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Ó ðîáîòi Áë. Ñåíäîâ ðîçãëÿäàâ ôóíêöi¨, íèì íàçâàíi äâiéêîâî âëàñíå-

ïîäiáíèìè (ÄÂÏ), êîæíà ç ÿêèõ âèçíà÷àëàñü ñâî¹þ ÷èñëîâîþ ïîñëiäîâ-
íiñòþ (λk) íåíóëüîâèõ åëåìåíòiâ òàêîþ, ùî

∞∏
k=1

λk <∞

i ôóíêöiîíàëüíèìè ñïiââiäíîøåííÿìè:

f (x + 2−k) = λk f (x), x ∈ ∇2
a1...ak−10

, k = 1, 2, ...,

äå ∇2

a1...ak−10
=

(
k−1∑
i=1

2−iai ; 2
−k +

k−1∑
i=1

2−iai

)
.

Ñåíäîâ Áë. Õ. Äâîè÷íî ñîáñòâåííî-ïîäîáíûå ôðàêòàëüíûå ôóíêöèè //
Ôóíäàìåíòàëüíàÿ è ïðèêëàäíàÿ ìàòåìàòèêà, 1999. � Ò. 5, � 2. � Ñ.
589-595.
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Ôóíêöi¨ öüîãî êëàñó ìàþòü ïðåäñòàâëåííÿ

f (x = ∆2
a1...ak ...

) =
∞∏
k=1

λ
ak (x)
k , äå x =

∞∑
k=1

2−kak .

Ëåãêî áà÷èòè, ùî êëàñó S íàëåæàòü âñi ïîêàçíèêîâi ôóíêöi¨ (ôóíêöi¨
y = ax âiäïîâiäà¹ ïîñëiäîâíiñòü λk = 2−k), ïðè λk = 1 äëÿ âñiõ k ∈ N
ìà¹ìî f (x) = 1.
Àêöåíò ó çãàäàíié ðîáîòi çðîáëåíî íà ïèòàííÿõ íåïåðåðâíîñòi ôóíêöi¨
çà Ãàóñäîðôîì, iíòåãðàëüíèõ òà ¾ôðàêòàëüíèõ¿ âëàñòèâîñòÿõ ôóíêöié
öüîãî êëàñó, à òàêîæ íà ¨õ âèêîðèñòàííi äëÿ êîíñòðóþâàííÿ ñèñòåìè
îðòîãîíàëüíèõ ôóíêöié òèïó Óîëøà (Âóëøà) i ïàêåòó ïåðåòâîðåíü Õààðà.

Ì.Â. Ïðàöüîâèòèé (ÍÏÓ, IÌ) Êëàñ ôðàêòàëüíèõ ôóíêöié 22.09.2021 3 / 30



À äî ÷îãî ìîæå ïðèâåñòè âèêîðèñòàííÿ çàìiñòü êëàñè÷íîãî äâiéêîâî-
ãî çîáðàæåííÿ àðãóìåíòà äåÿêîãî iíøîãî äâîñèìâîëüíîãî çîáðàæåííÿ?
Óêðóïíåííÿ ìîäåëi êëàñó ôóíêöié îòðèìó¹òüñÿ çà ðàõóíîê âèêîðèñòàííÿ
óçàãàëüíåííÿ êëàñè÷íîãî äâiéêîâîãî çîáðàæåííÿ ÷èñåë âiäðiçêà [0; 1].
Íåõàé A = {0, 1} � àëôàâiò, L = A × A × ... � ïðîñòið ïîñëiäîâíî-
ñòåé åëåìåíòiâ àëôàâiòó (íóëiâ òà îäèíèöü), qik > 0, q0k + q1k = 1,
∞∏
k=1

max{qik} = 0, òîäi äëÿ äîâiëüíîãî x ∈ [0; 1] iñíó¹ ïîñëiäîâíiñòü

(αn) ∈ L òàêà, ùî

x = α1q1−α1,1 +
∞∑
n=2

(
αnq1−αn,n

n−1∏
i=1

qαi ,i

)
= ∆

Q∗2
α1α2...αn....

Ó âèïàäêó, êîëè qik = qi äëÿ áóäü-ÿêîãî k ∈ N, òî Q∗2 -çîáðàæåííÿ ¹ Q2-

çîáðàæåííÿì. ßêùî q0k = 1
2
, òî Q∗2 -çîáðàæåííÿ ¹ êëàñè÷íèì äâiéêîâèì.
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Îñíîâíèì îá'¹êòîì âèâ÷åííÿ ¹ ôóíêöiÿ

f (x = ∆Q2
α1α2...αk ...

