåìè:

v = û, (2.24)

−EI
ρ
u(4) = v̂, (2.25)

q = p̂, (2.26)
EI

m

(
u′′′(ℓ0 − 0)− u′′′(ℓ0 + 0)

)
− κ
m
p = q̂. (2.27)

Îñêiëüêè ξ ∈ D(A), ìà¹ìî êðàéîâi óìîâè (2.13) òà óìîâè iíòåðôåéñó (2.14).

Çàãàëüíèé ðîçâ'ÿçîê íåîäíîðiäíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ (2.25) çíàé-

äåìî ìåòîäîì âàðiàöi¨:

u(x) =


C̃1 + xB̃1 + x2C̃2 + x3B̃2 +

ρ
6EI

x∫
0

(s− x)3 v̂(s)ds, 0 ⩽ x ⩽ ℓ0,

C̃3 + xB̃3 + x2C̃4 + x3B̃4 − ρ
6EI

ℓ∫
x

(s− x)3 v̂(s)ds, ℓ0 < x ⩽ ℓ

(2.28)

ç äîâiëüíèìè ñòàëèìè C̃1, . . . , C̃4, B̃1 . . . , B̃4. Äèôåðåíöiþþ÷è (2.28) òà âðà-

õîâóþ÷è êðàéîâi óìîâè (2.13), ìîæåìî âèêëþ÷èòè äåÿêi êîíñòàíòè iíòåãðó-
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âàííÿ: C̃1 = 0, C̃2 = 0, C̃3 = 2ℓ3 B̃4 − ℓ B̃3, C̃4 = −3ℓ B̃4. Çàäëÿ ñïðîùåí-

íÿ ïîäàëüøèõ âèêëàäîê ââåäåìî íîâi êîíñòàíòè òàêîþ çàìiíîþ: C1 = C̃1,

C2 = 2C̃2, C3 = C̃3 + ℓ B̃3 + ℓ2 C̃4 + ℓ3B̃4, C4 = C̃4 + 3ℓ B̃4, B1 = B̃1,

B2 = B̃2, B3 = B̃3 + 2ℓ C̃4 + 3ℓ2 B̃4, B4 = B̃4. Òîäi ðîçâ'ÿçîê (2.28) çà-

ïèøåòüñÿ ó âèãëÿäi

u(x)
∣∣∣
x⩽ℓ0

= C1 + xB1 + x2C2 + x3B2 +
ρ

6EI

x∫
0

(s− x)3 v̂(s)ds,

u(x)
∣∣∣
x>ℓ0

=C3+(x− ℓ)B3+(x− ℓ)2C4+(x− ℓ)3B4−
ρ

6EI

ℓ∫
x

(s− x)3 v̂(s)ds,

(2.29)

ïðè öüîìó óìîâè (2.13) âèêîíàíî äëÿ C1 = 0, C2 = 0, C3 = 0, C4 = 0.

Çàïèøåìî óìîâè iíòåðôåéñó (2.14) i ðiâíÿííÿ (2.27), ïiäñòàâëÿþ÷è â

íèõ (2.29) ðàçîì ç âiäïîâiäíèìè ïîõiäíèìè ôóíêöi¨ u(x). Òàê äëÿ âèêëþ÷åí-

íÿ ðåøòè êîíñòàíò iíòåãðóâàííÿ îòðèìà¹ìî ñèñòåìó àëãåáðà¨÷íèõ ðiâíÿíü

N (B1, B2, B3, B4)
T = (Γ1,Γ2,Γ3,Γ4)

T (2.30)

iç ïðàâèìè ÷àñòèíàìè Γz = Γz(ξ̂), z = 1, 4, äå

Γ1(ξ) =
ρ

6EI

ℓ∫
0

(ℓ0 − s)3 v(s)ds, Γ2(ξ) =
ρ

2EI

ℓ∫
0

(ℓ0 − s)2 v(s)ds,

Γ3(ξ) =
ρ

6EI

ℓ∫
0

(ℓ0 − s) v(s)ds,

Γ4(ξ) = ρ

ℓ∫
0

v(s)ds− κρ
2EI

ℓ0∫
0

(ℓ0 − s)3 v(s)ds+mq,

(2.31)

òà ìàòðèöåþ

N =


ℓ0 ℓ30 ℓ− ℓ0 (ℓ− ℓ0)

3

1 3ℓ20 −1 −3(ℓ− ℓ0)
2

0 ℓ0 0 ℓ− ℓ0

−κℓ0 6EI − κℓ30 0 −6EI

 (2.32)

Âèçíà÷íèê detN = −6 ℓ2EI − 2κ ℓ20 ℓ (ℓ − ℓ0)
2 ìàòðèöi N âiäìiííèé âiä
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íóëÿ äëÿ âñiõ äîïóñòèìèõ íàáîðiâ çíà÷åíü ìåõàíi÷íèõ ïàðàìåòðiâ, òîìó

íåîäíîðiäíà ñèñòåìà (2.30) ìà¹ ¹äèíèé ðîçâ'ÿçîê. Ïðè öüîìó êîìïîíåíòó p

ìîæíà âèðàçèòè ç ðiâíÿííÿ (2.27), àáî çà îçíà÷åííÿì:

p = u(ℓ0) = ℓ0B1 + ℓ30B2 −
ρ

6EI

ℓ0∫
0

(ℓ0 − s)3 v̂(s)ds.

Òàêèì ÷èíîì, îáåðíåíèé äî A îïåðàòîð çàäà¹òüñÿ íàñòóïíîþ ôîðìóëîþ:

A−1 : ξ=


u

v

p

q

 7→A−1ξ=


a(ξ)

u

ℓ0B1 + ℓ30B2 − ρ
6EI

ℓ0∫
0

(ℓ0−s)3 v(s)ds

p

, (2.33)

äå

a(ξ) =


xB1 + x3B2 +

ρ
6EI

x∫
0

(s− x)3 v(s)ds, x ⩽ ℓ0,

(x− ℓ)B3 + (x− ℓ)3B4 − ρ
6EI

ℓ∫
x

(s− x)3 v(s)ds, x > ℓ0,

(2.34)

à B1, . . . , B4 ¹ ðîçâ'ÿçêàìè ñèñòåìè ðiâíÿíü âèãëÿäó (2.30) ç ïðàâèìè ÷àñòè-

íàìè Γi(ξ), i = 1, 4. Îñêiëüêè ðîçâ'ÿçîê ðiâíÿííÿ (2.23) çíàéäåíî äëÿ äî-

âiëüíî¨ ïðàâî¨ ÷àñòèíè ξ̂ ç ïðîñòîðó X, îáëàñòü âèçíà÷åííÿ îïåðàòîðà A−1

ñïiâïàäà¹ ç óñiì ïðîñòîðîì X.

Ëåìà 2.4. Îïåðàòîð A−1 : X → X, çàäàíèé ôîðìóëîþ (2.33), ¹ îáìå-

æåíèì.

Äîâåäåííÿ. Äîâåäåìî íåðiâíiñòü∥∥A−1ξ
∥∥2
X
= EI

ℓ∫
0

(a′′(ξ))2dx+ ρ

ℓ∫
0

u2(x)dx+

+ κ

ℓ0B1 + ℓ30B2 −
ρ

2EI

ℓ0∫
0

(ℓ0 − x)3 v(x)dx

2

+mp2 ⩽ Λ ∥ξ∥2X

äëÿ ÿêîãî-íåáóäü Λ > 0. Ââåäåìî ïîçíà÷åííÿ ¯̄Nij äëÿ åëåìåíòiâ ìàòðèöi,

îáåðíåíî¨ äî N , i, j = 1, 4, ïðè ÷îìó ¯̄Nij çàëåæàòü òiëüêè âiä ìåõàíi÷íèõ

ïàðàìåòðiâ áàëêîâî¨ ñèñòåìè, òîæ ¹ êîíñòàíòàìè âiäíîñíî åëåìåíòiâ ôà-
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çîâîãî âåêòîðà. Òîìó âèðàçè Bi ¹ ëiíiéíèìè êîìáiíàöiÿìè Γi(ξ), i = 1, 4:

Bi(ξ) =
4∑

j=1

¯̄Nij Γj(ξ). Äëÿ íèõ ç íåðiâíîñòi Êîøi�Áóíÿêîâñüêîãî�Øâàðöà

âèïëèâàþòü îöiíêè

B2
i ⩽ Ňi

ℓ∫
0

v2(x)dx+ (2ρm)2 ¯̄N 2
i4 q

2 (2.35)

ç êîíñòàíòàìè

Ňi =
( ρ

EI

)2 [ 1

63

(
ℓ70 + (ℓ− ℓ0)

7
) ¯̄N 2

i1 +
1

5

(
ℓ50 + (ℓ− ℓ0)

5
) ¯̄N 2

i2+

+
1

27

(
ℓ30 + (ℓ− ℓ0)

3
) ¯̄N 2

i3 + 2

(
8ℓ(EI)2 + κ2 ℓ

7
0

7

)
¯̄N 2
i4

]
. (2.36)

Îñêiëüêè ξ ∈ X, âèêîíàíî êðàéîâi óìîâè u(0) = u(ℓ) = 0. Çãiäíî ç íåðiâ-

íiñòþ Ïóàíêàðå, iñíó¹ ñòàëà c > 0, òàêà, ùî
ℓ∫

0

|u|2 dx ⩽ c

ℓ∫
0

|u′(x)|2 dx. (2.37)

Îñêiëüêè u(x) ∈
◦
H2(0, ℓ) òà H2(0, ℓ) ⊂ C1[0, ℓ], çãiäíî ç òåîðåìîþ Ëàãðàí-

æà ïðî ñåðåäí¹ çíà÷åííÿ, iñíó¹ âíóòðiøíÿ òî÷êà ζ iíòåðâàëó (0, ℓ), òàêà,

ùî u′(ζ) = u(ℓ)−u(0)
ℓ = 0, îòæå u′(x) =

x∫
ζ

u′′(z)dz+ u′(ζ) =
x∫
ζ

u′′(z)dz. Çàñòî-

ñîâóþ÷è íåðiâíiñòü Êîøi�Áóíÿêîâñüêîãî�Øâàðöà, ìà¹ìî
ℓ∫

0

|u′(x)|2 dx =

ζ∫
0

|u′(x)|2 dx+
ℓ∫

ζ

|u′(x)|2 dx =

=

ζ∫
0

∣∣∣∣∣∣∣
x∫

ζ

u′′(z)dz

∣∣∣∣∣∣∣
2

dx+

ℓ∫
ζ

∣∣∣∣∣∣∣
x∫

ζ

u′′(z)dz

∣∣∣∣∣∣∣
2

dx ⩽

⩽

ζ∫
0

(x− ζ)

x∫
ζ

|u′′(z)|2 dz

 dx+

ℓ∫
ζ

(x− ζ)

x∫
ζ

|u′′(z)|2 dz

 dx
[ζ,x]⊆[0,ℓ]

⩽

⩽
ℓ2

2

ℓ∫
0

|u′′(x)|2 dx. (2.38)
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Çàóâàæèìî, ùî Γ′
i(ξ) = 0, i = 1, 4, çâiäêè âèïëèâà¹ B′

i(ξ) = 0 òà

a′′(ξ) =


6xB2 +

ρ
EI

x∫
0

(s− x)v(s)ds, x ⩽ ℓ0,

6(x− ℓ)B4 − ρ
EI

ℓ∫
x

(s− x)v(s)ds, x > ℓ0.

Çà äîïîìîãîþ íåðiâíîñòi Êîøi�Áóíÿêîâñüêîãî�Øâàðöà òà (2.35) îòðèìà¹-

ìî íàñòóïíi îöiíêè:
ℓ∫

0

(a′′(ξ))2dx =

ℓ0∫
0

6xB2 +
ρ

EI

x∫
0

(s− x)v(s)ds

2

dx+

+

ℓ∫
ℓ0

6(x−ℓ)B4 −
ρ

EI

ℓ∫
x

(s−x)v(s)ds

2dx ⩽ C1

ℓ∫
0

v2(x)dx+ C2 q
2 (2.39)

òà

κ

ℓ0B1 + ℓ30B2 −
ρ

2EI

ℓ0∫
0

(ℓ0−x)3v(x)dx

2 ⩽ C3

ℓ∫
0

v2(x)dx+ C4 q
2, (2.40)

äå

C1 = 24
(
ℓ30 Ň2 + (ℓ− ℓ0)

3Ň4

)
+
ℓ4

3

( ρ

EI

)2
,

C2 = 6 (4ρm)2
(
ℓ30

¯̄N 2
24 + (ℓ− ℓ0)

3 ¯̄N 2
44

)
,

C3 = κ ℓ20
(
4
(
Ň1 + ℓ40 Ň2

)
+
ℓ50
14

( ρ

EI

)2)
,

C4 = κ (4ρm ℓ0)
2
(
¯̄N 2
14 + ℓ40

¯̄N 2
24

)
.

Ñóìóþ÷è îöiíêè (2.37)�(2.40), îòðèìà¹ìî íåðiâíiñòü∥∥A−1ξ
∥∥2
X
⩽ Λ

 ℓ∫
0

(
EI(u′′(x))2 + ρv2(x)

)
dx+ κp2 +mq2

 = Λ ∥ξ∥2X

ç äîäàòíîþ êîíñòàíòîþ Λ=max
{

ρℓ2

2EI c,
m
κ ,

1
ρ(EI C1 + C3),

1
m(EI C2 + C4)

}
.

Òàêèì ÷èíîì, îïåðàòîð A−1 : X → X ¹ îáìåæåíèì.

Íàñëiäîê 2.1. Îïåðàòîð A : D(A) → X, çàäàíèé ôîðìóëîþ (2.12), ¹

çàìêíåíèì.

Äîâåäåííÿ. Ñïèðàþ÷èñü íà òåîðåìè ç [168, ñ. 162], ìîæåìî çàêëþ÷è-

òè íàñòóïíå: ÿêùî ëiíiéíèé îïåðàòîð, âèçíà÷åíèé â óñüîìó ãiëüáåðòîâîìó
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ïðîñòîði, ¹ îáìåæåíèì, òî âií ¹ çàìêíåíèì; ÿêùî çàìêíåíèé ëiíiéíèé îïå-

ðàòîð â ãiëüáåðòîâîìó ïðîñòîði ìà¹ îáåðíåíèé, òî îáåðíåíèé îïåðàòîð òà-

êîæ ¹ çàìêíåíèì. Ó ëåìàõ 2.3, 2.4 áóëî äîâåäåíî, ùî ëiíiéíèé îïåðàòîð A−1

ìà¹ îáëàñòþ âèçíà÷åííÿ âåñü ïðîñòið X òà ¹ îáìåæåíèì, òîìó îáåðíåíèé

äî íüîãî îïåðàòîð A ¹ çàìêíåíèì â X.

Äëÿ äîâåäåííÿ ìàêñèìàëüíîñòi îïåðàòîðà A ïîáóäó¹ìî éîãî ðåçîëüâåí-

òó i ïîêàæåìî, ùî îáëàñòü âèçíà÷åííÿ ðåçîëüâåíòè ñïiâïàäà¹ ç ïðîñòî-

ðîì X.

Ëåìà 2.5. Iñíó¹ λ > 0, òàêå, ùî ðåçîëüâåíòó R(λ;A) = (I − λA)−1

îïåðàòîðà A êîðåêòíî âèçíà÷åíî ó ïðîñòîði X.

Òóò i íàäàëi ñèìâîëîì I ïîçíà÷àòèìåìî òîòîæíå ïåðåòâîðåííÿ.

Äîâåäåííÿ. Äëÿ ïîáóäîâè ðåçîëüâåíòè ðîçâ'ÿæåìî ðiâíÿííÿ

(I− λA)ξ = ξ̂ (2.41)

âiäíîñíî ξ ∈ D(A) äëÿ äîâiëüíî¨ ïðàâî¨ ÷àñòèíè ξ̂ ∈ X. Öå ðiâíÿííÿ ÿâëÿ¹

ñîáîþ ñèñòåìó

u− λ v = û, (2.42)

v + λ
EI

ρ
u(4) = û, (2.43)

p− λ q = p̂, (2.44)

q − λ
EI

m

(
u′′′(ℓ0 − 0)− u′′′(ℓ0 + 0)

)
+ λ

κ
m
p = q̂. (2.45)

Âðàõîâóþ÷è ξ ∈ D(A), äëÿ êîìïîíåíò âåêòîðà ξ âèêîíóþòüñÿ êðàéîâi óìî-

âè âèãëÿäó (2.13), (2.14). Ç ðiâíÿíü (2.42), (2.43) îòðèìà¹ìî äèôåðåíöiàëüíå

ðiâíÿííÿ íà ôóíêöiþ u(x):

u(4) + 4η4 u = Γ̂(x), (2.46)

â ÿêîìó η =
(

ρ
4EI

1
λ2

)1/4
, Γ̂(x) = Γ̂

(
λ, ξ̂(x)

)
= ρ

EI
1
λ

(
1
λ û(x) + v̂(x)

)
. Ïîçíà-

÷èìî u0 = u(x), u1 = u′(x), u2 = u′′(x), u3 = u′′′(x), U = (u0, u1, u2, u3)
T

i çàïèøåìî ðiâíÿííÿ ÷åòâåðòîãî ïîðÿäêó (2.46) ó âèãëÿäi ñèñòåìè ðiâíÿíü
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ïåðøîãî ïîðÿäêó â ìàòðè÷íîìó ïðåäñòàâëåííi:
d

dx
U(x) = NU(x) + Γ (2.47)

ç ìàòðèöÿìè N =

03×1 I3×3

−4η4 01×3

, Γ =
(
0, 0, 0, Γ̂(x)

)T
. Òóò i äàëi 0i×j òà

Ii×j ïîçíà÷àþòü, âiäïîâiäíî, íóëüîâó òà îäèíè÷íó ìàòðèöi ðîçìiðíîñòi i×j.
Çàäàìî ôóíêöi¨

z1(x) = cos ηx cosh ηx, z2(x) = cos ηx sinh ηx+ sin ηx cosh ηx,

z3(x) = sin ηx sinh ηx, z4(x) = cos ηx sinh ηx− sin ηx cosh ηx

i çàïèøåìî çàãàëüíèé ðîçâ'ÿçîê (2.47):

U(x) =


exNU(0) +

x∫
0

e(x−s)N Γ(s)ds, x ⩽ ℓ0,

e(x−ℓ)NU(ℓ)−
ℓ∫
x

e(x−s)N Γ(s)ds, x > ℓ0.

Òóò ìàòðè÷íà åêñïîíåíòà G(x) =
(
exNij
)4
i,j=1

ìà¹ âèãëÿä

G(x) =


z1(x)

1
2η z2(x)

1
2η2 z3(x) − 1

4η3 z4(x)

η z4(x) z1(x)
1
2η z2(x)

1
2η2 z3(x)

−2η2 z3(x) η z4(x) z1(x)
1
2η z2(x)

−2η3 z2(x) −2η2 z3(x) η z4(x) z1(x)

 .

Âðàõîâóþ÷è êðàéîâi óìîâè (2.13), çàïèøåìî çàãàëüíèé ðîçâ'ÿçîê ðiâíÿí-

íÿ (2.47) ïîêîìïîíåíòíî ó òàêîìó âèãëÿäi:

ui−1(x)
∣∣∣
x⩽ℓ0

= Gi2(x)B1 +Gi4(x)B2 +

x∫
0

Gi4(x− s)Γ̂(s)ds,

ui−1(x)
∣∣∣
x>ℓ0

= Gi2(x− ℓ)B3 +Gi4(x− ℓ)B4 −
ℓ∫

x

Gi4(x− s)Γ̂(s)ds,

(2.48)

i = 1, 4. Òóò B1 = u1(0), B2 = u3(0), B3 = u1(ℓ), B4 = u3(ℓ). Äëÿ âèêëþ÷åí-

íÿ öèõ êîíñòàíò çàïèøåìî óìîâè iíòåðôåéñó (2.14) ó âèãëÿäi

ui(ℓ0 − 0)− ui(ℓ0 + 0) = 0, i = 0, 2. (2.49)
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Ç ðiâíÿíü (2.44), (2.45) ìà¹ìî íàñòóïíå ñïiââiäíîøåííÿ:
EI

m

(
u3(ℓ0 − 0)− u3(ℓ0 + 0)

)
− η̃ u0(ℓ0) = −2η2

(
2κ2 η2 p̂+ κ q̂

)
, (2.50)

äå η̃ = κ
m+

4EI
ρ η4, κ =

√
EI
ρ . Ïiäñòàâëÿþ÷è âiäïîâiäíi âèðàçè ç (2.48) ó (2.49)

òà (2.50), îòðèìà¹ìî ñèñòåìó àëãåáðà¨÷íèõ ðiâíÿíü

Ñ(B1, B2, B3, B4)
T = ζ (2.51)

ç ìàòðèöåþ

Ñ=


G12(ℓ0) G14(ℓ0) −G12(ℓ0−ℓ) −G14(ℓ0−ℓ)
G22(ℓ0) G24(ℓ0) −G22(ℓ0−ℓ) −G24(ℓ0−ℓ)
G32(ℓ0) G34(ℓ0) −G32(ℓ0−ℓ) −G34(ℓ0−ℓ)
G42(ℓ0)− η̃ G12(ℓ0) G44(ℓ0)− η̃ G14(ℓ0) −G42(ℓ0−ℓ) −G44(ℓ0−ℓ)


òà ñòîâï÷èêîì ïðàâèõ ÷àñòèí

ζ=

ζ1, ζ2, ζ3, ζ4 + η̃

ℓ0∫
0

G14(ℓ0 − s)Γ̂(s)ds−mη2
(
2

ρ
η2 p̂+ (ρEI)−

1
2 q̂

)T

,

äå ζi = −
ℓ∫
0

Gi4(ℓ0 − s)Γ̂(s)ds, i = 1, 4. Âèçíà÷íèê ìàòðèöi Ñ ðîçêëàäà-

¹òüñÿ â ðÿä Òåéëîðà: det Ñ = −ℓ2 − κ
3EI ℓ

2
0 ℓ (ℓ − ℓ0)

2 + O(η2) ̸= 0, òîæ

iñíó¹ äîñòàòíüî âåëèêå λ > 0, äëÿ ÿêîãî íåîäíîðiäíà ñèñòåìà (2.51) ìà¹

¹äèíèé ðîçâ'ÿçîê. Òàêèì ÷èíîì çíàéäåíî íàáið êîíñòàíò B1, . . . , B4 äëÿ

îòðèìàííÿ ðîçâ'ÿçêó ðiâíÿííÿ (2.46), ÿêèé çàäîâîëüíÿ¹ óìîâè (2.13), (2.14)

i ìà¹ íàñòóïíèé âèãëÿä:

u(x)
∣∣∣
x⩽ℓ0

=
B1

2η
z2(x)−

B2

4η3
z4(x)−

x∫
0

z4(x− s)

(
η û(s) +

v̂(s)

2κη

)
ds,

u(x)
∣∣∣
x>ℓ0

=
B3

2η
z2(x− ℓ)− B4

4η3
z4(x− ℓ) +

ℓ∫
x

z4(x− s)

(
η û(s) +

v̂(s)

2κη

)
ds.
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Ç ðiâíÿííÿ (2.42) çíàõîäèìî v = 1
λ(u− û), àáî

v(x)
∣∣∣
x⩽ℓ0

= κ

η B1 z2(x)−
B2

2η
z4(x)− 2η2 û(x)−

−η
x∫

0

z4(x− s)
(
2η2 û(s) + v̂(s)

)
ds

 ,

v(x)
∣∣∣
x>ℓ0

= κ

η B3 z2(x− ℓ)− B4

2η
z4(x− ℓ)− 2η2 û(x) +

+η

ℓ∫
x

z4(x− s)
(
2η2 û(s) + v̂(s)

)
ds

 .

Ç ξ ∈ D(A) âèïëèâà¹ p = u(ℓ0), òîìó

p =
B1

2η
z2(ℓ0)−

B2

4η3
z4(ℓ0)−

ℓ0∫
0

z4(ℓ0 − s)

(
η û(s) +

v̂(s)

2κη

)
ds.

Ç (2.44) çíàéäåìî q = 1
λ(p− p̂):

q = κ

(
η B1 z2(ℓ0)−

B2

2η
z4(ℓ0)− 2η2 p̂−

−η
ℓ0∫
0

z4(ℓ0 − s)

(
2η2 û(s) +

v̂(s)

κ

)
ds

.
Îñêiëüêè ðîçâ'ÿçîê ðiâíÿííÿ (2.41) îäåðæàíî äëÿ äîâiëüíî¨ ïðàâî¨ ÷àñòèíè

ξ̂ ∈ X, îáëàñòþ âèçíà÷åííÿ îïåðàòîðà (I− λA)−1 ¹ ïðîñòið X.

Îòæå, ðåçîëüâåíòó R(λ;A) : X → X îòðèìàíî ÿê îïåðàòîð, ùî äi¹ çà

òàêèì ïðàâèëîì:

R(λ;A) : ξ = (u, v, p, q)T 7→ (R1ξ, R2ξ, R3ξ, R4ξ)
T ,

äå

R1ξ =


B1

2η z2(x)−
B2

4η3z4(x)−
x∫
0

R̃1(x, s, ξ̂)ds, x ⩽ ℓ0,

B3

2η z2(x− ℓ)− B4

4η3z4(x− ℓ) +
ℓ∫
x

R̃1(x, s, ξ̂)ds, x > ℓ0,
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R2ξ=


κ

(
ηB1z2(x)− B2

2η z4(x)− 2η2û(x)− η
x∫
0

R̃2(s)ds

)
, x ⩽ ℓ0,

κ

(
ηB3z2(x− ℓ)− B4

2η z4(x− ℓ)− 2η2û(x) + η
ℓ∫
x

R̃2(s)ds

)
, x > ℓ0,

R3ξ =
B1

2η
z2(ℓ0)−

B2

4η3
z4(ℓ0)−

ℓ0∫
0

z4(ℓ0 − s)

(
ηû(s) +

v̂(s)

2κη

)
ds,

R4ξ=κ

ηB1z2(ℓ0)−
B2

2η
z4(ℓ0)− 2η2p̂− η

ℓ0∫
0

z4(ℓ0 − s)

(
2η2û(s) +

v̂(s)

κ

)
ds

,
ïðè öüîìó

R̃1(x, s, ξ̂)=z4(x− s)

(
ηû(s) +

v̂(s)

2κη

)
,

R̃2(x, s, ξ̂)=z4(x− s)
(
2η2û(s) + v̂(s)

)
.

Ïiäñóìîâóþ÷è, ìîæíà çàçíà÷èòè íàñòóïíi âëàñòèâîñòi îïåðàòîðà A:

ùiëüíà âèçíà÷åíiñòü, m-äèñèïàòèâíiñòü, çàìêíåíiñòü. Çãiäíî ç òåîðåìîþ

Ëþìåðà�Ôiëëiïñà, îïåðàòîð A ¹ iíôiíiòåçèìàëüíèì ãåíåðàòîðîì ñòèñêà-

þ÷î¨ C0-íàïiâãðóïè îïåðàòîðiâ ó ïðîñòîði X. Äîäàþ÷è äî A îáìåæåíèé

ëiíiéíèé îïåðàòîð êåðóâàííÿ BK, îòðèìà¹ìî îïåðàòîð Ã, ÿêèé ¹ òàêîæ

iíôiíiòåçèìàëüíèì ãåíåðàòîðîì C0-íàïiâãðóïè. Òàêèì ÷èíîì äîâåäåíî íà-

ñòóïíó òåîðåìó.

Òåîðåìà 2.1. Íåõàé îïåðàòîð Ã ç îáëàñòþ âèçíà÷åííÿ (2.11) çàäàíî

ôîðìóëîþ (2.21). Òîäi çàäà÷à Êîøi
d

dt
ξ(t) = Ãξ(t), (2.52)

ξ(0) = ξ0 ∈ X. (2.53)

¹ êîðåêòíîþ íà t ⩾ 0.
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2.4. Ñòiéêiñòü ñòàíó ðiâíîâàãè

Îïèñàíà âèùå áàëêà ìà¹ ñòàí ðiâíîâàãè ξ = 0. Ñèíòåç êåðóâàííÿ, ñòié-

êiñòü i àñèìïòîòè÷íà ñòiéêiñòü òðèâiàëüíîãî ñòàíó ðiâíîâàãè ¹ ïðåäìåòàìè

äîñëiäæåíü, ùî âèêëàäàþòüñÿ äàëi.

Òåîðåìà 2.2. Íåõàé îïåðàòîð Ã : D(Ã) → X çàäàíî ôîðìóëîþ (2.21).

Ðîçâ'ÿçîê ξ = 0 ðiâíÿííÿ (2.52) ¹ ñèëüíî (çà íîðìîþ ïðîñòîðó X) ñòiéêèì

çà Ëÿïóíîâèì.

Äîâåäåííÿ. Äëÿ äîâåäåííÿ ñòiéêîñòi ñòàíó ðiâíîâàãè îáåðåìî ôóíêöiî-

íàë Ëÿïóíîâà ó âèãëÿäi ïîâíî¨ åíåðãi¨:

2V =

ℓ∫
0

(
ρv2(x) + EI(u′′(x))2

)
dx+mq2 + κp2 = ∥ξ∥2X . (2.54)

Çàïðîïîíîâàíèé ôóíêöiîíàë V ¹, î÷åâèäíî, äîäàòíîâèçíà÷åíèì â X. Îá-

÷èñëèìî éîãî ïîõiäíó çà ÷àñîì â ñèëó ñèñòåìè (2.52)�(2.53):

V̇ =
k∑

j=1

Mj

ℓ∫
0

v(x)ψ′′
j (x)dx+ qF0 =

= −
k∑

j=1

αj

 ℓ∫
0

ψ′′
j (x)v(x)dx

2

− α0q
2. (2.55)

Áà÷èìî, ùî ôóíêöiîíàë V̇ ¹ çíàêîâiä'¹ìíèì. Â ñèëó (2.55), äëÿ äîâiëüíîãî

ξ0 ∈ D(Ã) ñïðàâåäëèâî V (ξ(t)) ⩽ V (ξ(0)), ∀t ⩾ 0, çâiäêè ∥ξ(t)∥X ⩽ ∥ξ0∥X .
Òàêèì ÷èíîì, â îçíà÷åííi ñòiéêîñòi 1.1 ìîæåìî âçÿòè δ = ε.

Âèñíîâêè äî ðîçäiëó 2

Çà äîïîìîãîþ âàðiàöiéíîãî ïðèíöèïó Ãàìiëüòîíà�Îñòðîãðàäñüêîãî ïî-

áóäîâàíî ìàòåìàòè÷íó ìîäåëü êîëèâàíü ïðóæíî¨ áàëêè ç ïðè¹äíàíîþ

òî÷êîâîþ ìàñîþ. Ðóõ ñèñòåìè îïèñàíî çà äîïîìîãîþ ðiâíÿííÿ ç ÷àñòèí-

íèìè ïîõiäíèìè ÷åòâåðòîãî ïîðÿäêó iç êðàéîâèìè óìîâàìè òà óìîâàìè ií-

òåðôåéñó, ùî îïèñóþòü ïîâåäiíêó îêðåìî¨ òî÷êè áàëêè.
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Äèôåðåíöiàëüíå ðiâíÿííÿ ÷åòâåðòîãî ïîðÿäêó ïðåäñòàâëåíî ó âèãëÿ-

äi àáñòðàêòíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ ïåðøîãî ïîðÿäêó ó íàëåæíèì

÷èíîì îáðàíîìó íåñêií÷åííîâèìiðíîìó ôàçîâîìó ïðîñòîði.

Çàïðîïîíîâàíî ôóíêöiîíàëè êåðóâàííÿ çi çâîðîòíèì çâ'ÿçêîì, äëÿ ÿêèõ

ãàðàíòîâàíî íåçðîñòàííÿ ïîâíî¨ åíåðãi¨ íà òðà¹êòîðiÿõ çàìêíåíî¨ ñèñòåìè.

Ïîêàçàíî, ùî îïåðàòîð ñèñòåìè çi çâîðîòíèì çâ'ÿçêîì Ã ¹ îáìåæåíèì çáó-

ðåííÿì îïåðàòîðà A ñèñòåìè áåç êåðóâàííÿ. Íà îñíîâi äîñëiäæåííÿ âëàñòè-

âîñòåé îïåðàòîðiâ A i Ã çà äîïîìîãîþ òåîðåìè Ëþìåðà�Ôiëëiïñà äîâåäåíî,

ùî îïåðàòîð ñèñòåìè çi çâîðîòíèì çâ'ÿçêîì ¹ iíôiíiòåçèìàëüíèì ãåíåðàòî-

ðîì ñèëüíî íåïåðåðâíî¨ íàïiâãðóïè îïåðàòîðiâ ó ãiëüáåðòîâîìó ïðîñòîði.

Ïîêàçàíî, ùî òðèâiàëüíèé ñòàí ðiâíîâàãè ñèñòåìè ç çàïðîïîíîâàíèì

çâîðîòíèì çâ'ÿçêîì ¹ ñòiéêèì çà Ëÿïóíîâèì.

Ðåçóëüòàòè, îòðèìàíi ó ðîçäiëi 2, îïóáëiêîâàíî ó ñòàòòi [144].
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ÐÎÇÄIË 3

ÀÑÈÌÏÒÎÒÈ×ÍÀ ÑÒIÉÊIÑÒÜ ÑÒÀÍÓ ÐIÂÍÎÂÀÃÈ

ÏÐÓÆÍÎ� ÑÈÑÒÅÌÈ

Ó ðîçäiëi 2 áóëî äîâåäåíî ñòiéêiñòü çà Ëÿïóíîâèì òðèâiàëüíîãî ñòàíó

ðiâíîâàãè ãiáðèäíî¨ ñèñòåìè iç çàäàíèì êåðóâàííÿì. Äîñëiäæåííÿ ãðàíè÷-

íî¨ ïîâåäiíêè òðà¹êòîðié çàìêíåíî¨ ñèñòåìè i îòðèìàííÿ óìîâ àñèìïòî-

òè÷íî¨ ñòiéêîñòi ïîâ'ÿçàíå ç âèâ÷åííÿì iíâàðiàíòíèõ ïiäìíîæèí ìíîæèíè

Z =
{
ξ ∈ D(A)

∣∣∣ V̇ (ξ) = 0
}
, äå V (ξ) � ôóíêöiîíàë Ëÿïóíîâà (2.54), ïî-

áóäîâàíèé ó âèãëÿäi ïîâíî¨ åíåðãi¨ îñöèëþþ÷î¨ ñèñòåìè. Ç [121] âiäîìî, ùî

âëàñòèâîñòi iíâàðiàíòíèõ ïiäìíîæèí ìíîæèíè Z ïîâ'ÿçàíi çi ñïåêòðàëüíè-

ìè âëàñòèâîñòÿìè iíôiíiòåçèìàëüíîãî ãåíåðàòîðà. Îäíi¹þ ç âàæëèâèõ õà-

ðàêòåðèñòèê ñèñòåì ç ðîçïîäiëåíèìè ïàðàìåòðàìè ó êîíòåêñòi ñòàáiëiçàöi¨,

êåðóâàííÿ i ñïîñòåðåæåííÿ ¹ ðîçïîäië âëàñíèõ çíà÷åíü îïåðàòîðà ñèñòåìè.

Ðîçäië 3 ïðèñâÿ÷åíî âèâ÷åííþ âiäïîâiäíèõ âëàñòèâîñòåé îïåðàòîðà A, à

òàêîæ âèâåäåííþ i äîñëiäæåííþ õàðàêòåðèñòè÷íîãî ðiâíÿííÿ i îòðèìàííþ

íà îñíîâi öüîãî óìîâ àñèìïòîòè÷íî¨ ñòiéêîñòi òðèâiàëüíîãî ñòàíó ðiâíîâàãè

ãiáðèäíî¨ ñèñòåìè.

3.1. Àñèìïòîòè÷íèé ðîçïîäië âëàñíèõ çíà÷åíü îïåðàòîðà A

Òâåðäæåííÿ 3.1. Îïåðàòîð A, çàäàíèé â (2.11), (2.12), ¹ êîñîñè-

ìåòðè÷íèì.

