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ÇÀÃÀËÜÍÀ ÕÀÐÀÊÒÅÐÈÑÒÈÊÀ ÐÎÁÎÒÈ

Ðîáîòà âèêîíàíà ó ãàëóçi êîíñòðóêòèâíî¨ òåîði¨ ëîêàëüíî-ñêëàäíèõ
ôóíêöié çi ôðàêòàëüíèìè âëàñòèâîñòÿìè, îçíà÷åíèõ ó òåðìiíàõ ëàíöþ-
ãîâèõ äðîáiâ.

Àêòóàëüíiñòü òåìè. Êàæóòü, ùî ôóíêöiÿ ìà¹ ôðàêòàëüíi âëàñòè-
âîñòi (íà âçiðåöü ñàìîïîäiáíèõ, ñàìîàôiííèõ, àâòîìîäåëüíèõ, ðîçìiðíi-
ñíèõ), ÿêùî ¨õ ìà¹ àáî ãðàôiê ôóíêöi¨, àáî ìíîæèíà çíà÷åíü ôóíêöi¨,
àáî ðiâíi ôóíêöi¨, àáî ðiçíîìàíiòíi ìíîæèíè îñîáëèâîñòåé òîùî. Ôðà-
êòàëüíèé àíàëiç òàêèõ ôóíêöié, îêðiì âèâ÷åííÿ âêàçàíèõ ìíîæèí, âè-
â÷à¹ ïèòàííÿ, ÿê ïiä äi¹þ ôóíêöi¨ òðàíñôîðìóþòüñÿ ôðàêòàëüíi ðîçìið-
íîñòi (íà âçiðåöü Ãàóñäîðôà-Áåçèêîâè÷à, åíòðîïiéíà, êëiòèíêîâà) áîðå-
ëiâñüêèõ ïiäìíîæèí îáëàñòi âèçíà÷åííÿ. Òðàäèöiéíèìè îá'¹êòàìè äîñëi-
äæåííÿ äëÿ íüîãî ¹ ñèíãóëÿðíi, íiäå íå ìîíîòîííi, íiäå íå äèôåðåíöiéîâíi
ôóíêöi¨. Ïðè öüîìó ïîãëèáëþþòüñÿ iíäèâiäóàëüíi òåîði¨ âiäîìèõ i íîâèõ
ôóíêöié (Êàíòîðà, Ñàëåìà, Ìiíêîâñüêîãî, Ñåðïiíñüêîãî, Áóøà-Âóíäåðëi-
õà, Òðèáií-ôóíêöi¨ òîùî), à òàêîæ ðîçâèâà¹òüñÿ çàãàëüíà òåîðiÿ (ó áàãà-
òèõ êëàñàõ ôóíêöié, çàëåæíèõ âiä ñêií÷åííî¨ àáî íåñêií÷åííî¨ êiëüêîñòi
ïàðàìåòðiâ). Âàãîìèì ôàêòîðîì iíòåðåñó äî ëîêàëüíî-ñêëàäíèõ ôóíêöié
¹ òåîðåìè ïðî ìàñèâíiñòü ìíîæèíè òàêèõ ôóíêöié ó ïåâíèõ ïðîñòîðàõ
(òåîðåìè Áàíàõà-Ìàçóðêåâè÷à, Çàìôiðåñêó, Êîçèð¹âà).

Ëàíöþãîâi äðîáè (åëåìåíòàðíi, A2-äðîáè, äðîáè Äàíæóà) âèêîðèñòî-
âóâàëèñÿ äëÿ êîíñòðóþâàííÿ i äîñëiäæåííÿ ôóíêöié i éìîâiðíiñíèõ ìið
çi ôðàêòàëüíèìè âëàñòèâîñòÿìè ó ðîáîòàõ Ì. Â. Ïðàöüîâèòîãî, Î. Ë. Ëå-
ùèíñüêîãî, Ã. Ì. Òîðáiíà, Þ. Â. Êóëèáè, Ñ. Î. Äìèòðåíêà, Ä. Â. Êþð÷åâà,
ß. Ô. Âèííèøèíà òà ií. Áiëüøiñòü iç öèõ ðîáiò ñòîñóâàëàñü ðîçïîäiëiâ âè-
ïàäêîâèõ âåëè÷èí, äî íèõ âiäïîâiäíèõ ôóíêöié ðîçïîäiëó i éìîâiðíiñíèõ
ìið. Ãåîìåòðiÿ çîáðàæåííÿ ÷èñåë ëàíöþãîâèìè äðîáàìè ìà¹ íåïðîñòó ìå-
òðè÷íó ñêëàäîâó, ùî ïîðîäæó¹ iñòîòíi òðóäíîùi ïðè âèâ÷åííi ìåòðè÷íèõ
âëàñòèâîñòåé îá'¹êòiâ. Âîäíî÷àñ ïî¹äíàííÿ iäåé ëàíöþãîâîñòi é êîäóâàí-
íÿ ÷èñåë çàñîáàìè ñêií÷åííîãî àëôàâiòó ¹ áàãàòîíàäiéíèì.

Öþ ðîáîòó ìîæíà ââàæàòè ïåâíèì ïðîäîâæåííÿì äîñëiäæåíü ôóíêöié
çi ôðàêòàëüíèìè âëàñòèâîñòÿìè, ÿêi ïðîâîäèëèñü ó ðîáîòàõ Ì. Â. Ïðàöüî-
âèòîãî, Í. À. Âàñèëåíêî, À. Â. Êàëàøíiêîâà, Î. Â. Ñâèí÷óê.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè.
Ðîáîòà âèêîíàíà â ðàìêàõ äîñëiäæåííÿ ìàòåìàòè÷íèõ îá'¹êòiâ iç ëîêàëü-
íî ñêëàäíîþ ñòðóêòóðîþ i ôðàêòàëüíèìè âëàñòèâîñòÿìè, ùî ïðîâîäè-
òüñÿ ó âiääiëi äèíàìi÷íèõ ñèñòåì òà ôðàêòàëüíîãî àíàëiçó Iíñòèòóòó ìà-
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òåìàòèêè ÍÀÍ Óêðà¨íè. Äîñëiäæåííÿ çäiéñíþâàëîñÿ â ðàìêàõ íàóêîâî-
äîñëiäíèõ òåì:

� ôðàêòàëüíèé àíàëiç ìàòåìàòè÷íèõ îá'¹êòiâ çi ñêëàäíîþ ëîêàëü-
íîþ áóäîâîþ (� äåðæàâíî¨ ðå¹ñòðàöi¨ 0107U000583);

� ôðàêòàëüíèé àíàëiç íåïåðåðâíèõ ôóíêöié i ìið (� äåðæàâíî¨ ðå-
¹ñòðàöi¨ 0111U000053);

� äâiéêîâå êîäóâàííÿ äiéñíèõ ÷èñåë òà ôðàêòàëè (� äåðæàâíî¨ ðå¹-
ñòðàöi¨ 0110U001279).

Ìåòà i çàâäàííÿ äîñëiäæåííÿ. Ìåòîþ äèñåðòàöiéíîãî äîñëiäæå-
ííÿ ¹ îïèñ âëàñòèâîñòåé ôóíêöié, ÿêi çàäàþòüñÿ ïåðåòâîðþâà÷àìè öèôð
ëàíöþãîâîãî çîáðàæåííÿ ÷èñåë óâ iíøi çîáðàæåííÿ àáî ïåðåêîäóâàííÿì
öèôð ëàíöþãîâîãî çîáðàæåííÿ.

Îñíîâíèìè îá'¹êòàìè äîñëiäæåííÿ ¹:
1) ëàíöþãîâå As-çîáðàæåííÿ ÷èñåë x = 1

a1+ 1
a2+...

≡ ∆As
a1a2...an..., äå an−

åëåìåíòè ôiêñîâàíî¨ âïîðÿäêîâàíî¨ çà çðîñòàííÿì ìíîæèíè äîäàòíèõ äié-
ñíèõ ÷èñåë As ≡ {γ0, γ1, . . . , γs−1}, i ôóíêöi¨, ç íèì ïîâ'ÿçàíi;
2) íåïåðåðâíi ôóíêöi¨ é ïåðåòâîðåííÿ âiäðiçêà (ái¹êòèâíi âiäîáðàæåííÿ
âiäðiçêà íà ñåáå), ÿêi çáåðiãàþòü õâîñòè ëàíöþãîâèõ çîáðàæåíü ÷èñåë iç
âèêîðèñòàííÿì åëåìåíòàðíèõ i A2-äðîáiâ;
3) àíàëîã Òðèáií-ôóíêöi¨, çàäàíî¨ ïåðåòâîðþâà÷åì öèôð íåãà-òðiéêîâîãî
çîáðàæåííÿ ÷èñåë ó ëàíöþãîâå A-çîáðàæåííÿ ÷èñåë:

x = ∆̄3
α1α2...αn... =

3

4
+

∞∑
k=1

(−3)−kαk
f→ y = ∆A

β1β2...βn...,

äå β1 =

{
1, ÿêùî α1 = 2,
0, ÿêùî α1 6= 2;

βk+1 =

{
1− βk, ÿêùî αk+1 + αk = 2,
βk, ÿêùî αk+1 + αk 6= 2;

4) ôóíêöi¨, âèçíà÷åíi ïåðåòâîðþâà÷àìè öèôð çîáðàæåíü ÷èñåë iç ðiâíî-
ïîòóæíèìè àëôàâiòàìè.