) =
∞∏
k=1

λαk
k , (1)

äå (λk) � çàäàíà ïîñëiäîâíiñòü äîäàòíèõ ÷èñåë òàêà, ùî íåñêií÷åííèé

äîáóòîê
∞∏
k=1

λk ¹ àáñîëþòíî çáiæíèì äî ÷èñëà P .

Îñêiëüêè iñíó¹ çëi÷åííà ìíîæèíà ÷èñåë, ÿêi ìàþòü äâà çîáðàæåííÿ (∆Q2

c1...cm1(0) =

∆Q2

c1...cm0(1), ¨õ ìè íàçèâà¹ìî Q2-áiíàðíèìè), òî êîðåêíiñòü îçíà÷åííÿ

ôóíêöi¨ çàáåçïå÷ó¹òüñÿ äîìîâëåíiñòþ ðîçãëÿäàòè ëèøå ïåðøå ç âêàçà-
íèõ çîáðàæåíü òàêèõ ÷èñåë, à ñàìå òå, ùî ìà¹ ïåðiîä (0). Ðåøòà ÷èñåë
íàçèâàþòüñÿ Q2-óíàðíèìè.
Íàñ öiêàâëÿòü ñòðóêòóðíi, âàðiàöiéíi, iíòåãðàëüíi, äèôåðåíöiàëüíi òà ôðà-
êòàëüíi âëàñòèâîñòi ôóíêöi¨ (1), à òàêîæ ¨¨ çâ'ÿçêè ç âiäîìèìè êëàñàìè
ôðàêòàëüíèõ ôóíêöié.
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Î÷åâèäíèìè ¹ íàñòóïíi ðiâíîñòi:

1) f (0 = ∆Q2

(0)) = 1, f (x = ∆Q2

c1...cm1(0)) = λc11 λ
c2
2 ...λ

cm
m λm+1;

2)
f (∆

Q2
a1a2...ak ...

)

f (∆
Q2
b1b2...bk ...

)
=
∞∏
k=1

λak−bkk , çîêðåìà

f (∆Q2
α1...αmcαm+2...) = λ2c−1m+1 f (∆Q2

α1...αm[1−c]αm+2...
).

Ïðèìiòêà 1. Âðàõîâóþ÷è, ùî λk > 0, ìîæíà ââåñòè ïîçíà÷åííÿ λk = evk

i ïåðåïèñàòè ðiâíiñòü (1) ó ôîðìi

f (x = ∆Q2
α1α2...αn...) =

∞∏
k=1

eαkvk = e

∞∑
k=1

αkvk
.

Òîäi iç àáñîëþòíî¨ çáiæíîñòi íåñêií÷åííîãî äîáóòêó âèïëèâà¹ àáñîëþòíà
çáiæíiñòü ðÿäó v1 + v2 + ...+ vk + ....
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Îçíà÷åííÿ ôóíêöi¨ f ãðóíòó¹òüñÿ íà ëàíöþæêó çàëåæíîñòåé

[0; 1] 3 x → (αn) ∈ L→ ϕ(x) =
∞∑
i=1

viαi (x)→ f (x) = eϕ(x).

Ëåìà

Ôóíêöiÿ f ìà¹ ñòðóêòóðó: f (x) = eϕ(x),
äå ϕ(x = ∆Q2

α1α2...αn...) = v1α1(x) + ...+ vkαk(x) + ....

Íàñëiäîê

Ìíîæèíà çíà÷åíü ôóíêöi¨ f ç òî÷íiñòþ äî çëi÷åííî¨ ìíîæèíè ¹
îáðàçîì ìíîæèíè íåïîâíèõ ñóì ðÿäó v1 + v2 + ...+ vn + ... ïiä äi¹þ
ôóíêöi¨ y = ex , òîáòî ¹ ïðîìiæêîì, îá'¹äíàííÿì ïðîìiæêiâ, íiäå íå
ùiëüíîþ ìíîæèíîþ àáî êàíòîðâàëîì.