Äîâåäåííÿ. Ðîçãëÿíåìî âèðàç〈
Aξ, ξ̂

〉
X
=

ℓ∫
0

EI v′′ û′′dx−
ℓ∫

0

EI u(4) v̂dx+ κ q p̂+

+ EI
(
u′′′(ℓ0 − 0)− u′′′(ℓ0 + 0)

)
q̂ − κ p q̂.
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Â ñèëó iíòåãðóâàííÿ ÷àñòèíàìè,〈
Aξ, ξ̂

〉
X
=−

ℓ∫
0

EI u′′ v̂′′dx+

ℓ∫
0

EI v û(4)dx− κ p q̂−

− EI
(
u′′′(ℓ0 − 0)− u′′′(ℓ0 + 0)

)
q + κ p̂ q.

Òàêèì ÷èíîì îòðèìàíî ñïðÿæåíèé äî A îïåðàòîð A∗ : D(A) → X,

A∗ : ξ =


u

v

p

q

 7→ A∗ξ =


−v

EI
ρ u(4)

−q
−EI

m

(
u′′′(ℓ0 − 0)− u′′′(ℓ0 + 0)

)
+ κ

m p

 .

Áà÷èìî, ùî A∗ = −A, îïåðàòîð A ¹ êîñîñèìåòðè÷íèì.

Íåñêëàäíî äîâåñòè, ùî âëàñíi çíà÷åííÿ êîñîñèìåòðè÷íîãî îïåðàòîðà

ìàþòü íóëüîâó äiéñíó ÷àñòèíó.

Òâåðäæåííÿ 3.2. Âëàñíi çíà÷åííÿ îïåðàòîðà A ¹ ñóòî óÿâíèìè

êîìïëåêñíèìè ÷èñëàìè.

3.1.1. Ñïåêòðàëüíà çàäà÷à. Ðîçãëÿíåìî ñïåêòðàëüíó çàäà÷ó

Aξ = λ ξ, ξ ∈ D(A), (3.1)

äå λ = i ω, ω ∈ R. Òàêå ðiâíÿííÿ ÿâëÿ¹ ñîáîþ íàñòóïíó ñèñòåìó ðiâíÿíü

âiäíîñíî êîìïîíåíòiâ âåêòîðà ξ:

v = λu, (3.2)
EI

ρ
u(4) + λ v = 0, (3.3)

q = λ p, (3.4)

u′′′(ℓ0 − 0)− u′′′(ℓ0 + 0)− κ p = λmq (3.5)

iç óìîâàìè (2.13), (2.14).

Ñïî÷àòêó ðîçãëÿíåìî ðiâíÿííÿ (3.3). Â ñèëó (3.2) âîíî ìà¹ âèãëÿä çâè-

÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ âiäíîñíî u(x):

u(4) − µ4 u = 0, (3.6)
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äå µ =
(

ρ
EI ω

2
)1/4

¹ íîâèì ñïåêòðàëüíèì ïàðàìåòðîì çàäà÷i (3.1). Çàãàëüíèé

ðîçâ'ÿçîê ðiâíÿííÿ (3.6) íà iíòåðâàëàõ íåïåðåðâíîñòi ôóíêöi¨ u(x) ìîæíà

ïðåäñòàâèòè ó âèãëÿäi u(x) = C1e
−µx+C2e

µx+C3 sinµx+C4 cosµx, x ̸= ℓ0.

Ââåäåìî ïîçíà÷åííÿ:

U(x) = (u0(x), u1(x), u2(x), u3(x))
T = (u(x), u′(x), u′′(x), u′′′(x))T ,

òîäi äèôåðåíöiàëüíå ðiâíÿííÿ äëÿ âèçíà÷åííÿ âëàñíèõ âåêòîðiâ çàäà÷i (3.1)

ìîæå áóòè çàïèñàíî â ìàòðè÷íîìó âèãëÿäi:
d

dx
U(x) =MU(x), (3.7)

äåM =

03×1 I3×3

µ4 01×3

.Çàãàëüíèé ðîçâ'ÿçîê (3.7) ïðåäñòàâëÿ¹òüñÿ ó âèãëÿäi
ìàòðè÷íî¨ åêñïîíåíòè íàñòóïíèì ÷èíîì:

U(x) =

 exM U(0), x ∈ [0, ℓ0],

e(x−ℓ)M U(ℓ), x ∈ (ℓ0, ℓ],
(3.8)

äå

exM =


z1(x) z2(x) z3(x) z4(x)

µ4z4(x) z1(x) z2(x) z3(x)

µ4z3(x) µ4z4(x) z1(x) z2(x)

µ4z2(x) µ4z3(x) µ4z4(x) z1(x)

 ,

z1(x) =
1

2
(coshµx+ cosµx), z2(x) =

1

2µ
(sinhµx+ sinµx),

z3(x) =
1

2µ2
(coshµx− cosµx), z4(x) =

1

2µ3
(sinhµx− sinµx).

Êîíñòàíòè iíòåãðóâàííÿ u0(0), u2(0), u0(ℓ), u2(ℓ) äîðiâíþþòü íóëåâi âiäïî-

âiäíî äî êðàéîâèõ óìîâ ñïåêòðàëüíî¨ çàäà÷i, òîäi ÿê çíà÷åííÿ iíøèõ ÷îòè-

ðüîõ êîíñòàíò ìîæíà îá÷èñëèòè ç (3.4), (3.5), âðàõîâóþ÷è óìîâè iíòåðôåéñó

â òî÷öi x = ℓ0. Â ðåçóëüòàòi îòðèìà¹ìî ñèñòåìó ëiíiéíèõ àëãåáðà¨÷íèõ ðiâ-
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íÿíü M (u1(0), u3(0), u1(ℓ), u3(ℓ))
T = 0 ç ìàòðèöåþ

M=


z2(ℓ0) z4(ℓ0) −z2(ℓ0 − ℓ) −z4(ℓ0 − ℓ)

z1(ℓ0) z3(ℓ0) −z1(ℓ0 − ℓ) −z3(ℓ0 − ℓ)

µ4 z4(ℓ0) z2(ℓ0) −µ4 z4(ℓ0 − ℓ) −z2(ℓ0 − ℓ)

µ4 z3(ℓ0)− µ̆ z2(ℓ0) z1(ℓ0)− µ̆ z4(ℓ0) −µ4 z3(ℓ0 − ℓ) −z1(ℓ0 − ℓ)

,
äå µ̆ = κ

EI −
m
ρ µ

4. Çíà÷åííÿ êîìïîíåíòè p ðîçãëÿäà¹òüñÿ ÿê ãðàíèöÿ u0(x)

â òî÷öi x = ℓ0. Òàêèì ÷èíîì, îòðèìàíî íàñòóïíå ÷àñòîòíå ðiâíÿííÿ:

detM = 0, (3.9)

ó ÿêîìó

detM =
mEI µ4 − κ ρ

2 ρEI µ5

(
sinµ(ℓ− ℓ0) sinµℓ0 sinhµℓ−

− sinhµ(ℓ− ℓ0) sinhµℓ0 sinµℓ

)
− 1

µ2
sinhµℓ sinµℓ.

ßêùî µ çàäîâîëüíÿ¹ ðiâíÿííÿ (3.9), òî rankM ⩽ 3 i ìîæíà îáðàòè íåíóëüî-

âèé íàáið çíà÷åíü u1(0), u3(0), u1(ℓ), u3(ℓ). Âiçüìåìî, íàïðèêëàä, u3(ℓ) = 1,

òîäi iíøi êðàéîâi çíà÷åííÿ îá÷èñëþþòüñÿ ÿê ðîçâ'ÿçêè íàñòóïíî¨ ñèñòåìè

ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü:

M̃ (u1(0), u3(0), u1(ℓ))
T = (z4(ℓ0 − ℓ), z3(ℓ0 − ℓ), z2(ℓ0 − ℓ))T , (3.10)

ó ÿêié M̃=


z2(ℓ0) z4(ℓ0) −z2(ℓ0−ℓ)
z1(ℓ0) z3(ℓ0) −z1(ℓ0−ℓ)
µ4 z4(ℓ0) z2(ℓ0) −µ4 z4(ℓ0−ℓ)

 .

Òàêèì ÷èíîì, ðîçâ'ÿçîê (3.8) ìiñòèòü ôóíêöi¨ u(x) âèãëÿäó

u(x) =

 z2(x)u1(0) + z4(x)u3(0), x ∈ [0, ℓ0],

z2(x− ℓ)u1(ℓ) + z4(x− ℓ), x ∈ (ℓ0, ℓ].
(3.11)

Çàóâàæèìî, ùî

detM̃ =
sinhµℓ0 sinµℓ+ sinµℓ0 sinhµℓ

2µ2
̸= 0, (3.12)

i íàáið êðàéîâèõ çíà÷åíü u1(0), u3(0), u1(ℓ), u3(ℓ) äåòåðìiíîâàíî îäíîçíà÷íî

ñèñòåìîþ (3.10). Ìîæåìî òåïåð çàïèñàòè âñi iíøi êîìïîíåíòè âåêòîðà ξ:

v(x)=λu(x), p=u(ℓ0) = z2(ℓ0)u1(0)+z4(ℓ0)u3(0), q=λ p, (3.13)
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äå ôóíêöiþ u(x) çàäàíî â (3.11).

Òàêèì ÷èíîì, âëàñíèìè çíà÷åííÿìè îïåðàòîðà A ¹ ðîçòàøîâàíi íà óÿâ-

íié âiñi ÷èñëà âèãëÿäó λj = ± i
√

EI
ρ µ2j , äå {µj}∞j=1 � ñèñòåìà ðîçâ'ÿçêiâ

òðàíñöåíäåíòíîãî ðiâíÿííÿ (3.9). Âiäïîâiäíi âëàñíi âåêòîðè çíàõîäÿòüñÿ çà

ôîðìóëàìè (3.11), (3.13). Öåé êðîê çàâåðøó¹ ðîçâ'ÿçàííÿ ñïåêòðàëüíî¨ çà-

äà÷i (3.1).

3.1.2. Àíàëiç ÷àñòîòíîãî ðiâíÿííÿ. Âèçíà÷íèê ìàòðèöi M ó ðiâ-

íÿííi (3.9) äîïóñêà¹ íàñòóïíå àñèìïòîòè÷íå ïðåäñòàâëåííÿ äëÿ µ→ +∞:

det M =
meµℓ

8 ρ µ5
(
Φ0(µ) + o(1)

)
,

äå

Φ0(µ) = 2 sinµ(ℓ− ℓ0) sinµℓ0 − sinµℓ, (3.14)

à ÷ëåíè âèùîãî ïîðÿäêó ìàëîñòi ïðè µ→ +∞ ïðåäñòàâëÿþòüñÿ ôóíêöi¹þ

Φ1(µ) = 4

(
1− κρ

mEIµ4

)
e−µℓ

(
sinµ(ℓ− ℓ0) sinµℓ0 sinhµℓ−

− sinhµ(ℓ− ℓ0) sinhµℓ0 sinµℓ

)
−

− 8ρ

mµ
e−µℓ sinhµℓ sinµℓ− 2 sinµ(ℓ− ℓ0) sinµℓ0 + sinµℓ.

Íåñêëàäíî ïåðåâiðèòè, ùî

Φ1(µ) = 2

[
−e−2µℓ +

κρ
mEIµ4

(
e−2µℓ − 1

)]
sinµ(ℓ− ℓ0) sinµℓ0+

+

[(
1− κρ

mEIµ4

)(
e−2µℓ0 + e−2µ(ℓ−ℓ0) − e−2µℓ

)
+

+
κρ

mEIµ4
− 4ρ

mµ

(
1− e−2µℓ

)]
sinµℓ,

òîìó lim
µ→∞

Φ1(µ) = 0. Îòæå, ðiâíÿííÿ (3.9) åêâiâàëåíòíî ðiâíÿííþ

Φ0(µ) + Φ1(µ) = 0 (3.15)

çà óìîâè µ ̸= 0. Çàóâàæèìî, ùî ðîçïîäië íóëiâ ôóíêöi¨ Φ0(µ) âèçíà÷à¹òüñÿ

ëèøå äîâæèíàìè ℓ òà ℓ0. Äàëi ïîêàæåìî, ùî ñèñòåìà ðîçâ'ÿçêiâ {µj}∞j=1 ðiâ-

íÿííÿ (3.15) ¹ äîñòàòíüî òî÷íîþ àïðîêñèìàöi¹þ ñèñòåìè ðîçâ'ÿçêiâ {µ̂j}∞j=1
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ðiâíÿííÿ

Φ0(µ̂) = 0 (3.16)

äëÿ âåëèêèõ çíà÷åíü µ̂, µ > 0.

Îçíà÷åííÿ 3.1. Ñóìiðíèìè íàçèâàþòüñÿ äâà äiéñíèõ ÷èñëà, ÿêùî ¨õí¹

âiäíîøåííÿ ¹ ðàöiîíàëüíèì ÷èñëîì.

Îçíà÷åííÿ 3.2. Íàéìåíøèì ñïiëüíèì êðàòíèì äîäàòíèõ äiéñíèõ ÷è-

ñåë a òà b íàçèâà¹òüñÿ âåëè÷èíà ÍÑÊ(a, b) = min
{
z ∈ R

∣∣∣ z
a
,
z

b
∈ N

}
,

ÿêùî ìiíiìóì iñíó¹. Íàéáiëüøèì ñïiëüíèì äiëüíèêîì äîäàòíèõ äiéñíèõ ÷è-

ñåë a òà b íàçèâà¹òüñÿ ÷èñëî ÍÑÄ(a, b) = max

{
z ∈ R

∣∣∣∣ az , bz ∈ N
}
, ÿêùî

ìàêñèìóì iñíó¹.

Òâåðäæåííÿ 3.3. Íåõàé âåëè÷èíè ℓ0 i ℓ ñóìiðíi. Òîäi ôóíêöiÿ Φ0(µ),

çàäàíà â (3.14), ¹ ïåðiîäè÷íîþ ç ïåðiîäîì P = 2π
ÍÑÊ (ℓ, |ℓ− 2ℓ0|)

ℓ |ℓ− 2ℓ0|
=

=
2π

ÍÑÄ (ℓ, |ℓ− 2ℓ0|)
ïðè ℓ ̸= ℓ0 òà P =

2π

ℓ
ïðè ℓ = 2ℓ0.

Äîâåäåííÿ. Ôóíêöiþ Φ0(µ) ïðåäñòàâèìî ó âèãëÿäi ñóìè ïåðiîäè÷íèõ

ôóíêöié: Φ0(µ) = F1(µ) + F2(µ), äå

F1(µ) = cosµ(ℓ− 2ℓ0), F2(µ) = −(cosµℓ+ sinµℓ).

ßê âiäîìî, íåîáõiäíîþ i äîñòàòíüîþ óìîâîþ ïåðiîäè÷íîñòi ôóíêöi¨ Φ0(µ)

¹ ñóìiðíiñòü îñíîâíèõ ïåðiîäiâ P1 =
2π

|ℓ− 2ℓ0|
i P2 =

2π

|ℓ|
ôóíêöié F1 i F2,

âiäïîâiäíî. Çà ïðèïóùåííÿì ℓ0 òà ℓ ñóìiðíi. Íåõàé
ℓ0
ℓ

=
p1
p2

∈ Q, äå p1
i p2 � âçà¹ìíî ïðîñòi íàòóðàëüíi ÷èñëà, ïðè ÷îìó p2 ̸= 2p1 (ℓ ̸= 2ℓ0).

Î÷åâèäíî, ñóìiðíèìè òàêîæ ¹ âåëè÷èíè P1 i P2, àäæå
P1

P2
=
p2 − p1
p2

∈ Q.

Çíà÷èòü, Φ0(µ) ¹ ïåðiîäè÷íîþ ôóíêöi¹þ. �¨ îñíîâíèé ïåðiîä ìîæíà çíàéòè

ÿê íàéìåíøå ñïiëüíå êðàòíå ïåðiîäiâ ôóíêöié F1 i F2:

P = ÍÑÊ (P1, P2) = 2πÍÑÊ

(
1

|ℓ− 2ℓ0|
,
1

ℓ

)
= 2π

ÍÑÊ (|ℓ− 2ℓ0| , ℓ)
ℓ |ℓ− 2ℓ0|

=

=
2π

ÍÑÄ (|ℓ− 2ℓ0| , ℓ)
=

2π p2
ℓÍÑÄ (p2, |p2 − 2p1|)

.
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Ó âèïàäêó, êîëè ℓ = 2ℓ0, ôóíêöiÿ Φ0(µ) íàáóâà¹ âèãëÿäó

Φ0(µ) = 1− cosµℓ− sinµℓ i, ÿê íåñêëàäíî áà÷èòè, ìà¹ ïåðiîä P =
2π

ℓ
.

Ëåìà 3.1. Ïðèïóñòèìî, ùî ÷èñëà ℓ0 òà ℓ ñóìiðíi. Íåõàé ìà¹ìî êî-

ðåíi 0 < µ̂1 < µ̂2 < . . . ðiâíÿííÿ (3.16). Òîäi äëÿ áóäü-ÿêîãî ε > 0

çíàéäåòüñÿ L > 0, òàêå, ùî äëÿ êîæíîãî µ̂j > L iñíó¹ ¹äèíèé êîðiíü

µj ∈ Ij = (µ̂j − ε; µ̂j + ε) ðiâíÿííÿ (3.15).

Ñåíñ îñòàííüîãî òâåðäæåííÿ ïîëÿãà¹ â òîìó, ùî êîæåí êîðiíü ðiâíÿí-

íÿ (3.15) ðîçòàøîâàíî ó ε-îêîëi âiäïîâiäíîãî êîðåíÿ ðiâíÿííÿ (3.16), i æî-

äåí ç òàêèõ ε-îêîëiâ íå ìiñòèòü iíøèõ êîðåíiâ ðiâíÿííÿ (3.15). Êðiì òîãî,

âàæëèâî çàïåâíèòèñü ó òîìó, ùî íå iñíó¹ �âåëèêèõ� êîðåíiâ ðiâíÿííÿ (3.15)

ïîçà âêàçàíèìè ε-îêîëàìè, ïðî ùî ñòâåðäæó¹ íàñòóïíà ëåìà.

Ëåìà 3.2. Íåõàé âèêîíàíî óìîâè ëåìè 3.1 òà íåõàé

S = (L; +∞) \
∞⋃
j=1

(µj − ε; µj + ε). Òîäi Φ0(µ) + Φ1(µ) ̸= 0 äëÿ âñiõ µ ∈ S.

Äîâåäåííÿ ëåì 3.1 òà 3.2. Ó âèïàäêó, êîëè ÷èñëà ℓ0 òà ℓ ñóìiðíi, ôóíê-

öiÿ Φ0(µ) ¹ ïåðiîäè÷íîþ òà ìà¹ ïðîñòi (êðàòíîñòi îäèí) êîðåíi

0 < µ̂1 < µ̂2 < . . ., ïðè ÷îìó Φ′
0(µ̂j) ̸= 0. Íå âòðà÷àþ÷è çàãàëüíîñòi ìiðêó-

âàíü, ïðèïóñòèìî, ùî ÷èñëî ε îáðàíî äîñòàòíüî ìàëèì, ùîá

0 < ε <
µ̂j+1 − µ̂j

2
(iíòåðâàëè Ij òà Ij+1 íå ïåðåòèíàþòüñÿ) äëÿ âñiõ j ⩾ 1,

òà âèêîíàíî íåðiâíiñòü

inf
|µ−µ̄j |⩽ε,

j⩾1

|Φ′
0(µ̂)| ⩾ K (3.17)

ç äåÿêîþ êîíñòàíòîþ K > 0.

Óñi äîäàòíi êîðåíi ðiâíÿííÿ Φ0(µ̂) = 0 ìiñòÿòüñÿ çà ïîáóäîâîþ â iíòåð-

âàëi I =
⋃
j⩾1

Ij, îòæå, Φ0(µ) ̸= 0 ïðè êîæíîìó µ ∈ S0 = [0,+∞) \ I. Âðàõî-

âóþ÷è ïåðiîäè÷íiñòü òà íåïåðåðâíiñòü ôóíêöi¨ Φ0, ç òåîðåìè Âàé¹ðøòðàññà

ïðî ãðàíè÷íå çíà÷åííÿ çàêëþ÷à¹ìî iñíóâàííÿ òàêîãî δ > 0, ùî

|Φ0(µ)| ⩾ δ äëÿ âñiõ µ ∈ S0. (3.18)

Ç òåîðåìè Ëàãðàíæà ïðî ñåðåäí¹ çíà÷åííÿ âèïëèâà¹ iñíóâàííÿ òàêîãî η,
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ùî

Φ0(µ) = Φ′
0(η)(µ− µ̂j), (3.19)

äå η = µ̂j+Θ(µ−µ̂j), Θ ∈ (0, 1). Äàëi, (3.17) òà (3.19) îçíà÷àþòü íàñòóïíå:

|Φ0(µj ± ε)| ⩾ Kε òà Φ0(µj−ε) Φ0(µj+ε)<0 äëÿ âñiõ j=1, 2, . . . .

(3.20)

Îñêiëüêè Φ1(µ) → 0 òà Φ′
1(µ) → 0 ïðè µ → +∞, ìîæåìî îáðàòè òàêå

L > 0, ùî

|Φ1(µ)| < min {Kε, δ} òà |Φ′
1(µ)| <

K

2
äëÿ âñiõ µ > L− ε. (3.21)

Ç (3.20) òà (3.21) âèïëèâà¹, ùî íåïåðåðâíà ôóíêöiÿ Φ(µ) = Φ0(µ) + Φ1(µ)

ïðèéìà¹ ïðîòèëåæíi çà çíàêîì çíà÷åííÿ íà àðãóìåíòàõ µ̂j ± ε ïðè µ̂j > L.

Çãiäíî ç òåîðåìîþ ïðî ïðîìiæíå çíà÷åííÿ iñíó¹ òàêå µj ∈ Ij, ùî Φ(µj) = 0.

�äèíiñòü êîðåíÿ µj â iíòåðâàëi Ij ìîæíà äîâåñòè âiä ñóïðîòèâíîãî. Íå-
õàé îáðàíî µ∗j ∈ Ij, òàêå, ùî Φ0(µ

∗
j) = −Φ1(µ

∗
j), ïðè ÷îìó µ

∗
j ̸= µj. Ç îäíîãî

áîêó, iíòåãðàëüíå ïðåäñòàâëåííÿ

Φ0(µ
∗
j) = Φ0(µj) +

µ∗
j∫

µj

Φ′
0(ζ)dζ, Φ1(µ

∗
j) = Φ1(µj) +

µ∗
j∫

µj

Φ′
1(ζ)dζ

ðàçîì ç óìîâîþ Φ0(µj) = −Φ1(µj) äàþòü
µ∗
j∫

µj

(
Φ′

0(ζ) + Φ′
1(ζ)

)
dζ = 0. (3.22)

Ç iíøîãî áîêó, íåðiâíîñòi (3.17) òà (3.21) îçíà÷àþòü íàñòóïíå:∣∣∣∣∣∣∣
µ∗
j∫

µj

(Φ′
0(ζ) + Φ′

1(ζ))dζ

∣∣∣∣∣∣∣ ⩾
∣∣µj − µ∗j

∣∣ inf
ζ∈Ij

|Φ′
0(ζ) + Φ′

1(ζ)| ⩾

⩾
∣∣µj − µ∗j

∣∣( inf
ζ∈Ij

|Φ′
0(ζ)| − sup

ζ∈Ij
|Φ′

1(ζ)|

)
⩾
K
∣∣µj − µ∗j

∣∣
2

> 0,

ùî ïðîòèðå÷èòü ðiâíîñòi (3.22). Îòæå, µj � ¹äèíèé íóëü ôóíêöi¨ Φ(µ) íà

iíòåðâàëi Ij, ùî çàâåðøó¹ äîâåäåííÿ ëåìè 3.1.
Âðàõîâóþ÷è (3.18) òà (3.21), ìà¹ìî |Φ0(µ)| > |Φ1(µ)| äëÿ âñiõ µ ∈ S0 òà
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µ > L. Îñòàíí¹ ïåðåäáà÷à¹ òâåðäæåííÿ ëåìè 3.2. □

3.1.3. Ðåçóëüòàòè ÷èñåëüíîãî ìîäåëþâàííÿ. Ïðèïóñòèìî, âiäî-

ìi ïåðøi N äîäàòíèõ êîðåíiâ 0 < µ1 < µ2 < · · · < µN ÷àñòîòíîãî ðiâíÿí-

íÿ (3.9). Òîäi âiäïîâiäíi âëàñíi çíà÷åííÿ λj çàäà÷i (3.1) òà ìîäàëüíi ÷àñòîòè

νj â Ãö ìîæíà îá÷èñëèòè çà íàñòóïíèìè ôîðìóëàìè:

λj = i

√
EI

ρ
µ2j , νj =

√
EI

2π
√
ρ
µ2j , j = 1, 2, ..., N.

Çàäëÿ âåðèôiêàöi¨ íàáëèæåíü µj ðîçâ'ÿçêàìè ñêîðî÷åíîãî ðiâíÿííÿ (3.16)

áóëî ïîðàõîâàíî ÷èñåëüíî êîðåíi µ̂j òðàíñöåíäåíòíîãî ðiâíÿííÿ Φ0(µ̂) = 0

òà êîðåíi ðiâíÿííÿ (3.9), à òàêîæ âiäïîâiäíi ÷àñòîòè ν̂j =
√
EI

2π
√
ρ µ̂

2
j òà νj,

j = 1, 22. Ðåçóëüòàòè îá÷èñëåíü íàâåäåíi â òàáëèöi 3.1. Â ïðîöåñi ïiäðàõóí-

êiâ âèêîðèñòîâóâàëèñÿ íàñòóïíi çíà÷åííÿ ìåõàíi÷íèõ ïàðàìåòðiâ:

ℓ = 1.875ì, ℓ0 = 1.4ì, ρ = 2660 · 2.25 · 10−4 êã/ì,

E = 7.1 · 1010Ïà, I = 1.6875 · 10−10 ì4,

m = 0.045 êã, κ = 2630Í/ì.

(3.23)

Íàâåäåíi âèùå çíà÷åííÿ ìåõàíi÷íèõ ïàðàìåòðiâ âiäïîâiäàþòü êîíôiãóðàöi¨

åêñïåðèìåíòàëüíî¨ óñòàíîâêè Iíñòèòóòó ìåõàíiêè òà ìåõàòðîíiêè Òåõíi÷íî-

ãî óíiâåðñèòåòó Âiäíÿ (Institute of Mechanics and Mechatronics of the Vienna

University of Technology), ÿêó îïèñàíî â ðîáîòi [24].

Çàóâàæåííÿ 3.1. Ïåðiîä ôóíêöi¨ Φ0(µ) äëÿ îïèñàíî¨ øàðíiðíî îïåðòî¨

áàëêè ñòàíîâèòü 80π.

Öiêàâî çàóâàæèòè, ùî ñêîðî÷åíå ÷àñòîòíå ðiâíÿííÿ (3.16) ìà¹ äîäàòêî-

âèé äîäàòíèé êîðiíü µ̂0 = 1.0322, ÿêîìó íà âiäïîâiäà¹ æîäåí ç êîðåíiâ

ðiâíÿííÿ (3.9), íàòîìiñòü ¹ êîðiíü µ3 ðiâíÿííÿ (3.9) â òîé ÷àñ ÿê ðiâíÿí-

íÿ (3.16) íå ìà¹ êîðåíiâ íà âiäïîâiäíîìó iíòåðâàëi. Òàêi íåâiäïîâiäíîñòi áó-

ëî âèÿâëåíî ëèøå äëÿ íèçüêèõ ÷àñòîò; ñïîñòåðiãà¹òüñÿ çìåíøåííÿ ïîõèáêè

îá÷èñëåíü çi çðîñòàííÿì j, òîáòî äëÿ âåëèêèõ çíà÷åíü µ âiäïîâiäíiñòü ìiæ

ðîçâ'ÿçêàìè ÷àñòîòíèõ ðiâíÿíü (3.9) òà (3.16) äîñòàòíüî òî÷íà, ùî ïåðåä-
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Òàáëèöÿ 3.1

Ìîäàëüíi ÷àñòîòè çà íàâåäåíèõ ó (3.23) çíà÷åíü ïàðàìåòðiâ

j µ̂j µj ν̂j νj

1 2.630 2.488 4.925 4.408

2 4.733 4.250 15.950 12.864

3 5.252 19.642

4 6.700 6.702 31.967 31.987

5 7.695 8.342 42.163 49.555

6 9.352 9.932 62.275 70.246

7 11.458 11.663 93.481 96.864

8 13.396 13.403 127.789 127.916

9 14.361 14.935 146.865 158.840

10 16.074 16.525 183.987 194.454

11 18.182 18.340 235.414 239.507

j µ̂j µj ν̂j νj

12 20.087 20.102 287.333 287.737

13 21.032 21.567 314.985 331.210

14 22.797 23.170 370.077 382.271

15 24.907 25.033 441.739 446.220

16 26.774 26.798 510.459 511.373

17 27.707 28.206 546.661 566.511

18 29.520 29.834 620.560 633.810

19 31.631 31.733 712.446 717.065

20 33.455 33.491 797.019 798.729

21 34.387 34.850 842.039 864.852

22 36.244 36.511 935.445 949.288

áà÷åíî ëåìàìè 3.1 òà 3.2 i âèäíî ç òàáëèöi 3.1. Áóëî ïðîâåäåíå ïîðiâíÿííÿ

öèõ ðåçóëüòàòiâ iç âèìiðþâàííÿìè, îòðèìàíèìè ïiä ÷àñ ðîáîòè çi çãàäà-

íîþ âèùå åêñïåðèìåíòàëüíîþ óñòàíîâêîþ. Äåÿêi ç ìîäàëüíèõ ÷àñòîò áóëè

âèÿâëåíi àâòîðàìè ðîáîòè [24] øëÿõîì çíàõîäæåííÿ ëîêàëüíèõ ìàêñèìó-

ìiâ âåëè÷èíè ïåðåòâîðåííÿ Ôóð'¹ ïåðåõiäíèõ õàðàêòåðèñòèê: ν1 = 4.80 Ãö,

ν2 = 14.42 Ãö, ν4 = 30.38 Ãö, ν6 = 65.76 Ãö, ν8 = 120.44 Ãö. Öi îòðèìàíi åêñ-

ïåðèìåíòàëüíî ÷àñòîòè (íóìåðàöiÿ âiäïîâiäà¹ ïðèéíÿòié äëÿ òàáëèöi 3.1)

äåìîíñòðóþòü çàäîâiëüíå ñïiâïàäiííÿ ç ÷àñòîòàìè, îòðèìàíèìè ÷èñåëüíî i

íàâåäåíèìè â òàáëèöi 3.1.

Â îêðåìîìó âèïàäêó ℓ = 2ℓ0, êîëè øåéêåð çàêðiïëåíî ïîñåðåäèíi áàë-

êè, íåñêëàäíî îòðèìàòè ÿâíèé âèðàç äëÿ çíàõîäæåííÿ äîäàòíèõ êîðåíiâ

òðàíñöåíäåíòíîãî ðiâíÿííÿ (3.16):

µ̂j =
π

ℓ

({
j

2

}
+ 2

[
j

2

])
, j = 1, 2, ... . (3.24)

Òóò ôiãóðíèìè òà êâàäðàòíèìè äóæêàìè ïîçíà÷àþòüñÿ âiäïîâiäíî äðîáîâà

òà öiëà ÷àñòèíè âèðàçó j
2 .

Íàñëiäîê 3.1. Ôîðìóëà (3.24) òà ëåìè 3.1 i 3.2 äåìîíñòðóþòü, ùî
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ñïåêòðàëüíi ïàðàìåòðè µj çðîñòàþòü ëiíiéíî çi çðîñòàííÿì j. Öå îçíà-

÷à¹, ùî ìîäàëüíi ÷àñòîòè νj i âëàñíi çíà÷åííÿ λj çàäà÷i (3.1) ó ðîçãëÿ-

íóòîìó âèïàäêó çðîñòàþòü êâàäðàòè÷íî çi çðîñòàííÿì j äëÿ âåëèêèõ j.

Ðîçïîäië µj òà µ̂j ç óðàõóâàííÿì ìåõàíi÷íèõ ïàðàìåòðiâ (3.23) ïðîiëþ-

ñòðîâàíî íà ðèñ. 3.1.

Ðèñ. 3.1: Ñïåêòðàëüíi ïàðàìåòðè µj òà µ̂j, j = 1, 22

Ôóíêöiÿ uj(x) âèãëÿäó (3.11) òðàêòó¹òüñÿ ÿê j-òà âëàñíà ìîäà êîëèâàíü,

îñêiëüêè îïèñó¹ ïîïåðå÷íå çìiùåííÿ áàëêè, âiäïîâiäíå ñïåêòðàëüíîìó ïà-

ðàìåòðó µj. Òîìó äëÿ iëþñòðàöi¨ ïîâåäiíêè âëàñíèõ âåêòîðiâ ξ1, ξ2, . . . , ξN

çàäà÷i (3.1) íà ðèñ. 3.2 òà 3.3 íàâîäÿòüñÿ ãðàôiêè êîìïîíåíò u(x) ïåðøèõ

÷îòèðüîõ (N = 4) âëàñíèõ âåêòîðiâ äëÿ îáîõ ðîçãëÿíóòèõ âàðiàíòiâ ðîçòà-

øóâàííÿ øåéêåðà: ó òî÷êàõ ℓ0 = 1.4 ì íà ðèñ. 3.2 òà ℓ0 = ℓ/2 íà ðèñ. 3.3,

âiäïîâiäíî. Óìîâó (3.12) âèêîíàíî äëÿ âñiõ µ = µj, òîìó êîæåí âåêòîð ξj

âèçíà÷åíî îäíîçíà÷íî ç òî÷íiñòþ äî íîðìóâàííÿ. Íà îáîõ ðèñóíêàõ ôóíêöi¨

uj(x) ïðîíîðìîâàíî â ñåíñi L2-íîðìè íà âiäðiçêó [0, ℓ].

Âèêëàäåíi â ðîçäiëi 3.1.2 ðåçóëüòàòè ðàçîì ç óìîâîþ ëiíiéíîãî çðîñòàí-

íÿ (3.24) óçàãàëüíþþòü íàÿâíi âiäîìîñòi ïðî àñèìïòîòè÷íi âëàñòèâîñòi

âëàñíèõ çíà÷åíü êëàñè÷íî¨ çàäà÷i ïðî êîëèâàííÿ áàëêè Åéëåðà�Áåðíóëëi

[77, Ãëàâà 4] íà âèïàäîê ïðè¹äíàíî¨ òî÷êîâî¨ ìàñè.
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Ðèñ. 3.2: Âëàñíi ôîðìè êîëèâàíü

äëÿ ℓ0 = 1.4 ì

Ðèñ. 3.3: Âëàñíi ôîðìè êîëèâàíü

äëÿ ℓ0 = ℓ/2

3.2. Âëàñòèâîñòi ñïåêòðà îïåðàòîðà A

3.2.1. Áàçèñ ãiëüáåðòîâîãî ïðîñòîðó.

Ëåìà 3.3. Îïåðàòîð A−1 : X → X, ÿêèé çàäàíî â (2.33), ¹ êîìïàêò-

íèì âiäîáðàæåííÿì.