Ïðåäìåòîì äîñëiäæåííÿ ¹ ãåîìåòðiÿ çîáðàæåííÿ ÷èñåë ëàíöþãîâèìè
äðîáàìè, ñòðóêòóðíi, âàðiàöiéíi, äèôåðåíöiàëüíi, àâòîìîäåëüíi òà ôðà-
êòàëüíi âëàñòèâîñòi ôóíêöié, òîïîëîãî-ìåòðè÷íi âëàñòèâîñòi ñóòò¹âèõ äëÿ
íèõ ìíîæèí.

Çàâäàííÿ äîñëiäæåííÿ:
1) ïîãëèáëåííÿ ìåòðè÷íî¨ ñêëàäîâî¨ ãåîìåòði¨ çîáðàæåííÿ ÷èñåë ëàí-

öþãîâèìè äðîáàìè, âèâ÷åííÿ âàðiàöiéíèõ, äèôåðåíöiàëüíèõ âëà-
ñòèâîñòåé óêàçàíèõ ôóíêöié, àâòîìîäåëüíèõ âëàñòèâîñòåé ãðàôi-
êà;
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2) âèâ÷åííÿ äèôåðåíöiàëüíèõ òà iíòåãðàëüíèõ âëàñòèâîñòåé êóñêîâî-
íåïåðåðâíèõ ôóíêöié, çàäàíèõ çà äîïîìîãîþ ïåðåòâîðþâà÷iâ åëå-
ìåíòiâ åëåìåíòàðíîãî ëàíöþãîâîãî äðîáó;

3) êîíñòðóþâàííÿ é äîñëiäæåííÿ âëàñòèâîñòåé ôóíêöié, çàäàíèõ çà
äîïîìîãîþ ëàíöþãîâèõ A2-äðîáiâ;

4) êîíñòðóþâàííÿ é âèâ÷åííÿ âëàñòèâîñòåé ôóíêöié, çàäàíèõ ïåðå-
òâîðþâà÷àìè åëåìåíòiâ ëàíöþãîâîãî äðîáó â iíøå çîáðàæåííÿ äié-
ñíèõ ÷èñåë;

5) ïîáóäîâà îñíîâ òîïîëîãî-ìåòðè÷íî¨ òåîði¨ çîáðàæåííÿ ÷èñåë ëàí-
öþãîâèìè A3-äðîáàìè.

Ìåòîäè äîñëiäæåííÿ. Ó ðîáîòi âèêîðèñòîâóâàëèñü ïðèéîìè i ìå-
òîäè òåîði¨ ëàíöþãîâèõ äðîáiâ, ìàòåìàòè÷íîãî àíàëiçó, ìåòðè÷íî¨ i éìî-
âiðíiñíî¨ òåîði¨ ÷èñåë, òåîði¨ ôóíêöié äiéñíî¨ çìiííî¨, ôðàêòàëüíîãî àíà-
ëiçó i ôðàêòàëüíî¨ ãåîìåòði¨.

Íàóêîâà íîâèçíà îäåðæàíèõ ðåçóëüòàòiâ. Îñíîâíi íàóêîâi ðå-
çóëüòàòè, ùî âèíîñÿòüñÿ íà çàõèñò, òàêi.

1. Ïîáóäîâàíî íåïåðåðâíi ïåðåòâîðåííÿ âiäðiçêà [0; 1], ÿêi çáåðiãàþòü
õâîñòè çîáðàæåííÿ ÷èñåë åëåìåíòàðíèìè ëàíöþãîâèìè äðîáàìè.

2. Äîâåäåíî, ùî ìíîæèíà íåïåðåðâíèõ ïåðåòâîðåíü âiäðiçêà [0,5; 1],
ÿêi çáåðiãàþòü õâîñòè ëàíöþãîâîãî A-çîáðàæåííÿ ÷èñåë, ùîäî îïå-
ðàöi¨ ¾ñóïåðïîçèöiÿ ôóíêöié¿ óòâîðþ¹ íåñêií÷åííó íåêîìóòàòèâíó
ãðóïó.

3. Ââåäåíî ôóíêöiþ, íàçâàíó êâàçiiíâåðñîðîì öèôð åëåìåíòàðíîãî
ëàíöþãîâîãî çîáðàæåííÿ ÷èñåë, ùî ¹ ïåâíèì àíàëîãîì iíâåðñîðiâ
öèôð ñêií÷åííî-ñèìâîëüíèõ çîáðàæåíü ÷èñåë. Äîâåäåíî ¨¨ íiäå íå
ìîíîòîííiñòü i êàíòîðîâiñòü ìíîæèíè ¨¨ çíà÷åíü, îïèñàíî ìíîæèíè
ðiâíiâ.

4. Âèâ÷åíî âëàñòèâîñòi ôóíêöi¨, ÿêó îçíà÷åíî ïðîåêòóâàííÿì öèôð
åëåìåíòàðíîãî ëàíöþãîâîãî çîáðàæåííÿ ÷èñåë ó öèôðè çîáðàæå-
ííÿ ÷èñåë çíàêîçìiííèìè ðÿäàìè Ëþðîòà. Äîâåäåíî ¨¨ íåïåðåðâ-
íiñòü i ìîíîòîííiñòü, çíàéäåíî ñèñòåìó ôóíêöiîíàëüíèõ ðiâíÿíü,
¹äèíèì ðîçâ'ÿçêîì ÿêî¨ ¹ öÿ ôóíêöiÿ.

5. Ñêîíñòðóéîâàíî ôóíêöiþ, ÿêà ¹ àíàëîãîì ôóíêöi¨ Áóøà-Âóíäåð-
ëiõà i Òðèáií-ôóíêöi¨, ÷èé àðãóìåíò ðîçãëÿäà¹òüñÿ ó ôîðìi íåãà-
òðiéêîâîãî çîáðàæåííÿ, à çíà÷åííÿ ôóíêöi¨ � ó ôîðìi ëàíöþãî-
âîãî A-çîáðàæåííÿ. Äîâåäåíî, ùî âîíà ¹ íåïåðåðâíîþ íà âiäðiçêó
[0,5; 1] íiäå íå ìîíîòîííîþ ôóíêöi¹þ i ìà¹ íåîáìåæåíó âàðiàöiþ.
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Îïèñàíî âëàñòèâîñòi ãðàôiêà öi¹¨ ôóíêöi¨, çîêðåìà àâòîìîäåëüíi,
i ìíîæèí ¨¨ ðiâíiâ.

6. Îòðèìàíî îöiíêè íàáëèæåíü äiéñíèõ ÷èñåë âiäðiçêà [0,5; 1] ëàíöþ-
ãîâèìè A2-äðîáàìè.

7. Çàêëàäåíî îñíîâè òîïîëîãî-ìåòðè÷íî¨ òåîði¨ çîáðàæåííÿ ÷èñåë ëàí-
öþãîâèìè A3-äðîáàìè. Çîêðåìà, çíàéäåíî óìîâè íóëüîâî¨ íàäëè-
øêîâîñòi çîáðàæåííÿ ÷èñåë ëàíöþãîâèìèA3-äðîáàìè, îïèñàíî âëà-
ñòèâîñòi öèëiíäðè÷íèõ i õâîñòîâèõ ìíîæèí, ç'ÿñîâàíî ãåîìåòðè-
÷íèé ñåíñ öèôð.

Ïðàêòè÷íå çíà÷åííÿ îäåðæàíèõ ðåçóëüòàòiâ. Ðîáîòà ìà¹ ïåðå-
âàæíî òåîðåòè÷íèé õàðàêòåð. Îòðèìàíi ðåçóëüòàòè ¹ ïåâíèì âíåñêîì ó
òåîðiþ ôóíêöié äiéñíî¨ çìiííî¨, ôðàêòàëüíèé àíàëiç i ôðàêòàëüíó ãåîìå-
òðiþ.

Îñîáèñòèé âíåñîê çäîáóâà÷à. Ó ðîáîòàõ, îïóáëiêîâàíèõ ó ñïiâàâ-
òîðñòâi ç íàóêîâèì êåðiâíèêîì, ÏðàöüîâèòîìóÌ. Â. íàëåæèòü çàãàëüíà
ïîñòàíîâêà çàäà÷, iäå¨ äîâåäåííÿ äåÿêèõ òâåðäæåíü, ðåäàãóâàííÿ i ïåðå-
âiðêà îäåðæàíèõ ðåçóëüòàòiâ.