Ïðèêëàä 1. ßêùî vn = 2
3n
, òî ìíîæèíà çíà÷åíü ôóíêöi¨ f ¹ íiäå íå ùiëü-

íîþ íóëü-ìíîæèíîþ Ëåáåãà, ðîçìiðíiñòü Ãàóñäîðôà-Áåçèêîâè÷à ÿêî¨ äî-
ðiâíþ¹ log3 2.
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Òåîðåìà

ßêùî λk = evk , vk > rk ≡ vk+1 + vk+2 + ... > 0 äëÿ âñiõ k ∈ N, òî
ôóíêöiÿ f , îçíà÷åíà ðiâíiñòþ (1), ¹ íåñïàäíîþ, ïðè÷îìó çðîñòàþ÷îþ
ïðè âèêîíàíi ñòðîãî¨ íåðiâíîñòi, â öüîìó âèïàäêó ¨¨ ìíîæèíà çíà÷åíü
Ef ¹ íiäå íå ùiëüíîþ ìíîæèíîþ , ÿêà ìà¹ ìiðó Ëåáåãà ðiâíó íóëþ
ëèøå òîäi, êîëè lim

k→∞
2k rk = 0, à ¨¨ ôðàêòàëüíà ðîçìiðíiñòü

Ãàóñäîðôà-Áåçèêîâè÷à îá÷èñëþ¹òüñÿ çà ôîðìóëîþ
α0(Ef ) = − lim

n→∞
n

log2 rn
.

Òåîðåìà

Ôóíêöiÿ f íåïåðåðâíà â êîæíié Q2-óíàðíié òî÷öi, à â Q2-áiíàðíié òî÷öi
íåïåðåðâíà ñïðàâà.
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Ëåìà

Íåõàé x0 = ∆Q2

c1c2...cm1(0). Òîäi

δ(x0) ≡ lim
x→x0−0

[f (x0)− f (x)] = λc11 ...λ
cm
m (λm+1 −

∞∏
i=2

λm+i ). (2)

ßêùî λm+1 6= λm+2 · λm+3 · ...⇔ vm+1 6= vm+2 + vm+3 + ..., òî ñòðèáîê
δ(x0) ôóíêöi¨ f ó òî÷öi x0 îá÷èñëþ¹òüñÿ çà ôîðìóëîþ (2).

Íàñëiäîê

Ó Q2-áiíàðíié òî÷öi x0 = ∆Q2

c1c2...cm1(0) ôóíêöiÿ f ¹ íåïåðåðâíîþ çëiâà
òîäi i òiëüêè òîäi, êîëè
λm+1 = λm+2 · λm+3 · ...⇔ vm+1 = vm+2 + vm+3 + ....
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Òåîðåìà

Ôóíêöiÿ f , îçíà÷åíà ðiâíiñòþ (1), íåïåðåðâíà íà âiäðiçêó [0; 1] òîäi i

òiëüêè òîäi, êîëè λk = e
b

2k äëÿ äåÿêîãî b ∈ R i âñiõ k ∈ N.

Ëåìà

ßêùî λn = 1 äëÿ âñiõ n > m, òî ôóíêöiÿ f êóñêîâî ñòàëà, à ñàìå ¹
êîíñòàíòîþ íà êîæíîìó Q2-öèëiíäði ðàíãó m.
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Îçíà÷åííÿ

Q2-ìîäóëåì ðàíãó k íåïåðåðâíîñòi ôóíêöi¨ f íàçèâà¹òüñÿ ÷èñëî

µ(f ; k) = sup{|f (x ′)− f (x ′′)| : ∀x ′, x ′′ ∈ ∆Q2
c1...ck

,∀(c1, ..., ck) ∈ Ak}.

Îçíà÷åííÿ

Ôóíêöiÿ f íàçèâà¹òüñÿ íåïåðåðâíîþ çà Ãàóñäîðôîì, ÿêùî âèêîíó¹òüñÿ
óìîâà lim

k→∞
µ(f , k) = 0.
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Ëåìà

Ìàþòü ìiñöå ñïiââiäíîøåííÿ:

Am ≡ inf
x∈∆

Q2
c1...cm

f (x) =
m∏
i=1

λcii ·
∞∏

k=m+1

λβkk , äå βk =

{
0, ÿêùî λk > 1,

1, ÿêùî λk < 1;

Bm ≡ sup
x∈∆

Q2
c1...cm

f (x) =
m∏
i=1

λcii ·
∞∏

k=m+1

λγkk , äå γk =

{
0, ÿêùî λk < 1,

1, ÿêùî λk > 1;

lim
m→∞

Am

Bm
= 1, òîáòî lim

m→∞
(Am − Bm) = 0.

