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ÇÀÃÀËÜÍÀ ÕÀÐÀÊÒÅÐÈÑÒÈÊÀ ÐÎÁÎÒÈ

Àêòóàëüíiñòü òåìè. Ãiáðèäíi ìåõàíi÷íi ñèñòåìè, ÿêi ñêëàäàþ-
òüñÿ ç àáñîëþòíî òâåðäèõ i äåôîðìiâíèõ òië, ¹ øèðîêî ðîçïîâñþäæå-
íèìè ó ñó÷àñíié òåõíiöi. Äî öüîãî êëàñó ñèñòåì âiäíîñÿòüñÿ ðîáîòè-
ìàíiïóëÿòîðè ç ïðóæíèìè ëàíêàìè, ñóïóòíèêè ç ãíó÷êèìè àíòåíàìè
i ïàíåëÿìè ñîíÿ÷íèõ áàòàðåé, ïiäéîìíi êðàíè ç ïðóæíèìè ñòðiëàìè
òà ïðîòÿæíèìè òðîñîâèìè çâ'ÿçêàìè òîùî. Ìàòåìàòè÷íå ìîäåëþ-
âàííÿ òàêèõ îá'¹êòiâ ïðèçâîäèòü äî íåîáõiäíîñòi äîñëiäæåííÿ êîëè-
âàíü â ñèñòåìàõ êåðóâàííÿ, ÿêi îïèñóþòüñÿ ñóêóïíiñòþ äèôåðåíöi-
àëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè òà ðiâíÿíü Ëàãðàíæà âiä-
íîñíî óçàãàëüíåíèõ êîîðäèíàò. Îäíèì ç àêòóàëüíèõ íàïðÿìêiâ òà-
êîãî äîñëiäæåííÿ ¹ îá ðóíòóâàííÿ ñêií÷åííîâèìiðíèõ íàáëèæåíèõ
ìåòîäiâ ñèíòåçó êåðóâàíü, ÿêi áàçóþòüñÿ íà ðîçâ'ÿçàííi çàäà÷ îïòè-
ìàëüíîãî êåðóâàííÿ òà ïëàíóâàííÿ ðóõó. Ãàñiííÿ êîëèâàíü òàêîæ ¹
âàæëèâîþ ïðîáëåìîþ ïðè äîñëiäæåííi ðiçíîãî ðîäó ìåõàíi÷íèõ ñè-
ñòåì iç ðîçïîäiëåíèìè ïàðàìåòðàìè. Òîìó âèíèêà¹ íåîáõiäíiñòü ó
ðîçðîáöi ìåòîäiâ ñòàáiëiçàöi¨ äëÿ ñêëàäíèõ ñèñòåì òàêîãî òèïó.

Ïîâíèé ñòàí äèíàìi÷íî¨ ñèñòåìè ÷àñòî âèÿâëÿ¹òüñÿ íåäîñòóïíèì
äëÿ ïðÿìîãî âèìiðþâàííÿ â áàãàòüîõ ïðèêëàäíèõ çàäà÷àõ. Ïðîòå äëÿ
äåÿêèõ ñèñòåì ìîæíà âèìiðþâàòè âèõiäíi ñèãíàëè ó âèãëÿäi ïåâíèõ
êîìïîíåíò ôàçîâîãî âåêòîðà ÿê ôóíêöié ÷àñó. Äëÿ îïòèìàëüíîãî êå-
ðóâàííÿ òà ñòàáiëiçàöi¨ ñòà¹ âàæëèâèì îöiíèòè ñòàí, âèêîðèñòîâóþ÷è
ñïîñòåðåæåííÿ îáìåæåíî¨ êiëüêîñòi âèõiäíèõ äàíèõ ñèñòåìè. Òîìó
âèíèêà¹ ïîòðåáà ó âiäíîâëåííi ïîâíîãî âåêòîðà ñòàíó çà íàÿâíîñòi
íåïîâíî¨ iíôîðìàöi¨ âèõîäó. Â öüîìó ïîëÿãà¹ çàäà÷à ñïîñòåðåæåííÿ,
ÿêà ðîçãëÿäà¹òüñÿ â äèñåðòàöi¨.

Äîñëiäæåííÿ â íàïðÿìêàõ òåîði¨ ñòiéêîñòi ðóõó òà ìàòåìàòè÷íî¨
òåîði¨ êåðóâàííÿ ñèñòåìàìè ç ðîçïîäiëåíèìè ïàðàìåòðàìè ïðîâî-
äÿòüñÿ ó øêîëàõ J.-L. Lions, J.-M. Coron, M. Balas, H. Fattorini,
R. Curtain, H. Zwart, B. Jacob, E. Zuazua, Z. H. Luo, B.-Z. Guo,
W. Krabs, G. Sklyar, D. L. Russell, I. Lasiecka, J. E. Lagnese, G. Leu-
gering, Â. I. Êîðîáîâà, Î. Ã. Ìàçêà, À. À. Ìàðòèíþêà òà ií. Ó äèñåð-
òàöiéíié ðîáîòi îäåðæàíî íîâi íàóêîâî îá ðóíòîâàíi ðîçâ'ÿçêè çàäà÷
êåðîâàíî¨ ñòàáiëiçàöi¨ òà ñèíòåçó äèíàìi÷íèõ ñïîñòåðiãà÷iâ äëÿ ìîäå-
ëåé ãiáðèäíî¨ ìåõàíi÷íî¨ ñèñòåìè iç ðîçïîäiëåíèìè ïàðàìåòðàìè, ùî
ñêëàäà¹ âíåñîê ó ðîçâèòîê ìåòîäiâ òåîði¨ êåðóâàííÿ ðóõîì òà òåîði¨
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ñòiéêîñòi â ìåõàíiöi.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òå-
ìàìè, ãðàíòàìè. Äîñëiäæåííÿ, ðåçóëüòàòè ÿêèõ âèêëàäåíî ó äè-
ñåðòàöiéíié ðîáîòi, âèêîíóâàëèñÿ â ðàìêàõ òàêèõ íàóêîâî-äîñëiäíèõ
ðîáiò â Iíñòèòóòi ïðèêëàäíî¨ ìàòåìàòèêè i ìåõàíiêè Íàöiîíàëüíî¨
àêàäåìi¨ íàóê Óêðà¨íè:
◦ Êåðóâàííÿ, ñòiéêiñòü òà ðåäóêöiÿ ìîäåëåé ãiáðèäíèõ ñèñòåì ç åëà-
ñòè÷íèìè êîìïîíåíòàìè (ïðî¹êò ìiæíàðîäíî¨ íàóêîâî-òåõíi÷íî¨
ñïiâïðàöi, ïàðòíåð ç äîñëiäæåíü: Iíñòèòóò ìåõàíiêè i ìåõàòðîíiêè
Òåõíi÷íîãî óíiâåðñèòåòó ì.Âiäåíü, Àâñòðiÿ), 0111U007275, 2011�
2012 ðð.

◦ Ðîçðîáêà êîíñòðóêòèâíèõ ìåòîäiâ òåîði¨ êåðóâàííÿ i ñòiéêîñòi iç
çàñòîñóâàííÿì äî çàäà÷ ìàøèíîáóäóâàííÿ, 0111U000483, 2012 ð.

◦ Êåðóâàííÿ ìîäåëÿìè ìåõàòðîííèõ ñèñòåì iç çàñòîñóâàííÿì äî çà-
äà÷ íàâiãàöi¨ êîñìi÷íèõ àïàðàòiâ i ñòàáiëiçàöi¨ ðîáîòîòåõíi÷íèõ
êîìïëåêñiâ, 0112U000029, 2012�2016 ðð.

◦ Çàäà÷i ñèíòåçó êåðóâàííÿ äëÿ íåëiíiéíèõ ñèñòåì ç áàãàòîìàñøòàá-
íîþ äèíàìiêîþ, 0116U007161, 2016�2017 ðð.

◦ Àíàëiòè÷íi ìåòîäè äîñëiäæåííÿ çàäà÷ ñòiéêîñòi i êåðóâàííÿ ðó-
õîì íåëiíiéíèõ ìåõàíi÷íèõ ñèñòåì, 0018U006265, 2018�2019 ðð.

◦ Ñòàáiëiçàöiÿ òðà¹êòîðié äèíàìi÷íèõ ñèñòåì ç ãiáðèäíèìè êåðó-
âàííÿìè òà ïðîáëåìè àïðîêñèìàöi¨ ðîçâ'ÿçêiâ íåàâòîíîìíèõ ãðà-
íè÷íèõ çàäà÷, 0119U103214, 2019 ð.

◦ Êåðóâàííÿ òà àíàëiç íåëiíiéíî¨ äèíàìiêè êîëèâàëüíèõ ìåõàíi÷íèõ
ñèñòåì i ïðîöåñiâ ìàñîïåðåíîñó, 0116U002033, 2020 ð.

◦ Çàäà÷i ðîçïîäiëåíîãî êåðóâàííÿ òà iäåíòèôiêàöi¨ áàãàòîêîìïî-
íåíòíèõ ìåõàíi÷íèõ ñèñòåì, 0121U100219, 2021�2023 ðð.

◦ Ñó÷àñíi ìåòîäè òåîði¨ êðàéîâèõ çàäà÷ òà ¨õ çàñòîñóâàííÿ äî ïðî-
áëåì ìàòåìàòè÷íî¨ ôiçèêè i ìåõàíiêè, 0122U000594, 2022 ð.

◦ Grant EFDS-FL2-08 of the found The European Federation of Acade-
mies of Sciences and Humanities (ALLEA), 2023 ð.

