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ÀÍÎÒÀÖIß

×óéêîâ À. Ñ. Ôðàêòàëüíèé àíàëiç ôóíêöié çi ñêëàäíîþ ëî-

êàëüíîþ áóäîâîþ, âèçíà÷åíèõ ó òåðìiíàõ ëàíöþãîâèõ äðîáiâ. �

Êâàëiôiêàöiéíà íàóêîâà ïðàöÿ íà ïðàâàõ ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ êàíäèäàòà ôiçèêî-ìàòåìàòè÷-

íèõ íàóê çà ñïåöiàëüíiñòþ 01.01.01 � ìàòåìàòè÷íèé àíàëiç (111 � ìàòåìà-

òèêà). � Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, 2019.

Äèñåðòàöiéíà ðîáîòà âèêîíàíà ó ëàáîðàòîði¨ ôðàêòàëüíîãî àíàëiçó Ií-

ñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè.

Äèñåðòàöiéíå äîñëiäæåííÿ ïðèñâÿ÷åíå âèâ÷åííþ ñòðóêòóðíèõ, òîïîëîãî-

ìåòðè÷íèõ i ôðàêòàëüíèõ âëàñòèâîñòåé ôóíêöié, ÿêi ¹ íåïåðåðâíèìè íà

äåÿêîìó âiäðiçêó àáî ìàþòü íå áiëüø íiæ çëi÷åííó ìíîæèíó ðîçðèâiâ, âî-

äíî÷àñ ¨õíi ìíîæèíè îñîáëèâîñòåé (âàðiàöiéíîãî, äèôåðåíöiàëüíîãî é ií.

õàðàêòåðó) ¹ âñþäè ùiëüíèìè. Òàêi ôóíêöi¨ ôiãóðóþòü ó ðîáîòàõ Ã. Ìií-

êîâñüêîãî, Ð. Ñàëåìà, Â. Ñåðïiíñüêîãî, Ò. Òàêàãi, O. Beaver i T. Garrity,

M. Lamberger òà ií.

Äëÿ ïîòðåá òåîði¨ ôóíêöié, ìåòðè÷íî¨ i éìîâiðíiñíî¨ òåîði¨ ÷èñåë, ôðà-

êòàëüíîãî àíàëiçó i ôðàêòàëüíî¨ ãåîìåòði¨ ñèñòåìè êîäóâàííÿ äiéñíèõ ÷è-

ñåë ¹ çðó÷íèì çíàðÿääÿì âèâ÷åííÿ ìàòåìàòè÷íèõ îá'¹êòiâ çi ñêëàäíîþ ëî-

êàëüíîþ òîïîëîãî-ìåòðè÷íîþ ñòðóêòóðîþ (ìíîæèí, ôóíêöié, ïåðåòâîðåíü

ïðîñòîðó, äèíàìi÷íèõ ñèñòåì òîùî). Òàêi ñèñòåìè ìîæóòü âèêîðèñòîâóâà-

òè ñêií÷åííèé, íåñêií÷åííèé àáî çìiííèé àëôàâiòè. Ñïåöèôiêà êîäóâàííÿ

÷èñåë ëàíöþãîâèìè äðîáàìè âiäðiçíÿ¹òüñÿ âiä çîáðàæåííÿ ÷èñåë ç âèêîðè-

ñòàííÿì ¾ôóíäàìåíòàëüíèõ ïîñëiäîâíîñòåé¿ (òèïó s-êîâèõ çîáðàæåíü i ¨õ

óçàãàëüíåííÿ Q-çîáðàæåííÿ, ðÿäiâ Êàíòîðà òîùî).

Àêòóàëüíiñòü äîñëiäæåííÿ ïîëÿãà¹ â òîìó, ùî çàñîáè òåîðié êîäóâàííÿ

äiéñíèõ ÷èñåë, ôðàêòàëiâ i ëàíöþãîâèõ äðîáiâ çàáåçïå÷óþòü ìîæëèâiñòü

äëÿ òåîðåòè÷íîãî àíàëiçó ëîêàëüíî-ñêëàäíèõ ôóíêöié ç àâòîìîäåëüíèìè

âëàñòèâîñòÿìè, ÿêi âñå ÷àñòiøå ç'ÿâëÿþòüñÿ ó ìîäåëÿõ ðåàëüíèõ ïðîöåñiâ i
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ÿâèù ôiçè÷íî¨, åêîíîìi÷íî¨, iíôîðìàöiéíî¨ ïðèðîäè.

Äèñåðòàöiéíà ðîáîòà ñêëàäà¹òüñÿ ç àíîòàöié óêðà¨íñüêîþ é àíãëiéñüêîþ

ìîâàìè, ïåðåëiêó ñêîðî÷åíü i óìîâíèõ ïîçíà÷åíü, âñòóïó, ï'ÿòüîõ ðîçäiëiâ,

ðîçáèòèõ íà ïiäðîçiäëè, âèñíîâêiâ äî êîæíîãî ðîçäiëó é çàãàëüíèõ âèñíîâ-

êiâ, ñïèñêó âèêîðèñòàíèõ äæåðåë i äîäàòêó.

Îñíîâíèìè îá'¹êòàìè äîñëiäæåííÿ ¹:

1) ëàíöþãîâå As-çîáðàæåííÿ ÷èñåë

[a; b] 3 x =
1

a1 + 1
a2+...

≡ ∆As
a1a2...an...

,

äå an � åëåìåíòè ôiêñîâàíî¨ âïîðÿäêîâàíî¨ çà çðîñòàííÿì ìíîæèíè äîäà-

òíèõ äiéñíèõ ÷èñåë As = {γ0, γ1, . . . , γs−1}, i ôóíêöi¨, ç íèì ïîâ'ÿçàíi;

2) íåïåðåðâíi ôóíêöi¨ é ïåðåòâîðåííÿ âiäðiçêà (ái¹êòèâíi âiäîáðàæåííÿ âiä-

ðiçêà íà ñåáå), ÿêi çáåðiãàþòü õâîñòè ëàíöþãîâèõ çîáðàæåíü ÷èñåë iç âèêî-

ðèñòàííÿì åëåìåíòàðíèõ i A2-äðîáiâ;

3) àíàëîã Òðèáií-ôóíêöi¨, çàäàíî¨ ïåðåòâîðþâà÷åì öèôð íåãà-òðiéêîâîãî

çîáðàæåííÿ ÷èñåë ó ëàíöþãîâå A-çîáðàæåííÿ ÷èñåë:

x = ∆̄3
α1α2...αn...

≡ 3

4
+
∞∑
k=1

(−3)−kαk
f→ y = ∆A

β1β2...βn...
,

äå

β1 =

 1, ÿêùî α1 = 2,

0, ÿêùî α1 6= 2;
βk+1 =

 1− βk, ÿêùî αk+1 + αk = 2,

βk, ÿêùî αk+1 + αk 6= 2.

4) ôóíêöi¨, âèçíà÷åíi ïåðåòâîðþâà÷àìè öèôð çîáðàæåíü ÷èñåë iç ðiâíîïî-

òóæíèìè àëôàâiòàìè, îäíi¹þ ç ÿêèõ ¹ ôóíêöiÿ

g ([a1(x), a2(x), . . . , an(x), . . .]) = ∆L̃
a1a2...an...

≡

≡ 1

a1
+
∞∑
n=2

(−1)n−1

a1(a1 + 1) · · · an−1(an−1 + 1)an
,
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àðãóìåíò ÿêî¨ ïîäàíî ó ôîðìi åëåìåíòàðíîãî ëàíöþãîâîãî äðîáó, à çíà÷åí-

íÿ ôóíêöi¨ � ó ôîðìi çíàêîçìiííîãî ðÿäó Ëþðîòà ç òèìè ñàìèìè åëåìåí-

òàìè.

Ó âñòóïi îá ðóíòîâàíî àêòóàëüíiñòü äîñëiäæåííÿ, âèçíà÷åíî îá'¹êò, ïðå-

äìåò, ìåòó i çàâäàííÿ, çàçíà÷åíî íàóêîâó íîâèçíó îäåðæàíèõ ðåçóëüòàòiâ i

îñîáèñòèé âíåñîê çäîáóâà÷à.

Ó ïåðøîìó ðîçäiëi ïîäàíî îãëÿä ñèñòåì ÷èñëåííÿ, ÿêi âèêîðèñòîâóþ-

òüñÿ äëÿ êîíñòðóþâàííÿ é äîñëiäæåííÿ ôóíêöié, à ñàìå: åëåìåíòàðíi ëàí-

öþãîâi äðîáè, ëàíöþãîâi äðîáè ç äâîñèìâîëüíèìè àëôàâiòàìè (äðîáè Äàí-

æóà òà A2-äðîáè), ðÿäè Ëþðîòà, s-êîâà é íåãà-s-êîâà ñèñòåìè ÷èñëåííÿ.

Òàêîæ çðîáëåíî îãëÿä âiäîìèõ ôóíêöié çi ñêëàäíèìè ëîêàëüíèìè âëàñòè-

âîñòÿìè, çîêðåìà, íåïåðåðâíèõ íiäå íå ìîíîòîííèõ (ôóíêöi¨, ïîâ'ÿçàíi ç

Q-çîáðàæåííÿì ÷èñåë), ñèíãóëÿðíèõ (ôóíêöi¨ Ñàëåìà, Ìiíêîâñüêîãî), íiäå

íå äèôåðåíöiéîâíèõ (ôóíêöiÿ Òàêà i, Òðèáií-ôóíêöiÿ).

Ó äðóãîìó ðîçäiëi äèñåðòàöi¨ âèâ÷åíî âëàñòèâîñòi îïåðàòîðiâ ëiâîñòî-

ðîííüîãî i ïðàâîñòîðîííüîãî çñóâiâ öèôð çîáðàæåííÿ äiéñíèõ ÷èñåë åëå-

ìåíòàðíèìè ëàíöþãîâèìè äðîáàìè:

T (x) = T ([a1, a2, . . . , an, . . .]) = [a2, a3, . . . , an+1, . . .],

δi(x) = δi([a1, a2, . . . , an, . . .]) = [i, a1, a2, . . . , an, . . .],

à òàêîæ ôóíêöié, ÿêi ïîâ'ÿçàíi ç íèìè. Âèâ÷åíî äèôåðåíöiàëüíi é iíòå-

ãðàëüíi âëàñòèâîñòi êëàñó ôóíêöié τf , ÿêèé çàäàíèé ïåðåòâîðþâà÷åì ïåð-

øèõ k åëåìåíòiâ åëåìåíòàðíîãî ëàíöþãîâîãî äðîáó:

τf(x) = τf ([a1(x), a2(x), a3(x), . . .]) =

= [f(a1(x), a2(x), . . . , ak(x)), ak+1(x), ak+2(x), . . .],

äå f(a1, a2, . . . , ak) � íàòóðàëüíà ôóíêöiÿ íàòóðàëüíèõ çìiííèõ a1, a2, . . . , ak.
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Ïîáóäîâàíî íåïåðåðâíi ïåðåòâîðåííÿ, ùî çáåðiãàþòü õâîñòè åëåìåíòàð-

íîãî ëàíöþãîâîãî çîáðàæåííÿ ÷èñåë i ôðàêòàëüíó ðîçìiðíiñòü Ãàóñäîðôà-

Áåçèêîâè÷à áîðåëiâñüêèõ ìíîæèí.

Òðåòié ðîçäië ïðèñâÿ÷åíî äâîì ôóíêöiÿì. Ïåðøà ôóíêöiÿ, íàçâàíà êâà-

çiiíâåðñîðîì öèôð åëåìåíòàðíîãî ëàíöþãîâîãî çîáðàæåííÿ ÷èñåë (ùî ¹

ïåâíèì àíàëîãîì iíâåðñîðiâ öèôð ñêií÷åííî-ñèìâîëüíèõ çîáðàæåíü ÷èñåë),

îçíà÷åíà ðiâíiñòþ f([a1, a2, . . . , an, . . .]) = [b1, b2, . . . , bn, . . .], äå

b1 = 1, bn =

 1, ÿêùî an 6= 1;

n, ÿêùî an = 1, n = 2, 3, . . ..

Äîâåäåíî ¨¨ íiäå íå ìîíîòîííiñòü i êàíòîðîâiñòü ìíîæèíè ¨¨ çíà÷åíü. Îïè-

ñàíî ìíîæèíè ðiâíiâ öi¹¨ ôóíêöi¨.

Äðóãà ôóíêöiÿ îçíà÷åíà ïðîåêòóâàííÿì öèôð åëåìåíòàðíîãî ëàíöþãî-

âîãî çîáðàæåííÿ ÷èñåë ó öèôðè çîáðàæåííÿ ÷èñåë çíàêîçìiííèìè ðÿäàìè

Ëþðîòà. Äîâåäåíî ¨¨ íåïåðåðâíiñòü i ìîíîòîííiñòü, çíàéäåíî ñèñòåìó ôóí-

êöiîíàëüíèõ ðiâíÿíü, ¹äèíèì ðîçâ'ÿçêîì ÿêî¨ ¹ öÿ ôóíêöiÿ.

Ó ÷åòâåðòîìó ðîçäiëi âèâ÷à¹òüñÿ çîáðàæåííÿ ÷èñåë ëàíöþãîâèìè A2-

äðîáàìè. Âèâ÷åíî îïåðàòîðè ëiâîñòîðîííüîãî i ïðàâîñòîðîííüîãî çñóâiâ

öèôð ëàíöþãîâîãî A-çîáðàæåííÿ:

ω(x) = ω(∆A
α1α2...αn...

) = ∆A
α2α3...αn+1...

, δi(x) = δi(∆
A
α1α2...αn...

) = ∆A
iα1α2...αn...

,

i çíàéäåíî îöiíêó äëÿ êîåôiöi¹íòà cn îïåðàòîðà ëiâîñòîðîííüîãî çñóâó n-ãî

ïîðÿäêó ωn(x) = ω(ω(. . . ω︸ ︷︷ ︸
n

(x))) =
unx+ vn

cnx+ dn
.

Çíàéäåíî iíâàðiàíòíó ìiðó âiäíîñíî îïåðàòîðà ëiâîñòîðîííüîãî çñóâó

öèôð ëàíöþãîâîãî A-çîáðàæåííÿ, à ñàìå: iíâàðiàíòíîþ ìiðîþ âiäíîñíî îïå-

ðàòîðà ëiâîñòîðîííüîãî çñóâó öèôð ω ëàíöþãîâîãî A-çîáðàæåííÿ ¹ éìî-

âiðíiñíà ìiðà µX(·), ùî âiäïîâiäà¹ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè X, ÿêà

ïðåäñòàâëåíà ëàíöþãîâèì A2-äðîáîì, öèôðè ÿêî¨ ¹ íåçàëåæíèìè i îäíàêî-

âî ðîçïîäiëåíèìè.
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Ïîáóäîâàíî íåïåðåðâíi ïåðåòâîðåííÿ f , ùî çáåðiãàþòü õâîñòè öèõ çî-

áðàæåíü, à ñàìå f : [0,5; 1] → [0,5; 1], äëÿ ÿêèõ Ox ∩ Of(x) 6= ∅, äå Ou =

{u, ω(u), ω2(u), . . .} � îðáiòà òî÷êè u äèíàìi÷íî¨ ñèñòåìè ç ôàçîâèì ïðî-

ñòîðîì [0,5; 1] i âiäîáðàæåííÿì ω. Îñíîâíèì ðåçóëüòàòîì ¹ êîíñòðóêòèâíå

äîâåäåííÿ òîãî, ùî ìíîæèíà âñiõ íåïåðåðâíèõ ïåðåòâîðåíü âiäðiçêà [0,5; 1],

ÿêi çáåðiãàþòü õâîñòè ëàíöþãîâîãî A-çîáðàæåííÿ ÷èñåë âiäíîñíî îïåðàöi¨

¾êîìïîçèöiÿ ôóíêöié¿ óòâîðþ¹ íåñêií÷åííó íåêîìóòàòèâíó ãðóïó.

Ñêîíñòðóéîâàíî ôóíêöiþ, ÿêà ¹ àíàëîãîì ôóíêöié Áóøà-Âóíäåðëiõà i

Òðèáií-ôóíêöi¨, ÷èé àðãóìåíò ðîçãëÿäà¹òüñÿ ó ôîðìi íåãà-òðiéêîâîãî çî-

áðàæåííÿ, à çíà÷åííÿ ôóíêöi¨ � ó ôîðìi ëàíöþãîâîãî A-çîáðàæåííÿ. Äî-

âåäåíî, ùî âîíà ¹ íåïåðåðâíîþ íà âiäðiçêó [0,5; 1] íiäå íå ìîíîòîííîþ ôóí-

êöi¹þ i ìà¹ íåîáìåæåíó âàðiàöiþ. Îïèñàíî âëàñòèâîñòi ãðàôiêà öi¹¨ ôóíêöi¨,

çîêðåìà àâòîìîäåëüíi, i ìíîæèí ¨¨ ðiâíiâ.

Ðîçãëÿíóòî ñêií÷åííi ëàíöþãîâi A2-äðîáè é âèâ÷åíî äåÿêi ¨õíi âëàñòè-

âîñòi. Âèâ÷åíî âëàñòèâîñòi äiéñíèõ ÷èñåë ç ïåðiîäè÷íèìè ëàíöþãîâèìè A2-

çîáðàæåííÿìè, îòðèìàíî îöiíêè íàáëèæåíü äiéñíèõ ÷èñåë âiäðiçêà [0,5; 1]

ëàíöþãîâèìè A2-äðîáàìè.

Ï'ÿòèé ðîçäië ïðèñâÿ÷åíî îñíîâàì òîïîëîãî-ìåòðè÷íî¨ òåîði¨ çîáðàæå-

ííÿ ÷èñåë ëàíöþãîâèìè A3-äðîáàìè. Çîêðåìà, çíàéäåíî óìîâè íóëüîâî¨

íàäëèøêîâîñòi çîáðàæåííÿ ÷èñåë ëàíöþãîâèìè A3-äðîáàìè, îïèñàíî âëà-

ñòèâîñòi öèëiíäðè÷íèõ i õâîñòîâèõ ìíîæèí, ç'ÿñîâàíî ãåîìåòðè÷íèé çìiñò

öèôð. Îòðèìàíî îöiíêè äëÿ çíàìåííèêiâ ïiäõiäíèõ äðîáiâ ëàíöþãîâèõ A3-
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ABSTRACT

Chuikov A. S. Fractal analysis of functions with complex local

structure de�ned in terms of continued fractions. � Manuscript.

Candidate of Physical and Mathematical Sciences Thesis, speciality 01.01.01

� mathematical analysis (111 � mathematics). � Institute of Mathematics of

National Academy of Sciences of Ukraine, Kyiv, 2019.

The work is prepared at the laboratory of fractal analysis of Institute of

Mathematics of National Academy of Sciences of Ukraine.

The thesis is devoted to the study of structural, topological-metric and

fractal properties of functions, that are continuous on a certain closed interval

or have no more than a countable set of discontinuities. At the same time

their sets of particular qualities (variational, di�erential etc.) are everywhere

dense. Such functions were considered in articles by H. Minkowski, R. Salem,

W. Sierpinski, T. Takagi, O. Beaver and T. Garrity, M. Lamberger and others.

For the needs of function theory, metric and probability number theory,

fractal analysis and fractal geometry the real number coding systems are a

convenient tool for studying mathematical objects with complex local topologi-

cal and metric structures (sets, functions, transformations of space, dynamic

systems etc.). Such systems may use �nite, in�nite, or variable alphabets.

The speci�city of encoding numbers by continued fractions di�ers from the

representation of numbers using ¾fundamental sequences¿ (such as s-adic re-

presentations and their generalization Q-representation, Cantor series etc.).

Locally complex functions with auto-modeling properties more often appear

in models of real processes and phenomena of physical, economic, informati-

onal nature. The relevance of the study lies in the fact that the means of the

theories of encoding real numbers, fractals, and continued fractions provide an

opportunity for theoretical analysis of such functions.

The thesis consists of abstracts in Ukrainian and English, a list of abbreviati-
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ons and symbols, introduction, �ve sections, divided into subsections, conclusi-

ons for each section and general conclusions, a list of sources used and appendix.

The main objects of study are:

1. an As-continued fraction representation of numbers, such as

[a; b] 3 x =
1

a1 + 1
a2+...

≡ ∆As
a1a2...an...

,

where an are elements of a �xed ascending set of real numbers As =

{γ0, γ1, . . . , γs−1}, and functions associated with this representation;
2. continuous functions and transformations of closed interval (such as

bijective re�ections of the segment on itself) that preserve the tails of

representation of numbers (by elementary continued fractions and A2-

continued fractions);

3. an analogue of the Tribine-function, which is de�ned by a digit converter

of nega-3-adic representation of numbers to A-continued fraction repre-

sentation of numbers that is

x = ∆̄3
α1α2...αn...

≡ 3

4
+
∞∑
k=1

(−3)−kαk
f→ y = ∆A

β1β2...βn...
,

where

β1 =

 1 if α1 = 2,

0 if α1 6= 2;
βk+1 =

 1− βk if αk+1 + αk = 2,

βk if αk+1 + αk 6= 2.

4. functions that are de�ned by converters of the digit of representations

of numbers whose alphabets have the same power. One such function is

the function

g ([a1(x), a2(x), . . . , an(x), . . .]) = ∆L̃
a1a2...an...

≡

≡ 1

a1
+
∞∑
n=2

(−1)n−1

a1(a1 + 1) · · · an−1(an−1 + 1)an
,
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whose argument is in the form of an elementary continued fraction,

and the value of the function is given in the form of an L�uroth-type

alternating series with the same elements.

The introduction substantiates the relevance of the research, determined

the object, subject, purpose and objectives of the study. The scienti�c novelty

of the obtained results and the personal contribution of the applicant are also

indicated.

The �rst section provides an overview of calculus systems that are used

to design and study functions, namely, elementary continued fractions, conti-

nued fractions with two-character alphabets (Denjoy's continued fractions and

A2-continued fractions), Lüroth-type alternating series, s-adic and nega-s-adic

representations of numbers. An overview of well-known functions with complex

local properties is also provided. In particular, these are continuous nowhere

monotone functions (functions related to the Q-representation of numbers), si-

ngular functions (Salem function, Minkowski function), non-di�erentiable functi-

ons (Takagi function, Tribine function).

In the second section of the dissertation the properties of operators of left

and right shifts of digits of the representation of real numbers by elementary

continued fractions that is

T (x) = T ([a1, a2, . . . , an, . . .]) = [a2, a3, . . . , an+1, . . .],

δi(x) = δi([a1, a2, . . . , an, . . .]) = [i, a1, a2, . . . , an, . . .]

are studied. The functions associated with these operators are also studied.

Di�erential and integral properties of the class of functions, which is given

by the converter of the �rst k elements of elementary continued fractions, are

studied. Namely,

τf(x) = τf ([a1(x), a2(x), a3(x), . . .]) =

= [f(a1(x), a2(x), . . . , ak(x)), ak+1(x), ak+2(x), . . .],
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where f(a1, a2, . . . , ak) natural function of natural variables a1, a2, . . . , ak.

Continuous transformations of [0; 1] that preserve the tails of these repre-

sentation of numbers and fractal dimension of Hausdor�-Bezikovich of Borel

sets are built.

The third section is devoted to two functions. A �rst function is called the

quasi-inversor of the digits of the elementary continued fraction representation

of numbers. It is a certain analogue of the inversors of numbers of �nitely

symbolic representations of numbers. This function is de�ned by equality

f([a1, a2, . . . , an, . . .]) = [b1, b2, . . . , bn, . . .],

where

b1 = 1, bn =

 1 if an 6= 1;

n if an = 1, n = 2, 3, . . .,

Its monotony and cantority of set of its values are proved. Level sets of this

function are described.

The second function is de�ned by the projector of digits of elementary conti-

nued fraction representation of numbers into digits of representation of numbers

by Lüroth alternating series. Its continuity and monotony are proved. A system

of functional equations is found, the only solution of which is this function.

The fourth section examines the representation of numbers by A2-continued

fractions. The properties of left and right shift operators of digits of the A-

continued fractions representation of real numbers are studied. That is

ω(x) = ω(∆A
a1(x)a2(x)...) = ∆A

a2(x)a3(x)..., δi(x) = δi(∆
A
a1(x)a2(x)...) = ∆A

ia1(x)a2(x)....

The estimate for the coe�cient cn of the left shift operator of the n-th order

ωn(x) = ω(ω(. . . ω︸ ︷︷ ︸
n

(x))) =
unx+ vn

cnx+ dn
is found.

An invariant measure with respect to the left shift operator ω of an A-

continued fraction representation is found. Namely, an invariant measure with
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respect to the left shift operator ω of an A-continued fraction representation is

a probability measure µX(·) corresponding to the distribution of a random vari-

ableX represented by an A2-continued fraction whose elements are independent

and identically distributed.

Continuous transformations f are built that preserve the tails of these

representation, namely f : [0,5; 1] → [0,5; 1] for which Ox ∩ Of(x) 6= ∅ where

the set Ou = {u, ω(u), ω2(u), . . .} is orbit of point u of a dynamic system

with phase space [0,5; 1] and mapping ω. It is proved that the set of all conti-

nuous transformations of [0,5; 1] that preserve tails of an A-continued fraction

representation together with an operation ¾function composition¿ form an in�-

nitive non-commutative group.

A function whose argument considered in the form of a nega-3-adic repre-

sentation of numbers and the value of a function considered in the form of

a A-continued fraction representation of number is constructed. This function

is analogous to the Bush-Wunderlich function and the Tribine-function. It is

proved that it is continuous on [0,5; 1] nowhere monotone function and has

unlimited variation. The properties of the function graph, in particular the

auto-modeling properties, and the properties of its level sets are described.

Finite A2-continued fractions are considered and some of their properties

are studied. Properties of real numbers with periodic A2-continued fraction

representation are studied. Estimates of the approximation of real numbers of

a [0,5; 1] by continued fractions are obtained.

The �fth section deals with the foundations of the topological-metric theory

of the representation of numbers byA3-continued fractions are set. In particular,

conditions of zero excess of A3-continued fraction representations are obtained.

The properties of the cylindrical and tail sets are also described. The geometric

content of the digits is found out. The estimates of the denominators of the

converdents of the A3-continued fractions at s0 = 2/3, s2 = 2.

The application contains a list of publications of the applicant on the topic



12

of the dissertation and information about the approbation of the results of the

dissertation.

Key words: continued fraction, As-continued fraction representation of num-

bers, nega-3-adic representation of numbers, Lüroth series, cylindrical sets,

transformation of closed interval, that preserve tails of representation, conti-

nuous nowhere monotonic function, auto-modeling, level sets of the function.
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Ïåðåëiê ñêîðî÷åíü i óìîâíèõ ïîçíà÷åíü

N � ìíîæèíà íàòóðàëüíèõ ÷èñåë;

Z0 � ìíîæèíà öiëèõ íåâiä'¹ìíèõ ÷èñåë;

R � ìíîæèíà äiéñíèõ ÷èñåë;

(an) � ÷èñëîâà ïîñëiäîâíiñòü;

αk(x) � k-òà öèôðà ïåâíîãî çîáðàæåííÿ ÷èñëà x;

[a1, a2, . . . , an] � ñêií÷åííèé ëàíöþãîâèé äðiá;

[a1, a2, . . . , an, . . .] � íåñêií÷åííèé ëàíöþãîâèé äðiá;

∆c.f.
c1c2...cn

� öèëiíäð ðàíãó n ç îñíîâîþ c1c2 . . . cn åëåìåíòàðíîãî

ëàíöþãîâîãî çîáðàæåííÿ ÷èñåë;

∆L̃
a1a2...an...

� çîáðàæåííÿ ÷èñëà x ó âèãëÿäi

çíàêîçìiííîãî ðÿäó Ëþðîòà;

∆s
a1a2...an...

� s-êîâå çîáðàæåííÿ äiéñíîãî ÷èñëà x;

∆̄s
a1a2...an...

� íåãà-s-êîâå çîáðàæåííÿ äiéñíîãî ÷èñëà x;

∆A2
a1a2...an...

� ëàíöþãîâå A2-çîáðàæåííÿ äiéñíîãî ÷èñëà x;

∆A
a1a2...an...

� ëàíöþãîâå A-çîáðàæåííÿ äiéñíîãî ÷èñëà x;

|∆A
a1a2...an

| � äîâæèíà öèëiíäðà ëàíöþãîâîãî A-çîáðàæåííÿ;

f−1(y0) � ìíîæèíà ðiâíÿ y0 ôóíêöi¨ f ;

≡ � ëiâà i ïðàâà ñòîðîíè ðiâíi çà îçíà÷åííÿì.



19

Âñòóï

Äèñåðòàöiéíå äîñëiäæåííÿ ïðèñâÿ÷åíå âèâ÷åííþ ñòðóêòóðíèõ, òîïîëîãî-

ìåòðè÷íèõ i ôðàêòàëüíèõ âëàñòèâîñòåé ôóíêöié, ÿêi ¹ íåïåðåðâíèìè íà

äåÿêîìó âiäðiçêó àáî ìàþòü íå áiëüø íiæ çëi÷åííó ìíîæèíó ðîçðèâiâ, âî-

äíî÷àñ ¨õíi ìíîæèíè îñîáëèâîñòåé (âàðiàöiéíîãî, äèôåðåíöiàëüíîãî òà ií.

õàðàêòåðó) ¹ âñþäè ùiëüíèìè. Òàêi ôóíêöi¨ ìè íàçèâà¹ìî ôóíêöiÿìè çi

ñêëàäíîþ ëîêàëüíîþ ïîâåäiíêîþ (ñòðóêòóðîþ).

Àêòóàëüíiñòü òåìè. Ìè êàæåìî, ùî ôóíêöiÿ ìà¹ ôðàêòàëüíi âëà-

ñòèâîñòi (òèïó ñàìîïîäiáíèõ, ñàìîàôiííèõ, àâòîìîäåëüíèõ, ðîçìiðíiñíèõ),

ÿêùî ¨õ ìà¹ àáî ãðàôiê ôóíêöi¨, àáî ìíîæèíà çíà÷åíü ôóíêöi¨, àáî ðiâíi

ôóíêöi¨, àáî ìíîæèíè îñîáëèâîñòåé ðiçíîãî ðîäó òîùî. Ôðàêòàëüíèé àíàëiç

òàêèõ ôóíêöié, êðiì âèâ÷åííÿ âêàçàíèõ ìíîæèí, çàéìà¹òüñÿ âèâ÷åííÿì ïè-

òàííÿ, ÿê ïiä äi¹þ ôóíêöi¨ òðàíñôîðìóþòüñÿ ôðàêòàëüíi ðîçìiðíîñòi (òèïó

Ãàóñäîðôà-Áåçèêîâè÷à, åíòðîïiéíà, êëiòèíêîâà) áîðåëiâñüêèõ ïiäìíîæèí

îáëàñòi âèçíà÷åííÿ. Òðàäèöiéíèìè äëÿ íüîãî ¹ äîñëiäæåííÿ ñèíãóëÿðíèõ,

íiäå íå ìîíîòîííèõ, íiäå íå äèôåðåíöiéîâíèõ ôóíêöié. Ïðè öüîìó ïîãëè-

áëþþòüñÿ iíäèâiäóàëüíi òåîði¨ ôóíêöié (Êàíòîðà, Ñàëåìà, Ìiíêîâñüêîãî,

Ñåðïiíñüêîãî, Áóøà-Âóíäåðëiõà, Òðèáií-ôóíêöi¨ òîùî) i çàãàëüíà òåîðiÿ

(ó áàãàòèõ êëàñàõ ôóíêöié, çàëåæíèõ âiä ñêií÷åííî¨ àáî íåñêií÷åííî¨ êiëü-

êîñòi ïàðàìåòðiâ). Âàãîìèì ôàêòîðîì iíòåðåñó äî òàêèõ ôóíêöié ¹ ôà-

êòè ïðî ìàñèâíiñòü òàêèõ ôóíêöié ó âiäîìèõ ïðîñòîðàõ (òåîðåìè Áàíàõà-

Ìàçóðêåâè÷à, Çàìôiðåñêó, Êîçèð¹âà).

Ëàíöþãîâi äðîáè (åëåìåíòàðíi, A2-äðîáè, äðîáè Äàíæóà) âèêîðèñòî-

âóâàëèñÿ äëÿ êîíñòðóþâàííÿ i äîñëiäæåííÿ ôóíêöié i éìîâiðíiñíèõ ìið

çi ôðàêòàëüíèìè âëàñòèâîñòÿìè ó ðîáîòàõ Ì. Â. Ïðàöüîâèòîãî [44, 45],

Ì. Â. Ïðàöüîâèòîãî i Î. Ë. Ëåùèíñüêîãî [28, 52], Î. Ë. Ëåùèíñüêîãî [26, 27],

Ã. Ì. Òîðáiíà i Þ. Â. Êóëèáè [1, 20], Ì. Â. Ïðàöüîâèòîãî i Ä. Â. Êþð÷åâà

[51, 103], Ä. Â. Êþð÷åâà [22, 23, 24, 25], ß. Ô. Âèííèøèíà [8] òà ií. Áiëüøiñòü

iç öèõ ðîáiò ñòîñóâàëàñü ðîçïîäiëiâ âèïàäêîâèõ âåëè÷èí, äî íèõ âiäïîâiäíèõ
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ôóíêöié ðîçïîäiëó i éìîâiðíiñíèõ ìið. Ãåîìåòðiÿ çîáðàæåííÿ ÷èñåë ëàí-

öþãîâèìè äðîáàìè ìà¹ íåïðîñòó ìåòðè÷íó ñêëàäîâó, ùî ïîðîäæó¹ iñòîòíi

òðóäíîùi ïðè âèâ÷åííi ìåòðè÷íèõ âëàñòèâîñòåé îá'¹êòiâ. Öi òðóäíîùi âäà¹-

òüñÿ ïîäîëàòè íå íà êîæíîìó ç øëÿõiâ íàøèõ íàóêîâèõ iíòåðåñiâ. Âîäíî÷àñ

ìè âïåâíåíi, ùî ïî¹äíàííÿ iäåé ëàíöþãîâîñòi é êîäóâàííÿ ÷èñåë çàñîáàìè

ñêií÷åííîãî àëôàâiòó ¹ áàãàòîíàäiéíèì.

Ó öié ðîáîòi ìè àêöåíòó¹ìî óâàãó íà àíàëîãàõ îá'¹êòiâ, ÿêi âèçíà÷àëèñü

ñàìîïîäiáíèìè çîáðàæåííÿìè äiéñíèõ ÷èñåë, äëÿ íèõ îïåðàòîð ëiâîñòîðîí-

íüîãî çñóâó öèôð ¹ ëiíiéíîþ ôóíêöi¹þ íà êîæíîìó ç öèëiíäðiâ ïåðøîãî

ðàíãó. Îòðèìóþ÷è ïðè öüîìó çàäà÷i ó ñòàðèõ ïîñòàíîâêàõ, ìè íàìàãà¹-

ìîñü çà ðàõóíîê ïîãëèáëåííÿ òåîði¨ çîáðàæåíü ÷èñåë ïîäîëàòè òðóäíîùi,

ïîâ'ÿçàíi ç íåñàìîïîäiáíiñòþ.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè.

Ðîáîòà âèêîíàíà â ðàìêàõ äîñëiäæåííÿ ìàòåìàòè÷íèõ îá'¹êòiâ iç ëîêàëüíî

ñêëàäíîþ ñòðóêòóðîþ i ôðàêòàëüíèìè âëàñòèâîñòÿìè, ùî ïðîâîäèòüñÿ ó

âiääiëi äèíàìi÷íèõ ñèñòåì òà ôðàêòàëüíîãî àíàëiçó Iíñòèòóòó ìàòåìàòè-

êè ÍÀÍ Óêðà¨íè. Äîñëiäæåííÿ çäiéñíþâàëîñÿ â ðàìêàõ íàóêîâî-äîñëiäíèõ

òåì:

� ôðàêòàëüíèé àíàëiç ìàòåìàòè÷íèõ îá'¹êòiâ çi ñêëàäíîþ ëîêàëüíîþ

áóäîâîþ (� äåðæàâíî¨ ðå¹ñòðàöi¨ 0107U000583);

� ôðàêòàëüíèé àíàëiç íåïåðåðâíèõ ôóíêöié i ìið (� äåðæàâíî¨ ðå¹-

ñòðàöi¨ 0111U000053);

� äâiéêîâå êîäóâàííÿ äiéñíèõ ÷èñåë òà ôðàêòàëè (� äåðæàâíî¨ ðå¹-

ñòðàöi¨ 0110U001279).

Îá'¹êò äîñëiäæåííÿ. Îñíîâíèìè îá'¹êòàìè äîñëiäæåííÿ ¹:

1) ëàíöþãîâå As-çîáðàæåííÿ ÷èñåë

[a; b] 3 x =
1

a1 + 1
a2+...

≡ ∆As
a1a2...an...

,
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äå an � åëåìåíòè ôiêñîâàíî¨ âïîðÿäêîâàíî¨ çà çðîñòàííÿì ìíîæèíè äîäà-

òíèõ äiéñíèõ ÷èñåë As = {γ0, γ1, . . . , γs−1}, i ôóíêöi¨, ç íèì ïîâ'ÿçàíi;

2) íåïåðåðâíi ôóíêöi¨ é ïåðåòâîðåííÿ âiäðiçêà (ái¹êòèâíi âiäîáðàæåííÿ âiä-

ðiçêà íà ñåáå), ÿêi çáåðiãàþòü õâîñòè ëàíöþãîâèõ çîáðàæåíü ÷èñåë iç âèêî-

ðèñòàííÿì åëåìåíòàðíèõ i A2-äðîáiâ;

3) àíàëîã Òðèáií-ôóíêöi¨, çàäàíî¨ ïåðåòâîðþâà÷åì öèôð íåãà-òðiéêîâîãî

çîáðàæåííÿ ÷èñåë ó ëàíöþãîâå A-çîáðàæåííÿ ÷èñåë:

x = ∆̄3
α1α2...αn...

=
3

4
+
∞∑
k=1

(−3)−kαk
f→ y = ∆A

β1β2...βn...
,

äå β1 =

 1, ÿêùî α1 = 2,

0, ÿêùî α1 6= 2;
βk+1 =

 1− βk, ÿêùî αk+1 + αk = 2,

βk, ÿêùî αk+1 + αk 6= 2;

4) ôóíêöi¨, âèçíà÷åíi ïåðåòâîðþâà÷àìè öèôð çîáðàæåíü ÷èñåë iç ðiâíîïî-

òóæíèìè àëôàâiòàìè.

Ïðåäìåòîì äîñëiäæåííÿ ¹ ãåîìåòðiÿ çîáðàæåííÿ ÷èñåë ëàíöþãîâè-

ìè äðîáàìè, ñòðóêòóðíi, âàðiàöiéíi, äèôåðåíöiàëüíi, àâòîìîäåëüíi òà ôðà-

êòàëüíi âëàñòèâîñòi ôóíêöié, òîïîëîãî-ìåòðè÷íi âëàñòèâîñòi ñóòò¹âèõ äëÿ

íèõ ìíîæèí.

Ìåòîþ äèñåðòàöiéíîãî äîñëiäæåííÿ ¹ îïèñ âëàñòèâîñòåé ôóíêöié, ÿêi

çàäàþòüñÿ ïåðåòâîðþâà÷àìè öèôð ëàíöþãîâîãî çîáðàæåííÿ ÷èñåë ó iíøi

çîáðàæåííÿ àáî ïåðåêîäóâàííÿì öèôð ëàíöþãîâîãî çîáðàæåííÿ.

Çàâäàííÿìè äîñëiäæåííÿ ¹ òàêi:

1) ïîãëèáëåííÿ ìåòðè÷íî¨ ñêëàäîâî¨ ãåîìåòði¨ çîáðàæåííÿ ÷èñåë ëàí-

öþãîâèìè äðîáàìè, âèâ÷åííÿ âàðiàöiéíèõ, äèôåðåíöiàëüíèõ âëàñòè-

âîñòåé âêàçàíèõ ôóíêöié, àâòîìîäåëüíèõ âëàñòèâîñòåé ãðàôiêà;

2) âèâ÷åííÿ äèôåðåíöiàëüíèõ òà iíòåãðàëüíèõ âëàñòèâîñòåé êóñêîâî-

íåïåðåðâíèõ ôóíêöié, çàäàíèõ çà äîïîìîãîþ ïåðåòâîðþâà÷iâ åëå-

ìåíòiâ åëåìåíòàðíîãî ëàíöþãîâîãî äðîáó;
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3) êîíñòðóþâàííÿ é äîñëiäæåííÿ âëàñòèâîñòåé ôóíêöié, çàäàíèõ çà

äîïîìîãîþ ëàíöþãîâèõ A2-äðîáiâ;

4) êîíñòðóþâàííÿ é âèâ÷åííÿ âëàñòèâîñòåé ôóíêöié, ÿêi çàäàíi ïåðå-

òâîðþâà÷àìè öèôð åëåìåíòàðíîãî ëàíöþãîâîãî çîáðàæåííÿ ÷èñåë

â iíøå çîáðàæåííÿ äiéñíèõ ÷èñåë;

5) ïîáóäîâà îñíîâ òîïîëîãî-ìåòðè÷íî¨ òåîði¨ çîáðàæåííÿ ÷èñåë ëàíöþ-

ãîâèìè A3-äðîáàìè.

Ìåòîäè äîñëiäæåííÿ. Ó ðîáîòi âèêîðèñòîâóâàëèñü ïðèéîìè i ìåòîäè

òåîði¨ ëàíöþãîâèõ äðîáiâ, ìàòåìàòè÷íîãî àíàëiçó, ìåòðè÷íî¨ i éìîâiðíiñíî¨

òåîði¨ ÷èñåë, òåîði¨ ôóíêöié äiéñíî¨ çìiííî¨, ôðàêòàëüíîãî àíàëiçó i ôðà-

êòàëüíî¨ ãåîìåòði¨.

Íàóêîâà íîâèçíà îäåðæàíèõ ðåçóëüòàòiâ. Îñíîâíi íàóêîâi ðåçóëü-

òàòè, ùî âèíîñÿòüñÿ íà çàõèñò, òàêi.

1. Ïîáóäîâàíî íåïåðåðâíi ïåðåòâîðåííÿ âiäðiçêà [0; 1], ÿêi çáåðiãàþòü

õâîñòè çîáðàæåííÿ ÷èñåë åëåìåíòàðíèìè ëàíöþãîâèìè äðîáàìè.

2. Äîâåäåíî, ùî ìíîæèíà íåïåðåðâíèõ ïåðåòâîðåíü âiäðiçêà [0,5; 1],

ÿêi çáåðiãàþòü õâîñòè ëàíöþãîâîãî A2-çîáðàæåííÿ ÷èñåë, âiäíîñíî

îïåðàöi¨ ¾ñóïåðïîçèöiÿ ôóíêöié¿ óòâîðþ¹ íåñêií÷åííó íåêîìóòà-

òèâíó ãðóïó.