Íàñëiäîê

Ôóíêöiÿ f íåïåðåðâíà çà Ãàóñäîðôîì.

Êëàñ âñiõ ôóíêöié, îçíà÷åíèõ ðiâíiñòþ (1), ïîçíà÷àòèìåìî ÷åðåç S , à
êëàñ íåïåðåðâíèõ ôóíêöié ÷åðåç Sc .
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Ëåìà

Äëÿ ôóíêöi¨ f , îçíà÷åííî¨ ðiâíiñòþ(1), âèêîíó¹òüñÿ

1∫
0

f (x)dx =
∞∏
k=1

(q0 + λkq1). (3)

Ëåìà

ßêùî f i g � ôóíêöi¨ êëàñó S , ÿêèì âiäïîâiäàþòü ïîñëiäîâíîñòi (λk),
(µk), òî ∫ 1

0

f (x)g(x)dx =
∞∏
k=1

(q0 + λkµkq1). (4)

Ïðè q0 = 1
2
ìà¹ìî

1∫
0

f (x)g(x)dx =
∞∏
k=1

1+λkµk
2
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Îçíà÷åííÿ

Ôóíêöiþ f íàçâåìî êâàçiïîêàçíèêîâîþ, ÿêùî âîíà ìà¹ òàêó ñòðóêòóðó:
f (x) = ag(x), äå g(x) � íåïåðåðâíà ñòðîãî ìîíîòîííà ôóíêöiÿ,
ïðè÷îìó çðîñòàþ÷à ïðè a > 1 i ñïàäíà ïðè 0 < a < 1.

Òåîðåìà

Íåïåðåðâíi íà [0; 1] ôóíêöi¨ êëàñó S âè÷åðïóþòüñÿ êâàçiïîêàçíèêîâèìè.
Áiëüøå òîãî, ÿêùî f ∈ Sc , òî f (x) = ag(x), äå g(x) ïðè q0 6= 1

2
¹

ñèíãóëÿðíî íåïåðåðâíîþ ñòðîãî çðîñòàþ÷îþ ôóíêöi¹þ ðîçïîäiëó
âèïàäêîâî¨ âåëè÷èíè, öèôðè Q2-çîáðàæåííÿ ÿêî¨ ¹ íåçàëåæíèìè,
îäíàêîâî ðîçïîäiëåíèìè i ðiâíîéìîâiðíèìè, à ïðè q0 = 1

2
ôóíêöiÿ

g(x) = x .
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Ëåìà

Ãðàôiê Γg ñêëàäîâî¨ g(x) = 1
2
α1(x) + ...+ 1

2k
αk(x) + ... íåïåðåðâíî¨

ôóíêöi¨ f (x) = ag(x) ¹ ñàìîàôiííîþ ìíîæèíîþ çi ñòðóêòóðîþ:

Γg = Γ0∪Γ1, äå Γi = γi (Γg ), γi :

{
x ′ = ∆Q2

iα1(x)α2(x)... = iq1−i + qix ,

y ′ = ∆2
iα1(y)α2(y)... = i

2
+ 1

2
y ;

i = 0, 1.

Íàñëiäîê

Ìà¹ ìiñöå ðiâíiñòü
1∫

0

g(x)dx = q1 = 1− q0.
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Ëåìà

ßêùî äëÿ ïîñëiäîâíîñòi (λn) íåñêií÷åííó êiëüêiñòü ðàçiâ âèêîíóþòüñÿ
íåðiâíîñòi λn > 1, λk < 1, n, k ∈ N, òî ôóíêöiÿ f (x) íiäå íå ìîíîòîííà.