Ó ðîáîòi, âèêîíàíié ó ñïiâàâòîðñòâi ç Ìàêàð÷óêîì Î. Ï., éîìó íàëå-
æàòü iäå¨ äîâåäåííÿ òåîðåìè 4.1.1 i ëåìè 4.9.1. Äîâåäåííÿ öèõ òâåðäæåíü
íàëåæàòü çäîáóâà÷åâi. Ó ðîáîòi, âèêîíàíié ñïiëüíî ç Êþð÷åâèìÄ. Â., éîìó
íàëåæèòü iäåÿ ðîçãëÿäó òðèñèìâîëüíîãî ëàíöþãîâîãî çîáðàæåííÿ ÷èñåë.

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Îñíîâíi ðåçóëüòàòè äîñëiäæå-
ííÿ äîïîâiäàëèñÿ íà òàêèõ íàóêîâèõ êîíôåðåíöiÿõ i ñåìiíàðàõ:

� Ï'ÿòíàäöÿòà ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ iìåíi àêàäåìiêà Ìè-
õàéëà Êðàâ÷óêà, Êè¨â, 15-17 òðàâíÿ 2014 ð.

� Ìiæíàðîäíà êîíôåðåíöiÿ ¾Iìîâiðíiñòü, íàäiéíiñòü òà ñòîõàñòè÷íà
îïòèìiçàöiÿ¿, Êè¨â, 7-10 êâiòíÿ 2015 ð.

� ×åòâåðòà âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ ìîëîäèõ â÷åíèõ ç
ìàòåìàòèêè òà ôiçèêè, Êè¨â, 23-25 êâiòíÿ 2015 ð.

� Ìiæíàðîäíà êîíôåðåíöiÿ ìîëîäèõ ìàòåìàòèêiâ, Êè¨â, 3-6 ÷åðâíÿ
2015 ð.

� Ìiæíàðîäíà íàóêîâî-ìåòîäè÷íà êîíôåðåíöiÿ ¾Ñó÷àñíi íàóêîâî-
ìåòîäè÷íi ïðîáëåìè ìàòåìàòèêè ó âèùié øêîëi¿, Êè¨â, 25-26 ÷åðâ-
íÿ 2015 ð.

� Ï'ÿòà âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ ìîëîäèõ â÷åíèõ ç ìà-
òåìàòèêè òà ôiçèêè ¾Àêòóàëüíi ïðîáëåìè ñó÷àñíî¨ ìàòåìàòèêè i
ôiçèêè òà ìåòîäèêà ¨õ íàâ÷àííÿ¿, Êè¨â, 25-26 êâiòíÿ 2016 ð.
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� Øîñòà âñåóêðà¨íñüêà êîíôåðåíöiÿ ìîëîäèõ â÷åíèõ ç ìàòåìàòèêè
òà ôiçèêè, Êè¨â, 21-22 êâiòíÿ 2017 ð.

� Ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ ¾Àñèìïòîòè÷íi ìåòîäè â òåîði¨
äèôåðåíöiàëüíèõ ðiâíÿíü, ïðèñâÿ÷åíà 85-ði÷÷þ äîêòîðà ôiçèêî-
ìàòåìàòè÷íèõ íàóê, ïðîôåñîðà, àêàäåìiêà ÍÀÏÍ Óêðà¨íè
Ì. I.Øêiëÿ¿, Êè¨â, 13-14 ãðóäíÿ 2017 ð.

� Øîñòà ìiæíàðîäíà êîíôåðåíöiÿ ç àíàëiòè÷íî¨ òåîði¨ ÷èñåë òà ïðî-
ñòîðîâèõ ìîçà¨ê, Êè¨â, 24-28 âåðåñíÿ 2018 ð.

� Âîñüìà Âñåóêðà¨íñüêà íàóêîâà êîíôåðåíöiÿ ìîëîäèõ â÷åíèõ ç ìà-
òåìàòèêè òà ôiçèêè ¾Àêòóàëüíi ïðîáëåìè ñó÷àñíî¨ ìàòåìàòèêè i
ôiçèêè òà ìåòîäèêà ¨õ íàâ÷àííÿ¿, Êè¨â, 23 òðàâíÿ 2019 ð.

� Cåìiíàð âiääiëó ôðàêòàëüíîãî àíàëiçó Iíñòèòóòó ìàòåìàòèêè ÍÀÍ
Óêðà¨íè òà ÍÏÓ iìåíi Ì. Ï. Äðàãîìàíîâà (êåðiâíèê � äîêòîð ôiç.-
ìàò. íàóê, ïðîôåñîð Ì. Â. Ïðàöüîâèòèé).

� Cåìiíàð âiääiëó òåîði¨ ôóíêöié Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà-
¨íè (êåðiâíèê � äîêòîð ôiç.-ìàò. íàóê, ïðîôåñîð À. Ñ. Ðîìàíþê).

Ïóáëiêàöi¨. Îñíîâíi ðåçóëüòàòè äîñëiäæåííÿ âèêëàäåíî ó 6 íàóêî-
âèõ ñòàòòÿõ [1 � 6], îïóáëiêîâàíèõ ó âèäàííÿõ, ùî âíåñåíi äî ïåðåëiêó
íàóêîâèõ ôàõîâèõ âèäàíü Óêðà¨íè, ç íèõ 2 ñòàòòi [5, 6] ó íàóêîâèõ âèäàí-
íÿõ, ùî âõîäÿòü äî ìiæíàðîäíèõ íàóêîìåòðè÷íèõ áàç äàíèõ (Scopus, Web
of Science), i äîäàòêîâî âiäîáðàæåíî ó ìàòåðiàëàõ êîíôåðåíöié [7 � 18].

Ñòðóêòóðà äèñåðòàöi¨. Äèñåðòàöiéíà ðîáîòà ñêëàäà¹òüñÿ ç àíîòà-
öi¨, ïåðåëiêó ñêîðî÷åíü i óìîâíèõ ïîçíà÷åíü, âñòóïó, ï'ÿòüîõ ðîçäiëiâ, ðîç-
áèòèõ íà ïiäðîçiäëè, âèñíîâêiâ äî êîæíîãî ðîçäiëó é çàãàëüíèõ âèñíîâêiâ,
ñïèñêó âèêîðèñòàíèõ äæåðåë (112 íàéìåíóâàíü) i äîäàòêà, ÿêèé ìiñòèòü
ñïèñîê ïóáëiêàöié çäîáóâà÷à íà òåìó äèñåðòàöi¨ é âiäîìîñòi ïðî àïðî-
áàöiþ ðåçóëüòàòiâ äèñåðòàöi¨. Çàãàëüíèé îáñÿã äèñåðòàöi¨ ñòàíîâèòü 149
ñòîðiíîê.

ÎÑÍÎÂÍÈÉ ÇÌIÑÒ ÐÎÁÎÒÈ

Ó âñòóïi îá ðóíòîâàíî àêòóàëüíiñòü äîñëiäæåííÿ, âèçíà÷åíî îá'¹êò,
ïðåäìåò, ìåòó i çàâäàííÿ, çàçíà÷åíî íàóêîâó íîâèçíó îäåðæàíèõ ðåçóëü-
òàòiâ i îñîáèñòèé âíåñîê çäîáóâà÷à.

Ïåðøèé ðîçäië ¾Îãëÿä ëiòåðàòóðè òà êîíöåïòóàëüíi çàñàäè äîñëi-
äæåííÿ¿ ìà¹ âñòóïíèé õàðàêòåð. Ó íüîìó îïèñàíi âëàñòèâîñòi äåÿêèõ çî-
áðàæåíü äiéñíèõ ÷èñåë, ÿêi âèêîðèñòîâóþòüñÿ äëÿ ïîäàëüøîãî êîíñòðóþ-
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âàííÿ é äîñëiäæåííÿ ôóíêöié, à ñàìå: åëåìåíòàðíå ëàíöþãîâå çîáðàæåí-
íÿ, ëàíöþãîâå A2-çîáðàæåííÿ, çîáðàæåííÿ äðîáàìè Äàíæóà, çîáðàæåííÿ
çíàêîçìiííèìè äðîáàìè Ëþðîòà, s-êîâà é íåãà-s-êîâà ñèñòåìè ÷èñëåííÿ.
Íàâåäåíî âiäîìi ïðèêëàäè ôóíêöié, ÿêi ìàþòü ñêëàäíó ëîêàëüíó áóäî-
âó: ñèíãóëÿðíèõ (ôóíêöi¨ Ñàëåìà é Ìiíêîâñüêîãî), íiäå íå ìîíîòîííèõ
(ôóíêöi¨, ïîâ'ÿçàíi çi Q-çîáðàæåííÿì) i íiäå íå äèôåðåíöiéîâíèõ (ôóí-
êöiÿ Òàêà i i Òðèáií-ôóíêöiÿ).