3. Ââåäåíî ôóíêöiþ, íàçâàíó êâàçiiíâåðñîðîì öèôð åëåìåíòàðíîãî ëàí-

öþãîâîãî çîáðàæåííÿ ÷èñåë (ùî ¹ ïåâíèì àíàëîãîì iíâåðñîðiâ öèôð

ñêií÷åííî-ñèìâîëüíèõ çîáðàæåíü ÷èñåë), äîâåäåíî ¨¨ íiäå íå ìîíî-

òîííiñòü i êàíòîðîâiñòü ìíîæèíè çíà÷åíü, îïèñàíî ìíîæèíè ðiâíiâ.

4. Âèâ÷åíî âëàñòèâîñòi ôóíêöi¨, ÿêó îçíà÷åíî ïðîåêòóâàííÿì öèôð

åëåìåíòàðíîãî ëàíöþãîâîãî çîáðàæåííÿ ÷èñåë ó öèôðè çîáðàæåííÿ

÷èñåë çíàêîçìiííèìè ðÿäàìè Ëþðîòà. Äîâåäåíî ¨¨ íåïåðåðâíiñòü òà

ìîíîòîííiñòü, çíàéäåíî ñèñòåìó ôóíêöiîíàëüíèõ ðiâíÿíü, ¹äèíèì

ðîçâ'ÿçêîì ÿêî¨ ¹ öÿ ôóíêöiÿ.

5. Ñêîíñòðóéîâàíî ôóíêöiþ, ÿêà ¹ àíàëîãîì ôóíêöié Áóøà-Âóíäåðëiõà
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òà Òðèáií-ôóíêöi¨, ÷èé àðãóìåíò ðîçãëÿäà¹òüñÿ ó ôîðìi íåãà-òðié-

êîâîãî çîáðàæåííÿ, à çíà÷åííÿ ôóíêöi¨ � ó ôîðìi ëàíöþãîâîãî A-

çîáðàæåííÿ. Äîâåäåíî, ùî âîíà ¹ íåïåðåðâíîþ íà âiäðiçêó [0,5; 1]

íiäå íå ìîíîòîííîþ ôóíêöi¹þ i ìà¹ íåîáìåæåíó âàðiàöiþ. Îïèñàíî

âëàñòèâîñòi ãðàôiêà öi¹¨ ôóíêöi¨, çîêðåìà, àâòîìîäåëüíi, òà ìíîæèí

¨¨ ðiâíiâ.

6. Çíàéäåíî îöiíêè íàáëèæåíü äiéñíèõ ÷èñåë âiäðiçêà [0,5; 1] ëàíöþãî-

âèìè A2-äðîáàìè.

7. Çàêëàäåíî îñíîâè òîïîëîãî-ìåòðè÷íî¨ òåîði¨ çîáðàæåííÿ ÷èñåë ëàí-

öþãîâèìè A3-äðîáàìè, çîêðåìà, çíàéäåíî óìîâè íóëüîâî¨ íàäëè-

øêîâîñòi çîáðàæåííÿ ÷èñåë ëàíöþãîâèìè A3-äðîáàìè, îïèñàíî âëà-

ñòèâîñòi öèëiíäðè÷íèõ i õâîñòîâèõ ìíîæèí, ç'ÿñîâàíî ãåîìåòðè÷íèé

ñåíñ öèôð.

Ïðàêòè÷íå çíà÷åííÿ îäåðæàíèõ ðåçóëüòàòiâ. Ðîáîòà ìà¹ ïåðåâà-

æíî òåîðåòè÷íèé õàðàêòåð. Îòðèìàíi ðåçóëüòàòè ¹ ïåâíèì âíåñêîì ó òåî-

ðiþ ôóíêöié äiéñíî¨ çìiííî¨, ôðàêòàëüíèé àíàëiç i ôðàêòàëüíó ãåîìåòðiþ.

Îñîáèñòèé âíåñîê çäîáóâà÷à.

Ó ðîáîòàõ, îïóáëiêîâàíèõ ó ñïiâàâòîðñòâi ç íàóêîâèì êåðiâíèêîì, Ïðà-

öüîâèòîìóÌ. Â. íàëåæèòü çàãàëüíà ïîñòàíîâêà çàäà÷, iäå¨ äîâåäåííÿ äå-

ÿêèõ òâåðäæåíü, ðåäàãóâàííÿ i ïåðåâiðêà îäåðæàíèõ ðåçóëüòàòiâ.

Ó ðîáîòi [6a], âèêîíàíié ó ñïiâàâòîðñòâi ç Ìàêàð÷óêîì Î.Ï., éîìó íàëå-

æàòü iäå¨ äîâåäåííÿ òåîðåìè 4.1.1 i ëåìè 4.9.1. Äîâåäåííÿ öèõ òâåðäæåíü

íàëåæàòü çäîáóâà÷åâi. Ó ðîáîòi [3a], âèêîíàíié ñïiëüíî ç Êþð÷åâèì Ä.Â.,

éîìó íàëåæèòü iäåÿ ðîçãëÿäó òðèñèìâîëüíîãî ëàíöþãîâîãî çîáðàæåííÿ ÷è-

ñåë.

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Îñíîâíi ðåçóëüòàòè äîñëiäæåííÿ

äîïîâiäàëèñü íà òàêèõ íàóêîâèõ êîíôåðåíöiÿõ i ñåìiíàðàõ:

� Ï'ÿòíàäöÿòà ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ iìåíi àêàä. Ì. Êðàâ-

÷óêà, Êè¨â, 15-17 òðàâíÿ 2014 ð.;
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� Ìiæíàðîäíà êîíôåðåíöiÿ ¾Iìîâiðíiñòü, íàäiéíiñòü òà ñòîõàñòè÷íà

îïòèìiçàöiÿ¿, Êè¨â, 7-10 êâiòíÿ 2015 ð.;

� ×åòâåðòà âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ ìîëîäèõ â÷åíèõ ç ìà-

òåìàòèêè òà ôiçèêè, Êè¨â, 23-25 êâiòíÿ 2015 ð.;

� Ìiæíàðîäíà êîíôåðåíöiÿ ìîëîäèõ ìàòåìàòèêiâ, Êè¨â, 3-6 ÷åðâíÿ

2015 ð.;

� Ìiæíàðîäíà íàóêîâî-ìåòîäè÷íà êîíôåðåíöiÿ ¾Ñó÷àñíi íàóêîâî-ìå-

òîäè÷íi ïðîáëåìè ìàòåìàòèêè ó âèùié øêîëi¿, Êè¨â, 25-26 ÷åðâíÿ

2015 ð.;

� Ï'ÿòà âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ ìîëîäèõ â÷åíèõ ç ìàòåìà-

òèêè òà ôiçèêè ¾Àêòóàëüíi ïðîáëåìè ñó÷àñíî¨ ìàòåìàòèêè i ôiçèêè

òà ìåòîäèêà ¨õ íàâ÷àííÿ¿, Êè¨â, 25-26 êâiòíÿ 2016 ð.;

� Øîñòà âñåóêðà¨íñüêà êîíôåðåíöiÿ ìîëîäèõ â÷åíèõ ç ìàòåìàòèêè òà

ôiçèêè, Êè¨â, 21-22 êâiòíÿ 2017 ð.;

� Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ ¾Àñèìïòîòè÷íi ìåòîäè â òåîði¨

äèôåðåíöiàëüíèõ ðiâíÿíü, ïðèñâÿ÷åíà 85-ði÷÷þ äîêòîðà ôiçèêî-ìà-

òåìàòè÷íèõ íàóê, ïðîôåñîðà, àêàäåìiêà ÍÀÏÍ Óêðà¨íè Ì.I. Øêi-

ëÿ¿, Êè¨â, 13-14 ãðóäíÿ 2017 ð.;

� Øîñòà ìiæíàðîäíà êîíôåðåíöiÿ ç àíàëiòè÷íî¨ òåîði¨ ÷èñåë òà ïðî-

ñòîðîâèõ ìîçà¨ê, Êè¨â, 24-28 âåðåñíÿ 2018 ð.;

� Âîñüìà âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ ìîëîäèõ â÷åíèõ ç ìà-

òåìàòèêè òà ôiçèêè ¾Àêòóàëüíi ïðîáëåìè ñó÷àñíî¨ ìàòåìàòèêè i

ôiçèêè òà ìåòîäèêà ¨õ íàâ÷àííÿ¿, Êè¨â, 23 òðàâíÿ 2019 ð.;

� Ñåìiíàð âiääiëó ôðàêòàëüíîãî àíàëiçó Iíñòèòóòó ìàòåìàòèêè ÍÀÍ

Óêðà¨íè òà ÍÏÓ iìåíi Ì. Ï. Äðàãîìàíîâà (êåðiâíèê � äîêòîð ôiçèêî-

ìàòåìàòè÷íèõ íàóê, ïðîôåñîð Ì. Â. Ïðàöüîâèòèé).

� Cåìiíàð âiääiëó òåîði¨ ôóíêöié Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè

(êåðiâíèê � äîêòîð ôiçèêî-ìàòåìàòè÷íèõ íàóê, ïðîôåñîð À. Ñ. Ðî-

ìàíþê).
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Ïóáëiêàöi¨. Îñíîâíi ðåçóëüòàòè äîñëiäæåííÿ âèêëàäåíî ó 6 íàóêîâèõ

ñòàòòÿõ [1a] - [6a], îïóáëiêîâàíèõ ó âèäàííÿõ, ùî âíåñåíi äî ïåðåëiêó íàóêî-

âèõ ôàõîâèõ âèäàíü Óêðà¨íè, ç íèõ 2 ñòàòòi [5a, 6a] ó íàóêîâèõ âèäàííÿõ,

ùî âõîäÿòü äî ìiæíàðîäíèõ íàóêîìåòðè÷íèõ áàç äàíèõ (Scopus, Web of

Science), i äîäàòêîâî âiäîáðàæåíî ó ìàòåðiàëàõ êîíôåðåíöié [7a] � [18a].

Ñòðóêòóðà äèñåðòàöi¨. Äèñåðòàöiéíà ðîáîòà ñêëàäà¹òüñÿ ç àíîòàöi¨,

ïåðåëiêó ñêîðî÷åíü i óìîâíèõ ïîçíà÷åíü, âñòóïó, ï'ÿòüîõ ðîçäiëiâ, ðîçáè-

òèõ íà ïiäðîçäiëè, âèñíîâêiâ äî êîæíîãî ðîçäiëó é çàãàëüíèõ âèñíîâêiâ,

ñïèñêó âèêîðèñòàíèõ äæåðåë (112 íàéìåíóâàíü) i äîäàòêà, ÿêèé ìiñòèòü

ñïèñîê ïóáëiêàöié çäîáóâà÷à íà òåìó äèñåðòàöi¨ é âiäîìîñòi ïðî àïðîáàöiþ

ðåçóëüòàòiâ äèñåðòàöi¨. Çàãàëüíèé îáñÿã äèñåðòàöi¨ ñòàíîâèòü 149 ñòîðiíîê.

Îñíîâíèé çìiñò ðîáîòè. Ó âñòóïi îá ðóíòîâàíî àêòóàëüíiñòü äîñëi-

äæåííÿ, âèçíà÷åíî îá'¹êò, ïðåäìåò, ìåòó i çàâäàííÿ äîñëiäæåííÿ, çàçíà÷åíî

íàóêîâó íîâèçíó îäåðæàíèõ ðåçóëüòàòiâ i îñîáèñòèé âíåñîê çäîáóâà÷à.

Ïåðøèé ðîçäië ¾Îãëÿä ëiòåðàòóðè òà êîíöåïòóàëüíi çàñàäè äî-

ñëiäæåííÿ¿ ìà¹ âñòóïíèé õàðàêòåð. Ó íüîìó îïèñàíi âëàñòèâîñòi äåÿêèõ

çîáðàæåíü äiéñíèõ ÷èñåë, ÿêi âèêîðèñòîâóþòüñÿ äëÿ ïîäàëüøîãî êîíñòðó-

þâàííÿ é äîñëiäæåííÿ ôóíêöié, à ñàìå: åëåìåíòàðíå ëàíöþãîâå çîáðàæåí-

íÿ, ëàíöþãîâå A2-çîáðàæåííÿ, çîáðàæåííÿ äðîáàìè Äàíæóà, çîáðàæåííÿ

çíàêîçìiííèìè äðîáàìè Ëþðîòà, s-êîâà é íåãà-s-êîâà ñèñòåìè ÷èñëåííÿ.

Íàâåäåíî âiäîìi ïðèêëàäè ôóíêöié, ÿêi ìàþòü ñêëàäíó ëîêàëüíó áóäîâó:

ñèíãóëÿðíèõ (ôóíêöi¨ Ñàëåìà é Ìiíêîâñüêîãî), íiäå íå ìîíîòîííèõ (ôóí-

êöi¨, ïîâ'ÿçàíi çQ-çîáðàæåííÿì) i íiäå íå äèôåðåíöiéîâíèõ (ôóíêöiÿ Òàêà i

i Òðèáií-ôóíêöiÿ).

Äðóãèé ðîçäië ¾Ôóíêöi¨ i ïåðåòâîðåííÿ, ùî çáåðiãàþòü õâîñòè

çîáðàæåííÿ ÷èñåë åëåìåíòàðíèìè ëàíöþãîâèìè äðîáàìè¿ ïðèñâÿ-

÷åíî ôóíêöiÿì i ïåðåòâîðåííÿì âiäðiçêà [0; 1], ÿêi çáåðiãàþòü õâîñòè åëå-

ìåíòàðíîãî ëàíöþãîâîãî çîáðàæåííÿ äiéñíèõ ÷èñåë. Äëÿ êîíñòðóþâàííÿ

òàêèõ ïåðåòâîðåíü âèêîðèñòîâóâàëèñü îïåðàòîðè ëiâîñòîðîííüîãî i ïðàâî-
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ñòîðîííüîãî çñóâó öèôð.

Íåõàé i � äîâiëüíå ôiêñîâàíå íàòóðàëüíå ÷èñëî, ϕi(j) � çàäàíà íàòóðàëü-

íà ôóíêöiÿ íàòóðàëüíî¨ çìiííî¨ j, çàëåæíà âiä ïàðàìåòðà i. Ðîçãëÿäà¹òüñÿ

ôóíêöiÿ fϕi, îçíà÷åíà ðiâíiñòþ

y = fϕi(x) = [ϕi(a1), a2, . . . , an, . . .], äå x = [a1, a2, . . . , an, . . .].

Òåîðåìà 2.1.1. Ôóíêöiÿ fϕi íà êîæíîìó öèëiíäði ïåðøîãî ðàíãó ¹ íå-

ïåðåðâíîþ i ñòðîãî çðîñòàþ÷îþ ôóíêöi¹þ, ïðè÷îìó íà ∆c.f.
a1

âèðàæà¹òüñÿ

ôîðìóëîþ:

fϕi(x) =
x

(ϕi(a1)− a1)x+ 1
.

Òåîðåìà 2.1.2. Ôóíêöiÿ fϕi ¹ íåïåðåðâíîþ íà ïiâiíòåðâàëi (0; 1] òîäi

i ëèøå òîäi, êîëè ϕi(a1) = ϕ(i) + a1.

Ðîçãëÿäà¹òüñÿ îïåðàòîð ëiâîñòîðîííüîãî çñóâó T (x), çàäàíèé ðiâíiñòþ

T ([a1, a2, . . . , an, . . .]) = [a2, a3, . . . , an+1, . . .].

Ëåìà 2.2.1. Îïåðàòîð ëiâîñòîðîííüîãî çñóâó T (x) ¹ êóñêîâî-íåïåðåð-

âíîþ ôóíêöi¹þ, ÿêà íà öèëiíäðàõ ïåðøîãî ðàíãó àíàëiòè÷íî çàäà¹òüñÿ

ôîðìóëîþ: T (x) =
1

x
− a1(x). Ó êîæíié òî÷öi âèäó 1

i+1 , i ∈ N ôóíêöiÿ ìà¹

ðîçðèâ ïåðøîãî ðîäó çi ñòðèáêîì 1.

Íåõàé i � íàòóðàëüíèé ïàðàìåòð. Îçíà÷à¹òüñÿ êëàñ ôóíêöié, âèçíà÷å-

íèõ ó ðàöiîíàëüíèõ òà iððàöiîíàëüíèõ òî÷êàõ ïiâíiíòåðâàëó (0; 1] ðiâíîñòÿ-

ìè: δi(x) = [i, a1, a2, . . . , an], δi(x) = [i, a1, a2, . . . , an, . . .], i = 1, 2, . . . .

âiäïîâiäíî, ïðè÷îìó çà íåïåðåðâíiñòþ íåõàé δi(0) :=
1

i
.

Ëåìà 2.2.2. Ôóíêöiÿ δi(x) àíàëiòè÷íî âèðàæà¹òüñÿ ôîðìóëîþ

δi(x) =
1

i+ x

i ¹ íåïåðåðâíîþ i ñòðîãî ñïàäíîþ ôóíêöi¹þ, ïðè÷îìó ìíîæèíîþ ¨¨ çíà÷åíü

¹ ïðîìiæîê:
[

1
i+1 ; 1

i

]
.
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Ëåìà 2.2.3. ßêùî i � ôiêñîâàíå íàòóðàëüíå ÷èñëî, òî ðiâíÿííÿ

δi(x) = T (x) ìà¹ çëi÷åííó ìíîæèíó ðîçâ'ÿçêiâ: x
(i)
n = [n, i, n, i, . . .] = [n, i],

n ∈ N, êîæåí iç ÿêèõ ¹ iððàöiîíàëüíèì ÷èñëîì.

Ëåìà 2.3.1. Ôóíêöiÿ

f(x) =

 δ1(x), ÿêùî 0 6 x 6 x
(1)
1 ,

T (x), ÿêùî x
(1)
1 6 x 6 1;

(1)

¹ íåïåðåðâíîþ i ñòðîãî ñïàäíîþ íà [0; 1], ïðè÷îìó f(0) = 1 i f(1) = 0.

Êàæåìî, ùî ôóíêöiÿ ϕ(x) çáåðiãà¹ õâîñòè åëåìåíòàðíîãî ëàíöþãîâîãî

çîáðàæåííÿ ÷èñåë, ÿêùî äëÿ áóäü-ÿêîãî x ∈ [0; 1] iñíóþòü òàêi öiëi íåâiä'-

¹ìíi ÷èñëà k = k(x) i m = m(x), ùî äiþòü ðiâíîñòi ak+j(x) = am+j(ϕ(x))

äëÿ êîæíîãî j ∈ N.

Òåîðåìà 2.3.1. ßêùî s � ôiêñîâàíå íàòóðàëüíå ÷èñëî,

(n1, n2, . . . , ns), (m1,m2, . . . ,ms) � çàäàíi íàáîðè íàòóðàëüíèõ ÷èñåë, ùî

çàäîâîëüíÿþòü óìîâè 1 < n1 < n2 < . . . < ns, m1 > m2 > . . . > ms > 1,

òî ôóíêöiÿ

f(x) =



δ1(x), 0 6 x 6 x
(1)
m1,

T (x), x
(1)
m1 < x 6 x

(n1)
m1 ,

δn1(x), x
(n1)
m1 < x 6 x

(n1)
m2 ,

T (x), x
(n1)
m2 < x 6 x

(n2)
m2 ,

. . . . . . . . . . . . . . . . . .

δns(x), x
(ns)
ms < x 6 x

(ns)
1 ,

T (x), x
(ns)
1 < x 6 1;

¹ íåïåðåðâíèì ñòðîãî ñïàäíèì ïåðåòâîðåííÿì âiäðiçêà [0; 1], ùî çáåðiãà¹

õâîñòè çîáðàæåííÿ ÷èñåë åëåìåíòàðíèìè ëàíöþãîâèìè äðîáàìè i ôðà-

êòàëüíó ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à áîðåëiâñüêèõ ìíîæèí.

Íåõàé k � äåÿêå ôiêñîâàíå íàòóðàëüíå ÷èñëî, f(a1, a2, . . . , ak) � íàòó-

ðàëüíà ôóíêöiÿ íàòóðàëüíèõ çìiííèõ a1, a2, . . . , ak. Îçíà÷èìî êëàñ ôóíêöié
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ðiâíiñòþ:

τf(x) = τf ([a1(x), a2(x), a3(x), . . .]) =

= [f(a1(x), a2(x), . . . , ak(x)), ak+1(x), ak+2(x), . . .].

Ëåìà 2.4.1. Ôóíêöiÿ τf(x) çàäà¹òüñÿ ôîðìóëîþ:

τf(x) =
1

f(a1, a2, . . . , ak) + T k(x)
(2)

i ¹ íåïåðåðâíîþ é ìîíîòîííî çðîñòàþ÷îþ (ñïàäíîþ) íà êîæíîìó ç öèëií-

äðiâ k-ãî ðàíãó ïðè íåïàðíîìó (ïàðíîìó) çíà÷åííi k, ìíîæèíîþ çíà÷åíü

ÿêî¨ ¹ ïiâiíòåðâàë

 1

f(a1, a2, . . . , ak) + 1
,

1

f(a1, a2, . . . , ak)

.
Òðåòié ðîçäië ¾Ôóíêöi¨, çàäàíi ïåðåòâîðþâà÷àìè öèôð åëåìåí-

òàðíîãî ëàíöþãîâîãî çîáðàæåííÿ ÷èñåë¿ ïðèñâÿ÷åíî äâîì ôóíêöiÿì:

êâàçiiíâåðñîðó öèôð åëåìåíòàðíîãî ëàíöþãîâîãî çîáðàæåííÿ ÷èñåë i òðèâi-

àëüíîìó ïðîåêòîðîâi öèôð çîáðàæåííÿ ÷èñåë åëåìåíòàðíèìè ëàíöþãîâèìè

äðîáàìè ó öèôðè çîáðàæåííÿ çíàêîçìiííèìè ðÿäàìè Ëþðîòà. Ïåðøà ôóí-

êöiÿ îçíà÷à¹òüñÿ ðiâíiñòþ: f([a1, a2, . . . , an, . . .]) = [b1, b2, . . . , bn, . . .],

äå b1 = 1, bn = ϕ(an) =

 1, ÿêùî an 6= 1;

n, ÿêùî an = 1, n = 2, 3, . . .,

Òåîðåìà 3.1.1. Ìíîæèíîþ çíà÷åíü ôóíêöi¨ f ¹ ìíîæèíà êàíòîðiâ-

ñüêîãî òèïó (íiäå íå ùiëüíà ìíîæèíà íóëüîâî¨ ìiðè Ëåáåãà)

Ef =
∞⋂
k=1

Fk = lim
k→∞

Fk,

äå F1 = ∆c.f.
1 , Fk =

⋃
b2∈{1,2}

⋃
b3∈{1,3}

· · ·
⋃

bk∈{1,k}

∆c.f.
1b2b3...bk

.

Òåîðåìà 3.1.2. Ôóíêöiÿ f ¹ íiäå íå ìîíîòîííîþ. Ìíîæèíà ¨¨ ðiâíÿ

y0 = [1, b2, . . . , bn, . . .], bn ∈ {1, n} ¹:
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1) ç÷èñëåííîþ, ÿêùî â çîáðàæåííi ÷èñëà y0 êiëüêiñòü îäèíèöü ñêií÷åííà;

2) êîíòèíóàëüíîþ, ÿêùî êiëüêiñòü îäèíèöü íåñêií÷åííà.

Äðóãîþ ¹ ôóíêöiÿ, ÿêà â ðàöiîíàëüíèõ òà iððàöiîíàëüíèõ òî÷êàõ êîðå-

êòíî îçíà÷åíà ðiâíîñòÿìè

g ([a1, a2, . . . , an]) = ∆L̃
a1a2...an

, g ([a1, a2, . . . , an, . . .]) = ∆L̃
a1a2...an...

âiäïîâiäíî. Äîâåäåíî, ùî âîíà ¹ íåïåðåðâíîþ é ìîíîòîííî çðîñòàþ÷îþ.

Òåîðåìà 3.2.1.Ìîíîòîííî çðîñòàþ÷à ôóíêöiÿ g : (0; 1]→ (0; 1], îçíà-

÷åíà ðiâíiñòþ g([a1, a2, . . .]) = ∆L̃
a1a2...

, çàäîâîëüíÿ¹ òàêi ôóíêöiîíàëüíi ðiâ-

íÿííÿ:

g

(
x

kx+ 1

)
=

k + a1(a1 + 1)g(x)

(a1 + k)(a1 + k + 1)
,∀k ∈ N;

g

(
1

i+ x

)
=

1

i
− 1

i(i+ 1)
g(x),∀i ∈ N;

g

(
1

x
− a1

)
= (a1 + 1)(1− a1g(x)).

Òåîðåìà 3.2.2. Ôóíêöiÿ g([a1, a2, . . . , an, . . .]) = ∆L̃
a1a2...an...

� öå ¹äèíèé

ðîçâ'ÿçîê ñèñòåìè ôóíêöiîíàëüíèõ ðiâíÿíü

g

(
1

i+ x

)
=

1

i
− 1

i(i+ 1)
g(x), i ∈ N

ó êëàñi îáìåæåíèõ íà (0; 1] ôóíêöié.

×åòâåðòèé ðîçäië ¾Çîáðàæåííÿ ÷èñåë ëàíöþãîâèìè äðîáàìè ç

äâîñèìâîëüíèì àëôàâiòîì¿ ïðèñâÿ÷åíî äîñëiäæåííþ ôóíêöié, çàäà-

íèõ çà äîïîìîãîþ ëàíöþãîâèõ A2-äðîáiâ. Ïîáóäîâàíî íåïåðåðâíi ïåðåòâî-

ðåííÿ âiäðiçêà [0,5; 1], ÿêi çáåðiãàþòü õâîñòè ëàíöþãîâîãî A-çîáðàæåííÿ

÷èñåë: x = ∆A2
a1a2...ak...

= ∆A
α1α2...αk...

, äå αk = 2ak−1, ak ∈ A2 ≡ {1
2 , 1}. Îñíîâ-

íèì ðåçóëüòàòîì öüîãî ðîçäiëó ¹ êîíñòðóêòèâíå äîâåäåííÿ òîãî, ùî ìíî-

æèíà âñiõ íåïåðåðâíèõ ïåðåòâîðåíü âiäðiçêà [0,5; 1], ÿêi çáåðiãàþòü õâîñòè

ëàíöþãîâîãî A-çîáðàæåííÿ ÷èñåë âiäíîñíî îïåðàöi¨ ¾êîìïîçèöiÿ (ñóïåð-

ïîçèöiÿ) ôóíêöié¿, óòâîðþ¹ íåñêií÷åííó íåêîìóòàòèâíó ãðóïó. Çíàéäåíî
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iíâàðiàíòíó ìiðó äëÿ îïåðàòîðà ëiâîñòîðîííüîãî çñóâó. Ïîáóäîâàíî é äî-

ñëiäæåíî íåïåðåðâíó íiäå íå ìîíîòîííó ôóíêöiþ, çàäàíó ïåðåòâîðþâà÷åì

öèôð íåãà-òðiéêîâîãî çîáðàæåííÿ ÷èñåë ó ¨õí¹ ëàíöþãîâå A-çîáðàæåííÿ.

Ðîçãëÿíóòî ñêií÷åííi ëàíöþãîâi äðîáè.

Îçíà÷åííÿ 4.1.1. Ó ìíîæèíi âñiõ ëàíöþãîâèõ A-çîáðàæåíü äiéñíèõ

÷èñåë âiäðiçêà [0,5; 1] îïåðàòîð ω ëiâîñòîðîííüîãî çñóâó öèôð îçíà÷à¹òüñÿ

ðiâíiñòþ: ω(∆A
α1α2...αn...

) = ∆A
α2α3...αn+1...

.

Ëåìà 4.1.1. Ôóíêöiÿ ω(x) íà êîæíîìó öèëiíäði ïåðøîãî ðàíãó ¹ íåïå-

ðåðâíîþ, ìîíîòîííî ñïàäíîþ é îïóêëîþ âíèç, ïðè÷îìó: ω(x) = 1
x − a1(x).

Ó òî÷öi x = 2
3 ôóíêöiÿ ìà¹ ðîçðèâ ïåðøîãî ðîäó çi ñòðèáêîì 1

2.

Òåîðåìà 4.2.1. Iíâàðiàíòíîþ ìiðîþ âiäíîñíî îïåðàòîðà ëiâîñòîðîí-

íüîãî çñóâó öèôð ω ëàíöþãîâîãî A-çîáðàæåííÿ ¹ éìîâiðíiñíà ìiðà µX(·),
ùî âiäïîâiäà¹ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè X, ÿêà ïðåäñòàâëåíà ëàíöþ-

ãîâèì A2-äðîáîì, öèôðè ÿêî¨ ¹ íåçàëåæíèìè é îäíàêîâî ðîçïîäiëåíèìè.

Îçíà÷åííÿ 4.3.1. Ó ìíîæèíi âñiõ ëàíöþãîâèõ A-çîáðàæåíü äiéñíèõ

÷èñåë âiäðiçêà [0,5; 1] îïåðàòîð δi ç ïàðàìåòðîì i ∈ {0; 1} ïðàâîñòîðîí-
íüîãî çñóâó öèôð îçíà÷ó¹òüñÿ ðiâíiñòþ: δi(∆

A
α1α2...αn...

) = ∆A
iα1α2...αn...

.

Ëåìà 4.3.1. Ôóíêöiÿ y = δi(x), ÿêà àíàëiòè÷íî çàäà¹òüñÿ ôîðìóëîþ

δi(x) =
1

i+ x
, ¹ íåïåðåðâíîþ, ñòðîãî ñïàäíîþ é îïóêëîþ âíèç íà âiäðiçêó

[0,5; 1]; âîíà íàáóâà¹ âñiõ çíà÷åíü iç âiäðiçêà [ 1
i+1 ; 2

2i+1 ].

Ëåìà 4.3.6. Ðîçâ'ÿçêàìè ðiâíÿííÿ ωn(x) = δi1i2...in(x) ¹ ÷èñëà ó ôîðìi

x = ∆A
(α1α2...αni1i2...in).

Ëåìà 4.5.2. Ôóíêöiÿ

f(x) =



ωn(x) ïðè 0, 5 6 x < ∆A
(1010 . . .︸ ︷︷ ︸

nöèôð

i1...in)
,

δi1i2...in(x) ïðè ∆A
(1010 . . .︸ ︷︷ ︸

nöèôð

i1...in)
6 x < ∆A

(0101 . . .︸ ︷︷ ︸
nöèôð

i1...in)
,

ωn(x) ïðè ∆A
(0101 . . .︸ ︷︷ ︸

nöèôð

i1...in)
6 x 6 1;
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¹ íåïåðåðâíèì (ñòðîãî çðîñòàþ÷èì ïðè ïàðíîìó n i ñòðîãî ñïàäíèì ïðè

íåïàðíîìó n) ïåðåòâîðåííÿì âiäðiçêà [0, 5; 1], ÿêå çáåðiãà¹ õâîñòè ëàíöþ-

ãîâîãî A-çîáðàæåííÿ.

Òåîðåìà 4.5.1. Ìíîæèíà G âñiõ íåïåðåðâíèõ ïåðåòâîðåíü âiäðiçêà

[0,5; 1], ÿêi çáåðiãàþòü õâîñòè ëàíöþãîâîãî A-çîáðàæåííÿ ÷èñåë, âiäíîñíî

îïåðàöi¨ ◦ � ¾ñóïåðïîçèöiÿ ôóíêöié¿ óòâîðþ¹ íåñêií÷åííó íåêîìóòàòèâ-

íó ãðóïó.

Ðîçãëÿäà¹òüñÿ ôóíêöiÿ y = f(x), àðãóìåíò ÿêî¨ ìà¹ íåãà-òðiéêîâå çî-

áðàæåííÿ, à ñàìå:

x = ∆̄3
α1α2...αn...

≡ 3

4
+
∞∑
n=1

αn
(−3)n

, αn ∈ {0, 1, 2},

à çíà÷åííÿ ôóíêöi¨ ìà¹ ëàíöþãîâå A-çîáðàæåííÿ

f(x) = ∆A
β1β2...βn...

, βn ∈ {0, 1},

ïðè÷îìó

β1 =

 1, ÿêùî α1 = 2,

0, ÿêùî α1 6= 2;
βk+1 =

 1− βk, ÿêùî αk+1 + αk = 2,

βk, ÿêùî αk+1 + αk 6= 2.

Òåîðåìà 4.6.1.Ôóíêöiÿ f ¹ íåïåðåðâíîþ íà [0;1] i íiäå íå ìîíîòîííîþ.

Òåîðåìà 4.6.2. Íà öèëiíäði ∆̄3
α1α2...αn−11 íàéáiëüøå àáî íàéìåíøå çíà-

÷åííÿ ôóíêöi¨ äîñÿãà¹òüÿ ó éîãî âíóòðiøíié òî÷öi x0 = ∆̄3
α1α2...αn−1(1), íà

öèëiíäði ∆̄3
α1α2...αm−1αm

, äå αm ∈ {0, 2} ôóíêöiÿ íàáóâà¹ ñâîãî íàéáiëüøîãî i
íàéìåíøîãî çíà÷åííÿ íà êiíöÿõ öèëiíäðà.

Ëåìà 4.6.1.

1. ßêùî ëàíöþãîâå A-çîáðàæåííÿ òî÷êè y0 ìà¹ ôîðìó ∆A
(01), òî ìíî-

æèíà f−1(y0) ñêëàäà¹òüñÿ ç äâîõ òî÷îê.

2. ßêùî ëàíöþãîâå A-çîáðàæåííÿ òî÷êè y0 ìà¹ ôîðìó ∆A
(10), òî ìíî-

æèíà f−1(y0) ñêëàäà¹òüñÿ ç îäíi¹¨ òî÷êè.
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3. ßêùî â ëàíöþãîâîìó A-çîáðàæåííi òî÷êè y0 âñi öèôðè äîðiâíþ-

þòü 0, òî ìíîæèíà f−1(y0) ¹ çëi÷åííîþ ìíîæèíîþ.

Òåîðåìà 4.6.3. Ôóíêöiÿ f ¹ ôóíêöi¹þ íåîáìåæåíî¨ âàðiàöi¨.

Òåîðåìà 4.6.4.

1. ×àñòèíà

Γ1 = {M(x, y) : x = ∆̄3
1α2α3...αn...

, y = f(x)}

ãðàôiêà Γ ôóíêöi¨ f ñèìåòðè÷íà âiäíîñíî ïðÿìî¨ x = ∆̄3
(1).

2. Âiäîáðàæåííÿ, ÿêå ïåðåâîäèòü ÷àñòèíó ãðàôiêà

Γ0 = {M(x, y) : x = ∆̄3
0α2α3...αn...

, y = f(x)}

ó ÷àñòèíó

Γ2 = {M(x, y) : x = ∆̄3
2α2α3...αn...

, y = f(x)},

çàäà¹òüñÿ ôîðìóëîþ:

 x′ = ∆̄3
[2−α1][2−α2]...[2−αn]...,

y′ = ∆A
[1−β1][1−β2]...[1−βn]....

Ðîçãëÿíóòî ñêií÷åííi ëàíöþãîâi äðîáè é âèâ÷åíî ¨õíi âëàñòèâîñòi.

Òåîðåìà 4.7.1. Êîæíå A2-ðàöiîíàëüíå ÷èñëî ìà¹ çëi÷åííó ìíîæèíó

ðiçíèõ ñêií÷åííèõ ëàíöþãîâèõ A2-çîáðàæåíü.

Ðîçãëÿíóòî âëàñòèâîñòi äiéñíèõ ÷èñåë iç ïåðiîäè÷íèìè ëàíöþãîâèìè

A2-çîáðàæåííÿìè é îòðèìàíî îöiíêè íàáëèæåííÿ äiéñíèõ ÷èñåë ëàíöþ-

ãîâèìè A2-äðîáàìè. Îñíîâíèìè ðåçóëüòàòàìè ¹ òâåðäæåííÿ.

Òåîðåìà 4.8.3. ßêùî ÷èñëî

y =
e

f
+

√
g

h
∈ [0,5; 1],

äå e, f, g, h ∈ N, (g;h) = (f ;h) = 1,
√

g
h /∈ Q, ìà¹ ïðåäñòàâëåííÿ

y = [(β1, . . . , βk)], òî âèêîíó¹òüñÿ íåðiâíiñòü

h 6
1√
17

(1 +
√

17

2

)k

−

(
1−
√

17

2

)k
 .
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Òåîðåìà 4.9.1. ßêùî äëÿ ðîçêëàäó iððàöiîíàëüíîãî ÷èñëà x ó ëàíöþ-

ãîâèé A2-äðiá iñíóþòü ÷àñòîòè öèôð 1
2 òà 1, ÿêi äîðiâíþþòü âiäïîâiäíî

ν 1
2
é ν1, òî äëÿ äîâiëüíîãî ε > 0 iñíó¹ íîìåð n0, òàêèé, ùî

|x− pn
qn
| < 1

(δν11 η
ν 1
2

1 − ε)2n+1
,∀n > n0,

çîêðåìà äëÿ äîâiëüíîãî iððàöiîíàëüíîãî ÷èñëà y ∈ [0, 5; 1] iñíó¹ íîìåð n1 i

ñòàëà C, òàêi, ùî |y − pn
qn
| < C

( 1+
√
17

4 )2n+1
,∀n > n1.

Ï'ÿòèé ðîçäië ¾Îñíîâè ìåòðè÷íî¨ òåîði¨ çîáðàæåííÿ ÷èñåë ëàí-

öþãîâèìè A3-äðîáàìè¿ ïðèñâÿ÷åíî âëàñòèâîñòÿì öèëiíäðiâ ëàíöþãîâî-

ãî A3-çîáðàæåííÿ äiéñíîãî ÷èñëà à òàêîæ âëàñòèâîñòÿì õâîñòîâèõ ìíîæèí.

Íåõàé A3 ≡ {s0, s1, s2} � çàäàíà ìíîæèíà äîäàòíèõ äiéñíèõ ÷èñåë
(s0 < s1 < s2). Ðîçãëÿäàþòüñÿ âñåìîæëèâi âèðàçè ó ôîðìi

1

a1 +
1

a2 + . . .

≡ [a1, a2, . . . , an, . . .], äå ai ∈ A3,

ÿêi ìè íàçèâà¹ìî ëàíöþãîâèìè A3-äðîáàìè.

Òåîðåìà 5.3.3. ßêùî s0s2 =
4

3
i s1 =

s0 + s2

2
, òî ç÷èñëåííà ìíîæèíà

òî÷îê x ∈ [β1; β2] ìà¹ äâà ëàíöþãîâi A3-çîáðàæåííÿ

∆A3

a1a2...an−1si(s2s0) = ∆A3

a1a2...an−1si−1(s0s2), i ∈ {1, 2},

ðåøòà òî÷îê ìà¹ ¹äèíå çîáðàæåííÿ.

Òåîðåìà 5.4.1. Êîæíà õâîñòîâà ìíîæèíà ¹ çëi÷åííîþ i ùiëüíîþ â

[β1; β2] ìíîæèíîþ, à ôàêòîð-ìíîæèíà G ≡ [β1; β2]/ ∼ ¹ êîíòèíóàëüíîþ.

Ïîäÿêà. Àâòîð âèñëîâëþ¹ âäÿ÷íiñòü íàóêîâîìó êåðiâíèêó ïðîôåñîðó

Ì. Â. Ïðàöüîâèòîìó çà ïîñòàíîâêó çàäà÷, ïiäòðèìêó òà ïîñòiéíó óâàãó äî

äàíî¨ ðîáîòè.
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ÐÎÇÄIË 1

ÎÃËßÄ ËIÒÅÐÀÒÓÐÈ ÒÀ ÊÎÍÖÅÏÒÓÀËÜÍI ÇÀÑÀÄÈ

ÄÎÑËIÄÆÅÍÍß

Öåé ðîçäië ìà¹ âñòóïíèé õàðàêòåð. Ó íüîìó ìè ñèñòåìàòèçó¹ìî âiäîìî-

ñòi, ùî ñòîñóþòüñÿ ðiçíèõ ñèñòåì êîäóâàííÿ (çîáðàæåííÿ) äiéñíèõ ÷èñåë,

à òàêîæ íàâîäèìî ïðèêëàäè âiäîìèõ ôóíêöié çi ñêëàäíîþ ëîêàëüíîþ áó-

äîâîþ.

1.1. Ñèñòåìè êîäóâàííÿ äiéñíèõ ÷èñåë

Ñèñòåìîþ ÷èñëåííÿ íàçèâà¹òüñÿ ñóêóïíiñòü çàñîáiâ äëÿ ïðåäñòàâëåííÿ

(ïîäàííÿ, ìàòåìàòè÷íîãî âèðàæåííÿ) i çîáðàæåííÿ (ñêîðî÷åíîãî ñèìâîëi-

÷íîãî çàïèñó) äiéñíèõ ÷èñåë i ïîáóäîâè ¨õíüî¨ àðèôìåòèêè. Iñíó¹ áàãàòî

ðiçíèõ ñèñòåì çîáðàæåííÿ (êîäóâàííÿ) äiéñíèõ ÷èñåë çi ñêií÷åííèì àáî

íåñêií÷åííèì àëôàâiòàìè. Êîæíà ç íèõ ïîðîäæó¹ ñâîþ ¾ãåîìåòðiþ¿ (ãåî-

ìåòðè÷íèé çìiñò öèôð, ìåòðè÷íi ñïiââiäíîøåííÿ i ãåîìåòðè÷íi âëàñòèâîñòi

öèëiíäðè÷íèõ i õâîñòîâèõ ìíîæèí òîùî), ÿêà ìà¹ ìåòðè÷íó ñêëàäîâó (ìå-

òðè÷íà òåîðiÿ çîáðàæåííÿ). Âèêîðèñòàííÿ ðiçíèõ ñèñòåì çîáðàæåíü äié-

ñíèõ ÷èñåë äîçâîëÿ¹ êîíñòðóþâàòè îá'¹êòè ç áàæàíèìè é íåñïîäiâàíèìè

ëîêàëüíèìè âëàñòèâîñòÿìè i äîñëiäæóâàòè ¨õíþ ñòðóêòóðó.

Ñòâåðäæóþòü, ùî ñèñòåìà ÷èñëåííÿ ìà¹ íóëüîâó íàäëèøêîâiñòü, ÿêùî

ìàéæå âñi (â ðîçóìiííi ïîòóæíîñòi) äiéñíi ÷èñëà ìàþòü ¹äèíå çîáðàæåííÿ

i ëèøå ç÷èñëåííà ìíîæèíà ÷èñåë ìà¹ ¨õ äâà.

1.1.1. Îñíîâè ìåòðè÷íî¨ òåîði¨ åëåìåíòàðíèõ ëàíöþãîâèõ äðî-

áiâ. Ðîçãëÿíåìî ãåîìåòðiþ i âëàñòèâîñòi çîáðàæåííÿ ÷èñåë åëåìåíòàðíè-

ìè ëàíöþãîâèìè äðîáàìè.
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Îçíà÷åííÿ 1.1.1. Åëåìåíòàðíèì ëàíöþãîâèì äðîáîì íàçèâàþòü âè-

ðàç âèãëÿäó [63]

a0 +
1

a1 +
1

a2 + . . . +
1

an + . . .