Ìåòà i çàâäàííÿ äîñëiäæåííÿ. Îá'¹êòîì äîñëiäæåííÿ ¹ ìà-
òåìàòè÷íi ìîäåëi êåðîâàíèõ êîëèâàíü ãiáðèäíèõ ìåõàíi÷íèõ ñèñòåì
ç ïðóæíîþ áàëêîþ òà òâåðäèì òiëîì. Ïðåäìåòîì äîñëiäæåííÿ ¹ çà-
äà÷i ñòiéêîñòi, ñòàáiëiçàöi¨ òà ñïîñòåðåæåííÿ ìîäåëåé êåðîâàíèõ ãiá-
ðèäíèõ ìåõàíi÷íèõ ñèñòåì. Ìåòîþ äîñëiäæåííÿ ¹ ðîçâèòîê ìåòî-
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äiâ ñèíòåçó ôóíêöié êåðóâàííÿ çi çâîðîòíèì çâ'ÿçêîì äëÿ ìåõàíi÷-
íèõ ñèñòåì ç ðîçïîäiëåíèìè ïàðàìåòðàìè. Çàâäàííÿì äîñëiäæåííÿ ¹
ðîçâ'ÿçàííÿ çàäà÷ àñèìïòîòè÷íî¨ ñòàáiëiçàöi¨ òà ñïîñòåðåæåííÿ äëÿ
ãiáðèäíî¨ ñèñòåìè ç ïðóæíèìè òà òâåðäèìè åëåìåíòàìè.

Ìåòîäè äîñëiäæåííÿ. Ó äèñåðòàöiéíié ðîáîòi âèêîðèñòîâó-
þòüñÿ ìåòîäè àíàëiòè÷íî¨ ìåõàíiêè i ìàòåìàòè÷íî¨ òåîði¨ êåðóâàííÿ.
Ìàòåìàòè÷íó ìîäåëü ðóõó ãiáðèäíî¨ ñèñòåìè, ÿêà ïðåäñòàâëÿ¹òüñÿ â
äèñåðòàöiéíié ðîáîòi, îòðèìàíî iç çàñòîñóâàííÿì âàðiàöiéíîãî ïðèí-
öèïó Ãàìiëüòîíà�Îñòðîãðàäñüêîãî. Êåðóâàííÿ çi çâîðîòíèì çâ'ÿçêîì
ïîáóäîâàíî íà îñíîâi ïðÿìîãî ìåòîäó Ëÿïóíîâà, çà äîïîìîãîþ ÿêîãî
òàêîæ äîâåäåíî ñòiéêiñòü ñòàíó ðiâíîâàãè ñèñòåìè. Çàäà÷ó, çàïèñàíó
â îïåðàòîðíié ôîðìi, äîñëiäæåíî íà êîðåêòíiñòü çà äîïîìîãîþ òåîði¨
C0-íàïiâãðóï ó íåñêií÷åííîâèìiðíèõ ãiëüáåðòîâèõ ïðîñòîðàõ. Óìî-
âè àñèìïòîòè÷íî¨ ñòiéêîñòi îòðèìàíî íà îñíîâi ïðèíöèïó iíâàðiàí-
òíîñòi ËàÑàëëÿ, ïðè öüîìó ïåðåäêîìïàêòíiñòü òðà¹êòîðié äîâåäåíî
iç çàñòîñóâàííÿì òåîðåìè Äàôåðìîñà�Ñëåìðîäà. Çàäà÷ó ñïîñòåðå-
æåííÿ ðîçâ'ÿçàíî ìåòîäîì ïîáóäîâè ñïîñòåðiãà÷à Ëóåíáåðãåðà. Äëÿ
ñêií÷åííîâèìiðíî¨ ñèñòåìè öåé ïiäõiä ïåðåäáà÷à¹ ïåðåâiðêó ðàíãîâî¨
óìîâè Êàëìàíà. Àíàëiç àñèìïòîòè÷íî¨ ïîâåäiíêè ïîõèáêè çàïðîïî-
íîâàíîãî ñïîñòåðiãà÷à áàçó¹òüñÿ íà òåîðåìi ËàÑàëëÿ.

Íàóêîâà íîâèçíà. Ó äèñåðòàöi¨ ïðåäñòàâëåíî íîâó ìàòåìàòè÷-
íó ìîäåëü ðóõó ãiáðèäíî¨ ìåõàíi÷íî¨ ñèñòåìè, ÿêà ñêëàäà¹òüñÿ ç
ïðóæíî¨ áàëêè, ðîçïîäiëåíèõ ï'¹çîåëåêòðè÷íèõ àêòóàòîðiâ òà òâåð-
äîãî òiëà, ïðè¹äíàíîãî â òî÷öi. Âïåðøå çàïðîïîíîâàíî çàêîí êå-
ðóâàííÿ ó âèãëÿäi çâîðîòíîãî çâ'ÿçêó, ÿêèé ãàðàíòó¹ àñèìïòîòè÷-
íó ñòiéêiñòü ñòàíó ðiâíîâàãè ðîçãëÿíóòî¨ ñèñòåìè. Ïðîàíàëiçîâàíî
àñèìïòîòè÷íèé ðîçïîäië âëàñíèõ ÷àñòîò êîëèâàíü ðîçãëÿíóòî¨ áàë-
êîâî¨ ñèñòåìè. Çàïðîïîíîâàíî íîâèé ñïîñiá ïîáóäîâè ñïîñòåðiãà÷à
äëÿ òàêî¨ ìîäåëi.

Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ. Ðåçóëüòàòè
äèñåðòàöiéíî¨ ðîáîòè íîñÿòü â îñíîâíîìó òåîðåòè÷íèé õàðàêòåð. Ïî-
òåíöiéíèìè ñôåðàìè ïðàêòè÷íîãî çàñòîñóâàííÿ ìîæå áóòè iìïëåìåí-
òàöiÿ îäåðæàíèõ ìåòîäiâ ñèíòåçó êåðóâàííÿ çi çâîðîòíèì çâ'ÿçêîì i
ñèñòåìè-ñïîñòåðiãà÷à â iíæåíåðíi êîíñòðóêöi¨, ÿêi ìiñòÿòü ðîáîòè-
çîâàíi ìàíiïóëÿòîðè ç ãíó÷êèìè ëàíêàìè ÷è îïîðàìè, à òàêîæ ó
êîñìi÷íi àïàðàòè ç ÷àñòèíàìè, ÿêi ìîæóòü áóòè çìîäåëüîâàíèìè ó
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âèãëÿäi ïðóæíèõ áàëîê. Êðiì òîãî, çàïðîïîíîâàíå â ðîáîòi àêòèâíå
êåðóâàííÿ ìîæå áóòè ó ïåðñïåêòèâi âïðîâàäæåíî äëÿ ãàñiííÿ âiáðà-
öié ó ïiäâiñêàõ ðîáîòèçîâàíèõ òðàíñïîðòíèõ çàñîáiâ.

Îñîáèñòèé âíåñîê çäîáóâà÷êè. Óñi ðåçóëüòàòè, ùî ïðåäñòàâ-
ëÿþòüñÿ â äèñåðòàöi¨, îòðèìàíi çäîáóâà÷êîþ ó ñïiâàâòîðñòâi ç íàó-
êîâèì êåðiâíèêîì ïðîôåñîðîì Î. Ë. Çó¹âèì. Êåðiâíèêîâi íàëåæàòü
ïîñòàíîâêè çàäà÷, âèáið ìåòîäiâ äîñëiäæåííÿ i îáãîâîðåííÿ îäåðæà-
íèõ ðåçóëüòàòiâ. Çäîáóâà÷öi íàëåæàòü äîâåäåííÿ âñiõ ðåçóëüòàòiâ,
ðîçãëÿä ïðèêëàäiâ i ïðîâåäåííÿ ÷èñåëüíèõ ðîçðàõóíêiâ.

Àïðîáàöiÿ ìàòåðiàëiâ äèñåðòàöi¨. Îñíîâíi ðåçóëüòàòè äî-
ñëiäæåííÿ äîïîâiäàëèñÿ íà íàóêîâèõ êîíôåðåíöiÿõ ðiçíîãî ðiâíÿ òà
íàóêîâèõ ñåìiíàðàõ. Öå òàêi êîíôåðåíöi¨:
◦ 11th International Conference �Stability, Control and Rigid Bodies
Dynamics� (ICSCD), Donetsk, Ukraine, June 8 � 12, 2011.

◦ International Conference �The Twenty Third Crimea Autumn Ma-
thematical School-Symposium� (KROMSh), Crimea, Ukraine, Sep-
tember 17 � 29, 2012.

◦ International Mathematical Conference �The Boundary Problems,
the Theory of Functions and Their Applications� dedicated to the
75th birthday of Academician A.M. Samoilenko, Sloviansk, Ukraine,
June 12 � 14, 2013.

◦ 16th International Conference �Dynamical SystemModelling and Sta-
bility Investigation� (DSMSI), Kyiv, Ukraine, May 29�31, 2013.

◦ Crimean International Math. Conf. �KMMK�2013�, Sudak, Ukraine,
September 22 � October 4, 2013.

◦ XVII International Conference �Dynamical Systems Modelling and
Stability Investigation� (DSMSI), Kyiv, Ukraine, May 27 � 29, 2015.

◦ International V. Skorobohatko Mathematical Conference, Drohobych,
Ukraine, August 25 � 28, 2015.

◦ International Conference of Young Mathematicians, Kyiv, Ukraine,
June 3 � 6, 2015.