Äðóãèé ðîçäië ¾Ôóíêöi¨ i ïåðåòâîðåííÿ, ùî çáåðiãàþòü õâîñòè çîáðà-
æåííÿ ÷èñåë åëåìåíòàðíèìè ëàíöþãîâèìè äðîáàìè¿ ïðèñâÿ÷åíî ôóí-
êöiÿì i ïåðåòâîðåííÿì âiäðiçêà [0; 1], ÿêi çáåðiãàþòü õâîñòè åëåìåíòàðíîãî
ëàíöþãîâîãî çîáðàæåííÿ äiéñíèõ ÷èñåë. Äëÿ êîíñòðóþâàííÿ òàêèõ ïåðå-
òâîðåíü âèêîðèñòîâóâàëèñü îïåðàòîðè ëiâîñòîðîííüîãî i ïðàâîñòîðîííüî-
ãî çñóâó öèôð.

Íåõàé i � äîâiëüíå ôiêñîâàíå íàòóðàëüíå ÷èñëî, ϕi(j) � çàäàíà íàòó-
ðàëüíà ôóíêöiÿ íàòóðàëüíî¨ çìiííî¨ j, çàëåæíà âiä ïàðàìåòðà i. Ðîçãëÿäà-
¹òüñÿ ôóíêöiÿ fϕi

, îçíà÷åíà ðiâíiñòþ y = fϕi
(x) = [ϕi(a1), a2, . . . , an, . . .],

äå x = [a1, a2, . . . , an, . . .] =
1

a1 +
1

a2 +
. . . +

1

an +
. . .

.

Òåîðåìà 2.1.1. Ôóíêöiÿ fϕi
íà êîæíîìó öèëiíäði ïåðøîãî ðàíãó ¹

íåïåðåðâíîþ i ñòðîãî çðîñòàþ÷îþ ôóíêöi¹þ, ïðè÷îìó íà ∆c.f.
a1 âèðàæà¹-

òüñÿ ôîðìóëîþ:

fϕi
(x) =

x

(ϕi(a1)− a1)x+ 1
.

Òåîðåìà 2.1.2. Ôóíêöiÿ fϕi
¹ íåïåðåðâíîþ íà ïiâiíòåðâàëi (0; 1] òîäi

i ëèøå òîäi, êîëè ϕi(a1) = ϕ(i) + a1.
Ðîçãëÿäà¹òüñÿ îïåðàòîð ëiâîñòîðîííüîãî çñóâó T (x), çàäàíèé ðiâíiñòþ

T ([a1, a2, . . . , an, . . .]) = [a2, a3, . . . , an+1, . . .].

Ëåìà 2.2.1. Îïåðàòîð ëiâîñòîðîííüîãî çñóâó T (x) ¹ êóñêîâî-íåïåðåð-
âíîþ ôóíêöi¹þ, ÿêà íà öèëiíäðàõ ïåðøîãî ðàíãó àíàëiòè÷íî çàäà¹òüñÿ
ôîðìóëîþ:

T (x) =
1

x
− a1(x).



7

Ó êîæíié òî÷öi âèäó 1
i+1 , i ∈ N ôóíêöiÿ ìà¹ ðîçðèâ ïåðøîãî ðîäó çi

ñòðèáêîì 1.
Íåõàé i � íàòóðàëüíèé ïàðàìåòð. Îçíà÷à¹òüñÿ êëàñ ôóíêöié, âèçíà÷å-

íèõ ó ðàöiîíàëüíèõ òà iððàöiîíàëüíèõ òî÷êàõ ïiâíiíòåðâàëó (0; 1] ðiâíî-
ñòÿìè:

δi(x) = [i, a1, a2, . . . , an], δi(x) = [i, a1, a2, . . . , an, . . .], i = 1, 2, . . . .

âiäïîâiäíî, ïðè÷îìó çà íåïåðåðâíiñòþ íåõàé δi(0) :=
1

i
.

Ëåìà 2.2.2. Ôóíêöiÿ δi(x) àíàëiòè÷íî âèðàæà¹òüñÿ ôîðìóëîþ

δi(x) =
1

i+ x

i ¹ íåïåðåðâíîþ i ñòðîãî ñïàäíîþ ôóíêöi¹þ, ïðè÷îìó ìíîæèíîþ ¨¨ çíà-

÷åíü ¹ ïðîìiæîê:
[

1
i+1 ; 1

i

]
.

Ëåìà 2.2.3. ßêùî i � ôiêñîâàíå íàòóðàëüíå ÷èñëî, òî ðiâíÿííÿ

δi(x) = T (x)

ìà¹ çëi÷åííó ìíîæèíó ðîçâ'ÿçêiâ:

x(i)
n = [n, i, n, i, . . .] = [n, i], n ∈ N,

êîæåí iç ÿêèõ ¹ iððàöiîíàëüíèì ÷èñëîì.
Ëåìà 2.3.1. Ôóíêöiÿ

f(x) =

{
δ1(x), ÿêùî 0 6 x 6 x

(1)
1 ,

T (x), ÿêùî x
(1)
1 6 x 6 1;

(1)

¹ íåïåðåðâíîþ òà ñòðîãî ñïàäíîþ íà [0; 1], ïðè÷îìó f(0) = 1 i f(1) = 0.
Êàæåìî, ùî ôóíêöiÿ ϕ(x) çáåðiãà¹ õâîñòè åëåìåíòàðíîãî ëàíöþãî-

âîãî çîáðàæåííÿ ÷èñåë, ÿêùî äëÿ áóäü-ÿêîãî x ∈ [0; 1] iñíóþòü òàêi öi-
ëi íåâiä'¹ìíi ÷èñëà k = k(x) i m = m(x), ùî äiþòü ðiâíîñòi ak+j(x) =
am+j(ϕ(x)) äëÿ êîæíîãî j ∈ N.

Òåîðåìà 2.3.1. ßêùî s � ôiêñîâàíå íàòóðàëüíå ÷èñëî,
(n1, n2, . . . , ns), (m1,m2, . . . ,ms) � çàäàíi íàáîðè íàòóðàëüíèõ ÷èñåë, ùî
çàäîâîëüíÿþòü óìîâè

1 < n1 < n2 < . . . < ns, m1 > m2 > . . . > ms > 1,
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òî ôóíêöiÿ

f(x) =



δ1(x), 0 6 x 6 x
(1)
m1 ,

T (x), x
(1)
m1 < x 6 x

(n1)
m1 ,

δn1
(x), x

(n1)
m1 < x 6 x

(n1)
m2 ,

T (x), x
(n1)
m2 < x 6 x

(n2)
m2 ,

. . . . . . . . . . . . . . . . . .

δns
(x), x

(ns)
ms < x 6 x

(ns)
1 ,

T (x), x
(ns)
1 < x 6 1;

¹ íåïåðåðâíèì ñòðîãî ñïàäíèì ïåðåòâîðåííÿì âiäðiçêà [0; 1], ùî çáåðiãà¹
õâîñòè çîáðàæåííÿ ÷èñåë åëåìåíòàðíèìè ëàíöþãîâèìè äðîáàìè i ôðà-
êòàëüíó ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à áîðåëiâñüêèõ ìíîæèí.

Íåõàé k � äåÿêå ôiêñîâàíå íàòóðàëüíå ÷èñëî, f(a1, a2, . . . , ak) � íàòó-
ðàëüíà ôóíêöiÿ íàòóðàëüíèõ çìiííèõ a1, a2, . . . , ak. Îçíà÷èìî êëàñ ôóí-
êöié ðiâíiñòþ:

τf (x) = τf ([a1(x), a2(x), a3(x), . . .]) =

= [f(a1(x), a2(x), . . . , ak(x)), ak+1(x), ak+2(x), . . .].

Ëåìà 2.4.1. Ôóíêöiÿ τf (x) çàäà¹òüñÿ ôîðìóëîþ:

τf (x) =
1

f(a1, a2, . . . , ak) + T k(x)
(2)

i ¹ íåïåðåðâíîþ é ìîíîòîííî çðîñòàþ÷îþ (ñïàäíîþ) íà êîæíîìó ç öè-
ëiíäðiâ k-ãî ðàíãó ïðè íåïàðíîìó (ïàðíîìó) çíà÷åííi k, ìíîæèíîþ çíà-

÷åíü ÿêî¨ ¹ ïiâiíòåðâàë

(
1

f(a1, a2, . . . , ak) + 1
,

1

f(a1, a2, . . . , ak)

]
.