= [a0; a1, a2, . . . , an, . . .], (1.1)

äå a0 ∈ Z, an ∈ N, n = 1, 2, . . ..

Ôîðìàëüíèé çàïèñ x = [a0; a1, a2, . . . , an, . . .] íàçèâà¹òüñÿ åëåìåíòàð-

íèì ëàíöþãîâèì çîáðàæåííÿì ÷èñëà x.

Ëàíöþãîâi äðîáè áóëè ââåäåíi ó 1572 ðîöi iòàëiéñüêèì ìàòåìàòèêîì

Áîìáåëëi, à ó 1613 ðîöi çóñòði÷à¹òüñÿ ¨õí¹ ñó÷àñíå ïîçíà÷åííÿ. Òåîðiþ ëàí-

öþãîâèõ äðîáiâ âïåðøå âèêëàâ Ë. Åéëåð, ÿêèé òàêîæ ïîñòàâèâ ïèòàííÿ ïðî

¨õíi âèêîðèñòàííÿ äëÿ ðîçâ'ÿçóâàííÿ äèôåðåíöiàëüíèõ ðiâíÿíü, çàñòîñóâàâ

¨õ äî ðîçêëàäó ôóíêöié, ïðåäñòàâëåííi íåñêií÷åííèõ äîáóòêiâ òà ií. Ïi-

ñëÿ Åéëåðà ñëiäóâàëè ðîáîòè Ì. Ñîôðîíîâà, àêàäåìiêà Â.Ì. Âiñêîâàòîãî,

Ä. Áåðíóëëi, Æ. Ë. Ëàãðàíæà. Âàæëèâi ðåçóëüòàòè â ìåòðè÷íié òåîði¨ åëå-

ìåíòàðíèõ ëàíöþãîâèõ äðîáiâ îòðèìàëè Ï. Ëåâi [93], Î. ß. Õií÷èí [63, 89],

Â. I. Àðíîëüä [2], V. Jarnik [85], J. T. Good [79], K. E. Hirst [82], T.W. Cusi-

ck [70], D. Hensley [81], C. Faivre [77], S. Kalpazidou [87], T. Komatsu [90],

C. D. Olds [98] òà ií. Â Óêðà¨íi óçàãàëüíåííÿìè ëàíöþãîâèõ äðîáiâ òà ¨õ

çàñòîñóâàííÿìè çàéìàëèñü Â.ß. Ñêîðîáàãàòüêî [61], Ì.Ì. Ïàãiðÿ [34, 33],

Ä. I. Áîäíàð [6], Ï. I. Áîäíàð÷óê [7], Õ. É. Êó÷ìiíñüêà [21], Ð. I. Äìèòðèøèí

[12, 74, 75] òà ií.

Âiäîìî, ùî êîæíå äiéñíå ÷èñëî ðîçêëàäà¹òüñÿ ó åëåìåíòàðíèé ëàíöþãî-

âèé äðiá, i íàâïàêè, êîæíîìó åëåìåíòàíîìó ëàíöþãîâîìó äðîáó âiäïîâiäà¹

ïåâíå äiéñíå ÷èñëî. Ïðè÷îìó, íåîáõiäíîþ i äîñòàòíüîþ óìîâàìè ðàöiîíàëü-

íîñòi çíà÷åííÿ åëåìåíòàðíîãî ëàíöþãîâîãî äðîáó ¹ éîãî ñêií÷åííiñòü. Êðiì

òîãî, êîæíå ðàöiîíàëüíå ÷èñëî ðîçêëàäà¹òüñÿ ó åëåìåíòàðíèé ëàíöþãîâèé
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äðiá äâîìà ñïîñîáàìè:

[a0; a1, a2, . . . , an + 1] = [a0; a1, a2, . . . , an, 1],

ïðè÷îìó îñòàíí¹ çîáðàæåííÿ ïðèéíÿòî íå âèêîðèñòîâóâàòè. Ó òàêîìó âè-

ïàäêó êîæíèé åëåìåíò åëåìåíòàðíîãî ëàíöþãîâîãî äðîáó îäíîçíà÷íî âè-

çíà÷à¹òüñÿ äàíèì ÷èñëîì x, òîáòî ¹ ôóíêöi¹þ âiä x : ak = ak(x).

Òåîðåìà 1.1.1 (Åéëåð-Ëàãðàíæ). ×èñëî ìîæíà ïîäàòè ó âèãëÿäi

íåñêií÷åííîãî ïåðiîäè÷íîãî åëåìåíòàðíîãî ëàíöþãîâîãî äðîáó òîäi i ëè-

øå òîäi, êîëè âîíî ¹ iððàöiîíàëüíèì ðîçâ'ÿçêîì êâàäðàòíîãî ðiâíÿííÿ ç

öiëèìè êîåôiöi¹íòàìè [31].

Îçíà÷åííÿ 1.1.2. Ïiäõiäíèì äðîáîì k-ãî ïîðÿäêó äëÿ ëàíöþãîâîãî

äðîáó x = [a0; a1, a2, . . .] íàçèâà¹òüñÿ ñêií÷åííèé ëàíöþãîâèé äðiá

[a0; a1, a2, . . . , ak], çíà÷åííÿ ÿêîãî ¹ äåÿêå ðàöiîíàëüíå ÷èñëî
pk

qk
.

Òåîðåìà 1.1.2. [63] [çàêîí óòâîðåííÿ ïiäõiäíèõ äðîáiâ] Äëÿ áóäü-ÿêîãî

k > 2  pk = akpk−1 + pk−2,

qk = akqk−1 + qk−2.

Ïðè÷îìó, çà äîìîâëåíiñòþ, p0 = a0, q0 = 1, p1 = a1a0 + 1, q1 = a1.

Òåîðåìà 1.1.3. Ïiäõiäíi äðîáè ìàþòü íàñòóïíi âëàñòèâîñòi:

1. Âñi âîíè íåñêîðîòíi.

2. qkpk−1 − pkqk−1 = (−1)k, k > 0.

3.
pk−1

qk−1
−
pk

qk
=

(−1)k

qkqk−1
, k > 1.

4. qkpk−2 − pkqk−2 = (−1)k−1ak, k > 1.

5.
pk−2

qk−2
−
pk

qk
=

(−1)k−1ak

qkqk−2
, k > 2.

6.
qk

qk−1
= [ak; ak−1, . . . , a1].
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7. qk >

1 +
√

5

2

k−1

, k > 2.

8.
1

qk(qk + qk+1)
6

∣∣∣∣∣∣x− pk

qk

∣∣∣∣∣∣ 6 1

qkqk+1
, k > 0.

Íàäàëi, ÿêùî x ∈ (0, 1], òîáòî a0 = 0, òî áóäåìî òàêîæ êîðèñòóâàòèñü

ïîçíà÷åííÿì x = [a1, a2, . . .].

Âàæëèâèì â ãåîìåòði¨ çîáðàæåííÿ ÷èñåë ëàíöþãîâèìè äðîáàìè ¹ ïîíÿ-

òòÿ öèëiíäðà.

Îçíà÷åííÿ 1.1.3. Öèëiíäðîì ðàíãó m ç îñíîâîþ α1α2 . . . αm åëåìåí-

òàðíîãî ëàíöþãîâîãî çîáðàæåííÿ ÷èñåë íàçèâà¹òüñÿ ìíîæèíà

∆c.f.
α1α2...αm

= {x|x = [a1, a2, . . . , am, am+1 . . .], αi = ai(x), i = 1, 2, . . . ,m}.

Öèëiíäð ¹ ïiâiíòåðâàëîì

([a1, a2, . . . , am + 1], [a1, a2, . . . , am]] , ÿêùî m � íåïàðíå,

([a1, a2, . . . , am], [a1, a2, . . . , am + 1]] , ÿêùî m � ïàðíå.

Ç [63] âiäîìî, ùî äîâæèíà öèëiíäðà n-ãî ðàíãó âèðàæà¹òüñÿ ôîðìóëîþ

|∆c.f.
α1α2...αn

| =
1

qn(qn + qn−1)
,

à îñíîâíå ìåòðè÷íå ñïiââiäíîøåííÿ ìà¹ âèãëÿä

|∆c.f.
α1α2...αns

|

|∆c.f.
α1α2...αn|

=
1

s2
·

1 + qn−1
qn(

1 + qn−1
sqn

)(
1 + 1

s + qn−1
sqn

),

ïðè÷îìó ìà¹ ìiñöå ïîäâiéíà íåðiâíiñòü
1

3s2
<
|∆c.f.

α1α2...αns
|

|∆c.f.
α1α2...αn|

<
2

s2
.

Åëåìåíòè ëàíöþãîâîãî äðîáó (1.1) âèçíà÷àþòüñÿ ç ðiâíîñòi:

an = an(x) =

[
1

T n−1(x)

]
, T n−1(x) 6= 0,
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äå T : [0; 1)→ [0; 1) � ïåðåòâîðåííÿ Ãàóñà, çàäàíå ôîðìóëîþ:

T (x) :=
1

x
−
[

1

x

]
, 0 < x < 1, T (0) := 0, a1(x) = [1/x]. (1.2)

Öå ïåðåòâîðåííÿ ¾ñòèðà¹¿ ïåðøèé åëåìåíò ëàíöþãîâîãî äðîáó:

T ([0; a1, a2, . . . , an, . . .]) = [0; a2, a3, . . . , an+1, . . .],

i íàçèâà¹òüñÿ îïåðàòîðîì ëiâîñòîðîííüîãî çñóâó öèôð åëåìåíòàðíîãî ëàí-

öþãîâîãî çîáðàæåííÿ ÷èñåë. Îïåðàòîð T ãðà¹ âàæëèâó ðîëü ó òåîði¨ äèíà-

ìi÷íèõ ñèñòåì i ôiãóðó¹ ó ïðàöÿõ áàãàòüîõ äîñëiäíèêiâ, òàêèõ ÿê: F. Schwei-

ger [107], Â. I. Àðíîëüä [2] òà ií. Çîêðåìà, äîâåäåíî, ùî îïåðàòîð T âîëîäi¹

åðãîäè÷íîþ iíâàðiàíòíîþ ìiðîþ µ, ÿêà ¹ àáñîëþòíî íåïåðåðâíîþ âiäíîñíî

ìiðè Ëåáåãà:

µ =
1

ln 2
· dx

1 + x
.

Çàñòîñóâàííÿ äî öi¹¨ ìiðè åðãîäè÷íî¨ òåîðåìè Áiðêãîôà-Õií÷èíà äà¹

iñíóâàííÿ ñòàëî¨ Õií÷èíà, ÿêà îçíà÷à¹ íàñòóïíå: ñåðåäí¹ ãåîìåòðè÷íå ïåð-

øèõ n åëåìåíòiâ åëåìåíòàðíîãî ëàíöþãîâîãî äðîáó ìàéæå ñêðiçü ïðÿìó¹

ïðè n→∞ äî àáñîëþòíî¨ ñòàëî¨ [71]:

n
√
a1a1 · · · an →

∞∏
r=1

(
1 +

1

r(r + 2)

)log2 r

≈ 2, 6.

Êðiì òîãî, çi ñòàëîþ Õií÷èíà òiñíî ïîâ'ÿçàíà òåîðåìà Êóçüìiíà, ÿêà ñòâåð-

äæó¹, ùî éìîâiðíiñòü ïîÿâè ÷èñëà k íà ìiñöi an äà¹òüñÿ íàñòóïíîþ ôîðìó-

ëîþ [2]:

pk =
1

ln 2
ln

(
1 +

1

k(k + 2)

)
.

Çàñòîñóâàííÿ îïåðàòîðà çñóâó T n ðàçiâ ïîðîäæó¹ îïåðàòîð T n, ÿêèé

çàäà¹òüñÿ ôîðìóëîþ [69]:

T n([0; a1, a2, . . . , an, . . .]) = [0; an+1, an+2, . . .] =
qnx− pn

pn−1 − qn−1x
.



39

Íà îñíîâi îïåðàòîðà T ìîæëèâîþ ¹ ïîáóäîâà iíøèõ âèäiâ ëàíöþãîâèõ

äðîáiâ. Òàê, âiäîáðàæåííÿ TE : [0; 1)→ [0; 1), çàäàíå ôîðìóëîþ [80]

TE(x) =
1

a1(x)
T (x), x 6= 0, TE(0) := 0, (1.3)

ïîðîäæó¹ ëàíöþãîâi äðîáè âèãëÿäó

1

b1 +
b1

b2 +
b2

b3 + . . .

= [[0; b1, b2, . . . , bn, . . .]], bn ∈ N, bn 6 bn+1, (1.4)

ÿêi íàçèâàþòüñÿ ëàíöþãîâèìè äðîáàìè Åíãåëÿ. Â ñèëó îñòàííüî¨ íåðiâíîñòi

ïåðiîäè÷íi ëàíöþãîâi äðîáè òàêî¨ ôîðìè ìàþòü ó ñâî¹ìó ïåðiîäi ëèøå îäíå

÷èñëî. Ïðè÷îìó iñíó¹ íåñêií÷åííî áàãàòî êâàäðàòè÷íèõ iððàöiîíàëüíîñòåé,

ÿêi ðîçêëàäàþòüñÿ ó íåïåðiîäè÷íi ëàíöþãîâi äðîáè Åíãåëÿ.

Ðîçêëàä (1.4) îòðèìó¹òüñÿ çà ôîðìóëàìè:

b1 = b1(x) := [1/x],

bn = bn(x) := b1

(
T n−1
E (x)

)
, n > 2, T n−1

E (x) 6= 0. (1.5)

Íàïðèêëàä, ðîçêëàäåìî ó ëàíöþãîâèé äðiá Åíãåëÿ ÷èñëî x = −
3

14
+

3

7

√
2.

Âèêîðèñòîâóþ÷è ôîðìóëè (1.3) i (1.5), ïîñëiäîâíî îòðèìó¹ìî:

b1(x) =

1

x

 =

2

3
+

4

3

√
2

 = 2,

T 1
E(x) =

1

b1
T (x) =

1

2

2

3
+

4

3

√
2− 2

 = −
2

3
+

2

3

√
2,

b2(x) = b1

(
T 1
E(x)

)
= 3, T 2

E(x) =
1

3

3

2
+

3

2

√
2− 3

 =

√
2

2
−

1

2
,
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b3(x) = b1

(
T 2
E(x)

)
= 4, T 3

E(x) =
1

4

(
2 + 2

√
2− 4

)
=

√
2

2
−

1

2
= T 2

E(x),

i äàëi ïðîöåñ çàöèêëþ¹òüñÿ. Îòæå, −
3

14
+

3

7

√
2 = [[0; 2, 3, 4]]. Ïðè÷îìó, ðîç-

êëàä ó åëåìåíòàðíèé ëàíöþãîâèé äðiá ìà¹ âèãëÿä: [0; 2, 1, 1, 4, 3].

Ðîçãëÿíåìî ùå äåêiëüêà ïðèêëàäiâ ðîçêëàäó ÷èñåë ó ëàíöþãîâi äðîáè

Åíãåëÿ.

Ïðèêëàä 1.
89

210
= [[0; 2, 5, 8, 9]].

Ïðèêëàä 2 [80].
− n+

√
n2 + 4n

2n
= [[0;n]].

Ïðèêëàä 3.

3
√

2

7
= [0; 1, 1, 1, 1, 5, 1, 28, 1, 5, 1, 1, 1, 2] = [[0; 1, 1, 1, 1, 5, 5, 28, 32]].

Ïðèêëàä 4.

3
√

2

8
= [0; 1, 1, 7, 1, 2] =

= [[0; 1, 1, 7, 9, 21, 154, 160, 240, 241, 491, 4322, 74671, 336234, 2079982,

2990602, 5151951, 9066731, 18957023, 114363891, 116768476, . . .]].

1.1.2. Ëàíöþãîâi A2-äðîáè òà ¨õíi âëàñòèâîñòi. Äâîñèìâîëüíi ñè-

ñòåìè çîáðàæåííÿ (êîäóâàííÿ) äiéñíèõ ÷èñåë ïðèâåðòàëè i ïðîäîâæóþòü

ïðèâåðòàòè óâàãó áàãàòüîõ äîñëiäíèêiâ. Äî òàêèõ ñèñòåì âiäíîñÿòüñÿ êëà-

ñè÷íå äâiéêîâå çîáðàæåííÿ i éîãî óçàãàëüíåííÿ Q2-çîáðàæåííÿ [45, 48],

ìåäiàíòíå çîáðàæåííÿ [3], ëàíöþãîâå A2-çîáðàæåííÿ [11, 22, 101] òîùî.

ÍåõàéA2 ≡ {1
2 , 1} � äâîñèìâîëüíèé àëôàâiò, LA2

= A2×A2×· · ·×A2×· · ·
� ïðîñòið ïîñëiäîâíîñòåé åëåìåíòiâ äâîñèìâîëüíîãî àëôàâiòó A2.
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Íåñêií÷åííèé ëàíöþãîâèé äðiá

1

a1 +
1

a2 + . . . +
1

an + . . .

= [a1, a2, . . . , an, . . .],

äå an ∈ A2, íàçèâà¹òüñÿ [11, 103] ëàíöþãîâèì A2-äðîáîì.

Îñêiëüêè
∞∑
n=1

an =∞, òî êîæåí ëàíöþãîâèé A2-äðiá ¹ çáiæíèì [63].

Òåîðåìà 1.1.4. [11] Äëÿ áóäü-ÿêîãî ÷èñëà x ∈ [0,5; 1] iñíó¹ ïîñëiäîâ-

íiñòü (an) ∈ L, òàêà ùî

x = [a1, a2, . . . , an, . . .], (1.6)

ïðè÷îìó ÷èñëà çëi÷åííî¨ ìíîæèíè ìîæíà ïðåäñòàâèòè ó âèãëÿäi äâîõ

ôîðìàëüíî ðiçíèõ ëàíöþãîâèõ A2-äðîáiâ:

x = [a1, a2, . . . , an,
1
2 , (

1
2 , 1)] = [a1, a2, . . . , an, 1, (1,

1
2)],

äå êðóãëi äóæêè ñèìâîëiçóþòü ïåðiîä.

Òi ÷èñëà âiäðiçêà [0,5; 1], ÿêi ìàþòü äâà ïðåäñòàâëåííÿ ëàíöþãîâèìè A2-

äðîáàìè, à òàêîæ ÷èñëà 0,5 i 1, íàçèâàþòüñÿ A2-ðàöiîíàëüíèìè ÷èñëàìè,

ðåøòà ÷èñåë � A2-iððàöiîíàëüíèìè.

Ðiâíiñòü (1.6) ñêîðî÷åíî çàïèñóâàòèìåìî x = ∆A2
a1a2...an...

i íàçèâàòèìåìî

ëàíöþãîâèì A2-çîáðàæåííÿì ÷èñëà x.

Îçíà÷åííÿ 1.1.4. Íåõàé (c1, c2, . . . , cn) � ôiêñîâàíèé íàáið ñèìâîëiâ,

ci ∈ A2. Öèëiíäðîì ðàíãóm iç îñíîâîþ c1c2 . . . cm ëàíöþãîâîãîA2-çîáðàæåííÿ

÷èñåë íàçèâàþòü ìíîæèíó òàêèõ x, ÿêi ìàþòü ëàíöþãîâå A2-çîáðàæåííÿ ç

ïåðøèìè m ñèìâîëàìè, ùî äîðiâíþþòü âiäïîâiäíî c1, c2, . . . , cm, òîáòî

∆A2
c1...cm

= {x|x = [a1, a2, . . . , am, . . .], ai(x) = ci, i = 1, 2, . . . ,m, ai ∈ A2}.
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Öèëiíäð ∆A2
c1...cm

¹ âiäðiçêîì, ïðè÷îìó:

min ∆A2
c1c2...cm

=

 [c1, c2, . . . , cm + 1] ïðè íåïàðíîìó m,

[c1, c2, . . . , cm + 0,5] ïðè ïàðíîìó m;

max ∆A2
c1c2...cm

=

 [0; c1, c2, . . . , cm + 0,5] ïðè íåïàðíîìó m,

[0; c1, c2, . . . , cm + 1] ïðè ïàðíîìó m.

Äîâæèíà öèëiíäðà m-ãî ðàíãó ∆A2
c1c2...cm

îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

∣∣∆A2
c1c2...cm

∣∣ =
1

(qm−1 + qm)(qm−1 + 2qm)
,

äå qm � çíàìåííèê ïiäõiäíîãî äðîáó ðàöiîíàëüíîãî ÷èñëà [a1, a2, . . . , am]:

q0 = 1, q1 = a1, qn+1 = an+1qn + qn−1.

Îñíîâíå ìåòðè÷íå âiäíîøåííÿ äëÿ ëàíöþãîâîãî A2-çîáðàæåííÿ ÷èñåë

ìà¹ âèãëÿä

|∆A2
c1c2...cnc

|

|∆A2
c1c2...cn|

=
(1 + cqn−1qn

)

(2c2 + 1 + 2cqn−1qn
)
, c ∈ A2,

çîêðåìà

∣∣∣∆A2

c1c2...cn
1
2

∣∣∣∣∣∣∆A2
c1c2...cn

∣∣∣ =

2 +
qn−1

qn

3 + 2
qn−1

qn

,

∣∣∣∆A2
c1c2...cn1

∣∣∣∣∣∣∆A2
c1c2...cn

∣∣∣ =

1 +
qn−1

qn

3 + 2
qn−1

qn

.

Ç ìåòîþ ïåðåêîäóâàííÿ ëàíöþãîâèõ A2-äðîáiâ i ¨õ çíà÷åíü çàñîáàìè

äâîñèìâîëüíîãî àëôàâiòó A ≡ {0; 1} ââåäåìî ëàíöþãîâå À-çîáðàæåííÿ:

x = [a1, a2, . . . , an, . . .] ≡ ∆A
α1α2...αn...

,

äå αn = 2an−1 =

 0, ÿêùî an = 0,5;

1, ÿêùî an = 1.
Â ðåçóëüòàòi ïåðåêîäóâàííÿ ìà¹ìî

äâà ïîçíà÷åííÿ îäíîãî i òîãî æ öèëiíäðà:

∆A2
a1a2...an

= ∆A
α1α2...αn

.
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1.1.3. Ãåîìåòðiÿ òà âëàñòèâîñòi çîáðàæåííÿ ÷èñåë äðîáàìè Äàí-

æóà. Arnaud Denjoy âñòàíîâèâ [72], ùî êîæíå äiéñíå ÷èñëî x ðîçêëàäà¹-

òüñÿ ó ëàíöþãîâèé (ñêií÷åííèé àáî íåñêií÷åííèé) äðiá Äàíæóà âèãëÿäó

x = d0 +
1

d1 +
1

d2 + . . . +
1

dn + . . .

, (1.7)

äå d0 ∈ Z òàêå, ùî x − d0 > 0 i dn ∈ D2 ≡ {0, 1}, n ∈ N. Ïîäàëüøi

äîñëiäæåííÿ òàêîãî ðîçêëàäó ïðîâîäèëè M. Iosifescu i C. Kraaikamp (äèâ.

[83, 84]).

Ðîçêëàä ÷èñëà x ó äðiá âèãëÿäó (1.7) íàçèâàòèìåìî éîãî D2-ïðåäñòà-

âëåííÿì, à ôîðìàëüíèé çàïèñ

x = [d0; d1, d2, . . . , dn, . . .]
D2

íàçèâàòèìåìî éîãî D2-çîáðàæåííÿì.

Çâ'ÿçîê ìiæ ëàíöþãîâèì äðîáîì Äàíæóà é åëåìåíòàðíèì ëàíöþãîâèì

äðîáîì âèçíà÷à¹òüñÿ ôîðìóëîþ, ÿêà íàâåäåíà â [84]:

x = [d0; (0, 1)a0−d0, (1, 0)a1−1, 1, (1, 0)a2−1, 1, . . .]D2, Z 3 d0 6 x, (1.8)

äå âèðàç (1, 0)k îçíà÷à¹, ùî ãðóïà åëåìåíòiâ (1, 0) çóñòði÷à¹òüñÿ k ðàçiâ,

ïðè÷îìó âîíà âiäñóòíÿ, ÿêùî k = 0; ai, i = 0, 1, 2, . . . � åëåìåíòè ðîçêëàäó

÷èñëà x ó åëåìåíòàðíèé ëàíöþãîâèé äðiá.

Çàóâàæèìî, ùî äëÿ áóäü-ÿêîãî d0 êîæíå ðàöiîíàëüíå ÷èñëî, àíàëîãi÷íî

äî åëåìåíòàðíèõ ëàíöþãîâèõ äðîáiâ, ìà¹ äâà çîáðàæåííÿ:

x1 = [d1, d2, . . . , dn, 1, 0, 1]D2 ≡ [d1, d2, . . . , dn, 1, 1]D2 = x2. (1.9)

Çàóâàæèìî òàêîæ, ùî ó ðîçêëàäi (1.8) íå iñíó¹ äâîõ ñóñiäíiõ íóëiâ. ßêùî

öå îáìåæåííÿ çíÿòè, òî êîæíå ÷èñëî ìàòèìå íåñêií÷åííó êiëüêiñòü çîáðà-
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æåíü, îñêiëüêè
1

a+
1

b

=
1

a+
1

0 +
1

0 +
1

b

. (1.10)

Ïåðøi n åëåìåíòiâ a1, a2, . . . , an åëåìåíòàðíîãî ëàíöþãîâîãî äðîáó äà-

þòü a1 + a2 + . . . + an åëåìåíòiâ ëàíöþãîâîãî äðîáó Äàíæóà, ðiâíèõ 1, i

a1 + a2 + . . . + an − n åëåìåíòiâ, ðiâíèõ 0. Íåõàé Zk � öå êiëüêiñòü íóëiâ

ñåðåä ïåðøèõ k åëåìåíòiâ d1, . . . , dk ÷èñëà x, àWk � êiëüêiñòü îäèíèöü. Âè-

êîðèñòîâóþ÷è ðåçóëüòàò Õií÷èíà [89], ùî äëÿ ìàéæå âñiõ x âiäíîñíî ìiðè

Ëåáåãà lim
n→∞

1
n

n∑
j=1

aj =∞ ìîæíà çðîáèòè âèñíîâîê, ùî

lim
n→∞

Zk
Wk

= lim
n→∞

n∑
j=1

aj − n

n∑
j=1

aj

= 1,

òîáòî ìàéæå âñi x àñèìïòîòè÷íî ìàþòü îäíàêîâó êiëüêiñòü íóëiâ i îäèíèöü

ó ðîçêëàäi â ëàíöþãîâèé äðiá Äàíæóà.

Íåõàé x ∈ R, d0 ∈ Z, x − d0 > 0. Äðiá Cn = [d0; d1, d2, . . . , dn]
D2 íà-

çèâà¹òüñÿ ïiäõiäíèì äðîáîì. Çíà÷åííÿ Cn îá÷èñëþ¹òüñÿ, âèêîðèñòîâóþ÷è

ðiâíîñòi: 1/0 = ∞ i 1/∞ = 0. Öå îçíà÷à¹, ùî Cn = Cn−2 ïðè dn = 0.

Ïðè÷îìó ïîñëiäîâíiñòü ïiäõiäíèõ äðîáiâ pn/qn åëåìåíòàðíîãî ëàíöþãîâîãî

äðîáó ¹ ïiäïîñëiäîâíiñòþ ïiäõiäíèõ äðîáiâ Cn ëàíöþãîâîãî äðîáó Äàíæóà.

Çàêîíè óòâîðåííÿ ïiäõiäíèõ äðîáiâ äëÿ ëàíöþãîâîãî äðîáó Äàíæóà òà åëå-

ìåíòàðíîãî ëàíöþãîâîãî äðîáó àíàëîãi÷íi: p−1 = 1, p0 = d0, pn = dnpn−1 + pn−2;

q−1 = 0, q0 = 1, qn = dnqn−1 + qn−2, n > 1.

Íàïðèêëàä, äðiá
11

4
ðîçêëàäà¹òüñÿ ó åëåìåíòàðíèé ëàíöþãîâèé äðiá i
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ëàíöþãîâèé äðiá Äàíæóà íàñòóïíèì ÷èíîì:

11

4
= [2; 1, 3] = [d0; (0, 1)2−d0, 1, 1, 0, 1, 1]D2,Z 3 d0 <

11

4
.

Ïîñëiäîâíîñòi ÷èñåëüíèêiâ i çíàìåííèêiâ ïiäõiäíèõ äðîáiâ äëÿ ÷èñëà
11

4
ïðè d0 = 0 ïîäàíî ó òàáëèöi 1.1.

i -1 0 1 2 3 4 5 6 7 8 9

pi 1 0 1 1 1 2 3 5 3 8 11

qi 0 1 0 1 0 1 1 2 1 3 4
Òàáëèöÿ 1.1

Ïiäõiäíi äðîáè ðîçêëàäó ÷èñëà 11/4

Íåõàé x çàïèñàíèé ó âèãëÿäi ëàíöþãîâîãî äðîáó Äàíæóà (1.8), ïðè÷îìó

íåõàé d0 = 0 i x ∈ (0; 1]. Òîäi a0 = 0 i

x = [(1, 0)a1−1, 1, (1, 0)a2−1, 1, . . . , (1, 0)an−1, 1, . . .]D2 =: [1, d2, . . . , dn, . . .]
D2.

Äëÿ äîñëiäæåííÿ ãåîìåòði¨ ëàíöþãîâîãî D2-çîáðàæåííÿ âèêîðèñòîâóþ-

¹òüñÿ òîòîæíiñòü:

[1, d2, . . . , dn,∞]D2 = [1, d2, . . . , dn + 1/∞]D2 = [1, d2, . . . , dn]
D2.

Îçíà÷åííÿ 1.1.5. Öèëiíäðîì ðàíãó m ç îñíîâîþ 1c2 · · · cm ëàíöþãîâîãî

D2-çîáðàæåííÿ ÷èñåë íàçèâà¹òüñÿ ìíîæèíà

∆D2
1c2···cm = {x|x = [1, d2, . . . , dm, . . .]

D2, di(x) = ci, i = 2,m}.

Öèëiíäðè ìàþòü íàñòóïíi âëàñòèâîñòi.

1) Öèëiíäð ∆D2
1c2···cm ¹ âiäðiçêîì, ïðè÷îìó:

à) ßêùî m � ïàðíå (íåïàðíå) i cm = 1, òî:

[1, c2, . . . , cm−1]
D2 � ïðàâèé (ëiâèé) êiíåöü öèëiíäðà,

[1, c2, . . . , cm]D2 � ëiâèé (ïðàâèé) êiíåöü öèëiíäðà.
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á) ßêùî m � ïàðíå (íåïàðíå) i cm = 0, òî:

[1, c2, . . . , cm]D2 � ïðàâèé (ëiâèé) êiíåöü öèëiíäðà,

[1, c2, . . . , cm, 1]D2 � ëiâèé (ïðàâèé) êiíåöü öèëiíäðà.

Äiéñíî, ÿêùî m-ïàðíå i cm=1, òî

min ∆D2
1c2...cm

= [1, c2, . . . , cm, (1, 0)]D2 = [1, c2, . . . , cm]D2,

max ∆D2
1c2...cm

= [1, c2, . . . , cm, (0, 1)]D2 =

= [1, c2, . . . , cm−1, (1, 0)]D2 = [1, c2, . . . , cm−1]
D2.

ßêùî æ m-ïàðíå i cm=0, òî

min ∆D2
1c2...cm

= [1, c2, . . . , cm, (1, 0)]D2 = [1, c2, . . . , cm]D2,

max ∆D2
1c2...cm

= [1, c2, . . . , cm, 1, (1, 0)]D2 = [1, c2, . . . , cm, 1]D2

(îñêiëüêè åëåìåíò íà (m+ 1)-ìó ìiñöi íå ìîæå äîðiâíþâàòè 0). Ïðè

íåïðàíîìó m ìiðêóâàííÿ àíàëîãi÷íi.

Íàñëiäîê 1.1.1. min ∆D2
1c2...c2k−110 = max ∆D2

1c2...c2k−111,

min ∆D2
1c2...c2k11 = max ∆D2

1c2...c2k10.

2) Äiàìåòð öèëiíäðà ∆D2
1c2...cm

âèðàæà¹òüñÿ ôîðìóëîþ:

∣∣∣∆D2
1c2...cm

∣∣∣ =


∣∣[1, c2, . . . , cm]D2 − [1, c2, . . . , cm−1]

D2
∣∣ , cm = 1,∣∣[1, c2, . . . , cm]D2 − [1, c2, . . . , cm, 1]D2
∣∣ , cm = 0.

Âèïëèâà¹ ç ïåðøî¨ âëàñòèâîñòi.

3) ∆D2
1c2...cm−10 = ∆D2

1c2...cm−101, ∆D2
1c2...cm−11 =

1⋃
i=0

∆D2

1c2...cm−11i.

Âèïëèâà¹ ç òîãî, ùî äðîáè Äàíæóà íå ìiñòÿòü äâîõ ïîñëiäîâíèõ

íóëiâ.

Ëåìà 1.1.1. Ìà¹ ìiñöå ðiâíiñòü:

[1, 1, d3, . . . , dn, . . .]
D2 + [1, 0, 1, d3, . . . , dn, . . .]

D2 = 1.
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Ðèñ. 1.1. Ðîçòàøóâàííÿ öèëiíäðiâ D2-çîáðàæåííÿ

Äîâåäåííÿ. Íåõàé a = 1 + [d3, d4, . . .]
D2, òîäi

[1, 1, d3, . . . , dn, . . .]
D2 =

1

1 + 1
a

=
a

a+ 1
;

[1, 0, 1, d3, . . . , dn, . . .]
D2 =

1

1 + 1
0+ 1

a

=
1

a+ 1
.

Çâiäñè

[1, 1, d3, . . . , dn, . . .]
D2 + [1, 0, 1, d3, . . . , dn, . . .]

D2 =
a

a+ 1
+

1

a+ 1
= 1.

Ëåìà 1.1.2. Ìà¹ ìiñöå ðiâíiñòü:
∣∣∣∆D2

11c3c4...cn

∣∣∣ =
∣∣∣∆D2

101c3c4...cn

∣∣∣.
Äîâåäåííÿ. Íåõàé cn = 1. Çà âëàñòèâîñòi 1) i ëåìè 1.1.1 ìà¹ìî:∣∣∣∆D2

11c3c4...cn

∣∣∣ =
∣∣[11c3c4 . . . cn−1]

D2 − [11c3c4 . . . cn]
D2
∣∣ =

=
∣∣(1− [101c3c4 . . . cn−1]

D2
)
−
(
1− [101c3c4 . . . cn]

D2
)∣∣ =

=
∣∣[101c3c4 . . . cn]

D2 − [101c3c4 . . . cn−1]
D2
∣∣ =

∣∣∣∆D2
101c3c4...cn

∣∣∣ .
Ïðè cn = 0 ìiðêóâàííÿ àíàëîãi÷íi.

Ç ëåìè 1.1.1 âèïëèâà¹ íàñòóïíà ãåîìåòðè÷íà iíòåðïðåòàöiÿ: öèëiíäðè ó

ôîðìi ∆D2
11c3...cn

n-ãî ðàíãó ðîçòàøîâàíi ñèìåòðè÷íî âiäíîñíî òî÷êè x = 0, 5

äî öèëiíäðiâ ó ôîðìi ∆D2
101c3...cn

(n+ 1)-ãî ðàíãó.
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1.1.4. Çîáðàæåííÿ äiéñíèõ ÷èñåë çíàêîçìiííèìè ðÿäàìè Ëþ-

ðîòà. Âiäîìî [86], ùî äëÿ áóäü-ÿêîãî x ∈ (0; 1] iñíó¹ àáî ñêií÷åíèé íàáið

(a1, a2, . . . , an) àáî ïîñëiäîâíiñòü (an) íàòóðàëüíèõ ÷èñåë òàêà, ùî:

x =
1

a1
+
∞∑
n=2

(−1)n−1

a1(a1 + 1) · · · an−1(an−1 + 1)an
. (1.11)

Ðiâíiñòü (1.11) íàçèâà¹òüñÿ ðîçêëàäîì ÷èñëà x â çíàêîçìiííèé ðÿä Ëþðîòà

(àáî L̃-çîáðàæåííÿì ÷èñëà x) i ñèìâîëi÷íî çîáðàæà¹òüñÿ ∆L̃
a1a2...an...

. Âiäîìî

[59], êîæíå äiéñíå ÷èñëî ¹ ðàöiîíàëüíèì òîäi i òiëüêè òîäi, êîëè éîãî L̃-

çîáðàæåííÿ ¹ ñêií÷åííèì àáî ïåðiîäè÷íèì.

ßêùî (c1, c2, . . . , cn) � çàäàíèé íàáið íàòóðàëüíèõ ÷èñåë, òî öèëiíäðîì

ðàíãó n ç îñíîâîþ c1c2 . . . cn íàçèâà¹òüñÿ ìíîæèíà ∆L̃
c1c2...cn

∆L̃
c1c2...cn

= {x|x = ∆L̃
a1a2...anan+1...

, ai(x) = ci, i = 1, 2, . . . ,m}.

Öèëiíäðè ìàþòü íàñòóïíi âëàñòèâîñòi:

1. ∆L̃
c1c2...cn

=
∞⋃
i=1

∆L̃
c1c2...cni

.

2. sup ∆L̃
c1c2...c2m−1i

= inf ∆L̃
c1c2...c2m−1(i+1);

inf ∆L̃
c1c2...c2mi

= sup ∆L̃
c1c2...c2m(i+1).

3. Öèëiíäð ∆L̃
c1c2...cn

¹ ïiâiíòåðâàëîì (l1, l2], ÿêùî n � íåïàðíå, àáî ïiâ-

âiäðiçêîì [l2, l1), ÿêùî n � ïàðíå.

4. |∆L̃
c1c2...cn

| =
1

c1(c1 + 1) · · · cn(cn + 1)
6

1

2n
→ 0 (n→∞).

5. Îñíîâíå ìåòðè÷íå âiäíîøåííÿ

|∆L̃
c1c2...cni

|

|∆L̃
c1c2...cn

|
=

1

i(i+ 1)
6

1

2
.

Äåòàëüíå äîñëiäæåííÿ çíàêîçìiííèõ ðÿäiâ Ëþðîòà (ìåòðè÷íi âëàñòè-

âîñòi òà ãåîìåòðiÿ çîáðàæåííÿ, âëàñòèâîñòi ðîçïîäiëó âèïàäêîâî¨ íåïîâíî¨

ñóìè òîùî) ïðåäñòàâëåíi ó ðîáîòàõ Ì. Â. Ïðàöüîâèòîãî i Þ. Â. Õâîðîñòiíè

(íàïð., [58, 59, 100]).



49

1.1.5. s-êîâà òà íåãà-s-êîâà ñèñòåìè ÷èñëåííÿ. Âiäîìî, ùî áóäü-

ÿêå äiéñíå ÷èñëî x ∈ [0; 1] îäíîçíà÷íî ðîçêëàäà¹òüñÿ â ðÿä

x =
∞∑
k=1

αk

sk
=
α1

s
+
α2

s2
+ . . .+

αk
sk

+ . . . ≡ ∆s
α1α2...αk...

, (1.12)

äå αk ∈ As ≡ {0, 1, . . . , s − 1}, s > 2, ÿêèé íàçèâà¹òüñÿ s-êîâèì äðîáîì

÷èñëà x. ×èñëî αk íàçèâà¹òüñÿ k-îþ s-êîâîþ öèôðîþ ÷èñëà x.

Çëi÷åííà ìíîæèíà ÷èñåë ç [0; 1] ðîçêëàäà¹òüñÿ â ðÿä (1.12) íåîäíîçíà-

÷íî:

∆s
α1α2...αk(0) = ∆s

α1α2...[αk−1](s−1),

äå êðóãëi äóæêè îçíà÷àþòü ïåðiîä. Òàêi ÷èñëà íàçèâàþòüñÿ s-êîâî ðàöiî-

íàëüíèìè. Äëÿ óíèêíåííÿ íåîäíîçíà÷íîñòi ÷àñòî äîìîâëÿþòüñÿ íå âèêîðè-

ñòîñóâàòè ðîçêëàä, ÿêèé, íàïðèêëàä, ìiñòèòü ïåðiîä (s−1). Ïiñëÿ öüîãî ìiæ

÷èñëàìè ç âiäðiçêà [0; 1] i íåñêií÷åííèìè íàáîðàìè ç ñèìâîëiâ 0, 1, . . . , s−1

âñòàíîâëþ¹òüñÿ ái¹êöiÿ.

s-êîâèì öèëiíäðîì ðàíãó m ç îñíîâîþ c1c2 . . . cm íàçèâà¹òüñÿ ìíîæè-

íà ∆s
c1c2...cm

âñiõ ÷èñåë ç âiäðiçêà [0; 1], ÿêi ìàþòü ïåðøi m s-êîâi öèôðè

âiäïîâiäíî ðiâíi c1, c2, . . . , cm.

Êîæåí s-êîâèé öèëiíäð ðàíãó m ¹ âiäðiçêîì, ïðè÷îìó

∆s
c1c2...cm

=

 m∑
i=1

ci

si
;

1

sm
+

m∑
i=1

ci

si

 .
s-êîâi öèëiíäðè ìàþòü íàñòóïíi âëàñòèâîñòi:

1. |∆s
c1c2...cm

| = s−m;

2. ∆s
c1c2...cm

= ∆s
c1c2...cm0 ∪ . . . ∪∆s

c1c2...cm[s−1];

3.
∞⋂
m=1

∆s
c1c2...cm

= x ≡ ∆s
c1c2...cm...

äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi

(cm) ∈ L ≡ As × As × . . . ;

4.
|∆s

c1c2...cmi
|

|∆s
c1c2...cm

|
=

1

s
� îñíîâíå ìåòðè÷íå âiäíîøåííÿ.
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Âiäîìî, ùî äëÿ äîâiëüíîãî ÷èñëà x ∈ [0; 1] iñíó¹ ïîñëiäîâíiñòü (ωn),

ωn ∈ {0, 1, . . . , s− 1}, òàêà ùî

x =
s

s+ 1
+
∞∑
n=1

ωn
(−s)n

=
s

s+ 1
− ω1

s
+
ω2

s2
− ω3

s3
+ . . . ≡ ∆̄s

ω1ω2...ωn...
.

Òàêå ïîäàííÿ ÷èñëà íàçèâà¹òüñÿ íåãà-s-êîâèì çîáðàæåííÿì.

Ëåìà 1.1.3. ×èñëà x = ∆̄s
ω1ω2...ωm([s−1]0) i x

′ = ∆̄s
ω1ω2...[ωm−1](0[s−1]) ðiâíi.

Äîâåäåííÿ. Ðîçãëÿíåìî ðiçíèöþ

|x−x′| =
∣∣∣∣(ωmsm − s− 1

sm+1
+

0

sm+2
− . . .

)
−
(
ωm − 1

sm
− 0

sm+1
+
s− 1

sm+2
− . . .

)∣∣∣∣ =

=
1

sm

∣∣∣∣(ωm − s− 1

s
− s− 1

s3
− . . .

)
−
(
ωm − 1 +

s− 1

s2
+
s− 1

s4
+ . . .