◦ International Conference on Di�erential Equations, Mathematical
Physics and Applications (DEMPhA�2017), Cherkasy, Ukraine, Oc-
tober 17 � 19, 2017.

◦ International Conference �Dynamical Systems Modelling and Stabili-
ty Investigation� (DSMSI�2017), Kyiv, Ukraine, May 24 � 26, 2017.
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◦ International Conference of Young Mathematicians, Kyiv, Ukraine,
June 3 � 5, 2021.

◦ The Conference of Young Scientists �Pidstryhach Readings � 2021�,
Lviv, Ukraine, May 26 � 28, 2021.

◦ The Conference of Young Scientists �Pidstryhach Readings � 2022�,
Lviv, Ukraine, May 25 � 27, 2022.

◦ International Scienti�c Conference �Current Problems of Mechanics
and Mathematics � 2023�, Lviv, Ukraine, May 23 � 25, 2023.

◦ European Control Conference (ECC23), Bucharest, Romania, June
13 � 16, 2023.

Ñåìiíàðè:
◦ Ñåìiíàð âiääiëó ïðèêëàäíî¨ ìåõàíiêè Iíñòèòóòó ïðèêëàäíî¨ ìà-
òåìàòèêè i ìåõàíiêè Íàöiîíàëüíî¨ àêàäåìi¨ íàóê Óêðà¨íè (2011�
2023).

◦ Ñåìiíàð ìîëîäèõ â÷åíèõ Iíñòèòóòó ïðèêëàäíî¨ ìàòåìàòèêè i ìå-
õàíiêè Íàöiîíàëüíî¨ àêàäåìi¨ íàóê Óêðà¨íè (2016�2023).

◦ Ñåìiíàðè â Iíñòèòóòi ìåõàíiêè i ìåõàòðîíiêè Òåõíi÷íîãî óíiâåð-
ñèòåòó Âiäíÿ (Àâñòðiÿ) â ðàìêàõ ïðî¹êòó ìiæíàðîäíî¨ íàóêîâî¨
ñïiâïðàöi �Control, stability and model reduction of hybrid systems
with elastic components� (2011�2012).

◦ Seminar of Biomathematics and Game Theory Group at University of
Warsaw, Faculty of Mathematics, Informatics and Mechanics, War-
saw, Poland (2022).

◦ Open seminar on partial di�erential equations at The Faculty of Ma-
thematics and Information Science, Warsaw University of Technology,
Warsaw, Poland (2022).

◦ Seminar at The Institute of Mathematics, Polish Academy of Sci-
ences, Warsaw, Poland (2022).

◦ Seminar at The Max Planck Institute for Dynamics of Complex Tech-
nical Systems, Computational Methods in Systems and Control Theo-
ry Group (CSC Seminar), Magdeburg, Germany (2022).

◦ Seminar at the Institute of Mathematics, Kassel University, Kassel,
Germany. Presentation �Asymptotic Stabilization of the Flexible
Beam Oscillations� (2022).

◦ Ðîçøèðåíèé ñåìiíàð âiääiëó ïðèêëàäíî¨ ìåõàíiêè Iíñòèòóòó ïðè-
êëàäíî¨ ìàòåìàòèêè i ìåõàíiêè Íàöiîíàëüíî¨ àêàäåìi¨ íàóê Óêðà-
¨íè (17.11.2023).
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◦ Ñåìiíàð êàôåäðè ïðèêëàäíî¨ ìàòåìàòèêè Õàðêiâñüêîãî
íàöiîíàëüíîãî óíiâåðñèòåòó iì. Â. Í. Êàðàçiíà (21.11.2023).

◦ Ñåìiíàð âiääiëó ìàòåìàòè÷íèõ ïðîáëåì ìåõàíiêè òà òåîði¨ êåðó-
âàííÿ Iíñòèòóòó ìàòåìàòèêè Íàöiîíàëüíî¨ àêàäåìi¨ íàóê Óêðà¨íè
(23.11.2023).

Ïóáëiêàöi¨. Îñíîâíi ðåçóëüòàòè äèñåðòàöiéíîãî äîñëiäæåííÿ
îïóáëiêîâàíî ó ñòàòòÿõ [1]�[6] òà äîäàòêîâî âèñâiòëåíî ó òåçàõ äîïî-
âiäåé [7]�[20]. Ðåçóëüòàòè äðóãîãî ðîçäiëó äèñåðòàöi¨ îïóáëiêîâàíî ó
ñòàòòi [2]. Ðåçóëüòàòè, ïðåäñòàâëåíi ó òðåòüîìó ðîçäiëi, îïóáëiêîâàíî
ó ñòàòòÿõ [5] òà [3]. Ðåçóëüòàòè, âèêëàäåíi â ðîçäiëi 4, îïóáëiêîâàíî
â ðîáîòàõ [4] òà [6]. Ðåçóëüòàòè ï'ÿòîãî ðîçäiëó äèñåðòàöi¨ îïóáëiêî-
âàíî ó ñòàòòi [1]. Ïóáëiêàöi¨ [4, 1, 2] âiäïîâiäàþòü âèìîãàì äî ïóáëi-
êàöi¨ ðåçóëüòàòiâ äèñåðòàöiéíèõ ðîáiò ó ôàõîâèõ âèäàííÿõ iç ôiçèêî-
ìàòåìàòè÷íèõ íàóê. Ñòàòòi [5, 3, 6] ïðîiíäåêñîâàíî â ìiæíàðîäíèõ
íàóêîìåòðè÷íèõ áàçàõ äàíèõ Web of Science i Scopus.

Ñòðóêòóðà òà îáñÿã äèñåðòàöi¨. Äèñåðòàöiÿ ñêëàäà¹òüñÿ ç
àíîòàöi¨ óêðà¨íñüêîþ òà àíãëiéñüêîþ ìîâàìè, âñòóïó, ï'ÿòè ðîçäiëiâ,
ðîçäiëåíèõ íà ïiäðîçäiëè, çàêëþ÷íî¨ ÷àñòèíè, ñïèñêó âèêîðèñòàíèõ
äæåðåë i äâîõ äîäàòêiâ. Çàãàëüíèé îáñÿã äèñåðòàöi¨ ñêëàäà¹ 165 ñòî-
ðiíîê. Ñïèñîê âèêîðèñòàíèõ äæåðåë (173 ïîñèëàííÿ âêëþ÷íî ç ðî-
áîòàìè çäîáóâà÷êè), ñïèñîê ïóáëiêàöié çäîáóâà÷êè (6 ñòàòåé i 14 òåç
êîíôåðåíöié), âiäîìîñòi ïðî àïðîáàöiþ ðåçóëüòàòiâ i äîäàòîê çàéìà-
þòü 29 ñòîðiíîê (ç íèõ 2 ñòîðiíêè � iëþñòðàòèâíi ìàòåðiàëè ó äîäà-
òêó A).

ÎÑÍÎÂÍÈÉ ÇÌIÑÒ ÐÎÁÎÒÈ

Ó ïåðøîìó ðîçäiëi äèñåðòàöi¨ íàâîäèòüñÿ îãëÿä ëiòåðàòóðè òà
ìåòîäèêè äîñëiäæåíü. Ðåçóëüòàòè âëàñíîãî íàóêîâîãî äîñëiäæåííÿ
çà òåìîþ äèñåðòàöi¨ âèêëàäåíî ó ðîçäiëàõ 2 � 5.

Ó ðîçäiëàõ 2 � 4 ðîçãëÿäà¹òüñÿ ãiáðèäíà ìåõàíi÷íà ñèñòåìà, ÿêà
ñêëàäà¹òüñÿ ç øàðíiðíî îïåðòî¨ ïðóæíî¨ áàëêè òà òâåðäîãî òiëà. Äî
áàëêè äîâæèíè ℓ ïðè¹äíàíî k ï'¹çîåëåêòðè÷íèõ àêòóàòîðiâ, çà äîïî-
ìîãîþ ÿêèõ ðåàëiçó¹òüñÿ ðîçïîäiëåíèé êåðóþ÷èé âïëèâ. Íåõàé âiñü x
ñïðÿìîâàíî âçäîâæ öåíòðàëüíî¨ ëiíi¨ áàëêè, ÿêà çíàõîäèòüñÿ ó ñòà-
íi ðiâíîâàãè. Ôóíêöiÿ w(x, t) îïèñó¹ ïîïåðå÷íå ïåðåìiùåííÿ òî÷êè
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áàëêè ç êîîðäèíàòîþ x ∈ [0, ℓ] â ìîìåíò ÷àñó t. Ó òî÷öi ℓ0 ∈ (0, ℓ) äî
áàëêè çà äîïîìîãîþ ïðóæèííî¨ ïiäâiñêè ïðè¹äíàíî òâåðäå òiëî, äî
ÿêîãî ïðèêëàäåíî ñèëó êåðóâàííÿ F0. Äiþ j-ãî ï'¹çîàêòóàòîðà îïè-
ñàíî çà äîïîìîãîþ çãèíàëüíîãî ìîìåíòó Mj òà ñòðóêòóðíî¨ ôóíê-
öi¨ ψj , ÿêà ìà¹ êîìïàêòíèé íîñié i îïèñó¹ ðîçòàøóâàííÿ àêòóàòîðà.
Ïåðåäáà÷à¹òüñÿ, ùî âñi àêòóàòîðè âiäîêðåìëåíi âiä êiíöåâèõ òî÷îê
áàëêè òà âiä òî÷êè ïðè¹äíàííÿ òâåðäî¨ ìàñè: suppψj ∩ {0, ℓ0, ℓ} = ∅,
j = 1, k. Ìåõàíi÷íà ñèñòåìà ìà¹ òàêi õàðàêòåðèñòèêè: ρ � ãóñòèíà
áàëêè, E � ìîäóëü Þíãà, I � ìîìåíò iíåðöi¨ ïîïåðå÷íîãî ïåðåòèíó
áàëêè, m � ìàñà ïðè¹äíàíîãî òâåðäîãî òiëà, κ � æîðñòêiñòü ïðóæè-
íè. Óñi çàçíà÷åíi ïàðàìåòðè ââàæàþòüñÿ äîäàòíèìè ñòàëèìè.