Äîâåäåííÿ. Ðîçãëÿíåìî ïðîñòið X ′ = H3 × H1 × R2 çi ñòàíäàðòíèì

ñêàëÿðíèì äîáóòêîì

⟨ξ1, ξ2⟩X ′ =

ℓ∫
0

(u′′′1 u
′′′
2 + u′′1 u

′′
2 + u′1 u

′
2 + u1 u2) dx+

+

ℓ∫
0

(v′1 v
′
2 + v1 v2) dx+ p1 p2 + q1 q2 (3.25)

i äîâåäåìî îöiíêó íîðìè ∥∥A−1ξ
∥∥2
X ′ ⩽ Λ ∥ξ∥2X (3.26)
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ç äåÿêîþ êîíñòàíòîþ Λ > 0, äå∥∥A−1ξ
∥∥2
X ′ =

ℓ∫
0

(
(a′′′(ξ))2 + (a′′(ξ))2 + (a′(ξ))2 + a2(ξ)

)
dx+

+

ℓ∫
0

(
(u′(x))2+u2(x)

)
dx+

ℓ0B1 + ℓ30B2 −
ρ

6EI

ℓ0∫
0

(ℓ0−s)2 v(s)ds

2 + p2,

a(ξ) çàäàíî â (2.34), Bi(ξ) =
4∑

z=1

¯̄Niz Γz(ξ), i = 1, 4, iç Γz(ξ), çàäàíèìè

â (2.31). Âèêîðèñòîâóþ÷è íåðiâíiñòü Êîøi�Áóíÿêîâñüêîãî�Øâàðöà òà íå-

ðiâíîñòi (2.38), (2.39), (2.35), ìîæíà îòðèìàòè îöiíêó (3.26) iç äîäàòíîþ

êîíñòàíòîþ Λ = max
{

ℓ2

2EI (c+ 1), 1
κ ,

C1

ρ , 16ρ
2mC2

}
, äå c � êîíñòàíòà Ïó-

àíêàðå ç íåðiâíîñòi (2.37),

C1 = 4ℓ0

[(
1 + ℓ0 +

ℓ20
3

)
Ň1 +

(
18 + 6ℓ20 + ℓ40

(
9

5
+ ℓ0 +

ℓ20
7

))
Ň2

]
+

+ 4(ℓ− ℓ0)

[(
1 +

1

3
(ℓ− ℓ0)

2

)
Ň3+

+

(
18 + 6(ℓ− ℓ0)

2 +
9

5
(ℓ− ℓ0)

4 +
1

7
(ℓ− ℓ0)

6

)
Ň4

]
+

+
( ρ

EI

)2
ℓ2
[
1 +

ℓ2

3

(
1 +

ℓ2

10
+

ℓ2

168

)
+

1

180

ℓ50
ℓ2

]
,

C2 = ℓ0

[(
1 + ℓ0 +

ℓ20
3

)
¯̄N 2
14 +

(
18 + 6ℓ20 + ℓ40

(
9

5
+ ℓ0 +

ℓ20
7

))
¯̄N 2
24

]
+

+ (ℓ− ℓ0)

[(
1 +

1

3
(ℓ− ℓ0)

2

)
¯̄N 2
34+

+

(
18 + 6(ℓ− ℓ0)

2 +
9

5
(ℓ− ℓ0)

4 +
1

7
(ℓ− ℓ0)

6

)
¯̄N 2
44

]
,

÷èñëà Ňi çàäàíî â (2.36), à ¯̄Nij � åëåìåíòè ìàòðèöi, îáåðíåíî¨ äî N , ÿêó

çàïèñàíî â (2.32).

Òàêèì ÷èíîì, âiäîáðàæåííÿ A−1 : X → X ′ ¹ îáìåæåíèì. Çãiäíî ç òåîðå-

ìàìè Ñîáîë¹âà X ′ ⋐ X (ïðîñòið X ′ ¹ êîìïàêòíî âêëàäåíèì ó ïðîñòið X),

òîìó âiäîáðàæåííÿ A−1 : X → X ¹ êîìïàêòíèì.

Áåçïîñåðåäíüîþ ïiäñòàíîâêîþ âiäïîâiäíèõ îïåðàíäiâ ñêàëÿðíîãî äîáóò-

êó íåñêëàäíî ïåðåêîíàòèñü ó ñïðàâåäëèâîñòi äëÿ âñiõ ξ1, ξ2 ∈ X íàñòóïíî¨
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ðiâíîñòi:
〈
A−1ξ1, ξ2

〉
X

= −
〈
ξ1, A

−1ξ2
〉
X
. Òàêèì ÷èíîì, îïåðàòîð A−1 ¹ êî-

ñîñèìåòðè÷íèì. Âiäòàê, A−1 : X → X ¹ íîðìàëüíèì îïåðàòîðîì. Çãiäíî

ç [114, Íàñëiäîê 3.2.9], ó ïðîñòîði X iñíó¹ îðòîíîðìîâàíèé áàçèñ, ÿêèé

ñêëàäà¹òüñÿ ç âëàñíèõ âåêòîðiâ îïåðàòîðà A−1. Âðàõîâóþ÷è ñïiâïàäiííÿ

ìíîæèí âëàñíèõ âåêòîðiâ îïåðàòîðiâ A òà A−1, ìà¹ìî íàñòóïíèé íàñëiäîê.

Íàñëiäîê 3.2. Íåõàé {ξn}∞n=1 � âëàñíi âåêòîðè îïåðàòîðà A. Òîäi ñèñ-

òåìà {ξn}∞n=1 ¹ áàçèñîì ïðîñòîðó X.

3.2.2. Ëiíiéíà íåçàëåæíiñòü ñèñòåìè åêñïîíåíöiàëüíèõ ôóí-

êöié.

Îçíà÷åííÿ 3.3. [137, ñ.382] Ïîñëiäîâíiñòü âåêòîðiâ {gj} ãiëüáåðòîâîãî
ïðîñòîðó íàçèâàòèìåìî ω-ëiíiéíî íåçàëåæíîþ, ÿêùî ðiâíiñòü

∞∑
j=1

cjgj = 0

ìîæëèâà ëèøå äëÿ íóëüîâèõ êîåôiöi¹íòiâ cj.

Äëÿ äîâåäåííÿ àñèìïòîòè÷íî¨ ñòiéêîñòi ñòàíó ðiâíîâàãè äèíàìi÷íî¨ ñèñ-

òåìè (2.19) íåîáõiäíî ïåðåêîíàòèñü ó òîìó, ÷òî ñèñòåìà ôóíêöié
{
eλj t
}∞
j=1

,

äå λj � âëàñíi çíà÷åííÿ îïåðàòîðà A, ¹ ω-ëiíiéíî íåçàëåæíîþ ó ïðîñòîði

L2(0, τ) äëÿ äåÿêîãî τ > 0.

Îçíà÷åííÿ 3.4. ([48, ñ. 54]) Ïîñëiäîâíiñòü {fj}∞j=1 åëåìåíòiâ ãiëüáåðòî-

âîãî ïðîñòîðó íàçèâà¹òüñÿ ìiíiìàëüíîþ, ÿêùî æîäåí ç åëåìåíòiâ fn, n ∈ N,

íå íàëåæèòü çàìèêàííþ ëiíiéíî¨ îáîëîíêè Sn = { fj | j ∈ N, j ̸= n }.

Çàóâàæèìî, ùî áóäü-ÿêà ìiíiìàëüíà ñèñòåìà ôóíêöié ¹ ω-ëiíiéíî íåçà-

ëåæíîþ.

Ëåìà 3.4. Íåõàé µj ¹ êîðåíÿìè ÷àñòîòíîãî ðiâíÿííÿ (3.9) é ñåðåä

µj íåìà¹ êðàòíèõ êîðåíiâ. ßêùî âiäíîøåííÿ
ℓ0
ℓ
¹ ðàöiîíàëüíèì ÷èñëîì,

òî ñèñòåìà ôóíêöié
{
eλj t
}∞
j=1

¹ ω-ëiíiéíî íåçàëåæíîþ â L2(0, τ) äëÿ âñiõ

τ > 0.

Äîâåäåííÿ. Ôóíêöiÿ Φ0 ¹ àíàëiòè÷íîþ. Îñêiëüêè Φ0 ̸≡ const, ìíîæèíà

{µ ∈ [0,+∞) | Φ0(µ) = 0 } ¹ öiëêîì íåçâ'ÿçíîþ. Óìîâà
ℓ0
ℓ
=
p1
p2

∈ Q ãàðàí-
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òó¹, ùî ôóíêöiÿ Φ0 ¹ ïåðiîäè÷íîþ. Íåõàé P � ¨¨ îñíîâíèé ïåðiîä. Ôîðìóëó

äëÿ îá÷èñëåííÿ P íàâåäåíî ó òâåðäæåííi 3.3. Íåõàé íà ïåðiîäi [0, P ] ìiñ-

òèòüñÿ k êîðåíiâ ðiâíÿííÿ (3.16). Ðîçãëÿíåìî ôóíêöiþ

Q̂(x) = max
{
n ∈ N

∣∣ µ̂2n < x
}
� êiëüêiñòü êîðåíiâ µ̂n íà

[
0,
√
x
)
. Íà ïðî-

ìiæêó
[
0,
√
x
)
ìiñòèòüñÿ

[√
x

P

]
ïîâíèõ ïåðiîäiâ1, íà ÿêèõ ðîçòàøîâàíî[√

x

P

]
·k êîðåíiâ ðiâíÿííÿ (3.16). Òîìó íåñêëàäíî îòðèìàòè äâîñòîðîííþ

îöiíêó:

[√
x

P

]
·k ⩽ Q̂(x) ⩽

([√
x

P

]
+ 1

)
·k. Êiëüêiñòü êîðåíiâ µ̂n õàðàê-

òåðèñòè÷íîãî ðiâíÿííÿ íà äîâiëüíîìó ïðîìiæêó [y, y + z) ìîæíà îöiíèòè

çâåðõó íàñòóïíèì ÷èíîì: Q̂(y + z)− Q̂(y) ⩽ k

(√
y + z

P
−

√
y

P
+ 2

)
. Òîìó

lim sup
y→∞

lim sup
z→∞

Q̂(y + z)− Q̂(y)

z
=

= lim sup
y→∞

lim sup
z→∞

1

z
· k
P

(√
y + z −√

y + 2P
)
= 0.

Ðîçãëÿíåìî òåïåð ôóíêöiþ Q(x) = max
{
n ∈ N

∣∣ µ2n < x
}
, äå µn � êî-

ðåíi ðiâíÿííÿ (3.15). Â ñèëó íàáëèæåíîñòi µn äî µ̂n (ëåìà 3.1) ôóíêöiÿ Q(x)

âiäðiçíÿ¹òüñÿ âiä Q̂(x) íå áiëüøå íiæ íà îäèíèöþ äëÿ âåëèêèõ n. À ñàìå,

Q =


Q̂(x),

ÿêùî x < µ2n < µ̂2n, àáî x > µ̂2n > µ2n,

àáî x < µ̂2n < µ2n, àáî x > µ2n > µ̂2n,

Q̂(x) + 1, ÿêùî µ2n < x < µ̂2n,

Q̂(x)− 1, ÿêùî µ̂2n < x < µ2n,

Âèêîíàíî îöiíêó Q(x) ⩽ Q̂(x)+1, òîìó Q(y+z)−Q(y) ⩽ Q̂(y+z)−Q̂(y)+2

òà lim sup
y→∞

lim sup
z→∞

Q(y + z)−Q(y)

z
= 0.

Çãiäíî ç òåîðåìîþ 1.2.17 [48], ñèñòåìà ôóíêöié
{
eλjt
}∞
j=1

¹ ìiíiìàëüíîþ

â ïðîñòîði L2(0, τ), ∀τ > 0. Òàêèì ÷èíîì, äîâåäåíî ω-ëiíiéíó íåçàëåæíiñòü

ôóíêöié
{
eλjt
}∞
j=1

.
1Êâàäðàòíèìè äóæêàìè ïîçíà÷åíî öiëó ÷àñòèíó ÷àñòêè.
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3.3. Ïåðåäêîìïàêòíiñòü òðà¹êòîðié çàìêíåíî¨ ñèñòåìè

Ââåäåìî äî ðîçãëÿäó àôiííå âiäîáðàæåííÿ ÃM : D(Ã) → X, ÿêå ñïiâ-

ïàäà¹ ç îïåðàòîðîì Ã, çàäàíèì ó (2.11), (2.21) ïðè öüîìó âñi êåðóâàííÿMj

ââàæàòèìåìî ñòàëèìè ïàðàìåòðàìè:

ÃM : ξ=


u

v

p

q

 7→ ÃMξ=



v

−EI
ρ u(4) + 1

ρ

k∑
j=1

ψ′′
j (x)Mj

q

EI
m

(
u′′′(ℓ0 − 0)− u′′′(ℓ0 + 0)

)
− κ

m p−
α0

m q


,

äå Mj = const, j = 1, k. Äëÿ òàêîãî âiäîáðàæåííÿ çi ñòàëèì êåðóâàííÿì

ïîáóäó¹ìî âiäîáðàæåííÿ (I− λÃM)−1 : X → X ïðè äåÿêîìó λ > 0.

Ëåìà 3.5. Iñíó¹ òàêå λ > 0, ùî âiäîáðàæåííÿ (I− λÃM)−1 êîðåêòíî

âèçíà÷åíî ó ïðîñòîði X.

Äîâåäåííÿ. Äëÿ ïîáóäîâè îáåðíåíîãî äî I− λÃM âiäîáðàæåííÿ ðîç-

â'ÿæåìî ðiâíÿííÿ

(I− λÃM) ξ = ξ̂, λ > 0, (3.27)

ç óìîâàìè (2.13) òà (2.14), âiäíîñíî âåêòîðà ξ ∈ X äëÿ äîâiëüíîãî ξ̂ ∈ X.

Çàïèøåìî (3.27) ó âèãëÿäi ñèñòåìè

u(x)− λv(x) = û(x), (3.28)

v(x) +
EI

ρ
λu(4)(x)− λ

ρ

k∑
j=1

ψ′′
j (x)Mj = v̂(x), (3.29)

p− λ q = p̂, (3.30)

q − EI

m
λ
(
u′′′(ℓ0 − 0)− u′′′(ℓ0 + 0)

)
+

κ
m
λp+

α0

m
q = q̂ (3.31)

òà, ïiäñòàâèâøè âèðàç v(x) = 1
λ (u(x)− û(x)) ó (3.29), áóäåìî øóêàòè u(x)

ÿê ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ ÷åòâåðòîãî ïîðÿäêó

u(4)(x) + 4η4 u(x) = γ(ξ̂(x)), (3.32)

äå η =
√
2
2

4
√

ρ
λ2EI , γ(ξ̂(x)) = 1

EI

k∑
j=1

ψ′′
j (x)Mj + κ̌(ξ̂(x)), ïðè ÷îìó
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κ̌(ξ̂(x)) = 4η4 (û(x) + λ v̂(x)). Ïîçíà÷èìî u0(x) = u(x), u1(x) = u′(x),

u2(x) = u′′(x), u3(x) = u′′′(x), U(x) = (u0(x), u1(x), u2(x), u3(x))
T i çà-

ïèøåìî ðiâíÿííÿ (3.32) ÿê ñèñòåìó ÷îòèðüîõ ðiâíÿíü ïåðøîãî ïîðÿäêó ó

ìàòðè÷íîìó âèãëÿäi:
d

dx
U(x) = NU(x) + Γ(ξ̂(x)), (3.33)

äå N =

03×1 I3×3

−4η4 01×3

, Γ(ξ̂(x)) = (0, 0, 0, γ(ξ̂(x)))T . Êðàéîâi óìîâè (2.13)
äëÿ ðiâíÿííÿ (3.33) íàáóâàþòü âèãëÿäó

u0(0) = u0(ℓ) = 0, u2(0) = u2(ℓ) = 0, (3.34)

à óìîâè iíòåðôåéñó (2.14) � òàêîãî âèãëÿäó:

un(ℓ0 − 0)− un(ℓ0 + 0) = 0, n = 0, 2, p = u0(ℓ0). (3.35)

Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (3.33) ìîæíà îòðèìàòè çà äîïîìîãîþ

ìàòðè÷íî¨ åêñïîíåíòè:

U(x) =


exNU(0) +

x∫
0

e(x−s)N Γ(ξ̂(s))ds, x ⩽ ℓ0,

e(x−ℓ)NU(0)−
ℓ∫
x

e(x−s)N Γ(ξ̂(s))ds, x > ℓ0.

(3.36)

Ïîçíà÷èìî ìàòðè÷íó åêñïîíåíòó ÿê G = (Gij(x))
4
i,j=1 = exN , à òàêîæ

B1 = u1(0), B2 = u3(0), B3 = u1(ℓ), B4 = u3(ℓ). Âðàõîâóþ÷è êðàéîâi

óìîâè (3.34), ïðåäñòàâèìî ðîçâ'ÿçîê (3.36) ÷åðåç åëåìåíòè ìàòðèöi G íà-

ñòóïíèì ÷èíîì:

ui−1(x)=


Gi2(x)B1 +Gi4(x)B2 +

x∫
0

Gi4(x− s) γ(ξ̂(s))ds, x ⩽ ℓ0,

Gi2(x−ℓ)B3 +Gi4(x−ℓ)B4 −
ℓ∫
x

Gi4(x−s) γ(ξ̂(s))ds, x > ℓ0,

(3.37)

i = 1, 4. Åëåìåíòè Gij, i, j = 1, 4, ìàòðè÷íî¨ åêñïîíåíòè exN íàâåäåíî â

äîäàòêó À.

Äëÿ âèêëþ÷åííÿ êîíñòàíò iíòåãðóâàííÿ B1, . . . , B4 çàïèøåìî óìîâè ií-
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òåðôåéñó (3.35) â òàêîìó âèãëÿäi:

Gi2(ℓ0)B1 +Gi4(ℓ0)B2 −Gi2(ℓ0 − ℓ)B3 −Gi4(ℓ0 − ℓ)B4 =

= −
ℓ∫

0

Gi4(ℓ0 − s) γ(ξ̂(s))ds, i = 1, 3,

à òàêîæ ðiâíÿííÿ (3.31) ç óðàõóâàííÿì (3.30), ïiäñòàâëÿþ÷è p = u0(ℓ0) òà

îòðèìàíi ó (3.37) âèðàçè äëÿ u0(x), u1(x), u2(x), u3(x):

u3(ℓ0 − 0)− u3(ℓ0 + 0)− κu0(ℓ0) = κ̂(ξ̂), àáî(
G42(ℓ0)− κG12(ℓ0)

)
B1 +

(
G44(ℓ0)− κG14(ℓ0)

)
B2 −G42(ℓ0 − ℓ)B3−

−G44(ℓ0−ℓ)B4=−
ℓ∫

0

G44(ℓ0−s) γ(ξ̂(s))ds+κ
ℓ0∫
0

G14(ℓ0−s) γ(ξ̂(s))ds+κ̂(ξ̂),

äå κ = 4η4

ρ

(
κλ2 +m+ α0λ

)
, κ̂(ξ̂) = −4η4

ρ

(
(m+ α0λ)p̂+ λq̂

)
. Òàêèì ÷èíîì,

îòðèìàíî ñèñòåìó àëãåáðà¨÷íèõ ðiâíÿíü äëÿ îá÷èñëåííÿ B1, . . . , B4, ÿêà

ïîäà¹òüñÿ ó ìàòðè÷íîìó âèãëÿäi: Ñ(B1, B2, B3, B4)
T = (Γ1,Γ2,Γ3,Γ4)

T , äå

Ñ=


G12(ℓ0) G14(ℓ0) −G12(ℓ0 − ℓ) −G14(ℓ0 − ℓ)

G22(ℓ0) G24(ℓ0) −G22(ℓ0 − ℓ) −G24(ℓ0 − ℓ)

G32(ℓ0) G34(ℓ0) −G32(ℓ0 − ℓ) −G34(ℓ0 − ℓ)

G42(ℓ0)− κG12(ℓ0) G44(ℓ0)− κG14(ℓ0) −G42(ℓ0 − ℓ) −G44(ℓ0 − ℓ)

,

Γi = Γi(ξ̂) = −
ℓ∫

0

Gi4(ℓ0 − s) γ(ξ̂(s))ds, i = 1, 3,

Γ4 = Γ4(ξ̂) = −
ℓ∫

0

G44(ℓ0−s) γ(ξ̂(s))ds+ κ

ℓ0∫
0

G14(ℓ0−s) γ(ξ̂(s))ds+ κ̂(ξ̂).

Âèçíà÷íèê ìàòðèöi Ñ ðîçêëàäà¹òüñÿ â ðÿä çà ñòåïåíÿìè η ïðè η → 0 íà-

ñòóïíèì ÷èíîì: det Ñ = − ℓ

3EI

(
κ ℓ20

(
ℓ20 + ℓ2

)
+ ℓ (3EI − 2κ ℓ30 )

)
+O(η2).

Îòæå, iñíó¹ äîñòàòíüî âåëèêå λ > 0, äëÿ ÿêîãî det Ñ ̸= 0 i iñíó¹ îáåð-

íåíà äî Ñ ìàòðèöÿ ¯̄N = ( ¯̄Nij)
4
i,j=1 = Ñ−1. Òàê, ïàðàìåòðè B1, . . . , B4

ìîæíà çíàéòè ó âèãëÿäi ëiíiéíèõ ôóíêöiîíàëiâ Bi = Bi(ξ̂) =
4∑

z=1

¯̄Niz Γz(ξ̂),

i = 1, 4. Ïiäñòàâëÿþ÷è îñòàííi âèðàçè ó (3.37), ìîæåìî çàïèñàòè ðîçâ'ÿçîê
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u(x) = u0(x) ðiâíÿííÿ (3.32), à òàêîæ ôóíêöiþ v(x) = 1
λ (u(x)− û(x)).

Êîìïîíåíòó p çíàéäåìî ÿê u0(ℓ0), ïðè öüîìó q = 1
λ (p − p̂). Ïîïåðåäíüî

çàóâàæèìî: îñêiëüêè ψ0(ℓ0) = 0, òî

γ(ξ̂(ℓ0)) = κ̌(ξ̂(ℓ0)) = 4η4 (û(ℓ0) + λ v̂(ℓ0)) = 4η4 (p̂+ λq̂) .

Òàêîæ îá÷èñëèìî Γz â òî÷öi ℓ0:

Γz(ξ̂(ℓ0)) = −4η4 (p̂+ λq̂)

ℓ∫
0

Gz4(ℓ0 − s)ds, z = 1, 3,

Γ4(ξ̂(ℓ0)) = 4η4 (p̂+ λq̂)

−
ℓ∫

0

G44(ℓ0 − s)ds+ κ

ℓ0∫
0

G14(ℓ0 − s)ds

+ κ̂(ξ̂).

Òóò ÷ëåíè, ÿêi ìiñòÿòü åëåìåíòè ìàòðè÷íî¨ åêñïîíåíòè, ìîæíà ÿâíî ïðî-

iíòåãðóâàòè. Ïîçíà÷èìî G̃z4 =
ℓ∫
0

Gzx(ℓ0 − s)ds, Ğ14 =
ℓ0∫
0

G14(ℓ0 − s)ds òà

Ḡz,1(x) = G12(x)
¯̄N1z+G14(x)

¯̄N2z, Ḡz,2(x) = G12(x−ℓ) ¯̄N3z+G14(x−ℓ) ¯̄N4z,

z = 1, 4. Òîäi

p = −4η4
4∑

z=1

(
(p̂+ λq̂)

(
G̃z4 − Ğ14

)
− 1

4η4
κ̂(ξ̂)

)
Ḡz,1(ℓ0)+4η4 (p̂+λq̂) Ğ14.

Òàêèì ÷èíîì, îòðèìàíî ðîçâ'ÿçîê ξ = ξ
(
ξ̂(x)

)
ðiâíÿííÿ (3.27). Âiäîáðà-

æåííÿ (I− λÃM)−1 : X → X ïîáóäîâàíî ó âèãëÿäi

(I− λÃM)−1 : ξ=
(
u(x), v(x), p, q

)T 7→ Rξ=
(
R1ξ,R2ξ,R3ξ,R4ξ

)T
iç êîìïîíåíòàìè

R1ξ =


4∑

z=1
Ḡz,1(x)Γz(ξ) +

x∫
0

G14(x− s) γ(ξ(s))ds, x ⩽ ℓ0,

4∑
z=1

Ḡz,2(x)Γz(ξ)−
ℓ∫
x

G14(x− s) γ(ξ(s))ds, x > ℓ0,

R2ξ =
1

λ

(
R1ξ − u(x)

)
, R4ξ =

1

λ

(
R3ξ − p

)
,

R3ξ = −4η4
4∑

z=1

(
(p+ λq)

(
G̃z4 − Ğ14

)
− κ̂(ξ)

4η4

)
Ḡz,1(ℓ0) + 4η4 (p+ λq) Ğ14.

Òåïåð ïîáóäó¹ìî ðåçîëüâåíòó R(λ; Ã) îïåðàòîðà çi çâîðîòíèì çâ'ÿçêîì.
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Òåîðåìà 3.1. Ðåçîëüâåíòó R(λ; Ã) îïåðàòîðà Ã êîðåêòíî âèçíà÷åíî

ó ïðîñòîði X äëÿ äåÿêîãî λ > 0.

Äîâåäåííÿ. Äëÿ ïîáóäîâè ðåçîëüâåíòè îïåðàòîðà Ã âèêëþ÷èìî ç Rξ
êîíñòàíòè Mj, j = 1, k, ïiäñòàâèâøè v(x) = R2ξ ó ôîðìóëó (2.17). Â ðå-

çóëüòàòi ïiäñòàíîâêè îòðèìà¹ìî ñèñòåìó ðiâíÿíü òàêîãî âèãëÿäó:

Mν +
k∑

j=1

aνjMj = bν(ξ), ν = 1, k, (3.38)

äå âèðàçè aνj ¹ êîíñòàíòàìè, ùî ¨õ íàâåäåíî â äîäàòêó À, à bν(ξ) ìàþòü

íàñòóïíèé âèãëÿä:

bν(ξ) = −αν

λ

−
4∑

z=1

 ℓ0∫
0

ψ′′
ν(x)Ḡz,1(x)dx+

ℓ∫
ℓ0

ψ′′
ν(x)Ḡz,2(x)dx

· ℓ∫
0

κ̌(ξ(s))Gz4(ℓ0 − s)ds+

+

κ ℓ∫
0

κ̌(ξ(s))G14(ℓ0 − s)ds+ κ̂(ξ)

 ·

 ℓ0∫
0

ψ′′
ν(x)Ḡ4,1(x)dx+

ℓ∫
ℓ0

ψ′′
ν(x)Ḡ4,2(x)dx

+

+

ℓ0∫
0

ψ′′
ν(x)

x∫
0

κ̌(ξ(s))G14(x− s)dsdx−
ℓ∫

ℓ0

ψ′′
ν(x)

ℓ∫
x

κ̌(ξ(s))G14(x− s)dsdx+

ℓ∫
0

ψ′′
ν(x)u(x)dx

.
Ìàòðèöÿ êîåôiöi¹íòiâ íåîäíîðiäíî¨ ñèñòåìè (3.38) ïðåäñòàâëÿ¹òüñÿ ÿê

N = Ik×k + (aij)
k
i,j=1. �¨ âèçíà÷íèê äîïóñêà¹ ðîçêëàäàííÿ â ðÿä çà ñòåïå-

íÿìè η ïðè η → 0: detN = 1 + O(η2). Çíà÷èòü, äëÿ äîñòàòíüî âåëèêèõ

λ > 0 ñèñòåìà (3.38) ìà¹ ¹äèíèé ðîçâ'ÿçîê Mj(ξ) =
k∑

ν=1

¯̄Njν bν(ξ), j = 1, k.

Òóò ¯̄Njν � åëåìåíòè ìàòðèöi, îáåðíåíî¨ äî N , j, ν = 1, k. Ïîçíà÷èìî

F̄jz(ξ)=

 ℓ∫
0

ψ′′
j (s)Gz4(ℓ0−s)ds−κ

ℓ0∫
0

ψ′′
j (s)G14(ℓ0−s)ds

Mj(ξ)− κ̂(ξ),

j = 1, k, z = 1, 4, i çàïèøåìî ðåçîëüâåíòó R(λ; Ã):

R(λ; Ã) : ξ = (u(x), v(x), p, q)T ∈ X 7→ (R1ξ, R2ξ, R3ξ, R4ξ)
T ∈ X, (3.39)
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äå

R1ξ=


− 1

EI

k∑
j=1

(
4∑

z=1
Ḡz,1(x)F̄jz(ξ)−Mj(ξ)

x∫
0

ψ′′
j (s)G14(x− s)ds

)
, x ⩽ ℓ0,

− 1
EI

k∑
j=1

(
4∑

z=1
Ḡz,2(x)F̄jz(ξ) +Mj(ξ)

ℓ∫
x

ψ′′
j (s)G14(x− s)ds

)
, x > ℓ0,

R3ξ = −4η4

(
4∑

z=1

(
(p+ λq)

(
G̃z4 − Ğ14

)
− κ̂(ξ)

4η4

)
Ḡz,1(ℓ0)− (p+ λq) Ğ14

)
,

R2ξ =
1

λ
(R1ξ − u(x)) , R4ξ =

1

λ
(R3ξ − p) .

Òåîðåìà 3.2. Íåõàé îïåðàòîð Ã ç îáëàñòþ âèçíà÷åííÿ (2.11) çàäàíî

ñïiââiäíîøåííÿìè (2.21). Òîäi ðåçîëüâåíòà R(λ; Ã) : X → X îïåðàòîðà

Ã, ÿêó çàäàíî ôîðìóëîþ (3.39), ¹ êîìïàêòíèì îïåðàòîðîì.

Äîâåäåííÿ. Ðîçãëÿíåìî ãiëüáåðòiâ ïðîñòið X ′ = H3 × H2 × R2 ⋐ X çi

ñòàíäàðòíèì ñêàëÿðíèì äîáóòêîì (3.25) i ïîêàæåìî, ùî ëiíiéíèé îïåðàòîð

R(λ; Ã) :X ′→X ¹ îáìåæåíèì. Ïîçíà÷èìî κ̂∗=max

{(
8η4(m+α0λ)

ρ

)2
,
(
8η4λ
ρ

)2}
,

κ∗jz = max

{
2

ℓ∫
0

G2
z4(ℓ0−s)ds·

ℓ∫
0

(
ψ′′
j (s)

)2
ds, 4κ2

ℓ0∫
0

G2
14(ℓ0−s)ds·

ℓ0∫
0

(
ψ′′
j (s)

)2
ds

}
,

j = 1, k, z = 1, 4. Çà äîïîìîãîþ íåðiâíîñòåé Êîøi�Áóíÿêîâñüêîãî�Øâàðöà

òà (2.22) îöiíèìî âèðàçè F̄jz(ξ), j = 1, k, z = 1, 4, íàñòóïíèì ÷èíîì:

F̄ 2
jz(ξ)=

Mj(ξ)

ℓ∫
0

Gz4(ℓ0−s)ψ′′
j (s)ds−κMj(ξ)

ℓ0∫
0

G14(ℓ0−s)ψ′′
j (s)ds−κ̂(ξ)

2⩽
⩽ 2M 2

j (ξ)

ℓ∫
0

G2
z4(ℓ0 − s)ds ·

ℓ∫
0

(
ψ′′
j (s)

)2
ds+ κ̂∗(p2 + q2)+

+ 4κ2M 2
j (ξ)

ℓ0∫
0

G2
14(ℓ0 − s)ds ·

ℓ0∫
0

(
ψ′′
j (s)

)2
ds ⩽ κ∗jzM

2
j (ξ) + κ̂∗(p2 + q2).

Äàëi, ïîçíà÷àþ÷è

Fz,n(x) =

(
dn

dxn
G12(x)

)2
¯̄N 2
1z +

(
dn

dxn
G14(x)

)2
¯̄N 2
2z+

+

(
dn

dxn
G12(x− ℓ)

)2
¯̄N 2
3z +

(
dn

dxn
G14(x− ℓ)

)2
¯̄N 2
4z, n = 0, 3,
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i çàñòîñîâóþ÷è (2.22) òà íåðiâíiñòü Êîøi�Áóíÿêîâñüêîãî�Øâàðöà, îòðèìà-

¹ìî íàñòóïíi îöiíêè äëÿ R1ξ òà ¨¨ ïîõiäíèõ2:
ℓ∫

0

(
dn

dxn
R1ξ

)2

dx ⩽
4k∗

(EI)2

 k∑
j=1

M 2
j (ξ)

ℓ∫
0

(
4

4∑
z=1

κ∗jzFz,n(x)+

+

ℓ∫
0

(
G

(n)
14 (x−s)

)2
ds·

ℓ∫
0

(
ψ′′
j (s)

)2
ds

dx+4κ̂∗k
4∑

z=1

ℓ∫
0

Fz,n(x)dx·(p2+q2)

,
(3.40)

n = 0, 3. Çàñòîñîâóþ÷è òàêîæ íåðiâíîñòi (2.37) òà (2.38), îòðèìà¹ìî àíàëî-

ãi÷íi îöiíêè äëÿ R2ξ òà ¨¨ ïîõiäíî¨:
ℓ∫

0

(R2ξ)
2 dx ⩽

8k∗

(λEI)2

 k∑
j=1

M 2
j (ξ)

ℓ∫
0

(
4

4∑
z=1

κ∗jzFz,0(x)+

+

ℓ∫
0

G2
14(x− s)ds ·

ℓ∫
0

(
ψ′′
j (s)

)2
ds

 dx+

+4κ̂∗k
4∑

z=1

ℓ∫
0

Fz,0(x)dx · (p2 + q2)

+ c
ℓ2

λ2

ℓ∫
0

(u′′(x))
2
dx, (3.41)

ℓ∫
0

(
d

dx
R2ξ

)2

dx ⩽
8k∗

(λEI)2

 k∑
j=1

M 2
j (ξ)

ℓ∫
0

(
4

4∑
z=1

κ∗jzFz,1(x)+

+

ℓ∫
0

(G′
14(x− s))

2
ds ·

ℓ∫
0

(
ψ′′
j (s)

)2
ds

 dx+

+4κ̂∗k
4∑

z=1

ℓ∫
0

Fz,1(x)dx · (p2 + q2)

+
ℓ2

λ2

ℓ∫
0

(u′′(x))
2
dx. (3.42)

Òåïåð ââåäåìî ïîçíà÷åííÿ κ̂∗ = max

{(
4(m+α0λ)

ρ

)2
,
(
4λ
ρ

)2}
i çàïèøåìî

îöiíêè äëÿ iíøèõ êîìïîíåíò R(λ; Ã):

κ (R3ξ)
2 ⩽ H1 p

2 +H2 q
2, m (R3ξ)

2 ⩽ H3 p
2 +H4 q

2, (3.43)

2Ó äîäàòêó À íàâîäÿòüñÿ äåòàëi ùîäî îá÷èñëåííÿ ïîõiäíèõ âèðàçiâ R1ξ, R2ξ, R3ξ, R4ξ çà äîïîìîãîþ

ôîðìóëè Ëÿéáíiöà äèôåðåíöiþâàííÿ iíòåãðàëó çi çìiííèìè ìåæàìè iíòåãðóâàííÿ âiä ôóíêöi¨ äâîõ

çìiííèõ.
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äå

H1 = 64κ η8
(
8

4∑
z=1

Ḡ2
z,1(ℓ0)

(
G̃z4 − Ğ14

)2
+ 32κ̂∗ + Ğ2

14

)
,

H2 = 64κ η8
(
8λ2

4∑
z=1

Ḡ2
z,1(ℓ0)

(
G̃z4 − Ğ14

)2
+ 32κ̂∗ + λ2Ğ2

14

)
,

H3 =
2m

λ2

(
64 η8

[
8

4∑
z=1

Ḡ2
z,1(ℓ0)

(
G̃z4 − Ğ14

)2
+ 32κ̂∗ + Ğ2

14

]
+ 1

)
,

H4 = 2m

(
8 η4

λ

)2
[
8λ2

4∑
z=1

Ḡ2
z,1(ℓ0)

(
G̃z4 − Ğ14

)2
+ 32κ̂∗ + λ2Ğ2

14

]
.

Çàëèøà¹òüñÿ îòðèìàòè îöiíêè âèðàçiâ M 2
j (ξ):

M 2
j (ξ) =

(
k∑

ν=1

¯̄Njν bν(ξ)

)2
⩽ k∗

k∑
ν=1

¯̄N 2
jν b

2
ν(ξ), j = 1, k. (3.44)

Òóò k∗ = 2

[
k+1
2

]
. Çàóâàæèìî, ùî åëåìåíòè ìàòðèöi ¯̄Njν íå çàëåæàòü âiä ξ,

òîìó äîñòàòíüî îöiíèòè çâåðõó âèðàçè b2ν(ξ), ν = 1, k. Çàñòîñîâóþ÷è òåõíi-

êó, àíàëîãi÷íó äî ïîïåðåäíiõ ìiðêóâàíü, ìîæíà îòðèìàòè òàêi íåðiâíîñòi:

b2ν(ξ) ⩽ H́ν

ℓ∫
0

(u′′(x))
2
dx+ H̀ν

ℓ∫
0

v2(x)dx+
8α2

ν

λ2
κ́ν (p

2 + q2), (3.45)

äå

H́ν=c

(
2αν ℓ

λ

)264 η8 ℓ0

ℓ∫
0

ℓ∫
0

G2
14(x−s)dsdx+1

· ℓ∫
0

(ψ′′
ν(x))

2
dx+64 η8H̆ν

,
H̀ν = 2

(
16αν η

4
)2H̆ν + ℓ0

ℓ∫
0

(ψ′′
ν(x))

2
dx ·

ℓ∫
0

ℓ∫
0

G2
14(x− s)dsdx

 ,

κ́ν = max

{
2

(
8Ȟ4,νη

4

ρ
(m+ α0λ)

)2
, 2

(
8Ȟ4,νη

4λ

ρ

)2
}
,
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ïðè ÷îìó c � êîíñòàíòà Ïóàíêàðå ç íåðiâíîñòi (2.37),

H̆ν = 2
4∑

z=1

ℓ∫
0

G2
z4(ℓ0 − s)dsȞ2

z,ν + κ2Ȟ2
4,ν

ℓ∫
0

G2
14(ℓ0 − s)ds,

Ȟz,ν =

ℓ0∫
0

ψ′′
ν(x)Ḡz,1(x)dx+

ℓ∫
ℓ0

ψ′′
ν(x)Ḡz,2(x)dx, z = 1, 4.