Òðåòié ðîçäië ¾Ôóíêöi¨, çàäàíi ïåðåòâîðþâà÷àìè öèôð åëåìåíòàðíî-
ãî ëàíöþãîâîãî çîáðàæåííÿ ÷èñåë¿ ïðèñâÿ÷åíî äâîì ôóíêöiÿì: êâàçiií-
âåðñîðó öèôð åëåìåíòàðíîãî ëàíöþãîâîãî çîáðàæåííÿ ÷èñåë i òðèâiàëü-
íîìó ïðîåêòîðîâi öèôð çîáðàæåííÿ ÷èñåë åëåìåíòàðíèìè ëàíöþãîâèìè
äðîáàìè ó öèôðè çîáðàæåííÿ çíàêîçìiííèìè ðÿäàìè Ëþðîòà.
Ïåðøà ôóíêöiÿ îçíà÷à¹òüñÿ â iððàöiîíàëüíèõ òî÷êàõ iíòåðâàëó (0; 1) ðiâ-
íiñòþ:

f([a1, a2, . . . , an, . . .]) = [b1, b2, . . . , bn, . . .],

äå

b1 = 1, bn = ϕ(an) =

{
1, ÿêùî an 6= 1;
n, ÿêùî an = 1, n = 2, 3, . . .,
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i äîâèçíà÷à¹òüñÿ â óñiõ ðàöiîíàëüíèõ òî÷êàõ ïiâiíòåðâàëó (0; 1] ðiâíiñòþ

f([a1, a2, . . . , an]) = [b1, b2, . . . , bn],

ç äîìîâëåíiñòþ çi äâîõ ìîæëèâèõ ëàíöþãîâèõ çîáðàæåíü àðãóìåíòà âè-
êîðèñòîâóâàòè ëèøå òå, ó ÿêîãî îñòàííié åëåìåíò âiäìiííèé âiä 1. Îñíîâ-
íèìè ðåçóëüòàòàìè ¹ òàêi òåîðåìè.

Òåîðåìà 3.1.1. Ìíîæèíîþ çíà÷åíü ôóíêöi¨ f ¹ ìíîæèíà êàíòîðiâ-
ñüêîãî òèïó (íiäå íå ùiëüíà ìíîæèíà íóëüîâî¨ ìiðè Ëåáåãà)

Ef =

∞⋂
k=1

Fk = lim
k→∞

Fk,

äå F1 = ∆c.f.
1 , Fk =

⋃
b2∈{1,2}

⋃
b3∈{1,3}

· · ·
⋃

bk∈{1,k}

∆c.f.
1b2b3...bk

.

Òåîðåìà 3.1.2. Ôóíêöiÿ f ¹ íiäå íå ìîíîòîííîþ. Ìíîæèíà ¨¨ ðiâíÿ
y0 = [1, b2, . . . , bn, . . .], bn ∈ {1, n} ¹:
1) ç÷èñëåííîþ, ÿêùî â çîáðàæåííi ÷èñëà y0 êiëüêiñòü îäèíèöü ñêií÷åííà;
2) êîíòèíóàëüíîþ, ÿêùî êiëüêiñòü îäèíèöü íåñêií÷åííà.

Äðóãîþ ¹ ôóíêöiÿ, ÿêà ó ðàöiîíàëüíèõ òà iððàöiîíàëüíèõ òî÷êàõ êî-
ðåêòíî îçíà÷åíà ðiâíîñòÿìè

g ([a1, a2, . . . , an]) = ∆L̃
a1a2...an(ø), g ([a1, a2, . . . , an, . . .]) = ∆L̃

a1a2...an...

âiäïîâiäíî. Äîâåäåíî, ùî âîíà ¹ íåïåðåðâíîþ é ìîíîòîííî çðîñòàþ÷îþ.

Òåîðåìà 3.2.1. Ìîíîòîííî çðîñòàþ÷à ôóíêöiÿ g : (0; 1] → (0; 1],

îçíà÷åíà ðiâíiñòþ g([a1, a2, . . .]) = ∆L̃
a1a2..., çàäîâîëüíÿ¹ òàêi ôóíêöiî-

íàëüíi ðiâíÿííÿ:

g

(
x

kx+ 1

)
=

k + a1(a1 + 1)g(x)

(a1 + k)(a1 + k + 1)
,∀k ∈ N;

g

(
1

i+ x

)
=

1

i
− 1

i(i+ 1)
g(x),∀i ∈ N;

g

(
1

x
− a1

)
= (a1 + 1)(1− a1g(x)).
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Òåîðåìà 3.2.2. (Îñíîâíèé ðåçóëüòàò).Ôóíêöiÿ g([a1, a2, . . . , an, . . .]) =

= ∆L̃
a1a2...an... � öå ¹äèíèé ðîçâ'ÿçîê ñèñòåìè ôóíêöiîíàëüíèõ ðiâíÿíü

g

(
1

i+ x

)
=

1

i
− 1

i(i+ 1)
g(x), i ∈ N

ó êëàñi îáìåæåíèõ íà (0; 1] ôóíêöié.
×åòâåðòèé ðîçäië ¾Çîáðàæåííÿ ÷èñåë ëàíöþãîâèìè äðîáàìè ç äâî-

ñèìâîëüíèì àëôàâiòîì¿ ïðèñâÿ÷åíî äîñëiäæåííþ ôóíêöié, çàäàíèõ çà
äîïîìîãîþ ëàíöþãîâèõ A2-äðîáiâ. Ïîáóäîâàíî íåïåðåðâíi ïåðåòâîðåííÿ
âiäðiçêà [0,5; 1], ÿêi çáåðiãàþòü õâîñòè ëàíöþãîâîãî A-çîáðàæåííÿ ÷èñåë:
x = ∆A2

a1a2...ak...
= ∆A

α1α2...αk...
, äå αk = 2ak−1, ak ∈ A2 ≡ { 1

2 , 1}. Îñíîâíèì
ðåçóëüòàòîì öüîãî ðîçäiëó ¹ êîíñòðóêòèâíå äîâåäåííÿ òîãî, ùî ìíîæèíà
âñiõ íåïåðåðâíèõ ïåðåòâîðåíü âiäðiçêà [0,5; 1], ÿêi çáåðiãàþòü õâîñòè ëàí-
öþãîâîãî A-çîáðàæåííÿ ÷èñåë ùîäî îïåðàöi¨ ¾êîìïîçèöiÿ (ñóïåðïîçèöiÿ)
ôóíêöié¿, óòâîðþ¹ íåñêií÷åííó íåêîìóòàòèâíó ãðóïó. Çíàéäåíî iíâàðiàí-
òíó ìiðó äëÿ îïåðàòîðà ëiâîñòîðîííüîãî çñóâó. Ïîáóäîâàíî é äîñëiäæåíî
íåïåðåðâíó íiäå íå ìîíîòîííó ôóíêöiþ, çàäàíó ïåðåòâîðþâà÷åì öèôð
íåãà-òðiéêîâîãî çîáðàæåííÿ ÷èñåë ó ¨õí¹ ëàíöþãîâå A-çîáðàæåííÿ. Ðîç-
ãëÿíóòî ñêií÷åííi ëàíöþãîâi äðîáè.

Îçíà÷åííÿ 4.1.1. Ó ìíîæèíi âñiõ ëàíöþãîâèõ A-çîáðàæåíü äiéñíèõ
÷èñåë âiäðiçêà [0,5; 1] îïåðàòîð ω ëiâîñòîðîííüîãî çñóâó öèôð îçíà÷à¹-
òüñÿ ðiâíiñòþ:

ω(∆A
α1α2...αn...) = ∆A

α2α3...αn+1....

Ëåìà 4.1.1. Ôóíêöiÿ ω(x) íà êîæíîìó öèëiíäði ïåðøîãî ðàíãó ¹ íå-
ïåðåðâíîþ, ìîíîòîííî ñïàäíîþ é îïóêëîþ âíèç, ïðè÷îìó:

ω(x) =
1

x
− a1(x).

Ó òî÷öi x =
2

3
ôóíêöiÿ ìà¹ ðîçðèâ ïåðøîãî ðîäó çi ñòðèáêîì

1

2
.

Íåõàé

ωn(x) = ω(ω(. . . ω︸ ︷︷ ︸
n

(x))) =
unx+ vn
cnx+ dn

.

Òåîðåìà 4.1.1. Âèêîíó¹òüñÿ íåðiâíiñòü

cn 6
1√
17

((
1 +
√

17

2

)n
−

(
1−
√

17

2

)n)
,∀n ∈ N.
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Òåîðåìà 4.2.1. Iíâàðiàíòíîþ ìiðîþ ùîäî îïåðàòîðà ëiâîñòîðîííüî-
ãî çñóâó öèôð ω ëàíöþãîâîãî A-çîáðàæåííÿ ¹ éìîâiðíiñíà ìiðà µX(·), ùî
âiäïîâiäà¹ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè X, ÿêà ïðåäñòàâëåíà ëàíöþãî-
âèì A2-äðîáîì, öèôðè ÿêî¨ ¹ íåçàëåæíèìè é îäíàêîâî ðîçïîäiëåíèìè.

Îçíà÷åííÿ 4.3.1. Ó ìíîæèíi âñiõ ëàíöþãîâèõ A-çîáðàæåíü äiéñíèõ
÷èñåë âiäðiçêà [0,5; 1] îïåðàòîð δi ç ïàðàìåòðîì i ∈ {0; 1} ïðàâîñòîðîí-
íüîãî çñóâó öèôð îçíà÷à¹òüñÿ ðiâíiñòþ:

δi(∆
A
α1α2...αn...) = ∆A

iα1α2...αn....