Ðiâíÿííÿ ðóõó ñèñòåìè îòðèìàíî íà îñíîâi âàðiàöiéíîãî ïðèí-
öèïó Ãàìiëüòîíà�Îñòðîãðàäñüêîãî ó âèãëÿäi ðiâíÿííÿ Åéëåðà�Áåð-
íóëëi ç êðàéîâèìè óìîâàìè òà óìîâàìè iíòåðôåéñó ó òî÷öi ïðè¹äíà-
ííÿ òâåðäîãî òiëà:

ρ ẅ(x, t) + EI w(4)(x, t) =

k∑
j=1

ψ′′
j (x)Mj , x ∈ [0, ℓ] \ {ℓ0} , (1)

w
∣∣∣
x=0

= w
∣∣∣
x=ℓ

= 0, w′′∣∣∣
x=0

= w′′∣∣∣
x=ℓ

= 0, (2)

(mẅ + κw)
∣∣∣
x=ℓ0

= EI

(
w′′′∣∣∣

x=ℓ0−0

− w′′′∣∣∣
x=ℓ0+0

)
+ F0. (3)

Â ÿêîñòi ôàçîâîãî ïðîñòîðó ââåäåìî ãiëüáåðòiâ ïðîñòið

X =
◦
H2(0, ℓ) × L2(0, ℓ) × R2, åëåìåíòàìè ÿêîãî ¹ âåêòîðè

ξ = (u(·), v(·), p, q)T . Ñêàëÿðíèé äîáóòîê âåêòîðiâ
ξ1 = (u1(·), v1(·), p1, q1)T i ξ2 = (u2(·), v2(·), p2, q2)T çàäàíî ôîðìóëîþ:

⟨ξ1, ξ2⟩X =

ℓ∫
0

(
EI u′′1(x)u

′′
2(x) + ρ v1(x) v2(x)

)
dx+ κ p1 p2 +mq1 q2.

Äëÿ ïîäàëüøîãî äîñëiäæåííÿ çàäà÷i (1) � (3) çàïèøåìî àáñòðàêòíå
äèôåðåíöiàëüíå ðiâíÿííÿ

d

dt
ξ(t) = Aξ(t) +By(t), (4)

äå A : D(A) → X � ëiíiéíèé äèôåðåíöiàëüíèé îïåðàòîð ÷åòâåðòîãî
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ïîðÿäêó ç îáëàñòþ âèçíà÷åííÿ

D(A) =



(u, v, p, q)T ∈ X :

u
∣∣∣
x∈[0,ℓ0]

∈ H4(0, ℓ0), u
∣∣∣
x∈(ℓ0,ℓ]

∈ H4(ℓ0, ℓ),

u′′(0) = u′′(ℓ) = 0, u′′(ℓ0 − 0) = u′′(ℓ0 + 0),

v ∈
◦
H2(0, ℓ), p = u(ℓ0), q = v(ℓ0)


⊂ X,

ÿêèé äi¹ çà ïðàâèëîì A : ξ ∈ D(A) 7→ Aξ ∈ X,

Aξ =

(
v, −EI

ρ
u(4), q,

1

m
(EI L− κp)

)T

,

L = u′′′(ℓ0−0)−u′′′(ℓ0+0), y = (F0,M1, . . . ,Mk)
T � âåêòîð êåðóâàííÿ,

B : Rk+1 → X � âiäîáðàæåííÿ, çàäàíå ìàòðèöåþ

B = (B̃0, B̃1, . . . , B̃k), B̃0 =
(
0, 0, 0, 1

m

)T
, B̃j =

(
0, 1ρψ

′′
j , 0, 0

)T
,

j = 1, k. ßêùî w(x, t) ¹ êëàñè÷íèì ðîçâ'ÿçêîì çàäà÷i (1)�(3) ç ïðè-
ïóñòèìèì êåðóâàííÿì y(t) íà ïðîìiæêó t ∈ [0, τ ], òî ëåãêî áà÷èòè, ùî
ξ(t) = (w(·, t), ẇ(·, t), w(ℓ0, t), ẇ(ℓ0, t))T çàäîâîëüíÿ¹ ðiâíÿííÿ (4). Òî-
ìó ðiâíÿííÿ (4) ââàæàòèìåìî àáñòðàêòíîþ ôîðìîþ çàïèñó çàäà-
÷i (1)�(3).

Ó ðîçäiëi 2 çàäàíî çàêîí êåðóâàííÿ çi çâîðîòíèì çâ'ÿçêîì
y = Kξ, äå ëiíiéíèé ôóíêöiîíàë K : X → Rk+1 äà¹òüñÿ ôîðìóëîþ:

K : ξ = (u, v, p, q)T 7→ Kξ = −(α0q, P1, . . . , Pk)
T , (5)

äå Pj = αj

ℓ∫
0

ψ′′
j (x)v(x)dx, j = 1, k, ç äîâiëüíèìè äîäàòíèìè ïàðàìåò-

ðàìè ðåãóëþâàííÿ α0, α1, . . . , αk. Äîâåäåíî, ùî âiäîáðàæåííÿ (5) ¹
îáìåæåíèì ëiíiéíèì ôóíêöiîíàëîì. Ïðåäìåòîì äîñëiäæåííÿ ¹ ñòié-
êiñòü íóëüîâîãî ñòàíó ðiâíîâàãè çàìêíåíî¨ ñèñòåìè âèãëÿäó

d

dt
ξ(t) = Ãξ(t), (6)

äå îïåðàòîð

Ã : ξ 7→ Ãξ = Aξ +BKξ (7)

ìà¹ îáëàñòü âèçíà÷åííÿ D(Ã) = D(A).
Äîâåäåíî, ùî îïåðàòîð A ¹ ùiëüíî âèçíà÷åíèì òà m-äèñèïàòèâ-

íèì. Çãiäíî ç òåîðåìîþ Ëþìåðà�Ôiëëiïñà, îïåðàòîð A ¹ iíôiíiòåçè-
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ìàëüíèì ãåíåðàòîðîì ñòèñêàþ÷î¨ C0-íàïiâãðóïè îïåðàòîðiâ ó ïðîñ-
òîði X. Îñêiëüêè îïåðàòîð Ã ¹ îáìåæåíèì çáóðåííÿì îïåðàòîðà A,
îïåðàòîð Ã òàêîæ ¹ iíôiíiòåçèìàëüíèì ãåíåðàòîðîì ñòèñêàþ÷î¨
C0-íàïiâãðóïè îïåðàòîðiâ â X. Öå äîâîäèòü êîðåêòíiñòü çàäà÷i Êîøi
äëÿ ñèñòåìè (6).

Ñòiéêiñòü ñòàíó ðiâíîâàãè ðîçãëÿíóòî¨ ñèñòåìè ç êåðóâàííÿì äî-
âåäåíî íà îñíîâi ïðÿìîãî ìåòîäó Ëÿïóíîâà. Äëÿ öüîãî îáðàíî ôóíê-
öiîíàë Ëÿïóíîâà

2V =

ℓ∫
0

(
ρv2(x) + EI(u′′(x))2

)
dx+mq2 + κp2 = ∥ξ∥2X (8)

ó âèãëÿäi ïîâíî¨ åíåðãi¨ ñèñòåìè i ïîêàçàíî, ùî éîãî ïîõiäíà çà ÷àñîì
íà òðà¹êòîðiÿõ çàìêíåíî¨ ñèñòåìè ¹ çíàêîâiä'¹ìíèì ôóíêöiîíàëîì.

Òåîðåìà 1. Íåõàé îïåðàòîð Ã :D(Ã)→X çàäàíî ôîðìóëîþ (7).
Ðîçâ'ÿçîê ξ = 0 ðiâíÿííÿ (6) ¹ ñèëüíî (çà íîðìîþ ïðîñòîðó X) ñòié-
êèì çà Ëÿïóíîâèì.

Ðîçäië 3 ïðèñâÿ÷åíî äîñëiäæåííþ àñèìïòîòè÷íî¨ ñòiéêîñòi ñòà-
íó ðiâíîâàãè çàìêíåíî¨ ñèñòåìè (6). Äîâåäåíî, ùî îïåðàòîð A ¹ êî-
ñîñèìåòðè÷íèì, éîãî âëàñíi çíà÷åííÿ ¹ ñóòî óÿâíèìè êîìïëåêñíèìè
÷èñëàìè. Ðîçãëÿíóòî ñïåêòðàëüíó çàäà÷ó

Aξ = λ ξ, ξ ∈ D(A), (9)

äå λ = i ω, ω ∈ R, çâiäêè îòðèìàíî õàðàêòåðèñòè÷íå ðiâíÿííÿ

detM = 0, (10)

äå µ =
(

ρ
EI ω

2
)1/4

� ñïåêòðàëüíèé ïàðàìåòð,

detM =
mEI µ4 − κ ρ

2 ρEI µ5

(
sinµ(ℓ− ℓ0) sinµℓ0 sinhµℓ−

− sinhµ(ℓ− ℓ0) sinhµℓ0 sinµℓ

)
− 1

µ2
sinhµℓ sinµℓ.