Ïiäñòàâëÿþ÷è îöiíêè (3.44), (3.45) ó (3.40)�(3.43), áà÷èìî, ùî iñíó¹ êîíñòàí-

òà Λ > 0, òàêà, ùî âèêîíàíî íåðiâíiñòü ∥Rξ∥2X ′ ⩽ Λ ∥ξ∥2X . Öåé ôàêò äîâî-

äèòü îáìåæåíiñòü ðåçîëüâåíòèR(λ; Ã) ÿê âiäîáðàæåííÿ çX ′ âX. Îñêiëüêè,

çãiäíî ç òåîðåìàìè Ñîáîë¹âà, X ′ ⋐ X, îïåðàòîð R(λ; Ã) : X → X, çàäàíèé

â (3.39), ¹ êîìïàêòíèì.

Îñêiëüêè ðåçîëüâåíòà îïåðàòîðà Ã ¹ êîìïàêòíîþ, çãiäíî ç òåîðåìîþ

Äàôåðìîñà�Ñëåìðîäà [19], îòðèìàíî íàñòóïíèé íàñëiäîê.

Íàñëiäîê 3.3. Êîæíà òðà¹êòîðiÿ çàìêíåíî¨ ñèñòåìè (2.19) ¹ ïåðåä-

êîìïàêòíîþ ìíîæèíîþ ó ïðîñòîði X.

3.4. Àñèìïòîòè÷íà ïîâåäiíêà òðà¹êòîðié çàìêíåíî¨ ñèñòåìè

Äîñòàòíi óìîâè àñèìïòîòè÷íî¨ ñòiéêîñòi ñòàíó ðiâíîâàãè ñèñòåìè ç ïðóæ-

íîþ áàëêîþ i òâåðäèì òiëîì ñôîðìóëüîâàíi ó âèãëÿäi íàñòóïíî¨ òåîðåìè.

Òåîðåìà 3.3. Íåõàé
{
ξi = (ui, vi, pi, qi)

T
}
i∈N � âëàñíi âåêòîðè îïåðà-

òîðà A òà äëÿ êîæíîãî i ∈ N âèêîíàíî vi(ℓ0) ̸= 0 àáî
ℓ∫
0

ψ′′
j (x) vi(x)dx ̸= 0

äëÿ äåÿêîãî j ∈ {1, . . . , k}. Òîäi ðîçâ'ÿçîê ξ = 0 ñèñòåìè (2.19) ¹ àñèìï-

òîòè÷íî ñòiéêèì.

Ôàêòè÷íî, ïðèïóùåííÿ
ℓ∫
0

ψ′′
j (x) vi(x)dx ̸= 0 äëÿ äåÿêîãî j ∈ {1, . . . , k}

îçíà÷à¹, ùî j-é ï'¹çîàêòóàòîð íå ðîçòàøîâàíèé ó âóçëi i-¨ âëàñíî¨ ôîðìè

êîëèâàíü áàëêè.

Äîâåäåííÿ. Ñïèðàþ÷èñü íà ïðèíöèï iíâàðiàíòíîñòi [77, Òåîðåìà 3.64],

äîñòàòíüî äîâåñòè, ùî ìíîæèíà Z =
{
V̇ (ξ) = 0

}
, äå V (ξ) � ôóíêöiîíàë
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Ëÿïóíîâà âèãëÿäó (2.54), íå ìiñòèòü íåòðèâiàëüíèõ òðà¹êòîðié çàìêíåíî¨

ñèñòåìè. Íåõàé ξ(t) � ðîçâ'ÿçîê (2.19) i íåõàé ξ(t) ∈ Z, ∀t ⩾ 0. Ëåãêî ïåðå-

âiðèòè, ùî êåðóâàííÿ çi çâîðîòíèì çâ'ÿçêîì y íà ìíîæèíi Z âèðîäæó¹òüñÿ

â íóëüîâèé âåêòîð. Öå îçíà÷à¹, ùî ðîçâ'ÿçîê ξ(t) çàäîâîëüíÿ¹ íàñòóïíå

ðiâíÿííÿ íà ìíîæèíi Z:

ξ̇ = Aξ. (3.46)

Ç îãëÿäó íà íàñëiäîê 3.2 ñèñòåìà âëàñíèõ âåêòîðiâ {ξi}∞i=1 îïåðàòîðà A ¹

áàçèñîì ïðîñòîðó X. Ðîçêëàäåìî ôóíêöiþ ξ(t) â ðÿä çà {ξi}∞i=1:

ξ(t) =
∞∑
i=1

ri(t) ξi, (3.47)

òóò ri � êîåôiöi¹íòè ðîçêëàäàííÿ çà áàçèñîì, ÿêi çàëåæàòü âiä t. Ïiäñòàâ-

ëÿþ÷è ðîçêëàä (3.47) ó ðiâíÿííÿ (3.46) i âðàõîâóþ÷è ðiâíiñòü Aξi = λi ξi,

äå λi � âëàñíi çíà÷åííÿ îïåðàòîðà A, i = 1, 2, . . . , îòðèìó¹ìî íàñòóïíå:
∞∑
i=1

ṙi(t) ξi =
∞∑
i=1

λi ri(t) ξi. Â ñèëó ¹äèíîñòi ðîçêëàäó ôóíêöi¨ çà áàçèñîì,

ìà¹ìî ðiâíÿííÿ ṙi(t) = λi ri(t) iç ðîçâ'ÿçêîì ri(t) = r0i e
λi t, äå r0i = ri(0).

Îñêiëüêè ξ ∈ Z,
ℓ∫

0

ψ′′
j (x) v(x)dx = 0, j = 1, k. (3.48)

Çàïèøåìî îêðåìî ðîçêëàä êîìïîíåíòè v(x) ôàçîâîãî âåêòîðà çà òèì æå

áàçèñîì {ξi}∞i=1:

v(x) =
∞∑
i=1

ri(t) vi(x) =
∞∑
i=1

r0i e
λit vi(x). (3.49)

Ïiäñòàâëÿþ÷è (3.49) ó (3.48), îòðèìó¹ìî ëiíiéíó êîìáiíàöiþ ôóíêöié eλit,

ÿêà äîðiâíþ¹ íóëþ. Çãiäíî ç ëåìîþ 3.4, ôóíêöi¨ eλit, i ∈ N, ¹ ω-ëiíiéíî

íåçàëåæíèìè, òîìó âñi êîåôiöi¹íòè ëiíiéíî¨ êîìáiíàöi¨ äîðiâíþþòü íóëåâi:

r0i

ℓ∫
0

ψ′′
j (x) vi(x)dx = 0, i ∈ N. ßêùî âèêîíàíî óìîâó

ℓ∫
0

ψ′′
j (x) vi(x)dx ̸= 0,

òî r0i = 0, ∀i ∈ N, ùî ïðèçâîäèòü äî ξ(t) ≡ 0. Ðîçêëàäàþ÷è àíàëîãi÷íèì

÷èíîì êîìïîíåíòó q = v(ℓ0) ôàçîâîãî âåêòîðà çà áàçèñîì {ξi}∞i=1, îòðè-
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ìó¹ìî q =
∞∑
i=1

r0i e
λitvi(ℓ0), çâiäêè çà âèêîíàííÿ óìîâè vi(ℓ0) ̸= 0 äëÿ âñiõ

i ∈ N âèïëèâà¹ r0i = 0 â ñèëó ω-ëiíiéíî¨ íåçàëåæíîñòi ñèñòåìè eλit, i ∈ N

(ëåìà 3.4). Òàêèì ÷èíîì, ìíîæèíà Z íå ìiñòèòü æîäíî¨ òðà¹êòîði¨ ñèñòå-

ìè (2.19), îêðiì òðèâiàëüíî¨, ÿêùî äëÿ êîæíîãî i ∈ N âèêîíàíî õî÷à á

îäíó ç óìîâ: vi(ℓ0) ̸= 0 àáî
ℓ∫
0

ψ′′
j (x) vi(x)dx ̸= 0 äëÿ äåÿêîãî j ∈ {1, . . . , k}.

Çãiäíî ç ïðèíöèïîì iíâàðiàíòíîñòi ËàÑàëëÿ [77, Òåîðåìà 3.64], òðèâiàëüíèé

ðîçâ'ÿçîê ñèñòåìè, ùî ðîçãëÿäà¹òüñÿ, ¹ àñèìïòîòè÷íî ñòiéêèì.

Âèñíîâêè äî ðîçäiëó 3

Ó ðîçäiëi 3 äîñëiäæåíî ñïåêòðàëüíi âëàñòèâîñòi îïåðàòîðà A. Îòðèìàíî

õàðàêòåðèñòè÷íå ðiâíÿííÿ i àíàëiòè÷íî äîñëiäæåíî àñèìïòîòè÷íi âëàñòè-

âîñòi âëàñíèõ ÷àñòîò êîëèâàíü ïðóæíî¨ áàëêè. Öi ðåçóëüòàòè ïðîiëþñòðî-

âàíî çà äîïîìîãîþ ÷èñåëüíîãî ìîäåëþâàííÿ.

Äîñëiäæåíî âëàñòèâîñòi îáåðíåíîãî äî A îïåðàòîðà i ïîáóäîâàíî áàçèñ

ãiëüáåðòîâîãî ïðîñòîðó ó âèãëÿäi âëàñíèõ çíà÷åíü îïåðàòîðà A.

Â ðåçóëüòàòi àíàëiçó àñèìïòîòè÷íî¨ ïîâåäiíêè âëàñíèõ çíà÷åíü {λn}∞n=1

îïåðàòîðà A äîâåäåíî ω-ëiíiéíó íåçàëåæíiñòü ñèñòåìè åêñïîíåíöiàëüíèõ

ôóíêöié
{
eλnt
}∞
n=1

.

Ïîáóäîâàíî ðåçîëüâåíòó äèôåðåíöiàëüíîãî îïåðàòîðà çi çâîðîòíèì

çâ'ÿçêîì. Äëÿ íå¨ îòðèìàíî îöiíêó íîðìè i äîâåäåíî êîìïàêòíiñòü. Íà îñíî-

âi òåîðåìè Äàôåðìîñà�Ñëåìðîäà ïîêàçàíî ïåðåäêîìïàêòíiñòü òðà¹êòîðié

çàìêíåíî¨ ñèñòåìè.

Îòðèìàíî äîñòàòíi óìîâè àñèìïòîòè÷íî¨ ñòiéêîñòi òðèâiàëüíîãî ñòàíó

ðiâíîâàãè çàìêíåíî¨ ñèñòåìè. Àñèìïòîòè÷íó ñòiéêiñòü äîâåäåíî íà îñíîâi

ïðèíöèïó iíâàðiàíòíîñòi ËàÑàëëÿ.

Ðåçóëüòàòè, îòðèìàíi ó ðîçäiëi 3, îïóáëiêîâàíî ó ñòàòòÿõ [42] òà [41].
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ÐÎÇÄIË 4

ÑÈÍÒÅÇ ÄÈÍÀÌI×ÍÎÃÎ ÑÏÎÑÒÅÐIÃÀ×À ÄËß ÌÎÄÅËI

ÏÐÓÆÍÎ� ÑÈÑÒÅÌÈ

Ó ïîïåðåäíiõ ðîçäiëàõ áóëî äîñëiäæåíî çàäà÷ó ñòàáiëiçàöi¨ çi çâîðîòíèì

çâ'ÿçêîì çà ñòàíîì äëÿ íåñêií÷åííîâèìiðíî¨ ñèñòåìè. Áóëî çàïðîïîíîâàíî

êåðóâàííÿ, ÿêå çàáåçïå÷ó¹ ñèëüíó àñèìïòîòè÷íó ñòiéêiñòü ñòàíó ðiâíîâà-

ãè. Ó öüîìó ðîçäiëi äîñëiäæåííÿ çàäà÷ ñòiéêîñòi ïîøèðþ¹òüñÿ íà ïðîáëåìó

ñïîñòåðåæåííÿ ñòàíó ñèñòåìè ç âèõîäîì. Ìåòîþ ¹ âèðiøåííÿ ïèòàííÿ, ÷è

ìîæíà àñèìïòîòè÷íî âiäíîâèòè âåêòîð ñòàíó âèõîäÿ÷è ç iíôîðìàöi¨ ïðî

âõiäíi òà âèõiäíi ñèãíàëè ñèñòåìè. Ïðèïóñêà¹òüñÿ, ùî îïèñàíó âèùå áàë-

êîâó ñèñòåìó îñíàùåíî ï'¹çîåëåêòðè÷íèìè ñåíñîðàìè, ÿêi ðîçòàøîâàíî ó

çîíàõ ïðèêðiïëåííÿ ï'¹çîàêòóàòîðiâ ç ïðîòèëåæíîãî áîêó áàëêè. Ñåíñîðè

äîçâîëÿþòü îòðèìóâàòè âèõiäíó iíôîðìàöiþ ïðî ðóõ îêðåìèõ òî÷îê ìåõà-

íi÷íî¨ ñèñòåìè.

4.1. Ïîáóäîâà ñïîñòåðiãà÷à äëÿ ñêií÷åííîâèìiðíî¨ ìîäåëi

ïðóæíî¨ áàëêè ç ïðè¹äíàíîþ ìàñîþ òà ðîçïîäiëåíèìè

ñåíñîðàìè

Ó öüîìó ïiäðîçäiëi äîñëiäæó¹òüñÿ çàäà÷à ñïîñòåðåæåííÿ äëÿ ñêií÷åí-

íîâèìiðíîãî íàáëèæåííÿ ìîäåëi ïðóæíî¨ áàëêè.

4.1.1. Ñïåêòðàëüíà çàäà÷à äëÿ øàðíiðíî îïåðòî¨ áàëêè ç

òî÷êîâîþ ìàñîþ. Ðîçãëÿíåìî îäíîðiäíó çàäà÷ó (2.4)�(2.6) ç âèìêíåíèì

êåðóâàííÿì F0 = 0, M1 =M2 = . . . =Mk = 0.

Íåõàé C ′ = C2[0, ℓ]
⋂
C4
(
[0, ℓ] \ {ℓ0}

)
. Ïiäñòàâèìî w(x, t) = W (x)q(t)

â (2.4)�(2.6) i îòðèìà¹ìî äèôåðåíöiàëüíå ðiâíÿííÿ q̈(t) = −λ q(t) òà
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ñïåêòðàëüíó çàäà÷ó:
d4

dx4
W (x) = λ

ρ

EI
W (x), x ∈ (0, ℓ) \ {ℓ0},

W (0) = W (ℓ) = 0, W ′′(0) = W ′′(ℓ) = 0, W (·) ∈ C ′,

W ′′′(ℓ0 − 0)−W ′′′(ℓ0 + 0) =
κ − λm

EI
W (ℓ0).

(4.1)

Âëàñíi ôóíêöi¨ íàâåäåíî¨ çàäà÷i ìàþòü âèãëÿä

W (x) =

 C1 sin(µx) + C2 sinh(µx), x ⩽ ℓ0,

B1 sin(µ(x− ℓ)) +B2 sinh(µ(x− ℓ)), x > ℓ0,

äå µ =
(

λρ
EI

)1/4
, à êîíñòàíòè C1, C2, B1, B2 ìîæíà çíàéòè, ðîçâ'ÿçàâøè ñèñ-

òåìó ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü M (C1, C2, B1, B2)
T = 0 ç ìàòðèöåþ

M =


sinµℓ0 − sinhµℓ0 − sinµ(ℓ0 − ℓ) sinhµ(ℓ0 − ℓ)

sinµℓ0 sinhµℓ0 − sinµ(ℓ0 − ℓ) − sinhµ(ℓ0 − ℓ)

cosµℓ0 coshµℓ0 − cosµ(ℓ0 − ℓ) − coshµ(ℓ0 − ℓ)

κ1(µ) κ2(µ) − cosµ(ℓ0 − ℓ) coshµ(ℓ0 − ℓ)

 ,

äå κ1(µ) = κ−λm
EIµ3 sinµℓ0 + cosµℓ0, κ2(µ) = κ−λm

EIµ3 sinhµℓ0 − coshµℓ0. Âëàñíi

çíà÷åííÿ λ ñïåêòðàëüíî¨ çàäà÷i (4.1) ìîæíà çíàéòè ÿê ðîçâ'ÿçêè íàñòóïíîãî

õàðàêòåðèñòè÷íîãî ðiâíÿííÿ

detM = 0. (4.2)

Ðiâíÿííÿ (4.2) ñïiâïàäà¹ ç (3.9) ç òî÷íiñòþ äî ïîçíà÷åííÿ ñïåêòðàëüíîãî

ïàðàìåòðà.

Íåõàé λ1, λ2, . . . � âëàñíi çíà÷åííÿ çàäà÷i (4.1),W1(x),W2(x), . . . � âiä-

ïîâiäíi âëàñíi ôóíêöi¨. Ó ïðîñòîði H = H1(0, ℓ) çàäàìî áiëiíiéíó ôîðìó

⟨Wi,Wj⟩H =

ℓ∫
0

ρWi(x)Wj(x)dx+mWi(ℓ0)Wj(ℓ0) (4.3)

òà âiäïîâiäíó êâàäðàòè÷íó ôîðìó ∥Wj∥2H = ⟨Wj,Wj⟩H . Óñi âëàñíi çíà÷åí-
íÿ çàäà÷i (4.1) ðîçïîäiëåíi âçäîâæ äîäàòíî¨ äiéñíî¨ ïiââiñi; âëàñíi ôóíêöi¨,

ùî âiäïîâiäàþòü ðiçíèì âëàñíèì çíà÷åííÿì, ¹ âçà¹ìíî îðòîãîíàëüíèìè.

Äîâåäåííÿ öèõ òâåðäæåíü ìiñòèòüñÿ ó íàñòóïíèõ äâîõ ëåìàõ.
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Ëåìà 4.1. ßêùî λi ̸= λj, òî ⟨Wi,Wj⟩H = 0.

Äîâåäåííÿ. Iíòåãðóâàííÿ ÷àñòèíàìè âèðàçó
ℓ∫
0

W ′′
i (x)W

′′
j (x)dx ç óðàõó-

âàííÿì óìîâ iíòåðôåéñó W ′′′
j (ℓ0 − 0) − W ′′′

j (ℓ0 + 0) = κ−λm
EI Wj(ℓ0), ïðè-

çâîäèòü äî
ℓ∫
0

Wj(x)
d4

dx4Wi(x)dx + λim−κ
EI Wi(ℓ0)Wj(ℓ0) ç îäíîãî áîêó òà äî

ℓ∫
0

Wi(x)
d4

dx4Wj(x)dx +
λjm−κ

EI Wi(ℓ0)Wj(ℓ0) ç iíøîãî áîêó. Îá÷èñëèâøè ðiç-

íèöþ ìiæ öèìè äâîìà âèðàçàìè, ìà¹ìî
ℓ∫

0

(
Wj(x)

d4

dx4
Wi(x)−Wi(x)

d4

dx4
Wj(x)

)
dx+

m

EI
(λi−λj)Wi(ℓ0)Wj(ℓ0)=0.

Îñêiëüêè îáèäâi ôóíêöi¨ Wi(x) òà Wj(x) çàäîâîëüíÿþòü (4.1), òî

(λi − λj) ⟨Wi,Wj⟩H = 0, ùî ïðèçâîäèòü äî ⟨Wi,Wj⟩H = 0 äëÿ λi ̸= λj.

Ëåìà 4.2. Êîæíå âëàñíå çíà÷åííÿ ñïåêòðàëüíî¨ çàäà÷i (4.1) ¹ íå-

âiä'¹ìíèì äiéñíèì ÷èñëîì.

Äîâåäåííÿ. Ðîçãëÿíåìî äèôåðåíöiàëüíèé îïåðàòîð L : D(L) → H̃, çà-

äàíèé íàñòóïíèì ÷èíîì:

ζ =

 u(x)

p

 7→ L ζ =

 EI
ρ u(4)(x)

κ
m p−

EI
m

(
u′′′(ℓ0 − 0)− u′′′(ℓ0 + 0)

)  ,

ç îáëàñòþ âèçíà÷åííÿ

D(L) =


ζ ∈ H2(0, ℓ) ∪H4(0, ℓ0) ∪H4(ℓ0, ℓ)× R :

u(0) = u(ℓ) = 0, u′′(0) = u′′(ℓ) = 0,

u′′(ℓ0 − 0) = u′′(ℓ0 + 0), p = u(ℓ0)

 ⊂ H̃

i çíà÷åííÿìè ó ïðîñòîði H̃ = L2(0, ℓ)×R. Òîäi çàäà÷ó (4.1) ìîæíà çàïèñàòè

ÿê ñïåêòðàëüíó çàäà÷ó äëÿ îïåðàòîðà L: L ζ = λ ζ. Çàïèøåìî áiëiíiéíó

ôîðìó (4.3) â òåðìiíàõ åëåìåíòiâ ïðîñòîðó H̃:

⟨ζi, ζj⟩H̃ =

〈(
ui

pi

)
,

(
uj

pj

)〉
H̃

=

ℓ∫
0

ρ ui(x)uj(x)dx+mpi pj. (4.4)

Áåçïîñåðåäíüîþ ïiäñòàíîâêîþ âiäïîâiäíèõ îïåðàíäiâ íåñêëàäíî ïåðåâiðè-
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òè, ùî ⟨Lζi, ζj⟩H̃=
ℓ∫
0

EIu
(4)
i (x)uj(x)dx+κ pipj−EI

(
u′′′i (ℓ0−0)−u′′′i (ℓ0+0)

)
pj

òà ⟨ζi,Lζj⟩H̃ =
ℓ∫
0

EIui(x)u
(4)
j (x)dx+κ pipj −EI

(
u′′′j (ℓ0−0)−u′′′j (ℓ0+0)

)
pi.

Iíòåãðóâàííÿ ÷àñòèíàìè ç óðàõóâàííÿì óìîâ iíòåðôåéñó ïðèçâîäèòü äî

⟨L ζi, ζj⟩H̃ = ⟨ζi,L ζj⟩H̃ . Êðiì òîãî, ëåãêî ïåðåâiðèòè âèêîíàííÿ äëÿ âñiõ

ζ ∈ D(L) íàñòóïíèõ ñïiââiäíîøåíü: ⟨ζ,L ζ⟩H̃ =
ℓ∫
0

EI (u′′(x))2 dx+κ p2 ⩾ 0.

Òàêèì ÷èíîì, L ¹ äîäàòíèì ñàìîñïðÿæåíèì îïåðàòîðîì âiäíîñíî áiëiíiéíî¨

ôîðìè ⟨·, ·⟩H̃ , çàäàíî¨ ôîðìóëîþ (4.4), òîìó âëàñíi çíà÷åííÿ L ¹ äiéñíèìè

íåâiä'¹ìíèìè ÷èñëàìè.

4.1.2. Ìåòîä Ãàëüîðêiíà äëÿ øàðíiðíî îïåðòî¨ áàëêè ç ïðè-

¹äíàíîþ ìàñîþ. Çàôiêñó¹ìî äîâiëüíå öiëå ÷èñëî N ⩾ 1 i ñïðî¹êòó¹-

ìî îäíîðiäíó çàäà÷ó (2.4)�(2.6) íà ëiíiéíó îáîëîíêó N âëàñíèõ ôóíêöié

ñïåêòðàëüíî¨ çàäà÷i (4.1). Ðîçãëÿíåìî ñêií÷åííèé íàáið âëàñíèõ çíà÷åíü

λ1, λ2, . . . , λN i âiäïîâiäíèõ âëàñíèõ ôóíêöié W1(x),W2(x), . . . ,WN(x) çà-

äà÷i (4.1). Ïiäñòàâèìî

w(x, t) =
N∑
j=1

Wj(x) qj(t) (4.5)

ó âàðiàöiéíó ôîðìó ðiâíÿíü ðóõó (2.3), ïðèïóñêàþ÷è, ùî (2.3) âèêîíàíî

äëÿ âñiõ δw(·, t) ∈ span {W1,W2, . . . ,WN}, t ⩾ 0. Â ðåçóëüòàòi îòðèìà¹-

ìî íàáëèæåíó çà Ãàëüîðêiíèì ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü âiäíîñíî

q1(t), . . . , qN(t):

q̈j + λj qj =
Wj(ℓ0)

∥Wj∥2H
u0 +

1

∥Wj∥2H

k∑
i=1

ui ℓ∫
0

ψi(x)W
′′
j (x)dx

 , j = 1, N,

(4.6)

äå u0 = F0, ui =Mi, i = 1, k. ÑèñòåìóN äèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî

ïîðÿäêó (4.6) ìîæíà çàïèñàòè ÿê ñèñòåìó 2N ðiâíÿíü ïåðøîãî ïîðÿäêó ó

âåêòîðíîìó âèãëÿäi:

ż = Az +Bu. (4.7)
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Òóò z = (q1, p1, . . . , qN , pN)
T ∈ R2N � âåêòîð ñòàíó, q̇j = pj, j = 1, N ,

u=(u0, u1, . . . , uk)
T∈Rk+1 � êåðóâàííÿ, A=diag(A1, A2, . . . , AN) � áëî÷íî-

äiàãîíàëüíà ìàòðèöÿ iç êâàäðàòíèìè áëîêàìè âèãëÿäó Aj =

(
0 1

−λj 0

)
,

j = 1, N , à åëåìåíòè ìàòðèöi êîåôiöi¹íòiâ êåðóâàííÿ B = (B0, . . . , Bk), äå

Bι = (0, b1ι, . . . , 0, bNι)
T , ι = 0, k, çàäàþòüñÿ íàñòóïíèìè ñïiââiäíîøåííÿìè:

bj0 =
Wj(ℓ0)

∥Wj∥2H
, bji =

1

∥Wj∥2H

ℓ∫
0

ψi(x)W
′′
j (x)dx, j = 1, N, i = 1, k.

4.1.3. Ñïîñòåðåæóâàíiñòü ñèñòåìè ç âèõîäîì. Ïîáóäó¹ìî ñïî-

ñòåðiãà÷ òèïó Ëóåíáåðãåðà [73, 74]. Ïðèïóñêàòèìåìî, ùî ñòàí w(x, t) ïðóæ-

íî¨ áàëêè ìîæíà îöiíþâàòè çàâäÿêè âèìiðþâàííÿì r + 1 ñåíñîðiâ, ðîçòà-

øîâàíèõ ó òî÷êàõ x = ℓ0, ℓ1, . . . , ℓr. Ñåíñîð ó òî÷öi ℓ0 çàáåçïå÷ó¹ âèìi-

ðþâàííÿ çñóâó y0(t) = w(ℓ0, t) ÿê ôóíêöi¨ ÷àñó. Ïðèïóñêà¹ìî òàêîæ, ùî

ï'¹çîåëåêòðè÷íi ñåíñîðè â òî÷êàõ x = ℓ1, . . . , ℓr çàáåçïå÷óþòü âèìiðþâàííÿ

çíà÷åíü ôóíêöié

ys(t) = w′′(ℓs, t), s = 0, r (4.8)

ÿê âèõiäíi äàíi ìîäåëi (2.4)�(2.6). Òîäi, îñêiëüêè ïðåäñòàâëåííÿ (4.5) âè-

êîðèñòîâó¹òüñÿ äëÿ îòðèìàííÿ ñèñòåìè Ãàëüîðêiíà (4.7), çàïèøåìî (4.8) â

òåðìiíàõ ôóíêöié q1(t), . . . , qN(t) ó âèãëÿäi ys(t) ≈
N∑
j=1

W ′′
j (ℓs) qj(t), s = 1, r.

Òàêèì ÷èíîì, ïðèïóñêàòèìåìî, ùî äëÿ ñèñòåìè (4.7) äîñòóïíi òàêi âèõiäíi

äàíi:

y = Cz ∈ Rr+1, (4.9)

äå C=(C1,0, . . . , CN ,0), Cj =(c0j, c1j, . . . , crj)
T , 0 � íóëüîâà ìàòðèöÿ ðîç-

ìiðíîñòi (r+1)×1, ïðè öüîìó c0j=Wj(ℓ0), csj=W ′′
j (ℓs), s=1, r, j=1, N .

Òåîðåìà 4.1. Íåõàé ìà¹ìî íàáið ðiçíèõ âëàñíèõ çíà÷åíü λ1, λ2, . . . , λN

ñïåêòðàëüíî¨ çàäà÷i (4.1) òà íåõàé äëÿ êîæíîãî j = 1, N iñíó¹ òàêå

s∈{0, . . . , r}, ùî csj ̸= 0. Òîäi ñèñòåìà (4.7) ç âèõîäîì (4.9) ¹ ñïîñòå-

ðåæóâàíîþ.
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Äîâåäåííÿ. Äîâåäåííÿ öi¹¨ ëåìè çâîäèòüñÿ äî ïåðåâiðêè ðàíãîâî¨ óìîâè

ñïîñòåðåæóâàíîñòi Êàëìàíà [40], à ñàìå äî ïåðåâiðêè ðiâíîñòi rankK=2N

äëÿ ìàòðèöi K=
(
C,CA, . . . , CA2N−1

)T
. Íàëåæíèìè ïåðåñòàíîâêàìè ñòðîê

i ñòîâïöiâ ìàòðèöÿ K ïðèâîäèòüñÿ äî áëî÷íîãî âèãëÿäó

K0 0
... ...
Kr 0

0 K0
... ...
0 Kr


, äå Ks =


cs1 . . . csN

−λ1cs1 . . . −λNcsN
... . . . ...

−λN−1
1 cs1 . . . −λN−1

N csN

 , s = 0, r,

0 � íóëüîâà ìàòðèöÿ âiäïîâiäíî¨ ðîçìiðíîñòi. Êîæåí ç áëîêiâ Ks ¹ ìà-

òðèöåþ òèïó Âàíäåðìîíäà, ÷èé âèçíà÷íèê ìîæíà îá÷èñëèòè çà ôîðìóëîþ

detKs =
N∏
i=1

csi
∏

1⩽j<n⩽N

(λn−λj), s = 0, r. Çãiäíî ç ïðèïóùåííÿì òåîðå-

ìè, ïðÿìîêóòíèé áëîê
(
KT

0 . . . K
T
r

)T
ìiñòèòü íåíóëüîâèé ìiíîð ïîðÿäêó N .

Òîìó rankK = 2N , i ñèñòåìà (4.7),(4.9) ¹ ñïîñòåðåæóâàíîþ çà êðèòåði¹ì

Êàëìàíà.

Äëÿ ñèñòåìè ç âèõîäîì (4.7), (4.9) ïîáóäó¹ìî äèíàìi÷íèé ñïîñòåðiãà÷ ó

âèãëÿäi

˙̃z(t) = (A− FC)z̃(t) +Bu(t) + Fy(t), (4.10)

äå F = (F0, . . . , Fr), Fs = (f1s, 0, . . . , fNs, 0)
T , s = 0, r.

Çàäà÷à ïîáóäîâè ñïîñòåðiãà÷à äëÿ ñèñòåìè ç âèõîäîì (4.7), (4.9) ïîëÿ-

ãà¹ ó çíàõîäæåííi òàêî¨ ìàòðèöi F , ùî ðîçâ'ÿçêè ñèñòåìè (4.7) çáiãàþòüñÿ

äî ðîçâ'ÿçêiâ ñèñòåìè (4.10) äëÿ äîâiëüíîãî êåðóâàííÿ u ∈ L∞(0,+∞) i

äîâiëüíèõ ïî÷àòêîâèõ óìîâ z(0), z̃(0) ∈ R2N . Öÿ çàäà÷à çâîäèòüñÿ äî çíà-

õîäæåííÿ òàêî¨ ìàòðèöi F , ùî ìàòðèöÿ A−FC ¹ ãóðâiöåâîþ, òîáòî ìíîæè-

íà ¨¨ âëàñíèõ çíà÷åíü ìiñòèòüñÿ ó âiäêðèòié ëiâié êîìïëåêñíié ïiâïëîùèíi.

Íàñòóïíà òåîðåìà íàäà¹ ñïîñiá îá÷èñëåííÿ åëåìåíòiâ ìàòðèöi F .

Òåîðåìà 4.2. Íåõàé λj > 0 òà |c0j| + |c1j| + . . . + |crj| ̸= 0 äëÿ âñiõ

j = 1, N . ßêùî fjs = γs
csj

λj ∥Wj∥2H
, j = 1, N , s = 0, r, äå γs > 0 � äî-
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âiëüíi êîíñòàíòè, òî äëÿ âñiõ z(0) ∈ R2N , z̃(0) ∈ R2N òà u ∈ L∞(0,∞)

âiäïîâiäíi ðîçâ'ÿçêè z(t) òà z̃(t) ñèñòåìè (4.7), (4.9) òà ñèñòåìè (4.10)

çàäîâîëüíÿþòü óìîâó

∥z(t)− z̃(t)∥R2N → 0 ïðè t→ +∞. (4.11)

Äîâåäåííÿ. Áóäåìî îá÷èñëþâàòè ïîõèáêó ñïîñòåðåæåíü ÿê ðiçíèöþ ìiæ

âåêòîðàìè ñòàíó âèõiäíî¨ ñèñòåìè òà ñïîñòåðiãà÷à: e(t) = z(t) − z̃(t) =

= (∆1, δ1, . . . ,∆N , δN)
T . Äëÿ îïèñó äèíàìiêè ïîõèáêè âiäíiìåìî (4.10)

âiä (4.7) òà îòðèìà¹ìî
ė = (A− FC) e. (4.12)

Çáiæíiñòü ñïîñòåðiãà÷à îçíà÷à¹, ùî ïîõèáêà e(t) ïðÿìó¹ äî íóëÿ ïðè
t→ +∞. Òîìó äîñëiäæóâàòèìåìî íà ñòiéêiñòü ðîçâ'ÿçîê e(t) = 0 ðiâíÿí-

íÿ (4.12). Ðîçãëÿíåìî äîäàòíî âèçíà÷åíó êâàäðàòè÷íó ôîðìó

2W(e) =
N∑
j=1

∥Wj∥2H
(
δ2j + λj ∆

2
j

)
òà îá÷èñëèìî ¨¨ ïîõiäíó çà ÷àñîì âçäîâæ

òðà¹êòîðié ñèñòåìè (4.12):

Ẇ(e) = −
r∑

s=1

N∑
j=1

∥Wj∥2H λj ∆j fjs ·
N∑
i=1

Csi∆i = −
r∑

s=1

γs

(
N∑
j=1

Csj ∆j

)2
.

Îñêiëüêè γs > 0, áà÷èìî, ùî Ẇ(e) ⩽ 0. Òàêèì ÷èíîì, W(e) ¹ ôóíêöi¹þ

Ëÿïóíîâà äëÿ ñèñòåìè (4.12). Çãiäíî ç òåîðåìîþ Ëÿïóíîâà, òðèâiàëüíèé

ðîçâ'ÿçîê ñèñòåìè (4.12) ¹ ñòiéêèì.

Ïåðåâiðèìî, ÷è ñèñòåìà (4.12) äîïóñêà¹ íåòðèâiàëüíi òðà¹êòîði¨ íà ìíî-

æèíi Z =
{
e ∈ R2N

∣∣∣ Ẇ(e) = 0
}
. Îñêiëüêè γs > 0 äëÿ âñiõ s = 0, r, òî-

òîæíiñòü Ẇ(e) ≡ 0 îçíà÷à¹
N∑
j=1

Csj ∆j(t) ≡ 0, àáî, â ìàòðè÷íié ôîðìi,

Ce(t) ≡ 0, (4.13)

ùî, â ñâîþ ÷åðãó, ïðèçâîäèòü äî ðiâíîñòi íóëþ ïîõiäíèõ dn

dtn Ce(t) äëÿ âñiõ

n = 0, 1, . . . . Ç îãëÿäó íà (4.13), ñèñòåìà (4.12) íà ìíîæèíi Z çâîäèòüñÿ äî

ė(t) = Ae(t). (4.14)

Îá÷èñëþþ÷è ïîõiäíi Ce(t) äî (2N −1)-¨ âçäîâæ òðà¹êòîðié ñèñòåìè (4.14),
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îòðèìà¹ìî 2N ðiâíîñòåé âèãëÿäó dn

dtn Ce(t) = CAn e(t), n = 0, 1, . . . , 2N−1.