)∣∣∣∣ =

=
1

sm

∣∣∣∣−s− 1

s

s2

s2 − 1
+ 1− s− 1

s2

s2

s2 − 1

∣∣∣∣ =

=
1

sm

∣∣∣∣−s+ s+ 1− 1

s+ 1

∣∣∣∣ = 0.

Âiäîìi êðèòåði¨ ðàöiîíàëüíîñòi ÷èñëà ó s-êîâié i íåãà-s-êîâié ñèñòåìi

÷èñëåííÿ: äëÿ òîãî, ùîá ÷èñëî x ∈ [0; 1] áóëî ðàöiîíàëüíèì, íåîáõiäíî i

äîñòàòíüî, ùîá éîãî s-êîâå (íåãà-s-êîâå) çîáðàæåííÿ áóëî ïåðiîäè÷íèì.

Çàóâàæèìî, ùî íåãà-s-êîâå çîáðàæåííÿ, ÿê ïîêàçàíî â [42], ¹ ïåðåêî-

äóâàííÿì êëàñè÷íîãî s-êîâîãî çîáðàæåííÿ ÷èñåë. Çâ'ÿçîê ìiæ s-êîâèì i

íåãà-s-êîâèì çîáðàæåííÿìè ÷èñëà x ìà¹ âèãëÿä:

∆s
α1α2α3α4...

= ∆̄s
[s−1−α1]α2[s−1−α3]α4...

Çîêðåìà âiäîìî, ùî äëÿ äîâiëüíîãî x ∈ [0; 1] iñíó¹ ïîñëiäîâíiñòü (αn),

αn ∈ A3 ≡ {0, 1, 2}, òàêà ùî

x =
3

4
+
∞∑
n=1

αn
(−3)n

=
3

4
− α1

3
+
α2

32
− α3

33
+ . . . ≡ ∆̄3

α1α2...αn...
.

Òàêå ïîäàííÿ ÷èñëà ó âèãëÿäi ðÿäó íàçèâà¹òüñÿ íåãà-òðiéêîâèì ïðåä-

ñòàâëåííÿì, à ñèìâîëi÷íèé çàïèñ x = ∆̄3
α1α2...αn...

� éîãî íåãà-òðiéêîâèì
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çîáðàæåííÿì. Êîæíå iððàöiîíàëüíå ÷èñëî ìà¹ íåñêií÷åííå íåïåðiîäè÷íå

çîáðàæåííÿ, à êîæíå ðàöiîíàëüíå ìîæíà ïîäàòè ó âèãëÿäi íåñêií÷åííîãî

ïåðiîäè÷íîãî íåãà-òðiéêîâîãî çîáðàæåííÿ íå áiëüø íiæ äâîìà ñïîñîáàìè.

Ïðè÷îìó, äëÿ ÷èñåë, ÿêi ìîæíà ïîäàòè ó âèãëÿäi äâîõ íåãà-òðiéêîâèõ çî-

áðàæåíü, îñòàííi ìàþòü âèãëÿä:

x ≡ ∆̄3
α1α2...αn−1αn(20) = ∆̄3

α1α2...αn−1[αn−1](02) ≡ x′, (1.13)

äå êðóãëi äóæêè îçíà÷àþòü ïåðiîä.

Öèëiíäðîì ðàíãó m ç îñíîâîþ c1c2 . . . cm íåãà-òðiéêîâîãî çîáðàæåííÿ

÷èñåë íàçèâà¹òüñÿ ìíîæèíà

∆̄3
c1c2...cm

= {x|x = ∆̄3
α1α2...αmαm+1...

, αi(x) = ci, i = 1, 2, . . . ,m}.

Öèëiíäð ¹ âiäðiçêîì, à ñàìå:

∆̄3
c1c2...cm

=


[
∆̄3
c1c2...cm(20), ∆̄

3
c1c2...cm(02)

]
, ÿêùî m � ïàðíå;[

∆̄3
c1c2...cm(02), ∆̄

3
c1c2...cm(20)

]
, ÿêùî m � íåïàðíå.

Öèëiíäðè îäíîãî ðàíãó çáiãàþòüñÿ àáî íå ìàþòü ñïiëüíèõ âíóòðiøíiõ òî÷îê.

1.2. Ôðàêòàëüíèé àíàëiç ôóíêöié

Íåïåðåðâíi ôóíêöi¨ ç ôðàêòàëüíèìè âëàñòèâîñòÿìè � ïîïóëÿðíèé îá'-

¹êò ó äîñëiäæåííÿõ ìèíóëèõ äåñÿòèði÷. Öå ôóíêöi¨, ÿêi âîëîäiþòü âëà-

ñòèâîñòÿìè ñàìîïîäiáíîñòi, ñàìîàôiííîñòi, àâòîìîäåëüíîñòi (ãðàôiêiâ àáî

ðiâíiâ); ôóíêöi¨, ìíîæèíè îñîáëèâîñòåé ÿêèõ ìàþòü íåîäíîðiäíó ëîêàëüíó

òîïîëîãî-ìåòðè÷íó ñòðóêòóðó òîùî. Çíà÷íèé êëàñ òàêèõ ôóíêöié óòâîðþ-

þòü íiäå íå ìîíîòîííi, ñêðiçü àáî ìàéæå ñêðiçü íåäèôåðåíöiéîâíi ôóíêöi¨.

Ñüîãîäíi âiäîìî ÷èìàëî êëàñiâ íåïåðåðâíèõ íiäå íå äèôåðåíöiéîâíèõ

ôóíêöié, ÿêi íàëåæàòü ñiì'¨ íiäå íå ìîíîòîííèõ ôóíêöié [47, 54, 62]. Îêðå-

ìèì ïðèêëàäîì òàêî¨ ôóíêöi¨ ñüîãîäíi ìàëî êîãî çäèâó¹ø. Áiëüø àêòó-

àëüíèìè ¹ ìåòîäè âèâ÷åííÿ ¨õíiõ âëàñòèâîñòåé, ñõåìè äîñëiäæåííÿ, íîâi

ïðèéîìè îá ðóíòóâàííÿ ôàêòiâ.
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Çàäàííÿ é äîñëiäæåííÿ ôóíêöié çi ñêëàäíèìè ëîêàëüíèìè âëàñòèâî-

ñòÿìè çà äîïîìîãîþ ïåðåòâîðþâà÷iâ öèôð ðiçíèì ñèñòåì ÷èñëåííÿ çàéìà-

ëèñü Ì. Â. Ïðàöüîâèòèé òà I. Â. Çàìðié (ôóíêöi¨, ïîâ'ÿçàíi ç Q3-çîáðàæå-

ííÿì), ß. Â. Ãîí÷àðåíêî òà I. Ì. Ëèñåíêî (ôóíêöi¨, ïîâ'ÿçàíi ç q∞0 -çîáðàæå-

ííÿì), Ì. Â. Ïðàöüîâèòèé òà Í. À. Âàñèëåíêî (ôóíêöi¨, ïîâ'ÿçàíi ç Q∗-çî-

áðàæåííÿì), Ì. Â. Ïðàöüîâèòèé òà Ò.Ì. Iñà¹âà (ôóíêöi¨, ïîâ'ÿçàíi ç ∆µ-

çîáðàæåííÿì).

Îçíà÷åííÿ 1.2.1. Âiäìiííà âiä ñòàëî¨ íåïåðåðâíà ôóíêöiÿ îáìåæåíî¨

âàðiàöi¨, ïîõiäíà ÿêî¨ ìàéæå ñêðiçü (ó ðîçóìiííi ìiðè Ëåáåãà) äîðiâíþ¹ íó-

ëþ, íàçèâà¹òüñÿ ñèíãóëÿðíîþ.

Îäíèì iç íàéïðîñòiøèõ ïðèêëàäiâ ñòðîãî çðîñòàþ÷î¨ ñèíãóëÿðíî¨ ôóí-

êöi¨ ¹ ôóíêöiÿ Ñàëåìà [106]. Íàãàäà¹ìî ¨¨ îçíà÷åííÿ ÿê ïðîåêòîðà äâiéêîâèõ

öèôð.

Íåõàé Q2 ≡ {q0, q1} � ôiêñîâàíà ìíîæèíà, 0 < q0 < 1, q1 = 1 − q0.

Âiäîìî [45], ùî Q2-ïðåäñòàâëåííÿì (çîáðàæåííÿì) äiéñíîãî ÷èñëà x ∈ [0; 1]

íàçèâà¹òüñÿ éîãî ïîäàííÿ ó âèãëÿäi

x = γα1
+
∞∑
k=2

(
γαk

k−1∏
j=1

qαj

)
≡ ∆Q2

α1α2...αn...
,

äå γ0 = 0, γ1 = q0, αk ∈ {0, 1}. Òîäi ôóíêöiÿ y = f(x), àðãóìåíò ÿêî¨ ïîäàíî

ó äâiéêîâîìó çîáðàæåííi x = ∆2
α1α2...αn...

≡
α1

2
+
α2

22
+ . . . +

αm

2m
+ . . ., à

çíà÷åííÿ ôóíêöi¨ ïîäàíî ó Q2-çîáðàæåííi ç òèìè æ ñàìèìè åëåìåíòàìè

y = ∆Q2
α1α2...αn...

, íàçèâà¹òüñÿ ôóíêöi¹þ Ñàëåìà.

Iíøèì öiêàâèì ïðèêëàäîì íåïåðåðâíî¨ ñòðîãî çðîñòàþ÷î¨ ñèíãóëÿðíî¨

ôóíêöi¨ ¹ ôóíêöiÿ Ìiíêîâñüêîãî ?(x), ïîáóäîâàíà íèì ó 1911 ðîöi. A. Denjoy

ó 1932 ðîöi äîâiâ ¨¨ ñèíãóëÿðíiñòü [73], à R. Salem ó 1943 ðîöi ïîêàçàâ, ùî

ôóíêöiÿ ?(x) â iððàöiîíàëüíèõ òî÷êàõ âiäðiçêà [0; 1] àíàëiòè÷íî âèðàæà¹-

òüñÿ ðÿäîì

?(x) =?([0; a1, a2, . . . , an, . . .]) = 21−a1 − 21−(a1+a2)+...+(−1)n−121−a1+...+an + . . . ,
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äå an ∈ N, à ó ðàöiîíàëüíèõ òî÷êàõ âiäðiçêà [0; 1] � ñêií÷åííîþ ñóìîþ.

Îçíà÷åííÿ 1.2.2. Ôóíêöiÿ íàçèâà¹òüñÿ íiäå íå ìîíîòîííîþ, ÿêùî âîíà

íå ìà¹ æîäíîãî, ÿê çàâãîäíî ìàëîãî, ïðîìiæêó ìîíîòîííîñòi.

Íåïåðåðâíèìè íiäå íå ìîíîòîííèìè ôóíêöiÿìè â îñòàííié ÷àñ çàéìà-

ëèñü Ì. Â. Ïðàöüîâèòèé, À. Â. Êàëàøíiêîâ, Í. À. Âàñèëåíêî. Òàê, ó ðîáîòi

[15] äîñëiäæóþòüñÿ äèôåðåíöiàëüíi, ñàìîàôiííi, ôðàêòàëüíi òà iíøi âëà-

ñòèâîñòi ñêií÷åííîïàðàìåòðè÷íî¨ ñiì'¨ ôóíêöié, ÿêi ïîâ'ÿçàíi ç Q-çîáðàæå-

ííÿì äiéñíèõ ÷èñåë i ÿêi ìàþòü êîíòèíóàëüíó ìíîæèíó îñîáëèâîñòåé. Ó

[47] îçíà÷ó¹òüñÿ é äîñëiäæó¹òüñÿ êîíòèíóàëüíà ñiì'ÿ íåïåðåðâíèõ íà [0; 1]

íiäå íå ìîíîòîííèõ ôóíêöié.

Îçíà÷åííÿ 1.2.3. Íåïåðåðâíà ôóíêöiÿ íàçèâà¹òüñÿ íiäå íå äèôåðåí-

öiéîâíîþ, ÿêùî âîíà íå ìà¹ ñêií÷åííî¨ ïîõiäíî¨ â æîäíié òî÷öi îáëàñòi

âèçíà÷åííÿ.

Ó 1903 ðîöi Òàêàãi [109] ïîáóäóâàâ ïðèêëàä íåïåðåðâíî¨ íiäå íå äèôå-

ðåíöiéîâíî¨ ôóíêöi¨:

T (x) =
∞∑
n=0

ϕ(2nx)

2n
=

∞∑
n=0

1

2n
ϕ0(2

nx),

äå ϕ0(x) � âiäñòàíü âiä òî÷êè x äî íàéáëèæ÷î¨ öiëî÷èñåëüíî¨ òî÷êè, òîáòî

¹ ïåðiîäè÷íîþ ôóíêöi¹þ ç ïåðiîäîì 1, ÿêà íà âiäðiçêó [0; 1] âèçíà÷à¹òüñÿ

ðiâíiñòþ

ϕ0(x) =

 x ïðè 0 6 x 6 1
2 ;

1− x ïðè 1
2 6 x 6 1.

Ùå îäíèì ïðèêëàäîì íåïåðåðâíî¨ íiäå íå äèôåðåíöiéîâíî¨ ôóíêöi¨ ¹

Òðèáií-ôóíêöiÿ, ÿêà ââåäåíà Ì. Â. Ïðàöüîâèòèì ó [39], i ïiçíiøå âèâ÷àëàñü

ó ðîáîòàõ Â. Â. Êîâàëÿ [19], Î. Á. Ïàíàñåíêà [35, 36] òà ií.

Íåõàé q = (q0, q1, q2) i (g0, g1) � äîäàòíi ñòîõàñòè÷íi âåêòîðè (qi > 0, q0+



54

q1 + q2 = 1, 0 < g0 < 1, g1 = 1− g0);

x = βα1
+
∞∑
k=2

(
βαk

k−1∏
j=1

qαj

)
= ∆Q3

α1(x)...αn(x)...,

äå β0 = 0, βαk =
αk−1∑
i=0

qi, k ∈ N, (αk) ∈ L3,

y = δa1 +
∞∑
k=2

(
δak

k−1∏
j=1

gaj

)
= ∆G2

a1(y)...an(y)...,

äå δ0 = 0, δak =
ak−1∑
i=0

gi, k ∈ N, (ak) ∈ L2.

Òðèáií-ôóíêöi¹þ íàçèâà¹òüñÿ ôóíêöiÿ, îçíà÷åíà ðiâíiñòþ

y = f(∆Q3

α1(x)...αn(x)...) = ∆G2

a1(y)...an(y)...,

äå

a1 =

 0, ÿêùî α1(x) = 0;

1, ÿêùî α1(x) 6= 0;
ak =

 ak−1, ÿêùî αk(x) = αk−1(x);

1− αk−1, ÿêùî αk(x) 6= αk−1(x), k > 1.

Òåîðåìà 1.2.1. Òðèáií-ôóíêöiÿ ìà¹ íàñòóïíi âëàñòèâîñòi:

1. ¹ íåïåðåðâíîþ íà âiäðiçêó [0; 1];

2. ¹ íiäå íå äèôåðåíöiéîâíîþ;

3. äëÿ êîæíîãî x ∈ [0; 1] âèêîíó¹òüñÿ ðiâíiñòü f
(
x
3

)
= 1

2f(x);

4. ôðàêòàëüíà êëiòèíêîâà ðîçìiðíiñòü ãðàôiêà ôóíêöi¨ Γf äîðiâíþ¹

2− log3 2 ≈ 1, 36907;

5. ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à ãðàôiêà ôóíêöi¨ äîðiâíþ¹

α0(Γf) = log2(1 + 2log3 2) ≈ 1, 34968;

6. äëÿ iíòåãðàëà Ëåáåãà ìà¹ ìiñöå ðiâíiñòü

1∫
0

f(x)dx =
4

7
.
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Âèñíîâêè äî ðîçäiëó 1

Öåé ðîçäië ìà¹ âñòóïíèé õàðàêòåð. Ó íüîìó ðîçãëÿäàþòüñÿ äåÿêi ñèñòå-

ìè êîäóâàííÿ äiéñíèõ ÷èñåë çi ñêií÷åííèì (s-êîâà é íåãà-s-êîâà ñèñòåìè

÷èñëåííÿ, ëàíöþãîâi äðîáè Äàíæóà, ëàíöþãîâi A2-äðîáè) i íåñêií÷åííèì

(åëåìåíòàðíi ëàíöþãîâi äðîáè, ðÿäè Ëþðîòà) àëôàâiòàìè. Ïîäàíi êðèòåði¨

ðàöiîíàëüíîñòi ÷èñåë, âëàñòèâîñòi öèëiíäðiâ âêàçàíèõ çîáðàæåíü i ñôîðìó-

ëüîâàíi iíøi íåîáõiäíi ôàêòè, ÿêi áóäóòü âèêîðèñòîâóâàòèñü ó íàñòóïíèõ

ðîçäiëàõ. Ïðîâåäåíî îãëÿä ëiòåðàòóðè ç òåìàòèêè äîñëiäæåííÿ.

Ôóíêöi¨ çi ñêëàäíèìè ëîêàëüíèìè âëàñòèâîñòÿìè ¹ áàçîâèì ïîíÿòòÿì

äàíîãî äîñëiäæåííÿ, òîæ ó ðîçiäië 1 íàâåäåíi îçíà÷åííÿ òàêèõ ïîíÿòü, ÿê

ñèíãóëÿðíà ôóíêöiÿ, íiäå íå ìîíîòîííà ôóíêöiÿ, íiäå íå äèôåðåíöiéîâíà

ôóíêöiÿ i âiäîìi ïðèêëàäè òàêèõ ôóíêöié.

Öåé ðîçäië íå ìiñòèòü ðåçóëüòàòiâ, ÿêi âèíîñÿòüñÿ íà çàõèñò.
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ÐÎÇÄIË 2

ÔÓÍÊÖI� I ÏÅÐÅÒÂÎÐÅÍÍß, ÙÎ ÇÁÅÐIÃÀÞÒÜ ÕÂÎÑÒÈ

ÇÎÁÐÀÆÅÍÍß ×ÈÑÅË ÅËÅÌÅÍÒÀÐÍÈÌÈ

ËÀÍÖÞÃÎÂÈÌÈ ÄÐÎÁÀÌÈ

Ó öüîìó ðîçäiëi îñíîâíèì çàñîáîì çîáðàæåííÿ ÷èñåë ¹ åëåìåíòàðíèé

ëàíöþãîâèé äðiá i íåñêií÷åííèé àëôàâiò, à îá'¹êòàìè äîñëiäæåííÿ ¹ ôóí-

êöi¨, ÿêi çáåðiãàþòü õâîñòè çîáðàæåííÿ ÷èñåë. Ãåîìåòðiÿ òàêîãî çîáðàæåí-

íÿ ÷èñåë íå ¹ ñàìîïîäiáíîþ, ùî ñòâîðþ¹ òåõíi÷íi i çìiñòîâíi òðóäíîùi ïðè

ðîçâ'ÿçóâàííi çàäà÷ ìåòðè÷íîãî õàðàêòåðó, àëå öå ñóòò¹âî çáàãà÷ó¹ òåîðiþ

îá'¹êòàìè, ïðèéîìàìè, ìåòîäàìè, ñõåìàìè äîñëiäæåííÿ. Çàðàäè êîðåêòíî-

ñòi îçíà÷åíü îá'¹êòiâ äîñëiäæåííÿ äîìîâèìîñü âèêîðèñòîâóâàòè òå çîáðà-

æåííÿ ðàöiîíàëüíèõ ÷èñåë, îñòàííié åëåìåíò ÿêîãî âiäìiííèé âiä îäèíèöi.

2.1. Ôóíêöi¨, çàäàíi ïåðåòâîðþâà÷àìè ïåðøîãî åëåìåíòà

çîáðàæåííÿ ÷èñåë

Íåõàé i � äîâiëüíå ôiêñîâàíå íàòóðàëüíå ÷èñëî, ϕi(j) � çàäàíà íàòóðàëü-

íà ôóíêöiÿ íàòóðàëüíî¨ çìiííî¨ j, çàëåæíà âiä ïàðàìåòðà i. Ðîçãëÿäà¹òüñÿ

ôóíêöiÿ fϕi, îçíà÷åíà ðiâíiñòþ

y = fϕi(x) = [ϕi(a1), a2, . . . , an, . . .], äå x = [a1, a2, . . . , an, . . .]. (2.1)

Çàóâàæèìî, ùî çíà÷åííÿ ôóíêöi¨, ÿêà çàäà¹òüñÿ âèðàçîì (2.1), ¹ ðiçíè-

ìè äëÿ ðiçíèõ çîáðàæåíü ðàöiîíàëüíîãî ÷èñëà.

Ó òî÷öi x = 1 äîâèçíà÷èìî ôóíêöiþ fϕi(x) ïî íåïåðåðâíîñòi:

fϕi(1) := lim
x→1

fϕi(x) = [ϕi(1)].
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Òåîðåìà 2.1.1. Ôóíêöiÿ fϕi íà êîæíîìó öèëiíäði ïåðøîãî ðàíãó ¹ íå-

ïåðåðâíîþ é ñòðîãî çðîñòàþ÷îþ ôóíêöi¹þ, ïðè÷îìó íà ∆c.f.
a1

âèðàæà¹òüñÿ

ôîðìóëîþ:

fϕi(x) =
x

(ϕi(a1)− a1)x+ 1
.

Äîâåäåííÿ. Íà êîæíîìó öèëiíäði ïåðøîãî ðàíãó ∆c.f.
a1

çíà÷åííÿ

a1 = const, îòæå, äëÿ êîæíîãî i ∈ N ϕi(a1) = const. Òîäi

fϕi(x) =
1

ϕi(a1) +
1

a2 + . . .

=
1

ϕi(a1) +
1

x
− a1

=
x

(ϕi(a1)− a1)x+ 1
.

Ïðèïóñòèìî, ùî (ϕi(a1)− a1)x+ 1 = 0. Òîäi

x =
1

a1 − ϕi(a1)
/∈ ∆c.f.

a1
=

 1

a1 + 1
;

1

a1

 .
Äiéñíî, ÿêùî ϕi(a1) > a1, òî x < 0, ÿêùî ϕi(a1) < a1, òî

1

a1 − ϕi(a1)
>

1

a1
= max∆c.f.

a1
. Îòæå, (ϕi(a1) − a1)x + 1 6= 0, ùî é äîâîäèòü

íåïåðåðâíiñòü ôóíêöi¨ íà öèëiíäði ïåðøîãî ðàíãó.

Íåõàé x1 = [a1, a2, . . . , an, . . .], x2 = [a1, a
′
2, . . . , a

′
n, . . .].

ßêùî ∆c.f.
a1
3 x1 < x2 ∈ ∆c.f.

a1
, òî ∃n ∈ N òàêå, ùî

ai = a′i, i = 1, ..., n,

a2n+1 > a′2n+1,ai = a′i, i = 1, ..., 2n− 1,

a2n < a′2n.

Òàêà ñóêóïíiñòü îçíà÷à¹, ùî

[ϕi(a1), a2, . . . , an, . . .] < [ϕi(a1), a
′
2, . . . , a

′
n, . . .],

òîáòî fϕi(x1) < fϕi(x2), ùî é äîâîäèòü ñòðîãå çðîñòàííÿ ôóíêöi¨ fϕi(x) íà

êîæíîìó öèëiíäði ïåðøîãî ðàíãó.
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Òåîðåìà 2.1.2. Ôóíêöiÿ fϕi ¹ íåïåðåðâíîþ íà ïiâiíòåðâàëi (0; 1] òîäi

i ëèøå òîäi, êîëè ϕi(a1) = ϕ(i) + a1.

Äîâåäåííÿ. Ä î ñ ò à ò í i ñ ò ü. Íåõàé ϕi(a1) = ϕ(i) + a1. Òîäi

fϕi(x) =
1

ϕ1(i) + a1 +
1

a2 + . . .

=
1

ϕ(i) +
1

x

=
x

ϕ(i)x+ 1
.

Î÷åâèäíî, ôóíêöiÿ íåïåðåðâíà íà (0; 1].

Í å î á õ i ä í i ñ ò ü. Íåõàé fϕi(x) íåïåðåðâíà íà (0; 1]. Ðîçãëÿíåìî

ñïiëüíèé êiíåöü öèëiíäðiâ ∆c.f.
n i ∆c.f.

n+1, òîáòî òî÷êó x0 =
1

n+ 1
. Âèáåðåìî

äâi ïîñëiäîâíîñòi: x(1)
k = [n, 1, k]→ x0 ñïðàâà ïðè k →∞,

x
(2)
k = [n+ 1, k]→ x0 çëiâà ïðè k →∞, k ∈ N.

Òîäi

A ≡ lim
k→∞

fϕi(x
(1)
k ) = lim

k→∞
[ϕi(n), 1, k] = [ϕi(n), 1],

B ≡ lim
k→∞

fϕi(x
(2)
k ) = lim

k→∞
[ϕi(n+ 1), k] = [ϕi(n+ 1)].

Ç óìîâè íåïåðåðâíîñòi ôóíêöi¨ â òî÷öi x0 âèïëèâà¹, ùî

A = B = fϕi(x0).

Òàêèì ÷èíîì, ìà¹ìî ñèñòåìó ôóíêöiîíàëüíèõ ðiâíÿíü:

ϕ : N 2 → N, ϕi(n) + 1 = ϕi(n+ 1).

Ïiäñòàâëÿþ÷è ïî÷åðãîâî çàìiñòü n çíà÷åííÿ 0, 1, 2, . . . ,m îòðèìó¹ìî íà-
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ñòóïíó ñèñòåìó ðiâíîñòåé:

ϕi(1)− ϕi(0) = 1,

ϕi(2)− ϕi(1) = 1,

ϕi(3)− ϕi(2) = 1,

. . . . . . . . . . . . . . . ,

ϕi(m− 1)− ϕi(m− 2) = 1,

ϕi(m)− ϕi(m− 1) = 1.

Äîäàâøè öi ðiâíîñòi, i ïåðåïîçíà÷èâøè ϕi(0) = ϕ(i) îòðèìó¹ìî âèðàç äëÿ

ôóíêi¨ ϕi(m): ϕi(m) = ϕ(i) +m.

Ðîçãëÿíåìî äâà íàéïðîñòiøi ïðåäñòàâíèêè êëàñó ôóíêöié, îçíà÷åíèõ

ðiâíiñòþ (2.1).

Ëåìà 2.1.1. Ôóíêöiÿ vi(x), îçíà÷åíà ðiâíîñòÿìè

vi([a1, a2, . . . , an]) = [i+ a1, a2, . . . , an],

vi([a1, a2, . . . , an, . . .]) = [i+ a1, a2, . . . , an, . . .],

ìà¹ àíàëiòè÷íèé âèðàç

vi(x) =
x

ix+ 1

i ¹ íåïåðåðâíîþ ìîíîòîííî çðîñòàþ÷îþ íà (0; 1] ôóíêöi¹þ, ãðàôiê ÿêî¨ ¹

îïóêëèé âãîðó, à iíòåãðàë âèðàæà¹òüñÿ ôîðìóëîþ:

1∫
0

vi(x)dx = − ln(1 + i)

i2
+

1

i
.

Äîâåäåííÿ. Àíàëiòè÷íèé âèðàç ôóíêöi¨, ¨¨ íåïåðåðâíiñòü íà (0; 1] i ìî-

íîòîííiñòü âèïëèâà¹ ç òåîðåì 2.1.1 i 2.1.2. Äðóãà ïîõiäíà

v′′i (x) = −2i(ix+ 1)−3

íàáóâà¹ ëèøå âiä'¹ìíèõ çíà÷åíü, òîìó ãðàôiê ôóíêöi¨ ¹ îïóêëèì âãîðó.
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Ëåìà 2.1.2. Ôóíêöiÿ ui(x), ÿêà äëÿ êîæíîãî íàòóðàëüíîãî çíà÷åííÿ

ïàðàìåòðà i âèçíà÷à¹òüñÿ ó iððàöiîíàëüíèõ òî÷êàõ ïiâiíòåðâàëà (0; 1]

ðiâíiñòþ

ui([a1, a2, . . . , an, . . .]) = ([ia1, a2, . . . , an, . . .]),

i äîîçíà÷à¹òüñÿ ó âñiõ ðàöiîíàëüíèõ òî÷êàõ ðiâíiñòþ

ui([a1, a2, . . . , an]) = ([ia1, a2, . . . , an])

íà êîæíîìó öèëiíäði ïåðøîãî ðàíãó ¹ íåïåðåðâíîþ é ñòðîãî çðîñòàþ÷îþ

ôóíêöi¹þ, ïðè÷îìó

ui(x) =
x

n(i− 1)x+ 1
, äå a1(x) = n,

à íà êiíöÿõ öèëiíäðiâ ìà¹ ðîçðèâè ïåðøîãî ðîäó, ïðè÷îìó ñòðèáîê ôóíêöi¨

ó òî÷öi x =
1

n+ 1
= max ∆c.f.

n+1 ðiâíèé
i− 1

(in+ 1)(n+ 1)i
.

Äîâåäåííÿ. Íåõàé x ∈ ∆c.f.
n , òîáòî x = [n, a2(x), a3(x), . . . , ak(x), . . .].

Òîäi

ui(x) =
1

in+
1

a2 + . . .

=
1

in+
1

x
− n

=
x

n(i− 1)x+ 1
.

Âðàõîâóþ÷è òå, ùî çíàìåííèê íå ïåðåòâîðþ¹òüñÿ â 0 â òî÷êàõ öèëiíäðà,

äîõîäèìî âèñíîâêó ïðî íåïåðåðâíiñòü ôóíêöi¨ íà öèëiíäðè÷íîìó iíòåðâà-

ëi ïåðøîãî ðàíãó. Íà êîæíîìó öèëiíäði ïåðøîãî ðàíãó ôóíêöiÿ ui(x) ¹

äðîáîâî-ëiíiéíîþ ôóíêöi¹þ, ïîõiäíà ÿêî¨

u′i(x) =
1

(a1(i− 1)x+ 1)2

íàáóâà¹ ëèøå äîäàòíèõ çíà÷åíü.

Îñêiëüêè

B = lim
x→ 1

n+1−0
ui(x) = lim

x→ 1
n+1

x

(n+ 1)(i− 1)x+ 1
=

1

i(n+ 1)
= ui([n+ 1]),
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òî ôóíêöiÿ ui(x) ¹ íåïåðåðâíîþ çëiâà â òî÷öi
1

n+ 1
. Îá÷èñëèâøè ãðàíèöþ

A = lim
x→ 1

n+1+0
ui(x) = lim

x→ 1
n+1

x

n(i− 1)x+ 1
=

1

in+ 1

îòðèìó¹ìî, ùî ðîçðèâ ó òî÷öi
1

n+ 1
ñêëàäà¹:

∆ui

 1

n+ 1

 = |A−B| =

∣∣∣∣∣∣ 1

in+ 1
−

1

i(n+ 1)

∣∣∣∣∣∣ =
i− 1

(in+ 1)(n+ 1)i
.

Î÷åâèäíî, ùî êëàñ ôóíêöié ui(x) ìiñòèòü ëiíiéíó ôóíêöiþ u1(x) = x i

ui

 1

n+ 1

 =
1

i(n+ 1)
, i ∈ N.

Íàñëiäîê 2.1.1. Íà öèëiíäði ïåðøîãî ðàíãó âèçíà÷åíèé iíòåãðàë âiä

ôóíêöi¨ ui(x) âèðàæà¹òüñÿ ôîðìóëîþ:

[a1]∫
[a1+1]

ui(x)dx =
i− 1− (a1 + 1) ln

i(a1 + 1)

ia1 + 1
(i− 1)2(a1 + 1)a2

1

.

Ëåìà 2.1.3. Äëÿ êîæíîãî x ∈ (0; 1] ìàþòü ìicöå ñïiââiäíîøåííÿ:

ui(x) > vi(x) çà óìîâè i = 1 ∨ a1 = 1;

ui(x) = vi(x) çà óìîâè i = a1 = 2;

ui(x) < vi(x) ó âñiõ iíøèõ âèïàäêàõ.

Äîâåäåííÿ. Ðîçãëÿíåìî ðiçíèöþ ui(x)− vi(x):

ui(x)− vi(x) =
x

a1(i− 1)x+ 1
−

x

ix+ 1
=

x2(a1 + i− a1i)

(ix+ 1)(a1(i− 1)x+ 1)
.
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Äëÿ äîñëiäæåííÿ ïðîìiæêiâ çíàêîñòàëîñòi îñòàííüîãî äðîáó äîñòàòíüî ðîç-

ãëÿíóòè çíàê âèðàçó a1 + i− a1i. Ïðè i = 1 àáî a1 = 1 äàíèé âèðàç íàáóâà¹

çíà÷åííÿ 1, îòæå ui(x) > vi(x). Ïðè i = a1 = 2 âèðàç a1+i−a1i ïåðåòâîðþ¹-

òüñÿ â 0, îòæå ui(x) = vi(x). Â óñiõ iíøèõ âèïàäêàõ âèðàç a1+i−a1i íàáóâà¹

ëèøå âiä'¹ìíèõ çíà÷åíü, ç ÷îãî âèïëèâà¹ îñòàííÿ íåðiâíiñòü ëåìè.

Íàñëiäîê 2.1.2. Ðiâíÿííÿ

ui(x) = vi(x) (2.2)

ìà¹ êîíòèíóàëüíó ìíîæèíó ðîçâ'ÿçêiâ ïðè a1 = i = 2 i íå ìà¹ ðîçâ'ÿçêiâ

ó âñiõ iíøèõ âèïàäêàõ.

Iíøèìè ñëîâàìè, ïðè i = 2 áóäü-ÿêå ÷èñëî ó ôîðìi [2, a1, a2, . . .] áóäå

ðîçâ'ÿçêîì ðiâíÿííÿ (2.2).

2.2. Îïåðàòîðè ëiâîñòîðîííüîãî òà ïðàâîñòîðîííüîãî çñóâiâ

öèôð çîáðàæåííÿ

Ðîçãëÿíåìî îïåðàòîð ëiâîñòîðîííüîãî çñóâó öèôð T (x), çàäàíèé ðiâíi-

ñòþ (1.2), ïðè÷îìó äîîçíà÷èìî éîãî ïî íåïåðåðâíîñòi: T (1) := 0.

Ëåìà 2.2.1. Îïåðàòîð ëiâîñòîðîííüîãî çñóâó öèôð T (x) ¹ êóñêîâî-

íåïåðåðâíîþ ôóíêöi¹þ, ÿêà íà öèëiíäðàõ ïåðøîãî ðàíãó àíàëiòè÷íî çàäà-

¹òüñÿ ôîðìóëîþ:

T (x) =
1

x
− a1(x). (2.3)

Ó êîæíié òî÷öi ó ôîðìi 1
i+1 , i ∈ N ôóíêöiÿ ìà¹ ðîçðèâ ïåðøîãî ðîäó çi

ñòðèáêîì 1.

Äîâåäåííÿ. Äiéñíî, îñêiëüêè x =
1

a1(x) +
1

a2(x) + . . .

=
1

a1(x) + T (x)
,

òî T (x) =
1

x
− a1(x). Ñòðèáîê ôóíêöi¨ ó òî÷êàõ ó ôîðìi x = [i + 1], i ∈ N
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äîðiâíþ¹:

∆T ([i+ 1]) =

∣∣∣∣∣ lim
x→ 1

i+1−0
T (x)− lim

x→ 1
i+1+0

T (x)

∣∣∣∣∣ =

=

∣∣∣∣∣ lim
x→ 1

i+1−0
a1(x)− lim

x→ 1
i+1+0

a1(x)

∣∣∣∣∣ = (i+ 1)− i = 1.

Çàóâàæèìî, ùî çâ'ÿçîê ìiæ ôóíêöiÿìè T (x) i ui(x) âèðàæà¹òüñÿ ôîð-

ìóëîþ:

ui(x) =
1

ia1 + T (x)
.

Íåõàé i � íàòóðàëüíèé ïàðàìåòð. Îïåðàòîð, çàëåæíèé âiä ïàðàìåòðà i,

êîðåêòíî îçíà÷åíèé íà ïiâiíòåðâàëi (0; 1] ðiâíîñòÿìè

δi(x) = [i, a1, a2, . . . , an], δi(x) = [i, a1, a2, . . . , an, . . .], i = 1, 2, . . . .

âiäïîâiäíî i äîîçíà÷åíèé çà íåïåðåðâíiñòþ: δi(0) :=
1

i
íàçèâà¹òüñÿ îïåðà-

òîðîì ïðàâîñòîðîííüîãî çñóâó åëåìåòiâ çîáðàæåííÿ ÷èñåë åëåìåíòàðíèì

ëàíöþãîâèì äðîáîì.

Î÷åâèäíèìè ¹ ðiâíîñòi: T (δi(x)) = x i δa1(x) (T (x)) = x.

Ëåìà 2.2.2. Ôóíêöiÿ δi(x) àíàëiòè÷íî âèðàæà¹òüñÿ ôîðìóëîþ

δi(x) =
1

i+ x

i ¹ íåïåðåðâíîþ i ñòðîãî ñïàäíîþ íà [0; 1], ïðè÷îìó ìíîæèíîþ ¨¨ çíà÷åíü

¹ ïðîìiæîê: [
1

i+ 1
;
1

i

]
.

Äîâåäåííÿ. Äiéñíî,

δi(x) =
1

i+
1

a1 + . . .

=
1

i+ x
.

Íåïåðåðâíiñòü i ìîíîòîííiñòü ëåãêî äîâîäèòüñÿ çàñîáàìè ìàòåìàòè÷íîãî

àíàëiçó.
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Ëåìà 2.2.3. ßêùî i � ôiêñîâàíå íàòóðàëüíå ÷èñëî, òî ðiâíÿííÿ

δi(x) = T (x) (2.4)

ìà¹ çëi÷åííó ìíîæèíó ðîçâ'ÿçêiâ:

x(i)
n = [n, i, n, i, . . .] = [n, i], n ∈ N,

êîæåí ç ÿêèõ ¹ iððàöiîíàëüíèì ÷èñëîì.

Äîâåäåííÿ. Íà ìíîæèíi iððàöiîíàëüíèõ ÷èñåë ðiâíÿííÿ (2.4) ìîæíà çà-

ïèñàòè ó âèãëÿäi

[i, a1(x), a2(x), . . .] = [a2(x), a3(x), . . .]. (2.5)

Ç ¹äèíîñòi çîáðàæåííÿ iððàöiîíàëüíîãî ÷èñëà åëåìåíòàðíèì ëàíöþãîâèì

äðîáîì, ìà¹ìî îäíî÷àñíå âèêîíàííÿ ðiâíîñòåé:

i = a2, a1 = a3, a2 = a4 = i, a3 = a5 = a1, . . . ,

ñèñòåìà ÿêèõ ðiâíîñèëüíà (2.5). Çâiäêè áà÷èìî, ùî ïðè äîâiëüíîìó íàòó-

ðàëüíîìó a1 = n ÷èñëî x = [n, i] ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (2.4).

Ñêií÷åííèé ëàíöþãîâèé äðiá íå ìîæå áóòè ðîçâ'ÿçêîì ðiâíÿííÿ (2.4),

îñêiëüêè íåìîæëèâîþ ¹ ðiâíiñòü

[i, a1, a2, . . . , an] = [a2, . . . , an],

ïðàâà ÷àñòèíà ÿêî¨ ìiñòèòü íà äâà åëåìåíòè ìåíøå, íiæ ëiâà.

2.3. Íåïåðåðâíi ïåðåòâîðåííÿ, ÿêi çáåðiãàþòü õâîñòè

åëåìåíòàðíîãî ëàíöþãîâîãî çîáðàæåííÿ ÷èñåë

Ëåìà 2.3.1. Ôóíêöiÿ

f(x) =

 δ1(x), ÿêùî 0 6 x 6 x
(1)
1 ;

T (x), ÿêùî x
(1)
1 6 x 6 1,

(2.6)

¹ íåïåðåðâíîþ i ñòðîãî ñïàäíîþ íà [0; 1], ïðè÷îìó f(0) = 1 i f(1) = 0.
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Äîâåäåííÿ. Öå òâåðäæåííÿ âèïëèâà¹ ç òîãî, ùî ôóíêöiÿ δ1(x) ¹ íåïå-

ðåðâíîþ i ñòðîãî ñïàäíîþ íà âiäðiçêó [0; 1], à T (x) ¹ íåïåðåðâíîþ i ñòðî-

ãî ñïàäíîþ íà öèëiíäðàõ ïåðøîãî ðàíãó, ïðè÷îìó δ1(0) = 1, T (1) = 0 i

x
(1)
1 ∈ ∆c.f.

1 .

Îçíà÷åííÿ 2.3.1. Êàæóòü, ùî ôóíêöiÿ ϕ(x), ÿêà âèçíà÷åíà íà âiä-

ðiçêó [0; 1] i íàáóâà¹ çíà÷åíü ç [0; 1], çáåðiãà¹ õâîñòè åëåìåíòàðíîãî ëàí-

öþãîâîãî çîáðàæåííÿ ÷èñåë, ÿêùî äëÿ áóäü-ÿêîãî x ∈ [0; 1] iñíóþòü òà-

êi öiëi íåâiä'¹ìíi ÷èñëà k = k(x) i m = m(x), ùî ìàþòü ìiñöå ðiâíîñòi

ak+j(x) = am+j(ϕ(x)) äëÿ êîæíîãî j ∈ N.

Íàéïðîñòiøèìè ôóíêöiÿìè, ÿêi çáåðiãàþòü õâîñòè åëåìåíòàðíîãî ëàí-

öþãîâîãî çîáðàæåííÿ ¹ ôóíêöi¨ f(x) = x, T (x) i δi(x). Äëÿ íèõ ÷èñëà k i

m ¹ àáñîëþòíèìè êîíñòàíòàìè, ïðè÷îìó äëÿ ïåðøî¨ ç íèõ k = 0 = m, äëÿ

äðóãî¨ k = 1,m = 0, äëÿ òðåòüî¨ k = 0,m = 1.

Íàãàäà¹ìî, ùî ïåðåòâîðåííÿì íåïîðîæíüî¨ ìíîæèíè X íàçèâà¹òüñÿ

ái¹êòèâíå âiäîáðàæåííÿ öi¹¨ ìíîæèíè íà ñåáå. Êîæíå ïåðåòâîðåííÿ âiäðiç-

êà [0; 1] ¹ ôóíêöi¹þ, àëå íå êîæíà ôóíêöiÿ ¹ ïåðåòâîðåííÿì. Íåïåðåðâíi

ïåðåòâîðåííÿ âiäðiçêà [0; 1] âè÷åðïóþòüñÿ ñòðîãî ìîíîòîííèìè ôóíêöiÿìè

ç ìíîæèíîþ çíà÷åíü [0; 1].

Ôóíêöi¨ T (x) i δi(x) íå ¹ ïåðåòâîðåííÿìè âiäðiçêà [0; 1], àëå ôóíêöiÿ,

âèçíà÷åíà ðiâíiñòþ (2.6) ¹ íåïåðåðâíèì ïåðåòâîðåííÿì [0; 1].