ÌàòðèöÿM ðîçìiðó 4×4 âiäïîâiäà¹ ñèñòåìi ëiíiéíèõ îäíîðiäíèõ àë-
ãåáðà¨÷íèõ ðiâíÿíü âiäíîñíî êîåôiöi¹íòiâ ðîçêëàäó âëàñíèõ ôóíêöié
çà ôóíêöiÿìè Êðèëîâà.

Âàæëèâèì ðåçóëüòàòîì äèñåðòàöiéíî¨ ðîáîòè ¹ àíàëiç àñèìïòî-
òè÷íîãî ðîçïîäiëó êîðåíiâ ÷àñòîòíîãî ðiâíÿííÿ (10), äëÿ ÿêîãî îòðè-
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ìàíî àñèìïòîòè÷íå ïðåäñòàâëåííÿ äëÿ µ→ +∞:

det M =
meµℓ

8 ρµ5

(
Φ0(µ) + o(1)

)
,

äå ãîëîâíà ÷àñòèíà ïðåäñòàâëÿ¹òüñÿ ó âèãëÿäi ïåðiîäè÷íî¨ ôóíêöi¨
Φ0(µ) = 2 sinµ(ℓ − ℓ0) sinµℓ0 − sinµℓ. Äîâåäåíî, ùî êîðåíi µj > 0
ðiâíÿííÿ (10) äëÿ j → ∞ ¹ áëèçüêèìè äî êîðåíiâ µ̂j > 0 óðiçàíîãî
÷àñòîòíîãî ðiâíÿííÿ

Φ0(µ̂) = 0. (11)

Ëåìà 1. Ïðèïóñòèìî, ùî ÷èñëà ℓ0 òà ℓ ñóìiðíi. Íåõàé ìà¹ìî
êîðåíi 0 < µ̂1 < µ̂2 < . . . ðiâíÿííÿ (11). Òîäi äëÿ áóäü-ÿêîãî ε > 0
çíàéäåòüñÿ L > 0, òàêå, ùî äëÿ êîæíîãî µ̂j > L iñíó¹ ¹äèíèé êîðiíü
µj ∈ Ij = (µ̂j − ε; µ̂j + ε) ðiâíÿííÿ (10).

Íåõàé S = (L; +∞) \
∞⋃
j=1

(µj − ε; µj + ε). Òîäi detM ≠ 0 äëÿ âñiõ

µ ∈ S.

Âñòàíîâëåíî, ùî âëàñíi çíà÷åííÿ λj çàäà÷i (9) i ìîäàëüíi ÷àñòîòè
êîëèâàíü áàëêè çðîñòàþòü êâàäðàòè÷íî çi çðîñòàííÿì j äëÿ âåëè-
êèõ j. Öåé ðåçóëüòàò ïðîiëþñòðîâàíî çà äîïîìîãîþ ÷èñåëüíîãî ìî-
äåëþâàííÿ.

Iíøîþ âàæëèâîþ âëàñòèâiñòþ îïåðàòîðà A ¹ òå, ùî ñèñòåìà éîãî
âëàñíèõ âåêòîðiâ óòâîðþ¹ áàçèñ ïðîñòîðó X.

Íàñëiäîê 1. Íåõàé {ξn}∞n=1 � âëàñíi âåêòîðè îïåðàòîðà A. Òîäi
ñèñòåìà {ξn}∞n=1 ¹ áàçèñîì ïðîñòîðó X.

Äëÿ äîâåäåííÿ öüîãî ôàêòó ïîáóäîâàíî îáåðíåíèé äî A îïåðàòîð
A−1 : X → X i ïîêàçàíî éîãî êîñîñèìåòðè÷íiñòü òà êîìïàêòíiñòü.

Ùå îäíèì âàæëèâèì ðåçóëüòàòîì ðîáîòè ¹ äîâåäåííÿ ω-ëiíiéíî¨
íåçàëåæíîñòi ñèñòåìè åêñïîíåíöiàëüíèõ ôóíêöié

{
eλj t

}∞
j=1

, äå λj �
âëàñíi çíà÷åííÿ îïåðàòîðà A. Öåé ðåçóëüòàò îòðèìàíî íà îñíîâi àíà-
ëiçó âëàñòèâîñòåé ÷àñòîòíîãî ðiâíÿííÿ (10).

Ëåìà 2. Íåõàé µj ¹ êîðåíÿìè ÷àñòîòíîãî ðiâíÿííÿ (10) é ñå-
ðåä µj íåìà¹ êðàòíèõ êîðåíiâ. ßêùî âiäíîøåííÿ ℓ0

ℓ ¹ ðàöiîíàëüíèì

÷èñëîì, òî ñèñòåìà ôóíêöié
{
eλj t

}∞
j=1

¹ ω-ëiíiéíî íåçàëåæíîþ â

L2(0, τ) äëÿ âñiõ τ > 0.

Êðiì òîãî, ïîáóäîâàíî ó ÿâíîìó âèãëÿäi ðåçîëüâåíòó îïåðàòî-
ðà Ã. Ïîêàçàíî, ùî êîìïîíåíòè âiäîáðàæåííÿ (I− λÃ)−1 : X → X ¹
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ëiíiéíèìè îáìåæåíèìè ôóíêöiîíàëàìè âåêòîðà ξ äëÿ äåÿêîãî λ > 0.
Îòðèìàíî îöiíêó íîðìè i äîâåäåíî êîìïàêòíiñòü ïîáóäîâàíî¨ ðåçîëü-
âåíòè. Çãiäíî ç òåîðåìîþ Äàôåðìîñà�Ñëåìðîäà öå ãàðàíòó¹ ïåðåä-
êîìïàêòíiñòü òðà¹êòîðié çàìêíåíî¨ ñèñòåìè.

Äîñòàòíi óìîâè àñèìïòîòè÷íî¨ ñòiéêîñòi ñòàíó ðiâíîâàãè ñèñòåìè
ç ïðóæíîþ áàëêîþ i òâåðäèì òiëîì ïðåäñòàâëÿþòü îñíîâíèé ðåçóëü-
òàò ðîçäiëó 3.

Òåîðåìà 2. Íåõàé
{
ξi = (ui, vi, pi, qi)

T
}
i∈N � âëàñíi âåêòîðè

îïåðàòîðà A òà äëÿ êîæíîãî i ∈ N âèêîíàíî vi(ℓ0) ̸= 0 àáî
ℓ∫
0

ψ′′
j (x) vi(x)dx ̸= 0 äëÿ äåÿêîãî j ∈ {1, . . . , k}. Òîäi ðîçâ'ÿçîê ξ = 0

ñèñòåìè (6) ¹ àñèìïòîòè÷íî ñòiéêèì.

Äîâåäåííÿ öüîãî ðåçóëüòàòó áàçó¹òüñÿ íà ïðèíöèïi iíâàðiàíòíîñ-

òi ËàÑàëëÿ. Äîâåäåíî, ùî ìíîæèíà Z =
{
ξ
∣∣∣ V̇ = 0

}
íå ìiñòèòü

íåòðèâiàëüíèõ òðà¹êòîðié çàìêíåíî¨ ñèñòåìè. Òóò V � ôóíêöiîíàë
Ëÿïóíîâà âèãëÿäó (8).

Ó ðîçäiëi 4 ðîçãëÿäà¹òüñÿ çàäà÷à ñïîñòåðåæåííÿ. Ïðèïóñêà¹-
òüñÿ, ùî îïèñàíó âèùå áàëêîâó ñèñòåìó îñíàùåíî ï'¹çîåëåêòðè÷íèìè
ñåíñîðàìè, ÿêi ðîçòàøîâàíî ó çîíàõ ïðèêðiïëåííÿ ï'¹çîàêòóàòîðiâ ç
ïðîòèëåæíîãî áîêó áàëêè. Ñåíñîðè äîçâîëÿþòü îòðèìóâàòè âèõiäíó
iíôîðìàöiþ ïðî ðóõ îêðåìèõ òî÷îê ìåõàíi÷íî¨ ñèñòåìè. Äëÿ çàïèñó
ðiâíÿíü ðóõó ó ôîðìi ç óçàãàëüíåíèìè êîîðäèíàòàìè ðîçãëÿäà¹òüñÿ
ñïåêòðàëüíà çàäà÷à, ÿêó îòðèìàíî ðîçäiëåííÿì çìiííèõ ó îäíîðiä-
íèõ ðiâíÿííÿõ (1)�(3). Íàáëèæåíèé ðîçâ'ÿçîê ñèñòåìè (1)�(3) ïðåä-

ñòàâëÿ¹òüñÿ ó âèãëÿäi w(x, t) =
N∑
j=1

Wj(x) qj(t), äå N ⩾ 1 � çàäàíå

öiëå ÷èñëî, ùî õàðàêòåðèçó¹ êiëüêiñòü ñòóïåíiâ âîëi íàáëèæåíî¨ ìî-
äåëi, Wj(x) � âëàñíi ôóíêöi¨ ñïåêòðàëüíî¨ çàäà÷i, à äëÿ âèçíà÷åí-
íÿ êîåôiöi¹íòiâ qj(t) îòðèìàíî ñèñòåìó çâè÷àéíèõ äèôåðåíöiàëüíèõ
ðiâíÿíü äðóãîãî ïîðÿäêó

q̈j+λj qj =
Wj(ℓ0)