Òàêèì ÷èíîì, êîìïîíåíòè âåêòîðà e(t) çàäîâîëüíÿþòü íàñòóïíó ñèñòåìó

àëãåáðà¨÷íèõ ðiâíÿíü:

CAn e(t) = 0, n = 0, 1, . . . , 2N − 1. (4.15)

Îñêiëüêè ñèñòåìà (4.7), (4.9) ¹ ñïîñòåðåæóâàíîþ â ñèëó òåîðåìè 4.1, ñèñ-

òåìà (4.15) äîïóñêà¹ ëèøå òðèâiàëüíi ðîçâ'ÿçêè e(t) ≡ 0. Îòæå, ìíîæè-

íà Z íå ìiñòèòü íåòðèâiàëüíèõ òðà¹êòîðié ñèñòåìè (4.12). Çãiäíî ç òåî-

ðåìîþ Áàðáàøèíà�Êðàñîâñüêîãî, òðèâiàëüíèé ðîçâ'ÿçîê ñèñòåìè (4.12) ¹

àñèìïòîòè÷íî ñòiéêèì.

Çàóâàæåííÿ 4.1. Ó ðîçãëÿíóòîìó âèïàäêó ðiâíÿííÿ ïîõèáêè ñïîñòåðå-

æåíü (4.12) ¹ ëiíiéíèì, òîìó âèêîíàííÿ îòðèìàíèõ óìîâ àñèìïòîòè÷íî¨

ñòiéêîñòi çàáåçïå÷ó¹ ãëîáàëüíó åêñïîíåíöiàëüíó çáiæíiñòü ó (4.11).

4.1.4. Ðåçóëüòàòè ÷èñåëüíîãî ìîäåëþâàííÿ. Ïðîiëþñòðó¹ìî ïî-

âåäiíêó òðà¹êòîðié ñèñòåìè ç êåðóâàííÿì (4.7), (4.9) òà äèíàìi÷íîãî ñïî-

ñòåðiãà÷à (4.10) çà äîïîìîãîþ ÷èñåëüíîãî ìîäåëþâàííÿ äëÿ N = 6 ìîä

êîëèâàíü. Êîìï'þòåðíi îá÷èñëåííÿ ïðîâåäåíi ç óðàõóâàííÿì ìåõàíi÷íèõ

ïàðàìåòðiâ, çàäàíèõ ó (3.23). Ó ðîçðàõóíêàõ ïåðåäáà÷à¹òüñÿ, ùî ìîäåëü

ðóõà¹òüñÿ ïiä äi¹þ ïåðiîäè÷íî¨ ñèëè F0 = sin 4t, à â ÿêîñòi âèõiäíèõ ñèãíà-

ëiâ ðîçãëÿäà¹òüñÿ ïîïåðå÷íå ïåðåìiùåííÿ áàëêè â òî÷öi x = ℓ0, òîáòî ïðè-

ïóñêà¹òüñÿ, ùî ï'¹çîàêòóàòîðè âèìêíåíi, à âèõiäíi ñèãíàëè ï'¹çîñåíñîðiâ

íå âðàõîâóþòüñÿ. Êðiì òîãî, äëÿ ÷èñåëüíèõ ðîçðàõóíêiâ îáðàíî ïàðàìåòð

ïiäñèëåííÿ ñïîñòåðiãà÷à γ1 = 3 i ïî÷àòêîâi óìîâè z̃(0) = 0, qi(0) = 0.1,

pi(0) = 0.1, i = 1, N .

Íà ðèñ. 4.1 ïðåäñòàâëåíî çàãàëüíó çâàæåíó ïîõèáêó

∥e(t)∥2 = κ
2

N∑
j=1

(∆j(t))
2 + m

2

N∑
j=1

(δj(t))
2, òîäi ÿê ãðàôiêè âèñîêî÷àñòîòíî¨

êîìïîíåíòè ïîõèáêè ñïîñòåðåæåííÿ çîáðàæåíî íà ðèñ. 4.2 òà 4.3. Íàâåäå-

íi ÷àñîâi ãðàôiêè iëþñòðóþòü çáiæíiñòü çàïðîïîíîâàíîãî ñïîñòåðiãà÷à äëÿ

ðîçãëÿíóòî¨ áàãàòîâèìiðíî¨ ìîäåëi.
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Ðèñ. 4.1: Ãðàôiê ôóíêöi¨ ∥e(t)∥2

Ðèñ. 4.2: Ãðàôiê ôóíêöi¨
κ
2 (∆N(t))

2 + m
2 (δN(t))

2

Ðèñ. 4.3: Ãðàôiê ôóíêöi¨
κ
2 (qN(t)−q̄N(t))

2+m
2 (pN(t)−p̄N(t))2

4.2. Ñèíòåç ñïîñòåðiãà÷à äëÿ êëàñó íåñêií÷åííîâèìiðíèõ

êîëèâàëüíèõ ïðóæíèõ ñèñòåì

Ó öüîìó ïiäðîçäiëi äîñëiäæó¹òüñÿ çàäà÷à ñïîñòåðåæåííÿ äëÿ êëàñó

ïðóæíèõ ìåõàíi÷íèõ ñèñòåì ó íåñêií÷åííîâèìiðíîìó ïðîñòîði. Äàíèé ðå-

çóëüòàò ¹ óçàãàëüíåííÿì îòðèìàíîãî â ïiäðîçäiëi 4.1 àëãîðèòìó ïîáóäîâè

ñïîñòåðiãà÷à, ÿêèé áóëî çàïðîïîíîâàíî äëÿ ñêií÷åííîâèìiðíèõ íàáëèæåíü
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çàäà÷i ïðî êîëèâàííÿ ïðóæíî¨ áàëêè ç òâåðäèì òiëîì.

4.2.1. Íåñêií÷åííîâèìiðíà ñèñòåìà êåðóâàííÿ ç âèõîäîì. Ââå-

äåìî ó ðîçãëÿä ïðîñòið H = ℓ2× ℓ2, äå ℓ2 � ïðîñòið äiéñíèõ ïîñëiäîâíîñòåé

{an}∞n=1, äëÿ ÿêèõ
∞∑
n=1

a2n < ∞. Ðîçãëÿíåìî íåñêií÷åííîâèìiðíó ñèñòåìó ç

êåðóâàííÿì òà âèõîäîì:

ż = Az +Bu, z ∈ H, u ∈ Rk+1, (4.16)

y = Cz, y ∈ Rr, k, r ∈ N. (4.17)

Âåêòîð ñòàíó z =

(
ξ

η

)
ñêëàäà¹òüñÿ ç êîìïîíåíò ξ=(ξ1, ξ2, . . .)

T ∈ ℓ2 òà

η=(η1, η2, . . .)
T ∈ℓ2. Êåðóâàííÿ u=(u0, u1, . . . , uk)

T i âèõiä y=(y1, . . . , yr)
T

¹ ñêií÷åííîâèìiðíèìè âåêòîðàìè.

Íàñòóïíà ôîðìóëà çàäà¹ ñêàëÿðíèé äîáóòîê ó äiéñíîìó ãiëüáåðòîâîìó

ïðîñòîði H, óñïàäêîâàíèé âiä ñòàíäàðòíîãî ñêàëÿðíîãî äîáóòêó ïðîñòî-

ðó ℓ2:

〈(
ξ

η

)
,

(
ξ̃

η̃

)〉
H

=
∞∑
j=1

(
ξj ξ̃j + ηj η̃j

)
. Îïåðàòîðè A : D(A) → H,

B : Rk+1→H, C :H→Rr âèçíà÷àþòüñÿ â òåðìiíàõ ξ- òà η-êîìïîíåíò âåê-

òîðà z ∈ H òàêèì ÷èíîì: A : z =

ξ
η

 7→ Az =

 Ωη

−Ωξ

, Bu =

 0

B1u

,
Cz=C1ξ, äå Ω = diag(ω1, ω2, . . .), à îïåðàòîðè B1 : Rk+1 → ℓ2, C1 : ℓ

2 → Rr

çàäàíi íàñòóïíèì ÷èíîì: B1 = (B̆0, . . . , B̆k), B̆i = (b1i, b2i, . . .)
T , i = 0, k,

C1 = (C̆1, C̆2, . . .), C̆j = (c1j, . . . , crj)
T , j ∈ N. Ïðè öüîìó

∞∑
j=1

b2ji < ∞,

∞∑
j=1

c2sj <∞, s = 1, r. Òàê,D(A) =

{
z=

(
ξ

η

)
∈H

∣∣∣∣∣ ∞∑
j=1

ω2
j

(
ξ2j + η2j

)
<∞

}
.

Áóäåìî â ïîäàëüøîìó ïðèïóñêàòè, ùî âiäîáðàæåííÿ A ìà¹ ñóòî óÿâíèé

ñïåêòð, òîìó íàêëàäåìî íà äiàãîíàëüíi åëåìåíòè ωj îïåðàòîðà Ω íàñòóïíå

ïðèïóùåííÿ.

Ïðèïóùåííÿ 4.1. Åëåìåíòè ωj îïåðàòîðà Ω ¹ äîäàòíèìè äiéñíèìè ÷èñ-

ëàìè, òàêèìè, ùî 0 < ω1 < ω2 < · · · < ωn < . . . .

Ñèñòåìà (4.16) ÿâëÿ¹ ñîáîþ îïåðàòîðíó ôîðìó øèðîêîãî êëàñó ìàòå-
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ìàòè÷íèõ ìîäåëåé êåðîâàíèõ ãíó÷êèõ êîíñòðóêöié. Äàëi áóäå ðîçãëÿíóòî

îêðåìèé âèïàäîê ñèñòåìè (4.16), îòðèìàíî¨ â ðåçóëüòàòi ìîäàëüíîãî àíà-

ëiçó êîëèâàíü ãíó÷êî¨ áàëêè ç ïðè¹äíàíîþ òî÷êîâîþ ìàñîþ, îïèñàíî¨ â

ðîçäiëi 2. Áóäå ïîêàçàíî, ùî ïðèïóùåííÿ 4.1 âèêîíó¹òüñÿ äëÿ öi¹¨ ìîäåëi â

ñèëó âëàñòèâîñòåé iíôiíiòåçèìàëüíîãî ãåíåðàòîðà.

Òåîðåìà 4.3. Íåõàé âèêîíàíî ïðèïóùåííÿ 4.1. Òîäi îïåðàòîð A ¹ ií-

ôiíiòåçèìàëüíèì ãåíåðàòîðîì C0-íàïiâãðóïè
{
etA
}
t⩾0

ó ïðîñòîði H.

Äîâåäåííÿ. Äîâåäåìî, ùî îïåðàòîð A ¹ ùiëüíî âèçíà÷åíèì â H. Çàóâà-

æèìî: ÿêùî z∈H, òî äëÿ áóäü-ÿêîãî ε>0 çíàéäåòüñÿ òàêå N>0, ùî
∞∑

j=N+1

(
ξ2j + η2j

)
< ε. (4.18)

Ðîçãëÿíåìî òàêèé âåêòîð

(
ξ̃

η̃

)
∈ D(A), äëÿ ÿêîãî ξ̃j = ξj, η̃j = ηj,

∀j = 1, N , à ξ̃j = 0, η̃j = 0, ∀j ⩾ N + 1. Â ñèëó (4.18),∥∥∥∥∥
(
ξ

η

)
−

(
ξ̃

η̃

)∥∥∥∥∥
H

=

 ∞∑
j=N+1

(
ξ2j + η2j

)1/2

< ε.

Îòæå, ó äîâiëüíî ìàëîìó ε-îêîëi áóäü-ÿêîãî åëåìåíòó H çíàéäåòüñÿ åëå-

ìåíò D(A). Òîáòî, îáëàñòü âèçíà÷åííÿ îïåðàòîðà A ¹ ùiëüíîþ â H.

Äëÿ äîâiëüíîãî z ∈ D(A) ìà¹ìî ⟨Az, z⟩H =
∞∑
j=1

(ωj ηj ξj − ωj ξj ηj) ≡ 0,

îòæå âèêîíó¹òüñÿ íåðiâíiñòü

⟨Az, z⟩H + ⟨z, Az⟩H ⩽ 0 (4.19)

äëÿ âñiõ z ∈ D(A). Âiäïîâiäíî äî îçíà÷åííÿ 1.16, âiäîáðàæåííÿ A ¹ äèñè-

ïàòèâíèì. Ïîáóäó¹ìî îáåðíåíèé äî A îïåðàòîð A−1. Äëÿ öüîãî ðîçâ'ÿæåìî

ðiâíÿííÿ

Az = ẑ (4.20)

âiäíîñíî z ∈ D(A) äëÿ äîâiëüíîãî ẑ ∈ H. Ðiâíÿííÿ (4.20) ÿâëÿ¹ ñîáîþ
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ñèñòåìó ðiâíÿíü

ωj ηj = ξ̂j,

ωj ξj = η̂j,
j = 1, 2, . . .

iç ðîçâ'ÿçêîì ξj = − 1
ωj
η̂j, ηj = 1

ωj
ξ̂j, j = 1, 2, . . . . Òàêèì ÷èíîì, îïå-

ðàòîð A−1 : H → H ìîæíà çàäàòè ó âèãëÿäi A−1 =

(
0 −Ã1

Ã1 0

)
, äå

Ã1 = diag

(
1

ω1
,
1

ω2
, . . .

)
. Íåñêëàäíî ïåðåâiðèòè, ùî

∥∥A−1z
∥∥2
H
=

∥∥∥∥∥
(
− η1
ω1
, − η2

ω2
, . . . ,

ξ1
ω1
,
ξ2
ω2
, . . .

)T ∥∥∥∥∥
2

H

=
∞∑
j=1

1

ω2
j

(
ξ2j + η2j

)
.

Çãiäíî ç ïðèïóùåííÿì 4.1, {ωj}∞j=1 � çðîñòàþ÷à ïîñëiäîâíiñòü, òîìó âèêî-

íàíî íàñòóïíó îöiíêó:
∥∥A−1z

∥∥2
H
⩽ 1

ω2
1
∥z∥2H , ∀z ∈ H, òîáòî A−1 ¹ îáìåæåíèì

âiäîáðàæåííÿì. Òàêèì ÷èíîì äîâåäåíî, ùî îïåðàòîð A ¹ çàìêíåíèì â H.

Ïîáóäó¹ìî ðåçîëüâåíòó R(λ;A) îïåðàòîðà A äëÿ äåÿêîãî λ > 0. Äëÿ

öüîãî ðîçâ'ÿæåìî ðiâíÿííÿ

(I− λA) z = ẑ, λ > 0 (4.21)

âiäíîñíî z ∈ D(A) äëÿ äîâiëüíîãî ẑ ∈ H. Òóò, ÿê çàçíà÷àëîñÿ ðàíiøå,

ñèìâîëîì I ïîçíà÷à¹òüñÿ òîòîæíå âiäîáðàæåííÿ.

Ðiâíÿííÿ (4.21) ìîæíà çàïèñàòè ó âèãëÿäi ñèñòåìè ðiâíÿíü

ξj − λωj ηj = ξ̂j,

ηj + λωj ξj = η̂j,
j = 1, 2, . . . ,

÷è¨ì ðîçâ'ÿçêîì ¹

ξj =
1

1 + λ2 ω2
j

ξ̂j +
λωj

1 + λ2 ω2
j

η̂j,

ηj = − λωj

1 + λ2 ω2
j

ξ̂j +
1

1 + λ2 ω2
j

η̂j,
j = 1, 2, . . . .

Òàêèì ÷èíîì, ðåçîëüâåíòó R(λ;A) ìîæíà çàïèñàòè ÿê îïåðàòîð
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R(λ;A) = (I− λA)−1 =

(
R1 R2

−R2 R1

)
: H → H, çàäàíèé êîìïîíåíòàìè

R1 = diag

(
1

λ2 ω2
j + 1

, j = 1, 2, . . .

)
, R2 = diag

(
λωj

λ2 ω2
j + 1

, j = 1, 2, . . .

)
äëÿ äåÿêîãî λ > 0.

Îñêiëüêè âiäîáðàæåííÿ z 7→ R(λ;A)(z) âèçíà÷åíî äëÿ äîâiëüíîãî

z ∈ H, îáëàñòü çíà÷åíü I − λA ñïiâïàäà¹ ç H. Òîáòî, çà îçíà÷åííÿì 1.17,

îïåðàòîð A ¹ ìàêñèìàëüíèì. Êðiì òîãî, â ñèëó (4.19), âiäïîâiäíî äî îçíà-

÷åííÿ 1.17, îïåðàòîð A ¹ m-äèñèïàòèâíèì.

Îòæå, äîâåäåíî, ùî A : D(A) → H ¹ ùiëüíî âèçíà÷åíèì, m-äèñèïà-

òèâíèì i çàìêíåíèì. Çâiäñè âèïëèâà¹, ùî öåé îïåðàòîð çàäîâîëüíÿ¹ óìîâè

òåîðåìè Ëþìåðà�Ôiëëiïñà i òàêèì ÷èíîì ¹ ãåíåðàòîðîì C0-íàïiâãðóïè ó

ãiëüáåðòîâîìó ïðîñòîði H.

4.2.2. Ñèíòåç ñïîñòåðiãà÷à. Äëÿ ñèñòåìè (4.16), (4.17) ïîáóäó¹ìî

ñïîñòåðiãà÷ òèïó Ëóåíáåðãåðà ó âèãëÿäi íàñòóïíî¨ ñèñòåìè:

˙̃z(t) = (A− FC)z̃(t) +Bu(t) + Fy(t), (4.22)

òàêî¨, ùî äëÿ äîâiëüíèõ ïî÷àòêîâèõ óìîâ z(0), z̃(0) ∈ H òà áóäü-ÿêîãî

ïðèïóñòèìîãî êåðóâàííÿ u : [0,+∞) → Rk+1 âiäïîâiäíi ðîçâ'ÿçêè z(t) òà

z̃(t) ñèñòåì (4.16), (4.17) òà (4.22) çàäîâîëüíÿþòü óìîâó

∥z(t)− z̃(t)∥H → 0 ïðè t→ +∞. (4.23)

Äëÿ ïîáóäîâè ñïîñòåðiãà÷à ó ôîðìi (4.22) íåîáõiäíî çàäàòè îïåðàòîð

F : Rr → H âèãëÿäó F =

(
f

g

)
ç êîìïîíåíòàìè f, g : Rr → ℓ2, ùî âè-

çíà÷àþòüñÿ ìàòðèöÿìè f = (fjs), g = (gjs), j ∈ N, s = 1, r. Ïðîïîíó¹òüñÿ

âèçíà÷èòè åëåìåíòè âiäîáðàæåííÿ F íàñòóïíèì ÷èíîì:

fjs = γs csj, gjs = 0, s = 1, r, j = 1, 2, . . . , (4.24)

äå γs > 0 � ïàðàìåòðè ïiäñèëåííÿ ñïîñòåðiãà÷à. Íèæ÷å áóäå ïîêàçàíî, ùî

çà òàêîãî âèáîðó êîìïîíåíòiâ F âèêîíàíî óìîâó (4.23).
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4.2.3. Äèíàìiêà ïîõèáêè ñïîñòåðiãà÷à. Ðîçãëÿíåìî ïîõèáêó ñïî-

ñòåðåæåíü ÿê ðiçíèöþ ìiæ âiäïîâiäíèìè ðîçâ'ÿçêàìè ðiâíÿíü (4.16) i (4.22):

e(t) = z(t)− z̃(t). Âiäíiìàþ÷è ïîêîìïîíåíòíî ðiâíÿííÿ (4.22) âiä ðiâíÿí-

íÿ (4.16) òà âðàõîâóþ÷è (4.17), îòðèìà¹ìî äèíàìiêó ïîõèáêè íàñòóïíîãî

âèãëÿäó:

ė(t) = (A− FC) e(t). (4.25)

Çàóâàæèìî, ùî óìîâà (4.23) åêâiâàëåíòíà óìîâi ∥e(t)∥H → 0 ïðè t → ∞,

äå e(t) � ðîçâ'ÿçîê ñèñòåìè (4.25).

4.2.4. Ïåðåäêîìïàêòíiñòü òðà¹êòîðié. Äëÿ äîâåäåííÿ àñèìïòî-

òè÷íî¨ ñòiéêîñòi íóëüîâî¨ ïîõèáêè âàæëèâó ðîëü âiäiãðà¹ âëàñòèâiñòü ïåðåä-

êîìïàêòíîñòi òðà¹êòîðié ñèñòåìè (4.25). Çãiäíî ç ðåçóëüòàòàìè, âèêëàäåíè-

ìè ó ðîáîòi [19], ïåðåäêîìïàêòíèìè ¹ òðà¹êòîði¨ â òîìó ÷èñëi òèõ ñèñòåì,

ÿêi çàäàþòüñÿ ãåíåðàòîðîì íàïiâãðóïè ç êîìïàêòíîþ ðåçîëüâåíòîþ. Òîìó

äîñëiäæåííÿ öi¹¨ âëàñòèâîñòi âèìàãà¹ ïîáóäîâè ðåçîëüâåíòè îïåðàòîðà, çà-

ïèñàíîãî â ïðàâié ÷àñòèíi (4.25).

Ïðèïóùåííÿ 4.2. Ðÿä
∞∑
i=1

1

ω2
i

çáiãà¹òüñÿ.

Òåîðåìà 4.4. Íåõàé âèêîíàíî ïðèïóùåííÿ 4.1, 4.2. Òîäi ðåçîëüâåíòó

R(λ;A− FC) êîðåêòíî âèçíà÷åíî ó ïðîñòîði H äëÿ äåÿêîãî λ > 0.

Äîâåäåííÿ. Ïîçíà÷èìî e(t)=

(
∆

δ

)
, äå∆=(∆1,∆2, . . .)

T, δ=(δ1, δ2, . . .)
T.

Òàêîæ ïîçíà÷èìî Ã = A − FC. Äëÿ òîãî, ùîá ïîáóäóâàòè ðåçîëüâåíòó

R(λ; Ã) îïåðàòîðà Ã, ðîçâ'ÿæåìî ðiâíÿííÿ

(Ã− λI)

(
∆

δ

)
=

(
∆̂

δ̂

)
(4.26)

âiäíîñíî

(
∆

δ

)
∈ H äëÿ äîâiëüíîãî

(
∆̂

δ̂

)
∈ H i äåÿêîãî λ > 0. Ðîçãëÿíå-

ìî ìàòðèöþ M = (Msp)
r
s,p=1 = λ γp

∞∑
i=1

csi cpi
λ2 + ω2

i

+ δsp òà ïîçíà÷èìî îáåðíåíó

äî íå¨ ìàòðèöþ ÿêM−1 =
(
M−1

sp

)r
s,p=1

. Òóò δsp âèêîðèñòîâó¹òüñÿ ó çíà÷åííi
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ñèìâîëó Êðîíåêåðà. Çàóâàæèìî, ùî äëÿ äîñòàòíüî ìàëèõ λ > 0 ìàòðè-

öÿ M ¹ ìàëèì çáóðåííÿì òîòîæíî¨ ìàòðèöi, òîìó iñíó¹ îáåðíåíà ìàòðèöÿ

M−1, äëÿ ÿêî¨ âèêîíàíî îöiíêó
∥∥M−1

∥∥ ⩽ 1 + O(λ) ïðè λ → 0. Ðîçâ'ÿçîê

ðiâíÿííÿ (4.26) çàïèøåìî íàñòóïíèì ÷èíîì:

∆j = − 1

λ2 + ω2
j

(
λ ∆̂j + ωj δ̂j + λ

r∑
s=1

γs csj ϕs

)
,

δj =
1

λ2 + ω2
j

(
ωj ∆̂j − λ δ̂j + ωj

r∑
s=1

γs csj ϕs

)
.

(4.27)

Ïàðàìåòðè ϕs, s = 1, r, ìîæíà îòðèìàòè ç ðiâíîñòi (ϕ1, . . . , ϕr)
T =M−1 M̌ ,

äå M̌ = −colon

( ∞∑
i=1

csi
λ2 + ω2

i

(
λ ∆̂i + ωi δ̂i

)
, s = 1, r

)
. Òàêèì ÷èíîì,

ϕs = −
r∑

p=1
M−1

sp

∞∑
i=1

cpi
λ2 + ω2

i

(
λ ∆̂i + ωi δ̂i

)
, s = 1, r. Ïðèïóùåííÿ 4.2 ãàðàí-

òó¹ çáiæíiñòü ðÿäiâ ó ïîïåðåäíié ôîðìóëi.

Ðåçîëüâåíòà R(λ; Ã) : H → H çàäà¹òüñÿ ìàòðèöåþ

(
R1 R2

R3 R4

)
iç êîì-

ïîíåíòàìè íàñòóïíîãî âèãëÿäó:

R1
ji =

λ

λ2 + ω2
j

(
λ

λ2 + ω2
i

r∑
s,p=1

γsM
−1
sp csj cpi − δji

)
, R3

ji = −ωj

λ
R1

ji,

R2
ji =

1

λ2 + ω2
j

(
λωi

λ2 + ω2
j

r∑
s,p=1

γsM
−1
sp csj cpi − ωj δji

)
,

R4
ji = − 1

λ2 + ω2
j

(
ωj ωi

λ2 + ω2
i

r∑
s,p=1

γsM
−1
sp csj cpi + λ δji

)
, j, i ∈ N.

Îñêiëüêè íàâåäåíi âèùå ôîðìóëè çàäàþòü ðîçâ'ÿçîê ðiâíÿííÿ (4.26) iç äî-

âiëüíîþ ïðàâîþ ÷àñòèíîþ ç ïðîñòîðó H, òî îáëàñòþ âèçíà÷åííÿ ïîáóäîâà-

íî¨ òàêèì ÷èíîì ðåçîëüâåíòè ¹ âåñü ïðîñòið H.

Òåîðåìà 4.5. ßêùî âèêîíàíî ïðèïóùåííÿ 4.2, òî êîæíà äîäàòíà íà-

ïiâòðà¹êòîðiÿ {e(t)}t⩾0 ñèñòåìè (4.25) ¹ ïåðåäêîìïàêòíîþ â H.

Äîâåäåííÿ. Äîâåäåìî êîìïàêòíiñòü âiäîáðàæåííÿ R(λ; Ã). Ç öi¹þ ìå-

òîþ ðîçãëÿíåìî íîðìó Ãiëüáåðòà�Øìiäòà îïåðàòîðà (aij)=R(λ; Ã), ÿêà çà-

äà¹òüñÿ íàñòóïíèì ÷èíîì: ∥aij∥ =

√
∞∑
i=1

∞∑
j=1

(aij)2. Çàñòîñóâàâøè íåðiâíiñòü
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Êîøi�Áóíÿêîâñüêîãî�Øâàðöà, îòðèìà¹ìî òàêó îöiíêó:∥∥∥R(λ; Ã)∥∥∥2 ⩽ 2
∞∑

j,i=1

1

ω2
j

 1

ω2
i

(
r∑

s,p=1

γsM
−1
sp csj cpi

)2
+ 2

 . (4.28)

Îñêiëüêè
∣∣M−1

sp

∣∣ ⩽ ∥∥M−1
∥∥, îöiíêà (4.28) âèðàçó ∥∥∥R(λ; Ã)∥∥∥2 ñïðàâäæó¹òüñÿ,

ÿêùî csj òà ωj çàäîâîëüíÿþòü óìîâó çáiæíîñòi ðÿäó
∞∑
i=1

1

ω2
i

äëÿ âñiõ s = 1, r,

j = 1, 2, . . . . Òàêèì ÷èíîì ïîêàçàíî, ùî íîðìà Ãiëüáåðòà�Øìiäòà ðåçîëü-

âåíòè ¹ ñêií÷åííîþ. Çâiäñè âèïëèâà¹, ùî R(λ; Ã) : H → H ¹ êîìïàêòíèì

îïåðàòîðîì. Îñêiëüêè ðåçîëüâåíòà R(λ; Ã) = (Ã− λI)−1 ¹ êîìïàêòíîþ äëÿ

äåÿêîãî λ > 0, äîäàòíi òðà¹êòîði¨ ñèñòåìè (4.25) ¹ ïåðåäêîìïàêòíèìè â H

â ñèëó òåîðåìè Äàôåðìîñà�Ñëåìðîäà [19].

4.2.5. Àñèìïòîòè÷íà ñòiéêiñòü. Îñíîâíèì ðåçóëüòàòîì äàíîãî ïiä-

ðîçäiëó ¹ íàñòóïíà òåîðåìà ïðî àñèìïòîòè÷íó ñòiéêiñòü òðèâiàëüíîãî ðîç-

â'ÿçêó ðiâíÿííÿ ïîõèáêè ñïîñòåðiãà÷à.

Òåîðåìà 4.6. Íåõàé êîìïîíåíòè îïåðàòîðà F ó (4.22) âèçíà÷àþòüñÿ

ôîðìóëàìè (4.24) òà íåõàé âèêîíàíî íàñòóïíi óìîâè:

(i) 0 < ω1 < ω2 < . . . < ωn < . . . ;

(ii)
∞∑
i=1

1

ω2
i

<∞;

(iii) ¹äèíîþ iíâàðiàíòíîþ ïiäìíîæèíîþ ìíîæèíè KerC âiäíîñíî íàïiâ-

ãðóïè
{
etA
}
t⩾0

¹ îäíîòî÷êîâà ìíîæèíà {0};
(iv) äëÿ êîæíîãî j ∈ N iñíó¹ òàêå s = 1, r, ùî

csj ̸= 0. (4.29)

Òîäi ðîçâ'ÿçîê e(t) = 0 ðiâíÿííÿ (4.25) ¹ àñèìïòîòè÷íî ñòiéêèì.

Äîâåäåííÿ. Â ÿêîñòi ôóíêöi¨ Ëÿïóíîâà ðîçãëÿíåìî íàñòóïíó äîäàòíî-

âèçíà÷åíó êâàäðàòè÷íó ôîðìó â H: W(e) =
∞∑
j=1

(
∆2

j + δ2j
)
òà îá÷èñëèìî ¨¨

ïîõiäíó çà ÷àñîì âçäîâæ òðà¹êòîðié ñèñòåìè (4.25):

Ẇ(e) = −2
∞∑
j=1

∞∑
i=1

r∑
s=1

csi∆i (fjs∆j + gjs δj) .
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ßêùî fjs òà gjs çàäàíi ôîðìóëàìè (4.24), òî

Ẇ(e) = −2
r∑

s=1

γs

( ∞∑
j=1

csj ∆j

)2
⩽ 0 äëÿ âñiõ

(
∆

δ

)
∈ D(A).

Çãiäíî ç òåîðåìîþ Ëÿïóíîâà ïðî ñòiéêiñòü, ñòàí ðiâíîâàãè e(t) ≡ 0 ñèñòå-

ìè (4.25) ¹ ñòiéêèì.

Äëÿ äîâåäåííÿ àñèìïòîòè÷íî¨ ñòiéêîñòi ðîçãëÿíåìî ìíîæèíó

Z =
{
e
∣∣∣ Ẇ(e) ≡ 0

}
, äå e(t) � ðîçâ'ÿçîê ñèñòåìè (4.25). Ç ðiâíîñòi

Ce(t) = 0 (4.30)

òà ñòðóêòóðè ìíîæèíè Z âèïëèâà¹, ùî Z = KerC. Óìîâà (iii) òàêèì ÷èíîì
ÿâëÿ¹ ñîáîþ óìîâó òåîðåìè ËàÑàëëÿ [77, Òåîðåìà 3.64], çãiäíî ç ÿêîþ òðè-

âiàëüíèé ðîçâ'ÿçîê äèíàìiêè ïîõèáêè (4.25) ¹ àñèìïòîòè÷íî ñòiéêèì.

4.2.6. Êîëèâàííÿ ïðóæíî¨ áàëêè. Ñèñòåìà (4.16) ìîæå ðîçãëÿäà-

òèñÿ ÿê ìàòåìàòè÷íà ìîäåëü øèðîêîãî êëàñó êîëèâàëüíèõ ïðîöåñiâ. Çàäà÷ó

ïðî êîëèâàííÿ ïðóæíî¨ áàëêè ç ìàñîþ, íàâåäåíó â ðîçäiëi 2, ìîæíà çàïèñà-

òè ó äiàãîíàëüíîìó âèãëÿäi (4.16). Äëÿ öüîãî ïîáóäó¹ìî êîîðäèíàòíó ôîð-

ìó ðiâíÿíü ðóõó iç çàñòîñóâàííÿì ïðî¹êöié íà íåñêií÷åííîâèìiðíèé ìíî-

ãîâèä, óòâîðåíèé ó âèãëÿäi ëiíiéíî¨ îáîëîíêè âëàñíèõ ôóíêöié âiäïîâiäíî¨

ñïåêòðàëüíî¨ çàäà÷i. Â òàêîìó âèïàäêó äiàãîíàëüíi åëåìåíòè âiäîáðàæåí-

íÿ A âèçíà÷àòèìóòüñÿ ÷åðåç âiäïîâiäíi âëàñíi çíà÷åííÿ.

Àíàëîãi÷íî äî ìiðêóâàíü, ïðåäñòàâëåíèõ ó ïiäðîçäiëi 4.1.1, ðîçäiëè-

ìî çìiííi â îäíîðiäíié ÷àñòèíi âàðiàöiéíî¨ ôîðìè (2.3) íàñòóïíèì ÷èíîì:

w(x, t) = q(t)W (x), òà îòðèìà¹ìî ñïåêòðàëüíó çàäà÷ó òàêîãî âèãëÿäó:
d4

dx4
W (x) = ω2 ρ

EI
W (x), x ∈ (0, ℓ) \ {ℓ0},

W (0) = W (ℓ) = 0, W ′′(0) = W ′′(ℓ) = 0, W (·) ∈ C2[0, ℓ],

W ′′′(ℓ0 − 0)−W ′′′(ℓ0 + 0) =
κ − ω2m

EI
W (ℓ0).

(4.31)

Çàóâàæèìî, ùî çàäà÷à (4.31) ¹ àíàëîãi÷íîþ äî (4.1) ç âëàñíèìè çíà÷åí-

íÿìè ó âèãëÿäi êâàäðàòiâ äiàãîíàëüíèõ åëåìåíòiâ âiäîáðàæåííÿ Ω. Òîìó
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õàðàêòåðèñòè÷íå ðiâíÿííÿ çàäà÷i (4.31) ìà¹ âèãëÿä

Φ(ω) = 0, (4.32)

äå

Φ(ω) =
m

4µρ

(
(coshµ(ℓ− 2ℓ0)− coshµℓ) sinµℓ

+(cosµ(ℓ− 2ℓ0)− cosµℓ) sinhµℓ

)
− sinµℓ sinhµℓ

µ2

+
κ

4EIµ5

(
(coshµℓ− coshµ(ℓ− 2ℓ0)) sinµℓ

−(cosµ(ℓ− 2ℓ0) + cosµℓ) sinhµℓ

)
, µ =

( ρ

EI
ω2
)1/4

.

Çãiäíî ç íàñëiäêîì 3.1, ÷èñëà ωj óòâîðþþòü ñòðîãî çðîñòàþ÷ó ïîñëiäîâ-

íiñòü äîäàòíèõ äiéñíèõ ÷èñåë, òîáòî âèêîíàíî óìîâó 4.1. Êðiì òîãî, â ñèëó

àñèìïòîòè÷íèõ âëàñòèâîñòåé ω2
j , äîñëiäæåíèõ ó ðîçäiëi 3, ñïèðàþ÷èñü íà

ëåìó 3.4, ìîæåìî çàêëþ÷èòè íàñòóïíå.

Òâåðäæåííÿ 4.1. Íåõàé ωj � ðîçâ'ÿçêè ðiâíÿííÿ (4.32), j = 1, 2, . . . .

Òîäi ñèñòåìà ôóíêöié
{
e± i ωj t

}∞
j=1

¹ ω-ëiíiéíî íåçàëåæíîþ ó L2(0, τ) äëÿ

âñiõ τ > 0.