Òåîðåìà

ßêùî íåðiâíiñòü vn < rn âèêîíó¹òüñÿ äëÿ íåñêií÷åííî¨ êiëüêiñòü çíà÷åíü
n, òî ôóíêöiÿ f ¹ íiäå íå ìîíîòîííîþ.
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Íåõàé 0 < a � ôiêñîâàíå äiéñíå ÷èñëî,
∞∑
n=1

vn � àáñîëþòíî çáiæíèé

ðÿä ç ñóìîþ r0 çi ñïàäíîþ ïîñëiäîâíiñòþ äîäàíêiâ vn, x = ∆
Q∗2
α1α2...αn... �

Q∗2 -çîáðàæåííÿ ÷èñëà. Ðîçãëÿäà¹òüñÿ ôóíêöiÿ, îçíà÷åíà ðiâíiñòþ (5)

f (x = ∆
Q∗2
α1α2...αn...) = aϕ(x), äå ϕ(x) =

∞∑
i=1

αivi . (5)
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Î÷åâèäíèìè ¹ ðiâíîñòi

ϕ(∆
Q∗2
1α2...αn...

) = v1 + ϕ(∆
Q∗2
0α2...αn...

), f (∆
Q∗2
1α2...αn...

) = av1f (∆
Q∗2
0α2...αn...

).
(6)

Òåîðåìà

Äëÿ ôóíêöi¨ f , îçíà÷åííî¨ ðiâíiñòþ(5), âèêîíó¹òüñÿ

1∫
0

f (x)dx =
∞∏
k=1

(q0k + avkq1k). (7)
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Ä î â å ä å í í ÿ. Îñêiëüêè f (∆
Q∗2
1α2α3...

) = av1f (∆
Q∗2
0α2α3...

), òî

1∫
0

f (x)dx =

∫
∆

Q∗
2

0

f (x)dx +

∫
∆

Q∗
2

1

f (x)dx =

=

∫
∆

Q∗
2

0

f (x)dx + av1
∫

∆
Q∗
2

0

f (t)d(q01 +
q11
q01

t) =

=

∫
∆

Q∗
2

0

f (x)dx + av1
q11
q01

∫
∆

Q∗
2

0

f (t)dt = (1 +
av1q11
q01

)

∫
∆

Q∗
2

0

f (x)dx .
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Îñêiëüêè f (∆
Q∗2
01α3α4...

) = av2f (∆
Q∗2
00α3α4...

), òî∫
∆

Q∗
2

0

f (x)dx =

∫
∆

Q∗
2

00

f (x)dx +

∫
∆

Q∗
2

01

f (x)dx =

=

∫
∆

Q∗
2

00

f (x)dx + av2
∫

∆
Q∗
2

00

f (t)d(q01q02 +
q12
q02

t) =

=

∫
∆

Q∗
2

00

f (x)dx + av2
q12
q02

∫
∆

Q∗
2

00

f (t)dt = (1 +
av2q12
q02

)

∫
∆

Q∗
2

00

f (x)dx .

Îòæå,
1∫

0

f (x)dx = (1 +
av1q11
q01

)(1 +
av2q12
q02

)

∫
∆

Q∗
2

00

f (x)dx
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Àíàëîãi÷íî ìiðêóþ÷è, çà k êðîêiâ îòðèìà¹ìî

1∫
0

f (x)dx =
k∏

i=1

(1 +
aviq1i
q0i

) ·
∫

∆
Q∗
2
0...0︸︷︷︸

k

f (x)dx .

Îñêiëüêè avk → 1 (k → ∞), à f (x) → 1, êîëè x → 0, òî äëÿ äîñòàòíüî
âåëèêèõ k ∈ N∫

∆
Q∗
2
0...0︸︷︷︸

k

f (x)dx ≈
k∏

i=1

q0i i

1∫
0

f (x)dx ≈
k∏

i=1

q0i (1+
aviq1i
q0i

) =
k∏

i=1

(q0i+aviq1i ).

Ñïðÿìóâàâøè k äî íåñêií÷åííîñòi, îòðèìó¹ìî ðiâíiñòü (7). �

Íàñëiäîê

ßêùî q0n = q0 äëÿ âñiõ n ∈ N, òî
1∫
0

f (x)dx =
∞∏
k=1

(q0 + avkq1).
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Àíàëîãi÷íèìè ìiðêóâàííÿìè ìîæíà äîâåñòè íàñòóïíå òâåðäæåííÿ.

Ëåìà

ßêùî f i g � ôóíêöi¨ êëàñó S , ÿêèì âiäïîâiäàþòü ïîñëiäîâíîñòi (vk),
(uk), òî ∫ 1

0

f (x)g(x)dx =
∞∏
k=1

(q0k + avk+ukq1k). (8)

Íàñëiäîê

Ïðè q0k = 1
2
äëÿ k ∈ N ìà¹ìî

1∫
0

f (x)g(x)dx =
∞∏
k=1

1+avk+uk

2
.
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Òåîðåìà

Ôóíêöiÿ f íåïåðåðâíà â êîæíié Q∗2 -óíàðíié òî÷öi, à â Q∗2 -áiíàðíié òî÷öi
íåïåðåðâíà ñïðàâà.