∥Wj∥2H
u0+

1

∥Wj∥2H

k∑
i=1

ui ℓ∫
0

ψi(x)W
′′
j (x)dx

 , j = 1, N,

äå u0 = F0, ui =Mi, i = 1, k. Òóò λj � âëàñíi çíà÷åííÿ ñïåêòðàëüíî¨
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çàäà÷i. Îñòàííþ ñèñòåìó ïðåäñòàâëåíî ó âåêòîðíîìó âèãëÿäi

ż = Az +Bu, (12)

äå z = (q1, p1, . . . , qN , pN )T ∈ R2N � âåêòîð ñòàíó, q̇j = pj , j = 1, N ,
u=(u0, u1, . . . , uk)

T∈Rk+1 � êåðóâàííÿ, A = diag(A1, A2, . . . , AN ) �
áëî÷íî-äiàãîíàëüíà ìàòðèöÿ iç êâàäðàòíèìè áëîêàìè âèãëÿäó

Aj =

(
0 1

−λj 0

)
, à åëåìåíòè ìàòðèöi êîåôiöi¹íòiâ êåðóâàííÿ

B = (B0, . . . , Bk), äå Bι = (0, b1ι, . . . , 0, bNι)
T , ι = 0, k, çàäàþòüñÿ

íàñòóïíèìè ñïiââiäíîøåííÿìè:

bj0 =
Wj(ℓ0)

∥Wj∥2H
, bji =

1

∥Wj∥2H

ℓ∫
0

ψi(x)W
′′
j (x)dx, j = 1, N, i = 1, k.

Ïðèïóñêà¹òüñÿ, ùî äëÿ ñèñòåìè (12) äîñòóïíi òàêi âèõiäíi äàíi:

y = Cz ∈ Rr+1, (13)

äå C = (C1,0, . . . , CN ,0), Cj = (c0j , c1j , . . . , crj)
T , 0 � íóëüîâà ìàò-

ðèöÿ ðîçìiðíîñòi (r + 1) × 1, ïðè öüîìó c0j = Wj(ℓ0), csj = W ′′
j (ℓs),

s = 1, r, j = 1, N .

Íà îñíîâi ðàíãîâîãî êðèòåðiþ Êàëìàíà âñòàíîâëåíî óìîâè ñïî-
ñòåðåæóâàíîñòi ñêií÷åííîâèìiðíî¨ ñèñòåìè ç âèõîäîì. Äëÿ ñèñòåìè
ç âèõîäîì (12), (13) ïîáóäîâàíî äèíàìi÷íèé ñïîñòåðiãà÷ ó âèãëÿäi

˙̃z(t) = (A− FC)z̃(t) +Bu(t) + Fy(t), (14)

äå F = (F0, . . . , Fr), Fs = (f1s, 0, . . . , fNs, 0)
T , s = 0, r.

Òåîðåìà 3. Íåõàé λj > 0 òà |c0j | + |c1j | + . . . + |crj | ̸= 0 äëÿ
âñiõ j = 1, N . ßêùî fjs = γs

csj
λj ∥Wj∥2

H

, j = 1, N , s = 0, r, äå

γs > 0 � äîâiëüíi êîíñòàíòè, òî äëÿ âñiõ z(0) ∈ R2N , z̃(0) ∈ R2N

òà u ∈ L∞(0,∞) âiäïîâiäíi ðîçâ'ÿçêè z(t) òà z̃(t) ñèñòåì (12)�(13)
òà (14) çàäîâîëüíÿþòü óìîâó ∥z(t)− z̃(t)∥R2N → 0 ïðè t→ +∞.

Öåé ðåçóëüòàò ïðî çáiæíiñòü ñïîñòåðiãà÷à äëÿ ñêií÷åííîâèìiðíî¨
ìîäåëi äîâåäåíî íà îñíîâi òåîðåìè Áàðáàøèíà�Êðàñîâñüêîãî i ïðî-
iëþñòðîâàíî ãðàôi÷íî.

Äàëi ñõåìó ñèíòåçó äèíàìi÷íîãî ñïîñòåðiãà÷à óçàãàëüíåíî íà êëàñ
íåñêií÷åííîâèìiðíèõ ëiíiéíèõ ñèñòåì êåðóâàííÿ ç âèõîäîì, ÿêi çà-
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äàþòüñÿ ó ãàìiëüòîíîâié ôîðìi

ż = Az +Bu, z ∈ H = ℓ2 × ℓ2, u ∈ Rk+1, (15)
y = Cz, y ∈ Rr, k, r ∈ N. (16)

Ïðè öüîìó âåêòîð ñòàíó z =

(
ξ
η

)
ñêëàäà¹òüñÿ ç êîìïîíåíò

ξ = (ξ1, ξ2, . . .)
T ∈ ℓ2 òà η = (η1, η2, . . .)

T ∈ ℓ2. Êåðóâàííÿ
u = (u0, u1, . . . , uk)

T òà âèõiä y = (y1, . . . , yr)
T ¹ ñêií÷åííîâèìiðíèìè

âåêòîðàìè. Îïåðàòîðè A : D(A) → H, B : Rk+1 → H, C : H → Rr

âèçíà÷àþòüñÿ â òåðìiíàõ ξ- òà η-êîìïîíåíò âåêòîðà z ∈ H íàñòóïíèì
÷èíîì:

A : z =

(
ξ
η

)
7→ Az =

(
Ωη
−Ωξ

)
, Bu =

(
0
B1u

)
, Cz = C1 ξ,

äå Ω = diag(ω1, ω2, . . . ), à îïåðàòîðè B1 : Rk+1 → ℓ2, C1 : ℓ2 → Rr

çàäàíi òàêèì ÷èíîì: B1 = (B̆0, . . . , B̆k), B̆i = (b1i, b2i, . . .)
T , i = 0, k,

C1 = (C̆1, C̆2, . . .), C̆j = (c1j , . . . , crj)
T , j ∈ N. Ïðè öüîìó

∞∑
j=1

b2ji < ∞,

∞∑
j=1

c2sj <∞, s = 1, r. Òàê, D(A) =

{
z ∈ H

∣∣∣∣∣ ∞∑
j=1

ω2
j

(
ξ2j + η2j

)
<∞

}
.

Ïðèïóùåííÿ 1. Åëåìåíòè ωj îïåðàòîðà Ω ¹ äîäàòíèìè äiéñíèìè
÷èñëàìè, òàêèìè, ùî 0 < ω1 < ω2 < · · · < ωn < . . . .

Íà îñíîâi òåîðåìè Ëþìåðà�Ôiëëiïñà äîâåäåíî êîðåêòíiñòü çàäà÷i
Êîøi äëÿ ðiâíÿííÿ (15).

Òåîðåìà 4. Íåõàé âèêîíàíî ïðèïóùåííÿ 1. Òîäi îïåðàòîð A ¹
iíôiíiòåçèìàëüíèì ãåíåðàòîðîì C0-íàïiâãðóïè

{
etA
}
t⩾0

ó ïðîñòî-

ði H.

Äëÿ ñèñòåìè (15), (16) ïîáóäîâàíî ñïîñòåðiãà÷ òèïó Ëóåíáåðãåðà
ó âèãëÿäi íàñòóïíî¨ ñèñòåìè:

˙̃z(t) = (A− FC)z̃(t) +Bu(t) + Fy(t), (17)

òàêî¨, ùî äëÿ äîâiëüíèõ ïî÷àòêîâèõ óìîâ z(0), z̃(0) ∈ H òà áóäü-
ÿêîãî ïðèïóñòèìîãî êåðóâàííÿ u : [0,+∞) → Rk+1 âiäïîâiäíi ðîç-
â'ÿçêè z(t) òà z̃(t) ñèñòåì (15)�(16) òà (17) çàäîâîëüíÿþòü óìîâó

∥z(t)− z̃(t)∥H → 0 ïðè t→ +∞.

Äëÿ öüîãî çàäàíî îïåðàòîð F : Rr → H âèãëÿäó F =

(
f
g

)
ç êîì-
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ïîíåíòàìè f, g : Rr → ℓ2, ùî âèçíà÷àþòüñÿ ìàòðèöÿìè f = (fjs),
g = (gjs), j ∈ N, s = 1, r. Åëåìåíòè âiäîáðàæåííÿ F âèçíà÷àþòüñÿ
òàêèì ÷èíîì:

fjs = γs csj , gjs = 0, s = 1, r, j = 1, 2, . . . , (18)

äå γs > 0 � ïàðàìåòðè ïiäñèëåííÿ ñïîñòåðiãà÷à.
Äëÿ äîâåäåííÿ çáiæíîñòi ñïîñòåðiãà÷à (17) ðîçãëÿíóòî äèíàìiêó

ïîõèáêè e(t) = z(t)− z̃(t):

ė(t) = (A− FC) e(t). (19)

Ïðèïóùåííÿ 2. Ðÿä
∞∑
i=1

1

ω2
i

çáiãà¹òüñÿ.

Ïåðåäêîìïàêòíiñòü òðà¹êòîðié ñèñòåìè (19) äîâåäåíî íà îñíî-
âi òåîðåìè Äàôåðìîñà�Ñëåìðîäà, äëÿ ÷îãî ïîáóäîâàíî ðåçîëüâåíòó
îïåðàòîðà A − FC i ïîêàçàíî ¨¨ êîìïàêòíiñòü çà óìîâè âèêîíàííÿ
ïðèïóùåííÿ 2. Íà îñíîâi ïðÿìîãî ìåòîäó Ëÿïóíîâà äîâåäåíî ñòié-
êiñòü òðèâiàëüíîãî ðîçâ'ÿçêó ñèñòåìè (19). Íà îñíîâi ïðèíöèïó iíâà-
ðiàíòíîñòi ËàÑàëëÿ äîâåäåíî àñèìïòîòè÷íó ñòiéêiñòü òðèâiàëüíîãî
ðîçâ'ÿçêó ñèñòåìè (19).