Ðîçãëÿäàòèìåìî ôóíêöi¨ Wj(x) ó ïðîñòîði Ñîáîë¹âà H1(0, ℓ), â ÿêîìó

êîðåêòíî âèçíà÷åíî áiëiíiéíó ôîðìó

⟨Wi,Wj⟩H̃ =

ℓ∫
0

ρWi(x)Wj(x)dx+mWi(ℓ0)Wj(ℓ0) (4.33)

òà âiäïîâiäíó êâàäðàòè÷íó ôîðìó ∥Wj∥2H̃ = ⟨Wj,Wj⟩H̃ . Âëàñíi ôóíêöi¨
Wj(x), j ∈ N óòâîðþþòü ω-ëiíiéíî íåçàëåæíó îðòîãîíàëüíó (ëåìà 4.1)

ñèñòåìó âiäïîâiäíî äî (4.33). Âiçüìåìî âëàñíi ôóíêöi¨ W1(x),W2(x), . . . ,

ùî âiäïîâiäàþòü âëàñíèì çíà÷åííÿì ω2
1, ω

2
2, . . . , i ðîçãëÿíåìî íåñêií÷åííî-

âèìiðíèé ëiíiéíèé ìíîãîâèä S = span {W1(x),W2(x), . . . }. Ðîçãëÿäàòèìå-
ìî (2.3) ç w, δw ∈ S, à ñàìå w(x, t) =

∞∑
i=1

qiWi(x), δw(x, t) = Wj(x). Òóò

qi = qi(t) � êîåôiöi¹íòè ëiíiéíî¨ êîìáiíàöi¨. Ïiñëÿ iíòåãðóâàííÿ ÷àñòèíà-

ìè ç óðàõóâàííÿì îðòîãîíàëüíîñòi âëàñíèõ ôóíêöié, îòðèìà¹ìî íàñòóïíó
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íåñêií÷åííîâèìiðíó ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü:

q̈j + ω2
j qj =

Wj(ℓ0)

∥Wj∥2H̃
u0 +

1

∥Wj∥2H̃

k∑
i=1

ui

ℓ∫
0

ψi(x)W
′′
j (x)dx, j = 1, 2, . . . .

(4.34)

Ñèñòåìà (4.34) â òàêié iíòåðïðåòàöi¨ ÿâëÿ¹ ñîáîþ îðòîãîíàëüíó ïðî¹êöiþ

ðiâíÿíü ðóõó îïèñàíî¨ â ðîçäiëi 2 ïðóæíî¨ áàëêè ç òâåðäèì òiëîì íà íå-

ñêií÷åííîâèìiðíèé ëiíiéíèé ìíîãîâèä S. Ó öüîìó êîíòåêñòi ìè ðîçãëÿäà¹ìî

äàíi csj ÿê ïàðàìåòðè âèõiäíèõ ñèãíàëiâ, ùî íàäõîäÿòü âiä ñåíñîðiâ, ðîçòà-

øîâàíèõ ó òî÷êàõ x = ℓs áàëêè, ïðè ÷îìó c1j = Wj(ℓ0) òà csj = W ′′
j (ℓs−1),

s = 2, r, j = 1, 2, . . .. Êåðóâàííÿ u0 ðîçãëÿäà¹òüñÿ ÿê ñèëà, ïðèêëàäåíà

äî øåéêåðà ó òî÷öi x = ℓ0, à u1, . . . , uk � ÿê êåðóþ÷i âïëèâè k ï'¹çî-

åëåêòðè÷íèõ àêòóàòîðiâ, bj0 =
Wj(ℓ0)

∥Wj∥2H̃
, bjp = 1

∥Wj∥2H̃

ℓ∫
0

ψp(x)W
′′
j (x)dx, p = 1, k,

j = 1, 2, . . . . Äàëi ïîçíà÷èìî ξj = ωj qj òà ηj = q̇j, âiäïîâiäíî, j = 1, 2, . . .,

òà ïðèïóñêàòèìåìî ξ = (ξ1, ξ2, . . .)
T ∈ ℓ2, η = (η1, η2, . . .)

T ∈ ℓ2, â ðåçóëüòàòi

÷îãî îòðèìà¹ìî ñèñòåìó çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ïåðøîãî ïî-

ðÿäêó, çàïèñàíó â àáñòðàêòíié ôîðìi (4.16)�(4.17). Òåïåð òâåðäæåííÿ òåî-

ðåìè 4.6 ìîæíà ïåðåíåñòè íà ðîçãëÿíóòó ãiáðèäíó ñèñòåìó.

Òåîðåìà 4.7. Íåõàé êîìïîíåíòè ω1, ω2, . . . îïåðàòîðà A ó (4.16) ¹

ðîçâ'ÿçêàìè ðiâíÿííÿ (4.32), òà íåõàé îïåðàòîð F ó (4.25) âèçíà÷åíî ôîð-

ìóëàìè (4.24) ç äîâiëüíèìè äîäàòíèìè ïàðàìåòðàìè γs, s = 1, r. ßêùî

äëÿ êîæíîãî j = 1, 2, . . . iñíó¹ òàêå s = 1, r, ùî âèêîíàíî (4.29), òî òðè-

âiàëüíèé ðîçâ'ÿçîê e(t) = 0 ñèñòåìè (4.25) ¹ àñèìïòîòè÷íî ñòiéêèì.

Äîâåäåííÿ. Çàìiñòü ïîêðîêîâîãî äîâåäåííÿ, ïîêàæåìî êëþ÷îâi âiäìií-

íîñòi öüîãî âèïàäêó âiä òåîðåìè 4.6. Òóò ìè íå ìà¹ìî ó ñâî¹ìó ðîçïîðÿä-

æåííi âèìîãè, ùîá ¹äèíèì iíâàðiàíòíèì ïiäïðîñòîðîì KerC áóëà ìíîæè-

íà {e(t) ≡ 0} (ïðèïóùåííÿ 4.1).
Çàóâàæèìî, ùî ñèñòåìà (4.25) âèðîäæó¹òüñÿ íà KerC ó íàñòóïíó:

ė(t) = Ae(t). (4.35)
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Çàäàìî ïî÷àòêîâi óìîâè

e(0) = e0 ∈ H. (4.36)

Âíàñëiäîê òåîðåìè 4.3 çàäà÷ó Êîøi (4.35), (4.36) ïîñòàâëåíî êîðåêòíî ó

ïðîñòîði H. �¨ çàãàëüíèé ðîçâ'ÿçîê ìîæíà çàïèñàòè íàñòóïíèì ÷èíîì:

e(t) = etA e0. (4.37)

Ïiäñòàíîâêà (4.37) ó (4.30) ïðèçâîäèòü äî CetA e0 ≡ 0, àáî
∞∑
j=1

csj
(
ξj(0) cosωj t+ ηj(0) sinωj t

)
= 0, s = 1, r. (4.38)

Çãiäíî ç òâåðäæåííÿì 4.1, ñèñòåìà ôóíêöié {cosωj t, sinωj t}∞j=1 ¹

ω-ëiíiéíî íåçàëåæíîþ ó L2(0, τ) äëÿ äîâiëüíîãî τ > 0, îñêiëüêè ωj çà-

äîâîëüíÿþòü ðiâíÿííÿ (4.32). Âðàõîâóþ÷è óìîâó (4.29), âëàñòèâiñòü (4.38)

âèêîíàíî òiëüêè äëÿ ξj(0) = 0, ηj(0) = 0, ∀j = 1, 2, . . ., òîáòî äëÿ e0 ≡ 0.

Òàêèì ÷èíîì, ¹äèíèì ðîçâ'ÿçêîì ñèñòåìè (4.35) íà KerC ¹ òðèâiàëüíèé

ðîçâ'ÿçîê. Îòæå, ¹äèíîþ iíâàðiàíòíîþ ïiäìíîæèíîþ ìíîæèíè KerC âiä-

íîñíî íàïiâãðóïè
{
etA
}
t⩾0

¹ òî÷êà e = 0. Áà÷èìî, ùî ïðèïóùåííÿ 4.1 âè-

êîíàíî â äàíîìó âèïàäêó çàâäÿêè àñèìïòîòè÷íîìó ðîçïîäiëó âëàñíèõ çíà-

÷åíü. Òàê, óìîâè òåîðåìè 4.6 âèêîíàíî, ùî äîçâîëÿ¹ çðîáèòè âèñíîâîê ïðî

àñèìïòîòè÷íó ñòiéêiñòü òðèâiàëüíî¨ ïîõèáêè ñïîñòåðåæåíü.

4.2.7. Ðåçóëüòàòè îá÷èñëåíü. Ðåçóëüòàòè, îòðèìàíi äëÿ ïðèêëàäó

ìîäåëi ãíó÷êî¨ áàëêè ç ìàñîþ, ìîæíà ïðîiëþñòðóâàòè çà äîïîìîãîþ ÷è-

ñåëüíèõ åêñïåðèìåíòiâ. Äëÿ iëþñòðàöi¨ äèíàìiêè ïîõèáêè ñïîñòåðiãà÷à íà-

âåäåìî ðåçóëüòàòè ÷èñåëüíîãî iíòåãðóâàííÿ ñêií÷åííîâèìiðíèõ íàáëèæåíü

ñèñòåì (4.16)�(4.17), (4.22) òà (4.25) ç iíäåêñàìè êîîðäèíàò j = 1, N , äå N �

çàäàíå íàòóðàëüíå ÷èñëî, ç ïî÷àòêîâèìè óìîâàìè ∆j(0) = δj(0) =
1

j ωj
.

Ïîçíà÷èìî ÷åðåç eN(t) ðîçâ'ÿçîê âiäïîâiäíî¨ (4.25) ñêií÷åííîâèìiðíî¨

ñèñòåìè ç j = 1, N òà áóäåìî îá÷èñëþâàòè éîãî åâêëiäîâó íîðìó çà ôîð-

ìóëîþ ∥eN(t)∥ =

√
N∑
j=1

(∆2
j + δ2j ). Íèæ÷å íàâåäåíî ðåçóëüòàòè ÷èñåëüíîãî
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ìîäåëþâàííÿ ãíó÷êî¨ áàëêè äîâæèíè ℓ = 1, 875 ì iç òâåðäèì òiëîì, ïðè-

êðiïëåíèì ó òî÷öi ℓ0 = 1, 378 ì. Öåé âèáið ìåõàíi÷íèõ ïàðàìåòðiâ âiäïî-

âiäà¹ ìîäåëi, îïèñàíié ó [24]. Ïåðåäáà÷à¹òüñÿ, ùî âèõiäíi äàíi çàáåçïå÷ó-

þòüñÿ ÷îòèðìà ï'¹çîåëåêòðè÷íèìè äàò÷èêàìè, ðîçòàøîâàíèìè ó òî÷êàõ

ℓ1 = 0, 075 ì, ℓ2 = 0, 716 ì, ℓ3 = 1, 128 ì òà ℓ4 = 1, 555 ì. ×èñåëüíå iíòåã-

ðóâàííÿ âèêîíàíî äëÿ ñêií÷åííîâèìiðíî¨ äèíàìiêè ïîõèáêè ç ðåæèìàìè

âiáðàöi¨ N = 16 òà N = 40.

Íà ðèñóíêàõ 4.4 òà 4.5 çîáðàæåíî, âiäïîâiäíî, ∥e16∥2 òà ∥e40∥2 ç ïàðàìåò-
ðàìè ïiäñèëåííÿ γi = 0, 8, γi = 6 òà γi = 12 äëÿ i = 0, 4; íà ðèñ. 4.6 � ïåðøi

øiñòü ìîäàëüíèõ âiäõèëåíü ∆i(t) ç ïàðàìåòðàìè ïiäñèëåííÿ ñïîñòåðiãà÷à

γi = 6, i = 1, 6.

Ðèñ. 4.4: Ãðàôiê çìiíè ∥e16∥2

ç ÷àñîì

Ðèñ. 4.5: Ãðàôiê çìiíè ∥e40∥2

ç ÷àñîì

ßê áà÷èìî, ðåçóëüòàòè ÷èñåëüíîãî ìîäåëþâàííÿ iëþñòðóþòü åêñïîíåí-

öiàëüíó çáiæíiñòü äèíàìiêè ñêií÷åííîâèìiðíî¨ ïîõèáêè. Òàêîæ âèäíî, ùî

ðîçâ'ÿçêè ñèñòåìè áiëüøî¨ ðîçìiðíîñòi (N = 40) ñïàäàþòü ïîâiëüíiøå, íiæ

ðîçâ'ÿçêè ç N = 16 äëÿ âåëèêèõ çíà÷åíü t.
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Ðèñ. 4.6: Ãðàôiêè êîìïîíåíò ∆1(t), . . . ,∆6(t)

Âèñíîâêè äî ðîçäiëó 4

Ó ðîçäiëi 4 ðîçâ'ÿçàíî çàäà÷ó ñïîñòåðåæåííÿ äëÿ äâîõ êëàñiâ ëiíiéíèõ

äèíàìi÷íèõ ñèñòåì. Ïiäðîçäië 4.1 ïðèñâÿ÷åíî äîñëiäæåííþ ñïîñòåðåæóâà-

íîñòi ñêií÷åííîâèìiðíî¨ ñèñòåìè, îòðèìàíî¨ íà îñíîâi ìîäàëüíîãî àíàëiçó

êîëèâàíü ïðóæíî¨ áàëêè ç òâåðäîþ ìàñîþ, îïèñàíî¨ â ðîçäiëi 2. Ó ïiäðîçäi-

ëi 4.2 ðîçãëÿíóòî êëàñ íåñêií÷åííîâèìiðíèõ ñèñòåì êåðóâàííÿ ç âèõiäíèìè

äàíèìè â ãàìiëüòîíîâié ôîðìi ç óçàãàëüíåíèìè êîîðäèíàòàìè. Ïðîàíàëi-

çîâàíî âëàñòèâîñòi iíôiíiòåçèìàëüíîãî ãåíåðàòîðà, ÿêèé îïèñó¹ äîñëiäæó-

âàíó ñèñòåìó.

Çàïðîïîíîâàíî ÿâíó ñõåìó ñèíòåçó ñïîñòåðiãà÷à òèïó Ëóåíáåðãåðà äëÿ

îáîõ ðîçãëÿíóòèõ ñèñòåì i äîâåäåíî, ùî ïîõèáêà ñïîñòåðiãà÷à àñèìïòîòè÷íî

ïðÿìó¹ äî íóëÿ çà äîñòàòíüî çàãàëüíèõ ïðèïóùåíü.

Äëÿ ñèñòåìè ó íåñêií÷åííîâèìiðíîìó ïðîñòîði îòðèìàíî äîñòàòíi óìî-

âè iñíóâàííÿ ðåçîëüâåíòè. Äîâåäåíî, ùî ðîçãëÿíóòèé îïåðàòîð ïîðîäæó¹

ñèëüíî íåïåðåðâíó íàïiâãðóïó îïåðàòîðiâ ó ãiëüáåðòîâîìó ïðîñòîði. Çà-

ïðîïîíîâàíèé ñïîñòåðiãà÷ âðàõîâó¹ âõiäíó äiþ i äîïóñêà¹ äîâiëüíî âåëèêi

âõiäíi ñèãíàëè. Âií òàêîæ äîïóñêà¹ íåîáìåæåíi âèõîäè ÿê ôóíêöi¨ ÷àñó.
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Íà îñíîâi ïðèíöèïó iíâàðiàíòíîñòi îòðèìàíî äîñòàòíi óìîâè çáiæíîñòi ïî-

áóäîâàíîãî ñïîñòåðiãà÷à. Ðåçóëüòàò çàñòîñîâàíî äî ìîäåëi ïðóæíî¨ áàëêè,

ïðè¹äíàíî¨ äî ñèñòåìè ç çîñåðåäæåíèìè òà ðîçïîäiëåíèìè àêòóàòîðàìè.

Ó ðîçãëÿíóòîìó ïðèêëàäi ïðóæíî¨ áàëêè ïàðàìåòðè, íåîáõiäíi äëÿ ïîáó-

äîâè ñïîñòåðiãà÷à, åôåêòèâíî îá÷èñëþþòüñÿ â òåðìiíàõ âëàñíèõ çíà÷åíü i

âëàñíèõ ôóíêöié âiäïîâiäíî¨ ñïåêòðàëüíî¨ çàäà÷i. Çãàñàííÿ ïîõèáêè ñïîñòå-

ðåæåííÿ ç ÷àñîì ïðîiëþñòðîâàíî çà äîïîìîãîþ ÷èñåëüíîãî ìîäåëþâàííÿ

ñêií÷åííîâèìiðíèõ àïðîêñèìàöié äèíàìiêè ñïîñòåðiãà÷à.

Ðåçóëüòàòè, âèêëàäåíi â ðîçäiëi 4, îïóáëiêîâàíî â ðîáîòàõ [122] òà [123].
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ÐÎÇÄIË 5

ÍÀÁËÈÆÅÍI ÐÎÇÂ'ßÇÊÈ ÐIÂÍßÍÍß ÊÎËÈÂÀÍÜ

ÊÎÍÑÎËÜÍÎ� ÏÐÓÆÍÎ� ÁÀËÊÈ

Ó ïîïåðåäíüîìó ðîçäiëi ðîçãëÿäàëèñÿ ðiâíÿííÿ Ãàëüîðêiíà äëÿ øàðíið-

íî îïåðòî¨ áàëêè ç çîñåðåäæåíèìè òà ðîçïîäiëåíèìè êåðóþ÷èìè âïëèâàìè.

Â çàãàëüíîìó âèãëÿäi ïèòàííÿ ïðî çáiæíiñòü ìåòîäó Ãàëüîðêiíà äëÿ ïðóæ-

íèõ ñèñòåì ïîòðåáó¹ äîäàòêîâîãî âèâ÷åííÿ. Ó öüîìó ðîçäiëi íàâîäèòüñÿ

äîñëiäæåííÿ ìåòîäó Ãàëüîðêiíà äëÿ ðiâíÿíü ðóõó êîíñîëüíî çàêðiïëåíî¨

ïðóæíî¨ áàëêè.

5.1. Ðiâíÿííÿ êîëèâàíü êîíñîëüíî¨ ïðóæíî¨ áàëêè

ßê i â ïîïåðåäíiõ ðîçäiëàõ, ââàæàòèìåìî, ùî ôóíêöiÿ w(x, t) îïèñó¹

ïîïåðå÷íå ïåðåìiùåííÿ òî÷êè áàëêè ç êîîðäèíàòîþ x ∈ [0; ℓ] â ìîìåíò

÷àñó t ⩾ 0. Ðîçãëÿíåìî íåîäíîðiäíå äèôåðåíöiàëüíå ðiâíÿííÿ

ẅ(x, t) + a2w(4)(x, t) = f(x, t), (5.1)

äå ôóíêöiÿ f ∈ L2(D) îïèñó¹ çîâíiøíié ñèëîâèé âïëèâ, D = [0, ℓ]× [0, T ],

a2 � êîåôiöi¹íò æîðñòêîñòi áàëêè. Ïåðåäáà÷à¹òüñÿ, ùî êiíåöü iç êîîðäè-

íàòîþ x = 0 áàëêè æîðñòêî çàêðiïëåíèé, à êiíåöü iç êîîðäèíàòîþ x = ℓ

âiëüíèé. Òîáòî, ôóíêöiÿ w(x, t) çàäîâîëüíÿ¹ êðàéîâi óìîâè

w
∣∣∣
x=0

= w′∣∣∣
x=0

= 0, w′′∣∣∣
x=ℓ

= w′′′∣∣∣
x=ℓ

= 0, (5.2)

à òàêîæ ïî÷àòêîâi óìîâè

w
∣∣∣
t=0

= φ(x), ẇ
∣∣∣
t=0

= ψ(x), (5.3)

äå φ ∈
◦
H2(0, ℓ) =

{
φ ∈ H2(0, ℓ)

∣∣ φ(0) = φ′(0) = 0
}
, ψ ∈ L2(0, ℓ).

Ôóíêöiþ w(x, t) ∈ H2(D) áóäåìî íàçèâàòè óçàãàëüíåíèì ðîçâ'ÿçêîì çà-
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äà÷i (5.1)�(5.3), ÿêùî äëÿ íå¨ âèêîíàíî óìîâè w(0, t) = w′(0, t) = 0 òà

iíòåãðàëüíó òîòîæíiñòü
ℓ∫

0

T∫
0

(
w′′(x, t) v′′(x, t)−ẇ(x, t) v̇(x, t)

)
dtdx =

ℓ∫
0

T∫
0

f(x, t) v(x, t)dtdx (5.4)

äëÿ áóäü-ÿêî¨ ïðîáíî¨ ôóíêöi¨ v(x, t) ∈ Ĥ2(D), äå

Ĥ2(D) =

{
v ∈ H2(D)

∣∣∣∣ v∣∣∣
t=0

= v
∣∣∣
t=T

= 0, v
∣∣∣
x=0

= v′
∣∣∣
x=0

= 0

}
.

Äëÿ íàáëèæåíîãî ðîçâ'ÿçàííÿ çàäà÷i (5.1)�(5.3) çâåðíåìîñÿ äî ìåòî-

äó Ãàëüîðêiíà. Ïðèïóñòèìî, ùî ìà¹ìî ñiìåéñòâî ôóíêöié vj ∈ H2(0, ℓ),

ÿêi çàäîâîëüíÿþòü êðàéîâi óìîâè vj(0) = 0, v′j(0) = 0, j = 1, 2, . . . . Çà-

ôiêñó¹ìî ÷èñëî m ∈ N i ðîçãëÿíåìî ñêií÷åííîâèìiðíèé ëiíiéíèé ìíîãîâèä

Vm = span {v1, . . . , vm} ⊂ L2(0, ℓ). Ðîçâ'ÿçîê çàäà÷i (5.1)�(5.3) áóäåìî øóêà-

òè ó âèãëÿäi

wm(x, t) =
m∑
j=1

cj(t) vj(x), (5.5)

äå cj ∈ H2(0, T ), ∀j = 1,m.

Ôóíêöiþ wm(x, t) áóäåìî íàçèâàòè íàáëèæåíèì çà Ãàëüîðêiíèì ðîçâ'ÿç-

êîì ïîðÿäêó m çàäà÷i (5.1)�(5.3), ÿêùî âèêîíàíî iíòåãðàëüíó òîòîæíiñòü
ℓ∫

0

T∫
0

(
a2w′′

m(x, t) v
′′(x, t)− ẇm(x, t)v̇(x, t)

)
dtdx =

ℓ∫
0

T∫
0

f(x, t) v(x, t)dtdx

äëÿ áóäü-ÿêî¨ ïðîáíî¨ ôóíêöi¨ âèãëÿäó v(x, t) = vj(x) q(t), j = 1,m, äå

q ∈ C1[0, T ], q(0) = q(T ) = 0.

5.2. Ñïåêòðàëüíà çàäà÷à äëÿ êîíñîëüíî¨ ïðóæíî¨ áàëêè

Äëÿ ðîçâ'ÿçàííÿ çàäà÷i (5.1)�(5.3) ìåòîäîì Ãàëüîðêiíà ïîáóäó¹ìî ñèñ-

òåìó ôóíêöié v1(x), v2(x), . . . , ÿêi çàäîâîëüíÿþòü óìîâè vj(0) = v′j(0) = 0,

j = 1, 2, . . . . Íåõàé c(t)∈ C2[0, T ], v(x)∈ C4[0, ℓ] òà íåõàé w(x, t) = c(t)v(x)
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¹ ÷àñòêîâèì ðîçâ'ÿçêîì íàñòóïíî¨ îäíîðiäíî¨ çàäà÷i:

ẅ + a2w(4) = 0,

w
∣∣∣
x=0

= w′∣∣∣
x=0

= 0, w′′∣∣∣
x=ℓ

= w′′′∣∣∣
x=ℓ

= 0.

Òîäi
c̈(t)

a2 c(t)
=
v(4)(x)

v(x)
=λ=const, çâiäêè ìà¹ìî ñïåêòðàëüíó çàäà÷ó äëÿ v(x):v(4)(x) = λv(x), x ∈ (0, ℓ),

v(0) = v′(0) = v′′(ℓ) = v′′′(ℓ) = 0.
(5.6)

Çàäàìî ëiíiéíèé äèôåðåíöiàëüíèé îïåðàòîð A :D(A) → L2(0, ℓ) íàñòóïíèì

÷èíîì: Av(x) = v(4)(x), i çàïèøåìî çàäà÷ó (5.6) â îïåðàòîðíîìó âèãëÿäi:

Av(x) = λ v(x), x ∈ [0, ℓ],

D(A) =
{
v ∈ H4(0, ℓ)

∣∣ v(0) = v′(0) = v′′(ℓ) = v′′′(ℓ) = 0
}
.

Iñíó¹ îáåðíåíèé îïåðàòîð A−1 : L2(0, ℓ) → L2(0, ℓ),

A−1v(x) =

x∫
0

y∫
0

ℓ∫
τ

ℓ∫
z

v(ξ) dξ dz dτ dy.

Íåñêëàäíî ïåðåâiðèòè, ùî A−1 � ñàìîñïðÿæåíèé îïåðàòîð.

Ëåìà 5.1. Îïåðàòîð A−1 ¹ öiëêîì íåïåðåðâíèì.

Äîâåäåííÿ. Ç íåðiâíîñòi Êîøi�Áóíÿêîâñüêîãî�Øâàðöà ìà¹ìî ℓ∫
x

v(ξ)dξ

2

⩽

ℓ∫
x

dξ

ℓ∫
x

v2(ξ)dξ = (ℓ− x) ∥v∥2L2(x,ℓ) ⩽ ℓ ∥v∥2L2(0,ℓ) (5.7)

äëÿ âñiõ v ∈ L2(0, ℓ).

Íåõàé {vn(x)}∞n=1 ¹ îáìåæåíîþ â L2(0, ℓ) ïîñëiäîâíiñòþ. Ðîçãëÿíåìî ií-

òåãðàëüíèé îïåðàòîð A1 : L
2(0, ℓ) → L2(0, ℓ), ÿêèé çàäàìî íàñòóïíèì ÷è-

íîì: A1 vn =
ℓ∫
x

vn(ξ)dξ. Âèêîðèñòîâóþ÷è íåðiâíiñòü (5.7), îöiíèìî íîð-

ìó ∥A1vn∥ ó ïðîñòîði L2(0, ℓ):

∥A1 vn∥2L2(0,ℓ) =

ℓ∫
0

 ℓ∫
x

vn(ξ)dξ

2

dx ⩽

ℓ∫
0

ℓ ∥vn∥2L2(0,ℓ) dx = ℓ2 ∥vn∥2L2(0,ℓ) .

(5.8)
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Çàñòîñîâóþ÷è (5.8), îòðèìà¹ìî àíàëîãi÷íó îöiíêó ó ïðîñòîði H1(0, ℓ):

∥A1 vn∥2H1(0,ℓ) = ∥A1 vn∥2L2(0,ℓ) + ∥vn∥2L2(0,ℓ) ⩽ (ℓ2 + 1) ∥vn∥2L2(0,ℓ) . (5.9)

Ðîçãëÿíåìî îïåðàòîð A2 : L
2(0, ℓ) → L2(0, ℓ), ÿêèé äi¹ çà ôîðìóëîþ

A2 vn = A1(A1 vn) =
ℓ∫
x

ℓ∫
z

vn(ξ)dξ dz i îöiíèìî íîðìó ∥A2 vn∥ ó ïðîñòîði

H1(0, ℓ), âèêîðèñòîâóþ÷è îòðèìàíó îöiíêó (5.9):

∥A2 vn∥2H1(0,ℓ) ⩽ (ℓ2 + 1) ∥A1 vn∥2L2(0,ℓ) ⩽ ℓ2 (ℓ2 + 1) ∥vn∥2L2(0,ℓ) .

Ðîçãëÿíåìî òåïåð îïåðàòîð A3 : L
2(0, ℓ) → L2(0, ℓ), ÿêèé çàäàíî ôîðìó-

ëîþ A3 vn = A1(A2 vn) =
x∫
0

ℓ∫
τ

ℓ∫
z

vn(ξ)dξ dz dτ . Ñêîðèñòàâøèñü íåðiâíîñòÿ-

ìè (5.8) òà (5.9), îòðèìà¹ìî

∥A3 vn∥2H1(0,ℓ) ⩽ (ℓ2 + 1) ∥A2 vn∥2L2(0,ℓ) ⩽

⩽ ℓ2(ℓ2 + 1) ∥A1 vn∥2L2(0,ℓ) ⩽ ℓ4(ℓ2 + 1) ∥vn∥2L2(0,ℓ) .

Íàðåøòi, ðîçãëÿíåìî îïåðàòîð A4 : L
2(0, ℓ) → L2(0, ℓ), çàäàíèé íàñòóïíèì

÷èíîì: A4 vn = A1(A3 vn) =
x∫
0

y∫
0

ℓ∫
τ

ℓ∫
z

vn(ξ)dξ dz dτ dy. Çàóâàæèìî, ùî

A4 vn = A−1 vn. Çàñòîñó¹ìî (5.8) òà (5.9) äëÿ îöiíêè íîðìè ∥A4 vn∥ ó ïðîñ-

òîði H1(0, ℓ):

∥A4 vn∥2H1(0,ℓ) ⩽ (ℓ2 + 1) ∥A3 vn∥2L2(0,ℓ) ⩽ ℓ2(ℓ2 + 1) ∥A2 vn∥2L2(0,ℓ) ⩽

⩽ ℓ 4(ℓ2 + 1) ∥A1 vn∥2L2(0,ℓ) ⩽ ℓ 6(ℓ2 + 1) ∥vn∥2L2(0,ℓ)

òà ó ïðîñòîði H4(0, ℓ):

∥A4 vn∥2H4(0,ℓ) = ∥A4 vn∥2L2(0,ℓ) + ∥A3 vn∥2L2(0,ℓ) + ∥A2 vn∥2L2(0,ℓ)+

+ ∥A1 vn∥2L2(0,ℓ) + ∥vn∥2L2(0,ℓ) ⩽ C ∥vn∥2L2(0,ℓ) ,

äå C = ℓ 8 + ℓ 6 + ℓ 4 + ℓ 2 + 1 > 0.

Îòæå,
∥∥A−1 vn

∥∥2
H4(0,ℓ)

⩽ C ∥vn∥2L2(0,ℓ), òîáòî îïåðàòîð A
−1 ïåðåâîäèòü îá-

ìåæåíó â L2(0, ℓ) ïîñëiäîâíiñòü â îáìåæåíó âH4(0, ℓ) ïîñëiäîâíiñòü, à îáìå-

æåíà â H4(0, ℓ) ìíîæèíà ¹ ïåðåäêîìïàêòíîþ â L2(0, ℓ). Òàêèì ÷èíîì, îïå-

ðàòîð A−1 ïåðåâîäèòü îáìåæåíó â L2(0, ℓ) ìíîæèíó â ïåðåäêîìïàêòíó ìíî-

æèíó â L2(0, ℓ). Îòæå, îïåðàòîð A−1 ¹ öiëêîì íåïåðåðâíèì.
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Çãiäíî ç òåîðåìîþ Ãiëüáåðòà�Øìiäòà, âëàñíi ôóíêöi¨

v1(x), v2(x), . . . (5.10)

öiëêîì íåïåðåðâíîãî ñàìîñïðÿæåíîãî îïåðàòîðà A−1 óòâîðþþòü îðòîãî-

íàëüíèé áàçèñ ïðîñòîðó L2(0, ℓ). Ðîçãëÿíåìî çâóæåííÿ îáåðíåíîãî îïåðà-

òîðà, A−1 : H2(0, ℓ) → H2(0, ℓ). Àíàëîãi÷íî íàâåäåíèì âèùå ìiðêóâàííÿì,

éîãî âëàñíi ôóíêöi¨ óòâîðþþòü îðòîãîíàëüíèé áàçèñ ó ïðîñòîðiH2(0, ℓ), à ç

ïîáóäîâè A−1 âîíè ñïiâïàäàþòü ç (5.10). Ñèñòåìà ôóíêöié (5.10) ¹ ω-ëiíiéíî

íåçàëåæíîþ, ïîâíîþ â
◦
H2(0, ℓ). Êðiì òîãî, v′′j (ℓ) = v′′′j (ℓ) = 0, ∀ j = 1, 2 . . . .

Ìíîæèíè âëàñíèõ ôóíêöié îïåðàòîðiâ A òà A−1 ñïiâïàäàþòü, òîìó ñèñòåìó

ôóíêöié (5.10) áóäåìî øóêàòè ÿê âëàñíi ôóíêöi¨ çàäà÷i (5.6).

Âëàñíi çíà÷åííÿ λj îïåðàòîðà A ¹ êîðåíÿìè òðàíñöåíäåíòíîãî ðiâíÿííÿ

cos( 4
√
λj ℓ) cosh(

4
√
λj ℓ) = −1. (5.11)

Ïîçíà÷èìî µj = 4
√
λj i çàïèøåìî âëàñíi ôóíêöi¨ ó òàêîìó âèãëÿäi:

vj(x) = −
v′′j (0)

2µ2j

(
cos(µj x)− cosh(µj x)

)
−
v′′′j (0)

2µ3j

(
sin(µj x)− sinh(µj x)

)
,

(5.12)

ïðè öüîìó v′′j (0) =
1

µj
· cos(µj ℓ) + cosh(µj ℓ)

sin(µj ℓ)− sinh(µj ℓ)
v′′′j (0).

Çàäàìî ó ïðîñòîði
◦
H2(0, ℓ) áiëiíiéíó ôîðìó ⟨f, g⟩ ◦

H2(0,ℓ)
=

ℓ∫
0

f ′′(x) g′′(x)dx

òà îáåðåìî êîíñòàíòè v′′′j (0) òàêèì ÷èíîì, ùîá ⟨vj, vj⟩ ◦
H2(0,ℓ)

= 1,

∀ j = 1, 2, . . . . Òàê, âëàñíi çíà÷åííÿ {λj}∞j=1 çàäà÷i (5.6) ìîæíà çíàéòè ÿê

ðîçâ'ÿçêè ðiâíÿííÿ (5.11), à {vj(x)}∞j=1 � âiäïîâiäíi âëàñíi ôóíêöi¨ âèãëÿ-

äó (5.12).

5.3. Ðiâíÿííÿ âiäíîñíî êîåôiöi¹íòiâ ñèñòåìè Ãàëüîðêiíà

Ñïðî¹êòó¹ìî ïî÷àòêîâi ôóíêöi¨ φ(x) i ψ(x) íà Vm:

φm(x) =
m∑
j=1

⟨φ, vj⟩L2(0,ℓ)

∥vj∥2L2(0,ℓ)

· vj(x) =
m∑
j=1

φj vj(x),
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ψm(x) =
m∑
j=1

⟨ψ, vj⟩L2(0,ℓ)

∥vj∥2L2(0,ℓ)

· vj(x) =
m∑
j=1

ψj vj(x),

òîäi

wm(x, 0) =
m∑
j=1

cj(0) vj(x) =
m∑
j=1

φj vj(x), (5.13)

ẇm(x, 0) =
m∑
j=1

ċj(0) vj(x) =
m∑
j=1

ψj vj(x), (5.14)

çâiäêè cj(0) = φj òà ċj(0) = ψj.

Íåõàé q(t) � äåÿêà ôóíêöiÿ ïðîñòîðó
◦
H2(0, T ). Â iíòåãðàëüíié òîòîæíî-

ñòi (5.4) âiçüìåìî v(x, t) = vj(x) q(t) â ÿêîñòi ïðîáíî¨ ôóíêöi¨ (òóò vj(x) �

îäíà ç âëàñíèõ ôóíêöié ñïåêòðàëüíî¨ çàäà÷i (5.6)):
ℓ∫

0

T∫
0

(
a2w′′

m(x, t) v
′′
j (x) q(t)−ẇm vj q̇(t)

)
dtdx =

ℓ∫
0

T∫
0

f(x, t) vj(x) q(t) dtdx.

Iíòåãðóâàííÿ ÷àñòèíàìè ïðèçâîäèòü äî
T∫

0

q(t)

 ℓ∫
0

(
a2w(4)

m (x, t) + ẅm(x, t)− f(x, t)
)
vj(x)dx

dt = 0, ∀q ∈
◦
H2(0, T ).