Ëåìà 4.3.1. Ôóíêöiÿ y = δi(x), ÿêà àíàëiòè÷íî çàäà¹òüñÿ ôîðìóëîþ

δi(x) =
1

i+ x
,

¹ íåïåðåðâíîþ, ñòðîãî ñïàäíîþ é îïóêëîþ âíèç íà âiäðiçêó [0,5; 1]; âîíà
íàáóâà¹ âñiõ çíà÷åíü iç âiäðiçêà [ 1

i+1 ; 2
2i+1 ].

Ëåìà 4.3.4. Ðîçâ'ÿçêàìè ðiâíÿííÿ ω2k−1(x) = δi(x) ¹ ÷èñëà ó ôîðìi
x = ∆A

(α1α2...α2k−1i)
, i ∈ {0, 1}.

Ëåìà 4.3.5. Ôóíêöiÿ

ϕ(x) =


δ0(x), 0,5 6 x < ∆A

(α1α2...α2k−10),

ω2k−1(x), ∆A
(α1α2...α2k−10) 6 x < ∆A

(α1α2...α2k−11),

δ1(x), ∆A
(α1α2...α2k−11) 6 x 6 1;

¹ íåïåðåðâíîþ i ñòðîãî ñïàäíîþ íà âiäðiçêó [0,5; 1].
Ëåìà 4.3.6. Ðîçâ'ÿçêàìè ðiâíÿííÿ ωn(x) = δi1i2...in(x) ¹ ÷èñëà ó ôîðìi

x = ∆A
(α1α2...αni1i2...in).

Ëåìà 4.5.2. Ôóíêöiÿ

f(x) =



ωn(x) ïðè 0, 5 6 x < ∆A
(1010 . . .︸ ︷︷ ︸

nöèôð

i1...in)
,

δi1i2...in(x) ïðè ∆A
(1010 . . .︸ ︷︷ ︸

nöèôð

i1...in)
6 x < ∆A

(0101 . . .︸ ︷︷ ︸
nöèôð

i1...in)
,

ωn(x) ïðè ∆A
(0101 . . .︸ ︷︷ ︸

nöèôð

i1...in)
6 x 6 1;

¹ íåïåðåðâíèì (ñòðîãî çðîñòàþ÷èì ïðè ïàðíîìó n i ñòðîãî ñïàäíèì ïðè
íåïàðíîìó n) ïåðåòâîðåííÿì âiäðiçêà [0, 5; 1], ÿêå çáåðiãà¹ õâîñòè ëàíöþ-
ãîâîãî A-çîáðàæåííÿ.
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Òåîðåìà 4.5.1. Ìíîæèíà G âñiõ íåïåðåðâíèõ ïåðåòâîðåíü âiäðiçêà
[0,5; 1], ÿêi çáåðiãàþòü õâîñòè ëàíöþãîâîãî A-çîáðàæåííÿ ÷èñåë, ùîäî
îïåðàöi¨ ¾ñóïåðïîçèöiÿ ôóíêöié¿ óòâîðþ¹ íåñêií÷åííó íåêîìóòàòèâíó
ãðóïó.

Ðîçãëÿäà¹òüñÿ ôóíêöiÿ y = f(x), àðãóìåíò ÿêî¨ ìà¹ íåãà-òðiéêîâå çî-
áðàæåííÿ, à ñàìå:

x = ∆̄3
α1α2...αn... ≡

3

4
+

∞∑
n=1

αn
(−3)n

, αn ∈ {0, 1, 2},

à çíà÷åííÿ ôóíêöi¨ ìà¹ ëàíöþãîâå A-çîáðàæåííÿ

f(x) = ∆A
β1β2...βn..., βn ∈ {0, 1},

ïðè÷îìó

β1 =

{
1, ÿêùî α1 = 2,
0, ÿêùî α1 6= 2;

βk+1 =

{
1− βk, ÿêùî αk+1 + αk = 2,
βk, ÿêùî αk+1 + αk 6= 2.

Òåîðåìà 4.6.1. Ôóíêöiÿ f ¹ íåïåðåðâíîþ íà [0;1] i íiäå íå ìîíîòîí-
íîþ.

Òåîðåìà 4.6.2. Íà öèëiíäði ∆̄3
α1α2...αn−11 íàéáiëüøå àáî íàéìåíøå

çíà÷åííÿ ôóíêöi¨ äîñÿãà¹òüÿ ó éîãî âíóòðiøíié òî÷öi x0 = ∆̄3
α1α2...αn−1(1),

íà öèëiíäði ∆̄3
α1α2...αm−1αm

, äå αm ∈ {0, 2} ôóíêöiÿ íàáóâà¹ ñâîãî íàéáiëü-
øîãî i íàéìåíøîãî çíà÷åííÿ íà êiíöÿõ öèëiíäðà.

Ëåìà 4.6.1.
1. ßêùî ëàíöþãîâå A-çîáðàæåííÿ òî÷êè y0 ìà¹ ôîðìó ∆A

(01), òî

ìíîæèíà f−1(y0) ñêëàäà¹òüñÿ ç äâîõ òî÷îê.
2. ßêùî ëàíöþãîâå A-çîáðàæåííÿ òî÷êè y0 ìà¹ ôîðìó ∆A

(10), òî

ìíîæèíà f−1(y0) ñêëàäà¹òüñÿ ç îäíi¹¨ òî÷êè.
3. ßêùî â ëàíöþãîâîìó A-çîáðàæåííi òî÷êè y0 âñi öèôðè äîðiâíþ-

þòü 0, òî ìíîæèíà f−1(y0) ¹ çëi÷åííîþ ìíîæèíîþ.
Òåîðåìà 4.6.3. Ôóíêöiÿ f ¹ ôóíêöi¹þ íåîáìåæåíî¨ âàðiàöi¨.
Òåîðåìà 4.6.4.
1. ×àñòèíà

Γ1 = {M(x, y) : x = ∆̄3
1α2α3...αn..., y = f(x)}

ãðàôiêà Γ ôóíêöi¨ f ñèìåòðè÷íà ùîäî ïðÿìî¨ x = ∆̄3
(1).
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2. Âiäîáðàæåííÿ, ÿêå ïåðåâîäèòü ÷àñòèíó ãðàôiêà

Γ0 = {M(x, y) : x = ∆̄3
0α2α3...αn..., y = f(x)}

ó ÷àñòèíó

Γ2 = {M(x, y) : x = ∆̄3
2α2α3...αn..., y = f(x)},

çàäà¹òüñÿ ôîðìóëîþ:{
x′ = ∆̄3

[2−α1][2−α2]...[2−αn]...,

y′ = ∆A
[1−β1][1−β2]...[1−βn]....

Ðîçãëÿíóòî ñêií÷åííi ëàíöþãîâi äðîáè é âèâ÷åíî ¨õíi âëàñòèâîñòi.
Òåîðåìà 4.7.1. Êîæíå A2-ðàöiîíàëüíå ÷èñëî ìà¹ çëi÷åííó ìíîæèíó

ðiçíèõ ñêií÷åííèõ ëàíöþãîâèõ A2-çîáðàæåíü.
Ðîçãëÿíóòî âëàñòèâîñòi äiéñíèõ ÷èñåë iç ïåðiîäè÷íèìè ëàíöþãîâèìè

A2-çîáðàæåííÿìè é îòðèìàíî îöiíêè íàáëèæåííÿ äiéñíèõ ÷èñåë ëàíöþ-
ãîâèìè A2-äðîáàìè. Îñíîâíèìè ðåçóëüòàòàìè ¹ òàêi òâåðäæåííÿ.

Òåîðåìà 4.8.3. ßêùî ÷èñëî

y =
e

f
+

√
g

h
∈ [0,5; 1],

äå e, f, g, h ∈ N, (g;h) = (f ;h) = 1,
√

g
h /∈ Q, ìà¹ çîáðàæåííÿ

y = [(β1, . . . , βk)],

òî âèêîíó¹òüñÿ íåðiâíiñòü

h 6
1√
17

(1 +
√

17

2

)k
−

(
1−
√

17

2

)k .

Òåîðåìà 4.9.1. ßêùî äëÿ ðîçêëàäó iððàöiîíàëüíîãî ÷èñëà x ó ëàíöþ-
ãîâèé A2-äðiá iñíóþòü ÷àñòîòè öèôð

1
2 òà 1, ÿêi äîðiâíþþòü âiäïîâiäíî

ν 1
2
é ν1, òî äëÿ äîâiëüíîãî ε > 0 iñíó¹ íîìåð n0, òàêèé, ùî

|x− pn
qn
| < 1

(δν11 η
ν 1

2
1 − ε)2n+1

,∀n > n0,
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çîêðåìà äëÿ äîâiëüíîãî iððàöiîíàëüíîãî ÷èñëà y ∈ [0, 5; 1] iñíó¹ íîìåð n1

i ñòàëà C, òàêi, ùî

|y − pn
qn
| < C

( 1+
√

17
4 )2n+1

,∀n > n1.