Òåîðåìà 5. Íåõàé êîìïîíåíòè îïåðàòîðà F ó (17) âèçíà÷àþòü-
ñÿ ôîðìóëàìè (18) òà íåõàé âèêîíàíî ïðèïóùåííÿ 1, 2 i íàñòóïíi
óìîâè:
(i) ¹äèíîþ iíâàðiàíòíîþ ïiäìíîæèíîþ ìíîæèíè KerC âiäíîñíî
íàïiâãðóïè

{
etA
}
t⩾0

¹ îäíîòî÷êîâà ìíîæèíà {0};
(ii) äëÿ êîæíîãî j ∈ N iñíó¹ òàêå s = 1, r, ùî csj ̸= 0.
Òîäi òðèâiàëüíèé ðîçâ'ÿçîê e(t) = 0 ðiâíÿííÿ (19) ¹ àñèìïòîòè÷íî
ñòiéêèì.

Öåé ðåçóëüòàò çàñòîñîâàíî äî ìîäåëi øàðíiðíî îïåðòî¨ ïðóæíî¨
áàëêè ç òâåðäèì òiëîì, îïèñàíî¨ âèùå. Äëÿ öüîãî ðiâíÿííÿ ðóõó
ãiáðèäíî¨ ñèñòåìè ïðåäñòàâëåíî ó ôîðìi (15), (16), ïðè ÷îìó äià-
ãîíàëüíèìè åëåìåíòàìè ωj , j ∈ N, áëîêiâ Ω îïåðàòîðà A ¹ êâàäðàòè
âëàñíèõ çíà÷åíü çàäà÷i (9). Ïîêàçàíî, ùî äëÿ äàíî¨ ñèñòåìè äîñòàò-
íi óìîâè àñèìïòîòè÷íî¨ ñòiéêîñòi ïîõèáêè ñïîñòåðiãà÷à ìîæóòü áóòè
ïîñëàáëåíi. Çîêðåìà, ïðèïóùåííÿ 1 òà 2 âèïëèâàþòü ç âëàñòèâîñòåé
àñèìïòîòè÷íîãî ðîçïîäiëó êîðåíiâ ðiâíÿííÿ (10), à óìîâà (i) òåîðå-
ìè 5 ¹ íàñëiäêîì óìîâè (ii) òà äîâåäåíî¨ ó ðîçäiëi 3 ω-ëiíiéíî¨ íå-
çàëåæíîñòi ñèñòåìè åêñïîíåíöiàëüíèõ ôóíêöié e±i ωjt. Ðåçóëüòàò ïðî



15

çáiæíiñòü ñïîñòåðiãà÷à Ëóåíáåðãåðà äëÿ ðîçãëÿíóòî¨ ìîäåëi ïðóæíî¨
áàëêè ç òâåðäèì òiëîì ïðîiëþñòðîâàíî çà äîïîìîãîþ ÷èñåëüíîãî ìî-
äåëþâàííÿ, äå ãðàôi÷íî ïðåäñòàâëåíî ñïàäàííÿ íîðìè ïîõèáêè ñïî-
ñòåðiãà÷à.

Ðîçäië 5 ïðèñâÿ÷åíî äîñëiäæåííþ ðiâíÿííÿ êîëèâàíü êîíñîëüíî
çàêðiïëåíî¨ ïðóæíî¨ áàëêè ç êåðóâàííÿì

ẅ(x, t) + a2 w(4)(x, t) = f(x, t),

w
∣∣∣
x=0

= w′∣∣∣
x=0

= 0, w′′∣∣∣
x=ℓ

= w′′′∣∣∣
x=ℓ

= 0,

w
∣∣∣
t=0

= φ(x), ẇ
∣∣∣
t=0

= ψ(x),

(20)

w ∈ H2
(
[0, ℓ]× [0, T ]

)
, f ∈ L2

(
[0, ℓ]× [0, T ]

)
,

φ ∈
◦
H2(0, ℓ) =

{
φ ∈ H2(0, ℓ)

∣∣ φ(0) = φ′(0) = 0
}
, ψ ∈ L2(0, ℓ).

Òóò a2 � êîåôiöi¹íò æîðñòêîñòi áàëêè, ôóíêöiÿ f îïèñó¹ çîâíiøíié
ñèëîâèé âïëèâ.

Ó ðîáîòi çàïðîïîíîâàíî ñïîñiá ïîáóäîâè ñèñòåìè íàáëèæåíèõ ðîç-
â'ÿçêiâ çàäà÷i (20). Äëÿ öüîãî âèêîðèñòîâó¹òüñÿ ìåòîä Ãàëüîðêiíà.
Íàáëèæåíèé çà Ãàëüîðêiíèì ðîçâ'ÿçîê wm ïðåäñòàâëÿ¹òüñÿ ó âèãëÿ-

äi wm(x, t) =
m∑
j=1

cj(t) vj(x), äå â ÿêîñòi ëiíiéíî íåçàëåæíî¨ ñèñòåìè

ôóíêöié vj ∈ H2(0, ℓ) îáðàíî âëàñíi ôóíêöi¨ âiäïîâiäíî¨ ñïåêòðàëüíî¨
çàäà÷i. Îòðèìàíî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü äëÿ âèçíà÷åííÿ
êîåôiöi¹íòiâ cj ∈ H2(0, T ):

c̈j(t) ∥vj∥2L2(0,ℓ) + a2 cj(t) ∥vj∥2◦
H2(0,ℓ)

= fj(t), j = 1,m.

Îñíîâíèì ðåçóëüòàòîì äàíîãî ðîçäiëó äèñåðòàöi¨ ¹ äîâåäåííÿ òåî-
ðåìè ïðî çáiæíiñòü ìåòîäó Ãàëüîðêiíà äëÿ ìîäåëi êîíñîëüíî çàêðiï-
ëåíî¨ ïðóæíî¨ áàëêè.

Òåîðåìà 6. Íåõàé φ ∈
◦
H2(0, ℓ), ψ ∈ L 2 (0, ℓ) òà íåõàé wm(x, t) �

ïîñëiäîâíiñòü íàáëèæåíèõ çà Ãàëüîðêiíèì ðîçâ'ÿçêiâ çàäà÷i (20),
m ∈ N. Òîäi iñíó¹ ïiäïîñëiäîâíiñòü wmn −→

n→∞
w, äå w(x, t) ¹ óçàãàëü-

íåíèì ðîçâ'ÿçêîì çàäà÷i (20).
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ÂÈÑÍÎÂÊÈ

Ó äèñåðòàöiéíié ðîáîòi ðîçâ'ÿçàíî çàäà÷i àñèìïòîòè÷íî¨ ñòàáiëi-
çàöi¨ òà ñïîñòåðåæåííÿ äëÿ ãiáðèäíî¨ ìåõàíi÷íî¨ ñèñòåìè, ÿêà ìiñòèòü
ïðóæíi òà àáñîëþòíî òâåðäi åëåìåíòè.

Çàïðîïîíîâàíî ôóíêöiîíàëè êåðóâàííÿ çi çâîðîòíèì çâ'ÿçêîì
äëÿ ñòàáiëiçàöi¨ ìîäåëi øàðíiðíî îïåðòî¨ ïðóæíî¨ áàëêè ç òâåðäèì
òiëîì. Äîâåäåíî êîðåêòíiñòü çàäà÷i Êîøi äëÿ ðiâíÿííÿ ðóõó ïðóæíî¨
ìåõàíi÷íî¨ ñèñòåìè. Âñòàíîâëåíî àñèìïòîòè÷íó ñòiéêiñòü çàìêíåíî¨
ñèñòåìè çi çâîðîòíèì çâ'ÿçêîì çà äîïîìîãîþ ïðÿìîãî ìåòîäó Ëÿïó-
íîâà òà ïðèíöèïó iíâàðiàíòíîñòi ËàÑàëëÿ. Âïåðøå îïèñàíî àñèìï-
òîòè÷íi âëàñòèâîñòi ðîçïîäiëó âëàñíèõ ÷àñòîò äëÿ ìîäåëi ïðóæíî¨
áàëêè ç ïðè¹äíàíîþ ìàñîþ íà ïðóæèííié ïiäâiñöi. Çàïðîïîíîâàíî
êîíñòðóêòèâíèé ñèíòåç ñïîñòåðiãà÷à òèïó Ëóåíáåðãåðà äëÿ ñèñòåìè
êåðóâàííÿ ç âèõîäîì. Äîâåäåíî çáiæíiñòü çàïðîïîíîâàíèõ ñïîñòåði-
ãà÷iâ ó ñêií÷åííîâèìiðíîìó òà íåñêií÷åííîâèìiðíîìó âèïàäêàõ íà
îñíîâi àíàëiçó ñòiéêîñòi ðîçâ'ÿçêiâ ñèñòåìè âiäíîñíî ïîõèáîê. Êðiì
òîãî, äîâåäåíî çáiæíiñòü ìåòîäó Ãàëüîðêiíà äëÿ çàäà÷i ïðî êîëèâàí-
íÿ êîíñîëüíî çàêðiïëåíî¨ ïðóæíî¨ áàëêè ç êåðóþ÷èì âïëèâîì.