Òåîðåìà 2.3.1. ßêùî s � ôiêñîâàíå íàòóðàëüíå ÷èñëî, (n1, n2, . . . , ns),

(m1,m2, . . . ,ms) � çàäàíi íàáîðè íàòóðàëüíèõ ÷èñåë, ùî çàäîâîëüíÿþòü

óìîâè

1 < n1 < n2 < . . . < ns, m1 > m2 > . . . > ms > 1,
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òî ôóíêöiÿ

f(x) =



δ1(x), 0 6 x 6 x
(1)
m1,

T (x), x
(1)
m1 < x 6 x

(n1)
m1 ,

δn1(x), x
(n1)
m1 < x 6 x

(n1)
m2 ,

T (x), x
(n1)
m2 < x 6 x

(n2)
m2 ,

. . . . . . . . . . . . . . . . . .,

δns(x), x
(ns)
ms < x 6 x

(ns)
1 ,

T (x), x
(ns)
1 < x 6 1;

(2.7)

¹ íåïåðåðâíèì ñòðîãî ñïàäíèì ïåðåòâîðåííÿì [0; 1], ùî çáåðiãà¹ õâîñòè

çîáðàæåííÿ ÷èñåë åëåìåíòàðíèìè ëàíöþãîâèìè äðîáàìè i ôðàêòàëüíó

ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à áîðåëiâñüêèõ ìíîæèí.

Äîâåäåííÿ. Äàíå òâåðäæåííÿ âèïëèâà¹ ç òîãî, ùî ôóíêöiÿ δi(x) ¹ íå-

ïåðåðâíîþ i ñòðîãî ñïàäíîþ íà âiäðiçêó [0; 1], à ôóíêöiÿ T (x) ¹ íåïåðåðâ-

íîþ i ñòðîãî ñïàäíîþ íà öèëiíäðàõ ïåðøîãî ðàíãó. Ïðè÷îìó, ðîçâ'ÿçêîì

ðiâíÿííÿ δi(x) = T (x) íà öèëiíäði ðàíãó m ¹ ÷èñëî x(i)
m . Ôóíêöi¨ T (x) i

δi(x) çáåðiãàþòü ôðàêòàëüíó ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à áîðåëiâ-

ñüêèõ ìíîæèí, òîáòî êîæíà áîðåëiâñüêà ïiäìíîæèíà [0; 1] i ¨ ¨ îáðàç ìàþòü

îäíàêîâó ðîçìiðíiñòü, ùî âèïëèâà¹ ç àíàëiòè÷íèõ âèðàçiâ öèõ ôóíêöié i

ðåçóëüòàòiâ ðîáîòè [57]. Òîìó òàêîþ ¹ i ôóíêöiÿ f(x), ÿêà ¹ ¾ñêií÷åííîþ

êîìáiíàöi¹þ¿ ôóíêöié T (x) i δi(x).

Íàñëiäîê 2.3.1. Ôóíêöiÿ F (x) = 1 − f(x) ¹ àáñîëþòíî íåïåðåðâíîþ

ôóíêöi¹þ ðîçïîäiëó éìîâiðíîñòåé íà âiäðiçêó [0; 1].

2.4. Iíøi ôóíêöi¨, ÿêi çáåðiãàþòü õâîñòè çîáðàæåííÿ

Íåõàé k � äåÿêå ôiêñîâàíå íàòóðàëüíå ÷èñëî, f(a1, a2, . . . , ak) � íàòó-

ðàëüíà ôóíêöiÿ íàòóðàëüíèõ çìiííèõ a1, a2, . . . , ak. Ïðîñòèìè ïðèêëàäàìè

òàêèõ ôóíêöié ïðè k = 2 ¹:

f1(n,m) = n+m, f2(n,m) = n ·m, f i3(n,m) = |n−m|+ i, i ∈ N.
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Îçíà÷èìî êëàñ ôóíêöié ðiâíiñòþ:

τf(x) = τf ([a1(x), a2(x), a3(x), . . .]) =

= [f(a1(x), a2(x), . . . , ak(x)), ak+1(x), ak+2(x), . . .].

Ëåìà 2.4.1. Ôóíêöiÿ τf(x) çàäà¹òüñÿ ôîðìóëîþ:

τf(x) =
1

f(a1, a2, . . . , ak) + T k(x)
(2.8)

i ¹ íåïåðåðâíîþ i ìîíîòîííî çðîñòàþ÷îþ (ñïàäíîþ) íà êîæíîìó iç öèëií-

äðiâ k-ãî ðàíãó ïðè íåïàðíîìó (ïàðíîìó) çíà÷åííi k, ìíîæèíîþ çíà÷åíü

ÿêî¨ ¹ ïiâiíòåðâàë

 1

f(a1, a2, . . . , ak) + 1
,

1

f(a1, a2, . . . , ak)

.
Äîâåäåííÿ. Ðiâíiñòü (2.8) ¹ î÷åâèäíîþ. Âðàõîâóþ÷è, ùî ôóíêöiÿ

f(a1(x), a2(x), . . . , ak(x))

íà êîæíîìó iç öèëiíäðiâ k-ãî ðàíãó ¹ ñòàëîþ, à ôóíêöiÿ T k(x) ¹ çðîñòàþ-

÷îþ (ñïàäíîþ) ïðè ïàðíîìó (íåïàðíîìó) k, îòðèìó¹ìî, ùî ôóíêöiÿ τf(x) ¹

çðîñòàþ÷îþ (ñïàäíîþ) ïðè íåïàðíîìó (ïàðíîìó) k. Íåïåðåðâíiñòü ôóíêöi¨

τf(x) âèïëèâà¹ ç íåïåðåðâíîñòi îïåðàòîðà çñóâó T k(x). Ìíîæèíà çíà÷åíü

âèïëèâà¹ ç ðiâíîñòåé:

T k ([a1, a2, . . . , ak]) = 0, T k ([a1, a2, . . . , ak + 1]) = 1.

Ëåìà 2.4.2. ßêùî f i g � íàòóðàëüíi ôóíêöi¨ íàòóðàëüíèõ àðãóìåí-

òiâ a1(x), a2(x), . . . , ak(x), òî çâ'ÿçîê ìiæ ôóíêöiÿìè τf(x) i τg(x) âñòà-

íîâëþ¹òüñÿ ðiâíiñòþ:

τf(x) =
τg(x)

(f(x)− g(x))τg(x) + 1
.
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Äîâåäåííÿ. Îñêiëüêè τg(x) =
1

g(x) + T k(x)
, òî T k(x) =

1

τg(x)
− g(x).

Òîäi

τf(x) =
1

f(x) +
1

τg(x)
− g(x)

=
τg(x)

(f(x)− g(x))τg(x) + 1
.

Ëåìà 2.4.3. Àíàëiòè÷íî ôóíêöi¨ τf1(x), τf2(x), τf i3(x) çàäàþòüñÿ ôîð-

ìóëàìè:

τf1(x) =
1− x · a1(x)

a1(x) + x(1− a2
1(x))

,

τf2(x) =
a1x− 1

(a2
1a2 − a1a2 − 1)x− a1a2 + a2

,

τf i3(x) =



1

i+ T 2(x)
, ÿêùî a1 = a2,

T (x)

(a1 − 2a2 + i)T (x) + 1
, ÿêùî a1 > a2,

T (x)

(i− a1)T (x) + 1
, ÿêùî a1 < a2.

Äîâåäåííÿ. Äiéñíî, ìàþ÷è àíàëiòè÷íèé âèðàç îïåðàòîðà T (x), îòðèìó-

¹ìî

τf1(x) =
1

a1(x) + a2(x) +
1

a3(x) + . . .

=
1

a1(x) +
1

T (x)

=

=
1− x · a1(x)

a1(x) + x(1− a2
1(x))

.

Àíàëîãi÷íî îòðèìó¹òüñÿ âèðàç ôóíêöi¨ τf2(x). Âèðàç äëÿ ôóíêöi¨ τf i3(x)

îòðèìó¹òüñÿ â ðåçóëüòàòi ðîçêðèòòÿ ìîäóëÿ.

Òåîðåìà 2.4.1. Ôóíêöiÿ τf1(x):

1. êîðåêòíî âèçíà÷åíà;

2. íåïåðåðâíà íà êîæíîìó iç öèëiíäðiâ ïåðøîãî ðàíãó;
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3. ñïàäíà íà êîæíîìó iç öèëiíäðiâ ïåðøîãî ðàíãó;

4. îïóêëà âãîðó íà öèëiíäðàõ ïåðøîãî ðàíãó ïðè a1 6= 1.

Äîâåäåííÿ. 1. Ìà¹ìî äâà çîáðàæåííÿ ÷èñëà x ∈ Q∩ [0; 1] ó âèãëÿäi

ëàíöþãîâîãî äðîáó:

x1 = [a1, a2, ...an−1, 1] ≡ [a1, a2, ...an−1 + 1] = x2.

Çíà÷åííÿ ôóíêöi¨ â öèõ òî÷êàõ

τf1(x1) = [a1 + a2, ..., an−2, 1],

τf1(x2) = [a1 + a2, ..., an−2 + 1]

¹ çîáðàæåííÿìè îäíîãî é òîãî ñàìîãî ÷èñëà, ùî é ò. ä.

2. ßêùî x ∈
(

1
n+1 ; 1

n

]
òî a1 = n i τf1(x) =

1− xn
n+ x(1− n2)

. Çíàìåííèê

ôóíêöi¨ τf1(x) îáåðòà¹òüñÿ â íóëü ïðè x = n
n2−1 , àëå îñêiëüêè

x ∈
(

1
n+1 ; 1

n

]
i n
n2−1 >

1
n ,∀n > 2, òî x 6= n

n2−1 .

3. Çíàéäåìî τ ′f1(x):

τ ′f1(x) =
(1− xn)′(n+ x(1− n2))− (1− xn)(n+ x(1− n2))′

(n+ x(1− n2))2
=

−n2 − nx(1− n2)− (1− n2 − xn+ xn3)

(n+ x(1− n2))2
=

−1

(n+ x(1− n2))2
< 0,

îòæå, ôóíêöiÿ τf1(x) � ñïàäíà.

Îñêiëüêè ôóíêöiÿ τf1(x) ¹ íåïåðåðâíîþ i ñïàäíîþ íà êîæíîìó ç

ïiâiíòåðâàëiâ
(

1
n+1 ; 1

n

]
, òî

min
x∈( 1

n+1 ; 1n ]
τf1(x) = τf1

(
1

n

)
=

1− 1
nn

n+ 1
n(1− n2)

= 0;

sup
x∈( 1

n+1 ; 1n ]
τf1(x) = τf1

(
1

n+ 1

)
=

1− n
n+1

n+ 1
n+1(1− n2)

=
1

n+ 1
.
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4. Çíàéäåìî äðóãó ïîõiäíó ôóíêöi¨ τf1(x):

τ ′′f1(x) =

(
−1

(n+ x(1− n2))2

)′
=

2(n+ x(1− n2))′

(n+ x(1− n2))3
=

=
2(1− n2)

(n+ x(1− n2))3
.

Òóò ÷èñåëüíèê âiä'¹ìíèé, à çíàìåííèê � ñïàäíà ôóíêöiÿ. �� ìiíi-

ìóì íà ïiâiíòåðâàëi
(

1
n+1 ; 1

n

]
ðiâíèé 1

n ïðè x = 1
n , òîìó çíàìåííèê

ïðèéìà¹ ëèøå äîäàòíi çíà÷åííÿ. Îòæå, ôóíêöiÿ îïóêëà âãîðó íà

êîæíîìó ç âêàçàíèõ iíòåðâàëiâ. Íà öèëiíäði ∆c.f.
1 ôóíêöiÿ τf1(x) ¹

ëiíiéíîþ.

Ëåìà 2.4.4. Âèçíà÷åíèé iíòåãðàë âiä ôóíêöi¨ τf1(x) ìà¹ âèãëÿä:

1∫
0

τf1(x)dx =
1

8
+
∞∑
n=2

n− 1− lnn

(n2 − 1)2
.

Äîâåäåííÿ. Ïðîiíòåãðó¹ìî ôóíêöiþ τf1(x) íà ïiâiíòåðâàëi (0; 1]. Íà êî-

æíîìó öèëiíäði ïåðøîãî ðàíãó çíà÷åííÿ a1 ¹ ôiêñîâàíèì, i íåõàé a1 = n.

Çà àääèòèâíîþ âëàñòèâiñòþ âèçíà÷åíîãî iíòåãðàëó:

1∫
0

τf1(x)dx =
∞∑
n=1

1/n∫
1/(n+1)

1− xn
n+ x(1− n2)

dx.

Ïiäiíòåãðàëüíèé âèðàç ïðè n 6= 1 ìîæíà çàïèñàòè òàêèì ÷èíîì:

1− xn
n+ x(1− n2)

=
n

n2 − 1
+

1

1− n2
· 1

n+ x(1− n2)
.

Òîäi, ïðè n = 1 ìà¹ìî:

1∫
1/2

τf1(x)dx =

1∫
1/2

(1− x)dx =
1

8
,

à ïðè n = 2, 3, . . . îòðèìó¹ìî:

1/n∫
1/(n+1)

(
n

n2 − 1
+

1

1− n2
· 1

n+ x(1− n2)

)
dx =
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=

1/n∫
1/(n+1)

ndx

n2 − 1
+

1

1− n2

1/n∫
1/(n+1)

dx

n+ x(1− n2)
=

1

(n2 − 1)(n+ 1)
+

+
1

(1− n2)2

(
ln

(
n+ (1− n2)

1

n

)
− ln

(
n+ (1− n2)

1

n+ 1

))
=

=
1

(n2 − 1)(n+ 1)
+
− lnn

(1− n2)2
=
n− 1− lnn

(n2 − 1)2
.

Ñóìó öüîãî ðÿäó çíàéäåíî íàáëèæåíî:

1

8
+
∞∑
n=2

n− 1− lnn

(n2 − 1)2
≈ 0, 1952.

Ëåìà 2.4.5. Çâ'ÿçîê ìiæ ôóíêöiÿìè τf1(x) i T (x) âèçíà÷à¹òüñÿ ôîð-

ìóëîþ:

τf1(x) =
T (x)

a1(x)T (x) + 1
.

Äîâåäåííÿ. Äiéñíî,

τf1(x) =
1

a1(x) + a2(x) +
1

a3(x) + . . .

=
1

a1(x) +
1

T (x)

=
T (x)

a1(x)T (x) + 1
.

Ëåìà 2.4.6. Ðiâíÿííÿ

τf1(x) = δi(x) (2.9)

ìà¹ çëi÷åííó êiëüêiñòü ðîçâ'ÿçêiâ, çàãàëüíèé âèãëÿä ÿêèõ:

x = [k, i− k], k = 1, 2, . . . , i− 1.

Äîâåäåííÿ. Íà ìíîæèíi iððàöiîíàëüíèõ ÷èñåë ðiâíÿííÿ (2.9) ïåðåïèøå-

òüñÿ òàê:

[a1(x) + a2(x), a3(x), a4(x), . . .] = [i, a1(x), a2(x), . . .]. (2.10)
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Òîäi, ç ¹äèíîñòi çîáðàæåííÿ iððàöiîíàëüíîãî ÷èñëà ëàíöþãîâèì äðîáîì,

ìà¹ìî ñèñòåìó ðiâíîñòåé:

i = i,

a1 = a1,

a1 + a2 = i⇒ a2 = i− a1,

a3 = a1,

a4 = a2 = i− a1,

. . . . . . . . . . . . . . . ,

ÿêà åêâiâàëåíòíà ðiâíÿííþ (2.10). ßê i ó âèïàäêó ç ðiâíÿííÿì (2.4), ñêií-

÷åííèé ëàíöþãîâèé äðiá íå ìîæå áóòè ðîçâ'ÿçêîì ðiâíÿííÿ (2.9).
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Âèñíîâêè äî ðîçäiëó 2

Öåé ðîçäië ïðèñâÿ÷åíèé ôóíêöiÿì, ÿêi çáåðiãàþòü õâîñòè åëåìåíòàðíî-

ãî ëàíöþãîâîãî çîáðàæåííÿ ÷èñåë. Ðîçãëÿíóòî íàéïðîñòiøi ôóíêöi¨, ÿêi çà-

äàíi ïåðåòâîðþâà÷àìè åëåìåíòiâ åëåìåíòàðíèõ ëàíöþãîâèõ äðîáiâ, à ñàìå:

ôóíêöi¨, çàäàíi ïåðåòâîðþâà÷àìè ïåðøîãî åëåìåíòà åëåìåíòàðíîãî ëàíöþ-

ãîâîãî äðîáó, îïåðàòîðè ëiâîñòîðîííüîãî i ïðàâîñòîðîííüîãî çñóâiâ öèôð

åëåìåíòàðíîãî ëàíöþãîâîãî çîáðàæåííÿ ÷èñåë i ôóíêöi¨, ïîâ'ÿçàíi ç íèìè.

Ïîáóäîâàíî íåïåðåðâíi ïåðåòâîðåííÿ âiäðiçêà [0; 1], ÿêi çáåðiãàþòü õâîñòè

åëåìåíòàðíîãî ëàíöþãîâîãî çîáðàæåííÿ ÷èñåë.

Îñíîâíèìè ðåçóëüòàòàìè öüîãî ðîçäiëó ¹ äîâåäåííÿ ôàêòiâ, ùî ñòîñó-

þòüñÿ:

� íåïåðåðâíîñòi òà ìîíîòîííîñòi çàäàíèõ ôóíêöié;

� ïîáóäîâè íåïåðåðâíèõ ïåðåòâîðåíü âiäðiçêà [0; 1], ÿêi çáåðiãàþòü õâî-

ñòè çîáðàæåííÿ ÷èñåë åëåìåíòàðíèìè ëàíöþãîâèìè äðîáàìè i ôðàêòàëüíó

ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à áîðåëiâñüêèõ ìíîæèí.

Îñíîâíi ðåçóëüòàòè öüîãî ðîçäiëó îïóáëiêîâàíi ó ðîáîòàõ [1a, 2a] i àïðî-

áîâàíi íà íàóêîâèõ êîíôåðåíöiÿõ, ïðî ùî ñâiä÷àòü òåçè äîïîâiäåé [7a, 12a,

13a].
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ÐÎÇÄIË 3

ÔÓÍÊÖI�, ÇÀÄÀÍI ÏÅÐÅÒÂÎÐÞÂÀ×ÀÌÈ ÖÈÔÐ

ÅËÅÌÅÍÒÀÐÍÎÃÎ ËÀÍÖÞÃÎÂÎÃÎ ÇÎÁÐÀÆÅÍÍß

×ÈÑÅË

Öåé ðîçäië ïðèñâÿ÷åíî äâîì ôóíêöiÿì, çàäàíèì ïåðåòâîðþâà÷àìè öèôð

çîáðàæåíü ÷èñåë ç íåñêií÷åííèìè àôàâiòàìè. Ïåðøà ôóíêöiÿ ¹ ïåâíèì àíà-

ëîãîì iíâåðñîðà öèôð çîáðàæåííÿ ÷èñåë çi ñêií÷åííèì àëôàâiòîì, ÿêèé äëÿ

Qs-çîáðàæåííÿ, âiäìiííîãî âiä s-êîâîãî, ¹ ñèíãóëÿðíîþ ôóíêöi¹þ ç ôðà-

êòàëüíèì íîñi¹ì. Òàêi iíâåðñîðè ðîçãëÿäàëèñÿ ó ðîáîòàõ [49, 55]. Äðóãà

ôóíêöiÿ çàäà¹òüñÿ ïðîåêòîðîì öèôð åëåìåíòàðíîãî ëàíöþãîâîãî çîáðàæå-

ííÿ ÷èñëà ó çîáðàæåííÿ ÷èñëà çíàêîçìiííèì ðÿäîì Ëþðîòà.

3.1. Êâàçiiíâåðñîð öèôð çîáðàæåííÿ ÷èñåë

Ðîçãëÿäà¹òüñÿ ôóíêöiÿ, îçíà÷åíà â iððàöiîíàëüíèõ òî÷êàõ iíòåðâàëó

(0; 1) ðiâíiñòþ:

f([a1, a2, . . . , an, . . .]) = [b1, b2, . . . , bn, . . .],

äå

b1 = 1, bn = ϕ(an) =

 1, ÿêùî an 6= 1;

n, ÿêùî an = 1, n = 2, 3, . . .,

i äîâèçíà÷åíà â óñiõ ðàöiîíàëüíèõ òî÷êàõ ïiâiíòåðâàëó (0; 1] ðiâíiñòþ

f([a1, a2, . . . , an]) = [b1, b2, . . . , bn],

ç äîìîâëåíiñòþ ç äâîõ ìîæëèâèõ ëàíöþãîâèõ çîáðàæåíü àðãóìåíòà âèêî-

ðèñòîâóâàòè ëèøå òå, ó ÿêîãî îñòàííié åëåìåíò âiäìiííèé âiä 1.
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Çãiäíî ç îçíà÷åííÿì ôóíêöi¨

f(x) = f([a1(x), a2(x), . . . , ak(x), . . .]) = [1, b2, . . . , bk, . . .].

Çàóâàæèìî, ùî

f((0; 1]) ⊂ ∆c.f.
1 = F1,

òîáòî ìíîæèíà çíà÷åíü ôóíêöi¨ f(x) íàëåæèòü öèëiíäðó ∆c.f.
1 .

ßêùî x ∈ ∆c.f.
a1a2

, òî f(x) ⊂ ∆c.f.
1b2
, äå b2 = ϕ(a2) ∈ {1, 2}.

Ëåìà 3.1.1. Îáðàç öèëiíäðà ∆c.f.
a1a2...ani

ïðè âiäîáðàæåííi f íàëåæèòü

ìíîæèíi ∆c.f.
1b2...bn1, ÿêùî i 6= 1, i ∆c.f.

1b2...bn[n+1], ÿêùî i = 1, ïðè÷îìó

f
(
∆c.f.
a1a2...an

)
⊂ ∆c.f.

1b2...bn1 ∪∆c.f.
1b2...bn[n+1].

Äîâåäåííÿ. Ñïðàâäi, ÿêùî x ∈ ∆c.f.
a1a2...an1, òî çãiäíî ç îçíà÷åííÿì ôóí-

êöi¨ f(x) ∈ ∆c.f.
1b2...bn[n+1]. ßêùî æ x ∈ ∆c.f.

a1a2...ani
, äå i 6= 1, òî f(x) ∈ ∆c.f.

1b2...bn1.

Îòæå, f
(
∆c.f.
a1a2...an

)
= f

( ∞⋃
i=2

∆c.f.
a1...ani

∪∆c.f.
a1...an1

)
⊂ ∆c.f.

1b2...bn1∪∆c.f.
1b2...bn[n+1].

Òåîðåìà 3.1.1. Ìíîæèíîþ çíà÷åíü ôóíêöi¨ f ¹ ìíîæèíà êàíòîðiâ-

ñüêîãî òèïó (íiäå íå ùiëüíà ìíîæèíà íóëüîâî¨ ìiðè Ëåáåãà)

Ef =
∞⋂
k=1

Fk = lim
k→∞

Fk,

äå

F1 = ∆c.f.
1 , Fk =

⋃
b2∈{1,2}

⋃
b3∈{1,3}

· · ·
⋃

bk∈{1,k}

∆c.f.
1b2b3...bk

.

Äîâåäåííÿ. Çãiäíî ç âèùå çðîáëåíèì çàóâàæåííÿì Ef ⊂ F1. Îñêiëüêè

ïiâiíòåðâàë (0; 1] ¹ îá'¹äíàííÿì âñiõ öèëiíäðiâ k-ãî ðàíãó ïðè êîæíîìó

íàòóðàëüíîìó k, òî çãiäíî ç ëåìîþ 3.1.1

f((0; 1]) = f

 ⋃
(a1,...,ak)

∆c.f.
a1...ak

 ⊂ Fk.
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Òîìó Ef ⊂
∞⋂
k=1

Fk. Ðîçãëÿíåìî öèëiíäð n-ãî ðàíãó ∆c.f.
1b2...bn

. Âií ìiñòèòü

öèëiíäðè âèùèõ ðàíãiâ, ÿêi íå íàëåæàòü ìíîæèíi çíà÷åíü ôóíêöi¨ f . Öå

âñi öèëiíäðè ó ôîðìi ∆c.f.
1b2...bnk

, k 6∈ {1, n+ 1}. Òîìó ìíîæèíà E(f) ¹ íiäå íå

ùiëüíîþ.

Òåîðåìà 3.1.2. Ôóíêöiÿ f ¹ íiäå íå ìîíîòîííîþ. Ìíîæèíà ¨¨ ðiâíÿ

y0 = [1, b2, . . . , bn, . . .], bn ∈ {1, n} ¹:
1) ç÷èñëåííîþ, ÿêùî â çîáðàæåííi ÷èñëà y0 êiëüêiñòü îäèíèöü ñêií÷åííà;

2) êîíòèíóàëüíîþ, ÿêùî êiëüêiñòü îäèíèöü íåñêií÷åííà.

Äîâåäåííÿ. Ðîçãëÿíåìî äâà çíà÷åííÿ àðãóìåíòà, ÿêi íàëåæàòü îäíîìó

öèëiíäðó n-ãî ðàíãó àëå íàëåæàòü ðiçíèì öèëiíäðàì (n+ 1)-ãî ðàíãó:

x1 = [a1, a2, . . . , an, an+1, . . .] i x2 = [a1, a2, . . . , an, a
′
n+1, . . .],

ïðè÷îìó íåõàé x1 < x2. Íåõàé, îêðiì òîãî, n � íåïàðíå. Ó òàêîìó âèïàäêó

a
(1)
n+1 < a

(2)
n+1.

Ðîçãëÿíåìî òåïåð âiäïîâiäíi çíà÷åííÿ ôóíêöi¨:

f(x1) = [b1, b2, . . . , bn, b
1
n+1, . . .] i f(x2) = [b1, b2, . . . , bn, b

2
n+1, . . .].

Îñêiëüêè a(1)
n+1 < a

(2)
n+1, òî a

(2)
n+1 6= 1. Òîäi b(2)

n+1 = 1 i b(1)
n+1 ∈ {1, n+ 1}. Îòæå,

b
(1)
n+1 > b

(2)
n+1.

ßêùî b(1)
n+1 > b

(2)
n+1 òî f(x1) > f(x2).

ßêùî b(1)
n+1 = b

(2)
n+1, òî ç

b
(1)
n+2 > b

(2)
n+2 ⇒ f(x1) < f(x2),

b
(1)
n+2 < b

(2)
n+2 ⇒ f(x1) > f(x2),

ùî é äîâîäèòü íiäå íå ìîíîòîííiñòü ôóíêöi¨. Ó âèïàäêó ïàðíîãî n ìiðêó-

âàííÿ àíàëîãi÷íi.

Ïðîîáðàç x çíà÷åííÿ ôóíêöi¨ y0 ìà¹ åëåìåíòè:

a1 � äîâiëüíå íàòóðàëüíå ÷èñëî,

an � äîâiëüíå íàòóðàëüíå ÷èñëî, êðiì 1, ÿêùî bn = 1 i 1, ÿêùî bn = n.
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Òîìó ïðè ñêií÷åííié êiëüêîñòi 1 ó çîáðàæåííi y0 ìíîæèíà f(y0) ¹ ñêií-

÷åííèì îá'¹äíàííÿì çëi÷åííèõ ìíîæèí. ßêùî æ 1 ó çîáðàæåííi y0 íåñêií-

÷åííà êiëüêiñòü, òî ìàþ÷è íåñêií÷åííó êiëüêiñòü ìiñöü ç àëüòåðíàòèâàìè

îòðèìó¹ìî êîíòèíóàëüíó ìíîæèíó (öå äîâîäèòüñÿ ïðîñòî ÷åðåç ái¹êöiþ ç

(0; 1] ç âèêîðèñòàííÿì äâiéêîâîãî çîáðàæåííÿ ÷èñåë).

3.2. Ôóíêöiÿ, çàäàíà ïåðåòâîðþâà÷åì åëåìåíòiâ

åëåìåíòàðíîãî ëàíöþãîâîãî äðîáó ó çíàêîçìiííèé ðÿä

Ëþðîòà

Ðîçãëÿíåìî ôóíêöiþ, ÿêà ó ðàöiîíàëüíèõ i iððàöiîíàëüíèõ òî÷êàõ ïiâ-

iíòåðâàëó (0; 1] îçíà÷åíà ðiâíîñòÿìè

g ([a1, a2, . . . , an]) = ∆L̃
a1a2...an

, g ([a1, a2, . . . , an, . . .]) = ∆L̃
a1a2...an...

âiäïîâiäíî.

Ãåîìåòði¨ çîáðàæåíü ÷èñåë ëàíöþãîâèìè äðîáàìè i çà äîïîìîãîþ çíà-

êîçìiííîãî ðÿäó Ëþðîòà ïðåäñòàâëåíî íà ðèñ. 3.1 i ðèñ. 3.2 âiäïîâiäíî.

Ðèñ. 3.1. Ãåîìåòðiÿ çîáðàæåííÿ ÷èñåë ëàíöþãîâèìè äðîáàìè

Ç íàâåäåíèõ ðèñóíêiâ áà÷èìî, ùî ðîçìiùåííÿ öèëiíäðiâ âêàçàíèõ çî-

áðàæåíü ñõîæi: öèëiíäðè íåïàðíèõ ðàíãiâ ðîçòàøîâóþòüñÿ ñïðàâà-íàëiâî,

à ïàðíèõ � çëiâà-íàïðàâî. Öèëiíäðè ïåðøîãî ðàíãó çáiãàþòüñÿ.
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Ðèñ. 3.2. Ãåîìåòðiÿ çîáðàæåííÿ ÷èñåë çíàêîçìiííèì ðÿäîì Ëþðîòà

Ïåðåâiðèìî êîðåêòíiñòü îçíà÷åííÿ ôóíêöi¨ g(x). Ðîçãëÿíåìî äâà ðiçíi

ñêií÷åííi ëàíöþãîâi äðîáè, ÿêi ðiâíi îäíîìó é òîìó æ ðàöiîíàëüíîìó ÷èñëó:

x1 = [a1, a2, ..., an−1, 1] ≡ [a1, a2, ..., an−1 + 1] = x2.

Çíà÷åííÿ ôóíêöi¨ â öèõ òî÷êàõ íàñòóïíi:

g(x1) = ∆L̃
a1a2...an−11(ø) =

1

a1
− 1

a1(a1 + 1)a2
+ . . .+

(−1)n−2

a1(a1 + 1) · · · an−2(an−2 + 1)an−1
+

(−1)n−1

a1(a1 + 1) · · · an−1(an−1 + 1) · 1
.

g(x2) = ∆L̃
a1a2...[an−1+1](ø) =

1

a1
− 1

a1(a1 + 1)a2
+ . . .+

+
(−1)n−2

a1(a1 + 1) · · · an−2(an−2 + 1)(an−1 + 1)
.

Ðîçãëÿíåìî ðiçíèöþ

g(x1)− g(x2) =
(−1)n−2(an−1 + 1) + (−1)n−1

a1(a1 + 1) · · · an−1(an−1 + 1)
−

− (−1)n−2

a1(a1 + 1) · · · an−2(an−2 + 1)(an−1 + 1)
=

=
(−1)n−2(an−1 + 1) + (−1)n−1 − (−1)n−2an−1

a1(a1 + 1) · · · an−1(an−1 + 1)
= 0.

Îòæå, îçíà÷åííÿ ôóíêöi¨ g ¹ êîðåêòíèì.

Ëåìà 3.2.1. Ôóíêöiÿ g ¹ íåïåðåðâíîþ i ìîíîòîííî çðîñòàþ÷îþ íà

(0; 1].
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Äîâåäåííÿ. 1. Íåõàé (0; 1] 3 x0 � iððàöiîíàëüíå ÷èñëî. Ðîçãëÿíåìî

äîâiëüíó ïîñëiäîâíiñòü (xn), çáiæíó äî x0, ÿêó ìîæíà ïðåäñòàâèòè

ó âèãëÿäi

xn = [a1, a2, . . . , am, am+1(xn), . . .],

äå ïåðøi m åëåìåíòiâ çáiãàþòüñÿ ç åëåìåíòàìè ÷èñëà x0 i m → ∞
ïðè xn → x0. Çâiäñè

g(xn)− g(x0) =

=
1

a1
+
∞∑
m=2

(−1)m−1

a1(a1 + 1)a2 · · · am−1(am−1 + 1)am(am + 1)am+1(xn)
−

− 1

a1
−

∞∑
m=2

(−1)m−1

a1(a1 + 1)a2 · · · am−1(am−1 + 1)am(am + 1)am+1
=

=
(−1)m−1

a1(a1 + 1)a2 · · · am(am + 1)

(
1

am+1(xn)
− 1

am+1

)
→ 0,

ïðè m→∞ i ôóíêöiÿ g(x) íåïåïåðâíà â òî÷öi x0.

Íåõàé òåïåð x0 ∈ Q, òîáòî x0 = [a1, a2, . . . , an]. Ðîçãëÿíåìî ñèñòåìó

âêëàäåíèõ öèëiíäðiâ ∆c.f.
a1
,∆c.f.

a1a2
, ..., ÿêi ìiñòÿòü x0. Òîäi âiäïîâiäíi

çíà÷åííÿ ôóíêöi¨ áóäóòü íàëåæàòè öèëiíäðàì ∆L̃
a1
,∆L̃

a1a2
, .... Ðîçãëÿ-

íåìî äîâiëüíó ïîñëiäîâíiñòü (xn), äå xn ∈ ∆c.f.
a1...an

. Òîäi xn → x0 i ç

òîãî, ùî ôóíêöiÿ êîðåêòíî îçíà÷åíà é óìîâè |∆L̃
a1...an

| → 0(n→∞)

îòðèìó¹ìî, ùî lim
n→∞

g(xn) = g(x0).

2. Äëÿ ëàíöþãîâèõ äðîáiâ íåðiâíiñòü x1 = [a1, a2, ...] < [b1, b2, ...] = x2

îçíà÷à¹, ùî 

ai = bi, i = 1, ..., n

a2n+1 > b2n+1,ai = bi, i = 1, ..., 2n− 1,

a2n < b2n,

Òàêà æ ñóêóïíiñòü îçíà÷à¹, ùî g(x1) = ∆L̃
a1a2...

< g(x2) = ∆L̃
b1b2...

.
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Âiäìiòèìî òàêîæ, ùî çíà÷åííÿì ôóíêöi¨ g(x), äå x � êâàäðàòè÷íà ið-

ðàöiîíàëüíiñòü, ¹ ðàöiîíàëüíèì ÷èñëîì.

Òåîðåìà 3.2.1. Ìîíîòîííî çðîñòàþ÷à ôóíêöiÿ g : (0; 1]→ (0; 1], îçíà-

÷åíà ðiâíiñòþ g([a1, a2, . . .]) = ∆L̃
a1a2...

çàäîâîëüíÿ¹ òàêi ôóíêöiîíàëüíi ðiâ-

íÿííÿ:

g

(
x

kx+ 1

)
=

k + a1(a1 + 1)g(x)

(a1 + k)(a1 + k + 1)
,∀k ∈ N ;

g

(
1

i+ x

)
=

1

i
− 1

i(i+ 1)
g(x),∀i ∈ N ;

g

(
1

x
− a1

)
= (a1 + 1)(1− a1g(x)).

Äîâåäåííÿ. 1) Îñêiëüêè [a1 + k, a2, . . . , . . .] =
x

kx+ 1
, òî

g

(
x

kx+ 1

)
= ∆L̃

[a1+k]a2...
=

=
1

a1 + k
− 1

(a1 + k)(a1 + k + 1)a2
+

1

(a1 + k)(a1 + k + 1)a2(a2 + 1)a3
−

− . . . =
1

a1 + k
− a1(a1 + 1)

(a1 + k)(a1 + k + 1)
×

×
(

1

a1(a1 + 1)a2
− 1

a1(a1 + 1)a2(a2 + 1)a3 + . . .

)
=

=
1

a1 + k
− a1(a1 + 1)

(a1 + k)(a1 + k + 1)

 1

a1
−
(

1

a1
− 1

a1(a1 + 1)a2
+ . . .

)
︸ ︷︷ ︸

g(x)

 =

=
1

a1 + k
− (a1 + 1)

(a1 + k)(a1 + k + 1)
+

a1(a1 + 1)g(x)

(a1 + k)(a1 + k + 1)
=

=
k + a1(a1 + 1)g(x)

(a1 + k)(a1 + k + 1)
.

2) Îñêiëüêè [i, a1, a2, . . .] =
1

i+ x
, òî

g

(
1

i+ x

)
= ∆L̃

ia1a2...
=

1

i
− 1

i(i+ 1)a1
+

1

i(i+ 1)a1(a1 + 1)a2
− . . . =
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=
1

i
− 1

i(i+ 1)

(
1

a1
− 1

a1(a1 + 1)a2
+ . . .

)
=

1

i
− 1

i(i+ 1)
g(x).

3) Îñêiëüêè [a2, a3, . . .] = 1
x − a1, òî

g(x) =
1

a1
− 1

a1(a1 + 1)a2
+

1

a1(a1 + 1)a2(a2 + 1)a3
− . . . =

=
1

a1
− 1

a1(a1 + 1)

(
1

a2
− 1

a2(a2 + 1)a3
+ . . .

)
=

1

a1
− 1

a1(a1 + 1)
g

(
1

x
− a1

)
.

Òåîðåìà 3.2.2. Ôóíêöiÿ g([a1, a2, . . . , an, . . .]) = ∆L̃
a1a2...an...

� öå ¹äèíèé

ðîçâ'ÿçîê ñèñòåìè ôóíêöiîíàëüíèõ ðiâíÿíü

g

(
1

i+ x

)
=

1

i
− 1

i(i+ 1)
g(x), i ∈ N (3.1)

ó êëàñi îáìåæåíèõ íà (0; 1] ôóíêöié.

Äîâåäåííÿ. Îñêiëüêè x =
1

a1 + 1
x − a1

, òî ç ðiâíîñòi (3.1) îòðèìà¹ìî

g(x) = g

(
1

a1 +
(

1
x − a1

)) =
1

a1
− 1

a1(a1 + 1)
g

(
1

x
− a1

)
.

Âðàõîâóþ÷è, ùî 1
x − a1 = 1

a2+

(
1

1
x−a1

−a2
) îòðèìó¹ìî

g

(
1

x
− a1

)
= f

 1

a2 +
(

1
1
x−a1
− a2

)
 =

1

a2
− 1

a2(a2 + 1)
g

(
1

1
x − a1

− a2

)
.

Îòæå,

g(x) =
1

a1
− 1

a1(a1 + 1)a2
+

1

a1(a1 + 1)a2(a2 + 1)
g

(
1

1
x − a1

− a2

)
.

Çà n êðîêiâ îòðèìà¹ìî:

g(x) =
1

a1
+

n∑
k=2

(−1)n−1

a1(a1 + 1) . . . an−1(an−1 + 1)an
+

(−1)n

a1(a1 + 1) . . . an(an + 1)
×
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×g([an+2, an+3, . . .]).

Âðàõîâóþ÷è îáìåæåíiñòü ôóíêöi¨ g : g([an+2, an+3, . . .]) 6 1 i òå, ùî ïðè

n→∞
(−1)n

a1(a1 + 1) . . . an(an + 1)
→ 0,

êîíñòàòó¹ìî çáiæíiñòü çàçíà÷åíîãî ïðîöåñó:

g(x) =
1

a1
+
∞∑
k=2

(−1)n−1

a1(a1 + 1) . . . an−1(an−1 + 1)an
.
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Âèñíîâêè äî ðîçäiëó 3

Ââåäåíî ôóíêöiþ, íàçâàíó êâàçiiíâåðñîðîì öèôð åëåìåíòàðíîãî ëàíöþ-

ãîâîãî çîáðàæåííÿ ÷èñåë (ùî ¹ ïåâíèì àíàëîãîì iíâåðñîðiâ öèôð ñêií÷åííî-

ñèìâîëüíèõ çîáðàæåíü ÷èñåë). Äîâåäåíî ¨¨ íiäå íå ìîíîòîííiñòü i êàíòîðî-

âiñòü ìíîæèíè ¨¨ çíà÷åíü. Îïèñàíî ìíîæèíè ðiâíiâ öi¹¨ ôóíêöi¨.

Âèâ÷åíî âëàñòèâîñòi ôóíêöi¨, ÿêó îçíà÷åíî ïðîåêòóâàííÿì öèôð åëå-

ìåíòàðíîãî ëàíöþãîâîãî çîáðàæåííÿ ÷èñåë ó öèôðè çîáðàæåííÿ ÷èñåë çíà-

êîçìiííèìè ðÿäàìè Ëþðîòà. Äîâåäåíî ¨¨ íåïåðåðâíiñòü i ìîíîòîííiñòü, ïî-

áóäîâàíî ôóíêöiîíàëüíi ðiâíÿííÿ, ÿêèì çàäîâîëüíÿ¹ öÿ ôóíêöiÿ, çíàéäåíî

ñèñòåìó ôóíêöiîíàëüíèõ ðiâíÿíü, ¹äèíèì ðîçâ'ÿçêîì ÿêî¨ ¹ öÿ ôóíêöiÿ.

Îñíîâíèìè ðåçóëüòàòàìè öîãî ðîçäiëó ¹ òåîðåìà 3.1.1 (ïðî ìíîæèíó

çíà÷åíü ôóíêöi¨ f), òåîðåìà 3.1.2 (ïðî íiäå íå ìîíîòîííiñòü ôóíêöi¨ f i

ìíîæèíè ¨¨ ðiâíiâ), òåîðåìà 3.2.2 (ïðî ñèñòåìó ôóíêöiîíàëüíèõ ðiâíÿíü,

ÿêà âèçíà÷à¹ ôóíêöiþ g).

Ðåçóëüòàòè öüîãî ðîçäiëó àïðîáîâàíi íà íàóêîâèõ êîíôåðåíöiÿõ, ïðî ùî

ñâiä÷àòü òåçè äîïîâiäåé [9a, 14a].



84

ÐÎÇÄIË 4

ÇÎÁÐÀÆÅÍÍß ×ÈÑÅË ËÀÍÖÞÃÎÂÈÌÈ ÄÐÎÁÀÌÈ Ç

ÄÂÎÑÈÌÂÎËÜÍÈÌ ÀËÔÀÂIÒÎÌ

Ïðèéíÿòî ââàæàòè, ùî äâîñèìâîëüíi çîáðàæåííÿ äiéñíèõ ÷èñåë ìàþòü

òåõíi÷íi ïåðåâàãè, à ïî¹äíàííÿ íåñàìîïîäiáíîñòi çîáðàæåííÿ ÷èñåë ëàíöþ-

ãîâèìè äðîáàìè ç äâîñèìâîëüíiñòþ àëôàâiòó äà¹ íîâi öiêàâi íåòðèâiàëüíi

çàäà÷i, ùî ñòîñóþòüñÿ ãåîìåòði¨ çîáðàæåííÿ i îá'¹êòiâ ç ôðàêòàëüíèìè âëà-

ñòèâîñòÿìè.