Ï'ÿòèé ðîçäië ¾Îñíîâè ìåòðè÷íî¨ òåîði¨ çîáðàæåííÿ ÷èñåë ëàíöþãî-
âèìè A3-äðîáàìè¿ ïðèñâÿ÷åíî âëàñòèâîñòÿì öèëiíäðiâ ëàíöþãîâîãî A3-
çîáðàæåííÿ äiéñíîãî ÷èñëà, à òàêîæ âëàñòèâîñòÿì õâîñòîâèõ ìíîæèí.

Íåõàé A3 ≡ {s0, s1, s2} � çàäàíà ìíîæèíà äîäàòíèõ äiéñíèõ ÷èñåë
(s0 < s1 < s2). Ðîçãëÿäàþòüñÿ âñåìîæëèâi âèðàçè ó ôîðìi

1

a1 +
1

a2 +
. . .

≡ [a1, a2, . . . , an, . . .], äå ai ∈ A3,

ÿêi ìè íàçèâà¹ìî ëàíöþãîâèìè A3-äðîáàìè.
Íåõàé

β1 = [(s2, s0)] =

√
s2

0s
2
2 + 4s0s2 − s0s2

2s2
,

β2 = [(s0, s2)] =

√
s2

0s
2
2 + 4s0s2 − s0s2

2s0
,

çâiäñè
β2

β1
=
s2

s0
.

Òåîðåìà 5.3.3. ßêùî s0s2 =
4

3
i s1 =

s0 + s2

2
, òî ç÷èñëåííà ìíîæèíà

òî÷îê x ∈ [β1;β2] ìà¹ äâà ëàíöþãîâi A3-çîáðàæåííÿ

∆A3

a1a2...an−1si(s2s0) = ∆A3

a1a2...an−1si−1(s0s2), i ∈ {1, 2},

ðåøòà òî÷îê ìà¹ ¹äèíå çîáðàæåííÿ.
Ñòâåðäæó¹ìî, ùî äâà ëàíöþãîâiA3-çîáðàæåííÿ ∆A3

a1a2...an... i ∆A3

b1b2...bn...

ìàþòü îäíàêîâèé õâiñò (àáî ïåðåáóâàþòü ó âiäíîøåííi ∼), ÿêùî iñíóþòü
íàòóðàëüíi ÷èñëà m i k, òàêi, ùî am+j = bk+j äëÿ áóäü-ÿêîãî j ∈ N.

Òåîðåìà 5.4.1. Êîæíà õâîñòîâà ìíîæèíà ¹ çëi÷åííîþ i ùiëüíîþ â
[β1;β2] ìíîæèíîþ, à ôàêòîð-ìíîæèíà G ≡ [β1;β2]/ ∼ ¹ êîíòèíóàëüíîþ.
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ÂÈÑÍÎÂÊÈ

1. Ïîáóäîâàíî íåïåðåðâíi ïåðåòâîðåííÿ âiäðiçêà [0; 1], ÿêi çáåðiãàþòü
õâîñòè çîáðàæåííÿ ÷èñåë åëåìåíòàðíèìè ëàíöþãîâèìè äðîáàìè.

2. Äîâåäåíî, ùî ìíîæèíà íåïåðåðâíèõ ïåðåòâîðåíü âiäðiçêà [0,5; 1],
ÿêi çáåðiãàþòü õâîñòè ëàíöþãîâîãî A-çîáðàæåííÿ ÷èñåë, ùîäî îïå-
ðàöi¨ ¾ñóïåðïîçèöiÿ ôóíêöié¿ óòâîðþ¹ íåñêií÷åííó íåêîìóòàòèâíó
ãðóïó.

3. Ââåäåíî ôóíêöiþ, íàçâàíó êâàçiiíâåðñîðîì öèôð åëåìåíòàðíîãî
ëàíöþãîâîãî çîáðàæåííÿ ÷èñåë (ùî ¹ ïåâíèì àíàëîãîì iíâåðñîðiâ
öèôð ñêií÷åííî-ñèìâîëüíèõ çîáðàæåíü ÷èñåë). Äîâåäåíî ¨¨ íiäå íå
ìîíîòîííiñòü i êàíòîðîâiñòü ìíîæèíè ¨¨ çíà÷åíü, îïèñàíî ìíîæèíè
ðiâíiâ.

4. Âèâ÷åíî âëàñòèâîñòi ôóíêöi¨, ÿêó îçíà÷åíî ïðîåêòóâàííÿì öèôð
åëåìåíòàðíîãî ëàíöþãîâîãî çîáðàæåííÿ ÷èñåë ó öèôðè çîáðàæå-
ííÿ ÷èñåë çíàêîçìiííèìè ðÿäàìè Ëþðîòà. Äîâåäåíî ¨¨ íåïåðåðâ-
íiñòü i ìîíîòîííiñòü, çíàéäåíî ñèñòåìó ôóíêöiîíàëüíèõ ðiâíÿíü,
¹äèíèì ðîçâ'ÿçêîì ÿêî¨ ¹ öÿ ôóíêöiÿ.

5. Ñêîíñòðóéîâàíî ôóíêöiþ, ÿêà ¹ àíàëîãîì ôóíêöi¨ Áóøà-Âóíäåð-
ëiõà i Òðèáií-ôóíêöi¨, ÷èé àðãóìåíò ðîçãëÿäà¹òüñÿ ó ôîðìi íåãà-
òðiéêîâîãî çîáðàæåííÿ, à çíà÷åííÿ ôóíêöi¨ � ó ôîðìi ëàíöþãî-
âîãî A-çîáðàæåííÿ. Äîâåäåíî, ùî âîíà ¹ íåïåðåðâíîþ íà âiäðiçêó
[0, 5; 1] íiäå íå ìîíîòîííîþ ôóíêöi¹þ i ìà¹ íåîáìåæåíó âàðiàöiþ.
Îïèñàíî âëàñòèâîñòi ãðàôiêà öi¹¨ ôóíêöi¨, çîêðåìà àâòîìîäåëüíi,
i ìíîæèí ¨¨ ðiâíiâ.

6. Îòðèìàíî îöiíêè íàáëèæåíü äiéñíèõ ÷èñåë âiäðiçêà [0,5; 1] ëàíöþ-
ãîâèìè A2-äðîáàìè.

7. Çàêëàäåíî îñíîâè òîïîëîãî-ìåòðè÷íî¨ òåîði¨ çîáðàæåííÿ ÷èñåë ëàí-
öþãîâèìè A3-äðîáàìè. Çîêðåìà, çíàéäåíî óìîâè íóëüîâî¨ íàäëè-
øêîâîñòi çîáðàæåííÿ ÷èñåë ëàíöþãîâèìèA3-äðîáàìè, îïèñàíî âëà-
ñòèâîñòi öèëiíäðè÷íèõ i õâîñòîâèõ ìíîæèí, ç'ÿñîâàíî ãåîìåòðè-
÷íèé ñåíñ öèôð.
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ÀÍÎÒÀÖI�

×óéêîâ À. Ñ. Ôðàêòàëüíèé àíàëiç ôóíêöié çi ñêëàäíîþ ëî-
êàëüíîþ áóäîâîþ, âèçíà÷åíèõ ó òåðìiíàõ ëàíöþãîâèõ äðîáiâ.�
Êâàëiôiêàöiéíà íàóêîâà ïðàöÿ íà ïðàâàõ ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ êàíäèäàòà ôiçèêî-ìàòåìà-
òè÷íèõ íàóê çà ñïåöiàëüíiñòþ 01.01.01 � ìàòåìàòè÷íèé àíàëiç (111 �
ìàòåìàòèêà). � Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, 2020.