Ä î â å ä å í í ÿ. Íåõàé x0 = ∆
Q∗2
α1α2...αn... � äîâiëüíå Q∗2 -óíàðíå ÷èñëî.

Ðîçãëÿíåìî x = ∆
Q∗2
c1...cn... òàêå, ùî x 6= x0. Òîäi iñíó¹ m òàêå, ùî cm 6=

αm, àëå ci = αi ïðè i < m. Òîìó ìà¹ìî

f (x)

f (x0)
=

m−1∏
i=1

avi (ci−αi ) · avm(cm−αm) ·
∞∏

i=m+1

avi (ci−αi ),

àëå
m−1∏
i=1

avi (ci−αi ) = 1, lim
m→∞

avm = 1 = lim
m→∞

m−1∏
i=1

avi (ci−αi ).

Îòæå, lim
x→x0

f (x) = f (x0), òîáòî ôóíêöiÿ f ¹ íåïåðåðâíîþ â òî÷öi x0.
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Ðîçãëÿíåìî Q∗2 -áiíàðíó òî÷êó x0 = ∆
Q∗2
c1c2...cm1(0) = ∆

Q∗2
c1c2...cm0(1). Íåõàé

x > x0 i äîñòàòíüî áëèçüêå äî x0. Òîäi x = ∆
Q∗2
c1...cm10...0︸︷︷︸

k

αm+k+2...
, ïðè÷îìó

ñåðåä ÷ëåíiâ ïîñëiäîâíîñòi (αm+k+2) ¹ îäèíèöi, ðàçîì ç öèì óìîâà x →
x0 ðiâíîñèëüíà k → ∞. Îñêiëüêè lim

x→x0

f (x)
f (x0) = 1, òî f � íåïåðåðâíà â

òî÷öi x0 ñïðàâà. �
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Ëåìà

Äëÿ òîãî ùîá ôóíêöiÿ ϕ(x) áóëà íåïåðåðâíà ó òî÷öi

x0 = ∆
Q∗2
c1c2...cm−11(0), íåîáõiäíî i äîñòàòíüî, ùîá âèêîíóâàëàñü ðiâíiñòü

vm = vm+1 + vm+2 + ....

Íàñëiäîê

Ôóíêöiÿ ϕ(x) ¹ íåïåðåðâíîþ íà [0; 1] òîäi i òiëüêè òîäi, êîëè vn = v
2n

äëÿ áóäü-ÿêîãî n ∈ N i äåÿêîãî v ∈ R .
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Ñèìåòði¨

Ëåìà

Ñïðàâåäëèâi ðiâíîñòi:

1)
ϕ(∆

Q∗2
cα2α3...

)

ϕ(∆
Q∗
2

[1−c]α2α3...
)

= 1 + v1(2c−1)

ϕ(∆
Q∗
2

[1−c]α2α3...
)
;

2) ϕ(I (x)) = ϕ(1)− ϕ(x), òîáòî ϕ(x) + ϕ(I (x)) = ϕ(1);

3) f (x) · f (I (x)) = aϕ(1).
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Ëåìà

ßêùî ó òî÷öi x0 = ∆
Q∗2
c1c2...cm−11(0) ôóíêöiÿ ϕ ìà¹ ðîçðèâ, òîáòî

vm > rm, òî âåëè÷èíà ñòðèáêà δϕ(x0) ôóíêöi¨ ϕ íå çàëåæèòü âiä íàáîðó
öèôð c1, ..., cm−1 i îá÷èñëþ¹òüñÿ çà ôîðìóëîþ: δϕ(x0) = vm − rm. Ñóìà
âñiõ ñòðèáêiâ ôóíêöi¨ f

Òåîðåìà

ßêùî vn > rn äëÿ êîæíîãî n ∈ N, òî ôóíêöiÿ ϕ ¹ íåñïàäíîþ.