4.1. Îïåðàòîð ëiâîñòîðîííüîãî çñóâó öèôð ëàíöþãîâîãî

A-çîáðàæåííÿ

Îçíà÷åííÿ 4.1.1. Ó ìíîæèíi âñiõ ëàíöþãîâèõ A-çîáðàæåíü äiéñíèõ

÷èñåë âiäðiçêà [0,5; 1] îïåðàòîð ω ëiâîñòîðîííüîãî çñóâó öèôð îçíà÷à¹òüñÿ

ðiâíiñòþ:

ω(∆A
α1α2...αn...

) = ∆A
α2α3...αn+1...

.

Âií ïîðîäæó¹ ôóíêöiþ ω : [0,5; 1] → [0,5; 1], êîðåêòíî îçíà÷åíó â iððà-

öiîíàëüíèõ òî÷êàõ, à òàêîæ â ðàöiîíàëüíèõ òî÷êàõ çà óìîâè âèêîðèñòàííÿ

ëèøå îäíîãî ç äâîõ ëàíöþãîâèõ A-çîáðàæåíü.

Ëåìà 4.1.1. Ôóíêöiÿ ω(x) íà êîæíîìó öèëiíäði ïåðøîãî ðàíãó ¹ íå-

ïåðåðâíîþ, ìîíîòîííî ñïàäíîþ é îïóêëîþ âíèç, ïðè÷îìó:

ω(x) =
1

x
− a1(x).

Â òî÷öi x =
2

3
ôóíêöiÿ ìà¹ ðîçðèâ ïåðøîãî ðîäó çi ñòðèáêîì

1

2
.



85

Äîâåäåííÿ. Äiéñíî, x =
1

a1(x) + ω(x)
, çâiäñè ω(x) =

1

x
− a1(x).

Íà êîæíîìó ç öèëiíäðiâ ïåðøîãî ðàíãó ω′(x) < 0, ω′′(x) > 0.

Äîñëiäèìî ïîâåäiíêó ôóíêöi¨ ω(x) â îêîëi òî÷êè x0 =
2

3
.

lim
x→ 2

3−0
ω(x) = lim

x→ 2
3

1

x
− 1

 =
1

2
, lim

x→ 2
3+0

ω(x) = lim
x→ 2

3

1

x
− 1

2

 = 1.

Íåõàé

ωn(x) = ω(ω(. . . ω︸ ︷︷ ︸
n

(x))) =
unx+ vn
cnx+ dn

,

òîäi ωn(x) =
1

ωn−1(x)
− an(x) =

1− ωn−1(x)an(x)

ωn−1(x)
.

Òîäi u0 = 1, v0 = 0, c0 = 0, d0 = 1 i ïðè an = 1
2 ìà¹ìî

un+1x+ vn+1

cn+1x+ dn+1
=
cnx+ dn
unx+ vn

− 1

2
=

(2cn − un)x+ 2dn − vn
2unx+ 2vn

,

çâiäêè 

un+1 = 2cn − un,

vn+1 = 2dn − vn,

cn+1 = 2un,

dn+1 = 2vn.

ßêùî æ an = 1, òî

un+1x+ vn+1

cn+1x+ dn+1
=
cnx+ dn
unx+ vn

− 1 =
(cn − un)x+ dn − vn

unx+ vn
.

Ìà¹ìî



un+1 = cn − un,

vn+1 = dn − vn,

cn+1 = un,

dn+1 = vn.
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Îöiíèìî çâåðõó âåëè÷èíó |un|.

Òåîðåìà 4.1.1. Âèêîíó¹òüñÿ íåðiâíiñòü

cn 6
1√
17

((
1 +
√

17

2

)n

−

(
1−
√

17

2

)n)
,∀n ∈ N.

Äîâåäåííÿ. Çðîçóìiëî, ùî (u0; v0; c0; d0) = (1; 0; 0; 1) i ìîæëèâèìè âà-

ðiàíòàìè äëÿ (u1; v1; c1; d1) ¹ (−1; 2; 2; 0) i (−1; 1; 1; 0) ÿêùî a1 = 1
2 àáî 1

âiäïîâiäíî. Ìîæëèâi âèïàäêè

un+1 = 2cn − un =

2un−1 − un,

4un−1 − un,

òà

un+1 = cn − un =

2un−1 − un,

un−1 − un.

Îòæå,

un+1 = kun−1 − un,

äå k ∈ {1; 2; 4}.
Ìà¹ìî

|un+1| = |kun−1 − un| 6 |kun−1|+ |un| 6 4|un−1|+ |un|.

Íåõàé (sn) � ïîñëiäîâíiñòü òàêà, ùî

sn+1 = sn + 4sn−1,∀n ∈ N,

s0 = 0, s1 = 1.

Iíäóêòèâíî ëåãêî ïîêàçàòè, ùî

un 6 sn,∀n ∈ N.

Îñêiëüêè

sn =
1√
17

((
1 +
√

17

2

)n

−

(
1−
√

17

2

)n)
,
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òî

un 6
1√
17

((
1 +
√

17

2

)n

−

(
1−
√

17

2

)n)
,∀n ∈ N.

Çðîçóìiëî, ùî cn = kun, äå k ∈ {1; 1
2}, òîìó

cn 6 un 6
1√
17

((
1 +
√

17

2

)n

−

(
1−
√

17

2

)n)
,∀n ∈ N.

4.2. Iíâàðiàíòíi ìiðè äëÿ îïåðàòîðà ëiâîñòîðîííüîãî çñóâó

Ëåìà 4.2.1. Ïðîîáðàçàìè iíòåðâàëà (α; β) ïðè âiäîáðàæåííi ω ¹ äâà

iíòåðâàëè
(

1
1
2+β

; 1
1
2+α

)
i
(

1
1+β ; 1

1+α

)
, ÿêi íå ïåðåêðèâàþòüñÿ.

Äîâåäåííÿ. Çà ëåìîþ 4.1.1 ω(x) =
1

x
− a1, äå a1 ∈ A2, òîäi iñíóþòü òàêi

u, v, ùî

α =
1

u
− a1(u), β =

1

v
− a1(v),

çâiäñè 
u =

1

α + a1(u)
;

v =
1

β + a1(v)
.

Òîäi

ω−1((α; β)) = (u1; v1) ∪ (u 1
2
; v 1

2
).

Ðîçãëÿíåìî ðiçíèöþ

u 1
2
− v1 =

1

α + 1
2

− 1

β + 1
=

β − α + 1
2

(α + 1
2)(β + 1)

> 0.

Òàêèì ÷èíîì, iíòåðâàëè (u1; v1) i (u 1
2
; v 1

2
) íå ïåðåêðèâàþòüñÿ.

Íàñëiäîê 4.2.1. Ïðîîáðàçàìè öèëiíäðà ∆A2
c1c2...cn

ïðè âiäîáðàæåííi ω ¹

äâà öèëiíäðè:

∆A2
1c1c2...cn

i ∆A2
1
2c1c2...cn

.
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Òåîðåìà 4.2.1. Iíâàðiàíòíîþ ìiðîþ âiäíîñíî îïåðàòîðà ëiâîñòîðîí-

íüîãî çñóâó öèôð ω ëàíöþãîâîãî A-çîáðàæåííÿ ¹ éìîâiðíiñíà ìiðà µX(·),
ùî âiäïîâiäà¹ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè X, ÿêà ïðåäñòàâëåíà ëàíöþ-

ãîâèì A2-äðîáîì, öèôðè ÿêî¨ ¹ íåçàëåæíèìè i îäíàêîâî ðîçïîäiëåíèìè.

Äîâåäåííÿ. ßêùî öèôðè (τn) âèïàäêîâî¨ âåëè÷èíè X = ∆A
τ1τ2...τn...

¹ íå-

çàëåæíèìè i îäíàêîâî ðîçïîäiëåíèìè, à ñàìå:

P{τn = 0} = p0, P{τn = 1} = p1,

òî äëÿ éìîâiðíiñíî¨ ìiðè µX , ùî âiäïîâiäà¹ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè

X, ìà¹ ìiñöå ðiâíiñòü

µX(∆A
α1...αn

) = P{X ∈ ∆A
α1...αn

} = pα1
pα2

. . . pαn.

Ïðè öüîìó ôóíêöiÿ ðîçïîäiëó FX âèïàäêîâî¨ âåëè÷èíè X ìà¹ âèãëÿä

FX(x) = βα1(x) +
∞∑
m=2

(
βαm(x)

m−1∏
i=1

pαi(x)

)
,

äå

β2k−1 = P{τ2k−1 > α2k−1(x)} =

 0, ÿêùî α2k−1(x) = 1,

p1, ÿêùî α2k−1(x) = 0;

β2k = P{τ2k < α2k(x)} =

 0, ÿêùî α2k(x) = 1,

p0, ÿêùî α2k(x) = 0.

Ñïðàâäi, FX(x) = P{X < x},

{X < x} = {τ1 > α1(x)} ∪ {τ1 = α1(x), τ2 < α2(x)} ∪ . . .

. . . ∪ {τi = αi(x), i = 1, 2k − 1, τ2k < α2k(x)} ∪ . . .

. . . ∪ {τi = αi(x), i = 1, 2k, τ2k+1 > α2k+1(x)} ∪ . . . ,

ïðè÷îìó ïîäi¨, ùî áåðóòü ó÷àñòü ó îá'¹äíàííi, ¹ íåñóìiñíèìè, à

P{τi = αi(x), i = 1,m− 1, τm ∨ αn(x)} = βαm(x)

m−1∏
i=1

pαi(x).
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Òîìó äëÿ äîâåäåííÿ òåîðåìè äîñèòü ïîêàçàòè, ùî äëÿ äîâiëüíîãî öè-

ëiíäðà ∆A2
a1...an

âèêîíó¹òüñÿ ðiâíiñòü

µX
(
ω−1(∆A2

a1...an
)
)

= µX(∆A2
a1...an

).

Îñêiëüêè

ω−1(∆A2
a1...an

) = ∆A2
1a1...an

∪∆A2
1
2a1...an

,

ïðè÷îìó çà ëåìîþ 4.2.1 îñòàííi äâà öèëiíäðè íå ïåðåêðèâàþòüñÿ, òî

µX(ω−1(∆A2
a1...an

)) = µX(∆A2
1a1...an

) + µX(∆A2
1
2a1...an

) =

= p1

n∏
j=1

paj + p 1
2

n∏
j=1

paj =
n∏
j=1

paj = µX(∆A2
a1...an

).

Îñêiëüêè (α; β) =
⋂
n
Dn, äå Dn =

1⋃
a1=0

. . .
1⋃

an=0
∆̃A2
a1...an

,

∆̃A2
a1...an

=

 ∅, ÿêùî (α; β) ∩∆A2
a1...an

= ∅;

∆A2
a1...an

, ÿêùî (α; β) ∩∆A2
a1...an

6= ∅.

Îòæå, äëÿ áóäü-ÿêîãî iíòåðâàëó (α; β) ìà¹ ìiñöå ðiâíiñòü

µX(ω−1(α; β)) = µX((α; β)),

òîáòî µX ¹ iíâàðiàíòíîþ äëÿ âiäîáðàæåííÿ ω.

4.3. Îïåðàòîð ïðàâîñòîðîííüîãî çñóâó öèôð ëàíöþãîâîãî

A-çîáðàæåííÿ

Îçíà÷åííÿ 4.3.1. Ó ìíîæèíi âñiõ ëàíöþãîâèõ A-çîáðàæåíü äiéñíèõ

÷èñåë âiäðiçêà [0,5; 1] îïåðàòîð δi ç ïàðàìåòðîì i ∈ {0; 1} ïðàâîñòîðîííüîãî
çñóâó öèôð îçíà÷à¹òüñÿ ðiâíiñòþ:

δi(∆
A
α1α2...αn...

) = ∆A
iα1α2...αn...

.
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Ëåìà 4.3.1. Ôóíêöiÿ y = δi(x), ÿêà àíàëiòè÷íî çàäà¹òüñÿ ôîðìóëîþ

δi(x) =
1

i+ x
,

¹ íåïåðåðâíîþ, ñòðîãî ñïàäíîþ é îïóêëîþ âíèç íà âiäðiçêó [0,5; 1]; âîíà

íàáóâà¹ âñiõ çíà÷åíü iç âiäðiçêà [ 1
i+1 ; 2

2i+1 ].

Äîâåäåííÿ. Äiéñíî,

δi(x) =
1

i+
1

a1 + . . .

=
1

i+ x
.

Íåïåðåðâíiñòü, ìîíîòîííiñòü i îïóêëiñòü ëåãêî äîâîäèòüñÿ çàñîáàìè ìàòå-

ìàòè÷íîãî àíàëiçó.

Çàóâàæåííÿ 4.3.1. Äëÿ îïåðàòîðiâ ëiâîñòîðîííüîãî i ïðàâîñòîðîííüîãî

çñóâiâ öèôð ìàþòü ìiñöå ðiâíîñòi:

ω(δi(x)) = x, δa1(x)(ω(x)) = x.

Ëåìà 4.3.2. Äëÿ êîæíîãî i ∈ {0, 1} ðiâíÿííÿ ω(x) = δi(x) ìà¹ äâà

ðîçâ'ÿçêè ó ôîðìi xiα1
= ∆A

(α1i)
.

Äîâåäåííÿ. Íà ìíîæèíi A2-iððàöiîíàëüíèõ ÷èñåë ðiâíÿííÿ ìîæíà ïå-

ðåïèñàòè ó ôîðìi

∆A
α2α3α4...αn+1...

= ∆A
iα1α2...αn−1...

.

Ç ¹äèíîñòi çîáðàæåííÿ A2-iððàöiîíàëüíèõ ÷èñåë âèïëèâà¹ îäíî÷àñíå âèêî-

íàííÿ ðiâíîñòåé  α2n(x) = i,

α2n+1(x) = α1(x), n = 1, 2, . . . .

Îòæå, äëÿ êîæíîãî i ∈ {0; 1} ðîçâ'ÿçêàìè ðiâíÿííÿ áóäóòü ÷èñëà âè-

ãëÿäó xiα1
= ∆A

(α1i)
.
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A2-ðàöiîíàëüíå ÷èñëî íå ìîæå áóòè ðîçâ'ÿçêîì ðiâíÿííÿ ω(x) = δi(x),

îñêiëüêè íåìîæëèâîþ ¹ ðiâíiñòü

∆A
α2α3...αn0(01) = ∆A

iα1α2...αn0(01),

ó ÿêié ëàíöþãîâi A-çîáðàæåííÿ ìiñòÿòü ðiçíó êiëüêiñòü öèôð äî ïåðiîäó.

Ëåìà 4.3.3. Äëÿ êîæíîãî çíà÷åííÿ i ∈ {0; 1} ðiâíÿííÿ ω2(x) = δi(x)

ìà¹ 4 ðîçâ'ÿçêè ó ôîðìi x ∈ ∆A
(α1α2i)

.

Äîâåäåííÿ. Íà ìíîæèíi A2-iððàöiîíàëüíèõ ÷èñåë ïåðåïèøåìî ðiâíÿííÿ

ó âèãëÿäi

∆A
α3α4α5...

= ∆A
iα1α2...

Ç ¹äèíîñòi çîáðàæåííÿ A2-iððàöiîíàëüíèõ ÷èñåë âèïëèâà¹ âèêîíàííÿ ðiâ-

íîñòåé 
α3k(x) = i,

α3k+1(x) = α1(x),

α3k+2(x) = α2(x), k = 1, 2, . . .

Òàêèì ÷èíîì, ðîçâ'ÿçêàìè ðiâíÿííÿ ¹ ÷èñëà âèãëÿäó x = ∆A
(α1α2i)

.

Àíàëîãi÷íî äî ïîïåðåäíüî¨ ëåìè A2-ðàöiîíàëüíå ÷èñëî íå ìîæå áóòè

ðîçâ'ÿçêîì äàíîãî ðiâíÿííÿ.

Ëåìà 4.3.4. Ðîçâ'ÿçêàìè ðiâíÿííÿ ω2k−1(x) = δi(x) ¹ ÷èñëà ó ôîðìi

x = ∆A
(α1α2...α2k−1i)

.

Äîâåäåííÿ. Ïåðåïèñàâøè íà ìíîæèíi A2-iððàöiîíàëüíèõ ÷èñåë ðiâíÿí-

íÿ ó ôîðìi

∆A
α2kα2k+1α2k+2...

= ∆A
iα1α2α3...

,

áà÷èìî, ùî ç íüîãî âèïëèâà¹ îäíî÷àñíå âèêîíàííÿ ðiâíîñòåé α2k(x) = i,

α2k+p(x) = αp(x), p = 1, 2, . . . , 2k, k ∈ N.
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îòæå x = ∆A
(α1α2...α2k−1i)

. Àíàëîãi÷íî äî ïîïåðåäíüî¨ ëåìè A2-ðàöiîíàëüíå

÷èñëî íå ìîæå áóòè ðîçâ'ÿçêîì äàíîãî ðiâíÿííÿ.

Ëåìà 4.3.5. Ôóíêöiÿ

ϕ(x) =


δ0(x), 0,5 6 x < ∆A

(α1α2...α2k−10),

ω2k−1(x), ∆A
(α1α2...α2k−10) 6 x < ∆A

(α1α2...α2k−11),

δ1(x), ∆A
(α1α2...α2k−11) 6 x 6 1;

¹ íåïåðåðâíîþ i ñòðîãî ñïàäíîþ íà âiäðiçêó [0,5; 1].

Äîâåäåííÿ. Äiéñíî, ôóíêöiÿ ϕ(x) ¹ íåïåðåðâíîþ â ñèëó ëåìè 4.3.4. Êðiì

òîãî, ôóíêöi¨ δ0(x), ω2k−1(x), δ1(x) ¹ ñòðîãî ñïàäíèìè ôóíêöiÿìè, òî i ôóí-

êöiÿ ϕ(x) ¹ òàêîæ ñòðîãî ñïàäíîþ, ïðè÷îìó ϕ(0,5) = δ0(0,5) = 1, ϕ(1) =

δ1(1) = 0,5.

Íåõàé i1, i2, . . . , in � ôiêñîâàíi ÷èñëà ç àëôàâiòó A. Ðîçãëÿäà¹òüñÿ îïå-

ðàòîð, çàëåæíèé âiä ïàðàìåòðiâ i1, i2, . . . , in, êîðåêòíî îçíà÷åíèé íà âiäðiç-

êó [0,5; 1] ðiâíiñòþ δi1i2...in(x) = δi1i2...in(∆
A
α1(x)α2(x)...) = ∆A

i1i2...inα1α2...
.

Ëåìà 4.3.6. Ðîçâ'ÿçêàìè ðiâíÿííÿ ωn(x) = δi1i2...in(x) ¹ ÷èñëà ó ôîðìi

x = ∆A
(α1α2...αni1i2...in).

Äîâåäåííÿ. Ðiâíÿííÿ ωn(x) = δi1i2...in(x) íà ìíîæèíi A2-iððàöiîíàëüíèõ

÷èñåë ïåðåïèøåìî ó âèãëÿäi

∆A
αn+1αn+2...α2n...

= ∆A
i1i2...inα1α2...αnαn+1...

.

Ç öüîãî âèïëèâà¹ îäíî÷àñíå âèêîíàííÿ ðiâíîñòåé
αn+k(x) = ik, k = 1, 2, . . . , n,

α2n+k(x) = αk(x), k = 1, 2, . . . , n,

α3n+1(x) = αn+1(x) = i1,

. . . .

Îòæå, ðîçâ'ÿçêàìè äàíîãî ðiâíÿííÿ ¹ ÷èñëà ó ôîðìi x = ∆A
(α1α2...αni1i2...in).

Àíàëîãi÷íî äî ïîïåðåäíüî¨ ëåìèA2-ðàöiîíàëüíå ÷èñëî íå ìîæå áóòè ðîçâ'ÿç-

êîì äàíîãî ðiâíÿííÿ.
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4.4. Ôóíêöiÿ z(x)

Ðîçãëÿäà¹òüñÿ ôóíêöiÿ, îçíà÷åíà íà âiäðiçêó [0,5; 1] ðiâíiñòþ

y = z(x) = z
(
∆A
α1α2...αn...

)
= ∆A

[1−α1]α2...αn...
.

Òåîðåìà 4.4.1. Ôóíêöiÿ y = z(x) àíàëiòè÷íî âèðàæà¹òüñÿ ôîðìóëîþ

z(x) =
2x

(3− 4a1(x))x+ 2
,

¹ íåïåðåðâíîþ ñòðîãî çðîñòàþ÷îþ íà îáîõ öèëiíäðàõ ïåðøîãî ðàíãó, ïðè-

÷îìó:

1. îïóêëîþ âíèç íà öèëiíäði ∆A2
1 i îïóêëîþ âãîðó íà öèëiíäði ∆A2

0 ;

2.
1∫

0,5

z(x)dx =
1

3
.

Äîâåäåííÿ. Äëÿ ôóíêöi¨ v(x) = 1,5 − x ÷èííå v(1) = 0,5, v(0,5) = 1,

òîìó

z(x) =
1

1, 5− a1(x) +
1

a2(x) + . . .

=
1

1, 5− 2a1(x) + a1(x) +
1

a2(x) + . . .

=

=
1

1, 5− 2a1(x) +
1

x

=
2x

(3− 4a1(x))x+ 2
=


2x

2− x
, ÿêùî x ∈ ∆A2

1 ;

2x

2 + x
, ÿêùî x ∈ ∆A2

1
2

.

Ïîõiäíà z′(x) =
4

((4a1 − 3)x− 2)2
> 0 ïðè x ∈ ∆A2

a1
, îòæå ôóíêöiÿ çðîñòà-

þ÷à íà êîæíîìó öèëiíäði ïåðøîãî ðàíãó. Êðiì òîãî,

1∫
0,5

z(x)dx =

2/3∫
0,5

2x

2− x
dx+

1∫
2/3

2x

2 + x
dx =

1

3
.

Ëåìà 4.4.1. Íà ìíîæèíi A2-iððàöiîíàëüíèõ ÷èñåë ðiâíÿííÿ

δi(x) = z(x) ìà¹ ¹äèíèé ðîçâ'ÿçîê x = ∆A
(1−i).
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Äîâåäåííÿ. Ðiâíÿííÿ δ1(x) = z(x) ìîæíà çàïèñàòè ó âèãëÿäi

∆A
iα1α2...αn...

= ∆A
[1−α1]α2α3...αn...

.

Ç ¹äèíîñòi çîáðàæåííÿ A2-iððàöiîíàëüíèõ ÷èñåë âèïëèâà¹ îäíî÷àñíå âèêî-

íàííÿ ðiâíîñòåé  i = 1− α1(x),

αn(x) = αn+1(x), n = 1, 2, . . . .

Òîäi x = ∆A
(1−i) =


√

17− 1

4
, ÿêùî i = 1,

√
5− 1

2
, ÿêùî i = 1

2 .

4.5. Íåïåðåðâíi ïåðåòâîðåííÿ âiäðiçêà [0,5; 1], ùî çáåðiãàþòü

õâîñòè ëàíöþãîâîãî A-çîáðàæåííÿ ÷èñåë

Ñòâåðäæóâàòèìåìî, ùî äâà ëàíöþãîâi A-çîáðàæåííÿ

∆A
α1α2...αn...

i ∆A
β1β2...βn...

ìàþòü îäíàêîâèé õâiñò (àáî ïåðåáóâàþòü ó âiäíîøåííi ∼), ÿêùî iñíóþòü

íàòóðàëüíi ÷èñëà m i k, òàêi, ùî αm+j = βk+j äëÿ áóäü-ÿêîãî j ∈ N.

Áiíàðíå âiäíîøåííÿ ìàòè îäíàêîâèé õâiñò ¾∼¿ íà ìíîæèíi LA2
¹ âiä-

íîøåííÿì åêâiâàëåíòíîñòi (òîáòî âîëîäi¹ âëàñòèâîñòÿìè ðåôëåêñèâíîñòi,

ñèìåòðè÷íîñòi òà òðàíçèòèâíîñòi).

Áóäåìî êàçàòè, ùî äâà ÷èñëà x i y ìàþòü îäíàêîâèé õâiñò ëàíöþãîâîãî

A-çîáðàæåííÿ (àáî ïåðåáóâàþòü ó âiäíîøåííi ∼), ÿêùî âîíè ìàþòü A-

çîáðàæåííÿ, ÿêi ïåðåäóâàþòü ó âiäíîøåííi ∼. Ñèìâîëi÷íî: x ∼ y.

Êàçàòèìåìî, ùî ôóíêöiÿ f , ÿêà âèçíà÷åíà íà ìíîæèíi [0,5; 1] i íàáóâà¹

çíà÷åíü iç ìíîæèíè [0,5; 1], çáåðiãà¹ õâîñòè ëàíöþãîâîãî A-çîáðàæåííÿ ÷è-

ñåë, ÿêùî äëÿ áóäü-ÿêîãî x ∈ [0,5; 1] iñíóþòü íàòóðàëüíi ÷èñëà k = k(x) i
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m = m(x), òàêi, ùî

ak+n(x) = am+n(f(x)) äëÿ âñiõ n ∈ N.

Ëåìà 4.5.1. Íåõàé i ∈ {0, 1}. Ôóíêöi¨

ϕ0(x) =

 δ0(x), ÿêùî 1
2 6 x < ∆A

(0),

ω(x), ÿêùî ∆A
(0) 6 x 6 1;

ϕ1(x) =

 ω(x), ÿêùî 1
2 6 x < ∆A

(1),

δ1(x), ÿêùî ∆A
(1) 6 x 6 1;

¹ íåïåðåðâíèìè ñòðîãî ñïàäíèìè ïåðåòâîðåííÿìè âiäðiçêà [0,5; 1], ÿêi

çáåðiãàþòü õâîñòè ëàíöþãîâîãî A-çîáðàæåííÿ ÷èñåë.

Äîâåäåííÿ. Äàíå òâåðäæåííÿ âèïëèâà¹ ç òîãî, ùî ôóíêöi¨ δ0(x), δ1(x) ¹

íåïåðåðâíèìè i ñòðîãî ñïàäíèìè íà âiäðiçêó [0,5; 1], à ω(x) ¹ íåïåðåðâíîþ é

ñòðîãî ñïàäíîþ íà êîæíîìó öèëiíäði ïåðøîãî ðàíãó, ïðè÷îìó ω(0,5) = 1,

ω(1) = 0,5, δ1(1) = 0,5, δ0(0,5) = 1.

Ëåìà 4.5.2. Ôóíêöiÿ

f(x) =



ωn(x) ïðè 0,5 6 x < ∆A
(1010 . . .︸ ︷︷ ︸

nöèôð

i1...in)
,

δi1i2...in(x) ïðè ∆A
(1010 . . .︸ ︷︷ ︸

nöèôð

i1...in)
6 x < ∆A

(0101 . . .︸ ︷︷ ︸
nöèôð

i1...in)
,

ωn(x) ïðè ∆A
(0101 . . .︸ ︷︷ ︸

nöèôð

i1...in)
6 x 6 1;

¹ íåïåðåðâíèì (ñòðîãî çðîñòàþ÷èì ïðè ïàðíîìó n i ñòðîãî ñïàäíèì ïðè

íåïàðíîìó n) ïåðåòâîðåííÿì âiäðiçêà [0,5; 1], ÿêå çáåðiãà¹ õâîñòè ëàíöþ-

ãîâîãî A-çîáðàæåííÿ.

Äîâåäåííÿ. Äiéñíî, ôóíêöiÿ f(x) ¹ íåïåðåðâíîþ, îñêiëüêè ôóíêöi¨ ωn(x)

i δi1i2...in(x) ¹ íåïåðåðâíèìè íà öèëiíäðàõ n-ãî ðàíãó i ðîçâ'ÿçêîì ðiâíÿííÿ

ωn(x) = δi1i2...in(x) íà öèëiíäði ∆A
1010 . . .︸ ︷︷ ︸

nöèôð

çà ëåìîþ 4.3.6 ¹ ÷èñëî
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∆A
(1010 . . .︸ ︷︷ ︸

nöèôð

i1...in)
, à íà öèëiíäði ∆A

0101 . . .︸ ︷︷ ︸
nöèôð

¹ ÷èñëî ∆A
(0101 . . .︸ ︷︷ ︸

nöèôð

i1...in)
. Ïðè÷î-

ìó, ïðè ïàðíîìó çíà÷åííi n ωn(0,5) = 0,5, ωn(1) = 1, à ïðè íåïàðíîìó

n ωn(0,5) = 1, ωn(1) = 0,5.

Òåîðåìà 4.5.1. Ìíîæèíà G âñiõ íåïåðåðâíèõ ïåðåòâîðåíü âiäðiçêà

[0,5; 1], ÿêi çáåðiãàþòü õâîñòè ëàíöþãîâîãî A-çîáðàæåííÿ ÷èñåë, âiäíîñíî

îïåðàöi¨ ◦ � ¾ñóïåðïîçèöiÿ ôóíêöié¿ óòâîðþ¹ íåñêií÷åííó íåêîìóòàòèâ-

íó ãðóïó.

Äîâåäåííÿ. Ìíîæèíà íåïåðåðâíèõ ïåðåòâîðåíü [0,5; 1] ¹ ïiäìíîæèíîþ

âñiõ ïåðåòâîðåíü [0,5; 1], ÿêi, ÿê âiäîìî, óòâîðþþòü ãðóïó. Ñêîðèñòà¹ìîñü

êðèòåði¹ì ïiäãðóïè.

Î÷åâèäíî, ùî ìíîæèíà G çàìêíåíà âiäíîñíî îïåðàöi¨ ◦. Ôóíêöiÿ, îáåð-
íåíà äî íåïåðåðâíî¨ ñòðîãî ìîíîòîííî¨ ôóíêöi¨, ¹ íåïåðåðâíîþ ñòðîãî ìîíî-

òîííîþ, i ÿêùî ïåðåòâîðåííÿ çáåðiãà¹ õâîñòè A-çîáðàæåííÿ, òî i îáåðíåíå

ïåðåòâîðåííÿ òåæ ¨õ çáåðiãà¹. Òîìó ïåðåòâîðåííÿ, îáåðíåíå äî äàíîãî ïå-

ðåòâîðåííÿ ç ìíîæèíè G òåæ íàëåæèòü G. Êîìïîçèöiÿ äâîõ ïåðåòâîðåíü

çáåðiãà¹ õâîñòè, îòæå, òåæ ¹ ïåðåòâîðåííÿì.

Äëÿ êîæíîãî ïåðåòâîðåííÿ iñíó¹ îáåðíåíèé åëåìåíò � ôóíêöiÿ, îáåðíå-

íà äî ôóíêöi¨ f(x) âiäíîñíî íåéòðàëüíîãî åëåìåíòà e(x) = x. Äëÿ äîâåäå-

ííÿ íåêîìóòàòèâíîñòi ðîçãëÿíåìî äâi ôóíêöi¨ ç ìíîæèíè G:

f(x) =

 δ0(x), ÿêùî 0,5 6 x < ∆A
(0),

ω(x), ÿêùî ∆A
(0) 6 x 6 1;

g(x) =


ω2(x), ÿêùî 0,5 6 x < ∆A

(1011),

δ11(x), ÿêùî ∆A
(1011) 6 x < ∆A

(0111),

ω2(x), ÿêùî ∆A
(0111) 6 x 6 1.

Ðîçãëÿíåìî çíà÷åííÿ ôóíêöié f(g(x0)) i g(f(x0)) ïðè x0 = ∆A
0(1):

f(g(x0)) = f
(
g
(

∆A
0(1)

))
= f

(
∆A

110(1)

)
= ∆A

10(1),
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g(f(x0)) = g
(
f
(

∆A
0(1)

))
= g

(
∆A

(1)

)
= ∆A

11(1) = ∆A
(1).

Îòæå, f(g(x0)) 6= g(f(x0)), ùî i ïîòðiáíî áóëî äîâåñòè.

4.6. Íåïåðåðâíà íiäå íå ìîíîòîííà ôóíêöiÿ, îçíà÷åíà â

òåðìiíàõ ëàíöþãîâèõ A2-äðîáiâ òà íåãà-òðiéêîâèõ äðîáiâ

Âèêîðèñòîâóþ÷è íåãà-òðiéêîâå çîáðàæåííÿ äiéñíèõ ÷èñåë i ëàíöþãîâå

A-çîáðàæåííÿ, ìè îçíà÷ó¹ìî àíàëîã íåïåðåðâíî¨ íiäå íå ìîíîòîííî¨ íåäè-

ôåðåíöiéîâíî¨ ôóíêöi¨, ÿêà âèâ÷àëàñü â ðîáîòàõ [19, 35, 39, 46], i äîñëiäæó-

¹ìî ¨¨ âëàñòèâîñòi.

4.6.1. Îñíîâíèé îá'¹êò äîñëiäæåííÿ òà êîðåêòíiñòü éîãî îçíà-

÷åííÿ. Ðîçãëÿäà¹òüñÿ ôóíêöiÿ y = f(x), àðãóìåíò ÿêî¨ ìà¹ íåãà-òðiéêîâå

çîáðàæåííÿ

x = ∆̄3
α1α2...αn...

≡ 3

4
+
∞∑
n=1

αn
(−3)n

, αn ∈ {0, 1, 2},

à çíà÷åííÿ ôóíêöi¨ ìà¹ ëàíöþãîâå A-çîáðàæåííÿ

f(x) = ∆A
β1β2...βn...

, βn ∈ {0, 1},

ïðè÷îìó

β1 =

 1, ÿêùî α1 = 2,

0, ÿêùî α1 6= 2;
βk+1 =

 1− βk, ÿêùî αk+1 + αk = 2,

βk, ÿêùî αk+1 + αk 6= 2.
(4.1)

Êîðåêòíiñòü îçíà÷åííÿ ôóíêöi¨ ó íåãà-òðiéêîâî-iððàöiîíàëüíèõ òî÷êàõ

íå âèêëèêà¹ ñóìíiâiâ. Îá ðóíòó¹ìî éîãî êîðåêòíiñòü ó íåãà-òðiéêîâî-

ðàöiîíàëüíèõ òî÷êàõ, òîáòî ùî äëÿ ðiçíèõ íåãà-òðiéêîâèõ çîáðàæåíü îäíî-

ãî é òîãî ñàìîãî ðàöiîíàëüíîãî çíà÷åííÿ àðãóìåíòà

x ≡ ∆̄3
α1α2...αk−1αk(20) = ∆̄3

α1α2...αk−1[αk−1](02) ≡ x′
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âèêîíó¹òüñÿ ðiâíiñòü

f(∆̄3
α1α2...αk−1αk(20)) = f(∆̄3

α1α2...αk−1[αk−1](02)).

Íåõàé ∆A
β1β2...βk...

� çîáðàæåííÿ çíà÷åííÿ ôóíêöi¨ äëÿ çîáðàæåííÿ àð-

ãóìåíòà ∆̄3
α1α2...αk−1αk(20), à ∆A

β′1β
′
2...β

′
k...

� çîáðàæåííÿ çíà÷åííÿ ôóíêöi¨ äëÿ

çîáðàæåííÿ àðãóìåíòà ∆̄3
α1α2...αk−1[αk−1](02).

Îñêiëüêè αk 6= 0, òî [αk − 1] ∈ {0, 1}. Ç îçíà÷åííÿ ôóíêöi¨ ìà¹ìî


βi = β′i, i = 1, 2, . . . , k − 1,

βk+j = 1− βk+j−1, j = 2, 3, . . .,

β′k+j = 1− β′k+j−1, j = 2, 3, . . ..

Óñüîãî iñíó¹ 3 âèïàäêè.

Âèïàäîê 1.  αk−1 + αk = 2,

αk−1 + αk − 1 6= 2.

Òîäi
βk = 1− βk−1,

βk+1 = βk = 1− βk−1,

βk+2 = 1− βk+1 = βk−1,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ;

⇒


βk = 1− βk−1,

βk+2j−1 = 1− βk−1,

βk+2j = βk−1, j ∈ N.

Îòæå,

y = f
(

∆̄3
α1α2...αk−1αk(20)

)
= ∆A

β1β2...βk−1[1−βk−1](1−βk−1,βk−1).

Àíàëîãi÷íî,
β′k = β′k−1 = βk−1,

β′k+1 = β′k = β′k−1 = βk−1,

β′k+2 = 1− β′k+1 = 1− βk−1,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ;

⇒


β′k = βk−1,

β′k+2j−1 = βk−1,

β′k+2j = 1− βk−1, j ∈ N.
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Òîäi

y′ = f
(

∆̄3
α1α2...αk−1[αk−1](02)

)
= ∆A

β1β2...βk−1βk−1(βk−1,1−βk−1).

Âèïàäîê 2.  αk−1 + αk 6= 2,

αk−1 + αk − 1 = 2.

Òîäi
βk = βk−1,

βk+1 = βk = βk−1,

βk+2 = 1− βk+1 = 1− βk−1,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ;

⇒


βk = βk−1,

βk+2j−1 = βk−1,

βk+2j = 1− βk−1, j ∈ N.

Òîäi

y = f
(

∆̄3
α1α2...αk−1αk(20)

)
= ∆A

β1β2...βk−1βk−1(βk−1,1−βk−1).

Àíàëîãi÷íî,
β′k = 1− β′k−1 = 1− βk−1,

β′k+1 = β′k = 1− β′k−1 = 1− βk−1,

β′k+2 = 1− β′k+1 = βk−1,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ;

⇒


β′k = 1− βk−1,

β′k+2j−1 = 1− βk−1,

β′k+2j = βk−1, j ∈ N.

Òîäi

y′ = f
(

∆̄3
α1α2...αk−1[αk−1](02)

)
= ∆A

β1β2...βk−1[1−βk−1](1−βk−1,βk−1).

Âèïàäîê 3.  αk−1 + αk 6= 2,

αk−1 + αk − 1 6= 2.

Òîäi
βk = βk−1,

βk+1 = βk = βk−1,

βk+2 = 1− βk+1 = 1− βk−1,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ;

⇒


βk = βk−1,

βk+2j−1 = βk−1,

βk+2j = 1− βk−1, j ∈ N.
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Îòæå,

y = f
(

∆̄3
α1α2...αk−1αk(20)

)
= ∆A

β1β2...βk−1βk−1(βk−1,1−βk−1).

Àíàëîãi÷íî,
β′k = β′k−1 = βk−1,

βk+1 = β′k = β′k−1 = βk−1,

β′k+2 = 1− β′k+1 = 1− βk−1,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ;

⇒


β′k = 1− βk−1,

β′k+2j−1 = βk−1,

β′k+2j = 1− βk−1, j ∈ N.

Òîäi

y′ = f
(

∆̄3
α1α2...αk−1[αk−1](02)

)
= ∆A

β1β2...βk−1βk−1(βk−1,1−βk−1).

Îòæå, y i y′ ¹ ðiçíèìè ëàíöþãîâèìè A-çîáðàæåííÿìè òîãî ñàìîãî A2-

ðàöiîíàëüíîãî ÷èñëà.

4.6.2. Íåïåðåðâíiñòü òà íiäå íå ìîíîòîííiñòü ôóíêöi¨.

Òåîðåìà 4.6.1. Ôóíêöiÿ f ¹ íåïåðåðâíîþ íà [0; 1] íiäå íå ìîíîòîííîþ

ôóíêöi¹þ.

Äîâåäåííÿ. Íåõàé x0 = ∆̄3
α1α2α3...

∈ [0; 1] � íåãà-òðiéêîâî-iððàöiîíàëüíà

òî÷êà, x′ = ∆̄3
α′1α

′
2α
′
3...
. Íåõàé x0 i x′ íàëåæàòü îäíîìó öèëiíäðó m-ãî ðàíãó

i ðiçíèì öèëiíäðàì (m + 1)-ãî ðàíãó. Öå îçíà÷à¹, ùî iñíó¹ m : αi = α′i,

ïðè i 6 m, i αm+1 6= α′m+1. Òîäi òîé ôàêò, ùî x′ → x0 ðiâíîñèëüíèé óìîâi

m→∞. Òîäi

|f(x′)− f(x0)| 6 |∆A2
c1c2...cm

| → 0, ïðè m→∞.

Íåõàé òåïåð àðãóìåíò x ¹ íåãà-òðiéêîâî-ðàöiîíàëüíèì ÷èñëîì, òîáòî

éîãî ìîæíà ïîäàòè ó âèãëÿäi äâîõ ïåðiîäè÷íèõ íåãà-òðiéêîâèõ çîáðàæåíü

(1.13). Î÷åâèäíî, ùî βi(x) = βi(x
′), i = 1, 2, . . . , k − 1;

βk+j(x) = βk+j(x
′), j = 2, 3, . . ..
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Îñêiëüêè 2 +αk 6= 2, òî βk+1(x) = βk(x), òàê ñàìî, îñêiëüêè 0 +αk− 1 6= 2,

òî βk+1(x
′) = βk(x

′).

Çàëèøèëîñü âèçíà÷èòè βk(x) i βk(x′). Ðîçãëÿíóâøè òðè âèïàäêè, ÿê i

ó äîâåäåííi êîðåêòíîñòi, âïåâíþ¹ìîñü, çíà÷åííÿ ôóíêöi¨ âiä äâîõ ðiçíèõ

çîáðàæåíü ¹ îäíèì i òèì ñàìèì A2-ðàöiîíàëüíèì ÷èñëîì. Öèì ìè äîâåëè

íåïåðåðâíiñòü ôóíêöi¨.

Äëÿ äîâåäåííÿ íiäå íå ìîíîòîííîñòi ïîêàæåìî, ùî ó êîæíîìó öèëiíäði

ìîæíà îáðàòè òàêèé ïiäöèëiíäð, ó ÿêîìó ìîæíà âêàçàòè òî÷êè, ïîâ'ÿçàíi

íåðiâíiñòþ

x1 < x2 < x3, (4.2)

äëÿ ÿêèõ âèêîíó¹òüñÿ îäíà ç äâîõ íåðiâíîñòåé:

f(x1) < f(x2) > f(x3) àáî f(x1) > f(x2) < f(x3).

Íà äîâiëüíîìó öèëiíäði ïàðíîãî ðàíãó ∆̄3
α1α2...α2k

ðîçãëÿíåìî òî÷êè:

x1 = ∆̄3
α1α2...α2k(2), x2 = ∆̄3

α1α2...α2k(1), x3 = ∆̄3
α1α2...α2k(0).

Îñêiëüêè

x1 − x2 =

3

4
−
α1

3
+
α1

32
− . . .+

α2k

32k
−

2

32k+1
+ . . .

−

−

3

4
−
α1

3
+
α1

32
− . . .+

α2k

32k
−

1

32k+1
+ . . .

 =

= −
1

32k+1

1−
1

3
+

1

32
− . . .

 =
− 1

4 · 32k
< 0,

òî x1 < x2. Àíàëîãi÷íî ïîêàçóìî, ùî x2 < x3. Îòæå, ÷èííå (4.2).

Ðîçãëÿíåìî âèïàäîê, êîëè α2k = 0. Òîäi:

f(x1) = ∆A
β1β2...β2k(1−β2k),
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f(x2) = ∆A
β1β2...β2k(β2k,1−β2k),

f(x3) = ∆A
β1β2...β2k(β2k).