Äèñåðòàöiéíå äîñëiäæåííÿ ïðèñâÿ÷åíå âèâ÷åííþ ñòðóêòóðíèõ, òîïî-
ëîãî-ìåòðè÷íèõ i ôðàêòàëüíèõ âëàñòèâîñòåé ôóíêöié, ÿêi çàäàþòüñÿ â
òåðìiíàõ ëàíöþãîâèõ äðîáiâ (åëåìåíòàðíèõ i íååëåìåíòàðíèõ). Ïîáóäî-
âàíî íåïåðåðâíi ïåðåòâîðåííÿ âiäðiçêà, ÿêi çáåðiãàþòü õâîñòè ëàíöþãî-
âîãî A-çîáðàæåííÿ i õâîñòè çîáðàæåííÿ ÷èñåë åëåìåíòàðíèìè ëàíöþãî-
âèìè äðîáàìè. Äîâåäåíî, ùî ìíîæèíà íåïåðåðâíèõ ïåðåòâîðåíü âiäðiçêà
[0,5; 1], ùî çáåðiãàþòü õâîñòè ëàíöþãîâîãî A-çîáðàæåííÿ ÷èñåë, ùîäî îïå-
ðàöi¨ ¾ñóïåðïîçèöiÿ ôóíêöié¿ óòâîðþ¹ íåñêií÷åííó íåêîìóòàòèâíó ãðóïó.
Ââåäåíî é âèâ÷åíî ôóíêöiþ, íàçâàíó êâàçiiíâåðñîðîì öèôð åëåìåíòàðíî-
ãî ëàíöþãîâîãî çîáðàæåííÿ ÷èñåë. Ñêîíñòðóéîâàíî àíàëîã íåïåðåðâíî¨
íiäå íå äèôåðåíöiéîâíî¨ ôóíêöi¨ Áóøà-Âóíäåðëiõà i Òðèáií-ôóíêöi¨, ÷èé
àðãóìåíò ðîçãëÿäà¹òüñÿ ó ôîðìi íåãà-òðiéêîâîãî çîáðàæåííÿ, à çíà÷åííÿ
ôóíêöi¨ � ó ôîðìi ëàíöþãîâîãî A-çîáðàæåííÿ. Äîâåäåíî, ùî âîíà ¹ íå-
ïåðåðâíîþ íiäå íå ìîíîòîííîþ ôóíêöi¹þ íåîáìåæåíî¨ âàðiàöi¨. Îïèñàíî
âëàñòèâîñòi ãðàôiêà öi¹¨ ôóíêöi¨ i ìíîæèí ¨¨ ðiâíiâ. Îòðèìàíî îöiíêè íà-
áëèæåíü äiéñíèõ ÷èñåë âiäðiçêà [0,5; 1] ëàíöþãîâèìè A2-äðîáàìè. Çàêëà-
äåíî îñíîâè òîïîëîãî-ìåòðè÷íî¨ òåîði¨ çîáðàæåííÿ ÷èñåë ëàíöþãîâèìè
A3-äðîáàìè.

Êëþ÷îâi ñëîâà: ëàíöþãîâèé äðiá, ëàíöþãîâåAs-çîáðàæåííÿ ÷èñåë, íåãà-
òðiéêîâå çîáðàæåííÿ ÷èñåë, ðÿäè Ëþðîòà, öèëiíäðè÷íi ìíîæèíè, ïåðå-
òâîðåííÿ âiäðiçêà, ùî çáåðiãà¹ õâîñòè çîáðàæåííÿ, íåïåðåðâíà íiäå íå
ìîíîòîííà ôóíêöiÿ, àâòîìîäåëüíiñòü, ìíîæèíà ðiâíÿ ôóíêöi¨.

×óéêîâ À. Ñ. Ôðàêòàëüíûé àíàëèç ôóíêöèé ñî ñëîæíûì ëî-
êàëüíûì ñòðîåíèåì, îïðåäåë¼ííûõ â òåðìèíàõ öåïíûõ äðîáåé.�
Êâàëèôèêàöèîííàÿ íàó÷íàÿ ðàáîòà íà ïðàâàõ ðóêîïèñè.

Äèññåðòàöèÿ íà ñîèñêàíèå ó÷¼íîé ñòåïåíè êàíäèäàòà ôèçèêî-ìàòå-
ìàòè÷åñêèõ íàóê ïî ñïåöèàëüíîñòè 01.01.01 � ìàòåìàòè÷åñêèé àíàëèç
(111 � ìàòåìàòèêà). �Èíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðàèíû, Êèåâ, 2020.
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Äèññåðòàöèîííîå èññëåäîâàíèå ïîñâÿùåíî èçó÷åíèþ ñòðóêòóðíûõ, òî-
ïîëîãî-ìåòðè÷åñêèõ è ôðàêòàëüíûõ ñâîéñòâ ôóíêöèé, êîòîðûå çàäàþòñÿ
â òåðìèíàõ öåïíûõ äðîáåé (ýëåìåíòàðíûõ è íåýëåìåíòàðíûõ). Ïîñòðîåíî
íåïðåðûâíûå ïðåîáðàçîâàíèÿ îòðåçêà, ñîõðàíÿþùèõ õâîñòû èçîáðàæåíèÿ
÷èñåë ýëåìåíòàðíûìè öåïíûìè äðîáÿìè è öåïíîãî A-èçîáðàæåíèÿ. Äîêà-
çàíî, ÷òî ìíîæåñòâî íåïðåðûâíûõ ïðåîáðàçîâàíèé îòðåçêà [0,5; 1], êîòî-
ðûå ñîõðàíÿþò õâîñòû öåïíîãî A-èçîáðàæåíèÿ ÷èñåë, îòíîñèòåëüíî îïå-
ðàöèè ¾ñóïåðïîçèöèÿ ôóíêöèé¿ îáðàçóåò áåñêîíå÷íóþ íåêîììóòàòèâíóþ
ãðóïïó. Ââåäåíî è èçó÷åíî ôóíêöèþ, íàçâàííóþ êâàçèèíâåðñîðîì öèôð
ýëåìåíòàðíîãî öåïíîãî èçîáðàæåíèÿ ÷èñåë. Ñêîíñòðóèðîâàíî àíàëîã íå-
ïðåðûâíîé íèãäå íå äèôôåðåíöèðóåìîé ôóíêöèè Áóøà-Âóíäåðëèõà è
Òðèáèí-ôóíêöèè, ÷åé àðãóìåíò ðàññìàòðèâàåòñÿ â ôîðìå íåãà-òðîè÷íîãî
èçîáðàæåíèÿ, à çíà÷åíèå ôóíêöèè � â ôîðìå öåïíîãî A-èçîáðàæåíèÿ.
Äîêàçàíî, ÷òî îíà ÿâëÿåòñÿ íåïðåðûâíîé íèãäå íå ìîíîòîííîé ôóíêöè-
åé íåîãðàíè÷åííîé âàðèàöèè. Îïèñàíû ñâîéñòâà ãðàôèêà ýòîé ôóíêöèè
è ìíîæåñòâ åå óðîâíåé. Ïîëó÷åíû îöåíêè ïðèáëèæåíèé äåéñòâèòåëüíûõ
÷èñåë îòðåçêà [0,5; 1] öåïíûìè A2-äðîáÿìè. Çàëîæåíû îñíîâû òîïîëîãî-
ìåòðè÷åñêîé òåîðèè èçîáðàæåíèÿ ÷èñåë öåïíûìè A3-äðîáÿìè.

Êëþ÷åâûå ñëîâà: öåïíàÿ äðîáü, öåïíîå As-èçîáðàæåíèå ÷èñåë, íåãà-
òðîè÷íîå èçîáðàæåíèÿ ÷èñåë, ðÿäû Ëþðîòà, öèëèíäðè÷åñêèå ìíîæåñòâà,
ïðåîáðàçîâàíèÿ îòðåçêà, êîòîðîå ñîõðàíÿåò õâîñòû èçîáðàæåíèÿ, íåïðå-
ðûâíàÿ íèãäå íå ìîíîòîííàÿ ôóíêöèÿ, àâòîìîäåëüíîñòü, ìíîæåñòâî óðîâ-
íÿ ôóíêöèè.
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Candidate of Physical and Mathematical Sciences Thesis, speciality 01.01.01
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The thesis is devoted to the study of structural, topological-metric and
fractal properties of functions, that have everywhere dense sets of particular
qualities. They are given in terms of continued fractions.

Continuous transformations of closed interval that preserve the tails of rep-
resentation of numbers by elementary continued fractions and A2-continued
fractions are built. It is proved that the set of all continuous transformations of
[0,5; 1] that preserve tails of an A-continued fraction representation together
with an operation ¾function composition (superposition)¿ form an in�nite
non-commutative group.
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A function called the quasi-inversor of the digits of the elementary con-
tinued fraction representation of numbers is introduced. Its monotony and
cantority of set of its values are proved. Level sets of this function are de-
scribed.

We introduced the function by the projector of digits of elementary con-
tinued fraction representation of numbers into digits of representation of num-
bers by alternating Lüroth series and studied its properties. Its continuity and
monotony are proved. The system of functional equations is found, the only
solution to which is this function.

An invariant measure with respect to the left shift operator ω of an A-
continued fraction representation is found.

A function whose argument considered in the form of a nega-3-adic repre-
sentation of numbers and the value of a function considered in the form of a
A-continued fraction representation of number is constructed. It is proved that
it is continuous on [0,5; 1] nowhere monotone function and has unlimited vari-
ation. The properties of the function graph, in particular the auto-modeling
properties, and the properties of its level sets are described.

Finite A2-continued fractions are considered and some of their properties
are studied. Properties of real numbers with periodic A2-continued fraction
representation are studied. Estimates of the approximation of real numbers
of a [0,5; 1] by continued fractions are obtained.

The foundations of the topological-metric theory of the representation of
numbers by A3-continued fractions are set. In particular, conditions of zero
excess of A3-continued fraction representations are obtained. The properties
of the cylindrical and tail sets are also described. The geometric content of
the digits is found out.

Key words: continued fraction, As-continued fraction representation of
numbers, nega-3-adic representation of numbers, Lüroth series, cylindrical
sets, transformation of closed interval, that preserve tails of representation,
continuous nowhere monotone function, auto-modeling, level sets of the func-
tion.
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