Íàñëiäîê

ßêùî vn > rn äëÿ âñiõ n, áiëüøèõ äåÿêîãî m ∈ N, òî ôóíêöiÿ ϕ ¹
ôóíêöi¹þ îáìåæåíî¨ âàðiàöi¨.
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Òåîðåìà

Äëÿ òîãî ùîá ôóíêöiÿ f áóëà íiäå íå ìîíîòîííîþ, íåîáõiäíî i
äîñòàòíüî, ùî íåðiâíiñòü vn < rn âèêîíóâàëàñÿ äëÿ íåñêií÷åííî¨
êiëüêiñòü çíà÷åíü n.

Ä î â å ä å í í ÿ. Í å î á õ i ä í i ñ ò ü. Íåõàé f íiäå íå ìîíîòîí-
íà ôóíêöiÿ. Ïðèïóñòèìî, ùî ïðè öüîìó íåðiâíiñòü vn < rn âèêîíó¹òüñÿ
ëèøå ñêií÷åííó êiëüêiñòü ðàçiâ, ïðè÷îìó vn > rn äëÿ âñiõ n > k . Ðîç-

ãëÿíåìî öèëiíäð ∆
Q∗2
0...0︸︷︷︸

k

i äîâiëüíi äâi òî÷êè x1 = ∆
Q∗2
0...0︸︷︷︸

k

c1...cm−10β1β2...
,

x2 = ∆
Q∗2
0...0︸︷︷︸

k

c1...cm−11α1α2...
, ùî éîìó íàëåæàòü. Îñêiëüêè x1 < x2, àëå

ϕ(x2)−ϕ(x1) = (vm+k+α1vm+k+1+α2vm+k+2...)−(β1vm+k+1+β2vm+k+2+

...) > vm+k−(vm+k+1+vm+k+2+...) > 0, òî ôóíêöiÿ ϕ íà öèëiíäði ∆
Q∗2
0...0︸︷︷︸

k

¹ íåñïàäíîþ. ßêùî a > 1, òî òàêîþ ¹ i ôóíêöiÿ f . ßêùî æ 0 < a < 1, òî
ôóíêöiÿ f íà äàíîìó öèëiíäði ¹ íåçðîñòàþ÷îþ. Â îáîõ âèïàäêàõ îòðè-
ìó¹ìî ñóïåðå÷íiñòü ç óìîâîþ íiäå íå ìîíîòîííîñòi ôóíêöi¨.
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Ä î ñ ò à ò í i ñ ò ü. Çðîçóìiëî, ùî êîëè vn < rn, òî iñíó¹ òàêå íàòó-
ðàëüíå s = s(n), ùî âèêîíó¹òüñÿ íåðiâíiñòü vn < vn+1 + vn2 + ...+ vn+s .
Î÷åâèäíî, ùî f áóäå íiäå íå ìîíîòîííîþ òîäi i òiëüêè òîäi, êîëè âî-
íà íå ¹ ìîíîòîííîþ íà êîæíîìó ç Q∗2 -öèëiíäði. Ðîçãëÿíåìî äîâiëüíèé

Q∗2 -öèëiíäð ∆
Q∗2
c1...cm i òðè òî÷êè, ùî éîìó íàëåæàòü:

x1 = ∆Q2

c1...cm 1...1︸︷︷︸
k

(0)
, x2 = ∆Q2

c1..cm 1...1︸︷︷︸
k−1

01...1︸︷︷︸
p

(0)
, x3 = ∆Q2

c1..cm 1...1︸︷︷︸
k−1

01...1︸︷︷︸
s

(0)
,

òàêi, ùî vm+k < rm+k , s < p, vm+k < vm+k+1 + vm+k+2 + ... + vm+k+s .
Òîäi x3 < x2 < x1. Ðàçîì ç öèì ϕ(x2)−ϕ(x3) = vm+k+s+1 + vm+k+s+2 +
...+ vm+k+s+p > 0,
ϕ(x1)− ϕ(x2) = vm+k − (vm+k+1 + ...+ vm+k+p) < 0.
Òîáòî (ϕ(x2)− ϕ(x3))(ϕ(x1)− ϕ(x2)) < 0, ùî ¹ ñâiä÷åííÿì íåìîíîòîí-

íîñòi ôóíêöi¨ íà öèëiíäði ∆
Q∗2
c1...cm . À îòæå, òàêîþ ¹ i ôóíêöiÿ f (x). Òàêèì

÷èíîì, ôóíêöiÿ f (x) íiäå íå ìîíîòîííà. �
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