Íåõàé β2k = 0. Òîäi

f(x1) = ∆A
β1β2...β2k−10(1), f(x2) = ∆A

β1β2...β2k−10(01),

f(x3) = ∆A
β1β2...β2k−10(0).

Ç âëàñòèâîñòåé ëàíöþãîâèõ äðîáiâ ìà¹ìî:

β2k+1(x1) > β2k+1(x2) ⇒ f(x1) < f(x2),

β2k+2(x2) > β2k+2(x3) ⇒ f(x2) > f(x3).

Îòæå, f(x1) < f(x2) > f(x3).

Íåõàé β2k = 1. Òîäi

f(x1) = ∆A
β1β2...β2k−11(0), f(x2) = ∆A

β1β2...β2k−11(10),

f(x3) = ∆A
β1β2...β2k−11(1).

Ç âëàñòèâîñòåé ëàíöþãîâèõ äðîáiâ ìà¹ìî:

β2k+1(x1) < β2k+1(x2) ⇒ f(x1) > f(x2),

β2k+2(x2) < β2k+2(x3) ⇒ f(x2) < f(x3).

Îòæå, f(x1) > f(x2) < f(x3). Ïðè α2k ∈ {1, 2} âèñíîâêè àíàëîãi÷íi.
Âêàçàâøè äëÿ êîæíîãî öèëiíäðà òðè çíà÷åííÿ àðãóìåíòà, äëÿ ÿêèõ ìà-

þòü ìiñöå âèùå çàçíà÷åíi ñèñòåìè íåðiâíîñòåé, ìè äîâåëè íiäå íå ìîíîòîí-

íiñòü ôóíêöi¨.

Òåîðåìà 4.6.2. Íà öèëiíäði ∆̄3
α1α2...αn−11 íàéáiëüøå àáî íàéìåíøå çíà-

÷åííÿ ôóíêöi¨ äîñÿãà¹òüÿ ó éîãî âíóòðiøíié òî÷öi x0 = ∆̄3
α1α2...αn−11(1); íà

öèëiíäði ∆̄3
α1α2...αm−1αm

, äå αm ∈ {0; 2} ôóíêöiÿ íàáóâà¹ ñâîãî íàéáiëüøîãî i
íàéìåíøîãî çíà÷åííÿ íà êiíöÿõ öèëiíäðà.
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Äîâåäåííÿ. Ðîçãëÿíåìî öèëiíäð ∆̄3
α1α2...αn−11. Éîãî êiíöÿìè ¹ òî÷êè:

x1 = ∆̄3
α1α2...αn−11(02) òà x2 = ∆̄3

α1α2...αn−11(20).

Ôóíêöiÿ íàáóâà¹ ó öèõ òî÷êàõ îäíàêîâèõ çíà÷åíü:

f(x1) = f(x2) = ∆̄3
β1β2...βn−1βn(βn,1−βn).

Îñêiëüêè ôóíêöiÿ ¹ íåïåðåðâíîþ i âiäìiííîþ âiä êîíñòàíòè, òî ñâîãî ìà-

êñèìàëüíîãî àáî ìiíiìàëüíîãî çíà÷åííÿ âîíà íàáóäå ó äåÿêié âíóòðiøíié

òî÷öi.

Íåõàé x0 = ∆̄3
α1α2...αn−11(1), òîäi

f(x0) = ∆A
β1β2...βn−1βn

(1− βn, βn).

Äîâåäåìî, ùî äëÿ âñiõ iíøèõ çíà÷åíü ôóíêöi¨ ç öüîãî öèëiíäðà âèêîíó¹òüñÿ

íåðiâíiñòü f(x) > f(x0) (àáî f(x) < f(x0)). Íåõàé ñïî÷àòêó n � ïàðíå

÷èñëî; ðîçãëÿíåìî ìîæëèâi âèïàäêè.

Âèïàäîê 1. Âèáåðåìî ó öèëiíäði ∆̄3
α1α2...αn−11 äîâiëüíó òî÷êó

x = ∆̄3
α1α2...αn−11αn+1...

òàêó, ùî αn+1 ∈ {0; 2}. Òîäi

f(x) = ∆A
β1β2...βn−100... > f(x0) = ∆A

β1β2...βn−10(10), ÿêùî βn = 0,

f(x) = ∆A
β1β2...βn−111... < f(x0) = ∆A

β1β2...βn−11(01), ÿêùî βn = 1.

Âèïàäîê 2. Âèáåðåìî òåïåð ó öèëiíäði ∆̄3
α1α2...αn−11 äîâiëüíó òî÷êó

x = ∆̄3
α1α2...αn−11αn+1...

òàêó, ùî αn+k−1 = 1, k ∈ N, àëå αn+k 6= 1. Òîäi, ÿêùî

n+k � ïàðíå i βn+k = 0, òî f(x) > f(x0), ÿêùî æ βn+k = 1, òî f(x) < f(x0).

Äëÿ íåïàðíîãî çíà÷åííÿ n+k çíàêè îñòàííiõ íåðiâíîñòåé çìiíþâàòèìóòüñÿ

íà ïðîòèëåæíi.

Äëÿ íåïàðíîãî çíà÷åííÿ n ìîæíà äiéòè àíàëîãi÷íèõ âèñíîâêiâ, ïðè÷îìó

çíàêè íåðiâíîñòåé çìiíþâàòèìóòüñÿ íà ïðîòèëåæíi.

Îòæå, íà öèëiíäðàõ ïàðíîãî ðàíãó òî÷êà x0 � òî÷êà ìiíiìóìó, ÿêùî

βn = 0, i òî÷êà ìàêñèìóìó, ÿêùî βn = 1. Íà öèëiíäðàõ íåïàðíîãî ðàíãó x0

� òî÷êà ìàêñèìóìó, ÿêùî βn = 0, i òî÷êà ìiíiìóìó, ÿêùî βn = 1.
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Ðîçãëÿíåìî öèëiíäð ∆̄3
α1α2...αn−10, i íåõàé n � ïàðíå ÷èñëî. Îñêiëüêè îáðàç

öèëiíäðà ∆̄3
α1α2...αn−10 ¹ ïiäìíîæèíîþ öèëiíäðà ∆A

β1β2...βn−1βn
, òî, çà âëàñòè-

âîñòÿìè ëàíöþãîâèõ äðîáiâ, ìàêñèìàëüíå çíà÷åííÿ ôóíêöi¨ íå ïåðåâèùó-

âàòèìå çíà÷åííÿ

f1 = ∆A
β1β2...βn−1βn(01).

Äîâåäåìî, ùî öå çíà÷åííÿ ôóíêöiÿ íàáóâà¹ íà êiíöi öèëiíäðà òà, ìîæëèâî,

ùå ó îäíié âíóòðiøíié òî÷öi öèëiíäðà. Íåõàé

xmax = ∆̄3
α1α2...αn−10αn+1αn+2...

,

i íåõàé βn = 0, òîäi f(xmax) = ∆A
β1β2...βn−10(01).

Îñêiëüêè βn+1(f(xmax)) = βn(f(xmax)), òî αn+1+αn 6= 2, òîáòî α(1)
n+1(xmax) =

0 àáî α(2)
n+1(xmax) = 1. Äàëi, îñêiëüêè βn+2(f(xmax)) 6= βn+1(f(xmax)), òî

αn+2 + αn+1 = 2, òîáòî

α
(1)
n+2(xmax) = 2 àáî α

(2)
n+2(xmax) = 1,

i ò. ä. Îòæå,

x(1)
max = ∆̄3

α1α2...αn−10(02) − ïðàâèé êiíåöü öèëiíäðà,

x(2)
max = ∆̄3

α1α2...αn−10(1) − âíóòðiøíÿ òî÷êà öèëiíäðà.

Íåõàé òåïåð βn = 1. Îñêiëüêè βn+1(f(xmax)) 6= βn(f(xmax)), òî

αn+1(xmax) + αn(xmax) = 2,

îòæå, αn+1(xmax) = 2. Îñêiëüêè βn+2(f(xmax)) 6= βn+1(f(xmax)),

òî αn+2(xmax) + αn+1(xmax) = 2, òîáòî αn+2(xmax) = 0, i ò. ä. Òàêèì

÷èíîì,

xmax = ∆̄3
α1α2...αn−10(20) − ëiâèé êiíåöü öèëiíäðà.

Ìiíiìàëüíå çíà÷åííÿ ôóíêöi¨ íà öèëiíäði ∆̄3
α1α2...αn−10 áóäå íå ìåíøèì çà

f2 = ∆A
β1β2...βn−1βn(10).
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Äîâåäåìî, ùî öå çíà÷åííÿ áóäå äîñÿãàòèñü íà îäíîìó iç êiíöiâ öèëiíäðà òà,

ìîæëèâî, ó ùå îäíié âíóòðiøíié éîãî òî÷öi.

Íåõàé xmin = ∆̄3
α1α2...αn−10αn+1αn+2...

, i íåõàé βn = 0. Òîäi, ïîâòîðþþ÷è

íàâåäåíi âèùå ìiðêóâàííÿ, îòðèìó¹ìî, ùî

xmin = ∆̄3
α1α2...αn−10(20) − ëiâèé êiíåöü öèëiíäðà.

Ïðè βn = 1 àíàëîãi÷íèì ÷èíîì ðîáèìî âèñíîâîê, ùî ìiíiìàëüíå çíà÷åííÿ

ôóíêöi¨ äîñÿãà¹òüñÿ ó äâîõ òî÷êàõ:

x
(1)
min = ∆̄3

α1α2...αn−10(02) − ïðàâèé êiíåöü öèëiíäðà,

x
(1)
min = ∆̄3

α1α2...αn−10(1) − âíóòðiøíÿ òî÷êà öèëiíäðà.

Äëÿ íåïàðíîãî çíà÷åííÿ n i äëÿ αn = 2 äîâåäåííÿ àíàëîãi÷íå.

Ìíîæèíîþ çíà÷åíü ôóíêöi¨ y = f(x) ¹ âiäðiçîê [1/2; 1].

4.6.3. Ìíîæèíè ðiâíiâ ôóíêöi¨. Ìíîæèíîþ ðiâíÿ y0 ôóíêöi¨ f íà-

çèâà¹òüñÿ ìíîæèíà

f−1(y0) = {x : f(x) = y0}.

Ëåìà 4.6.1. 1. ßêùî ëàíöþãîâå A-çîáðàæåííÿ òî÷êè y0 ìà¹ âè-

ãëÿä ∆A
(01), òî ìíîæèíà f−1(y0) ñêëàäà¹òüñÿ ç äâîõ òî÷îê.

2. ßêùî ëàíöþãîâå A-çîáðàæåííÿ òî÷êè y0 ìà¹ âèãëÿä ∆A
(10), òî ìíî-

æèíà f−1(y0) ñêëàäà¹òüñÿ ç îäíi¹¨ òî÷êè.

3. ßêùî â ëàíöþãîâîìó A-çîáðàæåííi òî÷êè y0 âñi öèôðè äîðiâíþ-

þòü 0, òî ìíîæèíà f−1(y0) ¹ çëi÷åííîþ ìíîæèíîþ.

Äîâåäåííÿ. 1. Íåõàé y0 = ∆A
(01). Îñêiëüêè β1 = 0, òî, âèõîäÿ÷è

ç îçíà÷åííÿ ôóíêöi¨, α1 ∈ {0; 1}. Îñêiëüêè β2 = 1 = 1 − β1, òî

α2 + α1 = 2, òîáòî α2 = 2, ÿêùî α1 = 0 i α2 = 1, ÿêùî α1 = 1.

Àíàëîãi÷íî, îñêiëüêè β3 = 0, òî α3 = 0, ÿêùî α2 = 2 i α3 = 1,

ÿêùî α2 = 1, i. ò. ä. Îòæå, ïðîîáðàçàìè òî÷êè y0 ¹ äâà çíà÷åííÿ

àðãóìåíòà: ∆̄3
(02) àáî ∆̄3

(1).
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2. Íåõàé y0 = ∆A
(10). Îñêiëüêè β1 = 1, òî α1 = 2. Äàëi, îñêiëüêè β2 =

0 = 1−β1, òî α1+α2 = 2, òîáòî α2 = 0. Ïðîäîâæóþ÷è öi ìiðêóâàííÿ

ðîáèìî âèñíîâîê, ùî ïðîîáðàçîì òî÷êè y0 ¹ ëèøå òî÷êà ∆̄3
(20).

3. Íåõàé y0 = ∆A
(0). Îñêiëüêè β1 = 0, òî α1 ∈ {0; 1}. Òå, ùî βk+1 äîðiâ-

íþ¹ 0, ðiâíîñèëüíî òîìó, ùî αk + αk+1 6= 2. Îòæå, êîæíà íàñòóïíà

öèôðà àðãóìåíòà ìîæå ïðèéìàòè äâà çíà÷åííÿ, i ïåðåëiê óñiõ çíà-

÷åíü àðãóìåíòiâ, äëÿ ÿêèõ αk + αk+1 6= 2 ëåãêî çàíóìåðóâàòè çà

çðîñòàííÿì âiäïîâiäíèõ öèôð.

4.6.4. Âàðiàöiéíi âëàñòèâîñòi ôóíêöi¨.

Ëåìà 4.6.2. Àìïëiòóäà êîëèâàííÿ ôóíêöi¨ íà öèëiíäði

δ
(
∆̄3
α1...αm

)
≡ max

x∈∆̄3
α1...αm

f(x)− min
x∈∆̄3

α1...αm

f(x) = |∆A
β1β2...βm

|.

Äîâåäåííÿ. Íåõàé m � ïàðíå ÷èñëî. Òîäi öèëiíäð ∆A
β1β2...βm

¹ âiäðiçêîì

ç êiíöÿìè:

∆A
β1β2...βm

= [∆A
β1β2...βm(10),∆

A
β1β2...βm(01)].

Ðîçãëÿíåìî öèëiíäð ∆̄3
α1α2...αm

.

Íåõàé αm = 0. Òîäi ÷èñëà

y1 ≡ f(∆̄3
α1...αm(02)) = ∆A

β1β2...βm(βm,1−βm),

y2 ≡ f(∆̄3
α1...αm(20)) = ∆A

β1β2...βm(1−βm,βm)

¹ êiíöÿìè öèëiíäðà ∆A
β1β2...βm

.

Íåõàé αm = 1. Òîäi ÷èñëà

y1 ≡ f(∆̄3
α1...αm(1)) = ∆A

β1β2...βm(1−βm,βm),

y2 ≡ f(∆̄3
α1...αm(02)) = ∆A

β1β2...βm(βm,1−βm)

¹ êiíöÿìè öèëiíäðà ∆A
β1β2...βm

.

Íåõàé αm = 2. Òîäi ÷èñëà

y1 ≡ f(∆̄3
α1...αm(02)) = ∆A

β1β2...βm(1−βm,βm),
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y2 ≡ f(∆̄3
α1...αm(20)) = ∆A

β1β2...βm(βm,1−βm)

¹ êiíöÿìè öèëiíäðà ∆A
β1β2...βm

.

Òàêèì ÷èíîì, ó âñiõ âèïàäêàõ |y1 − y2| = |∆A
β1β2...βm

|, îòæå, àìïëiòóäà δ
êîëèâàííÿ ôóíêöi¨ íà öèëiíäði ∆̄3

α1...αm
ðiâíà äîâæèíi öèëiíäðà ∆A

β1β2...βm
.

Ïðè íåïàðíîìó çíà÷åííi n ìiðêóâàííÿ àíàëîãi÷íi.

Ëåìà 4.6.3. Ìà¹ ìiñöå ïîäâiéíà íåðiâíiñòü

3

8
<
|∆A2

c1c2...cni
|

|∆A2
c1c2...cn|

<
5

8
. (4.3)

Äîâåäåííÿ. Äîâåäåìî ñïî÷àòêó ïåðøó íåðiâíiñòü. Ç âiäîìèõ ðiâíîñòåé

|∆A2

c1c2...cn2−1|

|∆A2
c1c2...cn|

=

2 +
qn−1

qn

3 + 2
qn−1

qn

,
|∆A2

c1c2...cn1|

|∆A2
c1c2...cn|

=

1 +
qn−1

qn

3 + 2
qn−1

qn

,

äå
1

2
<
qn−1

qn
< 1, áà÷èìî, ùî äðiá

|∆A2

c1c2...cni
|

|∆A2
c1c2...cn|

íàáóäå ìåíøîãî çíà÷åííÿ ïðè

i = 1.

Îñêiëüêè ôóíêöiÿ f1(x) =
1 + x

3 + 2x
¹ çðîñòàþ÷îþ, òî

|∆A2
c1c2...cn1|

|∆A2
c1c2...cn|

> inf
x∈(0,5;1)

f1(x) = f1(0,5) =
3

8
.

Äîâåäåìî òåïåð äðóãó íåðiâíiñòü.

Ìàêñèìàëüíîãî çíà÷åííÿ äðiá
|∆A2

c1c2...cni
|

|∆A2
c1c2...cn|

íàáóäå ïðè i = 2−1.

Îñêiëüêè ôóíêöiÿ f2(x) =
2 + x

3 + 2x
¹ ñïàäíîþ, òî

|∆A2

c1c2...cn2−1|

|∆A2
c1c2...cn|

< sup
x∈(0,5;1)

f2(x) = f2(0,5) =
5

8
.
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Íàñëiäîê 4.6.1. |∆A
c1c2...cn(1−i)| <

5
3 |∆

A
c1c2...cni

|.

Äîâåäåííÿ. Ç íåðiâíîñòi (4.3) îòðèìó¹ìî

|∆A
c1c2...cn

| < 8

3
|∆A

c1c2...cni
| ⇔ |∆A

c1c2...cni
|+ |∆A

c1c2...cn(1−i)| <
8

3
|∆A2

c1c2...cni
| ⇔

⇔ |∆A
c1c2...cn(1−i)| <

5

3
|∆A

c1c2...cni
|.

Òåîðåìà 4.6.3. Ôóíêöiÿ f ¹ ôóíêöi¹þ íåîáìåæåíî¨ âàðiàöi¨.

Äîâåäåííÿ. Îñêiëüêè îáðàçîì öèëiíäðà n-ãî ðàíãó íåãà-òðiéêîâîãî çî-

áðàæåííÿ ÷èñëà ïðè âiäîáðàæåííi f ¹ öèëiíäð A2-çîáðàæåííÿ òîãî æ ðàíãó,

ïðè÷îìó ðiâíî äâà îáðàçè öèëiíäðiâ ∆̄3
α1...αn0, ∆̄

3
α1...αn1, ∆̄

3
α1...αn2 çáiãàþòüñÿ,

òî âàðiàöiÿ V ôóíêöi¨ f ¹ íå ìåíøîþ ñóìàðíî¨ äîâæèíè îáðàçiâ Vn óñiõ

öèëiíäðiâ ðàíãó n, òîáòî

V > Vn ≡
2∑

α1=0

. . .
2∑

αn=0

|f(∆̄3
α1...αm

)|.

ßêùî ∆A
β1β2...βn

= f(∆̄3
α1...αn

), òî

2∑
i=0

|f(∆̄3
α1...αni

)| = |∆A
β1β2...βn0|+ |∆A

β1β2...βn1|+ |∆A
β1β2...βnc

| =

= |∆A
β1β2...βn

|+ |∆A
β1β2...βnc

|, äå c ∈ {0, 1}.

Îñêiëüêè ç íåðiâíîñòi (4.3)

3

8
|∆A

β1β2...βn
| < |∆A

β1β2...βni
| < 5

8
|∆A

β1β2...βn
|,

òî
2∑
i=0

|f(∆̄3
α1...αni

)| > |∆A
β1β2...βn

|+
1

3
|∆A

β1β2...βn
| =

4

3
|∆A

β1β2...βn
|.

Îòæå

Vn+1 ≡
2∑

α1=0

. . .
2∑

αn=0

2∑
i=0

|f(∆̄3
α1...αni

)| > 4

3

2∑
α1=0

. . .

2∑
αn=0

|f(∆̄3
α1...αn

)| ≡ 4

3
Vn.
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Òàêèì ÷èíîì,

Vn+1 >
4

3
Vn >

(
4

3

)2

Vn−1 > . . . >

(
4

3

)n+1

· |∆| → ∞ ïðè n→∞,

à îòæå âàðiàöiÿ V ≡ lim
n→∞

Vn =∞.

4.6.5. Àâòîìîäåëüíiñòü ãðàôiêà ôóíêöi¨.

Òåîðåìà 4.6.4. 1. ×àñòèíà

Γ1 = {M(x, y) : x = ∆̄3
1α2α3...αn...

, y = f(x)}

ãðàôiêà Γ ôóíêöi¨ f ñèìåòðè÷íà âiäíîñíî ïðÿìî¨ x = ∆̄3
(1).

2. Âiäîáðàæåííÿ, ÿêå ïåðåâîäèòü ÷àñòèíó ãðàôiêà

Γ0 = {M(x, y) : x = ∆̄3
0α2α3...αn...

, y = f(x)}

â ÷àñòèíó

Γ2 = {M(x, y) : x = ∆̄3
2α2α3...αn...

, y = f(x)},

çàäà¹òüñÿ ôîðìóëîþ: x′ = ∆̄3
[2−α1][2−α2]...[2−αn]...,

y′ = ∆A
[1−β1][1−β2]...[1−βn]....

Äîâåäåííÿ. 1. Âiäîìî, ùî ãðàôiê ôóíêöi¨ y = f(x) ìà¹ âiñü ñèìåòði¨

x = a òîäi i ëèøå òîäi, êîëè 2a− x ∈ D(f) ∀x ∈ D(f) i f(2a− x) = f(x).

Âiçüìåìî äîâiëüíèé x0 ç öèëiíäðà ∆̄3
1: x0 = ∆̄3

1α2α3...αn...
i íåõàé f(x0) =

∆A
1β2β3...βn...

.

Òîäi

x1 = 2 · ∆̄3
(1) − x0 = 2 · ∆̄3

(1) − ∆̄3
1α2α3...αn...

=

= 2 ·

3

4
−

1

3
+

1

32
−

1

33
+ . . .

− (3

4
− 1

3
+
α2

32
− α3

33
+ . . .

)
=
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=

3

4
−

1

3
+

2− α2

32
−

2− α3

33
+ . . .

 = ∆̄3
1[2−α2][2−α3]...[2−αn]....

ßêùî α2 + 1 = 2, òî [2− α2] + 1 = 4− (α2 + 1) = 2.

ßêùî αk+1 +αk = 2, òî [2−αk+1] + [2−αk] = 4− (αk+1 +αk) = 2, k =

2, 3, . . ., öå îçíà÷à¹, ùî f(x1) = ∆A
1β2β3...βn...

Îòðèìàëè, ùî f
(

2 · ∆̄3
(1) − x0

)
= f(x0), ∀x0 ∈ Γ1, òîáòî ÷àñòèíà ãðà-

ôiêà Γ1 ñèìåòðè÷íà âiäíîñíî ïðÿìî¨ x = ∆̄3
(1).

2. Íåõàé M(x, y) ∈ Γ0, òîáòî x = ∆̄3
0α2α3...αn...

, y = f(x) = ∆A
0β2β3...βn...

, òîäi

x′ = ∆̄3
[2−α1][2−α2]...[2−αn]... = ∆̄3

2[2−α2]...[2−αn].... Çâiäñè
β1 = 0, β2 =

 1− β1, ÿêùî α2 = 2;

β1, ÿêùî α2 6= 2;

βk+2 =

 1− βk+1, ÿêùî αk+2 + αk+1 = 2;

βk+1, ÿêùî αk+2 + αk+1 6= 2, k ∈ N.

⇒



β′1 = 1 = 1− β1,

β′2 =

 1− β′1, ÿêùî [2− α2] + 2 = 2;

β′1, ÿêùî [2− α2] + 2 6= 2;

β′k+2 =

 1− β′k+1, ÿêùî [2− αk+2] + [2− αk+1] = 2;

β′k+1, ÿêùî [2− αk+2] + [2− αk+1] 6= 2, k ∈ N.

Çâiäñè áà÷èìî, ùî β′i = 1− βi, i ∈ N, òîáòî

y′ = f(x′) = ∆A
[1−β1][1−β2]...[1−βn]....

4.7. Óìîâè ðàöiîíàëüíîñòi ÷èñëà çà éîãî

ëàíöþãîâèì A2-çîáðàæåííÿì

ßêùî ïîçíà÷èòè t =
[(

1
2 , 1
)]

òîäi ç ðiâíîñòi

t =
1

1
2 + 1

1+t
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ëåãêî îòðèìàòè ðiâíÿííÿ 0,5t2+0,5t−1 = 0 i éîãî ðîçâ'ÿçîê t = 1 =
[(

1
2 , 1
)]
.

Àíàëîãi÷íî [(
1,

1

2

)]
=

1

2
.

Ëåìà 4.7.1. Êîæíå A2-ðàöiîíàëüíå ÷èñëî ìà¹ ïðèíàéìíi äâà ðiçíèõ

ñêií÷åííèõ ëàíöþãîâèõ A2-çîáðàæåííÿ, à ñàìå:

x = [a1, . . . , am,
1

2
, 1] = [a1, . . . , am, 1, 1, 1].

Äîâåäåííÿ. Îñêiëüêè

1

2
=

[(
1,

1

2

)]
i 1 =

[(
1

2
, 1

)]
,

òî

[a1, . . . , am,
1

2
, (

1

2
, 1)] = [a1, . . . , am,

1

2
+ 1] =

=
1

a1 + . . . + 1
am+ 1

0,5+1
1

= [a1, . . . , am,
1

2
, 1],

[a1, . . . , am, 1, (1,
1

2
)] = [a1, . . . , am, 1 +

1

2
] =

=
1

a1 + . . . + 1
am+ 1

1+ 1
1+1

1

= [a1, . . . , am, 1, 1, 1].

Òîäi âêàçàíi ó ôîðìóëþâàííi ëåìè ðiâíîñòi ¹ íàñëiäêîì òîãî, ùî ðiâíiñòü

[a1, . . . , an, an+1, an+2, . . .] = [a1, . . . , an, a
′
n+1, a

′
n+2, . . .]

ìà¹ ìiñöå òîäi i òiëüêè òîäi, êîëè

[an+1, an+2, . . .] = [a′n+1, a
′
n+2, . . .].

Çíà÷åííÿ êîæíîãî ñêií÷åííîãî ëàíöþãîâîãî A2-äðîáó ¹ ðåçóëüòàòîì ñêií-

÷åííîãî ÷èñëà ðàöiîíàëüíèõ äié íàä ðàöiîíàëüíèìè ÷èñëàìè. Òîìó êîæíå

A2-ðàöiîíàëüíå ÷èñëî ¹ ðàöiîíàëüíèì.
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Òåîðåìà 4.7.1. Êîæíå A2-ðàöiîíàëüíå ÷èñëî ìà¹ çëi÷åííó ìíîæèíó

ðiçíèõ ñêií÷åííèõ ëàíöþãîâèõ A2-çîáðàæåíü.

Äîâåäåííÿ. Ñïðàâäi, ç ðiâíîñòi

1 =
1

1
=

1
1
2 + 1

1+ 1
1

(4.4)

ìà¹ìî 1 = [1] = [1
2 , 1, 1] = [1

2 , 1,
1
2 , 1, 1] = [1

2 , 1,
1
2 , 1,

1
2 , 1, 1] = . . ..

Òîäi 1
2 = [1, 1] = [1, 1

2 , 1, 1] = [1, 1
2 , 1,

1
2 , 1, 1] = . . ..

Îòæå,

1

2
=

1,
1

2
, 1, . . . ,

1

2
, 1︸ ︷︷ ︸

2m

, 1

 , 1 =

1

2
, 1, . . . ,

1

2
, 1︸ ︷︷ ︸

2m

, 1

 .
Âêàçàíi â ëåìi 4.7.1 çîáðàæåííÿ A2-ðàöiîíàëüíèõ ÷èñåë ìiñòÿòü îñòàííié

åëåìåíò ðiâíèé 1, à îòæå, âðàõîâóþ÷è ðiâíiñòü (4.4), òàêèì ñïîñîáîì îòðè-

ìó¹ìî çëi÷åííó êiëüêiñòü ñêií÷åííèõ çîáðàæåíü A2-ðàöiîíàëüíîãî ÷èñëà.

Öiêàâèì ¹ çàïèòàííÿ: ÷è êîæíå ðàöiîíàëüíå ÷èñëî âiäðiçêà [0, 5; 1] ¹

A2-ðàöiîíàëüíèì? Âiäïîâiäü íà öå çàïèòàííÿ áåçïîñåðåäíüî ïîâ'ÿçàíå ç ií-

øèì ïèòàííÿì: ÷è êîæíå ðàöiîíàëüíå ÷èñëî ðîçêëàäà¹òüñÿ â ñêií÷åííèé

ëàíöþãîâèé A2-äðiá? Ðîçãëÿíåìî êiëüêà ïðèêëàäiâ òàêèõ ðîçêëàäiâ. Àëå

ïåðåä öèì íàâåäåìî àëãîðèòì ðîçêëàäó ðàöiîíàëüíîãî ÷èñëà a
b ó ëàíöþãî-

âèé A2-äðiá:

1. Ïåðøèé åëåìåíò a1 ðîçêëàäó ÷èñëà x = a
b çíàõîäèòüñÿ çà ôîðìóëîþ:

a1 = ϕ

a
b

 =

 1, ÿêùî 1
2 6

a
b 6

2
3 ,

1
2 , ÿêùî 2

3 6
a
b 6 1;

2. Íàñòóïíi åëåìåíòè ai âèçíà÷àþòüñÿ ç ðiâíîñòåé:

x1 =
1

x
− ϕ(x) =

1

x
− 1

2
ε1 =

2b− aε1

2a
,
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x2 =
1

x1
− ϕ(x1) =

1

x1
− 1

2
ε2,

. . .

xn+1 =
1

xn
− ϕ(xn) =

1

xn
− 1

2
εn+1,

äå an = ϕ(xn−1) = 1
2εn, εn ∈ {1, 2}.

3. Ïðîöåñ çàâåðøèâñÿ, ÿêùî xn äîðiâíþ¹ 1, 1
2 àáî

1
3 .

� Ó ïåðøîìó âèïàäêó ÷èñëî x ìà¹ n+ 1 öèôðó, ïðè÷îìó an+1(x) = 1.

� Ó äðóãîìó � n+ 2 öèôðè, ïðè÷îìó an+1(x) = 1, an+2(x) = 1.

� Ó òðåòüîìó � n+ 2 öèôðè, ïðè÷îìó an+1(x) = 1, an+2(x) = 1
2 .

Ìàþòü ìiñöå ðîçêëàäè:

2

3
= [1, 1, 1] =

[
1

2
, 1

]
,

3

4
=

[
1, 1,

1

2

]
,

4

5
=

[
1

2
, 1, 1,

1

2

]
,

5

6
=

[
1

2
,
1

2
,
1

2
, 1,

1

2
,
1

2
, 1, 1,

1

2
, 1,

1

2
,
1

2
, 1, 1, 1, 1, 1,

1

2

]
,

6

7
=

[
1

2
, 1, 1, 1

]
=

[
1

2
,
1

2
, 1

]
,

7

8
=

[
1

2
, 1, 1,

1

2
, 1, 1,

1

2
,

]
,

8

9
=

[
1

2
, 1, 1, 1, 1, 1

]
,

9

10
=

[
1

2
, 1, 1, 1, 1, 1,

1

2

]
,

Êðiì òîãî,

5

6
=

[(
1

2
,
1

2
,
1

2
, 1,

1

2
,
1

2
, 1, 1,

1

2
, 1,

1

2
,
1

2
, 1, 1, 1,

1

2

)]
.

Ïðèìiòêà. Ñïðîñòîâó¹ ãiïîòåçó ïðî òå, ùî êîæíå ðàöiîíàëüíå ÷èñëî ¹

A2-ðàöiîíàëüíèì ïðèêëàä ÷èñëà x = 5
6 , ÿêå ìà¹ ñêií÷åííèé ðîçêëàä i ïåði-

îäè÷íèé ðîçêëàä, ÿêèé íå çàäîâîëüíÿ¹ îçíà÷åííÿ A2-ðàöiîíàëüíîãî ÷èñëà.

Çàëèøà¹òüñÿ íi äîâåäåíîþ íi ñïðîñòîâàíîþ ãiïîòåçà ïðî òå, ùî êîæíå ðà-

öiîíàëüíå ÷èñëî ìà¹ ðîçêëàä ó ñêií÷åííèé ëàíöþãîâèé A2-äðiá.

Ëåìà 4.7.2. Êîæåí ñêií÷åííèé ëàíöþãîâèé A2-äðiá ó ôîðìi [1
2 , (1,

1
2)n]

áiëüøèé çà 1, ïðè÷îìó xn ≡ [1
2 , (1,

1
2)n] = 22n+2+2

22n+2−1 , äå âèðàç (1, 1
2)n îçíà÷à¹,

ùî ïàðà åëåìåíòiâ (1, 1
2) âõîäèòü n ðàçiâ.
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Äîâåäåííÿ. Ñêîðèñòà¹ìîñü ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨. Ïðè n = 1

ìà¹ìî

x1 ≡
[

1

2
, 1,

1

2

]
=

1
1
2 + 1

1+ 1
1
2

=
6

5
=

22·1+2 + 2

22·1+2 − 1
=

18

15
.

Ïðèïóñòèìî, ùî ôîðìóëà ìà¹ ìiñöå ïðè âñiõ n 6 k i äîâåäåìî ¨¨ äëÿ n =

k + 1.

xk+1 =

[
1

2
, (1,

1

2
)k+1

]
=

[
1

2
, 1,

1

2
, (1,

1

2
)k
]

=
1

1
2 + 1

1+ 22k+2+2

22k+2−1

=

=
1

1
2 + 22k+2−1

22k+3+1

=
22k+4 + 2

22k+4 − 1
=

22(k+1)+2 + 2

22(k+1)+2 − 1
,

ùî é ïîòðiáíî áóëî äîâåñòè.

4.8. Âëàñòèâîñòi ÷èñåë ç ïåðiîäè÷íèìè ëàíöþãîâèìè

A2-çîáðàæåííÿìè

Òåîðåìà 4.8.1. ßêùî ÷èñëî y ìiñòèòü ïåðiîä ó ñâî¹ìó ëàíöþãîâîìó

A2-çîáðàæåííi, òî âîíî ìà¹ âèãëÿä y = α +
√
γ, äå α, γ ∈ Q.

Äîâåäåííÿ. Íåõàé y = [α1, α2, . . . , αk, (β1, . . . βl)], òîäi ìà¹ìî

[(β1, . . . , βl)] = ωk(y) =
uky + vk
cky + dk

,

[(β1, . . . , βl)] = ωl
(
uky + vk
cky + dk

)
.

Îòæå,
uk+ly + vk+l

ck+ly + dk+l
=
uky + vk
cky + dk

,

çâiäêè

y2(ck+luk−uk+lck)+y(ukck+l+vkdk+l−uk+ldk−vk+lck)+vkdk+l−vk+ldk = 0,

ùî äîâîäèòü ïîòðiáíå.
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Âiäîìîþ ¹ íàñòóïíà òåîðåìà.

Òåîðåìà 4.8.2. ßêùî ðiâíÿííÿ ax2 + bx+ c = 0, (a, b, c ∈ Z, a 6= 0)

ìà¹ êîðiíü x1 = α +
√
γ, äå α, γ ∈ Q, √

γ /∈ Q, òî âîíî ìà¹ êîðiíü

x2 = α−√γ.

Òåîðåìà 4.8.3. ßêùî ÷èñëî

y =
e

f
+

√
g

h
∈ [0,5; 1],

äå e, f, g, h ∈ N, (g;h) = (f ;h) = 1,
√

g
h /∈ Q, ìà¹ çîáðàæåííÿ

y = [(β1, . . . , βk)],

òî âèêîíó¹òüñÿ íåðiâíiñòü

h 6
1√
17

(1 +
√

17

2

)k

−

(
1−
√

17

2

)k
 .

Äîâåäåííÿ. Ìà¹ìî
uky + vk
cky + dk

= y

i âiäïîâiäíî

cky
2 + (dk − uk)y − vk = 0.

Çà òåîðåìîþ 4.8.2, îñòàíí¹ ðiâíÿííÿ òàêîæ ìà¹ êîðiíü

ỹ =
e

f
−
√
g

h
,

òîìó

−bk
ck

= yỹ =
e2

f 2
− g

h
=
e2h− gf 2

f 2h

i âiäïîâiäíî

−blf 2h = ck(e
2h− gf 2).

Ëiâà ÷àñòèíà îñòàííüî¨ ðiâíîñòi äiëèòüñÿ íà h, çâiäêè ck äiëèòüñÿ íà h.

Âðàõîâóþ÷è òåîðåìó 4.1.1, ìà¹ìî

h 6 |ck| 6
1√
17

(1 +
√

17

2

)k

−

(
1−
√

17

2

)k
 .
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4.9. Àïðîêñèìàöiÿ äiéñíèõ ÷èñåë âiäðiçêà [0,5; 1]

ëàíöþãîâèìè A2-äðîáàìè

Íåõàé ν1(x, n) =
ln

n
, ν 1

2
(x, n) =

kn

n
, äå ln i kn � öå êiëüêiñòü åëåìåíòiâ 1 i

1
2 âiäïîâiäíî ñåðåä íàáîðó (a1, . . . , an) ó ëàíöþãîâîìó A2-çîáðàæåííi ÷èñëà

x = [a1, . . . , an, . . .].

Áóäåìî íàçèâàòè âåëè÷èíè lim
n→∞

ν 1
2
(x, n) = ν 1

2
i lim
n→∞

ν1(x, n) = ν1 ÷àñòî-

òàìè öèôð 1
2 i 1 âiäïîâiäíî ó ðîçêëàäi ÷èñëà x ó ëàíöþãîâèé A2-äðiá, çà

óìîâè ùî âiäïîâiäíi ãðàíèöi iñíóþòü.

Ëåìà 4.9.1. Íåõàé B � ìíîæèíà íàáîðiâ (α1, . . . , αk+l) ñåðåä ÿêèõ l

åëåìåíòiâ 1 i k åëåìåíòiâ 1
2, q((α1, . . . , αk+l)) � ÷èñëî, ÿêå âèçíà÷à¹òüñÿ

ðåêóðåíòíî

q0 = 1, q1 = α1, qn = αnqn−1 + qn−2, n = 2, 3, . . . , k + l,

qk+l = q((α1, . . . , αk+l)),

òîäi iñíóþòü ñòàëi Dj, D̃j(j ∈ {1, 2, 3, 4})(Dj, D̃j > 0), ÿêi íå çàëåæàòü

âiä k i l, òàêi, ùî

min
(α1,...,αk+l)∈B

q((α1, . . . , αk+l)) = D1δ
l
1η
k
1 +D2δ

l
1η
k
2 +D3δ

l
2η
k
1 +D4δ

l
2η
k
2 . (4.5)

max
(α1,...,αk+l)∈B

q((α1, . . . , αk+l)) = D̃1δ
l
1η
k
1 + D̃2δ

l
1η
k
2 + D̃3δ

l
2η
k
1 + D̃4δ

l
2η
k
2 . (4.6)

äå δ1,2 =
1±
√

5

2
, η1,2 =

1±
√

17

4
.

Äîâåäåííÿ. Íåõàé qk = 1
2qk−1 + qk−2, qk+1 = qk + qk−1, òîäi

qk+1 =
1

2
qk−1 + qk−2 + qk−1 = 1, 5qk−1 + qk−2.

ßêùî qk = qk−1 + qk−2, qk+1 = 1
2qk + qk−1, òîäi

qk+1 =
1

2
qk−1 +

1

2
qk−2 + qk−1 = 1, 5qk−1 + 0, 5qk−2.
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ßê áà÷èìî, â ïåðøîìó âèïàäêó âåëè÷èíà qk+1 áiëüøà, íiæ â äðóãîìó.

Íåõàé cn(β0, β1), dn(γ0, γ1) � ïîñëiäîâíîñòi òàêi, ùî

cn+1(β0, β1) = cn(β0, β1) + cn−1(β0, β1),∀n ∈ N,

c0(β0, β1) = β0, c1(β0, β1) = β1.

dn+1(γ0, γ1) =
1

2
dn(γ0, γ1) + dn−1(γ0, γ1),∀n ∈ N,

d0(γ0, γ1) = γ0, d1(γ0, γ1) = γ1.

Iíäóêöi¹þ ïî n ëåãêî ïîêàçàòè, ùî

cn(β̃0, β̃1) > cn(β0, β1),

dn(γ̃0, γ̃1) > dn(γ0, γ1)∀n ∈ N,

ÿêùî β̃j > βj > 0, γ̃j > γj > 0,∀j ∈ {0; 1}.
Âðàõîâóþ÷è óñå âèùå ñêàçàíå îòðèìó¹ìî, ùî ïðè çàìiíi ñóñiäíiõ åëå-

ìåíòiâ (1
2 , 1) íà (1, 1

2) â íàáîði (α1, . . . , αk+l) ìè çìåíøèìî çíà÷åííÿ âiäïî-

âiäíîãî âèðàçó q(α1, . . . , αk+l). Áóäåìî çäiéñíþâàòè âiäïîâiäíó çàìiíó äîòè,

äîêè áóäå ìîæëèâiñòü. Â ðåçóëüòàòi ïðèéäåìî äî íàáîðó1, 1, . . . , 1︸ ︷︷ ︸
l

,
1

2
,
1

2
, . . . ,

1

2︸ ︷︷ ︸
k

 .

Îòæå,

min
(α1,...,αk+l)∈B

q((α1, . . . , αk+l)) = q

(1, 1, . . . , 1︸ ︷︷ ︸
l

,
1

2
,
1

2
, . . . ,

1

2︸ ︷︷ ︸
k

)

 .

Ëåãêî áà÷èòè, ùî

dn(γ0; γ1) = 4γ1+(
√

17−1)γ0
2
√

17

(
1+
√

17
4

)n
+ (
√

17+1)γ0−4γ1
2
√

17

(
1−
√

17
4

)n
,

cn(β0; β1) = 2β1+(
√

5−1)β0
2
√

5

(
1+
√

5
2

)n
+ (
√

5+1)β0−2β1
2
√

5

(
1−
√

5
2

)n
,∀ ∈ N.
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Çðîçóìiëî, ùî q


1, 1, . . . , 1︸ ︷︷ ︸

l

,
1

2
,
1

2
, . . . ,

1

2︸ ︷︷ ︸
k


 âèçíà÷à¹òüñÿ ñèñòåìîþ ðiâ-

íîñòåé

q0 = 1, q1 = 1, q2 = q1 + q0, q3 = q2 + q1, . . . , ql = ql−1 + ql−2,

ql+1 =
1

2
ql + ql−1, ql+2 =

1

2
ql+1 + ql, . . . , qk+l =

1

2
qk+l−1 + qk+l−2.

Ìà¹ìî

ql =

√
5 + 1

2
√

5

(
1 +
√

5

2

)l

+

√
5− 1

2
√

5

(
1−
√

5

2

)l

.

ql−1 =

√
5 + 1

2
√

5

(
1 +
√

5

2

)l−1

+

√
5− 1

2
√

5

(
1−
√

5

2

)l−1

.

qk+l =
4b∗1 + (

√
17− 1)b∗0

2
√

17

(
1 +
√

17

4

)k

+
(1 +

√
17)b∗0 − 4b∗1
2
√

17

(
1−
√

17

4

)k

,

äå b∗1 = ql, b
∗
0 = ql−1.