Çãiäíî ç îñíîâíîþ ëåìîþ âàðiàöiéíîãî ÷èñëåííÿ,
ℓ∫

0

(
a2w(4)

m (x, t) + ẅm(x, t)
)
vj(x)dx =

ℓ∫
0

f(x, t)vj(x)dx

äëÿ ìàéæå âñiõ t ∈ [0, T ]. Çàïèøåìî iíòåãðàëüíó òîòîæíiñòü (5.4) ó íàñòóï-

íîìó âèãëÿäi:
ℓ∫

0

(
ẅm(x, t) + a2w(4)

m (x, t)
)
vj(x)dx=

ℓ∫
0

f(x, t) vj(x)dx, j = 1,m, (5.15)

äëÿ ìàéæå âñiõ t ∈ [0, T ]. Áóäåìî øóêàòè òàêi ôóíêöi¨ cj(t), j = 1,m, ùî

âèêîíàíî (5.15) òà ïî÷àòêîâi óìîâè (5.13), (5.14). Ïiäñòàâèìî (5.5) â (5.15) i

îòðèìà¹ìî ëiíiéíó âiäíîñíî ôóíêöié c1(t), . . . cm(t) ñèñòåìó çâè÷àéíèõ äè-

ôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó çi ñòàëèìè êîåôiöi¹íòàìè:
m∑
s=1

(
c̈s(t) ⟨vs, vj⟩L2(0,ℓ) + a2 cs(t) ⟨vs, vj⟩ ◦

H2(0,ℓ)

)
= fj(t), j = 1,m, (5.16)
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äå fj(t) =
ℓ∫
0

f(x, t) vj(x)dx ∈ L2(0, T ). Îñêiëüêè âëàñíi ôóíêöi¨, ùî âiäïî-

âiäàþòü ðiçíèì âëàñíèì çíà÷åííÿì îïåðàòîðà A, îðòîãîíàëüíi, òî ñèñòåìà

ðiâíÿíü (5.16) ìà¹ âèãëÿä:

c̈j(t) ∥vj∥2L2(0,ℓ) + a2 cj(t) ∥vj∥2◦
H2(0,ℓ)

= fj(t), j = 1,m. (5.17)

Çàäàìî ìàòðèöþ Ã = diag
(
∥vj∥2L2 , j = 1,m

)
i çàïèøåìî (5.17) ó ìàòðè÷-

íîìó âèãëÿäi:

Ã
(
c̈1(t), . . . , c̈m(t)

)T
+ a2

(
c1(t), . . . , cm(t)

)T
=
(
f1(t), . . . , fm(t)

)T
.

Íåõàé C(t) =
(
ċ1(t), . . . , ċm(t), c1(t), . . . , cm(t)

)T
, A =

 0 −a2 Ã−1

I 0

,
F (t) =

(
Ã−1 0

)
·
(
f1(t), . . . , fm(t) 0

)T
, äå I i 0� îäèíè÷íà i íóëüîâà

ìàòðèöi âiäïîâiäíî¨ ðîçìiðíîñòi, òîäi çàäà÷à (5.17), (5.13), (5.14) åêâiâàëåíò-

íà íàñòóïíié:

Ċ(t) = AC(t) + F (t),

C(0) =
(
ψ1, . . . , ψm, φ1, . . . , φm

)T
.

(5.18)

Îñêiëüêè f ∈ L2(D), òî F (t) ∈ L2(0, T ), çâiäêè âèïëèâà¹ ïðèíàëåæíiñòü
t∫
0

F (τ)dτ ∈ C[0, T ]. Çàäà÷ó (5.18) çàìiíèìî åêâiâàëåíòíîþ ¨é ñèñòåìîþ ií-

òåãðàëüíèõ ðiâíÿíü

C(t) =

t∫
0

AC(τ)dτ +

t∫
0

F (τ)dτ. (5.19)

Ìîæíà äîâåñòè (äèâ. [28]), ùî iñíó¹ ¹äèíèé ðîçâ'ÿçîê ñèñòåìè (5.19). Òî-

òîæíiñòü (5.15) ïîìíîæèìî íà ċj(t), ïðîiíòåãðó¹ìî íà ïðîìiæêó (0, τ), äå

τ ∈ [0, T ], òà ïðîñóìó¹ìî çà j = 1,m. Â ðåçóëüòàòi îòðèìà¹ìî
τ∫

0

ℓ∫
0

(
ẅm(x, t)+a

2w(4)
m (x, t)

)
ẇm(x, t) dxdt=

τ∫
0

ℓ∫
0

f(x, t) ẇm(x, t) dxdt.
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Âèêîðèñòîâóþ÷è òîòîæíîñòi
∂4wm

∂x4
· ∂wm

∂t
=

∂2

∂x2

(
∂2wm

∂x2
· ∂wm

∂t

)
− 2

∂

∂x

(
∂2wm

∂x2
· ∂

2wm

∂x ∂t

)
+

+
1

2

∂

∂t

((
∂2wm

∂x2

)2
)

òà
∂2wm

∂t2
· ∂wm

∂t
=

1

2

∂

∂t

((
∂wm

∂t

)2
)
,

îòðèìà¹ìî ñïiââiäíîøåííÿ
τ∫

0

ℓ∫
0

(
ẅm(x, t)+a

2w(4)
m (x, t)

)
ẇm(x, t) dxdt =

=
1

2

∫
Dτ

((
ẇm(x, t)

)2
+
(
a·w′′

m(x, t)
)2)

dx− 1

2

ℓ∫
0

(
a2 ·(φm(x))′′+

(
ψm(x)

)2)
dx,

äå Dτ = {x ∈ (0, ℓ), t = τ}.

5.4. Çáiæíiñòü ïîñëiäîâíîñòi íàáëèæåíèõ ðîçâ'ÿçêiâ äî

óçàãàëüíåíîãî ðîçâ'ÿçêó

Äëÿ ôóíêöié w1(x, t), w2(x, t), . . . ñïðàâåäëèâèé íàñòóïíèé ðåçóëüòàò

ïðî çáiæíiñòü ìåòîäó Ãàëüîðêiíà.

Òåîðåìà 5.1. Íåõàé φ ∈
◦
H2(0, ℓ), ψ ∈ L 2 (0, ℓ) òà íåõàé wm(x, t) �

ïîñëiäîâíiñòü íàáëèæåíèõ çà Ãàëüîðêiíèì ðîçâ'ÿçêiâ çàäà÷i (5.1)�(5.3),

m ∈ N. Òîäi iñíó¹ ïiäïîñëiäîâíiñòü wmn
−→
n→∞

w, äå w(x, t) ¹ óçàãàëüíåíèì

ðîçâ'ÿçêîì çàäà÷i (5.1)�(5.3).

Äîâåäåííÿ. Ó ïðîñòîði Ĥ2(D) çàäàìî êâàäðàòè÷íó ôîðìó

∥w∥2
Ĥ2(D)

=
ℓ∫
0

T∫
0

((
ẇ
)2

+ a2
(
w′′)2) dtdx, òîäi

2

T∫
0

τ∫
0

ℓ∫
0

(
∂2wm

∂t2
+ a2

∂4wm

∂t4

)
∂wm

∂t
dx dt dτ =

= ∥wm∥2Ĥ2(D)
− T

ℓ∫
0

(
a2

d2

dx2
φm(x) + (ψm(x))2

)
dx.
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Ðîçãëÿíåìî åíåðãåòè÷íó ôóíêöiþ E(t) = 1
2

ℓ∫
0

(
ẇ2

m + a2 (w′′
m)

2
)
dx. Çàóâà-

æèìî, ùî

∥ẇm∥2L2(0,ℓ) =

ℓ∫
0

(ẇm)
2 dx ⩽ 2 E(t) (5.20)

òà

dE
dt

=

ℓ∫
0

(
ẇm · ẅm + a2w′′

m (ẇm)
′′
)
dx =

ℓ∫
0

ẇm · f(x, t)dx.

Â ñèëó íåðiâíîñòi Êîøi�Áóíÿêîâñüêîãî�Øâàðöà òà (5.20),
dE
dt

⩽

∥∥∥∥∂wm

∂t

∥∥∥∥
L2(0,ℓ)

· ∥f∥L2(0,ℓ) ⩽
√

2 E(t) · ∥f∥L2(0,ℓ) . (5.21)

Ïîçíà÷èìî
√
2 E(t) · ∥f∥L2(0,ℓ) = Φ(t) i çàïèøåìî ðiâíÿííÿ ïîðiâíÿííÿ

äëÿ (5.21): Ė(t) = Φ(t)
√

E(t), çâiäêè
√
E(t) =

√
E(0) + 1

2

t∫
0

Φ(τ)dτ , äå

E(0)= 1

2

ℓ∫
0

((
ẇm

∣∣∣
t=0

)2
+ a2

(
w′′

m

∣∣∣
t=0

)2)
dx =

1

2

ℓ∫
0

(
(ψ(x))2 + a2(φ′′(x))

2
)
dx.

Çãiäíî ç [169, Òåîðåìà 4.1],

E(t) ⩽

√E(0) + 1

2

t∫
0

Φ(τ)dτ

2

, (5.22)

ùî îçíà÷à¹ ðiâíîìiðíó îáìåæåíiñòü ôóíêöi¨ E(t) çà m. Çàóâàæèìî, ùî

∥wm∥2Ĥ2(D)
=

T∫
0

E(t)dt. Îòæå, ïîñëiäîâíiñòü ôóíêöié {wm}∞m=1 îáìåæåíà

çà íîðìîþ. Îñêiëüêè ñèëüíî îáìåæåíà ìíîæèíà ó ãiëüáåðòîâîìó ïðîñòî-

ði ¹ ñëàáêî êîìïàêòíîþ, òî â {wm}∞m=1 iñíó¹ ñëàáêî çáiæíà ïiäïîñëiäîâ-

íiñòü. Íå îáìåæóþ÷è çàãàëüíîñòi ìiðêóâàíü, ïîçíà÷èìî ¨¨ {wm}∞m=1, òîäi

wm −→
m→∞

w ñëàáêî ó ïðîñòîði Ĥ2(D), ïðè öüîìó w � øóêàíèé çàãàëüíèé

ðîçâ'ÿçîê çàäà÷i (5.1)�(5.3). Äëÿ äîâåäåííÿ öüîãî ôàêòó íåîáõiäíî ïåðåâi-

ðèòè äëÿ w(x, t) âèêîíàííÿ iíòåãðàëüíî¨ òîòîæíîñòi (5.4), ó ÿêié â ÿêîñòi

ïðîáíî¨ ôóíêöi¨ âiçüìåìî

v(x, t) = vj(x) q(t), (5.23)

äå vj(x) � îäíà ç âëàñíèõ ôóíêöié çàäà÷i (5.6), j = 1,m, à ôóíêöiÿ
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q(t) ∈ C1[0, T ] çàäîâîëüíÿ¹ óìîâó q(0) = q(T ) = 0. Çãiäíî ç ïîáóäîâîþ wm,
ℓ∫

0

T∫
0

(
a2w′′

m v
′′ − ẇm v̇ − fv

)
dtdx = 0, ∀m ⩾ j. (5.24)

Çàïèøåìî óìîâó ñëàáêî¨ çáiæíîñòi:
ℓ∫

0

T∫
0

(
a2w′′

m v
′′−ẇm v̇−fv

)
dtdx −→

m→∞

ℓ∫
0

T∫
0

(
a2w′′ v′′−ẇ v̇−fv

)
dtdx. (5.25)

Îòæå, çãiäíî ç (5.24) òà (5.25),
ℓ∫
0

T∫
0

(
a2w′′ v′′ − ẇ v̇ − fv

)
dtdx = 0, ùî îçíà-

÷à¹ âèêîíàííÿ (5.4) äëÿ w(x, t).

Ïîêàæåìî, ùî ìíîæèíà M , ÿêà ñêëàäà¹òüñÿ ç ëiíiéíèõ êîìáiíàöié

ôóíêöié âèãëÿäó (5.23), ¹ âñþäè ùiëüíîþ â Ĥ2(D). Äëÿ öüîãî âiçüìåìî

âñþäè ùiëüíó â Ĥ2(D) ìíîæèíó, ÿêà ñêëàäà¹òüñÿ ç íåïåðåðâíèõ ó ïðÿìî-

êóòíèêó D ôóíêöié η(x, t), ÿêi äîðiâíþþòü íóëåâi íà ìåæi ïðÿìîêóòíèêà, i

ïîêàæåìî, ùî áóäü-ÿêó ôóíêöiþ η ìîæíà àïðîêñèìóâàòè ó ìåòðèöi ïðîñòî-

ðó H2(D) ôóíêöiÿìè ç M , òîáòî ∥vn − η∥H2(D) −→n→∞
0, äå vn ∈M . Ôóíêöi¨

η(x, t) ∈ C2(D) òà η̇(x, t) ∈ C1(D) ìîæíà ðîçêëàñòè â ðÿäè Ôóð'¹ çà ñèñòå-

ìîþ ôóíêöié (5.10):

η(x, t) =
∞∑
k=1

ηk(t)vk(x), η̇(x, t) =
∞∑
k=1

η̇k(t)vk(x). (5.26)

Îñêiëüêè äëÿ ôiêñîâàíîãî t ∈ [0, T ] ôóíêöi¨ η(·, t) òà η̇(·, t) íàëåæàòü äî

ïðîñòîðó
◦
H2(0, ℓ), òî ¨õíi ðÿäè Ôóð'¹ çáiãàþòüñÿ äî íèõ ó ìåòðèöi

◦
H2(0, ℓ).

Çàóâàæèìî, ùî ÷àñòèííà ñóìà ηN =
N∑
k=1

ηk(t)vk(x) ïåðøîãî ç ðÿäiâ (5.26) ¹

åëåìåíòîì ìíîæèíè M , η̇ − η̇N ∈
◦
H2(0, ℓ). Çãiäíî ç íåðiâíiñòþ Ñò¹êëîâà∥∥η̇ − η̇N

∥∥2
L2(0,ℓ)

⩽ C
∥∥η̇ − η̇N

∥∥2◦
H2(0,ℓ)

, C > 0,

çâiäêè çãiäíî ç ðiâíiñòþ Ïàðñåâàëÿ∥∥η̇ − η̇N
∥∥2
L2(0,ℓ)

+
∥∥η − ηN

∥∥2◦
H2(0,ℓ)

⩽ C
∥∥η̇ − η̇N

∥∥2◦
H2(0,ℓ)

+
∥∥η − ηN

∥∥2◦
H2(0,ℓ)

=

=
∞∑

k=n+1

C(η̇k)
2 + η2k −→

N→∞
0,
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îòæå,∥∥η − ηN
∥∥2
Ĥ2(D)

=

ℓ∫
0

T∫
0

((
η̇ − η̇N

)2
+ a2

(
η′′ − (ηN)′′

)2)
dtdx =

=

T∫
0

(∥∥η̇ − η̇N
∥∥2
L2(0,ℓ)

+ a2
∥∥η − ηN

∥∥2◦
H2(0,ℓ)

)
dt −→

N→∞
0,

çâiäêè
∥∥η − ηN

∥∥2
Ĥ2(D)

−→
N→∞

0.

Çàóâàæåííÿ 5.1. Âàæëèâèì åòàïîì äîâåäåííÿ òåîðåìè 5.1 ¹ îòðèìàííÿ

îöiíêè åíåðãi¨ íà ðîçâ'ÿçêàõ (5.22). Îñêiëüêè öÿ îöiíêà ¹ ðiâíîìiðíîþ çà m,

ôîðìóëà (5.22) ìîæå áóòè âèêîðèñòàíà ïiä ÷àñ äîñëiäæåííÿ íàáëèæåíèõ

çà Ãàëüîðêiíèì ðîçâ'ÿçêiâ áóäü-ÿêîãî ïîðÿäêó.

5.5. Ðåçóëüòàòè ÷èñåëüíîãî ìîäåëþâàííÿ

Íà ðèñóíêàõ 5.1 òà 5.2 ïðåäñòàâëåíî ðåçóëüòàòè ÷èñåëüíîãî iíòåãðó-

âàííÿ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü (5.17), ùî âiäïîâiäà-

þòü íàáëèæåíèì ðîçâ'ÿçêàì ïî÷àòêîâî�êðàéîâî¨ çàäà÷i (5.1)�(5.3) ó ìî-

ìåíò ÷àñó t=2 ñ äëÿ òàêèõ çíà÷åíü ìåõàíi÷íèõ ïàðàìåòðiâ: äîâæèíà áàëêè

ℓ=1ì, êîåôiöi¹íò a2=100 Íì3

êã
, ùî õàðàêòåðíî, íàïðèêëàä, äëÿ àëþìiíi¹âî¨

áàëêè ç êðóãîâèì ïåðåòèíîì äiàìåòðà ïðèáëèçíî 5.5ìì. Íåõàé ïî÷àòêî-

âà øâèäêiñòü ẇ(x, 0) = ψ(x) äîðiâíþ¹ íóëþ. Îáåðåìî ïî÷àòêîâó ôóíêöiþ

w(x, 0) = φ(x) ç óìîâè ðiâíîâàãè áàëêè ó ïîëi ñèëè òÿæiííÿ g:

a2 φ(4)(x)=−g, çâiäêè φ(x)=− g
24a2

(
x2−4ℓ x+6ℓ 2

)
x2. Çîâíiøíi ñèëè, ÿêi äi-

þòü íà áàëêó, ìîæíà ïðåäñòàâèòè ó âèãëÿäi ôóíêöi¨

f(x, t) = −g+u(t)χ[ℓ−h, ℓ](x), äå χ[ℓ−h, ℓ](x) � iíäèêàòîð âiäðiçêà [ℓ−h, ℓ],
u(t)=2.5g (1−e−κ t) � êåðóâàííÿ; u(t) ìà¹ ôiçè÷íó ðîçìiðíiñòü ïðèñêîðåí-

íÿ. Òàêà ôóíêöiÿ f(x, t) âiäïîâiäà¹ áàëöi, äî âiëüíîãî êiíöÿ ÿêî¨ íà âiäðiçêó

äîâæèíè h ïðèêëàäåíà êåðóþ÷à ñèëà, ÿêà ñïðÿìîâàíà âåðòèêàëüíî âãîðó i

ïðè t→+∞ öÿ ñèëà êîìïåíñó¹ âàãó áàëêè. Ó ðîçðàõóíêàõ îáðàíi çíà÷åííÿ

ïàðàìåòðiâ κ=1, h=0, 1ì.
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Ðèñ. 5.1: Ôîðìà ïðîãèíó

êîíñîëüíî¨ áàëêè ïðè t = 2 c

Ðèñ. 5.2: Ãðàôiêè ôóíêöié wm(ℓ, t)

Íà ðèñ. 5.1 ïðåäñòàâëåíî ãðàôiêè ôóíêöié wm(x, 2) ïðè x ∈ [0, ℓ], íà

ðèñ. 5.2 � ãðàôiêè ôóíêöié wm(ℓ, t) ïðè t ∈ [0, 5], m = 1, 6. Ç ðèñóíêiâ

ìîæíà áà÷èòè, ùî íàáëèæåíi çà Ãàëüîðêiíèì ðîçâ'ÿçêè äîñòàòíüî áëèçüêi

äî íóëÿ äëÿ âñiõ x ∈ [0, ℓ]. Ïðè öüîìó ãðàôiêè ôóíêöié w2(x, 2), . . . , w6(x, 2)

ïðàêòè÷íî ñïiâïàäàþòü, ÿê i ãðàôiêè ôóíêöié w2(ℓ, t), . . . , w6(ℓ, t), ùî

iëþñòðó¹ øâèäêó çáiæíiñòü ìåòîäó Ãàëüîðêiíà äëÿ çàäà÷i (5.1)�(5.3).

Âèñíîâêè äî ðîçäiëó 5

Ó ðîçäiëi 5 äîñëiäæåíî ìàòåìàòè÷íó ìîäåëü ðóõó êîíñîëüíî çàêðiïëåíî¨

ïðóæíî¨ áàëêè. Çàïðîïîíîâàíî ñïîñiá çíàõîäæåííÿ íàáëèæåíîãî ðîçâ'ÿçêó

âiäïîâiäíî¨ ïî÷àòêîâî-êðàéîâî¨ çàäà÷i äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ ç

÷àñòèííèìè ïîõiäíèìè ÷åòâåðòîãî ïîðÿäêó íà îñíîâi ìåòîäó Ãàëüîðêiíà.

Äëÿ öüîãî ðîçãëÿíóòî âiäïîâiäíó ñïåêòðàëüíó çàäà÷ó i ïîáóäîâàíî áàçèñ ó

ïðîñòîði Ñîáîë¹âà. Çàäà÷ó ïðî êîëèâàííÿ áàëêè ñïðî¹êòîâàíî íà ñêií÷åí-

íîâèìiðíèé ìíîãîâèä, ïîáóäîâàíèé ó âèãëÿäi ëiíiéíî¨ îáîëîíêè áàçèñíèõ

ôóíêöié. Äîñëiäæåíî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü íà êîåôiöi¹íòè ëi-

íiéíèõ êîìáiíàöié. Äîâåäåíî çáiæíiñòü ìåòîäó Ãàëüîðêiíà äëÿ ðîçãëÿíóòî¨

çàäà÷i. Ðåçóëüòàò ïðîiëþñòðîâàíî çà äîïîìîãîþ ÷èñåëüíîãî ìîäåëþâàííÿ.

Ðåçóëüòàòè, îòðèìàíi â ðîçäiëi 5, îïóáëiêîâàíî ó ñòàòòi [143].
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ÂÈÑÍÎÂÊÈ

Ó äèñåðòàöiéíié ðîáîòi ðîçâ'ÿçàíî çàäà÷i àñèìïòîòè÷íî¨ ñòàáiëiçàöi¨ òà

ñïîñòåðåæåííÿ äëÿ ãiáðèäíî¨ ìåõàíi÷íî¨ ñèñòåìè, ÿêà ìiñòèòü ïðóæíi òà

àáñîëþòíî òâåðäi åëåìåíòè.

Çàïðîïîíîâàíî ôóíêöiîíàëè êåðóâàííÿ çi çâîðîòíèì çâ'ÿçêîì äëÿ ñòà-

áiëiçàöi¨ ìîäåëi øàðíiðíî îïåðòî¨ ïðóæíî¨ áàëêè ç òâåðäèì òiëîì. Äîâåäå-

íî êîðåêòíiñòü çàäà÷i Êîøi äëÿ ðiâíÿííÿ ðóõó ïðóæíî¨ ìåõàíi÷íî¨ ñèñòå-

ìè. Âñòàíîâëåíî àñèìïòîòè÷íó ñòiéêiñòü çàìêíåíî¨ ñèñòåìè çi çâîðîòíèì

çâ'ÿçêîì çà äîïîìîãîþ ïðÿìîãî ìåòîäó Ëÿïóíîâà òà ïðèíöèïó iíâàðiàíò-

íîñòi ËàÑàëëÿ. Âïåðøå îïèñàíî àñèìïòîòè÷íi âëàñòèâîñòi ðîçïîäiëó âëàñ-

íèõ ÷àñòîò äëÿ ìîäåëi ïðóæíî¨ áàëêè ç ïðè¹äíàíîþ ìàñîþ íà ïðóæèííié

ïiäâiñöi. Çàïðîïîíîâàíî êîíñòðóêòèâíèé ñèíòåç ñïîñòåðiãà÷à òèïó Ëóåíáåð-

ãåðà äëÿ ñèñòåìè êåðóâàííÿ ç âèõîäîì. Äîâåäåíî çáiæíiñòü çàïðîïîíîâà-

íèõ ñïîñòåðiãà÷iâ ó ñêií÷åííîâèìiðíîìó òà íåñêií÷åííîâèìiðíîìó âèïàäêàõ

íà îñíîâi àíàëiçó ñòiéêîñòi ðîçâ'ÿçêiâ ñèñòåìè âiäíîñíî ïîõèáîê. Äîâåäåíî

çáiæíiñòü ìåòîäó Ãàëüîðêiíà äëÿ çàäà÷i ïðî êîëèâàííÿ êîíñîëüíî çàêði-

ïëåíî¨ ïðóæíî¨ áàëêè ç êåðóþ÷èì âïëèâîì.

Îòðèìàíi ðåçóëüòàòè âêàçóþòü íà ìîæëèâîñòi ïðàêòè÷íîãî çàñòîñóâàí-

íÿ ðîçðîáëåíèõ ìåòîäiâ ó ðiçíèõ iíæåíåðíèõ òà òåõíi÷íèõ ãàëóçÿõ, à òàêîæ

âiäêðèâàþòü ïåðñïåêòèâè äëÿ ïîäàëüøèõ äîñëiäæåíü ó ñôåði òåîði¨ êåðó-

âàííÿ ðóõîì íåñêií÷åííîâèìiðíèõ ïðóæíèõ ìåõàíi÷íèõ ñèñòåì.



137

ÑÏÈÑÎÊ ÂÈÊÎÐÈÑÒÀÍÈÕ ÄÆÅÐÅË

1. Agrawal, B.N., Treanor, K.E.: Shape control of a beam using piezoelectric

actuators. Smart Materials and Structures 8(6), 729�740 (1999). DOI

10.1088/0964-1726/8/6/303

2. Ahmed-Ali, T., Giri, F., Krstic, M., Kahelras, M.: PDE based observer

design for nonlinear systems with large output delay. Systems & Control

Letters 113, 1�8 (2018). DOI 10.1016/j.sysconle.2018.01.001

3. Apalara, T.A.: On the stability of a thermoelastic laminated beam. Acta

Mathematica Scientia 39, 1517�1524 (2019). DOI 10.1007/s10473-019-

0604-9

4. Apalara, T.A., Raposo, C.A., Nonato, C.A.S.: Exponential stability for

laminated beams with a frictional damping. Archiv der Mathematik 114,

471�480 (2020). DOI 10.1007/s00013-019-01427-1

5. Arnold, V.I.: Mathematical Methods of Classical Mechanics, 2nd ed. edn.

Graduate Texts in Mathematics. Springer, New York, NY (2013). DOI

10.1007/978-1-4757-2063-1. Originally published by Nauka, Moscow, 1974

6. Balas, M.J.: Modal control of certain �exible dynamic systems. SIAM

Journal on Control and Optimization 16(3), 450�462 (1978). DOI

10.1137/0316030

7. Balemi, S.: Partial-order reduction of observers for linear systems. IFAC

Proceedings Volumes 41(2), 7723�7728 (2008). DOI 10.3182/20080706-5-

KR-1001.01306

8. Berdichevsky, V.: Variational Principles of Continuum Mechanics. Spri-

nger, Berlin, Heidelberg (2009). DOI 10.1007/978-3-540-88467-5

9. Brauer, U., Leugering, G.: On boundary observability estimates for semi-

discretizations of a dynamic network of elastic strings. Control and



138

Cybernetics 28(3), 421�447 (1999)

10. Brockett, R.W.: Finite dimensional linear systems. Electronic & Electrical

Engineering Research Studies. Wiley (1970)

11. Butkovsky, A.G., Egorov, A.I., Lurie, K.A.: Optimal control of distributed

systems (a survey of soviet publications). SIAM Journal on Control 6(3),

437�476 (1968). DOI 10.1137/0306029

12. Castro, C.: Asymptotic analysis and control of a hybrid system composed

by two vibrating strings connected by a point mass. ESAIM: Control,

Optimisation and Calculus of Variations 2, 231�280 (1997). DOI

10.1051/cocv:1997108

13. Castro, C., Zuazua, E.: Boundary controllability of a hybrid system

consisting in two �exible beams connected by a point mass. SIAM

Journal on Control and Optimization 36(5), 1576�1595 (1998). DOI

10.1137/S0363012997316378

14. Castro, C., Zuazua, E.: Exact boundary controllability of two Euler�

Bernoulli beams connected by a point mass. Mathematical and Computer

Modelling 32(9), 955�969 (2000). DOI 10.1016/S0895-7177(00)00182-5

15. Chen, G., Delfour, M.C., Krall, A., Payre, G.: Modeling, stabilization and

control of serially connected beams. SIAM Journal on Control and Opti-

mization 25(3), 526�546 (1987). DOI 10.1137/0325029

16. Coron, J.M.: Control and nonlinearity. 136. American Mathematical Soc.

(2007)

17. Curtain, R.F., Pritchard, A.J.: Semigroup theory, pp. 105�111. Springer,

Berlin, Heidelberg (1978). DOI 10.1007/BFb0006763

18. Curtain, R.F., Zwart, H.: An Introduction to In�nite-Dimensional Linear

Systems Theory, Texts in Applied Mathematics, vol. 21, 1 edn. Springer,

New York, NY (2012). DOI 10.1007/978-1-4612-4224-6

19. Dafermos, C.M., Slemrod, M.: Asymptotic behavior of nonlinear contracti-

on semigroups. Journal of Functional Analysis 13(1), 97�106 (1973). DOI



139

10.1016/0022-1236(73)90069-4

20. D�ager, R., Zuazua, E.: Wave propagation, observation and control in 1-d

�exible multi-structures, Math�ematiques et Applications, vol. 50. Springer

Science & Business Media (2006). DOI 10.1007/3-540-37726-3

21. Daltin, D.C., Bueno, �A.M., Balthazar, J.M., Serni, P.J.A., Barbosa, R.:

State observer applied to position and vibration control using �exible

link manipulator. In: J.M. Balthazar (ed.) Vibration Engineering and

Technology of Machinery, pp. 281�297. Springer International Publishing,

Cham (2021). DOI 10.1007/978-3-030-60694-7_18

22. Delfour, M.C., Mitter, S.K.: Controllability and observability for in�nite-

dimensional systems. SIAM Journal on Control 10(2), 329�333 (1972).

DOI 10.1137/0310024

23. Demetriou, M.A., Ito, K.: Adaptive observers for a class of in�nite di-

mensional systems. IFAC Proceedings Volumes 29(1), 5346�5350 (1996).

DOI 10.1016/S1474-6670(17)58531-6

24. Dullinger, C., Schirrer, A., Kozek, M.: Advanced control education: opti-

mal & robust mimo control of a �exible beam setup. pp. 9019�9025.

Elsevier (2014). DOI 10.3182/20140824-6-ZA-1003.02201

25. Dunford, N., Schwartz, J.T.: Linear Operators. Part I: General theory,

Pure and applied mathematics, vol. VII (1988)

26. Fattorini, H.O.: On complete controllability of linear systems. Journal

of Di�erential Equations 3(3), 391�402 (1967). DOI 10.1016/0022-

0396(67)90039-3

27. Fern�andez-Cara, E., Zuazua, E.: Control theory: History, mathemati-

cal achievements and perspectives. Bolet��n de la Sociedad Espa�nola de

Matem�atica Aplicada (26), 79�140 (2003)

28. Filippov, A.F.: Di�erential equations with discontinuous righthand si-

des: control systems, 1 edn. Mathematics and its Applications. Springer

Dordrecht (1988). DOI 10.1007/978-94-015-7793-9



140

29. Goldstein, H., Pool, C., Safko, J.: Classical mechanics, 3rd edition edn.

Pearson Education (2002)

30. Grosh, K., Pinsky, P.M.: Design of galerkin generalized least squares

methods for Timoshenko beams. Computer Methods in Applied

Mechanics and Engineering 132(1-2), 1�16 (1996). DOI 10.1016/0045-

7825(96)01002-X

31. Guo, B.Z.: Riesz basis property and exponential stability of controlled

Euler�Bernoulli beam equations with variable coe�cients. SIAM

Journal on Control and Optimization 40(6), 1905�1923 (2002). DOI

10.1137/S0363012900372519

32. Guo, L.Z., Guo, Y.Z., Billings, S.A., Coca, D.: Approximate observabi-

lity of in�nite dimensional bilinear systems using a Volterra series

expansion. Systems & Control Letters 75, 20�26 (2015). DOI

10.1016/j.sysconle.2014.11.002

33. Hamilton, W.: Report of the 4-th meeting of the british association for

the advancement of science pp. 513�518 (1835)

34. Hansen, S., Zuazua, E.: Exact controllability and stabilization of a vi-

brating string with an interior point mass. SIAM Journal on Control and

Optimization 33(5), 1357�1391 (1995). DOI 10.1137/S0363012993248347

35. He, W., Ge, S.S.: Dynamic modeling and vibration control of a �exible

satellite. IEEE Transactions on Aerospace and Electronic Systems 51(2),

1422�1431 (2015). DOI 10.1109/TAES.2014.130804

36. Jacob, B., Zwart, H.: Exact observability of diagonal systems with a �nite-

dimensional output operator. Systems & Control Letters 43(2), 101�109

(2001). DOI 10.1016/S0167-6911(00)00117-1

37. Jacob, B., Zwart, H.: Exact observability of diagonal systems with

a one-dimensional output operator. International Journal of Applied

Mathematics and Computer Science 11(6), 1277�1283 (2001)



141

38. Judicael, D., Barbulescu, A.: Theoretical observers for in�nite dimensional

skew-symmetric systems. Analele �stiin�ti�ce ale Universit�a�tii �Ovidius�

Constan�ta. Seria Matematic�a 28(1), 135�150 (2020). DOI 10.2478/auom-

2020-0010

39. K�alm�an, R.E.: On the general theory of control systems. IFAC Proceedings

Volumes 1(1), 491�502 (1960). DOI 10.1016/S1474-6670(17)70094-8

40. K�alm�an, R.E.: Mathematical description of linear dynamical systems.

Journal of the Society for Industrial and Applied Mathematics, Series

A: Control 1(2), 152�192 (1963). DOI 10.1137/0301010

41. Kalosha J. I., Zuyev A. L.: Asymptotic stabilization of a �exible beam

with an attached mass. Ukrainian Mathematical Journal 73(10), 1537�

1550 (2022). DOI 10.1007/s11253-022-02012-6

42. Kalosha, J., Zuyev, A., Benner, P.: On the eigenvalue distribution for a

beam with attached masses. In: G. Sklyar, A. Zuyev (eds.) Stabilizati-

on of Distributed Parameter Systems: Design Methods and Applications,

SEMA SIMAI Springer Series, vol. 2, pp. 43�56. Springer International

Publishing, Cham (2021). DOI 10.1007/978-3-030-61742-4_3

43. Kalosha, J.I., Zuyev, A.L.: Finite-dimensional model of the beam osci-

llations with distributed and lumped controls. In: Proceedings of the

International Conference on Di�erential Equations, Mathematical Phy-

sics and Applications (DEMPhA�2017), pp. 30�31. Bohdan Khmelnytsky

national university of Cherkasy, Cherkasy, Ukraine, October 17 � 19 (2017)

44. Khasawneh, F.A., Segalman, D.: Exact and numerically stable expressions

for Euler�Bernoulli and Timoshenko beam modes. Applied Acoustics 151,

215�228 (2019). DOI 10.1016/j.apacoust.2019.03.015

45. Komkov, V.: Optimal control theory for thin plates, Lecture Notes in

Mathematics, vol. 253, pp. 119�209. Springer, Berlin, Heidelberg (1972).

DOI 10.1007/BFb0058909

46. Komornik, V., Loreti, P.: Fourier series in control theory, 1 edn. Spri-



142

nger Monographs in Mathematics. Springer, New York, NY (2005). DOI

10.1007/b139040

47. Korobov V. I., Krabs, W., Sklyar G. M.: On the solvability of tri-

gonometric moment problems arising in the problem of controllabili-

ty of rotating beams. In: K.H. Ho�mann, I. Lasiecka, G. Leugering,

J. Sprekels, F. Tr�oltzsch (eds.) Optimal Control of Complex Structures,

ISNM International Series of Numerical Mathematics, vol. 139, pp. 145�

156. Birkh�auser, Basel (2001). DOI 10.1007/978-3-0348-8148-7_12

48. Krabs, W.: On moment theory and controllability of one-dimensional

vibrating systems and heating processes. Springer, Berlin, Heidelberg

(1992). DOI 10.1007/BFb0039515

49. Krall, A.M.: Asymptotic stability of the Euler�Bernoulli beam with

boundary control. Journal of mathematical analysis and applications

137(1), 288�295 (1989). DOI 10.1016/0022-247X(89)90289-8

50. Kratz, W.: Characterization of strong observability and construction of an

observer. Linear Algebra and its Applications 221, 31�40 (1995). DOI

10.1016/0024-3795(93)00221-K

51. Kratz, W., Liebscher, D.: A local characterization of observability. Linear

Algebra and its Applications 269(1), 115�137 (1998). DOI 10.1016/S0024-

3795(97)00061-X

52. Krstic, M., Guo, B.Z., Balogh, A., Smyshlyaev, A.: Control of a tip-

force destabilized shear beam by observer-based boundary feedback. SI-

AM journal on control and optimization 47(2), 553�574 (2008). DOI

10.1137/060676969

53. Kucher Julia I., Zuyev Alexander L.: Stabilization of a �exible beam wi-

th distributed actuators. In: Proceedings of the International Conference

�The Twenty Third Crimea Autumn Mathematical School-Symposium�

(KROMSh), p. 81. Taurida national V. Vernadsky university, Crimea,

Ukraine, September 17 � 29 (2012)



143

54. Kucher, J., Zuyev, A.: Limit behavior of the trajectories for the problem

of vibrations of a beam�mass system under the action of distributed and

lumped controls. In: Proceedings of the Crimean International Math.