Îòðèìàíi ðåçóëüòàòè âêàçóþòü íà ìîæëèâîñòi ïðàêòè÷íîãî çà-
ñòîñóâàííÿ ðîçðîáëåíèõ ìåòîäiâ ó ðiçíèõ iíæåíåðíèõ òà òåõíi÷íèõ
ãàëóçÿõ, à òàêîæ âiäêðèâàþòü ïåðñïåêòèâè äëÿ ïîäàëüøèõ äîñëiä-
æåíü ó ñôåði òåîði¨ êåðóâàííÿ ðóõîì íåñêií÷åííîâèìiðíèõ ïðóæíèõ
ìåõàíi÷íèõ ñèñòåì.
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ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ êàíäèäàòà ôiçèêî-ìà-
òåìàòè÷íèõ íàóê çà ñïåöiàëüíiñòþ 01.02.01 � òåîðåòè÷íà ìåõàíiêà. �
Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, 2024.

Äèñåðòàöiéíó ðîáîòó ïðèñâÿ÷åíî äîñëiäæåííþ çàäà÷ êåðîâàíî¨
ñòàáiëiçàöi¨ i ñïîñòåðåæåííÿ äëÿ ãiáðèäíî¨ ìåõàíi÷íî¨ ñèñòåìè ó âè-
ãëÿäi ïðóæíî¨ áàëêè ç ïðè¹äíàíîþ ìàñîþ íà ïðóæèííié ïiäâiñöi.
Áàëêà çíàõîäèòüñÿ ïiä âïëèâîì çîñåðåäæåíî¨ ñèëè êåðóâàííÿ òà ðîç-
ïîäiëåíèõ ï'¹çîåëåêòðè÷íèõ ïðèâîäiâ (àêòóàòîðiâ). Öÿ ìåõàòðîííà
óñòàíîâêà â ìàòåìàòè÷íîìó ñåíñi ÿâëÿ¹ ñîáîþ êåðîâàíó äèíàìi÷íó
ñèñòåìó ç íåñêií÷åííîþ êiëüêiñòþ ñòóïåíiâ âîëi. Ìàòåìàòè÷íó ìî-
äåëü ðóõó îòðèìàíî íà îñíîâi âàðiàöiéíîãî ïðèíöèïó Ãàìiëüòîíà�
Îñòðîãðàäñüêîãî ó âèãëÿäi êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ Åéëåðà�
Áåðíóëëi. Äëÿ äîñëiäæåííÿ ñòiéêîñòi îòðèìàíå ðiâíÿííÿ ðóõó çà-
ïèñàíî ó âèãëÿäi àáñòðàêòíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ â îïåðà-
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òîðíié ôîðìi ó ãiëüáåðòîâîìó ïðîñòîði. Çàïðîïîíîâàíî êåðóâàííÿ çi
çâîðîòíèì çâ'ÿçêîì ó âèãëÿäi îáìåæåíîãî ëiíiéíîãî îïåðàòîðà, ÿêå
çàáåçïå÷ó¹ àñèìïòîòè÷íó ñòiéêiñòü ñòàíó ðiâíîâàãè. Íà îñíîâi òåîðå-
ìè Ëþìåðà�Ôiëëiïñà äîâåäåíî êîðåêòíiñòü çàäà÷i Êîøi äëÿ ñèñòåìè
ç êåðóâàííÿì. Íà îñíîâi ïðÿìîãî ìåòîäó Ëÿïóíîâà äîâåäåíî ñòié-
êiñòü ñòàíó ðiâíîâàãè çàìêíåíî¨ ñèñòåìè. Îòðèìàíî ÷àñòîòíå ðiâ-
íÿííÿ i äîñëiäæåíî àñèìïòîòè÷íèé ðîçïîäië âëàñíèõ ÷àñòîò êîëè-
âàíü áàëêè. Íàâåäåíî äîñòàòíi óìîâè àñèìïòîòè÷íî¨ ñòiéêîñòi ñòàíó
ðiâíîâàãè çàìêíåíî¨ ñèñòåìè. Îäíèì ç êëþ÷îâèõ ðåçóëüòàòiâ ðîáîòè
¹ ïîáóäîâà ðåçîëüâåíòè äëÿ îïåðàòîðà çi çâîðîòíèì çâ'ÿçêîì i äîâå-
äåííÿ êîìïàêòíîñòi ðåçîëüâåíòè. Íà îñíîâi ïðèíöèïó iíâàðiàíòíîñòi
ËàÑàëëÿ äîâåäåíî àñèìïòîòè÷íó ñòiéêiñòü ñòàíó ðiâíîâàãè çàìêíå-
íî¨ ñèñòåìè.

Òàêîæ äîñëiäæåíî çàäà÷ó ñïîñòåðåæåííÿ äëÿ ñèñòåìè êåðóâàííÿ
ç âèõîäîì. Çàïðîïîíîâàíî ÿâíèé àíàëiòè÷íèé ïiäõiä äëÿ ïîáóäîâè
äèíàìi÷íîãî ñïîñòåðiãà÷à òèïó Ëóåíáåðãåðà äëÿ êëàñó ìîäåëåé ãíó÷-
êèõ êîíñòðóêöié. Ïîêàçàíî, ùî çàïðîïîíîâàíà ñèñòåìà-ñïîñòåðiãà÷
äîçâîëÿ¹ àñèìïòîòè÷íî âiäíîâèòè ñòàí ñèñòåìè çà íàÿâíîñòi îáìå-
æåíî¨ iíôîðìàöi¨ ïðî âèõiäíèé ñèãíàë.

Êðiì òîãî, ðîçãëÿíóòî ìîäåëü ðóõó êîíñîëüíî çàêðiïëåíî¨ ïðóæ-
íî¨ áàëêè ç êåðóâàííÿì. Çàïðîïîíîâàíî ñïîñiá ïîáóäîâè ñèñòåìè íà-
áëèæåíèõ ðîçâ'ÿçêiâ íà îñíîâi ìåòîäó Ãàëüîðêiíà i äîâåäåíî çáiæ-
íiñòü ìåòîäó Ãàëüîðêiíà äëÿ ðîçãëÿíóòî¨ ñèñòåìè.

Êëþ÷îâi ñëîâà: ãiáðèäíà ìåõàíi÷íà ñèñòåìà, áàëêà Åéëåðà�Áåð-
íóëëi, äèíàìi÷íà ñèñòåìà, ôàçîâèé ïðîñòið, ñèëüíî íåïåðåðâíà íà-
ïiâãðóïà îïåðàòîðiâ, iíôiíiòåçèìàëüíèé ãåíåðàòîð, ñòàí ðiâíîâàãè
ìåõàíi÷íî¨ ñèñòåìè, êåðóâàííÿ çi çâîðîòíèì çâ'ÿçêîì, ôóíêöiÿ Ëÿ-
ïóíîâà, ñòiéêiñòü çà Ëÿïóíîâèì, àñèìïòîòè÷íà ñòiéêiñòü, ïðèíöèï
iíâàðiàíòíîñòi, ñïîñòåðiãà÷ Ëóåíáåðãåðà, ìåòîä Ãàëüîðêiíà.

Kalosha J. I. Control of multi-frequency oscillations of hybrid me-
chanical systems. –– Qualification scientific work in the form of manu-
script.

Thesis for candidate of physical and mathematical sciences degree
in speciality 01.02.01 –– analytical mechanics. –– Institute of Mathematics
NAS Ukraine, Kyiv, 2024.

The dissertation is devoted to the study of controlled stabilization
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and observation problems for a hybrid mechanical system in the form
of a flexible beam with an absolutely rigid body attached by a spring-
mass system. The beam is controlled by a lumped force and distributed
piezoelectric actuators. In the mathematical sense, the mechatronic in-
stallation is a controlled dynamical system with an infinite number of
degrees of freedom. The mathematical model of motion is obtained on
the basis of the Hamilton–Ostrogradsky variational principle in the form
of a boundary value problem for the Euler–Bernoulli equation. To study
the stability, the obtained equation of motion is presented in the form of
an abstract differential equation in the operator form in Hilbert space.
A feedback control in the form of a bounded linear operator is pro-
posed, which ensures asymptotic stability of the equilibrium. The well-
posedness of the Cauchy problem for the system with control is proved
on the basis of the Lumer–Phillips theorem. The stability of the equi-
librium of a closed–loop system is proved based on Lyapunov’s direct
method. The frequency equation is derived and the asymptotic distri-
bution of the eigenfrequencies of the beam oscillations is investigated.
Sufficient conditions for the asymptotic stability of the equilibrium of
the closed–loop system are obtained. One of the key results of the work
is the construction of a resolvent for the feedback operator and the proof
of the compactness of the resolvent. Based on the LaSalle invariance
principle, the asymptotic stability of the equilibrium of the closed–loop
system is proved.

Moreover, the observation problem for a control system with an out-
put is studied. An explicit analytical approach is proposed for construct-
ing a dynamic Luenberger-type observer for a class of flexible structure
models. It is shown that the proposed observer allows to asymptotically
reconstruct the system state operating by limited output information.

Furthermore, the model of motion of a cantilever flexible beam with
control is considered. A system of approximate solutions is obtained
based on the Galerkin method. The convergence of the Galerkin method
for the considered system is proved.

Key words: hybrid mechanical system, Euler–Bernoulli beam, dyna-
mical system, phase space, strongly continuous semigroup of operators,
infinitesimal generator, equilibrium of a mechanical system, feedback
control, the Lyapunov function, Lyapunov’s stability, asymptotic stabi-
lity, invariance principle, the Luenberger observer, the Galerkin method.
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