Àíàëîãi÷íèì ÷èíîì ç ñèñòåìè

q0 = 1, q1 =
1

2
, q2 =

1

2
q1 + q0, . . . , qk =

1

2
qk−1 + qk−2,

qk+1 = qk + qk−1, . . . , qk+l = qk+l−1 + qk+l−2

ìà¹ìî

b∗0 = E1η
k
1 + E1η

k
2 , b∗1 = Ẽ1η

k
1 + Ẽ2η

k
2 ,

max
(α1,...,αk+l)∈B

q((α1, . . . , αk+l)) =

2b∗1 + (
√

5− 1)b∗0
2
√

5
δl1 +

(
√

5 + 1)b∗0 − 2b∗1
2
√

5
δl2

äëÿ äåÿêèõ ñòàëèõ E1, E2, Ẽ1, Ẽ2, ÿêi ëåãêî âèçíà÷àþòüñÿ, çâiäêè ìà¹ìî

(4.6).
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Ëåìà 4.9.2. ßêùî ÷èñëî x = [a1, a2, . . . , an, . . .] � A2-iððàöiîíàëüíå, òî

lim
n→∞

qn

δln1 η
kn
1

6 D̃1,

lim
n→∞

qn

δln1 η
kn
1

> D1.

Äîâåäåííÿ. Çðîçóìiëî, ùî lim
n→∞

ln = +∞, àäæå â ïðîòèëåæíîìó âèïàä-

êó x ¹ A2-ðàöiîíàëüíèì ÷èñëîì, àíàëîãi÷íå ïðàâèëüíî äëÿ (kn). Ìà¹ìî

lim
n→∞

δln1 η
kn
2

δln1 η
kn
1

= lim
n→∞

(
η2

η1

)kn
= 0,

lim
n→∞

δln2 η
kn
1

δln1 η
kn
1

= lim
n→∞

(
δ2

δ1

)ln
= 0,

lim
n→∞

∣∣∣∣∣δln2 ηkn2

δln1 η
kn
1

∣∣∣∣∣ 6 lim
n→∞

|η2|n

ηn1
= lim

n→∞

(
|η2|
η1

)n
= 0.

Âðàõîâóþ÷è ëåìó 4.9.1 ìà¹ìî ïîòðiáíå.

Òåîðåìà 4.9.1. ßêùî äëÿ ðîçêëàäó iððàöiîíàëüíîãî ÷èñëà x ó ëàíöþ-

ãîâèé A2-äðiá iñíóþòü ÷àñòîòè öèôð 1
2 i 1, ÿêi äîðiâíþþòü âiäïîâiäíî ν 1

2

é ν1, òî äëÿ äîâiëüíîãî ε > 0 iñíó¹ íîìåð n0, òàêèé, ùî

|x− pn
qn
| < 1

(δν11 η
ν 1
2

1 − ε)2n+1
,∀n > n0,

çîêðåìà äëÿ äîâiëüíîãî iððàöiîíàëüíîãî ÷èñëà y ∈ [0, 5; 1] iñíó¹ íîìåð n1 i

ñòàëà C, òàêi, ùî

|y − pn
qn
| < C

(1+
√

17
4 )2n+1

,∀n > n1.

Äîâåäåííÿ. Âðàõîâóþ÷è ëåìó 4.9.1, ìà¹ìî n
√
qn → δν11 η

ν 1
2

1 (n → +∞).

Òîìó äëÿ äîâiëüíîãî äîñòàòíüî ìàëîãî ε > 0 ìà¹ìî qn > (δν11 η
ν 1
2

1 − ε)n

ïî÷èíàþ÷è ç äåÿêîãî íîìåðà n0.

Âðàõîâóþ÷è íåðiâíiñòü ∣∣∣∣x− pn
qn

∣∣∣∣ < 1

qnqn+1
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ìà¹ìî ïîòðiáíå.

Ðîçãëÿíåìî ôóíêöiþ g(x) =
(

1+
√

5
2

)x (
1+
√

17
4

)1−x
íà ïðîìiæêó [0; 1].

Ôóíêöiÿ g(x), î÷åâèäíî, ¹ íåïåðåðâíîþ íà [0; 1]. Îñêiëüêè ôóíêöiÿ

ln(g(x)) = x ln
(

1+
√

5
2

)
+ (1−x) ln

(
1+
√

17
4

)
� çðîñòàþ÷à

(
1+
√

5
2 > 1+

√
17

4

)
,

òî i g(x) � çðîñòàþ÷à.

Âðàõîâóþ÷è ëåìó 4.9.1 ìà¹ìî, ùî

qn > D1(δ
ν1n
1 η

ν 1
2
n

1 )n > D1(g(0))n = D1

(
1 +
√

17

4

)n

,

ïî÷èíàþ÷è ç äåÿêîãî íîìåðà n1, çâiäêè i âèïëèâà¹ ïîòðiáíå.
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Âèñíîâêè äî ðîçäiëó 4

Öåé ðîçäië ïðèñâÿ÷åíî äîñëiäæåííþ ôóíêöié, çàäàíèõ çà äîïîìîãîþ

ëàíöþãîâèõ A2-äðîáiâ. Äîñëiäæåíî îïåðàòîðè ëiâîñòîðîííüîãî i ïðàâîñòî-

ðîííüîãî çñóâiâ öèôð ëàíöþãîâîãî A-çîáðàæåííÿ, çíàéäåíî iíâàðiàíòíó ìi-

ðó äëÿ îïåðàòîðà ëiâîñòîðîííüîãî çñóâó. Ïîáóäîâàíî íåïåðåðâíi ïåðåòâî-

ðåííÿ âiäðiçêà [0,5; 1], ÿêi çáåðiãàþòü õâîñòè ëàíöþãîâîãî A-çîáðàæåííÿ

÷èñåë. Äîâåäåíî, ùî ìíîæèíà íåïåðåðâíèõ ïåðåòâîðåíü âiäðiçêà [0,5; 1],

ÿêi çáåðiãàþòü õâîñòè ëàíöþãîâîãî A-çîáðàæåííÿ ÷èñåë, âiäíîñíî îïåðàöi¨

¾ñóïåðïîçèöiÿ ôóíêöié¿ óòâîðþ¹ íåñêií÷åííó íåêîìóòàòèâíó ãðóïó. Ïî-

áóäîâàíî é äîñëiäæåíî íåïåðåðâíó íiäå íå ìîíîòîííó ôóíêöiþ f , çàäàíó

ïåðåòâîðþâà÷åì öèôð íåãà-òðiéêîâîãî çîáðàæåííÿ ÷èñåë ó ¨õí¹ ëàíöþãîâå

A-çîáðàæåííÿ. Äîâåäåíî ¨¨ íåïåðåðâíiñòü, íiäå íå ìîíîòîííiñòü i íåîáìå-

æåíiñòü âàðiàöi¨. Ðîçãëÿíóòî ñêií÷åííi ëàíöþãîâi A2-äðîáè é âèâ÷åíî äåÿêi

¨õíi âëàñòèâîñòi. Âèâ÷åíî âëàñòèâîñòi äiéñíèõ ÷èñåë ç ïåðiîäè÷íèìè ëàí-

öþãîâèìè A2-çîáðàæåííÿìè, îòðèìàíî îöiíêè íàáëèæåíü äiéñíèõ ÷èñåë

âiäðiçêà [0,5; 1] ëàíöþãîâèìè A2-äðîáàìè.

Îñíîâíèìè ðåçóëüòàòàìè öüîãî ðîçäiëó ¹ òåîðåìà 4.2.1 (ïðî iíâàðiàíòíó

ìiðó), òåîðåìà 4.5.1 (ïðî ãðóïó íåïåðåðâíèõ ïåðåòâîðåíü âiäðiçêà [0,5; 1]),

òåîðåìà 4.6.1 (ïðî íåïåðåðâíiñòü i íiäå íå ìîíîòîííiñòü ôóíêöi¨ f), òåîðåìà

4.6.3 (ïðî íåîáìåæåíiñòü âàðiàöi¨ ôóíêöi¨ f), òåîðåìà 4.6.4 (ïðî àâòîìîäåëü-

íi âëàñòèâîñòi ãðàôiêà ôóíêöi¨ f), òåîðåìà 4.9.1 (ïðî îöiíêè íàáëèæåíü

äiéñíèõ ÷èñåë ëàíöþãîâèìè A2-äðîáàìè).

Îñíîâíi ðåçóëüòàòè öüîãî ðîçäiëó îïóáëiêîâàíî ó ðîáîòàõ [4a, 5a, 6a]

i àïðîáîâàíi íà íàóêîâèõ êîíôåðåíöiÿõ, ïðî ùî ñâiä÷àòü òåçè äîïîâiäåé

[8a, 10a, 11a, 15a, 16a, 17a, 18a].
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ÐÎÇÄIË 5

ÎÑÍÎÂÈ ÌÅÒÐÈ×ÍÎ� ÒÅÎÐI� ÇÎÁÐÀÆÅÍÍß ×ÈÑÅË

ËÀÍÖÞÃÎÂÈÌÈ A3-ÄÐÎÁÀÌÈ

5.1. Ëàíöþãîâi A3-äðîáè

Íåõàé A3 ≡ {s0, s1, s2} � çàäàíà ìíîæèíà äîäàòíèõ äiéñíèõ ÷èñåë
(s0 < s1 < s2). Ðîçãëÿäàþòüñÿ âñåìîæëèâi âèðàçè ó ôîðìi

1

a1 +
1

a2 + . . .

≡ [a1, a2, . . . , an, . . .], äå ai ∈ A3, (5.1)

ÿêi ìè íàçèâà¹ìî ëàíöþãîâèìè A3-äðîáàìè. Êîæåí ëàíöþãîâèé A3-äðiá ¹

çáiæíèì, îñêiëüêè ðÿä
∞∑
n=1

an äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi (an) ∈ V ≡
≡ A3 × A3 × . . .× A3 × . . . ðîçáiãà¹òüñÿ.

Ëåãêî áà÷èòè, ùî çíà÷åííÿ âèðàçó (5.1) íå ïåðåâèùó¹ ÷èñëà

β2 = [(s0, s2)] =

√
s2

0s
2
2 + 4s0s2 − s0s2

2s0

(äå êðóãëi äóæêè îçíà÷àþòü ïåðiîä) i ¹ íå ìåíøèì çà ÷èñëî

β1 = [(s2, s0)] =

√
s2

0s
2
2 + 4s0s2 − s0s2

2s2
.

Îñêiëüêè

β1 =
1

s2 + β2
, β2 =

1

s0 + β1
,

òî î÷åâèäíîþ ¹ ðiâíiñòü

β2

β1
=
s2

s0
.
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Ïîçíà÷èìî ÷åðåç LA3
ìíîæèíó âñiõ ëàíöþãîâèõ A3-äðîáiâ, òîáòî

LA3
= {x|x = [a1, a2, . . . , an, . . .], (an) ∈ V }.

Òîäi î÷åâèäíî, ùî LA3
⊆ [β1; β2].

Çàóâàæåííÿ 5.1.1. ßêùî A2 ¹ äâîåëåìåíòíîþ ïiäìíîæèíîþ A3, òî ìíî-

æèíà LA2
= {x|x = [a1, . . . , an, . . .], an ∈ A2} ¹ ïiäìíîæèíîþ LA3

. Òîìó

ëàíöþãîâi A2-äðîáè óòâîðþþòü ïiäìíîæèíó ëàíöþãîâèõ A3-äðîáiâ.

Ëåìà 5.1.1. ßêùî s0s2 6 1
2, òî LA3

= [β1; β2].

Ñïðàâäi, äàíå òâåðäæåííÿ ¹ íàñëiäêîì ùîéíî äîâåäåíîãî ôàêòó

LA3
⊆ [β1; β2]

i âiäîìîãî òâåðäæåííÿ: ÿêùî A2 = {s0, s2} i s0s2 6 1
2 , òî LA2

= [β1; β2].

Áiëüøå òîãî, ìîæíà äîâåñòè, ùî ïðè s0s2 6 1
2 êîæíå ÷èñëî iíòåðâàëó

(β1; β2) ìà¹ êîíòèíóàëüíó ìíîæèíó ðiçíèõ ðîçâèíåíü â ëàíöþãîâèé A3-

äðiá.

5.2. Ïiäõiäíi äðîáè

Íàãàäà¹ìî, ùî ïiäõiäíèì äðîáîì ïîðÿäêó n ëàíöþãîâîãî äðîáó

[a1, a2, . . . , an, . . .]

íàçèâà¹òüñÿ ÷èñëî
pn

qn
, ùî ¹ çíà÷åííÿì ëàíöþãîâîãî äðîáó [a1, a2, . . . , an].

Îñêiëüêè pn i qn çàëåæàòü âiä ïåðøèõ n åëåìåíòiâ ëàíöþãîâîãî äðîáó

(5.1), òî ïîçíà÷àòèìåìî ¨õ òàêîæ p(a1, a2, . . . , an) i q(a1, a2, . . . , an).

Âiäîìèé çàêîí óòâîðåííÿ ïiäõiäíèõ äðîáiâ: äëÿ äîâiëüíîãî íàòóðàëü-

íîãî n > 2  pn = anpn−1 + pn−2,

qn = anqn−1 + qn−2;

äå p0 = 0, q0 = 1, p1 = 1, q1 = a1.



124

Ëåìà 5.2.1. ßêùî s0 = 2
3 , s2 = 2, òî äëÿ çíàìåííèêiâ ïiäõiäíèõ äðîáiâ

ëàíöþãîâèõ A3-äðîáiâ ìàþòü ìiñöå íåðiâíîñòi

qn >
3
√

10

20

(1

3
+

√
10

3

)n+1

+

(
1

3
−
√

10

3

)n+1
 ;

qn 6

√
2

4

(
(1 +

√
2)n+1 + (1−

√
2)n+1

)
.

Äîâåäåííÿ. ßê âiäîìî ç [11], çíàìåííèê qn ïiäõiäíîãî äðîáó ïîðÿäêó n

ïåðiîäè÷íîãî ëàíöþãîâîãî äðîáó [(c)] îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

qn =
1

√
c2 + 4


c+

√
c2 + 4

2

n+1

−

c−√c2 + 4

2

n+1
 .

Îñêiëüêè äëÿ êîæíîãî n = 1, 2, . . . âèêîíó¹òüñÿ íåðiâíiñòü

q(s0, s0, . . . , s0) 6 q(a1, a2, . . . , an) 6 q(s2, s2, . . . , s2),

òî îòðèìó¹ìî ïîòðiáíå. �

5.3. Ìåòðè÷íi âëàñòèâîñòi

Îçíà÷åííÿ 5.3.1. Öèëiíäðîì ðàíãó n ç îñíîâîþ c1c2 . . . cn íàçèâà¹òüñÿ

ìíîæèíà ∆A3
c1c2...cn

âñiõ x, ÿêi çîáðàæàþòüñÿ ëàíöþãîâèì A3-äðîáîì ç ïåð-

øèìè n åëåìåíòàìè, ùî äîðiâíþþòü âiäïîâiäíî c1, c2, . . . , cn, òîáòî

∆A3
c1c2...cn

= {x|x = [a1, ..., an, an+1, ...], ai(x) = ci, ai ∈ A3, i = 1, n}.

Î÷åâèäíî, ùî

x′ ≡ min ∆A3
c1c2...cn

=

 [c1, c2, . . . , cn + β2] ïðè íåïàðíîìó n,

[c1, c2, . . . , cn + β1] ïðè ïàðíîìó n;

x′′ ≡ max ∆A3
c1c2...cn

=

 [c1, c2, . . . , cn + β1] ïðè íåïàðíîìó n,

[c1, c2, . . . , cn + β2] ïðè ïàðíîìó n;



125

òîáòî ∆A3
c1c2...cn

⊂ [x′;x′′].

Íàïðèêëàä, öèëiíäðè ïåðøîãî ðàíãó íàëåæàòü íàñòóïíèì âiäðiçêàì:

∆s0 ⊂
[

1

s0 + β2
,

1

s0 + β1

]
, ∆s1 ⊂

[
1

s1 + β2
,

1

s1 + β1

]
,

∆s2 ⊂
[

1

s2 + β2
,

1

s2 + β1

]
,

ÿêi ìè íàçèâà¹ìî öèëiíäðè÷íèìè.

Ìàþòü ìiñöå íàñòóïíi âëàñòèâîñòi öèëiíäðiâ:

1) ∆A3
c1c2...cnc

⊂ ∆A3
c1c2...cn

.

2) ∆A3
c1c2...cn

= ∆A3
c1c2...cns0

∪∆A3
c1c2...cns1

∪∆A3
c1c2...cns2

.

3) Äiàìåòð öèëiíäðà îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

∣∣∆A3
c1c2...cn

∣∣ =
β2 − β1

(qn + β1qn−1)(qn + β2qn−1)
. (5.2)

Äîâåäåííÿ. Ñïðàâäi,∣∣∆A3
c1c2...cn

∣∣ = max ∆A3
c1c2...cn

−min ∆A3
c1c2...cn

=

=| [c1, c2, . . . , cn, β
−1
2 ]− [c1, c2, . . . , cn, β

−1
1 ] |=

=

∣∣∣∣∣∣β
−1
2 pn + pn−1

β−1
2 qn + qn−1

−
β−1

1 pn + pn−1

β−1
1 qn + qn−1

∣∣∣∣∣∣ =

=

∣∣∣∣∣∣pn + β2pn−1

qn + β2qn−1
−
pn + β1pn−1

qn + β1qn−1

∣∣∣∣∣∣ =

=
(β2 − β1)|pn−1qn − qn−1pn|
(qn + β1qn−1)(qn + β2qn−1)

.

Âðàõîâóþ÷è, ùî çà âëàñòèâîñòÿìè ïiäõiäíèõ äðîáiâ

pn−1qn − qn−1pn = (−1)n, îòðèìó¹ìî ôîðìóëó (5.2). �

Íàñëiäîê 5.3.1. |∆A3
c1...ck
| → 0 ïðè k →∞.
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4) Îñíîâíå ìåòðè÷íå âiäíîøåííÿ ìà¹ âèãëÿä

|∆A3
c1c2...cnc

|

|∆A3
c1c2...cn|

=

(
1 + β1

qn−1
qn

)(
1 + β2

qn−1
qn

)
(
c+ β1 + qn−1

qn

)(
c+ β2 + qn−1

qn

).
Äîâåäåííÿ.Öå âiäíîøåííÿ âèâîäèòüñÿ ç âèêîðèñòàííÿì çàêîíó óòâî-

ðåííÿ çíàìåííèêiâ ïiäõiäíèõ äðîáiâ i ôîðìóëè (5.2). �

Íàñëiäîê 5.3.2. Ïðè s0 =
2

3
, s1 =

4

3
, s2 = 2 âiäðiçîê [β1; β2] = [1/3; 1],

ïðè÷îìó ìàþòü ìiñöå âiäíîøåííÿ:

|∆A3
c1c2...cn2|

|∆A3

c1c2...cn
4
3

|
=

5 + 3
qn−1

qn

3

3 +
qn−1

qn

,
|∆A3

c1c2...cn
2
3

|

|∆A3

c1c2...cn
4
3

|
=

7 + 3
qn−1

qn

3

1 +
qn−1

qn

. (5.3)

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è âëàñòèâiñòü 3 îòðèìó¹ìî:

|∆A3
c1c2...cn2|

|∆A3
c1c2...cn|

=

1 +
qn−1

qn

7 + 3
qn−1

qn

,
|∆A3

c1c2...cn
2
3

|

|∆A3
c1c2...cn|

=

3 +
qn−1

qn

5 + 3
qn−1

qn

,

|∆A3

c1c2...cn
4
3

|

|∆A3
c1c2...cn|

=

3

3 +
qn−1

qn

1 +
qn−1

qn


5 + 3

qn−1

qn

7 + 3
qn−1

qn

,

à çâiäñè é ðiâíîñòi (5.3). �

Ëåìà 5.3.1. Óìîâè 
1

s2 + β1
=

1

s1 + β2
,

1

s1 + β1
=

1

s0 + β2
;

(5.4)
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ðiâíîñèëüíi óìîâàì 
s0s2 =

4

3
,

s1 =
s0 + s2

2
.

(5.5)

Äîâåäåííÿ. Äiéñíî,
1

s2 + β1
=

1

s1 + β2
,

1

s1 + β1
=

1

s0 + β2
;

⇔

 s2 + β1 = s1 + β2,

s1 + β1 = s0 + β2.

Âèðàæàþ÷è ç äðóãîãî ðiâíÿííÿ s2 i ïiäñòàâëÿþ÷è ó ïåðøå, îòðèìó¹ìî:

s2 − s0 = 2(β2 − β1);

s2 − s0 = 2

√s2
0s

2
2 + 4s0s2 − s0s2

2s0
−

√
s2

0s
2
2 + 4s0s2 − s0s2

2s2

 ;

s2 − s0 =
(s2 − s0)(

√
s2

0s
2
2 + 4s0s2 − s0s2)

s0s2
;

2s0s2 =
√
s2

0s
2
2 + 4s0s2;

s0s2 =
4

3
.

Ç ñèñòåìè  s2 + β1 = s1 + β2,

s1 + β1 = s0 + β2;

âèïëèâà¹, ùî s2 − s1 = β2 − β1 = s1 − s0, à îòæå, s0 + s2 = 2s1. �

Òåîðåìà 5.3.1. Çà óìîâ 5.5 öèëiíäðè îäíîãî i òîãî ñàìîãî ðàíãó íå

ïåðåêðèâàþòüñÿ.
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Äîâåäåííÿ. Çà ëåìîþ 5.3.1
s0s2 =

4

3
,

s1 =
s0 + s2

2
;

⇔

 s2 + β1 = s1 + β2,

s1 + β1 = s0 + β2.

Òîäi, ïðè ïàðíîìó n

max ∆A3
c1c2...cns2

= [c1, . . . , cn, s2 + β1] =

= [c1, . . . , cn, s1 + β2] = min ∆A3
c1c2...cns1

,

max ∆A3
c1c2...cns1

= [c1, . . . , cn, s1 + β1] =

= [c1, . . . , cn, s0 + β2] = min ∆A3
c1c2...cns0

,

ïðè íåïàðíîìó n

max ∆A3
c1c2...cns0

= [c1, . . . , cn, s0 + β2] =

[c1, . . . , cn, s1 + β1] = min ∆A3
c1c2...cns1

,

max ∆A3
c1c2...cns1

= [c1, . . . , cn, s1 + β2] =

[c1, . . . , cn, s2 + β1] = min ∆A3
c1c2...cns2

.

Òîáòî

∆A3
c1c2...cns0

∩∆A3
c1c2...cns1

= [c1, . . . , cn, s1 + β1] = [c1, . . . , cn, s0 + β2],

∆A3
c1c2...cns1

∩∆A3
c1c2...cns2

= [c1, . . . , cn, s2 + β1] = [c1, . . . , cn, s1 + β2].�

Òåîðåìà 5.3.2. ßêùî s0s2 =
4

3
i s1 =

s0 + s2

2
, òî LA3

= [β1; β2].

Äîâåäåííÿ. Îñêiëüêè î÷åâèäíî, ùî LA3
⊆ [β1; β2], òî çàëèøà¹òüñÿ äîâå-

ñòè, ùî [β1; β2] ⊆ LA3
. Íåõàé x � äîâiëüíà òî÷êà âiäðiçêà [β1; β2]. Ç òåîðåìè

5.3.1 âèïëèâà¹, ùî

[β1; β2] = ∆A3
s0
∪∆A3

s1
∪∆A3

s2
.

Òîìó iñíó¹ c1 ∈ A3 òàêå, ùî x ∈ ∆A3
c1
. Àíàëîãi÷íî,

∆A3
c1

= ∆A3
c1s0
∪∆A3

c1s1
∪∆A3

c1s2
.
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Òîìó iñíó¹ c2 ∈ A3 òàêå, ùî x ∈ ∆A3
c1c2

i ò. ä. ßêùî x ∈ ∆A3
c1...ck

òî ç òîãî, ùî

∆A3
c1...ck

= ∆A3
c1...cks0

∪∆A3
c1...cks1

∪∆A3
c1...cks2

,

âèïëèâà¹ iñíóâàííÿ ck+1 ∈ A3 òàêîãî, ùî x ∈ ∆A3
c1...ckck+1

i ò. ä. Îòæå, iñíó¹

íåñêií÷åííà ïîñëiäîâíiñòü (ck), ck ∈ A3 òàêà, ùî x íàëåæèòü âñiì öèëiíäðàì

∆A3
c1
,∆A3

c1c2
, . . . ,∆A3

c1c2...ck
, . . . .

Îñêiëüêè, çà âëàñòèâiñòþ ∆A3
c1...ckck+1

⊂ ∆A3
c1...ck

i çãiäíî ç íàñëiäêîì (5.3.1)

|∆A3
c1...ck
| → 0 ïðè k →∞,

òî çà àêñiîìîþ Êàíòîðà iñíó¹ ¹äèíà òî÷êà, ÿêà íàëåæèòü âñiì öèì âiäðiç-

êàì, à òàêîþ ¹ òî÷êà x. Òîìó

x =
∞⋂
k=1

∆A3
c1...ck

= [c1, . . . , ck, . . .] ∈ LA3
,

ùî é ïîòðiáíî áóëî äîâåñòè.�

Îòæå, ÿêùî

x =
1

a1 +
1

a2 + . . .

, ai ∈ A3, n = 1, 2, . . . , (5.6)

òî âèðàç (5.6) áóäåìî íàçèâàòè ëàíöþãîâèì A3-ïðåäñòàâëåííÿì ÷èñëà x, à

ôîðìàëüíèé çàïèñ

x = ∆A3
γ1γ2...γn...

,

äå

γi =


0, ÿêùî ai = s0,

1, ÿêùî ai = s1,

2, ÿêùî ai = s2;

íàçèâàòèìåìî ëàíöþãîâèì A3-çîáðàæåííÿì ÷èñëà x.
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Òåîðåìà 5.3.3. ßêùî s0s2 =
4

3
i s1 =

s0 + s2

2
, òî ç÷èñëåííà ìíîæèíà

òî÷îê x ∈ [β1; β2] ìà¹ äâà ëàíöþãîâi A3-çîáðàæåííÿ

∆A3

a1a2...an−1si(s2s0) = ∆A3

a1a2...an−1si−1(s0s2), i ∈ {1, 2},

ðåøòà òî÷îê ìà¹ ¹äèíå çîáðàæåííÿ.

Äîâåäåííÿ. ßêùî x = ∆A3
c1c2...cnsi

∩ ∆A3
c1c2...cnsi+1

, i ∈ {0, 1}, òî ç òåîðåìè

5.3.1 âèïëèâà¹, ùî x ìà¹ äâà ëàíöþãîâi A3-çîáðàæåííÿ, à ñàìå

x = ∆A3

a1a2...an−1si(s2s0) = ∆A3

a1a2...an−1si−1(s0s2), i ∈ {1, 2}.

Òàêèõ òî÷îê ¹ ç÷èñëåííà ìíîæèíà. Òî÷êè, ùî ìàþòü äâà ëàíöþãîâi A3-

çîáðàæåííÿ, à òàêîæ òî÷êè β1, β2 íàçèâàòèìåìî A3-ðàöiîíàëüíèìè.

Íåõàé x íå ¹ ñïiëüíîþ òî÷êîþ öèëiíäðiâ

∆A3
c1c2...cns0

i ∆A3
c1c2...cns1

.

Òîäi ÷èñëà ak âèçíà÷àþòüñÿ îäíîçíà÷íî, òîáòî äëÿ òî÷êè x iñíó¹ ¹äèíà

ïîñëiäîâíiñòü (ak) òàêà, ùî x = [a1, a2, . . . , an, . . .]. Ñïðàâäi, ïðèïóñòèìî,

ùî x = [a1, a2, . . . , an, . . .] = [b1, b2, . . . , bn, . . .]. ßêùî s0 = a1 6= b1 = s1, òî

x ∈ ∆A3
s0

i x ∈ ∆A3
s1
, ùî ñóïåðå÷èòü òîìó, ùî öèëiíäðè÷íi iíòåðâàëè ∇s0 i

∇s1 (òîáòî iíòåðâàëè, êiíöi ÿêèõ çáiãàþòüñÿ ç êiíöÿìè öèëiíäðiâ) íå ìàþòü

ñïiëüíèõ òî÷îê i x 6= ∆A3
s0
∩∆A3

s1
. Îòæå, a1 = b1.

Íåõàé òåïåð ai = bi, i = 1, . . . ,m i am+1 6= bm+1. Òîäi x ∈ ∆A3
c1c2...cms0

i

x ∈ ∆A3
c1c2...cms1

, òîáòî x = ∆A3
c1c2...cms0

∩∆A3
c1c2...cms1

, ùî ñóïåðå÷èòü óìîâi

∇c1...cms0 ∩∇c1...cms1 = ∅, x 6= ∆A3
c1...cms0

∩∆A3
c1...cms1

.

Îòæå, äëÿ äîâiëüíîãî íàòóðàëüíîãî m am 6= bm, ùî é ïîòðiáíî áóëî äîâå-

ñòè.

Àíàëîãi÷íî äëÿ öèëiíäðiâ ∆A3
c1c2...cns1

i ∆A3
c1c2...cns2

. �

ßêùî òî÷êà x íå ¹ êiíöåì æîäíîãî öèëiíäðà ∆A3
c1c2...cn

, òî òàêó òî÷êó

áóäåìî íàçèâàòè A3-iððàöiîíàëüíîþ.
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5.4. Õâîñòîâi ìíîæèíè

Ñòâåðäæóâàòèìåìî, ùî äâà ëàíöþãîâi A3-çîáðàæåííÿ

∆A3
a1a2...an...

i ∆A3

b1b2...bn...

ìàþòü îäíàêîâèé õâiñò (àáî ïåðåáóâàþòü ó âiäíîøåííi ∼), ÿêùî iñíóþòü

íàòóðàëüíi ÷èñëà m i k, òàêi, ùî am+j = bk+j äëÿ áóäü-ÿêîãî j ∈ N.

Ëåìà 5.4.1. Áiíàðíå âiäíîøåííÿ ìàòè îäíàêîâèé õâiñò ¾∼¿ íà ìíî-

æèíi LA3
¹ âiäíîøåííÿì åêâiâàëåíòíîñòi.

Äîâåäåííÿ. Ðåôëåêñèâíiòü i ñèìåòðè÷íiñòü, î÷åâèäíî, âèêîíóþòüñÿ:

∆A3
a1a2...an...

∼ ∆A3
a1a2...an...

,

∆A3
a1a2...an...

∼ ∆A3

a′1a
′
2...a

′
n...
⇒ ∆A3

a′1a
′
2...a

′
n...
∼ ∆A3

a1a2...an...
.

Ïîêàæåìî, ùî âiäíîøåííÿ ìàòè îäíàêîâèé õâiñò âîëîäi¹ âëàñòèâiñòþ òðàí-

çèòèâíîñòi, òîáòî ç òîãî, ùî

∆A3
a1a2...an...

∼ ∆A3

a′1a
′
2...a

′
n...

i ∆A3

a′1a
′
2...a

′
n...
∼ ∆A3

a′′1a
′′
2 ...a

′′
n...

âèïëèâà¹

∆A3
a1a2...an...

∼ ∆A3

a′′1a
′′
2 ...a

′′
n...
.

Çãiäíî ç îçíà÷åííÿì âiäíîøåííÿ ¾∼¿ óìîâà ∆A3
a1a2...an...

∼ ∆A3

a′1a
′
2...a

′
n...

ðiâíî-

ñèëüíà iñíóâàííþ öiëèõ ÷èñåë k1 i m1 òàêèõ, ùî

ak1+j = a′m1+j,∀j ∈ N;

à óìîâà ∆A3
a1a2...an...

∼ ∆A3

a′′1a
′′
2 ...a

′′
n...

� iñíóâàííþ k2 i m2 òàêèõ, ùî

a′k2+j = a′′m2+j,∀j ∈ N.

Íåõàé k = k1 + k2,m = m2 +m1. Òîäi ak+j = a′′m+j,∀j ∈ N, îñêiëüêè

ak+j = ak1+k2+j = a′m1+k2+j = a′k2+m1+j = a′′m2+m1+j = a′′m+j.�
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Âiäíîøåííÿ ∼, áóäó÷è âiäíîøåííÿì åêâiâàëåíòíîñòi, ðîçáèâà¹ ìíîæè-

íó, íà ÿêié âîíî çàäàíå, íà êëàñè åêâiâàëåíòíîñòi. Êîæåí iç êëàñiâ åêâiâà-

ëåíòíîñòi íàçèâàòèìåìî õâîñòîâîþ ìíîæèíîþ. Êîæíà õâîñòîâà ìíîæèíà

îäíîçíà÷íî âèçíà÷à¹òüñÿ áóäü-ÿêèì iç ñâî¨õ åëåìåíòiâ (ïðåäñòàâíèêiâ).

Áóäåìî ñòâåðäæóâàòè, ùî äâà ÷èñëà x i y ìàþòü îäíàêîâèé õâiñò ëàíöþ-

ãîâîãî A3-çîáðàæåííÿ (àáî ïåðåáóâàþòü ó âiäíîøåííi ∼), ÿêùî âîíè ìàþòü
A3-çîáðàæåííÿ, ÿêi ïåðåäóâàþòü ó âiäíîøåííi ∼. Ñèìâîëi÷íî: x ∼ y.

Òåîðåìà 5.4.1. Êîæíà õâîñòîâà ìíîæèíà ¹ çëi÷åííîþ i ùiëüíîþ â

[β1; β2] ìíîæèíîþ, à ôàêòîð-ìíîæèíà G ≡ [β1; β2]/ ∼ ¹ êîíòèíóàëüíîþ.

Äîâåäåííÿ. Íåõàé H � äîâiëüíèé êëàñ åêâiâàëåíòíîñòi, x0 = ∆A3
c1...ck...

�

éîãî ïðåäñòàâíèê. Òîäi î÷åâèäíî, ùî äëÿ äîâiëüíîãîm ∈ Z0 iñíó¹ ìíîæèíà

Hm = {x : x = ∆A3
a1...akcm+1cm+2...

, ak ∈ A3, k = 0, 1, 2, ...}

òàêèõ ÷èñåë x, äëÿ ÿêèõ ïðè äåÿêîìó k ∈ Z0

ak+j(x) = cm+j äëÿ äîâiëüíîãî j ∈ N

i H =
⋃

m∈Z0

Hm.

Ìíîæèíà H, áóäó÷è çëi÷åííèì îá'¹äíàííÿì çëi÷åííèõ ìíîæèí, ¹ ìíî-

æèíîþ çëi÷åííîþ.

Äîâåäåìî òåïåð, ùî ìíîæèíàH � ùiëüíà â [β1; β2]. Îñêiëüêè íàëåæíiñòü

÷èñëà x äî ìíîæèíè H íå çàëåæèòü âiä äîâiëüíî¨ ñêií÷åííî¨ êiëüêîñòi ïåð-

øèõ öèôð éîãî A3-çîáðàæåííÿ, òî â êîæíîìó ç öèëiíäðiâ äîâiëüíîãî ðàíãó

m iñíó¹ òî÷êà ìíîæèíè H. Îòæå, H ¹ âñþäè ùiëüíîþ â [β1; β2] ìíîæèíîþ.

Äëÿ äîâåäåííÿ êîíòèíóàëüíîñòi ôàêòîð-ìíîæèíè G ñêîðèñòà¹ìîñü ìå-

òîäîì âiä ñóïðîòèâíîãî. Ïðèïóñòèìî, ùî G ¹ çëi÷åííîþ. Òîäi ìíîæèíà

[β1; β2] ¹ çëi÷åííèì îá'¹äíàííÿì çëi÷åííèõ ìíîæèí. Àëå, äîáðå âiäîìî, ùî

îñòàííÿ ìíîæèíà ¹ çëi÷åííîþ, à âiäðiçîê [β1; β2] ¹ êîíòèíóàëüíîþ ìíîæè-

íîþ. Îòðèìàíà ñóïåðå÷íiñòü äîâîäèòü òåîðåìó.
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Âèñíîâêè äî ðîçäiëó 5

Ó öüîìó ðîçäiëi âèâ÷à¹òüñÿ ãåîìåòðiÿ ïðåäñòàâëåííÿ ÷èñåë ëàíöþãî-

âèìè A3-äðîáàìè, òîáòî ëàíöþãîâèìè äðîáàìè, åëåìåíòè ÿêèõ íàáóâàþòü

çíà÷åííÿ ç ìíîæèíè A3 ≡ {s0, s1, s2}, äå 0 < s0 < s1 < s2, si ∈ R. Äîâåäå-

íî, ùî ïðè s0s2 = 4
3 i s1 = (s0 + s2)/2 êîæíà òî÷êà ïåâíîãî âiäðiçêó ìà¹

íå áiëüø íiæ äâà A3-ïðåäñòàâëåííÿ, ïðè÷îìó ìíîæèíà òî÷îê, ùî ìàþòü

äâà ïðåäñòàâëåííÿ, ¹ çëi÷åííîþ, à îòæå, ñèñòåìà êîäóâàííÿ ÷èñåë çàñîáà-

ìè òðèñèìâîëüíîãî àëôàâiòó, ùî  ðóíòó¹òüñÿ íà ðîçêëàäàõ ÷èñåë ó òàêi

ëàíöþãîâi äðîáè, ìà¹ íóëüîâó íàäëèøêîâiñòü.

Îñíîâíèìè ðåçóëüòàòàìè öüîãî ðîçäiëó ¹ ëåìà 5.2.1 (ïðî îöiíêè äëÿ çíà-

ìåííèêiâ ïiäõiäíèõ äðîáiâ), òåîðåìà 5.3.3 (ïðî óìîâè íóëüîâî¨ íàäëèøêî-

âîñòi ïðåäñòàâëåííÿ ÷èñåë ëàíöþãîâèìè A3-äðîáàìè), òåîðåìà 5.4.1 (ïðî

âëàñòèâîñòi õâîñòîâèõ ìíîæèí).

Îñíîâíi ðåçóëüòàòè öüîãî ðîçäiëó îïóáëiêîâàíi ó ðîáîòi [3a].
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Çàãàëüíi âèñíîâêè

Äëÿ àíàëiòè÷íîãî çàäàííÿ i äîñëiäæåííÿ ôóíêöié çi ñêëàäíîþ ëîêàëü-

íîþ áóäîâîþ çàñòîñîâóþòüñÿ ðiçíi ñèñòåìè êîäóâàííÿ äiéñíèõ ÷èñåë çi ñêií-

÷åííèì òà íåñêií÷åííèì àëôàâiòàìè, çîêðåìà, çîáðàæåííÿ ÷èñåë ëàíöþãî-

âèìè äðîáàìè.

Ó äèñåðòàöiéíié ðîáîòi îòðèìàíi òàêi ðåçóëüòàòè.

1. Ïîáóäîâàíî íåïåðåðâíi ïåðåòâîðåííÿ âiäðiçêà [0; 1], ÿêi çáåðiãàþòü

õâîñòè çîáðàæåííÿ ÷èñåë åëåìåíòàðíèìè ëàíöþãîâèìè äðîáàìè.

2. Äîâåäåíî, ùî ìíîæèíà íåïåðåðâíèõ ïåðåòâîðåíü âiäðiçêà [0,5; 1],

ÿêi çáåðiãàþòü õâîñòè ëàíöþãîâîãî A-çîáðàæåííÿ ÷èñåë, âiäíîñíî

îïåðàöi¨ ¾êîìïîçèöiÿ ôóíêöié¿ óòâîðþ¹ íåñêií÷åííó íåêîìóòàòèâíó

ãðóïó.

3. Ââåäåíî ôóíêöiþ, íàçâàíó êâàçiiíâåðñîðîì öèôð åëåìåíòàðíîãî ëàí-

öþãîâîãî çîáðàæåííÿ ÷èñåë (ùî ¹ ïåâíèì àíàëîãîì iíâåðñîðiâ öèôð

ñêií÷åííî-ñèìâîëüíèõ çîáðàæåíü ÷èñåë). Äîâåäåíî ¨¨ íiäå íå ìîíî-

òîííiñòü i êàíòîðîâiñòü ìíîæèíè ¨¨ çíà÷åíü, îïèñàíî ìíîæèíè ðiâ-

íiâ.

4. Âèâ÷åíî âëàñòèâîñòi ôóíêöi¨, ÿêó îçíà÷åíî ïðîåêòóâàííÿì öèôð

åëåìåíòàðíîãî ëàíöþãîâîãî çîáðàæåííÿ ÷èñåë ó öèôðè çîáðàæåííÿ

÷èñåë çíàêîçìiííèìè ðÿäàìè Ëþðîòà. Äîâåäåíî ¨¨ íåïåðåðâíiñòü i

ìîíîòîííiñòü, çíàéäåíî ñèñòåìó ôóíêöiîíàëüíèõ ðiâíÿíü, ¹äèíèì

ðîçâ'ÿçêîì ÿêî¨ ¹ öÿ ôóíêöiÿ.

5. Ñêîíñòðóéîâàíî ôóíêöiþ, ÿêà ¹ àíàëîãîì ôóíêöié Áóøà-Âóíäåð-

ëiõà i Òðèáií-ôóíêöi¨, ÷èé àðãóìåíò ðîçãëÿäà¹òüñÿ ó ôîðìi íåãà-

òðiéêîâîãî çîáðàæåííÿ, à çíà÷åííÿ ôóíêöi¨ � ó ôîðìi ëàíöþãîâîãî

A-çîáðàæåííÿ. Äîâåäåíî, ùî âîíà ¹ íåïåðåðâíîþ íà âiäðiçêó [0,5; 1]

íiäå íå ìîíîòîííîþ ôóíêöi¹þ i ìà¹ íåîáìåæåíó âàðiàöiþ. Îïèñàíî

âëàñòèâîñòi ãðàôiêà öi¹¨ ôóíêöi¨, çîêðåìà àâòîìîäåëüíi, i ìíîæèí

¨¨ ðiâíiâ.
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6. Îòðèìàíî îöiíêè íàáëèæåíü äiéñíèõ ÷èñåë âiäðiçêà [0,5; 1] ëàíöþ-

ãîâèìè A2-äðîáàìè.

7. Çàêëàäåíî îñíîâè òîïîëîãî-ìåòðè÷íî¨ òåîði¨ çîáðàæåííÿ ÷èñåë ëàí-

öþãîâèìè A3-äðîáàìè. Çîêðåìà, çíàéäåíî óìîâè íóëüîâî¨ íàäëè-

øêîâîñòi çîáðàæåííÿ ÷èñåë ëàíöþãîâèìè A3-äðîáàìè, îïèñàíî âëà-

ñòèâîñòi öèëiíäðè÷íèõ i õâîñòîâèõ ìíîæèí, ç'ÿñîâàíî ãåîìåòðè÷íèé

ñåíñ öèôð.
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