Conf. �KMMK�2013�. Taurida national V. Vernadsky university, Sudak,

Ukraine, September 22 � October 4 (2013)

55. Kucher, J., Zuyev, A.: Asymptotic stability analysis of the Euler�Bernoulli

beam model. In: Proceedings of the International V. Skorobohatko Ma-

thematical Conference, p. 86. Pidstryhach institute for applied problems

of mechanics and mathematics of NAS of Ukraine, Drohobych, Ukraine,

August 25 � 28 (2015)

56. Kucher, J., Zuyev, L.: Stabilization of a �exible beam with a shaker and

piezoelectric actuators. In: Proceedings of the 16th International Confe-

rence �Dynamical SystemModelling and Stability Investigation� (DSMSI),

p. 336. Taras Shevchenko National University of Kyiv, Kyiv, Ukraine, May

29 � 31 (2013)

57. Lagnese, J.E.: Boundary stabilization of thin plates. Studies

in Applied and Numerical Mathematics. SIAM (1989). DOI

10.1137/1.9781611970821

58. Lagnese, J.E., Leugering, G.: Dynamic domain decomposition in approxi-

mate and exact boundary control in problems of transmission for wave

equations. SIAM Journal on Control and Optimization 38(2), 503�537

(2000). DOI 10.1137/S0363012998333530

59. Lagnese, J.E., Leugering, G., Schmidt, E.J.P.G.: On the analysis

and control of hyperbolic systems associated with vibrating networks.

Proceedings of the Royal Society of Edinburgh Section A: Mathematics

124(1), 77�104 (1994). DOI 10.1017/S0308210500029206

60. Lagnese, J.E., Leugering, G., Schmidt, E.J.P.G.: Modeling, analysis and

control of dynamic elastic multi-link structures, 1 edn. Systems & Control:

Foundations & Applications. Birkh�auser, Boston, MA (2012). DOI



144

10.1007/978-1-4612-0273-8

61. Lamei, A., Hayatdavoodi, M.: On motion analysis and elastic response of

�oating o�shore wind turbines. Journal of Ocean Engineering and Marine

Energy 6, 71�90 (2020). DOI 10.1007/s40722-019-00159-2

62. LaSalle, J.P.: Stability theory and invariance principles. In: Dynamical

systems, vol. 1, pp. 211�222. Academic Press (1976)

63. Lasiecka, I., Triggiani, R.: Control Theory for Partial Di�erential

Equations. Continuous and Approximation Theories. Encyclopedia of

Mathematics and its Applications. Cambridge University Press, Cambri-

dge (2000)

64. Le Gorrec, Y., Zwart, H., Ramirez, H.: Asymptotic stability of an Euler�

Bernoulli beam coupled to non-linear spring-damper systems. IFAC-

papersonline 50(1), 5580�5585 (2017). DOI 10.1016/j.ifacol.2017.08.1102

65. Lee, E.B., Markus, L.: Foundations of optimal control theory, vol. 87.

Wiley, New York, NY (1967)

66. Levine, W.S.: The Control Handbook (three volume set), 2 edn. CRC

press (2011). DOI 10.1201/9781315218694

67. Liao, M., Wang, G., Gao, Z., Zhao, Y., Li, R.: Mathematical modelling

and dynamic analysis of an o�shore drilling riser. Shock and Vibration

2020, 1�13 (2020)

68. Lions, J.L.: Optimal control of systems governed by partial di�erential

equations, Grundlehren der mathematischen Wissenschaften, vol. 170, 1

edn. Springer (1971)

69. Liu, J., Guo, B.Z.: A novel semi-discrete scheme preserving uniformly

exponential stability for an Euler�Bernoulli beam. Systems & Control

Letters 134, 1�10 (2019). DOI 10.1016/j.sysconle.2019.104518

70. Liu, S., Li, Y.: Dynamic modeling and in�nite-dimensional observer-based

control for manipulation of �exible beam by a multi-link robot. Complex



145

& Intelligent Systems 9(3), 3249�3260 (2023). DOI 10.1007/s40747-022-

00920-5

71. Liu, W., Luan, Y., Liu, Y., Li, G.: Well-posedness and asymptotic stabi-

lity to a laminated beam in thermoelasticity of type III. Mathemati-

cal Methods in the Applied Sciences 43(6), 3148�3166 (2020). DOI

10.1002/mma.6108

72. Liu, Z., Liu, J., Wang, L.: Disturbance observer based attitude

control for �exible spacecraft with input magnitude and rate constrai-

nts. Aerospace Science and Technology 72, 486�492 (2018). DOI

10.1016/j.ast.2017.11.036

73. Luenberger, D.G.: Observing the state of a linear system. IEEE

transactions on military electronics 8(2), 74�80 (1964). DOI

10.1109/TME.1964.4323124

74. Luenberger, D.G.: Observers for multivariable systems. IEEE

transactions on automatic control 11(2), 190�197 (1966). DOI

10.1109/TAC.1966.1098323

75. Luenberger, D.G.: An introduction to observers. IEEE Transactions on

automatic control 16(6), 596�602 (1971). DOI 10.1109/TAC.1971.1099826

76. Lumer, G., Phillips, R.S.: Dissipative operators in a Banach space. Paci�c

J. Math. 11, 679�698 (1961)

77. Luo, Z.H., Guo, B.Z., Morg�ul, �O.: Stability and Stabilization of In�nite

Dimensional Systems with Applications. Springer-Verlag, London (1999)

78. Macia, F., Zuazua, E.: On the lack of observability for wave equations: a

Gaussian beam approach. Asymptotic Analysis 32(1), 1�26 (2002)

79. Mattioni, A., Toledo, J., Le Gorrec, Y.: Observer based nonlinear control

of a rotating �exible beam. IFAC-PapersOnLine 53(2), 7479�7484 (2020).

DOI 10.1016/j.ifacol.2020.12.1306

80. Mazko, A.G.: Positive and monotone systems in a partially ordered

space. Ukrainian Mathematical Journal 55(2), 199�211 (2003). DOI



146

10.1023/A:1025460111682

81. Mazko, A.G.: Robust output feedback stabilization and optimization of

control systems. Nonlinear Dynamics and Systems Theory 17(1), 42�59

(2017)

82. Morg�ul, �O.: Control and stabilization of a �exible beam attached to a

rigid body. International Journal of Control 51(1), 11�31 (1990). DOI

10.1080/00207179008934048

83. Morg�ul, �O.: Boundary control of a Timoshenko beam attached to a ri-

gid body: planar motion. International journal of control 54(4), 763�791

(1991). DOI 10.1080/00207179108934185

84. Mustafa, M.I.: On the stabilization of viscoelastic laminated beams with

interfacial slip. Zeitschrift f�ur angewandte Mathematik und Physik 69,

1�14 (2018). DOI 10.1007/s00033-018-0928-7

85. Odhner, L.U., Dollar, A.M.: The smooth curvature model: An e�cient

representation of Euler�Bernoulli �exures as robot joints. IEEE Transacti-

ons on Robotics 28(4), 761�772 (2012). DOI 10.1109/TRO.2012.2193232

86. Oostveen, J.: Strongly stabilizable distributed parameter systems.

Frontiers in Applied Mathematics. Society for Industrial and Applied

Mathematics (2000). DOI 10.1137/1.9780898719864

87. Ostrogradsky, M.: M�emoires sur les �equations di��erentielles, relatives au

probl�eme des isop�erim�etres. Mem. Acad. St. Petersbourg 6(4), 385�517

(1850)

88. Palomba, I., Richiedei, D., Trevisani, A.: Reduced-order observers for

nonlinear state estimation in �exible multibody systems. Shock and Vi-

bration 2018, 1�12 (2018). DOI 10.1155/2018/6538737

89. Pazy, A.: Semigroups of Linear Operators and Applications to Partial

Di�erential Equations, Applied mathematical sciences, vol. 44. Springer-

Verlag, New York, NY (2012)



147

90. Perrusqu�ia, A.: Solution of the linear quadratic regulator problem of black

box linear systems using reinforcement learning. Information Sciences 595,

364�377 (2022). DOI 10.1016/j.ins.2022.03.004

91. Phillips, R.S.: Dissipative operators and hyperbolic systems of partial di-

�erential equations. Transactions of the American Mathematical Society

90(2), 193�254 (1959). DOI 10.2307/1993202

92. Ramirez, H., Zwart, H., Le Gorrec, Y.: Stabilization of in�nite dimensi-

onal port-Hamiltonian systems by nonlinear dynamic boundary control.

Automatica 85, 61�69 (2017). DOI 10.1016/j.automatica.2017.07.045

93. Rouche, N., Habets, P., Laloy, M.: Stability theory by Liapunov's direct

method, Applied Mathematical Sciences, vol. 4. Springer, New York, NY

(1977). DOI 10.1007/978-1-4684-9362-7

94. Russell, D.L.: Nonharmonic Fourier series in the control theory of distri-

buted parameter systems. Journal of Mathematical Analysis and Appli-

cations 18(3), 542�560 (1967). DOI 10.1016/0022-247X(67)90045-5

95. Russell, D.L.: Controllability and stabilizability theory for linear partial

di�erential equations: recent progress and open questions. Siam Review

20(4), 639�739 (1978). DOI 10.1137/1020095

96. Russell, D.L., Weiss, G.: A general necessary condition for exact observabi-

lity. SIAM Journal on Control and Optimization 32(1), 1�23 (1994). DOI

10.1137/S036301299119795X

97. Shah, U.H., Hong, K.S.: Active vibration control of a �exible rod moving

in water: Application to nuclear refueling machines. Automatica 93, 231�

243 (2018). DOI 10.1016/j.automatica.2018.03.048

98. Shifman, J.J.: Lyapunov functions and the control of the Euler�Bernoulli

beam. International Journal of Control 57(4), 971�990 (1993). DOI

10.1080/00207179308934423

99. Shubov, M., Shubov, V.: Stability of a �exible structure with destabilizing

boundary conditions. Proceedings of the Royal Society A: Mathemati-



148

cal, Physical and Engineering Sciences 472(2191), 1�22 (2016). DOI

10.1098/rspa.2016.0109

100. Shubov, M.A.: Location of eigenmodes of Euler�Bernoulli beam model

under fully non-dissipative boundary conditions. Proceedings of the Royal

Society 475(2231), 1�20 (2019). DOI 10.1098/rspa.2019.0544

101. Shubov, M.A., Kindrat, L.P.: Spectral analysis of the Euler�Bernoulli

beam model with fully nonconservative feedback matrix. Mathemati-

cal Methods in the Applied Sciences 41(12), 4691�4713 (2018). DOI

10.1002/mma.4922

102. Shubov, M.A., Kindrat, L.P.: Asymptotics of the eigenmodes and stability

of an elastic structure with general feedback matrix. IMA Journal of Appli-

ed Mathematics 84(5), 873�911 (2019). DOI 10.1093/imamat/hxz019

103. Sklyar, G., Zuyev, A. (eds.): Stabilization of Distributed Parameter

Systems: Design Methods and Applications, 1 edn. SEMA SIMAI Springer

Series. Springer, Cham (2021). DOI 10.1007/978-3-030-61742-4

104. Slemrod, M.: The linear stabilization problem in Hilbert space. Journal

of Functional Analysis 11(3), 334�345 (1972). DOI 10.1016/0022-

1236(72)90073-0

105. Slemrod, M.: Stabilization of boundary control systems. Journal

of di�erential equations 22(2), 402�415 (1976). DOI 10.1016/0022-

0396(76)90036-X

106. Sontag, E.D.: Mathematical control theory: deterministic �nite dimensi-

onal systems, 2 edn. Texts in Applied Mathematics. Springer, New York,

NY (1998). DOI 10.1007/978-1-4612-0577-7

107. Terrell, W.J.: Some fundamental control theory i: controllability,

observability, and duality. The American Mathematical Monthly 106(8),

705�719 (1999). DOI 10.1080/00029890.1999.12005110

108. Walsh, A., Forbes, J.R.: Modeling and control of �exible telescoping mani-

pulators. IEEE Transactions on Robotics 31(4), 936�947 (2015). DOI



149

10.1109/TRO.2015.2441473

109. Wang, J., Li, Q.: Active vibration control methods of axially moving

materials � a review. Journal of Vibration and Control 10(4), 475�491

(2004). DOI 10.1177/1077546304035605

110. Willems, J.C., Polderman, J.W.: Introduction to mathematical systems

theory: a behavioral approach, Texts in Applied Mathematics, vol. 26.

Springer, New York, NY (1997). DOI 10.1007/978-1-4757-2953-5

111. Yang K. Y., W.J.M.: Pointwise feedback stabilization of an Euler�

Bernoulli beam in observations with time delay. ESAIM: Control,

Optimisation and Calculus of Variations 25(4), 1�23 (2019). DOI

10.1051/cocv/2017080

112. Zerrik, E.H., Castillo, O.: Stabilization of in�nite dimensional systems.

Studies in Systems, Decision and Control. Springer, Cham (2021). DOI

10.1007/978-3-030-68600-0

113. Zheng, G., Bejarano, F.J., Perruquetti, W., Richard, J.P.: Unknown input

observer for linear time-delay systems. Automatica 61, 35�43 (2015).

DOI 10.1016/j.automatica.2015.07.029

114. Zimmer, R.J.: Essential results of functional analysis. Chicago lectures

in mathematics. The University of Chicago, Chicago and London (1990).

DOI 10.2307/3620295

115. Zuazua, E.: Propagation, observation, and control of waves approximated

by �nite di�erence methods. SIAM review 47(2), 197�243 (2005). DOI

10.1137/S0036144503432862

116. Zuev, A.: Partial asymptotic stability of abstract di�erential equati-

ons. Ukrainian Mathematical Journal 58(5), 709�717 (2006). DOI

10.1007/s11253-006-0096-3

117. Zuyev, A.: Application of control Lyapunov functions technique for

partial stabilization. In: Proceedings of the 2001 IEEE International



150

Conference on Control Applications, pp. 509�513. IEEE (2001). DOI

10.1109/CCA.2001.973917

118. Zuyev, A.: Partial stabilization of a rigid body with several elastic

beams. IFAC Proceedings Volumes 35(1), 139�144 (2002). DOI

10.3182/20020721-6-ES-1901.00273

119. Zuyev, A.: Partial asymptotic stabilization of nonlinear distributed

parameter systems. Automatica 41(1), 1�10 (2005). DOI

10.1016/j.automatica.2004.08.009

120. Zuyev, A.: Feedback stabilization of a system of rigid bodies with a �exible

beam. In: Robot Motion and Control 2009, pp. 69�81. Springer (2009).

DOI 10.1007/978-1-84882-985-5_7

121. Zuyev, A.: Partial stabilization and control of distributed parameter

systems with elastic elements. Lecture Notes in Control and Information

Sciences. Springer, Cham (2015). DOI 10.1007/978-3-319-11532-0

122. Zuyev, A., Kalosha, J.: Observer design for a �exible structure with di-

stributed and point sensors. Proceedings of the Institute of Applied

Mathematics and Mechanics of NAS of Ukraine 35(2), 125�136 (2021).

DOI 10.37069/1683-4720-2021-35-9

123. Zuyev, A., Kalosha, J.: A dynamic observer for a class of in�nite�

dimensional vibrating �exible structures. In: 2023 European Control

Conference (ECC), pp. 200�205. IEEE, Bucharest (2023). DOI

10.23919/ECC57647.2023.10178223

124. Zuyev, A., Sawodny, O.: Stabilization of a �exible manipulator model with

passive joints. IFAC Proceedings Volumes 38(1), 784�789 (2005). DOI

10.3182/20050703-6-CZ-1902.00531

125. Zuyev, A., Sawodny, O.: Observer design for a �exible manipulator model

with a payload. In: Proceedings of the 45th IEEE Conference on Decision

and Control, pp. 4490�4495. IEEE (2006). DOI 10.1109/CDC.2006.376770



151

126. Zuyev, A., Sawodny, O.: Stabilization and observability of a rotating

Timoshenko beam model. Mathematical Problems in Engineering 2007,

1�19 (2007). DOI 10.1155/2007/57238

127. Zuyev, A.L.: Modeling of a spatial �exible manipulator with telescoping.

Proceedings of the Institute of Applied Mathematics and Mechanics (Tr.

Inst. Prikl. Mat. Mekh.) 10, 51�58 (2005)

128. Zuyev, A.L., Kucher, J.I.: Asymptotic distribution of the spectral

parameter in the stabilization problem for a beam system. In: Procee-

dings of the XVII International Conference �Dynamical Systems Modelling

and Stability Investigation� (DSMSI), p. 103. Taras Shevchenko National

University of Kyiv, Kyiv, Ukraine, May 27 � 29 (2015)

129. Zuyev A. L., Masharova J. I.: Application of Galerkin's method for the

Euler�Bernoulli beam model. In: Proceedings of the 11th International

Conference �Stability, Control and Rigid Bodies Dynamics� (ICSCD), p.

144. IAMM NASU, Donetsk, Ukraine, June 8 � 12 (2011)

130. Áàðáàøèí, Å.À.: Ââåäåíèå â òåîðèþ óñòîé÷èâîñòè. Íàóêà, Ìîñêâà

(1967)

131. Áàðáàøèí, Å.À.: Ôóíêöèè Ëÿïóíîâà. Íàóêà, Ãë. ðåä. ôèç.-ìàò. ëèò.,

Ìîñêâà (1970)

132. Áàðáàøèí, Å.À., Êðàñîâñêèé, Í.Í.: Îá óñòîé÷èâîñòè äâèæåíèÿ â öå-

ëîì. In: Äîêë. ÀÍ ÑÑÑÐ, vol. 86, pp. 453�456 (1952)

133. Áåðäè÷åâñêèé, Â.Ë.: Âàðèàöèîííûå ïðèíöèïû ìåõàíèêè ñïëîøíîé

ñðåäû. Íàóêà, Ãë. ðåä. ôèç.-ìàò. ëèò., Ìîñêâà (1983)

134. Ãàë¼ðêèí, Á.Ã.: Ñòåðæíè è ïëàñòèíêè. Ðÿäû â íåêîòîðûõ âîïðîñàõ

óïðóãîãî ðàâíîâåñèÿ ñòåðæíåé è ïëàñòèíîê. Âåñòíèê èíæåíåðîâ 1

(1915)

135. Ãàíòìàõåð, Ô.Ð.: Ëåêöèè ïî àíàëèòè÷åñêîé ìåõàíèêå. Íàóêà, Ãë. ðåä.

ôèç.-ìàò. ëèò., Ìîñêâà (1966)



152

136. Ãåëüôàíä, È.Ì., Ôîìèí, Ñ.Â.: Âàðèàöèîííîå èñ÷èñëåíèå. Ãîñ. èçä-âî

ôèç.-ìàò. ëèò., Ìîñêâà (1961)

137. Ãîõáåðã, È.Ö., Êðåéí, Ì.Ã.: Ââåäåíèå â òåîðèþ ëèíåéíûõ íåñàìîñî-

ïðÿæåííûõ îïåðàòîðîâ â ãèëüáåðòîâîì ïðîñòðàíñòâå. Íàóêà, Ãë. ðåä.

ôèç.-ìàò. ëèò. (1965)

138. Äåìèäîâè÷, Á.Ï.: Ëåêöèè ïî ìàòåìàòè÷åñêîé òåîðèè óñòîé÷èâîñòè.

Íàóêà, Ãë. ðåä. ôèç.-ìàò. ëèò., Ìîñêâà (1967)

139. Äîáðîíðàâîâ, Â.Â., Íèêèòèí, Í.Í.: Êóðñ òåîðåòè÷åñêîé ìåõàíèêè.

Âûñøàÿ øêîëà, Ìîñêâà (1983)

140. Çóáîâ, Â.È.: Ìåòîäû À. Ì. Ëÿïóíîâà è èõ ïðèìåíåíèå. Èçäàòåëüñòâî

Ëåíèíãðàäñêîãî óíèâåðñèòåòà (1957)

141. Çóáîâ, Â.È.: Ëåêöèè ïî òåîðèè óïðàâëåíèÿ. Íàóêà, Ãë. ðåä. ôèç.-ìàò.

ëèò., Ìîñêâà (1975)

142. Çóåâ À. Ë., Êàëîøà Þ. È.: Ïðèáëèæ¼ííîå ðåøåíèå çàäà÷è îá óï-

ðàâëÿåìûõ êîëåáàíèÿõ áàëêè ñ òî÷å÷íîé ìàññîé. In: Proceedings of

the International Conference �Dynamical Systems Modelling and Stability

Investigation� (DSMSI�2017), p. 51. Taras Shevchenko National Universi-

ty of Kyiv, Kyiv, Ukraine, May 24 � 26 (2017)

143. Çóåâ À. Ë., Êó÷åð Þ. È.: Ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè ïðèáëè-

æåííûõ ðåøåíèé äèíàìè÷åñêèõ óðàâíåíèé óïðóãîé áàëêè. Òðóäû

ÈÏÌÌ ÍÀÍ Óêðàèíû 23, 86�99 (2011)

144. Çóåâ À. Ë., Êó÷åð Þ. È.: Ñòàáèëèçàöèÿ ìîäåëè óïðóãîé áàëêè ñ ðà-

ñïðåäåëåííûìè è ñîñðåäîòî÷åííûìè óïðàâëÿþùèìè âîçäåéñòâèÿìè.

Äèíàìè÷åñêèå ñèñòåìû 31(3), 25�35 (2013)

145. Çóåâ À. Ë., Êó÷åð Þ. È.: Óñòîé÷èâîñòü óïðóãîé áàëî÷íîé ñèñòåìû ñ

ðàñïðåäåëåííûìè è ñîñðåäîòî÷åííûì óïðàâëåíèÿìè. In: Proceedings

of the International Mathematical Conference �The Boundary Problems,

the Theory of Functions and Their Applications� dedicated to the 75th bi-



153

rthday of Academician A.M. Samoilenko, p. 17. DSPU, Sloviansk, Ukraine,

June 12 � 14 (2013)

146. Êàëîøà Þ. I., Çó¹â Î. Ë.: Àñèìïòîòè÷íà ñòiéêiñòü ìîäåëi ïðó-

æíî¨ áàëêè ç ïðè¹äíàíîþ ìàñîþ. In: Proceedings of the International

Conference of Young Mathematicians, p. 133. Institute of mathematics of

NAS of Ukraine, Kyiv, Ukraine, June 3 � 5 (2021)

147. Êàëîøà, Þ., Çó¹â, Î.: Àñèìïòîòè÷íèé ðîçïîäië âëàñíèõ ÷àñòîò êîëè-

âàíü ïðóæíî¨ áàëêè ç ïðè¹äíàíîþ ìàñîþ. In: Proceedings of The Con-

ference of Young Scientists �Pidstryhach Readings � 2021�. Pidstryhach

institute for applied problems of mechanics and mathematics of NAS of

Ukraine, Lviv, Ukraine, May 26 � 28 (2021)

148. Êàëîøà, Þ., Çó¹â, Î.: Ñïîñòåðiãà÷ Ëóåíáåðãåðà äëÿ ïðóæíî¨ áàëêè ç

òî÷êîâîþ ìàñîþ. In: Proceedings of The Conference of Young Scientists

�Pidstryhach Readings � 2022�. Pidstryhach institute for applied problems

of mechanics and mathematics of NAS of Ukraine, Lviv, Ukraine, May

25 � 27 (2022)

149. Êàëîøà, Þ., Çó¹â, Î.: Ñïîñòåðiãài÷ Ëóåíáåðãåðà äëÿ ìîäåëi ïðóæíî¨

áàëêè ó ãàìiëüòîíîâié ôîðìi. In: Proceedings of the International

Scienti�c Conference �Current Problems of Mechanics and Mathemati-

cs � 2023�. Pidstryhach institute for applied problems of mechanics and

mathematics of NAS of Ukraine, Lviv, Ukraine, May 23 � 25 (2023)

150. Êàíòîðîâè÷, Ë.Â., Àêèëîâ, Ã.Ï.: Ôóíêöèîíàëüíûé àíàëèç, 3-å èçä.

Íàóêà, Ãë. ðåä. ôèç.-ìàò. ëèò. (1984)

151. Êîëìîãîðîâ, À.Í., Ôîìèí, Ñ.Â.: Ýëåìåíòû òåîðèè ôóíêöèé è ôóí-

êöèîíàëüíîãî àíàëèçà, 2-å èçä. (1968)

152. Êðàñîâñêèé, Í.Í.: Íåêîòîðûå çàäà÷è òåîðèè óñòîé÷èâîñòè äâèæåíèÿ.

Ãîñóäàðñòâåííîå èçäàòåëüñòâî ôèçèêî-ìàòåìàòè÷åñêîé ëèòåðàòóðû,

Ìîñêâà (1959)

153. Êðåéí, Ñ.Ã.: Ôóíêöèîíàëüíûé àíàëèç. Íàóêà, Ìîñêâà (1964)



154

154. Êðåéí, Ñ.Ã.: Ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ â áàíàõîâîì

ïðîñòðàíñòâå. Íàóêà, Ìîñêâà (1967)

155. Êó÷åð, Þ.I.: Àñèìïòîòè÷íà ïîâåäiíêà âëàñíèõ çíà÷åíü iíôiíiòåçè-

ìàëüíîãî ãåíåðàòîðà íàïiâãðóïè â çàäà÷i ñòàáiëiçàöi¨ ïðóæíî¨ áàëêè.

In: Proceedings of the International Conference of Young Mathematicians,

p. 105. Institute of mathematics of NAS of Ukraine, Kyiv, Ukraine, June

3 � 6 (2015)

156. Ëà-Ñàëëü, Æ., Ëåôøåö, Ñ.: Èññëåäîâàíèå óñòîé÷èâîñòè ïðÿìûì ìå-

òîäîì Ëÿïóíîâà. Ìèð, Ìîñêâà (1964)

157. Ëóðüå, À.È.: Àíàëèòè÷åñêàÿ ìåõàíèêà. ÃÈÔÌË, Ìîñêâà (1961)

158. Ëÿïóíîâ, À.Ì.: Îáùàÿ çàäà÷à îá óñòîé÷èâîñòè äâèæåíèÿ. Ãîñ. èçä.

òåõíèêî-òåîðåòè÷åñêîé ëèòåðàòóðû, Ìîñêâà � Ëåíèíãðàä (1950)

159. Ëÿïóíîâ, À.Ì.: Ëåêöèè ïî òåîðåòè÷åñêîé ìåõàíèêå. Íàóêîâà äóìêà,

Êèåâ (1982)

160. Ìàëêèí, È.Ã.: Òåîðèÿ óñòîé÷èâîñòè äâèæåíèÿ. Íàóêà, Ãë. ðåä. ôèç.-

ìàò. ëèò., Ìîñêâà (1966)

161. Ìèõàéëîâ, Â.Ï.: Äèôôåðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâî-

äíûõ. Íàóêà, Ìîñêâà (1976)

162. Ìèõëèí, Ñ.Ã.: Âàðèàöèîííûå ìåòîäû â ìàòåìàòè÷åñêîé ôèçèêå. Íàó-

êà, Ãë. ðåä. ôèç.-ìàò. ëèò., Ìîñêâà (1970)

163. Íàáèóëëèí, Ì.Ê.: Ñòàöèîíàðíûå äâèæåíèÿ è óñòîé÷èâîñòü óïðóãèõ

ñïóòíèêîâ. Íàóêà, Íîâîñèáèðñê (1990)

164. Ïóàíêàðå, À.: Î êðèâûõ, îïðåäåëÿåìûõ äèôôåðåíöèàëüíûìè óðàâíå-

íèÿìè. Ãîñ. èçä. òåõíèêî-òåîðåòè÷åñêîé ëèòåðàòóðû, Ìîñêâà � Ëåíèí-

ãðàä (1947)

165. Ñìèðíîâ, Â.È., Êðûëîâ, Â.È., Êàíòîðîâè÷, Ë.Â.: Âàðèàöèîííîå èñ÷è-

ñëåíèå. Èçä-âî �Êóáó÷�, Ëåíèíãðàä (1933)

166. Òèìîøåíêî, Ñ.Ï.: Êîëåáàíèÿ â èíæåíåðíîì äåëå. Íàóêà, Ãë. ðåä. ôèç.-

ìàò. ëèò., Ìîñêâà (1967)



155

167. Òèìîøåíêî, Ñ.Ï.: Ñòàòè÷åñêèå è äèíàìè÷åñêèå ïðîáëåìû òåîðèè

óïðóãîñòè. Íàóêîâà äóìêà, Êèåâ (1975)

168. Òðåíîãèí, Â.À.: Ôóíêöèîíàëüíûé àíàëèç. Íàóêà, Ìîñêâà (1980)

169. Õàðòìàí, Ô.: Îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ. Ìèð,

Ìîñêâà (1970)

170. Õîðîøóí, À.Ñ.: Ïðî ïîáóäîâó êåðóâàííÿ, ùî çàáåçïå÷ó¹ áàæàíó òðà¹-

êòîðiþ ðóõó îäíîëàíêîâîãî ìàíiïóëÿòîðà iç ïðóæíèì ç÷ëåíóâàííÿì.

Äîïîâ. Íàö. àêàä. íàóê Óêð. 1, 33�38 (2021)

171. Øåñòàêîâ, À.À.: Îáîáùåííûé ïðÿìîé ìåòîä Ëÿïóíîâà äëÿ ñèñòåì ñ

ðàñïðåäåëåííûìè ïàðàìåòðàìè. Íàóêà, Ìîñêâà (1990)

172. Ýéëåð, Ë.: Ìåòîä íàõîæäåíèÿ êðèâûõ ëèíèé, îáëàäàþùèõ ñâîéñòâà-

ìè ìàêñèìóìà, ëèáî ìèíèìóìà èëè ðåøåíèå èçîïåðèìåòðè÷åñêîé çà-

äà÷è, âçÿòîé â ñàìîì øèðîêîì ñìûñëå. Ãîñóäàðñòâåííîå òåõíèêî-

òåîðåòè÷åñêîå èçäàòåëüñòâî, Ìîñêâà � Ëåíèíãðàä (1934)

173. Ýëüñãîëüö, Ë.Ý.: Äèôôåðåíöèàëüíûå óðàâíåíèÿ è âàðèàöèîííîå

èñ÷èñëåíèå. Íàóêà, Ìîñêâà (1969)



156

Äîäàòîê À

Äîïîìiæíi îá÷èñëåííÿ

Äî ðîçäiëó 3.3, Òåîðåìà 3.1. Êîåôiöi¹íòè aνj ñèñòåìè (3.38).
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ℓ∫
ℓ0

ψ′′
ν(x)Ḡz,2(x)dx

 ·
ℓ∫

0

ψ′′
j (s)Gz4(ℓ0 − s)ds+

+ κ

 ℓ0∫
0

ψ′′
ν(x)Ḡ4,1(x)dx+

ℓ∫
ℓ0

ψ′′
ν(x)Ḡ4,2(x)dx

 ·
ℓ0∫
0

ψ′′
j (s)G14(ℓ0 − s)ds+

+

ℓ0∫
0

ψ′′
ν(x)

x∫
0

ψ′′
j (s)G14(x− s)dsdx−

ℓ∫
ℓ0

ψ′′
ν(x)

ℓ∫
x

ψ′′
j (s)G14(x− s)dsdx

 .

Äî ðîçäiëó 3.3, Òåîðåìà 3.2. Äèôåðåíöiþâàííÿ âèðàçiâ R1ξ,

R2ξ, R3ξ, R4ξ ðåçîëüâåíòè îïåðàòîðà ç êåðóâàííÿì. Çàçíà÷èìî, ùî
d

dx
G14(x) =

1

2η2
sin(ηx) sinh(ηx)

òà
d2

dx2
G14(x) =

1

2η
(cos(ηx) sinh(ηx) + sin(ηx) cosh(ηx)) ,

òîìó G14(0) = G′
14(0) = G′′

14(0) = 0. Âèêîðèñòîâóþ÷è ôîðìóëó Ëÿéáíiöà

d

dx

 b(x)∫
a(x)

f(x, s)ds

 = f(x, b(x))b′(x)− f(x, a(x))a′(x) +

b(x)∫
a(x)

d

dx
(f(x, s))ds,

îá÷èñëèìî íàñòóïíi ïîõiäíi:

d

dx

x∫
0

G14(x− s)ψ′′
j (s)ds =

x∫
0

G′
14(x− s)ψ′′

j (s)ds,

d

dx

ℓ∫
x

G14(x− s)ψ′′
j (s)ds =

ℓ∫
x

G′
14(x− s)ψ′′

j (s)ds,

d

dx

x∫
0

G′
14(x− s)ψ′′

j (s)ds =

x∫
0

G′′
14(x− s)ψ′′

j (s)ds,
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d

dx

ℓ∫
x

G′
14(x− s)ψ′′

j (s)ds =

ℓ∫
x

G′′
14(x− s)ψ′′

j (s)ds,

d

dx

x∫
0

G′′
14(x− s)ψ′′

j (s)ds =

x∫
0

G′′′
14(x− s)ψ′′

j (s)ds,

d

dx

ℓ∫
x

G′′
14(x− s)ψ′′

j (s)ds =

ℓ∫
x

G′′′
14(x− s)ψ′′

j (s)ds.

Òîäi ïîõiäíi åëåìåíòiâ ðåçîëüâåíòè R(λ, Ã) íàáóâàþòü íàñòóïíîãî âèãëÿäó:

d

dx
R1ξ=


− 1

EI

k∑
j=1

(
4∑

z=1
Ḡ′

z,1(x)F̄jz(ξ)−Mj(ξ)
x∫
0

G′
14(x− s)ψ′′

j (s)ds

)
, x ⩽ ℓ0,

− 1
EI

k∑
j=1

(
4∑

z=1
Ḡ′

z,2(x)F̄jz(ξ)+Mj(ξ)
ℓ∫
x

G′
14(x− s)ψ′′

j (s)ds

)
, x > ℓ0,

d2

dx2
R1ξ=


− 1

EI

k∑
j=1

(
4∑

z=1
Ḡ′′

z,1(x)F̄jz(ξ)−Mj(ξ)
x∫
0

G′′
14(x− s)ψ′′

j (s)ds

)
, x ⩽ ℓ0,

− 1
EI

k∑
j=1

(
4∑

z=1
Ḡ′′

z,2(x)F̄jz(ξ)+Mj(ξ)
ℓ∫
x

G′′
14(x− s)ψ′′

j (s)ds

)
, x > ℓ0,

d3

dx3
R1ξ=


− 1

EI

k∑
j=1

(
4∑

z=1
Ḡ′′′

z,1(x)F̄jz(ξ)−Mj(ξ)
x∫
0

G′′′
14(x− s)ψ′′

j (s)ds

)
, x ⩽ ℓ0,

− 1
EI

k∑
j=1

(
4∑

z=1
Ḡ′′′

z,2(x)F̄jz(ξ)+Mj(ξ)
ℓ∫
x

G′′′
14(x− s)ψ′′

j (s)ds

)
, x > ℓ0,

d

dx
R2ξ =

1

λ

(
d

dx
R1ξ − u′(x)

)
.

Äî ðîçäiëó 3.3, Òåîðåìà 3.5. Åëåìåíòè ìàòðè÷íî¨ åêñïîíåíòè.

G11 = G22 = G33 = G44 = cos(ηx) cosh(ηx),

G12 = G23 = G34 =
1

2η

(
sin(ηx) cosh(ηx) + cos(ηx) sinh(ηx)

)
,

G13 = G24 =
1

2η2
sin(ηx) sinh(ηx),

G14 =
1

4η3
(
sin(ηx) cosh(ηx)− cos(ηx) sinh(ηx)

)
,

G21 = G32 = G43 = η
(
cos(ηx) sinh(ηx)− sin(ηx) cosh(ηx)

)
,
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G31 = G42 = −2η2 sin(ηx) sinh(ηx),

G41 = −2η3
(
sin(ηx) cosh(ηx) + cos(ηx) sinh(ηx)

)
,

Iëþñòðàòèâíi ìàòåðiàëè. Íèæ÷å íàâîäÿòüñÿ ñõåìàòè÷íi ïðåäñòàâ-

ëåííÿ ïîñëiäîâíîñòi äîñëiäæåíü äî ðîçäiëiâ 2, 3.

Ðèñ. À.1: Ñõåìà äîâåäåííÿ êîðåêòíîñòi çàäà÷i Êîøi (2.52), (2.53)
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Ðèñ. À.2: Ñõåìà äîâåäåííÿ àñèìïòîòè÷íî¨ ñòiéêîñòi ñòàíó ðiâíîâàãè çàìêíå-

íî¨ ñèñòåìè (2.19)
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